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Abstract vi

Abstract

The analytic expression for an American option price under the Black-Scholes model
requires the early exercise boundary as one of its inputs, and this is not known a priori.
An implicit integral equation can be found for this free boundary, but it has no known
closed-form solution, and its numerical solution is highly non-trivial. This has given rise
to a number of analytical solution methods and numerical techniques designed to handle
the early exercise feature.

The aim of this thesis is to explore Fourier-type solution methods for pricing Ameri-
can options. The price is defined as a free boundary value problem, whose solution sat-
isfies the Black-Scholes PDE with certain final and boundary conditions. This problem
is solved using the incomplete Fourier transform method of McKean (1965). The method
is generalised to American options with monotonic and convex payoffs in a systematic
way, and is further extended by applying it to solve the PIDE for the American call option
under Merton’s (1976) jump-diffusion model. In this case numerical integration solutions
require an intense level of computation. The thesis considers the Fourier-Hermite series
expansion method as an alternative approach. This is extended to allow for jump-diffusion
with log-normally distributed jump sizes. The main contributions of the thesis are:

e Evaluation of American Options under Geometric Brownian Motion - Chapters
2 and 3. The details of McKean’s (1965) incomplete Fourier transform are pro-
vided for a monotonic payoff function, and several forms for the price and free
boundary are reproduced in the case of an American call. A numerical scheme
for implementing the equations is given, along with a comparison of several ex-
isting numerical solution methods. The applicability of the transform technique
to more general payoff types is demonstrated using an American strangle posi-
tion with interdependent component options. A coupled integral equation system
for the two free boundaries is found and solved using numerical integration. The
resulting free boundaries are consistently deeper in-the-money than those for the
corresponding independent American call and put.

e Pricing American Options under Jump-Diffusion - Chapter 4. The incomplete
Fourier transform method is applied to the jump-diffusion model of Merton
(1976). The PIDE for an American call is solved, and the results are simpli-

fied to replicate the integral equations of Gukhal (2001) for the price and free
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boundary. An implicit expression for the limit of the free boundary at expiry is
derived, and an iterative algorithm is presented for solving the integral expres-
sions numerically. The results are demonstrated to be consistent with existing
knowledge of American options under jump-diffusion, and display behaviour
that is consist with market-observed volatility smiles.

e Fourier-Hermite Series Expansions for Options under Jump-Diffusion - Chap-
ter 5. The Fourier-Hermite series expansion method is extended to the jump-
diffusion model of Merton (1976) in the case where the jump sizes are log-
normally distributed. With the aid of a suitably calibrated scaling parameter,
the method is used to evaluate American call options. The pricing accuracy of
this approach is shown to be comparable to both the iterative numerical integra-
tion method, and the method of lines technique by Meyer (1998). The series
expansion method displays a high computation speed in exchange for some loss

of accuracy in the free boundary approximation.
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CHAPTER 1

Introduction

1.1. Literature Review and Motivation

The Black-Scholes option pricing formula has been a fundamental tool for option
traders in financial markets around the world for many years. Following the derivations
by Merton (1973) and Black and Scholes (1973) of the analytic pricing formulae for Euro-
pean call and put options on stocks, the Black-Scholes methodology has been extensively
analysed, explored and expanded, with new extensions and applications of the theory aris-
ing constantly. One key area of derivatives pricing that remains the focus of a great deal
of financial literature is that of American options.

An American option contract is in many ways identical to it’s European counterpart.
Both provide the holder with the right to buy (call option) or sell (put option) some under-
lying asset in the future for a pre-determined settlement price, known as the strike price.
The key difference lies in the times at which the holder may exercise this right to purchase
or sell. For a European option, the holder may only exercise at a pre-determined expiry
date. In the case of an American option, however, the holder may exercise the contract at
any time from the moment the contract is written, up until and including the expiry date.
While this difference in exercise terms is fundamentally simplistic, it results in a pricing
problem that is far more complicated to solve mathematically.

American options are commonplace instruments within modern financial markets.
They are written on many underlying assets, including stocks, futures and foreign ex-
change rates. While the instruments themselves are readily found in the financial market-
place, a consistent pricing framework like the Black-Scholes formula is not in use. A key
reason for this is that finding the price of an American option under the Black-Scholes
framework is equivalent to solving an optimal stopping problem. While an analytic ex-
pression for the American option price exists, it is not easy to implement, especially when

compared with the European case.
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The analytic expression for an American option price requires the optimal early exer-
cise boundary as one of its inputs, and this is not known a priori. While an integral expres-
sion can be obtained for this boundary, it results in an implicit integral equation that has
no known closed-form solution, and whose numerical solution is highly non-trivial. Such
complications do not arise when pricing European options, where special functions are
employed to evaluate the relevant pricing formulae. Since extending the Black-Scholes-
Merton analysis for European options to the American case does not appear simple on the
surface, this has given rise to an extensive range of research into methods for solving the
American option pricing problem. In a survey of this work, Myneni (1992) identified sev-
eral fundamental methods that can be used to price American options. These can broadly
be summarised into four distinct classes: approximate solutions; the compound options
technique; discrete numerical methods; and the free boundary problem approach.

During the late 1970s, through to the mid 1980s when the Black-Scholes framework
was first being extended to American options, computing power was not very extensive.
This motivated a considerable amount of work into finding approximation formulae for
the prices of American options. Roll (1977) proposed a method whereby the price of
an American call could be approximated via a weighted linear sum of three European
call options, chosen to replicate the behaviour of the American call when there was only
one dividend payment expected during the life of the option. The method was refined
by Geske (1979a), Whaley (1981) and Geske (1981), who finally demonstrated that the
replicating portfolio used was not unique, and hence there was no unique solution for
the American call price when found via this approach. Identifying an approximation for
the early exercise boundary, Johnson (1983) produced an estimate for the American put
price, using the European put as a lower bound. Blomeyer (1986) extended Johnson’s
approach to the case of an American put option written on an asset with one ex-dividend
date prior to expiry, requiring at most 5 European put prices to generate the American put
approximation.

The greatest appeal of approximation methods is that they can be implemented with
great ease and evaluated very rapidly. MacMillan (1986) derived one such approximation
for the American put, based on neglecting small-valued terms in the Black-Scholes partial

differential equation (PDE). The same approach was used by Barone-Adesi and Whaley
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(1987) to derive a quadratic approximation for American calls and puts written on com-
modities and futures. Such methods offered a high degree of computational efficiency,
but they achieved this at significant cost to the pricing accuracy.

Another way to reduce the complexity of the American option is to instead consider
a Bermudan-type option, where there are only a finite number of early exercise dates.
Parkinson (1977) found a binomial approximation for the American put using this ap-
proach. A more complex method presented itself within the work of Geske (1979b), who
studied the pricing of compound options under the Black-Scholes framework. When one
assumes that the American option can only be exercised at a series of discrete time points,
the price can be expressed as a compound option problem. The Geske-Johnson technique,
named after the work of Geske and Johnson (1984), offers analytic solutions for American
calls and puts under the assumption of discrete early exercise dates. Their solution covers
both the presence and absence of dividends, and unlike the approximation approaches,
these satisfy the Black-Scholes PDE exactly, along with all the relevant boundary and
initial conditions. It was also demonstrated that as the number of early exercise dates was
increased, the compound option solution converged to the continuous American option
price.

The compound option methodology has subsequently found many American option
applications. Whaley (1986) developed an approximation method based on the compound
option approach, while Selby and Hodges (1987) and Schroder (1989) presented ways to
reduce the required computation time for the method. Generalisation to two-factor models
has also been successful, with Ho, Stapleton and Subrahmanyam (1997) extending the
Geske-Johnson technique to the case where the risk-free rate evolves stochastically.

Since the early exercise feature added great complexity when finding exact solutions
to the Black-Scholes PDE, a common alternative was to use numerical solution tech-
niques, as these could be easily adapted to handle early exercise by using dynamic pro-
gramming within a time-stepping algorithm. Approximating the continuous stochastic
process for the stock price with a binomial tree, Cox, Ross and Rubinstein (1977) pre-
sented one of the simplest generalisations of the Black-Scholes framework that could
easily handle American options. Binomial trees represent a numerical solution that in-
volves discretising both the time and state variables, another example being finite differ-

ence methods. Brennan and Schwartz (1977) were the first to use finite differences to
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solve the Black-Scholes PDE for the price of an American put. Finite difference tech-
niques are particularly powerful in that they can solve the Black-Scholes PDE for a vast
range of American payoff functions without the approximations introduced by the bino-
mial method. Since the method is convergent and unconditionally stable (in the case of
implicit and Crank-Nicolson schemes), it has been the subject of many further American
option studies, including Wu and Kwok (1997) and Barraquand and Pudet (1996).

The method of lines can be used to solve PDEs by first discretising the time domain
to create a system of ordinary differential equations, which are then solved discretely at
each time step. Meyer and van der Hoek (1997) applied this to American calls and puts,
and proved that the method was convergent. Chiarella, El-Hassan and Kucera (1999)
used an alternative method based on path integrals. Expanding the American put price
in a Fourier-Hermite series, they derived a backward recursion algorithm for the price
and early exercise boundary. The series expansion method was unique in that it required
only time discretisation; the price estimate was provided as a continuous function of the
underlying asset value. Unlike trees and finite differences, the method of lines and series
expansions both demand that the early exercise boundary be estimated to a fine degree of
precision during computation. This can make these methods more appealing in applica-
tions where a detailed account of the free boundary is sought.

The fourth methodology for American option pricing was adapted from the field of
physics. There exists a number of physical problems known as “free boundary problems”.
Kolodoner (1956) provided an extensive discussion on several such problems, which typ-
ically arise from change of phase models, whose dynamics are governed by the well-
known PDE called the “heat equation”. It is well understood that this PDE is equivalent
to the Black-Scholes PDE for option prices, after some suitable transformations.

The connection between free boundary problem theory and American option pricing
was first made by McKean (1965) in an appendix to an economic discussion of warrants
by Samuelson (1965). The warrants being analysed were the equivalent of American call
optidns. To find the value of this American call, McKean modelled the underlying stock
as a stochastic process, and derived the PDE for the American call’s price, along with the
correct final and boundary conditions. Under this formulation, the free boundary value
problem for American options is related to the classical Stefan problem in the area of

heat diffusion (see for example Rubinstein (1971) and Crank (1984)). The free boundary
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problem was solved using an incomplete Fourier transform, which produced an integral
expression for the American call price, along with a corresponding integral equation for
the free boundary. This approach allowed McKean to produce a solution that was, for all
intents and purposes, equivalent to a Black-Scholes formula for American options. The
only drawback was that the integral equations could not be solved analytically.

There has since been a large amount of research into American option pricing as a free
boundary problem. Some alternative examples were considered by van Moerbeke (1974),
(1976), and Karatzas (1988) used martingale methods to reproduce McKean’s results. The
most significant analysis of McKean’s findings was provided by Kim (1990), who updated
the Fourier transform results to account for risk-neutral pricing theory. Kim also proved
that McKean'’s integral equations were consistent with the Geske-Johnson solution when
the number of finite exercise dates is allowed to become infinitely large. This was the first
indication that the compound option and free boundary approaches were mathematically
equivalent. The results also yielded a decomposition of the American put price into its
European value plus a positive early exercise premium term, an economic interpretation
that was further supported by Jacka (1991), and Carr, Jarrow and Myneni (1992). At the
same time, Jamshidian (1992) derived expressions for American option prices in the case
of equities with a continuous dividend yield, again supporting Kim’s findings. Mallier
and Alobaidi (2000) also attempted to solve the PDE using partial Laplace transforms,
but were unable to find a simple inversion for their result.

With the correct integral equations for the American option price and free boundary
well established, it became clear that the greatest computational burden in numerically
solving these equations would arise from the free boundary component. Once the free
boundary was known, the task of calculating the option price was straightforward. In
light of this fact, there has been a great deal of work devoted to finding efficient ways
to calculate the early exercise boundary. Underwood and Wang (2000) implemented the
integral equation for the boundray using a fixed-point iterative method, but found the
method slow to converge. AitSahlia and Lai (1999) transformed the American option
problem to a single canonical optimal stopping problem for Brownian motion. Having
estimated the free boundary points at a small number of time points, they obtained a

continuous approximation for the free boundary using a cubic spline, and then proceeded
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to numerically price the American option. Little, Pant and Hou (2000) produced a one-
dimensional integral representation for the American put free boundary by noting that all
values of the underlying asset from zero up to the critical stock price will satisfy a certain
equality. They implemented this new representation numerically, and found that it yielded
encouraging results.

Allegretto, Barone-Adesi and Elliott (1995) approximated the price of an American
put by using a combination of relaxation techniques and numerical methods to quickly
estimate the free boundary. Barron and Jensen (1990) used utility arguments to estab-
lish an obstacle stopping problem for the American call. The problem was solved using
a stochastic optimal control model. Elliott, Myneni and Viswanathan (1990) looked at
both finite and perpetual American options using a martingale approach, along with some
initial extensions to American portfolios. Buchen, Kelly and Rodolfo (2000) explored an
alternative approach, estimating the free boundary using cubic splines, and then applying
an iterative scheme to McKean'’s integral equation for the free boundary. The spline pro-
vided an accurate estimate for the free boundary’s derivative, and the method was proof
that McKean’s equations were more tractable than Carr et al. (1992) had claimed.

Huang, Subrahmanyam and Yu (1996) proposed a recursive method for finding the
early exercise boundary of American options. They used the Geske-Johnson technique to
find the free boundary at a small number of time points. Richardson extrapolation was
used to estimate the entire boundary, which was then taken as an input for the analytic
American option pricing formula. The method worked well, and this prompted Ju (1998)
to propose an alternative approximation for the free boundary along the same lines, but
using a piece-wise exponential function. The method was highly accurate, and Ju was
able to draw the fundamental conclusion that the American option price was not overly
sensitive to the value of the free boundary. Following on from this, AitSahlia and Lai
(2001) proposed that the free boundary could be approximated using linear splines with
very few knots, again with extremely accurate results. There is considerable value in
these findings, as the bulk of the computation time in solving for American option prices
is dedicated to solving for the free boundary. When this can be simplified without any
loss in pricing accuracy, it becomes possible to compute accurate American option prices

at much greater speeds.
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Given that the free boundary behaves most erratically near the expiry date, and that
McKean’s integral equations for the boundary are singular at that time point, small-time
expansions have been developed to approximate the free boundary close to expiry. Bar-
les, Burdeau, Romano and Samsoen (1995) provided one such approximation for the free
boundary of the American put, while Wilmott, Dewynne and Howison (1993) have con-
ducted analysis for the free boundary of American call options written on dividend paying
assets. Kuske and Keller (1998) also derived expressions for the American put early exer-
cise boundary near expiry by solving the relevant integral equations asymptotically. One
of the most extensive studies into the American put free boundary is that of Chen and
Chadam (2000), who noted that several different approximations for the free boundary
near expiry exist, and they sought to determine which ones, if any, were correct. They
derived four different approximations, and showed that each was applicable for different
time frames. Such approximations offer an alternative to numerical solutions for the free
boundary near expiry, in which the free boundary’s rapid change in slope is not always
well handled.

With such a vast range of solution methods now established for American option prob-
lems in the basic Black-Scholes framework, there has been considerable work extending
the various methods to more complex models and problems. Kim and Yu (1993) gener-
alised Kim’s results to several alternative diffusion processes, including absorbing Gauss-
ian diffusion, residual volatility diffusion, and constant elasticity of variance diffusion.
As detailed by Zhang (1997a), there exists a large range of option contracts where the
payoff function involves more than one underlying asset. The exercise regions for Amer-
ican options on multiple assets have been analysed by Broadie and Detemple (1997) and
Villeneuve (1999). American options have been priced in the case of stochastic volatility
by Ritchken and Trevor (1999) and Cakici and Topyan (2000) using discrete GARCH
models, and as stated previously, Ho et al. (1997) considered American options on equi-
ties when the risk-free rate is stochastic. The pricing of American bond options has been
conducted by Chesney, Elliott and Gibson (1993) and Yu (1993), while Chiarella and
El-Hassan (1999) have priced American bond options using the method of lines. Pham
(1997) and Gukhal (2001) also extended the Black-Scholes American option results to

allow for jump-diffusion in the asset dynamics.
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The primary motivation for this thesis is the incomplete Fourier transform method of
McKean (1965) as it applies to the American option pricing problem, and the accompa-
nying simplifications and analysis of Kim (1990). The added complexity involved when
pricing American options has given rise to a wide range of solution techniques. At present,
no single technique has gained acceptance as a standard method for solving American op-
tion problems. We propose that the incomplete Fourier transform method is the most ideal
choice for this purpose. It offers a simple generalisation of the European price solution
within the Black-Scholes framework, and is readily extended to a broad class of payoff
types and more complex stochastic dynamics. The method’s flexibility is demonstrated by
applying it to an American strangle portfolio, and showing how the transform can be used
to solve the partial-integro differential equation (PIDE) in the case of American options
under jump-diffusion. As an extension to this research, we generalise the Fourier-Hermite
series expansion method of Chiarella et al. (1999) to allow for jump-diffusion in the un-
derlying, and demonstrate its usefulness as an alternative Fourier-style analysis technique

for this more complex problem.

1.2. Structure of the Thesis

There are three main topics of research within the thesis. The first two focus on
the use of the incomplete Fourier transform method to solve free boundary problems for
American options. The first of these is presented in Chapters 2 and 3, which focus on the
price and free boundary of American options under the geometric Brownian motion model
of Black and Scholes (1973). Chapter 4 uses the incomplete Fourier transform method
to evaluate American options under the jump-diffusion model of Merton (1976). The
third part, covered in Chapter 5, extends on this by applying the Fourier-Hermite series
expansion method to price American options under jump-diffusion. Chapter 6 provides a

summary of results and findings, along with potential related paths for future research.

1.2.1. Evaluation of American Options under Geometric Brownian Motion. Amer-
ican calls and puts are common derivatives in modern financial markets. Written on a
range of underlying assets, including stocks, futures, and foreign exchange rates, there
has long been a real-world demand for an extension of the Merton (1973) and Black and
Scholes (1973) results for European call and put options to the American case. This has

since been achieved by numerous studies, such as Karatzas (1988), Kim (1990), Jacka
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(1991), Carr et al. (1992), and Jamshidian (1992), each using a varied approach, many
of which require knowledge of the associated European option solution as a prerequi-
site. One exception to this is the often underestimated solution method of McKean (1965)
which, at its most basic level, is a natural extension of the Black-Scholes solution to the
case where early exercise is allowed. That McKean was able to derive the correct result
without prior knowledge of the European solution is a testament to the method’s broad
scope. In Chapter 2 we provide a detailed review of the incomplete Fourier transform
technique, and reconcile this with the work of Kim (1990) and Carr et al. (1992).

Using mathematical results from Kolodoner (1956), McKean derived the integral
equation for both the price and early exercise boundary of an American call option as
the solution to a free boundary problem using an incomplete Fourier transform. Since
the equivalent complete transform can be used to solve the problem in the European case,
this method was a natural extension of the Black-Scholes European call option solution
methodology. Combined with Kim’s simplifications and analysis, an analytic formula
for the American option price was found, suggesting that it may be possible to solve the
problem without resorting to numerical PDE solution techniques such as finite differences
(Brennan and Schwartz 1977), or the binomial approximation (Parkinson 1977).

