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Abstract

Topology optimization has been regarded as a most promising approach in the conceptual 

stage of structural design. It has experienced rapid development over the past two decades 

and has been applied to a wide range of engineering problems. This thesis will focus on the 

level-set based topology optimization method, which was originally developed by Osher 

and Sethian in 1988 and have been successfully incorporated into the structural optimization. 

With the implicit representation scheme, the level set methods can be easily applied to 

handle the complex shape and topology changes of the structural design. 

This work is divided into three parts. The first part is the necessary background for 

understanding the main focuses of the thesis. It includes the first four chapters: Chapter 1 

provides the background the topology optimization, and overview of the current topology 

optimization methods, as well as application in the material design fields. Chapter 2 gives a

description of the numerical homogenization method. Chapter 3 introduces the theory of the 

conventional level-set methods, and Chapter 4 provides details of for a parameterized level 

set method with numerical examples.

The second part of this thesis is about the design of mechanical/elastic metamaterials, which 

is contented in Chapter 5. In this part, we integrate the parameterized level set method with 

the numerical homogenization method for the design problems of metamaterials.

Meanwhile, a multiphase level-set based scheme for designing metamaterials is proposed. 

In the parameterized level set method, a set of compactly supported radial basis functions 

(CSRBF) is employed to interpolate each implicit level set function, which transfer the most 
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difficult topology optimization problem into an easiest “size” optimization problem in the 

area of structural optimization. This method will be free of the Courant–Friedrichs–Lewy

(CFL) condition and the re-initialization scheme. The propagation of the level set function 

can be driven by other well-developed optimization that involves gradient information.

Moreover, this method can freely create new holes inside the material regions of the two-

dimensional (2D) design domain. The optimal designs for mechanical metamaterials with 

extreme and prescribed properties are presented in this chapter as well (e.g. negative 

thermal expansion and negative Poisson’s ratios).

In the third part of this thesis, Chapter 6, we applied the parametric level set method and the 

numerical homogenization method for designing three-dimensional (3D) scaffolds for the 

tissue engineering. Numerical examples are used to demonstrate the effectiveness of the 

optimization method in designing the scaffold with a range of multifunctional properties.

The efficiency, convergence and accuracy of the present methods are also highlighted.

Finally conclusions are given in Chapter 7.

Keywords: Topological shape optimization; Let set method; Homogenization method; 

Microstructures, Mechanical metamaterial; Tissue engineering scaffold.



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

vii 
 

Contents

Certificate of Original Authorship ....................................................................................... i

Acknowledgments ................................................................................................................. ii

Publications and Conference Contributions...................................................................... iii

Abstract.................................................................................................................................. v

List of Tables ........................................................................................................................ xi

List of Figures...................................................................................................................... xii

Nomenclature...................................................................................................................... xvi

1 Introduction.................................................................................................................... 1

1.1 Background ................................................................................................................... 1

1.2 Literature Review .......................................................................................................... 2

1.2.1 Topology Optimization Methods............................................................................ 3

1.2.2 Topological Design of Metamaterials................................................................... 10

1.2.3 Topological Design of Scaffold Architectures ..................................................... 12

1.3 Contribution and Organization of the Thesis .............................................................. 14

 

2 Homogenization Method ............................................................................................. 16

2.1 Homogenization Theory.............................................................................................. 16

2.2 Homogenization Method for Elasticity Problem......................................................... 19

2.3 Numerical Homogenization Method and Examples.................................................... 23

2.3.1 Calculate Effective Elasticity Tensor for 2D Composite...................................... 24

2.3.2 Calculate Effective Elasticity Tensor for 3D Composite...................................... 26

 