The Fourier transform method is made even more attractive in that it requires no time-
discretisation, unlike the compound option method of Geske and Johnson (1984), which
yields an equivalent result once the time step sizes are reduced to zero in the limiting
sense. Fourier transforms also allow the problem to be solved in relatively general terms.
Whereas the form of the payoff needs to be almost specific for most of the other cited
methods, the incomplete Fourier transform is capable of generating some form of solution
to the free boundary problem for a range of general payoffs. We do not endeavour to prove
the existence or uniqueness of the solution in the case of general payoffs, but note that
Jacka (1991) has done so for the American put case.

The focus in Chapter 2 is to demonstrate how to apply the incomplete Fourier trans-
form technique for a monotonic payoff function, and then recover several forms for the
price and free boundary in the case of an American call option. A numerical scheme

for implementing the equations is also provided, accompanied by a selection of results.
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The discussion serves to provide a practical explanation of the incomplete Fourier trans-
form, whilst reconciling in full the results of McKean (1965), Kim (1990), and Carr et al.
(1992).

To demonstrate the applicability of the transform technique to more general payoff
types, in Chapter 3 we apply the method to an American strangle position, research that
has since been accepted for publication (Chiarella and Ziogas 2003). Elliott et al. (1990)
considered a related problem in the form of an American straddle, deriving the coupled
integral equation system for the straddle’s free boundaries. There is, however, no clear
indication of how the system could be solved, nor what impact the interdependent free
boundaries have on the price of the portfolio. The American portfolios under considera-
tion are defined such that if exercised early, the entire payoff is optimally realised. In this
way they are fundamentally different to a portfolio formed using independent American
calls and puts. Chapter 3 demonstrates how the incomplete Fourier transform is applied to
this problem. The coupled integral equation system for the two free boundaries is solved
using numerical integration, and the results are compared with a standard strangle formed
by combining independent American calls and puts. The topic is of considerable market
significance, given that options are typically traded in positions (such as straddles and

butterflies) as opposed to individual contracts.

1.2.2. Pricing American Options under Jump-Diffusion. Numerous studies into
the returns of stocks and foreign exchange rates (e.g. Jarrow and Rosenfeld (1984), Ball
and Torous (1985), Jorion (1988), Ahn and Thompson (1992), and Bates (1996)) indicate
that real-world financial data contains leptokurtic features that are better described by
jump-diffusion processes, rather than the pure-diffusion process of Black and Scholes
(1973). Merton (1976) proposed a model for European options where the underlying
asset followed jump-diffusion dynamics. The jumps arrive according to a Poisson process
with random jump sizes. The model was later extended to the American option case by
Pham (1997) using probability arguments, and Gukhal (2001) who extends the Geske-
Johnson compound option approach of Kim (1990) to cater for jumps. In Chapter 4
we demonstrate how the incomplete Fourier transform of McKean (1965) can be used to
derive the integral expression in the case of an American call option under jump-diffusion.

There have been several attempts at calculating the price and early exercise boundary

for American options in the jump-diffusion setting. The binomial tree method of Amin



1.2. STRUCTURE OF THE THESIS 11

(1993) demonstrated that the addition of jumps was able to recreate the so-called “volatil-
ity smile” affect observed in market option prices. Zhang (1997b) and Carr and Hirsa
(2003) used finite difference methods to solve the problem, while Wu and Dai (2001)
used a multi-nomial tree approach. Meyer (1998) developed a recursive algorithm for
use with the method of lines and d’Halluin, Forsyth and Vetzal (2003) were able to price
American puts under jump-diffusion using a fixed-point iteration method.

We use the jump-diffusion model of Merton (1976) to demonstrate an extension of
McKean’s Fourier transform approach to price American options with more complex
price dynamics. Chapter 4 solves the PIDE for an American call using the incomplete
Fourier transform technique, and generalises the simplifications of Kim (1990) to recover
the integral expressions of Pham (1997) and Gukhal (2001) for both the price and free
boundary of the option. An expression for the limit of the free boundary at expiry is found,
again based on Kim’s analysis for the pure-diffusion case. An iterative algorithm is pre-
sented for solving the integral expressions numerically, and the results are demonstrated to
be consistent with existing knowledge of American options under jump-diffusion, such as
those of Amin (1993). The chapter thereby provides an extension of the methods outlined
in Chapters 2 and 3 to the jurhp-diffusion model.

1.2.3. Fourier-Hermite Series Expansions for Options under Jump-Diffusion.
The numerical implementation of the integral expressions for American calls under jump-
diffusion in Chapter 4 suggests a simple way to analyse the properties of American option
prices and free boundaries in this setting. A shortcoming of this approach is that a sub-
stantial amount of computation time is involved, which increases exponentially with the
level of time discretisation used. This prompts us to consider another Fourier-type of
solution method that can produce a space-continuous approximation for the American
call price, along with an estimate of the early exercise boundary for a less cumbersome
computational load.

Tree methods, such as Amin (1993) and Wu and Dai (2001) are at best a discrete
approximation of the underlying process for asset returns, and this discretisation can in-
troduce bias in prices if not correctly handled. Using finite differences, the problem can be
solved as a variational inequality (Zhang 1997b), or by direct application of a scheme like
Crank-Nicolson to the PIDE (Carr and Hirsa 2003). In this case the option price is found

on a discrete space-time grid, and interpolation must be conducted for any spot price that
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falls between space grid points. Meyer (1998) extended the method of lines solution of
Meyer and van der Hoek (1997) to price American calls and puts under jump-diffusion.
The method is convergent and fast to compute, and yields an accurate free boundary esti-
mate as part of the solution. This still requires discretisation in both dimensions, however,
and is best suited to discrete jump sizes.

Applying ideas from the evaluation of path integrals, Chiarella et al. (1999) demon-
strated how Fourier-Hermite series expansions could be used to price both European and
American options under pure-diffusion dynamics. The method is fast to compute, sim-
ple to implement, and finds an estimate of the early exercise boundary as part of the
solution for American options. Furthermore, the option price is estimated by a weighted
series of basis functions which are continuous in the underlying asset, avoiding the need
for two-dimensional discretisation. In Chapter 5 we extend this Fourier-based numerical
method to cater for the jump-diffusion model of Merton (1976) in the case where the jump
sizes are log-normally distributed. The method requires no discrete approximation for the
jump size density, and with the aid of a suitably calibrated scaling parameter, can be read-
ily applied to evaluate American call options. The results and performance of the series
expansion approach are compared with the iterative numerical integration of Chapter 4,
along with the method of lines technique of Meyer (1998), and conclusions are drawn on

the conditions under which the various methods are most effective.



CHAPTER 2

Pricing American Options under Geometric Brownian Motion

2.1. Introduction

The evaluation of American options under the models of Black and Scholes (1973)
and Merton (1973) has been investigated using a vast array of analytic techniques and
numerical methods. Unlike European options, American options can be exercised at any
time during the term of the derivative contract. As a result there exists some value of the
underlying asset at which it is optimal to exercise the option, and this varies with time
to maturity. There are numerous ways the problem can be explored within the Black-
Scholes framework. McKean (1965) (who seems to have been the first to consider the
problem) treats the American call as a free boundary value problem for the Black-Scholes
partial differential equation (PDE). Using an incomplete Fourier transform, he obtains an
integral expression for the American call price that involves the free boundary. Evaluating
this expression at the early exercise boundary produces an integral equation for the free
boundary. Although applied to the American call case, in principle this approach should
be applicable to any general payoff function.

Parkinson (1977) considers the American put problem by taking series expansions
of the solution in transform-space. For numerical implementation, he uses a binomial
approximation of the continuous log-normal density for the stock price process. By as-
suming that the option can only be exercised at a discrete number of time points, Geske
and Johnson (1984) treat the American put as a Bermudan option. They solve the prob-
lem using compound option theory, and offer the method as a discrete approximation for
continuous American put prices. Kim (1990) takes the limit of the Geske-Johnson solu-
tion and shows that it yields an integral expression for the American put price, along with
an integral equation for its free boundary, however this representation differs from that
of McKean (1965). A similar result is found for the American call in the case where the
underlying asset pays a continuous dividend yield. In both the call and put examples, the

compound option method relies on explicit knowledge of the option payoff in order to

13
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proceed. Kim (1990) also shows that the limit of the Geske-Johnson method is equivalent
to McKean’s solution, as he converts McKean’s integral equations into his own represen-
tation. Furthermore, Kim (1990) gives a clear economic interpretation to his solution for
the American call and put, something that is extremely difficult to deduce from McKean’s
expression.

Jacka (1991) shows that the American put is equivalent to an optimal stopping prob-
lem. He confirms Kim’s results, and shows that the solution is unique. Carr et al. (1992)
contribute to the American put analysis by obtaining an alternative representation. They
decompose the American put into its intrinsic value and time value components, and
provide lower and upper bounds for the American put solution. Establishing a suitable
hedging argument, Karatzas (1988) finds an expectation for the fair price of American
contingent claims under the Black-Scholes model. In this way he finds the Snell envelope
representation for the American put. Jaillet, Lamberton and Lapeyre (1990) use varia-
tional inequalities to evaluate American options. Little et al. (2000) derive an alternative
representation for the free boundary of an American put. They take advantage of infor-
mation about the stopping region to find an integral equation that is faster to evaluate
numerically.

This chapter seeks to consolidate and give some perspective on some of these various
contributions. In particular, we shall focus this survey on the results of McKean (1965),
Kim (1990) and Carr et al. (1992). Taking the free boundary value problem approach, we
use McKean’s Fourier transform method to solve the Black-Scholes PDE for an American
contingent claim with a general monotonic payoff function. In the process, we derive all
the relevant properties of the incomplete Fourier transform. We demonstrate how to go
from McKean’s representation to that of Kim, and vice versa. The Carr-Jarrow-Myneni
representation is also reproduced, and we consider the economic interpretations of the
various representations. We draw out the fact that certain methods can cater for payoffs
of a fairly general form whilst others (e.g. Kim (1990)) are tied rather strongly to the
particular payoff being considered.

A brief comparison of numerical methods for calculating the American option price
is provided, along with free boundary estimates where applicable. The numerical so-
lutions presented include numerical integration of Kim’s integral equations, the method

of lines (Meyer and van der Hoek 1997), Fourier-Hermite series expansions (Chiarella
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et al. 1999), finite differences (Brennan and Schwartz 1977), and binomial trees (Cox
et al. 1977). Comprehensive studies comparing various numerical methods for American
option pricing have also been conducted by AitSahlia and Carr (1997), and Broadie and
Detemple (1996).

The remainder of this chapter is structured as follows. Section 2.2 details the Ameri-
can option pricing problem under consideration. Section 2.3 proceeds to solve this prob-
lem using the incomplete Fourier transform method. We invert the transform of the so-
lution in Section 2.4, and consider the specific example of an American call option in
Section 2.5, detailing the various ways in which the integral equations can be represented.
Section 2.6 uses the compound option solution method as applied to an American call,
and Section 2.7 contains a comparison of the price and, where appropriate, early exercise
boundary, as found using a range of numerical techniques. Conclusions follow in Section

2.8, with the various mathematical proofs provided in appendices.

2.2. Problem Statement - Monotonic Payoff

Let C,(S,t) be the price of an American option written on an underlying asset with
price S at time ¢, and time to expiry (7" — t). The underlying pays a continuously com-
pounded dividend at the rate q. Let the payoff function for the option be given by ¢(.S).
We assume that ¢(.S) is a non-negative, monotonic increasing function of .S (strictly so
for all S such that ¢(S) > 0), and that ¢(S) — 0 as S — 0. The early exercise bound-
ary for this American option is denoted by a(t). Figure 2.1 demonstrates the payoff and
continuation region for C,(S,t) in the case where C, is an American call option, with
c(S) = max(S — K, 0).

Under the assumption that the price, .S, of the underlying asset is driven by the geo-
metric Brownian motion

dS = pSdt + o SdWw, 2.2.1)

with drift p, volatility o and Wiener process increments dW, it is known (for example

using the standard hedging argument) that C, satisfies the Black-Scholes PDE

oc, 1, ,0°C, ac,
5 1379 g5 tr-95%g

—rC,=0, 0<t<T, (2.2.2)
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FIGURE 2.1. Continuation region in S-space for an American call option

in the region 0 < S < af(t), where 7 is the risk-free rate, and q is the dividend rate of S

(continuously compounded), subject to the following final time and boundary conditions:

Co(S,T) = ¢(S), 0< S < oo, (2.2.3)
C.(0,t) = 0, t>0, (2.2.4)
Cala(t),t) = cla(t)), t=0, (2.2.5)
. 0C, dc(S) ,
— = > . . .
SE%) 55 25 |y d(a(t)), t>0 (2.2.6)

Condition (2.2.3) is the payoff function for the option at expiry, while conditions (2.2.5)-
(2.2.6) are collectively known as the “smooth-pasting” conditions. These ensure that the
price, C,(S,7), and its first derivative with respect to S are both continuous. This is
necessary to maintain the Black-Scholes assumption of an arbitrage-free market.

It is convenient to first transform the PDE (2.2.2) to a forward-in-time equation, with
constant coefficients. Setting S = e* and t = T — 7, we define the transformed function
Vs by

Co(S,t) = Co(e*, T — 1) = Vo(z, 7). (2.2.7)

The transformed PDE for V, is then

oV, 1 ,0%, oV,
— == k— — <7<T 2.2.
or 27 a2 "oz e, 0<7<T, (228)
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inthe region —oco < z < Inb(7) where k = r—q—30°. The transformed free boundary
is denoted by b(7) = a(T — 7), and the payoff is now v(z) = c(e®). The transformed

initial and boundary conditions are

Vi(z,0) = wv(z), —00 < z < 00, (2.2.9)

lim Vy(z,7) = 0, 720, (2.2.10)

Vo(Inb(r),7) = w(lnb(r)), 7>0, (2.2.11)
. O dv(x) ,

1 — = ='(Inb > 0. 2212

In what follows, we will use the notation b = b(7) for simplicity, unless there is a partic-
ular reason to highlight the maturity dependence of b.
In order to be able to apply integral transform methods to solve this PDE for V,(z, 7),

the z-domain shall be extended to —co < z < oo by expressing the PDE as

1 2
H(nb— z) (% ~ 502%:2" - k% + er> =0, (2.2.13)

where H(z) is the Heaviside step function, defined as

1, >0,
H(z) = %7 x=0, (2.2.14)
0, =z<0.

The reason for the appearance of the factor of % at the point of discontinuity is explained

below. The initial and boundary conditions remain unchanged.

2.3. Applying the Fourier Transform

We propose to solve the free boundary value problem defined by equations (2.2.8)-
(2.2.12) by using the Fourier transform technique to reduce the PDE to an ordinary dif-
ferential equation (ODE), whose solution is readily obtainable. This is the same method
used by McKean (1965). Given that the payoff function for the option is well-known to
have a “binding” influence on the price and sensitivities of the associated option contract,
we can safely assume the function Vj and its first two derivatives with respect to x can be
treated as zero when z tends to —co. This assumption is subsequently justified by virtue

of the fact that the general payoff function under consideration will have both a delta and
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gamma of zero for some large negative value of z, given the price behaviour specified
in (2.2.10). Further justification arises in that the solution obtained satisfies the PDE and
associated boundary conditions, and that the solution is unique’.

Since the z-domain is now —oco < z < 00, the Fourier transform can be applied to

the PDE. The Fourier transform of V;, F{V,(z, 7)}, is defined as

F{Vo(z,7)} = /_00 e Vy(z,7)dz.

Thus applying the Fourier transform to the PDE (2.2.13) we obtain

1, 5%V,
= 50 F{H(Inb—x) 52

+kF{H(Inb — x)%—? —rF{H(lnb — z)V,}.

o

F{H(Inb —z) 5,

By definition

F{H(Inb — z)Vp(z,7)} = /_00 ™ H(Inb — z)Vy(z, 7)dz

s
= / e Vy(z, 7)dx
= F{Vi(z,7)} = 17,,(77,7), (2.3.1)

where for convenience we introduce the notation V(n, 7) to also denote the transform.
We note that, F° is an incomplete Fourier transform, since it is equivalent to a standard
Fourier transform applied to V,(z, 7) in the z-domain of —co < z < Inb. The inversion

formula for this incomplete Fourier transform is given in Proposition 2.3.1.

PROPOSITION 2.3.1. The inverse of the Fourier transform of the function f(x,T) =
H(a — z)g(z, 1), with a = a(T), is given by
1 oo a . .
g9(z, 1) = 2—/ [/ g(:z:,T)e’"xda:} e "dnp, —oo<z<a. (2.3.2)
T J—

o0 —00

Proof: Refer to Appendix 2.2.

IThis is a standard procedure in the solution of PDEs by integral transform methods; see for example
Debnath (1995).
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Equation (2.3.2) of Proposition 2.3.1 provides the basis for the inversion of the incom-
plete Fourier transform F°. Three specific properties of F°, given in Proposition 2.3.2,

will allow us to convert equation (2.2.13) into an ODE for F?°.

PROPOSITION 2.3.2. Given the definition of F° in equation (2.3.1), the following

identities exist for F°:

fb {_85‘%} _ v(ln b)einlnb _ in%; (233)
2
b {Z;ﬁ;} _ einlnb(v’(ln b) — inu(lnbd)) — T}Z\;},; (2.3.4)
Vi v, V.
b ) OVe _ YV Y inlnb
r { a } b ey, (23.5)

Proof: Refer to Appendix A2.3.1.
0
Note that in deriving the above results, we make use of the so-called “smooth-pasting”

conditions given in equations (2.2.11)-(2.2.12). Applying the results of Proposition 2.3.2

to equation (2.2.13) we have:

PROPOSITION 2.3.3. The incomplete Fourier transform of the PDE (2.2.13) with re-
spect to x satisfies the ODE
dVy

1 . ~
- + (502772 + kin + r) V, = F(n,1), (2.3.6)

where

g@ + (b~/ _oin + k‘) v(In b)} . (2.3.7)

F(n,m) = ei"l“b[ 5 5

The initial condition
F{Vi(z,0)} = Ve(n,0)
may be calculated from equation (2.2.9).

Proof: Refer to Appendix A2.3.2.
(]

Instead of solving a PDE for the function V,(z, ), we are now faced with the simpler

task of solving the ODE (2.3.6) for the function Vb(n, 7). This can then be inverted via
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the Fourier inversion theorem (see Appendix 2.2) to recover the desired function V,(z, 7).

Before concluding this section, we obtain the solution to (2.3.6).

PROPOSITION 2.3.4. The solution V,(n, ) to the ODE (2.3.6) in Proposition 2.3.3 is
given by

Vi(n, 7) = Vi(n, 0)e™ o7 Hhimtn)r / eGP p(n $)ds.  (2.3.8)
0

Proof: Recalling that b is a function of 7, the ODE (2.3.6) is of the form

Vi -
— tamV = F(n,7),
.
where
1
a(n) = 5(72172 + kin + 7.

Using the integrating factor (™7 the solution to the ODE may be expressed as

Vi(n, 7)e*™7 — Vy(n,0) = / F(n, s)e*™Mds,
0

which is readily reduced to equation (2.3.8).

2.4. Inverting the Fourier Transform

Having found Vb(n, T), the next step is to recover V,(z, 7), the American option price

in the z-7 plane. Taking the inverse (complete) Fourier transform of (2.3.8) gives
H(nb—z)Vy(z,7) = F {Vy(n,0)e (o7 thintrry
+F { / " o~k kintr)(r—s) F(n, s)ds} :
0
Applying the definition of the Heaviside function, this last equation may be expressed as
Vi(z,7) = V},(l)(x,T) + V,,(Q)(:r,T), —00 < z < Inb(7). (24.1)

We now determine explicit expressions for V;)(l)(:c, 7) and Vb(z) (z, 7).
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PROPOSITION 2.4.1. The function V;(l)(x, T) of the representation in equation (2.4.1)
is given by

e~ T Inb(0t)

‘/b(l)(‘r’ ’/") — e_%Lv(u)du, (24.2)

oV2TT J_o

Proof: Refer to Appendix A2.4.1.

a

The proof of Proposition 2.4.1 follows from a simple application of the convolution

theorem for Fourier transforms.

PROPOSITION 2.4.2. The function ‘/;(2)(% T) of the representation in equation (2.4.1)

is given by ) i)
Vb(2)(33,7') = A ;fg\/r—_s[e_h(m’s)cg(x, s)|ds, (2.4.3)
where
hz,s) = & lnfa(jz:_kg =) (2.4.4)
and
Q(z,s) = oY (lgb(s)) + (l;;((j)) + —;— [k — B—(;—IEI—%%{)—)—}) v(lnb(s)) (2.4.5)

for —00 <z <Inb(7).

Proof: Refer to Appendix A2.4.2.

O

To arrive at Proposition 2.4.2 we apply the inverse transform directly, which subse-
quently involves evaluating integrals of the exponential of a quadratic function.

Hence with the values of %(1)(I,T) and Vb@)(x, 7) given by Propositions 2.4.1 and
2.4.2, we may use equation (2.4.1) to write the value of the American option in the z-7
plane as

Vi(z,7) = VY (z,7) + VP (z,7), (2.4.6)

for 0 < 7 < Tand —o0 < z < Inb(7r). Equation (2.4.6) expresses the value of the
American option in terms of the early exercise boundary, b(7). At present this remains
unknown, but we are able to obtain an integral equation that determines the free boundary

by requiring the expression for V;(z,7) to satisfy the early exercise boundary condition
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(2.2.11). Recalling our definition for the Heaviside function, the free boundary is thus
found to satisfy the integral equation

v—(lisﬁlz = Vp(Inb(7), 7), (24.7)
where V;,(z, 7) is given by equation (2.4.6) in conjunction with (2.4.2)-(2.4.5). The factor
of % appears in the left hand side of (2.4.7) due to properties of the Fourier transform.
Recall that the complete Fourier transform was applied to a discontinuous function of the
form H(Inb— x) f(z, 7). As proved in Dettman (1965), the inverted Fourier transform of
a discontinuous function will converge to the midpoint of the discontinuity, as illustrated
in Figure 2.2 for the American call option example. Thus in equation (2.4.7), when V},

is evaluated at In b(7), the factor of % must be introduced into the left hand side. This is

accounted for by our Heaviside function definition in equation (2.2.14).

Vi(z,T) max(e® — 1,0)

Stopping Region
Continuation Region

(Inb(r), 22=1)

PP p——

/

lnb(JT)

FIGURE 2.2. Behaviour of V,(z, 7) at z = In b(7) in the case of an Amer-
ican call option.

It should also be noted that by using the Fourier transform method, we have been
able to derive equations (2.4.6)-(2.4.7) without specifying the exact form of the payoff
v(x), beyond a few basic properties. Such generality cannot be easily attained when us-
ing Kim’s (1990) compound option approach, and demonstrates one of the significant
advantages obtained from using integral transform solution techniques. Thus to price an

American option with monotonic payoff v(x), one must first solve the integral equation
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(2.4.7) using numerical methods to find b(7) since an analytical solution seems impossi-
ble. Once this is found, it is a simple matter to evaluate Vj,(z, 7) from equation (2.4.6) via

numerical integration.

2.5. Alternative Representations of the American Call Value

The Fourier transform approach is capable of handling a broad class of payoff types in
a general form, as evidenced by the general price for an American option with monotonic
payoff given by equation (2.4.6). While alternative methods, such as Kim (1990) and
Carr et al. (1992), are more restrictive in that they require the payoff function to be known
explicitly, the results thus obtained are far easier to interpret in an economic sense. Thus
to demonstrate that McKean’s method can readily yield these alternative representations,
we shall consider the example of an American call option. This also allows us to derive
the limit of the early exercise boundary at expiry, a task that is far more tractable using

Kim’s integral equations.

2.5.1. McKean’s Representation. Equation (2.4.6) provides us with an integral ex-
pression for the price of the American call option in the x — 7 plane. While it is con-
venient to define the price in terms of time until maturity, the log-transformation has
little economic interpretation. Furthermore, we are unable to conduct any further anal-
ysis while the form of the payoff function ¢(S) remains unspecified”. For the sake of
definiteness, we shall consider an American call option with strike price K, for which
¢(S) = max(S — K, 0), and hence v(z) = max(e® — K, 0). By substituting this expres-
sion for v(z) into (2.4.2) and (2.4.3), simplifying and transforming back to the original
variable, S, the integral expression for the price of an American call may be written as

(see Appendix A2.4.3)

Cy(S,7) = Cu(S,7) — SeT N(di(S, 7:6(0%))) — Ke""N(dy(S, 73 5(0%)))  (2.5.1)

T O-hsn fo2pe) ((e) 1[  (ngg) _
o o—m[ 2 +(b(§>+2 k=——¢ | | OO - K)|d,

At is possible to carry forward the analysis by considering an affine payoff, where after the first non-zero
value the payoff function is piecewise linear. The complication of this approach is that it introduces time-
dependent structural breaks into the early exercise boundary b(7) at times 7 = ¢},t3, .... These ¢* values
are determined by maintaining continuity in the free boundary at each t*, in the same manner as described
by Broadie and Detemple (1995) for capped American call options. We instead consider the simplest case
of an American call option to keep the results presented both clear and concise.
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where
Co(S,7) = CoS, 1),
Cg(S,7) = Se " N(di(S,7;K)) — Ke ""N(dy(S,1; K)),
. (In 535 + k(T = €))?
h(Sag) = 202(7__5) )
with
di(z,7;8) = (ln(x/ﬁ):\/(f . 02)7),
dg(ZE,T;,B) = dl("r?T;ﬁ) - U\/;7
b(0") = Tirg+ b(T),
and

I [Y e
N(y):ﬁ/ ez da.

Since CF is in fact the Black-Scholes price for a European call option written on S,
equation (2.5.1) represents a decomposition of the American call price into its European
value, given by Cg, and the premium paid for early exercise, determined by the remaining
terms. This is the solution form presented by McKean (1965), and we henceforth refer
to this as McKean’s representation for the price of an American call option. While this
form is a valid mathematical representation, it seems impossible to develop from it any
economic meaning for the early exercise premium. The presence of the derivative of the
free boundary, b'(7), in the integral equation is also undesirable for the purposes of solving
equation (2.5.1) numerically, since it creates numerical difficulties due to the infinite slope

of b(7) at maturity.
2.5.2. Kim’s Representation. An alternative representation of the American call op-

tion price can be found by an approach due to Kim (1990). Kim arrived at a simplified
form of equation (2.5.1) by taking the limit of the compound option approach to Ameri-
can option pricing (see Section 2.6). By manipulating (2.5.1) and applying integration by
parts, Kim showed how the &' (7) term could be removed. These manipulations are based
on integration by parts, and it is important to note that unless the payoff is given explicitly,
further simplification becomes impossible. In this way the simplifications of Kim (1990)
are closely tied to the particular payoff function being considered. When the payoff is

given explicitly, an important consequence of this re-expression of the American option
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price is that the early exercise premium becomes more readily interpreted. The result

obtained by this approach may be stated as in Proposition 2.5.1.

PROPOSITION 2.5.1. Using integration by parts, the American call price Cy(S,T) in
equation (2.5.1) can be expressed as

Cy(S,7) = Cg(S,7)+ / TqSe“’(T_ON(dl(S,T—§;b(§)))d§ (2.5.2)
0

_ / R Ke TN (dy(S, 7 — € b(E)))de,

0
where 0 < S < b(T). Furthermore, the free boundary b(T) is given by

b(r)— K = Ca(b(r), )+ / " gb(r)e TN (dy (b(r), T — & b(E)))de

- / P Ke O N (dy(b(r), 7 — £;b(€)))dE. 2.53)

0

Proof: Refer to Appendix A2.5.1.
O

Note that the factor of % is no longer required when using Kim’s integral equation for
the American call price. While Kim does not discuss this detail in the original paper, we
provide a more complete explanation in Appendix A2.5.1. Furthermore, by following the
steps outlined in Appendix A2.5.1 in the reverse order, it is possible to return to McKean’s
representation for the American call price given by equation (2.5.1). The manipulations
are not as intuitively obvious when going from (2.5.2) to (2.5.1), but they are certainly
achievable nonetheless.

With Kim’s representation it is now possible to give an econoinic interpretation to
the early exercise premium. This premium is comprised of two integral components on
the right-hand side of (2.5.2). Should the holder of the call exercise early, borrowing
an amount K to purchase the underlying S, then the portfolio held will be of the form
(S — K). Thus the early exercise premium is the expected dividend earnings received by
holding S, less the expected interest to be repaid on the loan of K. This represents the
expected value of the cash flows that the holder of the American call can realise via the

early exercise feature.

2.5.3. The Carr-Jarrow-Myneni Representation. There exists a third representa-

tion for the American call, first derived by Carr et al. (1992), that focuses on the time
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value of the American option. This is found by decomposing the value of a European call

option into its intrinsic value and delayed exercise value.

PROPOSITION 2.5.2. By first decomposing Cg(S, T) in equation (2.5.2), the American
call price Ob(S ,T) can be expressed as

Cy(S,7) = max(S — K,0) + 5762 /T e TON'(dy(S, 7 — & K))dE (2.5.4)

0

4 / " 4Se T TOIN(dy(S, 7 — £ b(€))) — N(dy(S, 7 — & K))dé

- /0 TrKe—rﬁ-@[N(dz(s, T =& b(€))) — N(da(S, 7 — & K))]d¢,

where 0 < S < b(T), and
N(y) = =c%
V2T '
Proof: Refer to Appendix A2.5.2.
a

The intrinsic value component of the American call price is given by the present value
of the payoff, max(S — K, 0), equivalent to the immediate exercise value of the call. The
additional terms represent the added value gained by delaying the exercise, which can
also be interpreted as the time value of the American call option.

To better understand the economic meaning behind the integral terms in (2.5.4), con-
sider a portfolio of Cy(S,7) — max(S — K,0) held in the continuation region for the
American call. The payoff component is achieved by investing K dollars in government
bonds and shorting one unit of the underlying asset, .S, only when the call is in-the-money.
Note that this portfolio will have a net value of zero at expiry, or upon the underlying price
entering the stopping region. Given this portfolio, the integral terms in (2.5.4) are the ex-
pected present value of the cash flows incurred during the life of this portfolio. The first
integral term is the sum of movements in the underlying asset’s price about the strike. The
last two terms measure the dividends earned, and interest rate expense incurred, while the

call is in-the-money but remaining unexercised.

2.5.4. The Free Boundary at Expiry. Before concluding this section, we shall present
one additional result regarding the free boundary of the American call option, as found by

Kim (1990). Using Kim’s representation of the integral equation for the free boundary,
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it is relatively straight-forward to find the limit of b(7) at expiry (i.e. as 7 — 0%). This

result is important when trying to solve equation (2.5.3) numerically for b(7).

PROPOSITION 2.5.3. Taking the limit as T tends to 0% in equation (2.5.3), the value

of the free boundary, b(T), at expiry is given by
b(0") = max (K, fK) . (2.5.5)
q
Proof: Refer to Appendix 2.6.

O

Thus the value of 5(0%) depends entirely on the relative parameter values of the risk-
free rate, r, and the continuously compounded dividend yield, q. Note that when ¢ is
reduced to zero, the value for 5(0") becomes infinite, which coincides with the well-
known result that it is never optimal to exercise an American call option early in the
absence of dividends.

When 7 = 0, the decision whether or not to exercise the call depends entirely on the
value of the underlying, S, when compared with the strike, K. As such, the early exercise
boundary at expiry is simply given by b(0) = K. It is therefore important to note that a
consequence of equation (2.5.5) is that b(7) can be discontinuous at (0}, and this occurs
specifically when » > ¢. There has been some confusion regarding this detail in the
literature, where many have defined b(0) to be the result in equation (2.5.5), rather than
b(0") = lim, g+ b(7). Throughout the thesis we shall adopt this more explicit notation

for the limit of b(7) to avoid confusion.

2.6. American Call as a Compound Option

Kim (1990) was one of the first to confirm equations (2.5.2)-(2.5.3) for the American
call using McKean’s method, however his primary derivation was based on the com-
pound option approach of Geske and Johnson (1984). Here we replicate this alternative
approach, both .to contrast the methodology with the incomplete Fourier transform, and
to reiterate the equivalence of the results obtained by the two solution techniques.

For the American call, C’b(S ,T), assume that we can only exercise at a finite number

of time points 73,k = n,n — 1, ..., 1,0 with 7, — 7,_; = A7 for all k, and expiry occurs
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at 7o (i.e. 7 = 0). Let p(Sk_1, Tk—1|Sk, 7x) be the transition density for Sx_; at time to
maturity 7x_1, given that price Sy was observed at time to maturity 7%.

Let U(Sk, kAT; by_1) denote the value of the unexercised call at time to maturity kAT,
where by_; = b((k — 1)A7). Since the holder of the call will not be able to exercise early
until time A7 in the discrete case, we find that at time A7 prior to expiry, the unexercised

call has value
U(S1, AT; K) = Cg(S1,AT) = Sle”qATN(dl(Sl, AT; K))
~Ke ™" N(dy(S1,AT; K)), (2.6.1)

which is simply a European call option with A7 remaining until maturity. The early

exercise boundary, by, is given by
by — K = bie " N(dy (b, AT; K)) — Ke "™ N(dy(by, AT; K)). (2.6.2)

With the starting case of U (S, At; K') completed, we now develop an induction proof
to find U(S,, nAT; b,_1).

PROPOSITION 2.6.1. The price of the unexercised call, U, at time to expiry 2AT is

U(Ss,2A7;b1) = Cg(S2,2A7) + o(AT) (2.6.3)

+/ e [(1—e )8 — (1 - e_TAT)K] p(S1, AT|Ss, 2AT)dS;.
by
The early exercise price, by, at time to expiry 2AT is defined implicitly by

b2 - K= U(bz, ZA'T; bl)

Proof: Refer to Appendix A2.7.1.
(]

Having derived an expression for U when n = 2, we proceed to find the value of U

for a general non-zero integer value of n.
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PROPOSITION 2.6.2. The price of the unexercised call, U, at a general time until
maturity nAT is
n—1 oo
U(Sm 'I’LAT, bn—l) — Z e‘(n—k)rA‘r/ [(1 _ e—qA‘r)Sk _ (1 _ e—rAr)K]
k=1 b
Xp(Sk, KAT|Sp, nAT)d Sk

+CEg(Sp, nAT) 4+ o(nAT). (2.6.4)

This equation is satisfied for n = 2, as shown in Proposition 2.6.1, and for n = m and

n = m + 1, where m is a non-negative integer.

Proof: Refer to Appendix A2.7.2.
O

Equation (2.6.4) provides us with the value of an unexercised American call option
with discrete, equally spaced early exercise dates. The integral term calculates the ex-
pected present value of the cash flows incurred when holding the portfolio S — K in the
stopping region. Up until this point, the solution method is equivalent to that of Geske
and Johnson (1984). Kim’s contribution was to take the limit of U as A7 — 0, thereby

returning to the continuous American call case.

PROPOSITION 2.6.3. The price of the unexercised American call, Cy, at a general

time until maturity nAT is

~

Cy(Sn,nAT) = CEg(Sn,nAT) + o(nAT) (2.6.5)

n—1 00
£y e ( [ (oS —rKIp(Sk, kATIS:, nm)dsk) Ar.
k=1 k

Taking the limit of (2.6.5) as AT — 0, this becomes equation (2.5.2) of Proposition 2.5.1.

Proof: Refer to Appendix A2.7.3.
-0
There are several important observations one can make regarding this method. Firstly,
it is important to note that the compound option approach requires that the payoff function
be known explicitly before the analysis can be carried out. In particular, demonstrating
that some of the terms are of order AT requires that the payoff be given in an explicit

form. The initial steps of the Fourier transform method are not restricted by the need
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for an explicit payoff function, though we note that some information on the limits and
derivative of the payoff are still required for meaningful analysis.

The second detail to note is that the compound option method requires that we first
consider a discrete time situation, and then apply limit analysis to find the continuous
case. When using Fourier transforms we are able to remain in continuous time at no
significant increase in the mathematical complexity of the solution. In this sense the
Fourier transform approach is a more natural extension of the PDE solution methods
applied to European options. Using the compound option approach for American options

introduces an additional level of theoretical complexity that can otherwise be avoided.

2.7. Numerical Examples

Equation (2.5.2) is an explicit expression for the price of an American call option, but
it requires the free boundary, b(7), to be known before it can be used. While b(7) can
be found by solving equation (2.5.3), there exists no known closed-form solution for the
free boundary. This implies that one must use numerical methods in order to estimate
the price and free boundary of the American call option. In this section we apply five
existing numerical methods for pricing American options. We consider a 3-month call
(T —t = 0.25), with strike X = 100 and volatility o = 20%. The first call under
consideration has risk-free rate r = 8% and dividend yield ¢ = 12%. For the second call,
we take 7 = 12% and q = 8%. This allows us to demonstrate the results for the individual
casesof r < gand r > q.

The first method we use is the binomial tree procedure of Cox et al. (1977). We cal-
culate the risk-neutral transition probabilities as detailed in de Jager (1995) (p.251-252),
and structure the tree such that the nodes at expiry are centred about the strike. We use
a tree with 10,000 layers (At = 2.5 x 107°). Next we consider the finite difference so-
lution for the PDE (2.2.2), subject to the boundary and final conditions (2.2.3)-(2.2.6).
The method was first suggested in option pricing by Brennan and Schwartz (1977). The
Crank-Nicolson scheme is used, with 4,000 space nodes between S = 0 and S = 200,
and 400 time steps (At = 6.25 x 10™*). Note that both of these methods do not explic-
itly compute the early exercise boundary as part of the solution, instead using dynamic

programming to check the early exercise condition at each time step.
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The other three methods we consider all provide an estimate of the early exercise
boundary, as they require this to be calculated in the process of finding the option price.
Using techniques frequently applied to Volterra integral equations, we numerically in-
tegrate equation (2.5.3) to obtain the free boundary, as suggested by Kim (1990). The
resulting free boundary estimate is then used to perform a simple numerical integration
to solve (2.5.2) for the call price. We use a simplified version of the implementation out-
lined in Section 3.6 for the American strangle, and take 100 time steps (At = 2.5x1073).
Note that the method is applied twice, the second time using 200 time steps, and the free
boundary estimates are then combined using Richardson extrapolation to ensure that the
free boundary estimate is smooth and monotonic. A finer time grid was used for the first
2 time steps to help increase the accuracy near expiry.