3 Level Set Method for Topology Optimization........................................................... 29

3.1 Representation of the Boundary via LSM................................................................... 29

3.2 Hamilton-Jacobi Equations and Numerical Solution .................................................. 30



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

viii 
 

3.2.1 Hamilton-Jacobi Equations................................................................................... 30

3.2.2 Discrete Solution to Hamilton-Jacobi Equations.................................................. 32

3.3 Quantities Approximation in Level Set Function........................................................ 34

3.3.1 Quantities Approximation..................................................................................... 34

3.3.2 Numerical Example for Propagation of LSF ........................................................ 37

3.3.3 Numerical Example for Mean Curvature Flow (1)............................................... 40

3.3.4 Numerical Example for Mean Curvature Flow (2)............................................... 42

3.4 Numerical Issues of Level Set Method ....................................................................... 44

3.4.1 Re-Initialization of Level Set Surface .................................................................. 44

3.4.2 Numerical Example for Re-Initialization ............................................................. 46

3.4.3 Velocity Extension................................................................................................ 48

3.4.4 Numerical Example for Velocity Extension......................................................... 49

 

4 A Parameterized Level Set Method for Structural Shape and Topology 
Optimization ........................................................................................................................ 53

4.1 Parameterization of Shape and Topology Optimization ............................................. 53

4.1.1 Compactly Supported Radial Basis Functions ..................................................... 54

4.1.2 Parameterization of the Level Set Function.......................................................... 61

4.2 Shape Derivative of the Optimization Problem .......................................................... 63

4.3 Optimization Method .................................................................................................. 66

4.3.1 Optimality Criteria Method .................................................................................. 66

4.3.2 The Method of Moving Asymptotes..................................................................... 70

4.4 Numerical Examples ................................................................................................... 74

4.4.1 Mitchell-Type Structure........................................................................................ 74

4.4.2 Cantilever Beam A................................................................................................ 79

4.4.3 Cantilever Beam B................................................................................................ 87

 

5 Design of Mechanical Metamaterials......................................................................... 93

5.1 Multi-Phase Level Set Method.................................................................................... 93



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

ix 
 

5.2 Multi-Phase Material Representation Model .............................................................. 96

5.3 Design of Multi-Phase Composites ............................................................................. 98

5.3.1 Multi-Phase Material Representation Model ........................................................ 98

5.3.2 Calculation of Effective Material Properties ........................................................ 99

5.3.3 Numerical Implementation ................................................................................. 101

5.3.4 Thermoelatic Metamaterials ............................................................................... 104

5.3.5 Multifunctional Metamaterials ........................................................................... 109

5.4 Numerical Examples ................................................................................................. 111

5.4.1 Metamaterials with Extreme Thermal Expansion .............................................. 111

5.4.2 Metamaterials with ZTE ..................................................................................... 118

5.4.3 Metamaterials with NTE..................................................................................... 120

5.4.4 Multifunctional Metamaterial ............................................................................. 122

5.4.5 Summary............................................................................................................. 136

 

6 Design of Tissue Engineering Scaffold Architecture .............................................. 137

6.1 Homogenization of Elasticity and Permeability........................................................ 137

6.2 Multi-Objective Optimization Problem..................................................................... 140

6.2.1 Level Set Material Description Model................................................................ 140

6.2.2 Formulation of the Optimization Problem by PLSM ......................................... 141

6.3 Numerical Implementation of the Multi-Objective Topology Optimization Problem
......................................................................................................................................... 143

6.4 Numerical Examples ................................................................................................. 144

6.4.1 Design Results with Different Mesh Level......................................................... 145

6.4.2 Convergent Histories .......................................................................................... 147

6.4.3 Optimal Designs with Different Porosities......................................................... 151

6.4.4 Summary............................................................................................................. 160

 

7 Conclusions and Future Work ................................................................................. 160

7.1 Conclusions ............................................................................................................... 160



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

x 
 

7.2 Future Work .............................................................................................................. 161

 

 References .......................................................................................................................... 163



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xi 
 

List of Tables 

Table 5-1 Thermoelastic parameters of optimal microstructures ....................................... 116

Table 5-2 Thermoelastic parameters for optimal microstructures ...................................... 118

Table 5-3 Thermoelastic parameters for optimal microstructures ...................................... 120

Table 5-4 Initial parameters and initial design for Case (1)................................................ 123