The fourth technique is the method of lines, as given by Meyer and van der Hoek
(1997). We used cubic splines for any interpolation, and 1,600 time steps (At = 1.5625 X
10~*). 40,000 space nodes were used in the region 0 < .S < 200. The large number of
space nodes is required to help improve the smoothness of the free boundary estimate. We
do not apply a finer grid near expiry in this case, and uniform grids are applied throughout.
The last technique used is the Fourier-Hermite series expansion of Chiarella et al. (1999).
80 basis functions were used, along with 40 time steps.

In Tables 2.1 and 2.2 we present the price profiles generated by each of the five nu-
merical methods for spot values of .S = 80, 90, 100, 110 and 120. Table 2.1 considers the
case where r < g, and we find that all five methods produce prices that are almost always
consistent to 2 decimal places, and in many cases consistent to 3 decimal places. The most
notable discrepancy appears in the Hermite series results when the call is in-the-money.
Table 2.2 presents prices generated by the same methods, but in the case where r > q.
It is interesting to note that the first 4 methods are all consistent to 3 decimal places for
this example, but the Hermite series shows some signs of having more difficulty. At worst
the Hermite method is consistent with the others to 1 decimal place, and is most accurate
when the call is out-of-the-money.

To complete this comparison, we present plots of the free boundary estimates obtained
for these American call options in the case where the strike has been rescaled to K = 1.
Since the binomial tree and Crank-Nicolson methods do not attempt to estimate the early

exercise boundary as part of their solution, we only consider the free boundaries given
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S Binomial Crank-Nicolson Integration Method of Lines Hermite

80 0.029 0.029 0.029 0.029 0.029
90 0.580 0.580 0.580 0.580 0.580
100 3.525 3.525 3.525 3.524 3.525
110 10.357 10.356 10.357 10.356 10.352
120 20.000 20.000 20.000 20.000 20.000

TABLE 2.1. Comparison of numerical solution methods for American call
option prices with parameter values K = 100, r = 0.08, ¢ = 0.12, ¢ =
~0.20and T'—t = 0.25.

S Binomial Crank-Nicolson Integration Method of Lines Hermite

80 0.052 0.052 0.052 0.052 0.052
90 0.841 0.841 0.841 0.841 0.840
100 4.396 4.396 4.396 4.396 4.392
110 11.546 11.546 11.546 11.546 11.535
120 20.691 20.691 20.691 20.691 20.676

TABLE 2.2. Comparison of numerical solution methods for American call
option prices with parameter values K = 100, r = 0.12, ¢ = 0.08, 0 =
0.20and T' — t = 0.25.

by numerical integration, the method of lines and the Fourier-Hermite series expansions.
Figure 2.3 presents the free boundary estimates when r < ¢. We find that numerical
integration and method of lines provide very similar approximations for b(7) in this case.
The Hermite solution, however, appears to underestimate the free boundary profile. This
is most likely because the polynomial basis functions are poor at estimating the call price
when it is close in shape to the piecewise-linear payoff function, introducing some error
in the free boundary near 7 = 0 that persists for larger values of 7. Note that the Hermite
estimate is still smooth, and reaches some fixed level below the other estimates.

Figure 2.4 shows the early exercise boundary estimates when r > ¢q. Again we observe
that the numerical integration and method of lines approximations are extremely close.
The Hermite series, however, is not performing very well by comparison. Note that at
expiry, the method must start with 5(0) = K = 1, and cannot make good use of the
knowledge that 5(0") = Kr/q = 1.5 in this case. As in the r < g example, this error
is attributable to the Hermite polynomial approximation being unable to provide a good
fit for the American call price profile close to expiry. While this helps explain why the
Hermite method was the least accurate when pricing the call for r > g, it is of value

to note that the price differences are still very small, despite the more pronounced error
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Free Boundary: American Call, r =0.08, g =0.12
T
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FIGURE 2.3. Comparing free boundary estimates for an American call
option with K = 1, 0 = 20%; r = 8%, ¢ = 12%,and T — t = 0.25.
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FIGURE 2.4. Comparing free boundary estimates for an American call
option with K = 1,0 = 20%; r = 12%, ¢ = 8%, and T' — t = 0.25.

that can be seen in the free boundary estimate. It is apparent, however, that the errors
in Hermite prices which occur for the in-the-money call are most likely caused by the
method providing a suboptimal free boundary estimate.

To compare the relative efficiency of these numerical methods, we provide an overview
of the computation time required by each. The code for all five methods was implemented

using LAHEY™FORTRAN 95 running on a PC with a Pentium 4 2.40 GHz processer,
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512MB of RAM, and running the Windows XP Professional operating system. Table
2.3 lists the time required in seconds. The fastest method by far is the Crank-Nicolson
scheme, needing only 0.781 seconds to find the price profile in the space-time grid. As
mentioned previously, however, the method does not offer a comprehensive estimate of
the early exercise boundary as part of the solution. The Fourier-Hermite series is the
second fastest method, needing 0.875 seconds to solve the problem. This includes an es-
timate of the free boundary, but both the boundary and the in-the-money prices produced
show some small degree of inaccuracy. It is interesting to note that such problems are not
evident in the original results of Chiarella et al. (1999), where they report values only for
the American put with no dividends. It could be that the method performs less well upon
the introduction of a continuous dividend yield (which is necessary for the American call
problem). Numerical integration is the next fastest, with a runtime of 2.719 seconds. The
majority of this time is dedicated to estimating the free boundary. The option price is

found at 400 values of .S as part of the computation.

Method Computation Time
Binomial® 4.875 sec
Crank-Nicolson® 0.781 sec
Integration® 2.719 sec
Method of Lines? 254.609 sec
Hermite® 0.875 sec

TABLE 2.3. Typical computation time for each of the numerical methods.
All code was implemented using LAHEY™FORTRAN 95 running on a
PC with a Pentium 4 2.40 GHz processer, 512MB of RAM, and running
the Windows XP Professional operating system.

%This 1s the time required to find the price for a single value of S.

5These methods find the option price at all points within the grid as part of
the solution.

¢These computation times involved finding the option price at 400 different
values of S as part of the calculations.

The binomial method needs only 4.875 seconds to find the option price, but this again
does not include an accurate free boundary estimate, and the method only provides the
price for a single value of S. Further prices require constructing a new tree in each case.
Finally, the method of lines was the slowest of the five techniques, needing 254.609 sec-
onds to compute in full. Like the Crank-Nicolson scheme, the method of lines finds option

prices at all grid points, but it also provides a very accurate free boundary estimate. Note
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that the long computation time is clearly caused by the dense space-grid we have applied
in order to keep the free boundary estimate monotonic. Thus there is evidence that the
integration method, although being quite simple, can offer the best tradeoff in terms of

accuracy and time efficiency.

2.8. Conclusion

In this chapter we have presented a survey of the methods for deriving the various
integral representations of American option prices, with particular focus on the American
call. We revisited McKean’s (1965) incomplete Fourier transform method, and demon-
strated how his results reconcile with the early exercise premium representation of Kim
(1990), and the intrinsic/time value decomposition of Carr et al. (1992). We reviewed the
compound option solution technique used by Kim for the American call option, and indi-
cated that the method relies upon explicit knowledge of the payoff function to produce the
final integral expression for the American option price. McKean’s transform approach,
on the other hand, is able to produce an integral expression based only on knowing that
the function is monotonic. In this respect the incomplete Fourier transform demonstrates
a higher degree of flexibility when considering a broader class of payoff functions within
a single framework.

Given that there exists no closed-form solution for the American call option, we
compared five existing numerical techniques. We found that binomial trees, the Crank-
Nicolson finite difference scheme, direct numerical integration and the method of lines
were all able to produce prices of comparable accuracy. The Fourier-Hermite series ex-
pansion method was relatively close to these other four methods, but showed some minor
pricing inconsistencies. For numerical integration, the method of lines and the Hermite
series expansion, we were also able to compare the free boundary estimates produced.
While the first two methods were again highly consistent, the Hermite series showed
some signs of error, and in particular was ill-suited to the case where the risk-free rate
exceeded the continuous dividend yield of the underlying.

In terms of computational efficiency, finite differences proved the fastest method, al-
though no free boundary estimate was generated as part of the solution. The method
of lines proved to be the slowest, but this was caused by a highly demanding space-

discretisation, designed to maximise the quality of the free boundary estimate. Numerical
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integration of Kim’s integral equation for the early exercise boundary appeared to pro-
vide the best compromise between numerical accuracy and computational efficiency. The
method seems highly attractive for simple problems, such as the American call under con-
sideration, with moét of the computation time being dedicated to finding the early exercise
boundary.

This survey implies several directions for further research. Given that the incom-
plete Fourier transform is well-suited to general monotonic payoff functions, it should be
possible to extend the methodology to consider American options with convex or con-
cave payoffs. In Chapter 3 we consider one such example, in the form of an American
strangle position. The method can also be applied to evaluate American options with
more complex price dynamics, such as jump-diffusion models, which we demonstrate in
Chapter 4. Two-dimensional extensions could also be considered, including American
options under stochastic volatility, and American options on multiple underlying assets,
such as an American basket option. When the asset dynamics are more complicated, di-
rect numerical integration may become less efficient than in the simple case considered in
this chapter. Under these circumstances, alternative methods such as Fourier-Hermite se-
ries expansions and the method of lines may provide a more optimal accuracy-efficiency
tradeoff. In particular, the Hermite series is a computationally efficient method that sur-
renders some accuracy for gains in runtime. We show in Chapter 5 that in the case of
jump-diffusion dynamics, the Fourier-Hermite series expansion offers an attractive level

of accuracy coupled with inexpensive computational costs.

Appendix 2.1. Fundamental Results

Here we present a collection of fundamental results that are frequently required through-
out the thesis. These results relate to the inversion of Fourier transforms and the evaluation

of commonly recurring integrals.

A2.1.1. Convolution Theorem for Fourier Transforms. The Fourier transform of

the convolution integral is given by
# [ 1= mlotu,mda} = Pl )Gl ), (A2.L1)

where F' and G are the Fourier transforms, with respect to z, of f(z,71) and g(z, 72)

respectively.
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A2.1.2. Integrals of the Exponential-Quadratic Function. Letp and ¢ be any com-
plex functions not involving the integration variable 7, with Re(p) > 0. Furthermore, let
n be any non-negative integer. Then the integral of the exponential-quadratic function

with respect to 7 is given by

) i X n 2
/ e"’"z‘q”nndn = (_1)"\/—%;”635, (A2.1.2)

In addition, we shall consider a more general form of this integral where the limits are

finite with n = 0. Let a, a; and a be any real functions not involving 7, along with p and
g as before. Then the finite integral of the more general exponential-quadratic function
with respect to 77 is given by
az 5 _@=m? _ 44 + ap)a
[ eme = am e { B (ip(a)] - M@l (4219
(s3]

where

o= [ (2= Caean)

p 2
Another useful exponential integral result arises when the exponent involves a sum

of perfect squares. Define p, ¢, @; and «; to be real functions not involving 7, with

a1, ae > 0. Then we can readily show that

o 12 ~12 S 2
/ exp{_[n+p] _[n+d }dn= [mora; exp{_(p 9) } (A2.1.4)
—o0 (e 7] Qo oy + a1 + Qo

Appendix 2.2. The Incomplete Fourier Transform

Our aim is to prove that if f(z,7) = H(a — z)g(z,7), a = a(7), and H(z) is the
Heaviside function, then application of the standard Fourier inversion theorem

1

fen) =g [ fenenste e, o<z <o

yields
1 e e ) )
9(z,7) = - / { / 9(5,7)6’"§d§} e "™dn, —oo<z<a,

which may be regarded as an inversion theorem for the incomplete Fourier transform.
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o [ | e 9ute emis| e iman
1

- > / OO[ / g({,T)eingdf] T dn,

Firstly,

RHS =

Next consider

g(z,7), —co<zT<a
LHS = H(a — 2)g(z,7) = QZ’T) r=a

b

0, otherwise.

Hence

1 00 a ) )
H(z —a)g(z,7) = %/ [/ g(g,T)emgdé] e "dn, —oo <z <00
or alternatively,

g(z,7) = 51—/ {/ 9(§,T)ei”5d§] e My, —co<z<a
T J o L/

o0

g(xz, 7) = 517;/ [/ g({,’r)e"’gd{} e " dn, T =a.

—00 —00

and

Refer to Section 2.4 for an explanation regarding the factor of % on the left hand side.

Appendix 2.3. Properties of the Incomplete Fourier Transform

A2.3.1. Proof of Proposition 2.3.2. Firstly consider

oV . .
fb{axb} = Vi(Inb, 7)™ —inVy(n, 7).

By use of the boundary condition (2.2.11),

Fb {%Vb} = v(Inb)e™"t — inVj.
x

Next consider

Fb A Ws(z,T) b _ i Fh oy
0x? o |,y oz

= o'(Inb)e™*® — in[u(Inb)e™™™® — inVj),

38
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where the last equality follows by use of the boundary condition (2.2.12), and the trans-
form result (2.3.3). This simplifies to

F {‘92%

W} = €%y (Inb) — inv(In b)) — V.

Finally consider
Inb - v
T -0
. 0 b v mind
- —8—7’ [f {‘/b}] - 36 ‘/b(lnb77)7

where b’ = db(7)/dr. Applying the boundary condition (2.2.11) we have

Fo {%ﬁ} = %—Vé — %ei"‘“bv(ln b).
T T

A2.3.2. Proof of Proposition 2.3.3. Taking the incomplete Fourier transform of equa-

tion (2.2.8) with respect to z and using (2.3.3) - (2.3.5), we obtain
. . )
Ve + (—02?72 + kin + r> Vi
or 2
inlnb v 1 20,7 -
= e Ev(ln b) + 50 (v'(Inbd) —inv(Inbd)) + kv(lnb)| .

It is a simple matter to rewrite this in terms of F'(7, 7) to produce equations (2.3.6)-(2.3.7),

and the initial condition is obtained by definition.
Appendix 2.4. Derivation of the American Call Integral Expression
A2.4.1. Proof of Proposition 2.4.1. Recall the definition of Vb(l)(x, T), namely
v (z,7) = F! {Vb(:c, O)e“(%“2"2+k“7+'”} .

We shall evaluate this inverse Fourier transform using the standard Fourier convolution

result given in equation (A2.1.1). To apply this convolution we first let
F(n, m) = e~Go ko)

Hence

—rT 0 ) —rT (etkr)2
flz,m) = € e~ 3 PT=in(@HkT) gy € o o
2 J_ o oV 2rT

by use of equation (A2.1.2) with p = 20?7, § = i(z + k7) and n = 0.

1
2
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Next we let G(n,72) = V,(n,0). Hence we have

g(z,79) = H(nb(0%) — z)V,(z,0)

I

H(lnb(0") — z)v(x).

Thus

oo —TT z—utkr)2
V;(l)(x, ) = / € e_LE;l:_LH(In b(0") — w)v(u)du

00 ON2TT

Inb(0F) —rT —utkr)2
= / ¢ e aotr v(u)du.
—o0 oV2nT

A2.4.2. Proof of Proposition 2.4.2. We recall first that
V})(?)(:E7 7,) — F! {/T F(n’S)e_(%gzn2+kin+r)(r—3)ds} ,
0
so that
Vb(z)(:l?,’l') = i/ e Nz {/ F(n, s)e—(%02n2+kin+r)(f—5)ds} dn,
2 —00 0
where from equation (2.3.7),

F(n,s) = ¢mint(s) {"2”'(1; bs)) (I;((j)) - U;i" + k) v(In b(s))] .

We can rewrite the function F'(n, s) as

F(n,s) = e {fi(s) — nfa(s)},

where we set

fis) =2 ”'(lg bs) | (Z((Ss)) n k) v(Inb(s)),

and .
fa(s) = Z5v(lnd(s)).

Thus the inverse transformation of Vb(z)(x, T) becomes

VO = o [ | [T em s - upoyan) as

a —00
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where p = 02(T — s)/2, and ¢ = i(z + k(7 — s) — Inb). Using the result in equation
(A2.1.2) with n = 0, 1 we have

V& (z,7)

e el VON (2 P8

-2
/‘T e—r(‘r-s)—i—i—}:}
o 2V7TP

o?v'(In /(s a?iv(Inb(s))g
X { (12 b(s)) + (l;)((s)) + k) v(lnb(s)) + -—2*02((1—Tb—(—s))£:| ds.

Substituting for p and ¢, we find that

e
x [”2”/(“‘ bs)) (b/(‘”) 41 [k - MD v(ln b(s))] ds,

VO (z,7) = (A2.4.1)

2 b(s) 2 (T —29)
where we set
(z —Inb(s) + k(1 — 5))?
202%(1 — s) '
With a simple change of notation, equation (A2.4.1) may be written as it appears in equa-

tions (2.4.3)-(2.4.5).

I

h(z,s)

A2.4.3. McKean’s Representation for an American Call. If we set ¢(S) = max(S—

K, 0), this implies that v(z) = max(e® — K, 0), and equation (2.4.2) becomes

Inb(0t) _u_—rr 2 Inb(0t) —rT 2
e’e _ (z—u+tkT) e _ (z—utkT)
‘/b(l)(x) T) - / € 20T du - K e 204T d’u
InK gV 2T InK oV 2nT

= II —KIQ

To simplify V;(l)(x, 7) further, we shall re-express it in terms of the cumulative stan-
dard normal distribution, N (y). For the first term, I;, we can evaluate this using equation
(A2.1.3) with a; = InK, ay = Inb(0*),a = 1, § = = + k7 and p = 20%7. Recalling
that k = r — ¢ — 102, and defining d,(z, 7; 8) = (In(z/B) + (k + 0°)7)/o+/7, I then

becomes

11 = e“:e_qT[N(dl(ex, T5 K)) - N(dl(e$7 75 b(0+)))]
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For the second term, I, by defining da(z, 7;8) = (In(z/B) + k7)/0+/7, the integral

becomes
I, = e [N(dy(e®, 7; K)) — N(da(e*, 7;6(07)))].
Thus it is concluded that
V;)(l)(:v, T) = [e®e" T N(di(e®,7; K)) — Ke " N(da(e®, 7; K))]
—[e"e T N(dy(e®,7;b(0%))) — Ke "N (da(e*, 7;b(0%)))]

It is worth noting that in the case where r < ¢, b(0) = K, as proven by Kim (1990), and
this in turn implies that Vb(l)(x, 7) =0.

Having evaluated V;(l) (z,T), it is a simple matter to evaluate Vb(z) (z,7) when v(z) =
max(e® — K, 0), and reverting back to the original underlying asset variable via S = €*

we obtain (2.5.1).

Appendix 2.5. Alternative Representations of the American Call Price

A2.5.1. Proof of Proposition 2.5.1. We begin by expressing equation (2.5.1) as
Co(S,7) = Cg(S,7) — Se™ T N(dy(S, 7;b(0"))) + Ke "™ N(dy(S, 7;5(0))) + R(S, 7),

where

T e_T(T—g)

0 ;—\/%(_7———_?56
e, (v 1], Mg i
[ 2 +<b(5>+2[’f 7_5])@(5) K)]df.

Following Kim (1990), we aim to remove the b'(£) term from the integral R(S, 7). We

R(S,T) = —h(58)

begin by expressing h(S, €) as

[0S —1nb(§) + (r — g — 30°) (7 — &
20%(T = ¢§)
_ 1 (lnS—I—(r—q—%U?)T_lnb(§)+(r—q—%a2)§)2
2(r = ¢) o o
[z — P
2(r—¢)

h(S,&) =
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where £ = [InS + (r — ¢ — 20?)7]/0 and P(£) = [Inb(¢) + (r — ¢ — 20?)¢] /0. Note
also that P'(¢) = (ﬂQ +(r—q— %0‘2)) /o. Thus R(S, 7) may be rewritten as

b(¢)
P9 e 1w 1, 1,
RS = o +2r(t =¥ { 2 ;(b(§)+(r—q~§0)—(r—q—§0)
1 1, lnb—(%
v3 =037 - 52 Yot - oae
It follows that
_[z=P®)?
— " —r(t=¢§) e 24 |:Jb(€) < v . l o }_ 2
R(S,7) /0 e Nl + [ P'(&) U(r q 20)
1 [InS—Inb(&)—(r—q— L) (r—¢)
-5 | — | )ote) - 1) e
which implies the linear decomposition
_e=P@E)?
— ! —r(r—¢) € 2y |:Ub(§) ( ’ . T —= P(§)> - ]
B7) = [0S | T (PO gy ) 060 1)
= Rl(S, 7') — KRQ(S, T),
where
_le=P@)?
_ T —r(7-&) e 209 [_‘Z / . T — P(é):‘
mi(s.7) = [ IS | S PO - G | &
and

[z—P(©))?

) Te——'r(T-§) e -9 ey T —P(§)
rsn) = [0S [P - 3G o



APPENDIX 2.5. 44
Beginning with R;(S, 7) we have
R(s) = [ oo W [or= 2P Qg 2t Po)
0

VT =€ 2(r=¢)
x \/127 o~ EPGEEE=E (o P+ (r- E)d§
/T ) q 1 _lm—P@tot—o®
= - e I e 279
0 2m
P(&) +o(r=&)) = (P(§) + o)/ (1 - ¢
(VT —&)2
_ / s L -trgpeot 2 [fU—P(éHO(T—é)} "
0 /3 VT —=¢&
- ~g(r-¢) — P + (7~ 6))
- sy N( it )%

Repeating this process for R»(.S, ), we produce

RQ(S,T) = A —r(T— 5) 1 _Iz(f—-§ |: VT — P’( i_—(—l')_? (5))_2- :Idf

- / —r(r—g_L_ —I“;‘Tf_@gfﬁ[x—f’(é)] o
0 VT =&

Substituting for R; and R; in R(S, 7) gives

+K/07e‘T(T 99 N (2\/i£)> dé
e )
el (29 v (29
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where the manipulations follow from an application of integration by parts. In order to

further evaluate R(S, 7), we require the limit result that

ln@ ) oo S < b(1),

o T =8 0, S=br),

since the equation for Cy(.S, 7) must be satisfied for 0 < S < b(7) for a live American

call. If we introduce a special point-indicator function defined by

1 =
Loy =4 7 S b(f),
0, otherwise,

then further evaluation of R(S,7) produces

—arns (T —P0)+o0T
{1229

= Se"TN(dy(S,7;b(0%))) — Ke TN (dy(S, 75 5(04))) — L—pr)(S — K)

4 / "8 T ON (dy (S, — £:b(€)))
—rKe "IN (dy(S, T — £ b(€)))] d.

R(S,T)

If we then substitute R(S,7) into the expression for Cy(S, 7), the most formal represen-

tation for the American call price is
H(b(1) = $)Cy(S,7) = Cu(S,7) = lsmpin)(S — K)

T / gSe 1T ON(dy(S, 7 — £ b(€)))de
0
- / rKe TN (dy(S, 7 — & b(E))dé,
0
where 0 < S < b(7). When S is strictly less than b(7), this can be written more simply

as equation (2.5.2) in Proposition 2.4.2. Furthermore, if we evaluate Cj at S = b(7), we
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find that

S0(r) ~ K) = Ca(b(r),7) — 5(b(r) — K)

+ /T qb(T)e_q(T_g)N(dl(b(T), T — 51 b(é)))dg
0

_ /T rKe_T(T_g)N(dg(b(T)7T - 5; b(é)))d€7

0

which simplifies to
br)— K = Cr(b(r),7) + / " b(r)e T ON (A (b(r), T — & b(E)))de
- / " Ke TN (dy(b(r), 7 — £:b(€)))de,

which is equation (2.5.3), and explains why the factor of % is no longer present when

evaluating Kim’s representation at the free boundary.

A2.5.2. Proof of Proposition 2.5.2. Here we present an alternative method of deriv-
ing the American call option representation given in equation (2.5.4), based on the appen-
dix of Carr et al. (1992). In particular, our derivation of this result demonstrates how one
can reproduce the Carr-Jarrow-Myneni representation directly from Kim’s (1990) form.

Taking the European call price, Cg(S, 7), we can write
Cg(S,7) =SH(S—K)—SH(S—K)+Se " N(d1(S,7; K))— Ke ""N(da(S, ; K)).
Given the limit result that

0, S>K
linédl(S,T;K) = lir%dg(S, T, K)= ¢ 0, S=K
—00, S<K
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we can express Cg(S, 7) as

Cp(S,7) = SH(S — K) — Ke " N(do(S, 7, K)) + [Se”® N(dv (S, 75 K))§
= SH(S — K)— Ke " N(ds(S, 7, K))

+S /0 ' [N’(dI(S, 5; K))%[dl(s, s K)|e % — gN(dy(S, s; K))e‘qs} ds
= SH(S—K)—Ke " N(dy(S,7; K)) — ¢S /0 " e BN (4 (S, 5 K))ds
+S /0 " BN (dy(S, s K))%[dQ(S, s;K) + ov/s)ds
— SH(S—K)— Ke " N(dy(S,7; K)) — ¢S /0 "B N(dy(S, 5 K))ds

+S /T e"N'(di(S, s; K)) [%[dg(S,S;KH + ds

=
= SH(S - K) — Ke " N(dy(S, 7; K)) — ¢S / e~ N(dy(S, s; K))ds
0
+S /T e N'(dy(S, s; K))%[dg(S, s; K)]ds

T o
+S/ e " PN'(d1(S, s; K))—=ds.
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Noting that N'(d(S, s; K)) = Ke~ " DsN'(dy(S, s; K))/S, we have
Ce(S,7) = (S—K)H(S—K)+KH(S—-K)—Ke ""N(d(S,7;K))

T

—qS/ e”qSN(dl(S,s;K))ds+S/ e P N'(dy(S, s; K))————ds
0 0 2¢/s

+K /T e " N'(dy(S, s; K))g[dg(S, s; K)|ds

= max(S — K,0) +—/ (di(S, s; K))ds

oz
—qS /OT e ¥ N(dy(S,s; K))ds

—K{e“”N(dg(S,T; K)) - H(S - K)

~ /OT e " N'(dy(S, s; K))-g—;[dQ(S, s; K)]ds}

= max(S — KO)+SL/

e ¥

NG

—qS / e PN(di(S,s; K))ds
0

N'(di(S,s; K))ds

—K{ [e7™ N (d2(S, 5 K))]

- /OT e " N'(da(S, s; K))%[dz(S, s; K)]ds},

where the last line follows by use of the previous limit result for dy. After changing the

integration variable to s = 7 — £, we can represent the European call price as

2 T
Cg(S,7) = max(S— K,0)+ —S;L/ e 1T=ON'(dy(S, T — & K))dE

0
—qS / e TON(dy (S, 7 — & K))dE
0
+rK / ' e TTTON(dy(S, T — & K))dE,
0

and substituting this into (2.5.2) will yield equation (2.5.4) of Proposition 2.5.2, following

a simple rearrangement of terms.
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Appendix 2.6. Value of the American Call Free Boundary at Expiry

In deriving equation (2.5.5), it is necessary to analyse the limit of equation (2.5.3) as

7 tends to 0*. Using the method outlined by Kim (1990), we begin by considering
b(r) =K = b(1)e” " N(di(b(),7; K)) — Ke " N(dy(b(7), 7; K))
+ [ ablr)e T ON @ o), — €sble))de
- [ rreT T ON @u(b(r) 7 - b))
This equation can be factorised to produce

b(7) {1 —e T[N(di(b(7),7; K)) — /T ge " TON (di (b(7), 7~ & b(é)))df}

0

- K {1 — e " N(da(b(7), 7; K)) — / ' re "IN (dy(b(T), T — & b(é)))ldé} :

0

which then yields the following implicit equation for b(7):

") (1 TN (dy(b(r), 7 K)) — / Cre T ON (dy(b(r), 7 —ab(é»)d&)Az.al)

T "1
x <1 — e T N(di(b(r),7; K)) — / qe” TTON(dy (b(1), T — & b(§)))d§> :
0
Before proceeding further, it should be noted that b(7) > K. To find the value of b(0%),
we take the limit of equation (A2.6.1) as 7 tends to 0™. In order to evaluate this limit, we

need to find two limits involving d; and dy. The first to consider is

b(r
In %2 0, b0*)=K

lim dy(b(7),7; K) = lim = (A2.6.2)
70t -0t 0+/T 0o, b(0") > K.
Similarly the following limit for d; can be shown to be
. 0, bOohH) =K
lim d,(b(7),7; K) = (A2.6.3)
T—0F oo, b(0") > K.

Note also that N(0) = 0.5 and N(oo0) = 1. Given that the limits (A2.6.2) and (A2.6.3)
depend on the value of b(0") relative to K, there are two cases to consider when finding

the limit of equation (A2.6.1). Consider the first case where b(0") = K. Taking the
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limit of equation (A2.6.1) as 7 tends to 0", and using the results from equations (A2.6.2)-

(A2.6.3), we obtain

. b(7)
1 -t =1 A2.6.4
im 7 , ( )

70t

and thus b(0") = K is one possible solution for (01).
Now consider the second case, where b(01) > K. The limit as 7 tends to zero of

equation (A2.6.1) is now of the form g, and therefore L’Hopital’s rule can be applied.

Firstly, let )
i, 7 = i 50
where
N(T) = 1—e " N(da(b(7),7; K))
- [ e ON ().~ b)),
and

D(t) = 1—e T N(di(b(7),7; K))

- / e T ON (dy (b(r), 7 — & b(E)))dE.

0

To apply L'Hopital’s rule, we must differentiate both N(7) and D(7) with respect to

7, and take their limits as 7 tends to 0*. For N(7) we have
R(r) = e "Ny (b(r), 73 ) — ¢ N (dy(b(r), 75 ) - [da(b(r), 75 )
—1rN(d2(b(7),0;b(7)))
., /0 {—re TN (dy(b(T), T — £;b(£)))
FeTTON (dy(b(r), 7 — £ B(E))) o [da(b(r), 7 — & BE]}E

Note that as  — oo, N'(z) — 0 at a faster rate than any other terms observed in N'()

(see Kim, 1990). We also note that

lim da(b(r), 7 = & b(€)) = 0.

Combining all these limit results, it is concluded that

- T
lim N'(7) = ——. A2.6.5
Jim ()= = (4265
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Similarly for D’(7) it can be shown that

q

lim D(7) = —=. A2.6.6
Tigl*' (T) 2 ( )
Thus it is concluded that
o b(r) T
Tlg(];l+ K = a (A2.6.7)

Recalling that this result only holds when b(0™) > K, it follows that we must have r > q.

Finally, combining the results from equations (A2.6.4) and (A2.6.7) gives

lim b(7) = K max (1, C)
q

T—01

which is equation (2.5.5) of Proposition 2.5.3.

Appendix 2.7. Induction Proof for the American Call Option Price

The details of this appendix are drawn from the proofs presented in Kim (1990).

A2.7.1. Proof of Proposition 2.6.1. Given that

R U(S;,AT; K), 51 < by,
(S, AT) = (S1,AT; K), S 1
SI_K7 Slzbla

the value of U (S, 2A7;by) is
b1
U(SQ, 2A7’7 bl) = / G_TATU(Sl, AT, K)p(Sl, ATIS2, QAT)dSI
0

+ / e ™A7(S; — K)p(Sy, AT|Se, 2A7)dS;

by
= / e "ATU(Sy, At; K)p(S1, AT|Ss, 2A7)dS,
0
— / e "ATU (S, AT; K)p(Sy, AT|Ss, 2A7)dS;
b

+ / e_'AT(SI, —K)p(S1, AT|S2,2A7)dS,

b
— Cp(Sy,207) + I(by),

where

I(b) = / e T[Sy — K — Cp(Sy, AT)|p(S1, AT|Sz, 2A7)dSy.

b
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Consider I(b;), which can be manipulated to produce

I

I(by) / e "A7(S) — K)p(S1, AT|Sy, 2A7)dS,

by

= [ [T e (s Koptsaolsi, anas:
by K
xp(S1, AT|S2, 2A7)dS,

= / e—TAT(Sl — K)p(Sl, A’TISQ, QAT)dsl

by

- / {e-TAT [ / e ™7 (Sy — K)p(So, 0[Sy, AT)dS,
by 0
K
- / e AT (S — K)p(So,OlSl,AT)dSO] p(Sl,AT|SQ,2AT)} ds,
0

= / eT™AT(S) — K)p(Sy, AT|Ss, 2A7)dS:

b1

_/ {e—rAr [e—rAT(Sle(r—q)A‘r _ K)
b1

K
— / e ™87 (Sy — K)p(So,O{ShAT)dSO] p(Sl,AT|Sz,2AT)}dSl
0

= / e AT [(S1 — K) — S1e7%T + Ke ™8] p(Sy, AT|S2, 2A7)dS;
by

00 K
+/ e AT [/ e"TAT(SO — K)p(So, 0|51, AT)dS’O)]
by 0
xp(S1, AT|Sz2, 2AT)dSy
= / e AT [(1 — e—qAT)SI —(1- e_TAT)K] p(S1, AT|Ss, 2AT)dSy

by

+ / e TATP(Sy, AT| Sy, 2AT)

by
K
X { / e TAT(Sy — K)p(50,0|51,m)d50)] dS;.
0

Let L; be defined as

Ly

Il

o K
/ e "Ap(Sy, AT|Sy, 207) [ / e—TA*(K—So)p(So,OIShAT)dSo)] 451
0

by

= / e~"Ap(Sy, AT|Sy, 2A7) P (Sy, AT)dSh,

by
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where Pg(S1, A7) = Ke ™" N(—dy(S1, AT; K))—S1€79" N(—d;(S1, AT; K)), which
is the price of a European put written on S with strike K. Since Pg(S;, A7) is a decreas-

ing function of Sj, an upper bound for L; is

L1 < / €_TATp(Sz, 2A7'|Sl, AT)PE(bl, AT)dS}_,
by

which evaluates to
Ly < e ™87 N(dy(Ss, AT; by)) Pg(by, AT).
Note that as (7 — 73) — 0, b — by. Since Sy < b for an unexercised call we find that
AliTIEo N(dy(S2,AT;b1)) = 0.
For Pg(b;, AT), since b; > K, we have

. InE —00, b > K,
lim L=
AT=0 AT 0, =K.

In either case lima, .o Pg(b;, AT) = 0, and hence the term L, is of o(AT).

The price of the unexercised call at time to maturity 2A7 is therefore

U(Sz,2A7;b,) = Cp(Ss, 2A7) + o(AT)

4 / A [(1— e787) Sy — (1 = e AT K] p(S1, AT| Sy, AT)dS),
by

as given in equation (2.6.3).

A2.7.2. Proof of Proposition 2.6.2. To find the price of the unexercised call at a
general time step nA7, Kim (1990) uses an indication proof. Assume that the unexercised

call price at time mAT is given by

m—1 o
U(Sm, mAT, bypq) = Z e—(m—k)TAT/ [(1 _ e—qAT)Sk —(1- e——rAT)K]
k=1 br
Xp(Sk, kAT| S, mMAT)d Sy

+CEg(Sm, mAT) + o(mAT),

as stated in equation (2.6.4). It is simple to show that this holds for m = 2 (see Appendix
A2.7.1). We must now prove that this relationship holds for m + 1.
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Given that
b — K = U(bp, mMAT; bpp—q),

the value of the unexercised call at (m + 1)A7 is

U(Sm+1, (m + 1)AT; by)

bm
_ / e AT (S, MAT: b 1)p(Smy MAT| S 11.(m + 1)AT)AS,n,
0
+/ e ™A (Sp — K)p(Sm, mAT|Spy1, (m + 1)AT)dS,,
bm

= /boo e "2 (Sm — K — U(Sm, mAT; byy_1))
) XP(Sm, MAT)|Smi1, (Mm + 1)AT)dS,,
+ / ” e "ATU(Spm, mMAT, by 1)
’ XD(Sm, MAT|Smy1(m + 1)AT)dS,,

= U1 + UQ.
Consider firstly the term Us,, which can be simplified as

U, = / e A Cp(Sm, MAT)P(Spm, MAT|Smi1, (M 4+ 1)AT)dS,, + o(mAT)
0

o) m~—1 o)
_'_/ e~rA—r Z e~(m~k)rAT/ [(1 i e»qA'r)Sk . (1 . e~rAT)K]
0 k=1 be
Xp(Sk, KAT|Sp, mAT)d Sk
XP(Spm, MAT| Sy, (m + 1)AT)dS,,

= Cg(Smi1, (m + 1)AT) + o(mAT)

m—1 00
+ Z/b e~ (m—k+D)rar [(1 _ equ-r)Sk _ (1 _ e—T‘AT)K]
k=17 %

x/ p(Sk, KAT| Sy, MAT)p(Sm, MAT|Spt1, (M + 1)AT)dS,,d Sk
0

= Cg(Smi1, (m + 1)AT) + o(mAT)

m—1 00
+ Z e—(m—k+1)rAT‘/b' [(1 _ e_qAT)Sk . (1 . e—T‘AT)K]
k=1 k

X p(Sk, KAT|Smi1, (m + 1)AT)dSk
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Next consider the term U;. Extensive manipulations yield
U, = / e A (Spm — K)p(Sm, MAT|Smi1, (m + 1)AT)dS,
bm

—/ e AT Cp(Sm, MAT)P(Sm, MAT|Smy1, (m + 1)AT)dS,,
bm
o) m—1 00
+/ e TAT Z e——(m~k)'rAT [/ (e—qATSk _ e-—TATK)
bm P by
Xp(Sk, kAT|Sp, mA'r)dSk] P(Sm, MAT|Spt1, (m + 1)AT)dS,,
m—1

_ / erAT S gmmokyrar / (Sk — K )p(Sk, kAT| Sy, mAT)d Sk

bm =1 by
XP(Sm, MAT|Spmi1, (m + 1)AT)dS,, + o(mAT)

=[S KPS TS, (1 + DTS,
bm

~ [ e (S mATDS MATIS i, (m+ DATIS,
bm

m—1 S
+ 3 etmoktrar / P(Smy mAT|S 1, (m + 1)AT)
k=1 bm

X / (e79%7 Sy — e "2 K) p(Sk, kAT| Sy, mAT)dSkdSy,
b

m—2 0
_ Z e——(m—k+l)rAT/ P(Sm, MAT| Sy 1, (m + 1)AT)
k=1 bm

X / (Sk — K)p(Sk, KAT| S, mAT)dSkdSmm

b

S / P(Sons MAT| Sy, (m + 1)AT)
bm

X / (Sm~1 - K)p(Sm_1, (m — 1)AT|Sm, mAT)dSm_ldSm

bm—l

+o(mAT).
If we set

m—1 00
L1('r]7:) = Ze—(m—k-i-l)rAT/ (S, MAT|Spnp1, (m + 1)AT)
k=1 bm

X / (e_"ATSk — e_TATK) p(Sk, kAT|Sm, MAT)dSkdSm,

bx
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then further manipulations yield

U = / e_TAT(Sm — K)p(Sm, mAT|Sit1, (m + 1)AT)dS,,
bm

— / e AT / e "mAT(Sy — K)p(So, 0|Sm, mAT)dSy
bm K

Xp(Sm, MAT|Smy1, (Mm + 1)AT)dS,,

m—2

o1 = St [ s, masis, (1)

k=1 bm

X (Sk — K)p(Sk, kAT|Sp, mAT)dSkdSy,

bk

—e“QrAT/ P(Sm, MAT| Sy, (m + 1)AT)
bm
X / (Sm—1 — K)p(Sm—1, (m — 1)AT|Sy, mAT)d S, -1d Sy,
0
—|—e_2TAT/ P(Sm, MAT|Spy1, (M + 1)AT)
bm

bmvl
X / (Sm-1 — K)p(Sm-1, (m — 1)AT|Sm, mAT)dSm-1d S,
0
+o(mAT)

_ / e TS = K)p(Soms mAT|Sms1, (m + 1)AT)dS,
bm

bm

m—2 0
B Z ef(m—k:+1)rAT / p(Sm7 mA’T'Sm+1, (m + I)AT)
k=0

x / (Sk — K)p(Sk, kAT|Sm, mAT)dSkdS,,
b

_e—QTA'r (Sme(T—Q)AT —_ K)p(Sm, mAT'Sm+1, (m + 1)AT)dSm
bm

+L£,i) + Lg) + o(mAT),

LO) = o / P(Smy MAT|Spg1, (m + 1) A7)
b

m

bm—l
y / (S — K)p(Smy, (m — 1)AT|S,n, mAT)dSm 1dSom,
0
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and we use the notation by = b(0) = K. Thus if we set
LY = - Z ket [ (5 TS, -+ DA

X /b " (Sk-1 — K)p(Sk—1, (k — 1)AT|Spm, mAT)dSk_1dSm,
U, becomes
Ui .= /b ” e AT (1 — e79)S,, — (1 — e ™A K]p(Spmy mAT| Sy, (m + 1)AT)dS,
i +LO + L@ + I 4 o(mAT),
and defining L, = LY + L + LY, U(Smi1, (m + 1)AT; b,,) reduces to
U(Smi1, (m +1)AT;b,) = Cp(Sme1, (m+ 1)AT) 4+ o(mAT) + L,
_I_zm:e—(m—kﬂ)mf [(1 e~ IAT )Sk — (1 — e—TAT)K]
k=1

X p(Sk, kAT|Sm+1, (m + 1)AT)Sk.