Table 5-5 Initial parameters and corresponding solutions for Case (1) .............................. 124

Table 5-6 Initial parameters and optimal results for Case (2)............................................. 127

Table 5-7 Initial parameters and corresponding optimal solutions for Case (3)................. 131

Table 5-8 Initial parameters and corresponding optimal solutions for Case (4)................. 134

Table 6-1 Optimization parameters and properties of designed microstructures ............... 146

Table 6-2 Optimal designs of scaffold architecture under the porosity 40%...................... 153

Table 6-3 Optimal designs of scaffold architecture under the porosity 50%...................... 154

Table 6-4 Optimal designs of scaffold architecture under the porosity 70%...................... 155

Table 6-5 Initial parameters and corresponding optimal solutions..................................... 156



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xii 
 

List of Figures 

Figure 2.1 Characteristic dimension of inhomogeneity and scale enlargement.................... 18

Figure 2.2 Elasticity problem for composite with periodic microstructures......................... 20

Figure 2.3 Periodicity conditions of the unit cell.................................................................. 23

Figure 2.4 (a) Geometry of the unit cell; (b) finite element mesh of the unit cell ................ 25

Figure 2.5 The deformation of unit cell under different load cases ...................................... 26

Figure 2.6 (a) Geometry of the unit cell; (b) Finite element mesh of the unit cell ............... 27

Figure 3.1 boundary representation using 3D level set surface ............................................ 30

Figure 3.2 Numerically approximated Heaviside function ................................................... 35

Figure 3.3 Numerically approximated Dirac function .......................................................... 36

Figure 3.4 Initial level set function ....................................................................................... 38

Figure 3.5 The propagation of LSF in normal speed at iteration 15, 30, 45, and 70. ........... 39

Figure 3.6 The evolution of mean curvature flow................................................................. 42

Figure 3.7 The evolution of mean curvature flow 2.............................................................. 44

Figure 3.8 The process of re-initialing the level set function as a signed distance function 48

Figure 3.9 Initial zero level set and correspondent 3d surface of the level set function....... 50

Figure 3.10 The process of velocity extension ..................................................................... 52

Figure 4.1 Supported domain of knot i with radius mId ..................................................... 55

Figure 4.2 (a): Shapes of Wendland-C2; (b), (c):its derivatives in the X and Y directions... 57

Figure 4.3 (a): Shapes of Wendland-C4; (b), (c):its derivatives in the X and Y directions.. 59

Figure 4.4 (a): Shapes of Wendland-C6; (b), (c):its derivatives in the X and Y directions.. 60



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xiii 
 

Figure 4.5 Design domain of the Mitchell-type structure ..................................................... 75

Figure 4.6 The evolution process of Mitchell-type structure................................................ 77

Figure 4.7 The evolution process of material distribution for Mitchell-type structure......... 78

Figure 4.8 The convergent histories of objective and volume constraint ............................. 79

Figure 4.9 Design domain of the cantilever beam ................................................................ 80

Figure 4.10 The evolution process of cantilever beam ......................................................... 82

Figure 4.11 The evolution process of material distribution for cantilever beam.................. 83

Figure 4.12 The convergent histories of objective and volume constraint ........................... 84

Figure 4.13 (a) Optimal configuration and (b) level set surface with mesh 80×48 .............. 85

Figure 4.14 The convergent histories with mesh 80×48....................................................... 85

Figure 4.15 (a) Optimal configuration and (b) level set surface with mesh 140×84 ............ 86

Figure 4.16 The convergent histories with mesh 140×84..................................................... 86

Figure 4.17 Design domain of cantilever beam .................................................................... 87

Figure 4.18 The evolution process of cantilever beam ......................................................... 89

Figure 4.19 The evolution process of material distribution for cantilever beam.................. 90

Figure 4.20 The convergent histories of objective and volume constraint ........................... 91

Figure 4.21 Optimized topologies comparison with different optimization techniques....... 92

Figure 5.1 Distribution of multi-phase material in the design domain ................................. 97