All that remains is to prove that L,, is of o(A7). We begin by noting that when
S = bm, U(Sm, mAT; by,—1) becomes

m~—1 )
bm K = e—(m—k)rAT [(1 _ e—qAT)Sk _ (1 . e—rAT)K]
k=1 bk
Xp(Sk, KAT|by, MAT)dSy
+CE(bm, mAT) + o(mAT)
m—1 00
= Y e AT [ (S, — K)p(Sk, kAT|bym, mAT)dSk
k=1 bk

Ze—<m K)ri (e BTG — e AT K)p(Sk, kAT|bm, mAT)dSk

+€—rmA'r/ (So — K)p(Sy, 0|bym, mAT)dSy + o(mAT),
K
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and thus

m—1 )
by~ K = Y e (mkthrar / (Se—1 — K)p(Sk—1, (k = 1) AT|bpm, mAT)dSk_,
k=1

b1

m—1 0
B Z e_(m~k)rAr/ (7987 Sy, — e "2 K)p(Sk, kAT|by, mAT)d Sk
k=1 b

+€_TAT/ (Sm-1 — K)p(Sm-1, (m — 1)AT|bym, mAT)dSm_1
b

m-—-1

+o(mAT),

where again by = b(0) = K. If we take S,, > b, we have

m—1

Sm—K > Y e tmkthrar / (Sp—1 — K)p(Sk_1, (k — 1)AT|Sp, mAT)dSk_4
k=1 bk—1

m—1 Joe)
_ Z e—(m—k)rAT (e—qATSk o G-TATK)p(Sk, kA,,.lSm, mAT)dSk
k=1 b
—|—6_TAT/ (Sm—l — K)p(Sm_l(m - 1)AT|Sm, mAT)dSm—l
0

bm~l
_erAT/ (Sm-1 — K)p(Sm-1(m — YAT|S, mAT)dS,—1.
0
Thus we arrive at the inequality

Sy — K — 7787 / (Sm—1 — K)p(Sm_1, (m — 1)AT|Sp, mAT)dSm
0

m—1 00
> ) emimoklrar A (Sk-1 — K)p(Sk-1, (k — 1)AT|Spm, mAT)dSk 1
k -1

1
m—1 00
Z ea(m_k)”h/ (7987 Sk — e ™7 K)p(Sk, kAT| S, mAT)dS)
k=1 bie

bmfl
_em‘rA‘r/ (Sm—1 — K)p(Sm-1, (m — 1)AT| Sy, mAT)d S, 1.
0
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Rewriting L, gives
oo (m-1 00
L, = e'rAT/ Z e~ (m—krar (e797 Sy, — e AT K)p(Sk, kAT| Sy, mAT)dSk
b | 1 bi
bm—1
+/ e (Smo1 — K)p(Sp_1(m — 1)AT| S, mAT)dSm—1
0

m—1 oo
. Z e—(m—k+1)rAT/ (Sg_1 — K)p(Sk_1, (k — 1)A7‘|Sm,mA7’)dSk_1}
k=1

br—1

XP(Sp, MAT|S 41, (m + 1)AT)dS,,

Ly < AT / {Sm—K—e‘TAT / (St — K)
bm 0

Xp(Sm-1, (m — 1)AT|Sp,, mAT)dSm_l}
Xp(Spm, MAT|Spt1, (m + 1)AT)dS,,

_Lm < e—rAT/ {Sm K — e—rA-r(Sme(r—q)A‘r _ K)
bm

XP(Smy MAT|Smi1, (M + I)AT)dSm}

~Lyp < ™ [ {1-e")S—(1-e ™K}
bm

XP(Sm, MAT|Smi1, (M + 1)AT)dS,,
~Lpn < (1—€e%)8,,,16 " N(dy(Spmy1, AT; b))

~(1— e ™ Ke ™" N(dy(Smy1, AT; b))
We now consider the limit of this bound for |L,,| as A7 — 0. Firstly we note that

3 _ o9ATY |5 _ ooTATY
At —e ) = fm (e =0

As AT — 0, b, — byy1, and since S, 41 < by for an unexercised American call, we
have

Alim0 N(dy(Sm+1, AT; b)) = AlimON(dz(SmJ,l, AT; b)) =0,
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and thus |L,,| — 0 as A7 — 0. Hence L,, is of o( A7) and U (S 41, (m + 1)AT; byy,) is
given by

U(Sm+1, (m+1)AT;br) = Cp(Smir, (m+1)AT) +o((m + 1)Ar)
+Z e—(m—k+1)rAT [(1 o e—qAT)Sk _ (1 _ e—TAT)K]
k=1 bx
Xp(Sk, kATlSm+1, (m + 1)AT)dSk,
and equation (2.6.4) is satisfied for n = m + 1, completing the induction proof.

A2.7.3. Proof of Proposition 2.6.3. An obvious use of equivalent notation in (2.6.4)

produces
Cy(Sn,nAT) = Cg(Sn,nAT) 4 o(nAT)
n—1 fo)
+26—(n—k)rAr/ [(1 _ e—qAT)Sk _ (1 _ e—rA-r)K]
k=1 b
Xp(Sk, kKAT|Sp, nAT)dSk,

which is the unexercised American call option price with n discrete early exercise dates,

occurring after every time step A7. Using Taylor series we have
(1 — e A7) = aAT + o(AT),
where « is a constant, and thus the price becomes
Cy(Sn,nAT) = Cg(Sn, nAT) + o(nAT)

n—1 (o]
N Z o~ (n—K)raT / [qSk — rKp(Sk, kAT|Sp, nAT)dSAT.
k=1 bk

Finally, to find the value of the continuous American call, we set nAT = 7,5, = S,
and take the limit as AT — 0 to produce

C'b(S,T) = CE(S,T)+/ e (=9 (¢Se — T K)p(Se, €|, T)dSedE
0 b(€)

= Cg(57)+ /OT gSe TN (di(S, T — & b(€)))dE

_ / " Ke O N (dy(S, 7 — £ b(€)))de,

0

which is equation (2.5.2) of Proposition 2.5.1.



CHAPTER 3

Evaluation of American Option Portfolios

3.1. Introduction

In Chapter 2 we explored how McKean (1965) and Kim (1990) successfully extended
the Black-Scholes European option pricing methodology to American calls and puts, and
in particular showed that the incomplete Fourier transform method is able to readily cater
for general monotonic payoff functions. This chapter extends the transform methodology
to a special type of American strangle position, where the early exercise of one side of the
position will knock-out the remaining side. Through this example, a general American
option pricing framework for convex payoffs is provided. A numerical comparison is
conducted between the two different American strangle definitions, demonstrating that
McKean’s method leads to useful representations for the price and free boundaries of
American option portfolios.

Despite the large amount of research conducted into the American option pricing
problem, as discussed at length in Chapters 1 and 2, there is still no universal frame-
work with which one can derive the integral equations and free boundaries for a generic
payoff function, either monotonic, convex or concave. Elliott et al. (1990) considered the
American straddle pricing problem, deriving the coupled integral equation system for the
straddle’s free boundaries, however it is not clear how their approach could be extended
to general convex/concave payoff functions. While they used probability theory in their
analysis, in this chapter we revisit McKean’s incomplete Fourier transform method for
American call options and derive the coupled integral equation system via this approach.
We extend the findings of Elliott et al. (1990) by applying McKean’s method to a special
kind of American strangle. If exercised early, the entire payoff is optimally realised, mak-
ing this fundamentally different to an American strangle formed using individual calls
and puts. Thus the strangle under consideration is the analogue of the straddle considered
by Elliott et al. (1990). Alobaidi and Mallier (2002) also considered the American strad-

dle problem, using incomplete Laplace transforms to derive integral equations for both its
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price and free boundary. The primary drawback in their method is that while a solution is
readily found in transform-space, inverting the solution appears analytically impossible,
making the final result very difficult to implement numerically. We demonstrate that the
incomplete Fourier transform is a preferable solution technique, leading to solutions that
are straight-forward to invert, and thereby more suitable for numerical implementation.

The American strangle is an example of a more general American option position
with a convex payoff function and indeed the methodology developed in this chapter may
be applied to evaluate such positions. Although other methods can be applied to a broad
class of market-relevant American portfolios, we have chosen to use the Fourier trans-
form method because it provides a systematic approach for solving such problems. The
integral equations for capped American call options presented by Broadie and Detemple
(1995) can also be derived using McKean’s analysis, and provides the basis for evaluating
American bull/bear spreads and butterflies. The application of McKean’s method in this
chapter is based on the exposition in Chapter 2. We also transform the results into the
equivalent of Kim’s integral equation form, and then proceed to implement these equa-
tions numerically to find firstly the strangle’s early exercise boundaries, and finally the
strangle’s price.

We use this American strangle contract as our illustrative example for several reasons.
The American strangle is a natural generalisation of the results of Elliott et al. (1990). It
is typical for option traders to deal in positions rather than single options, implying that
there exists a market for option portfolios comprised of American options. By applying
our analysis to this alternative form of American strangle, we are given the opportunity to
explore the differences between the two American strangle definitions, both analytically
and numerically. Such analysis has not been presented in the existing literature to our
knowledge.

The alternative strangle definition contains several implicit advantages over a “tradi-
tional” American strangle constructed using a long position in both an American call and
an American put. The new strangle is self-closing, since exercising one side of the po-
sition will knock-out the other. These implicit knock-out barriers will make this strangle
cheaper than a “traditional” one, and may have market applications within pure-volatility
strategies. It is important to note that the proposed strangle loses the flexibility to be

decomposed into its component options. An integral equation exists for the delta of the
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strangle, and this can be solved in the same manner as the pricing integral equation. Thus
the strangle can be hedged in the same manner as any American call or put.

This chapter is structured as follows. Section 3.2 outlines McKean’s free boundary
problem that arises from this special American strangle option pricing problem. Section
3.3 applies the incomplete Fourier transform to solve the PDE in terms of a transform
variable. The transform is inverted in Section 3.4 to provide a McKean-type integral ex-
pression for the American strangle price, and a corresponding integral equation system
for the strangle’s two early exercise boundaries. Section 3.5 provides the transform from
McKean-style equations to Kim-style equations. Section 3.6 outlines the numerical so-
lution method for both the free boundaries and strangle price. A selection of numerical
results are provided in Section 3.7, with concluding remarks presented in Section 3.8.

Appendices follow the final section, with detailed proofs for the various propositions.

3.2. Problem Statement - American Strangle

Let Aq, o, (.S, t) be the price of an American strangle position written on an underlying
asset with price S at time ¢, and time to expiry (7' — t). This position is formed using a
long put with strike K7, and a long call with strike K5, and we specify that K; < K,. Let
the early exercise boundary on the put side be denoted by a,(¢), and the early exercise
boundary on the call side be denoted by as(t). Figure 3.1 demonstrates the payoff and

continuation region for A,, 4,(S, ).

Aay00(5,1)

Continuation Region
al(t) < S< G,Q(t)

max(K; — S,0) max(S — K3,0)

Stopping R¢ Stopping Region
S < ql(t) : S > ag(t)
i
|
O al(t) K1 K2 ag(t) S

FIGURE 3.1. Continuation region for the American strangle in S-space.
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Under the assumption that the price of the underlying asset is driven by the geometric
Brownian motion in equation (2.2.1), it is known that A satisfies the Black-Scholes PDE

0A 1 , ,0%A 9A
— i — - — = <t < 2.
5 T30S G t(r @S —rA=0, 0<t<T, (3.2.1)

in the region a;(t) < S < ax(t), where r is the risk-free rate, and q is the dividend

rate of S (continuously compounded), subject to the following final time and boundary

conditions:
Aay (S, T) = max(K; — S,0) + max(S — K»,0), (3.2.2)
0< S <oo,
Ay ar(ar(t),t) = Ki—ay(t), t>0, (3.2.3)
Ay ar(a2(t),t) = ag(t) — K, t2>0, (3.2.4)
DA DA
lim —— = — lim — =1, t>0. 325
S—}gl t) 0S ’ Sigl(t) S 12 ( )

Condition (3.2.2) is the payoff function for the strangle at expiry, while conditions (3.2.3)-
(3.2.5) are collectively known as the “smooth-pasting” conditions. These ensure that the
price and first derivative with respect to .S of A,, ,,(S,t) are both continuous. This is
necessary to maintain the Black-Scholes assumption of an arbitrage-free market.

Firstly, we shall transform the PDE (3.2.1) to a forward-in-time equation. Setting

S =e*andt = T — 7, we define the transformed function V' by
Aal,az (S, t) = ‘/cl,cz (.’II, T)~ (326)

The transformed PDE for V is then

oV 1 ,0°V 9V

Y22l kY v 0<r<T 3.2.7

ar 27 0x2+ ar =T=5 ( )
in the region In¢;(7) < = < Incy(7) where k = r — ¢ — 102, and the transformed free

boundaries are given by ¢;(7) = ay(t) and c3(7) = az(t). The transformed initial and
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boundary conditions are

Vereo(2,0) = max(K; — €%,0) + max(e® — K3, 0), (3.2.8)

—00 < z < 00,

Vereo(Iney(r),7) = Ki—af(r), 720, (3.2.9)
Vepeo(Inca(7),7) = co(r) — Kz, 720, (3.2.10)
G1%
= = - 2.
a:—»l;r?l(r) oz CI(T)) (3 11)
1%
- _ co(7)- (3.2.12)

z_.ﬁxrg(r) oz
In what follows, we will use the notation ¢; = ¢;(7) and ¢y = ¢2(7) for simplicity.

By a natural extension of the approach detailed in Chapter 2, the z-domain shall be

extended to —0o < x < oo by expressing the PDE as

2
H(lncy —z)H(z — lncy) (?3_‘7/ — %(;28_‘/ - ka—v— + rV) =0,

where H(z), the Heaviside step function, has been defined in equation (2.2.14). The
initial and boundary conditions remain unchanged. We are now ready to begin solving

this PDE for V,, ., (z, 7).

3.3. Applying the Fourier Transform

As in Chapter 2 we shall solve the problem defined by equations (3.2.7)~(3.2.12) using
the Fourier transform technique. One pérticular difference in the strangle case is that the
solution is bounded by the interval (c;, ¢2), and we know with certainty that the function
V and its first two derivatives with respect to x are finite at the limits of the space-domain
for the transform.

Since the z-domain is now —oo < z < oo, the Fourier transform of the PDE can be

found. The Fourier transform of V', F{V,, .,(x, )}, is defined as

F(Viyalz, 1)} = / TV o, T)d.
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Thus, the transformed PDE appears as

o’V

oV
)

F{H(Inc; —z2)H(z —In CI)E} = %02.7:{H(1n co—z)H(z —Iney)

+kF{H(lnc; — z)H(z — In cl)%%}

—rF{H(lncy —z)H(z —In¢;)V}.
By definition

F{H(Inc, —z)H(x — Incy)V,, o, (z,7)}

= / e H(lncy — 2)H(z — Incy)V,, o,(z,7)dz

Inca

= / €i"ch1,cz(137 T)dz
1

ncy

= F Ve oo (2, 7)} = Ve 0 (0, 7), (3.3.1)

where for convenience we introduce the notation VCI,CQ (n, 7) to also denote the transform.
We note that F° is an incomplete Fourier transform, since it is equivalent to a standard
Fourier transform applied to V,, .,(z,7) in the domain In¢; < z < Incy. In Appendix
3.1 we show how the incomplete Fourier transform may be derived as a consequence of
the standard Fourier transform, and there derive the corresponding inversion theorem. To
apply the incomplete Fourier transform to the PDE (3.2.7), we need to consider three

specific properties of F°.

PROPOSITION 3.3.1. Given the definition of F€ in equation (3.3.1), the following

identities exist for F°:

FLOL — (@K~ (- e iy (632)
oV ~ )
F{O0} = el e~ Ka)
_einlncl(_cl _ Zn(Kl — Cl)) — 172‘7; (333)

oV v, ¢
Fe {E_} — E _ éeman(C? _ K2) + éemlnq(Kl _ Cl)v (334)

Proof: Refer to Appendix A3.2.1. Note that in deriving the above results, we make

use of the so-called “smooth-pasting” conditions given in equations (3.2.9)-(3.2.12).
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The PDE can now be transformed, as required.

PROPOSITION 3.3.2. The incomplete Fourier transform of the PDE (3.2.7) with re-
spect to x satisfies the ODE

av (1 -
-+ (502772 + kin + 7‘) V=F(@n,T1), (3.3.5)
where
- o%cy ¢y olin
F(??,T) —  ginlne [T + (C_ — __2_._ + k)(02 — KZ):l (336)
2

. 2 ¢ o%
_einlna [_% + (C—i - Tn + k)(K; — 01)] ;

with initial condition

f{‘/;l sC2 (I’ O) = ‘,}YCI;CZ (77) O)'

being calculated from equation (3.2.8).

Proof: Refer to Appendix A3.2.2.
a

Instead of solving a PDE for the function V., .,(x,7), we are now faced with the
simpler task of solving the ODE (3.3.5) for the function V,, .,(n, 7). This can then be
inverted via the Fourier inversion theorem (see Appendix 3.1) to recover the desired func-

tion V,, ., (z, 7). Before concluding this section, we obtain the solution to (3.3.5).

PROPOSITION 3.3.3. The solution for V., .,(n,T) is given by
N - ) T o202 .
‘/Cl,CZ (777 T) = ‘/01102 (T]? 0)8“(%02772_'_’6”7_*_7‘)7- + / eﬁ(—;L“szn_i_r)(T_S)F(n’ s)ds (3‘3'7)
0
Proof: Recall that ¢; and ¢, are functions of 7, the ODE (3.3.5) is of the form

&t amV = Fr,7),

whose solution is given in Proposition 2.3.4.
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3.4. Inverting the Fourier Transform
Having now found V,, ,(n, 7), it is necessary to recover V,, ,(z, 7), the American

strangle price in the z-7 plane. Taking the inverse (complete) Fourier transform of (3.3.7)

gives

1

‘/CI’CZ('T7T) = ]:_1{‘7(7], O)e_(2‘72772+kin+r)-r}

+]_~—l {/ e—(”—2;ﬁ+kin+r)(7—s)F(n7S)ds}

0
= VO (2, 7)+ VO (2,7); Ine(r) <z < Iney(7).

C1,C2 C1,C2

We must now determine Vc(ll,)w(x, 7) and Vc(f,);z (x, 7).

PROPOSITION 3.4.1. The function Vc(ll,)cz (x, ) is given by

VI (2,7) = [KieT"N(=ds(e”,7; K1) — €% N(—da(e”, 7; K1))]
+[6x6_qTN(d1(€z, T, KQ)) — ng—TTN(dQ(em, 7,5 KQ))]
—[K1e7 7T N(—da(€®,5¢,(0%))) — %™ N(—dy (€%, 75¢1(01)))]

—[e"e "N (dy(€®, T;co(01))) — Kae ™" N(da(e”, 7;¢2(01)))](3.4.1)

where
s ln(S/ﬁ)+(r—q+"72)T
1( 7T7/8) - 0_\/; )
dz(Sﬂ'; ) = d1(577§5)—0\/;7
a1 ] -
c(07) = TEI&Q(T), 1=1,2,
and
N 1 /y ‘ﬁd
= — 2 .
(y) Vs ¢ tda

Proof: Refer to Appendix A3.3.1.

PROPOSITION 3.4.2. The function Vc(lz,)@(:z:, T) is given by

T —r(t—s)

V@ €

cl,cz(x77—): A ;—E;r\/ﬁ

[e9Qy(z, 5) + e M E)Qy (x,5)|ds,  (3.4.2)
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where
hi(z,s) = (m—m;i(;()ikg =2

(3.4.3)

and

Qo) = G4 (S84 L e E RO ) - k) e

forj=1,2andnc;(7) < z < Incy(7).

Proof: Refer to Appendix A3.3.2.

O
Hence, the value of the American strangle in the z-7 plane is given by
Voroo(@,7) = VI (z,7) + VI, (2,7), (3.4.5)

0<7<T; Inc(r)<z<lnec(r).

Equation (3.4.5) expresses the value of the American strangle position in terms of the
early exercise boundaries ¢;(7) and c(7). At this point these remain unknown, but we are
able to obtain an integral equation system that determines them by requiring the expres-
sion for V,, ., (z, T) to satisfy the early exercise boundary conditions (3.2.9) and (3.2.10).

Recalling our definition for the Heaviside function, the integral equation system

02(7—)2_ f = Viye(lne(r),7), (3-4.6)
_I.{LQE}(L) Vereo(Iner (1), 7), (3.4.7)

is obtained, where V., .,(z,T) is given by equation (3.4.5) in conjunction with (3-4.1)-
(3.4.4). The factor of % appears in the left hand side of (3.4.6) and (3.4.7) due to prop-
erties of the Fourier transform. Recall that the complete Fourier transform was applied
to discontinuous functions of the form H(lnc¢; — z)H(z — Incy) f(z, 7). As proved in
Dettman (1965) (p.360), the inverted Fourier transform of a discontinuous function will
converge to the midpoint of the discontinuity. Thus in equations (3.4.6)-(3.4.7), when V
is evaluated at either In ¢;(7) or In ca(7), the factor of  must be introduced into the left
hand side, as was seen in Chapter 2. This is accounted for by our Heaviside function

definition in equation (2.2.14).
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The system of integral equations (3.4.6)-(3.4.7) must be solved simultaneously using
numerical methods to find ¢;(7) and c(7), since analytical solutions seem impossible.
Once these are found, it is a simple matter to evaluate V, .,(z,7) via numerical integra-

tion.

3.5. The Kim-Type Representation

To make the task of numerical implementation less complicated, we will transform
equations (3.4.1)-(3.4.5) into the form presented by Kim (1990). This has the effect of
removing the ¢ (7) and ¢,(7) terms from the integral through the use of integration by
parts. The first step is to re-write the pricing equation in terms of the original underlying

asset S.

PROPOSITION 3.5.1. The solution to the free boundary value problem (3.2.1)-(3.2.5)

in terms of S and T is given by

Acyey(S,7) = AD_(S 1) + A®_ (S T), (3.5.1)

C1,C2 C1,C2

where

AD_(S,7) = [KieT"N(—dy(A,7; Ky)) — Se” T N(—di (S, 7; K1))]
+[Se T N(di(S, 7; K3)) — Kae " N(da(z, T; K3))]
—[Kle'rTN(—dg(S, T, C1(0+))) - SC_qTN(—dl(S, 75 C1(0+)))]
—[Se" T N(d1(S, 7;c2(0%))) — K2e "N (da(S, 75 ¢2(01)))],(3.5.2)
with dy, ds as in Proposition 3.4.1, and

T e—r(f—f)

(@) ) = c e~ h2(5) 5y —h1(5,6) 5, 5.
Ac1,cz(57 ) 0 U\/W—“—f)[ Q(S7§)+e gQ (Sag)]d§7 (353)
where
y(s,6) = 1/ C;fgg:ff()f—&)) ’ (3.5.4)
and
5 _ a%(§) )  1[,  In(S/c(€)) e 6) — K.
Q5,0 =2 (2543 -2 (o9 - k) 053

Jorj=1,2and c;(17) < S < co(T).



3.5. THE KIM-TYPE REPRESENTATION 71

Proof: Recall that z = In S, and substitute this into equations (3.4.1)-(3.4.5).

O
PROPOSITION 3.5.2. Equations (3.5.1)-(3.5.5) can be expressed as follows:
Acr.y (S, 7) = AP(S,7) + AC(S, 1), (3.5.6)
where
AP(S,7) = Ky "N(—dy(S, ;K1) — Se™ N(—dy (S, 75 K1)
+ [ Hare T ON (S, 7 = s ()
~Sqe” "IN (=di(S, 7~ & e (€)))]é, (3.5.7)
and
AC(S,7) = Se T N(dy(S,T;K2)) — Koe " N(do(S, 7; K3))
+ [ 180 T ON (S, ea€)
—Kyre TTTON(dy(S, T — &; ep(€)))]dE. (3.5.8)

Proof: The above is derived using integration by parts', as demonstrated by Kim
(1990), and outlined in Appendix A2.5.1. Note that equations (3.5.7)-(3.5.8) do not in-

volve the derivatives ¢ and c,.

O

3.5.1. The Perpetual American Strangle. Before concluding this section, we shall
consider the American strangle in the case where the position has no fixed exercise date.
Kim (1990) demonstrates how to derive the price and early exercise boundary of perpetual
American calls and puts using his integral representation for the options. Here we extend
his results to the perpetual American strangle.

1We note that it is possible to arrive directly at this form of the solution by solving an inhomogeneous
version of (3.2.1) in the domain 0 < S < oo, where the inhomogeneous term, representing the cash flows
associated with the strangle in the stopping regions, is given by

H(ay(t) — S)(rKy — qS) + H(S — as(t))(gS — 7K>).

Such an approach was first explained by Jamshidian (1992), and requires a clear understanding of the cash
flows that take place when the American portfolio has been exercised early. The Fourier transform analysis
may be more mathematically cumbersome than that of Jamshidian (1992), but its strength lies in forgoing
any such cash flow analysis. The method is also the only intuitive way to derive McKean’s representation
for the integral equations, something that cannot be readily understood using the Jamshidian technique.
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PROPOSITION 3.5.3. The price of a perpetual American strangle, A., c,(S,00) is
given by
S\ [(k+ 0%)ei(00) — kK, Kl—cl(oo)]
Aclc Sa = + 3.5.9
e(5,00) <61(00)> [ 2vVk2 + 202r 2 ( )
N ( S )‘” [(k + 02)cy(00) — kK> Lo Kg(oo)}
Cy ) ’

(00 2Vk? + 2027 2
where the early exercise boundaries are given by
. Kl(,@_) 2 ]C C1 (OO) B
ci(o0) = Bo—1 (B-1 ((5_)+ ;) (CZ(OO)> (3.5.10)
% [(k’ + 0'2)62(00) - kK2 n CQ(OO) — KQ]
2V k2 + 202 2 ’
and
. K2(5+) 2 k Cl(OO) A-
ca(00) = G) -1 + ) 1 ((B+)+§> (02(oo)> (3.5.11)
8 [(k + 0%)ci(o0) — kK, v K, — cl(oo)]
2V k% + 202%r 2 ’

with By = (—k +/2ro? + k?)/o? and k =1 — ¢ — 0? /2.

Proof: Refer to Appendix 3.4.
a

The interdependence of the two early exercise boundaries prevents us from finding a
closed-form solution for A, ., (.S, 00), ¢;(c0) and ¢y(00), as opposed to the individual call
and put cases considered by Kim (1990). Nevertheless, the system of equations (3.5.10)-

(3.5.11) for the free boundaries is readily solved using numerical techniques.

3.6. Numerical Implementation
The integral equation system for the free boundaries ¢;(7) and cy(7) is now
Ki—a(r) = Aqelal(r),), (3.6.1)

(1) — Ko = Ag ep(ca(T), 7). (3.6.2)

It is of value to note that equation (3.5.6) is simply the sum of the integral pricing ex-

pressions for an American put and an American call. The added complexity in pricing an
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American strangle therefore arises from the early exercise boundaries. Each free bound-
ary is dependent upon the other free boundary in the system (3.6.2)-(3.6.1), and therefore
these boundaries are not equal to those found when valuing an American call and put
option separately. Thus it is important to understand the nature of the early exercise
boundaries for American option portfolios in order to obtain the correct free boundary
values.

To solve this system, we propose using a numerical scheme similar to that usually
applied to Volterra integral equations. Firstly, discretise the time variable 7 into n equally
spaced intervals of length h. Thus 7; = th for: = 0,1,2,...,n,and h = T /n. Following
the methods of Kim (1990), it can be readily shown that the initial values are given by
(see Appendix 3.5)

c1(07) = min <K1, KIZ) , and co(0") = max (KQ, K;) ) (3.6.3)
q q

Thus by starting at s = 1, there are only two unknown values in the system (3.6.2)-(3.6.1)
for each 7, namely ¢, (7;) and c,(7;). We use Simpson’s rule to evaluate the integral terms.
For each ¢ beginning with ¢ = 1, the bisection method is applied to the following

nonlinear equation to find ¢;(7;):
er(ih) = Ky — AP(c1(ih),ih; ¢1) — AC(c1(ih), ih; cp), (3.6.4)
where
AP(cy(ih),ih;c)) = Kie TPN(—dy(ci(ih),ih; K7)) (3.6.5)
—c1(th)e " N (—d, (e, (ih), ih; K7))
+h i wj[Kire "IN (—dy(cq (3h), h(i — §); c1(5h)))

§=0

~er(ih)ge ™ IN (=di(ei(ih), h(i — 5); e (Fh))],
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and

AC(c1(ih),ih;ca) = c1(ih)e N (dy(ci(ih), ih; K3)) (3.6.6)

—Kze_rihN(—dg(Cl (’Lh), lh, K2))

+h Z w;le1(ih)ge™ I N (dy (e1(ih), h(i — 5); ca(5h)))]

7=0

—Kore ™I N (dy(c1 (ih), h(i — §); c2(jR)))]-

The summation weights, w;, are those dictated by the numerical integration scheme, in
this case Simpson’s rule and the extended Simpson’s rule (used on the end furthest from
expiry whenever 7 is odd). The bisection method was chosen over more complex tech-
niques, such as Newton’s method, because the monotonic nature of the free boundaries
enables us to efficiently reduce our search region for the unknown root as ¢ increases.
The bisection method also saves us from having to evaluate the derivatives of the free
boundary integral equations.

Similarly, we apply the bisection method to the following to find cy(T;):

ca(ih) = Ky + AP(cy(ih), ih; c1) + AC(ca(ih), ih; c3), (3.6.7)
where
AP(cy(ih),ih;c1) = Kie "MN(—dy(cy(ih), ih; Ky)) (3.6.8)
—co(ih)e %P N (=dy (cy(ih), ih; K1)
1S e DN (i), K ) cx()
=0
—ca(ih)ge” ™ IN (=dy (ca(ih), h(i — 5); c2(G1)))],
and
AC(cy(ih),ih;ca) = ca(ih)e PPN (dy(ca(ih), ih; K3)) (3.6.9)

——Kze_rihN(—dZ(Cg(ih), lh, K2))

+h ) w;lea(ih)ge ™I N (dy(ea(ih), k(i — j); c2(5h)))]

—Kore ™D N (dy(ea(ih), h(i — 5); ca(5h)))]-
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It is important to note that at j = 4, both d; and d; are singular. This can be handled
by using the limits

%Lni N(di(ci(r), 7 — & e2(§)) = %i_{EN(—dl(Cz(T):T =& al(§) =0, (3.6.10)

and

1irﬁ N(di(ca(T), 7 = &;c2(8)) = %erl N(=di(a(7), 7 — & c1(§)) = 0.5. (3.6.11)

Sada

These limits are the same for d;. It is also important to see that while, for example,
(3.6.4)-(3.6.6) depends upon cx(7;) it does not explicitly require c2(7;), due to the need to
use the limits (3.6.10)-(3.6.11) at 7 = i. Hence the simultaneous integral equation system
(3.6.2)-(3.6.1) can be solved by finding ¢;(7;) using all known values of ¢;(7;) and co(7;),
7 =0,1,2,...,1 — 1. That is, the interdependence at the ith time point is removed due
to the need to consider the limits of d; and ds when evaluating (3.6.4)-(3.6.6) and (3.6.7)-
(3.6.9).

The above numerical scheme is firstly carried out using using a time-step size of h,
and then repeated using h/2. In each case, since it is necessary to alternate between two
different numerical integration schemes (for odd and even values of 7) it turns out that
the free boundaries have non-monotonic gradients. This is rectified by combining the two
estimates using Richardson extrapolation. Pricing the American strangle is then achieved
via numerical integration using Simpson’s-rule, combined with the estimates of ¢;(7;) and
ca(T).

The algorithm American Strangle Price presented in Appendix 3.6 demonstrates how
Richardson extrapolation was implemented when solving the integral equation system for
the free boundaries. Note that the algorithm allows for a finer grid to be used close to
the expiry date of the strangle, since this is the region where the free boundaries experi-
ence the most rapid change. The final American strangle price is readily obtained using

numerical integration once the free boundaries have been estimated.

3.7. Results

Firstly we examined the accuracy of the numerical scheme being implemented. The
method was applied to a 1-year American strangle position, using n = 100, 200, 400 and

800. This has been compared against an optimised Crank-Nicolson scheme using 4 time
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steps per day. The r and g parameters were chosen to be non-zero and unequal. The
results are summarised in Table 3.1 for 5 spot prices, chosen to represent at-the-money,

in-the-money and out-of-the-money prices for the strangle within the continuation region.

S CN 60,000 CN 120,000 Kim 100 Kim 200 Kim400 Kim 800
0.75 0.275648  0.275648 0.275647 0.275647 0.275647 0.275647
1.00 0.100322  0.100319 0.100332 0.100332 0.100332 0.100332
1.25 0.038560  0.038560 0.038563 0.038562 0.038561 0.038561
1.50 0.092316  0.092314  0.092344 0.092341 0.092341 0.092340
1.75 0.255619  0.255619 0.255631 0.255632 0.255633 0.255633

TABLE 3.1. American Strangle price found numerically. The Crank-

Nicolson finite difference scheme involved 4 time steps per day, using

60,000 and 120,000 space-nodes. The numerical scheme for solving Kim’s

integral equations used n = 100,200,400 and 800 respectively, as indi-

cated in the table. The parameter values were r = 5%, ¢ = 10%, T — t =

1; Ky =1; Ky = 1.5; 0 = 20%.

From Table 3.1 it can be seen that for the strangle at-the-money on the call side, the
Crank-Nicolson scheme has converged to 4 decimal places, while it has converged to 5
decimal places at the other spot values. Thus we take the Crank-Nicolson results as being
the true solution to an accuracy of around 4 decimal places.

For all the values of n used, the American strangle prices found using Kim’s inte-
gral equation system match those found using Crank-Nicolson to 4 decimal places. We
conclude from these results that the numerical method employed in solving the integral
equations has an accuracy of 4 decimal places. It can also be seen that the numerical
scheme for Kim’s integral equations has converged to 5 decimal places for n as low as
100. We therefore select n = 200 for the purposes of generating all further results. The
algorithm was implemented using LAHEY™FORTRAN 95 on a PC with a Pentium 4
2.40 GHz processer, 512MB of RAM, and running the Windows XP Professional operat-
ing system. With n = 200, the code takes approximately 66 seconds to solve the integral
equation system for the American strangle’s free boundaries.

By considering the number of calculations required by the code for a given n, we
can provide some insight into how the value of n affects the code’s run-time. Assume
that when using the bisection method to solve the integral equation system, the mean
number of iterations required for each application is m. In practice we find that m is

approximately 50. When finding the ¢th pair of free boundary values for: = 1,2, ..., n,
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we must evaluate the integrand at ¢ + 1 points. Therefore to estimate each free boundary
using the bisection method, we are required to make m[(n + 1)(n + 2)/2] integrand
evaluations. Thus it can be concluded that the number of operations required by our code
is of order mn?.

To demonstrate the early exercise boundaries and price properties of the American
strangle, we implemented the method using n = 200 time nodes. To improve the accuracy
of the method where the free boundaries change rapidly, a finer grid was used between
the first three nodes (specifically, 40 nodes between ¢ = 0 and 7 = 2). The method was
also applied in the same manner to the American call and put contracts which define the
components of the strangle’s payoff function. By comparing the results for the strangle
against those of the independent call and put, we can demonstrate how the American
strangle’s free boundaries and price are affected by the interdependence between c¢;(7)
and cy(7).

Firstly, consider an American strangle with one year until maturity. Let the put-side
strike be 1 and the call-side strike be 1.1, with the volatility of the underlying at 20%. In
Figures 3.2-3.5 we present the call- and put-side boundaries for the American strangle,
with r > q (Figures 3.2 and 3.5), 7 < ¢ (Figures 3.3 and 3.4), and finally » = ¢q (Figures
3.4 and 3.5). In all cases, we include the free boundary for the corresponding American
call or put. The same results are repeated again in Figures 3.2, 3.3, 3.6 and 3.7, but with
the call-side strike having been reduced to 1.001, moving the strangle position closer to a
straddle.