Figure 5. 2 Schematic of multi-phase periodic structures with microstructures................... 99

Figure 5.3 (a) Orthotropy with two symmetry axes; (b) Orthotropy with four symmetry axes 
(square symmetry)............................................................................................................... 103

Figure 5.4 Flowchart of the numerical implementation with MPLSM............................... 103

1 2)....................... 114



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xiv 
 

Figure 5.6 Contour plots (first row) and level set surfaces (second row) for solid material 
phases .................................................................................................................................. 115

Figure 5.7 Convergence of the objective function .............................................................. 115

Figure 5.8 Convergence of the volume constraints............................................................. 116

Figure 5.9 Optimal microstructures with extreme effective thermal properties ................. 117

Figure 5.10 Optimal microstructures for zero effective thermal expansion ....................... 119

Figure 5.11 Optimal microstructures for negative effective thermal expansion................. 121

Figure 5.12 Convergent histories of the objective function................................................ 128

Figure 5.13 (a) Contour of solid 1; (b) Contour of solid 2; (c) Contours of solids............. 128

Figure 5.14 (a) LS surface of solid 1; (b) LS surface of solid 2; (c) Material distribution of 
two solids ............................................................................................................................ 129

Figure 5.15 Convergent histories of the objective function................................................ 131

Figure 5.16 (a) LS contour of solid 1; (b) LS contour of solid 2; ....................................... 132

Figure 5.17 (a) LS surface of solid 1; (b) LS surface of solid 2; ........................................ 132

Figure 5.18 Convergent histories of the objective function................................................ 134

Figure 5.19 (a) LS contour of solid 1; (b) LS contour of solid 2; (c) LS contours of two 
solids ................................................................................................................................... 135

Figure 5.20 (a) LS surface of solid 1; (b) LS surface of solid 2; (c) Material distribution of 
two solids ............................................................................................................................ 135

Figure 6.1 Optimization results for porosity 50% under different mesh level.................... 146

Figure 6.2 The optimization process of microstructured metamaterial .............................. 149

Figure 6.3 Repetitive unit cell of the optimal configuration............................................... 150

Figure 6.4 Convergent histories of the objective function.................................................. 150



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xv 
 

Figure 6.5 Compare the achieved properties of optimal design with the upper Hashin-
Shtrikman bound ................................................................................................................. 159

Figure 6.6 Compare the achieved properties of optimal design with the computational 
results from Challis (2012).................................................................................................. 159



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xvi 
 

Nomenclature
Global abbreviations used in this thesis

CAMD = Continuous approximation of material distribution

CFL = Courant–Friedrichs–Lewy

CS-RBF = Compactly supported radial basis function

EFG = Element-free Galerkin

ESO = Evolutionary structural optimization

FEM = Finite element method

GCMMA = globally convergent method of moving asymptotes

H-J PDE = Hamilton–Jacobi partial differential equation

KKT = Karush-Kuhn-Tucker

LSFs = Level set functions

LSM = Level set-based method 

MLPG = Meshless local Petrov-Galerkin 

MLS = Moving least squares

MMA = Method of moving asymptotes

MPLSM = Multi-phase level set method 

NPR = Negative Poisson’s ratios 

NTE = Negative thermal expansion



Topological Shape Optimization of Microstructures of Materials using Level Set Methods 

 

xvii 
 

OC = Optimality criteria 

PDI = Pointwise density interpolation 

PLSM = Parametric level set method 

PIM = Point interpolation method 

PUM = Partition of unity method 

PDE = Partial differential equation 

RBFs = Radius basis functions 

RPIM = Radial point interpolation method 

RKPM = Reproducing kernel particle method

SIMP = Solid isotropic material with penalization 

SPH = Smooth particle hydrodynamic method 

ZTE = Zero thermal expansion

2D = Two dimensional 

3D = Three dimensional 


	Title Page
	Certificate of Original Authorship
	Acknowledgments
	Publications and Conference Contributions
	Abstract
	Contents
	List of Tables
	List of Figures
	Nomenclature