There are several distinct features that can be ascertained from these free boundary
plots. The first is that the relative values of r and ¢ directly affect whether or not the
American strangle free boundaries will show significant divergence from the correspond-
ing American call and put boundaries. In particular, when r > ¢, only the put-side
boundaries diverge, and when r < g only the call-side boundaries diverge?. When r = ¢,
there is divergence in both boundaries, but it is smaller than in the other two cases.

Since the early exercise of the in-the-money side of the strangle will knock-out the
other side, it is expected that the strangle will have to be deeper in-the-money to warrant

early exercise than one formed using independent American calls and puts. In all cases,

2Note that in Figure 3.2 the strangle free boundaries are almost equal to the corresponding call free bound-
aries, thus making only two of the four boundaries visible in the plot. For the put side, shown in Figure 3.3,
all four free boundaries in the plot are almost equal, and only a single boundary can be seen.
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Free Boundary: American Call and Strangle
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FIGURE 3.2. K; =1,0 =20%;r = 10%, ¢ = 5%

Free Boundary: American Put and Strangle
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FIGURE 3.3. K; =1,0 =20%,r = 5%, ¢ = 10%

the call-side free boundary for the strangle is always greater than or equal to that of the
corresponding American call free boundary, while the put-side is always less than or
equal to that of the corresponding American put free boundary. This is in keeping with
the economic intuition behind the American strangle position.

In all three cases of 7 and ¢ values, moving the call-side’s strike closer to the put-side’s
strike increases any divergence between the American strangle free boundaries and those

of the corresponding American call and put. This is again as one would expect, since the
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Free Boundary: American Call and Strangle; K, =1.1
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FIGURE3.4. K, =1,Ky,=1.1,0 =20%, g = 10%; r = 5% whenr < g
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FIGURE 3.5. K1 =1,Ky =1.1,0 = 20%, r = 10%; ¢ = 5% whenr > q

closer the strangle is to being a straddle, the more intrinsic value the out-of-the-money
strangle component will contribute to the early exercise decision. It can also be seen that
as the time to maturity increases, the divergence between the strangle free boundaries and
the corresponding call and put boundaries increases. When the strangle has a very short
time to maturity, say 2 weeks or less, then the divergence between the two free boundaries

becomes minimal.
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Free Boundary: American Call and Strangle; K2 =1.001
1.45 T T T T T T T T T

—— Cal:r<gq

1.05 — - Strangle:r<q ||

= Call:r=q

= = Strangle:r=gq
T

0o 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 1

FIGURE 3.6. K; = 1,K, = 1.001, 0 = 20%, q = 10%; r = 5% when
r<gq

Free Boundary: American Put and Strangle; l& =1.001
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FIGURE 3.7. K; = 1,K, = 1.001, 0 = 20%, r = 10%; ¢ = 5% when
r>q

Figure 3.8 demonstrates how the early exercise boundary of the American call and the
call-side free boundary of the strangle vary with changes in the volatility of S. We focus
on the case where 7 < ¢, since this is when the call-side differences are most pronounced.
As the volatility increases, the divergence between the corresponding free boundaries
becomes larger. A similar result can be seen for the put side of the strangle, and it’s

corresponding American put option, as displayed in Figure 3.9, although the increased
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Free Boundaries by Volatility: American Call and Strangle; l& =1.001, r=5%, q=10%
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FIGURE 3.8. Changes in the call-side free boundaries for different values
of 0.

Free Boundaries by Volatility: American Put and Strangle; D& =1.001, r=10%, q=5%
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FIGURE 3.9. Changes in the put-side free boundaries for different values
of o.

divergence is far less obvious. We used r > ¢, again so that we could focus on the case
where the put-side differences were most extreme. Smaller values of r and ¢ were also
explored, and this produced similar behaviour in the location of the free boundaries as
presented for changes in the volatility. These results have been omitted for the sake of

brevity.
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To demonstrate the long-term impact of the interdependence on the early exercise
boundaries of the strangle, we numerically evaluated the system of simultaneous equa-
tions (3.5.10)-(3.5.11) for ¢;(co) and c3(00), and compared these with the corresponding
perpetual American put and call early exercise boundaries. In solving this system we used
the same basic root-finding technique as for the fixed maturity American strangle. The
system was solved using an iterative method, with the perpetual American put and call
free boundaries (as given by Kim (1990)) used as the initial approximations for ¢;(c0)
and cp(00) respectively. Table 3.2 summarises the results for a range of r, ¢, and K,
values, with K; = 1 and o = 20%. We can see that as for the American strangle with fi-
nite maturity, the interdependence requires that the strangle under consideration should be
exercised deeper in-the-money than the corresponding strangle formed with independent
American calls and puts. Once again, the relative values of r and ¢ influence which side
(call or put) displays the most substantial difference, and the closer K is to a fixed value
of K, the larger the observed difference on the put side becomes. Note that in all cases
we can see that there is a clear difference between the strangle and the independent call
and put, indicating that as time to maturity increases, the free boundaries for the strangle

will always be deeper in-the-money than they are for the corresponding American call

and put.
Put ¢;(00) Strangle ¢;(00) Call c2(c0)  Strangle cz(00)
r>q Ky;=1100 0.7566 0.5950 2.9077 2.9223
Ky, =1.001 0.7566 0.5885 2.6460 2.6648
r<q Ky;=1.100 0.3783 0.3761 1.4539 1.8166
K, =1.001 0.3783 0.3756 1.3230 1.7005

TABLE 3.2. Comparing the early exercise boundaries for perpetual Amer-
ican strangles with corresponding perpetual American calls and puts.
Whenr > ¢, 7 = 10%, ¢ = 5%, and vice versa when r < q. K; = 1 and
o = 20%.

While it is clear that the early exercise boundaries for the finite strangle are not always
equivalent to those of the component American call and put in the examples provided, the
difference never exceeds 0.1, which in relative terms is no more than 10% of the put-side’s
strike price. Past research into American options, such as Ju (1998) and AitSahlia and Lai
(2001), has found that the price of American call and put options is not greatly affected
by the free boundary estimate used. While a 10% difference in the free boundary has
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obvious early exercise timing repercussions, it remains to be seen whether the price of the
strangle using these free boundaries is far removed from that of a strangle priced simply
using the sum of an American call and an American put. To explore the effect of these
free boundary differences on the strangle’s price, we compare the price of the American
strangle against the “traditional” American call plus American put approach. The prices
were found using Simpson’s rule with 100 nodes (implying no need for interpolation
when using our ¢;(7) and c3(7) estimates), and were compiled for a range of volatilities
(Tables 3.3-3.4) and call-side strikes (Tables 3.5-3.6). In all cases, the prices were found
for a range of underlying asset values, S, between 0 and 300,000. Thus, these results
are indicative of a position in a contract involving several thousand American strangle
contracts. The tables present only the prices for which the difference between the strangle

and the call-put sum was greatest. The time to maturity is always set at 1 year.

o (%) Max Price Difference S (000’s) Relative Difference

20 1,201.13 80 5.84%
40 1,156.51 60 2.85%
60 1,078.79 40 1.80%
80 1,137.30 30 1.62%

TABLE 3.3. Maximum price differences between the American Strangle
and the same position formed using an American Call and an American
Put for a range of o values. 7 = 10%, ¢ = 5%, T — t = 1; K; =100,000;
K5 =100,100; prices of underlying range from .S = 0 to .S =300,000 in
steps of 10,000.

o (%) Max Price Difference S (000’s) Relative Difference

20 1,478.68 130 4.93%
40 1,996.79 170 2.83%
60 2,776.88 240 1.98%
80 3,458.06 300 1.71%

TABLE 3.4. Maximum price differences between the American Strangle
and the same position formed using an American Call and an American
Put for a range of o values. r = 5%, ¢ = 10%, T — t = 1; K, =100,000;
K, =100,100; prices of underlying range from S = 0 to .S =300,000 in
steps of 10,000.

It should be noted that in all cases the American strangle price is always less than or
equal to the sum of the corresponding American call and put prices. This is as expected,

since the American strangle is equivalent to combining a long knock-out American call
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K, (000’s) Max Price Difference S (000’s) Relative Difference

100.01 1,207.49 80 5.87%
101.00 1,138.72 80 5.56%
110.00 630.92 80 3.14%
150.00 11.23 80 0.06%

TABLE 3.5. Maximum price differences between the American Strangle
and the same position formed using an American Call and an American
Put for a range of K, values. r = 10%, ¢ = 5%, T —t = 1; K; =100,000;
o = 20%; prices of underlying range from S = 0 to S =300,000 in steps
of 10,000.

K5 (000’s) Max Price Difference S (000’s) Relative Difference

100.01 1,482.61 130 4.93%
101.00 1,433.60 130 4.92%
110.00 748.99 140 2.50%
150.00 15.16 180 0.05%

TABLE 3.6. Maximum price differences between the American Strangle
and the same position formed using an American Call and an American
Put for a range of K, values. r = 5%, ¢ = 10%, T —t = 1; K; =100,000;
o = 20%; prices of underlying range from S = 0 to S =300,000 in steps
0f 10,000.

and a long knock-out American put, where the knock-out barriers are ¢;(7) and cy(7) for
the call and put respectively. The decrease in the strangle’s price reflects the presence of
these implicit knock-out barriers, and hence the inability to separate the call and put sides
in this new strangle position.

From Table 3.3, we see that when r > ¢, the largest difference appears on the put-
side, as one would expect. The difference remains around 1,000 for all the volatilities,
but as the volatility increases, the relative difference decreases, and is at most between 5-
6%. The greatest differences occur when the put is deep in-the-money, and this maximum
occurs deeper in-the-money as the volatility increases.

When r < ¢, the maximum difference occurs on the call-side. Table 3.4 shows that
this can exceed 3,000 for a large enough volatility, but as is the case in Table 3.3, the
smaller the volatility, the greater the relative price difference is. This difference never ex-
ceeds 5%, and the greatest differences arise when the strangle is deep in-the-money on the
call side. Thus the largest relative price deviations will occur for low volatilities. While
this result appears counter-intuitive, it is important to note that “realistic” volatilities (e.g.

20%) produce the greatest relative price differences.
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Table 3.5 considers the maximum price differences for a range of call-side strikes,
with » > ¢q. As in Table 3.3, the greatest differences occur deep in-the-money on the
put-side, and become smaller as K> — K; increases. A similar result is shown in Table
3.6, where r < ¢, and the difference is now greatest deep in-the-money on the call side.
Once the call-side strike reaches 150,000, the relative price difference is at most less than
0.1%, while the largest relative differences, when the strangle is effectively a straddle,
are still no more than 6%. Overall, it appears that a 10% difference in one of the early
exercise boundaries will produce at most a 6% difference in the price, when comparing
this American strangle with a position formed by going long in both an American call and
an American put. From a market perspective, it appears that the reduction in the strangle’s
premium by foregoing the flexibility to separate the strangle’s components is relatively
small. There appears little premium advantage in creating an American strangle with
early exercise triggered knock-out features for the out-of-the-money side of the position.
This suggests that American strangles could generally be of little value to investors and
traders from a premium perspective. To what extent this alternate definition would impact
on transaction and investment costs to the holder remains unknown, since the greatest
differences arise in the timing of early exercise, and the volume of transactions required

to close-out the strangle position.

3.8. Conclusion

In this chapter we have presented a generalisation of McKean’s free boundary value
problem for pricing American options. We have considered the example of an American
strangle position, where exercising one side of the position early will knock-out the re-
maining side. McKean’s integral expression for this strangle’s price were derived, along
with the integral equation system for its two free boundaries. The integral equations were
re-expressed in a more economically intuitive form using Kim’s simplifications. It was
shown that analytically the free boundaries for the American strangle are not equal to
those found when valuing independent American calls and puts.

Kim’s form of the integral equation system was solved using a scheme typically ap-
plied to nonlinear Volterra integral equations. It was found that numerically the early
exercise boundary of this strangle only differed significantly from the boundaries of cor-

responding American calls and puts for certain values of the risk-free rate and continuous
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dividend yield parameters. The differences became larger as the distance between the
strangle’s strikes was reduced, and as the time to expiry increased. Comparing the prices
of this new strangle to those of a strangle formed using a long American call and a long
American put, we showed that for several call-side strikes and volatilities, our strangle
was cheaper than the “traditional” one by no more than 6%, and that these differences
were most apparent when the strangle was deep in-the-money. Economically, this pricing
difference can be viewed as the reduction in value caused by introducing the knock-out
effect into the new strangle, and foregoing the freedom to separate the call and put sides.

The early exercise boundaries for our strangle required that the position be deeper in-
the-money than a “traditional” strangle, to compensate the intrinsic value forgone on the
out-of-the-money side. If one does not calculate these free boundaries correctly, there is
the potential to exercise the American strangle presented in this chapter too early. Despite
these early exercise differences, the prices of the two strangles were usually very close,
and an important contribution of this chapter has been to quantify this difference. An
investor interested in an American strangle position may be indifferent when choosing
between this proposal and a “traditional” American strangle, since only a small premium
is required for the added flexibility of the latter. Whether or not the reduced transaction
costs from the self-closing strangle would benefit the investor is a matter we leave to
future study.

The methodology developed here is applicable to American positions with quite gen-
eral convex or concave payoffs. One avenue for future research would be to consider
other complex payoff types, such as an American butterfly (i.e. concave payoff), or an
American bear/bull spread (i.e. monotonic payoff). These positions can be constructed
with similar early exercise conditions to our American strangle, and can be evaluated us-
ing our generalisation of McKean’s framework. The numerical method presented should
be rigourously tested against existing techniques, such as binomial trees and finite dif-
ferences. Better numerical techniques for solving the integral equation system also need
to be investigated, such as the method demonstrated by Kallast and Kivinukk (2003). In
addition, one could explore the potential to numerically solve the McKean-type integral

equation system in its original form.
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Appendix 3.1. The Two-Sided Incomplete Fourier Transform

In Appendix 2.2 we presented the Fourier integral theorem for the one-sided incom-
plete Fourier transform. For the American strangle problem we must extend this result to
the case where the solution is bounded between two free boundaries. Generalising the dis-
cussion in Appendix 2.2, we can readily show that if f(z,7) = H(b—z)H(a—z)g(z, 7),
where H(z) is the Heaviside step function, a = a(7), b = b(7), and a < b for all
0 < 7 < T, then the Fourier integral theorem

1 [ o , )
f(z,7) = %/ [/ f(JI,T)e“’mda:] e ™ dn, —oco <z < 00,

will yield

9(z,7) = 5;/ [/ g(x,T)e“”dx] e "dn, a<z<b,
which we refer to as the two-sided incomplete Fourier transform of g(z, 7). Note that

1 0 b ) )
g(lfz, T) = _/ [/ g(.’L', T)e"ndfl'] e_"]md'r], T = a, bv

Com )

and refer to Section 3.4 for an explanation regarding the factor of % on the left hand side.

Appendix 3.2. Properties of the Two-Sided Incomplete Fourier Transform

A3.2.1. Proof of Proposition 3.3.1. Firstly consider
c ov inlnce inlnc ey
F e Veeo(Incg, 7)e —Vie(lne,1)e — Ve, (1, 7).
Finally by use of boundary conditions (3.2.9) and (3.2.10),

Vv . ) -
Fe {%;} = (cg — Kp)e"™2 — (K| — ¢;)e™ e —inV.

Next consider

Fe {92_‘1} — ein Ince | av:ll,cz ("1:7 T) 61/61,02 (.’ﬂ, T)
ox?

ox

_ ein Inc |

ox

oV
-7 {5

— 026’i7]1n62 + cleinlncl _ iT][(Cg _ K2)einln(cz) _ (Kl _ cl)einln(cl) _ 277‘7]7

z=Incy z=lnc;
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where the last equality follows by use of the boundary conditions (3.2.11) and (3.2.12),
and the transform result (3.3.2). The last equation simplifies to

o*v ) . . ) -
> {‘a—} = M (e — (e — Ka)) — 7" (—ey — in(Ky — 1)) — V.

Finally consider

oV o[ ™ .
F(3) - [ ]
c’1~ c .
_c_zemlnczvqm(ln C2,T) + éemlanChcz(lnchT)
a C C,2 inlncy CII inlnc
= 5; [f {V}] — E;e chlch(lnCQ,T) + 21‘6 Vcl,cz(lncl,T),

where ¢; = dc;j(7)/dr, j = 1,2. Applying the boundary conditions (3.2.9) and (3.2.10)

we have

ov E)V C,2 inlncy Cll inl
C — _ 72 inlnec o Apimlnerpr )
7 { or } or 026 (c2 = K3) + cle (Ko =)

A3.2.2. Proof of Proposition 3.3.2. Taking the incomplete Fourier transform of equa-

tion (3.2.7) with respect to z and using (3.3.2) - (3.3.4), we obtain

v . (1 -
5 + <502?72 + kin + ’I") V
: s 1 )
= e'nine [0—2(02 - Ks) + 502(c2 —in(ca — K3)) + k(ca — Kz)}
2

) c 1 .
—etnine [C—I(Kl —c)+ 502(—01 — (K1 —¢a)) + k(K — cl)] .
1

It is a simple matter to rewrite this in terms of F'(7, 7) to produce equations (3.3.5)-(3.3.6),

and the initial condition is obtained by definition.
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Appendix 3.3. Derivation of the American Strangle Integral Equations

A3.3.1. Proof of Proposition 3.4.1. We shall evaluate the inverse Fourier transform,

Vc(ll,lz (z, T), using the standard Fourier convolution result given by equation (A2.1.1). Let

Fin,m) = o~ ko

Hence

—rT

f(val) = 9

00 -7 _ 2
-%UzﬂzT—iT](I—frkT)d _ e (z+kT)
e 7) EE—— A 204T
oo ovV2rT

by use of equation (A2.1.2) with p = 2027, § = i(z +k7) and n = 0. Next let G(n, 75) =
V., e, (1,0). Hence we have
g(z,7) = H(lncx(07) — z)H(z —Incy (01))V,, 0p(,0)

H(lncy(07) — 2)H(z — Ine, (01))

x[H(In K1 — z)(K; — €%) + H(z — In K)(e® — K>)].
Thus

o0
Vi = [
- 27r7'

x[H(ln K7 —u)(K; —e*) + H(u — In K3)(e* — K>)]du.

e B H (1n ¢3(01) — w) H(u — In ey (07))

It is known that ¢, (0") < K and ¢3(0") > K5. Hence
H(nK; —u)H(Incy(01) —u)H(u — Inc; (01)) = H(ln K7 — u)H(u — In ¢ (01)),
and

H(u—InK3)H(Incy(01) —u)H(u —Inc; (01)) = H(u — In K3) H(In co(07) — u).

Therefore
In K3 K —7rT In K} —TT 2
(A (== u+k‘r! j::—u—{-kv'!
C(llzz (x T) = / ! 2041 u - 20271 du
Ine(0+) TV omr Ine1(0F) OV o

Incz(0F) Ue—TT T utkT)2 Incz(0F )K e T z—u+tkr)?

+/ € eSS du — / 2o uE T du
In K> ayV 2T In Ko oV 2T

= 11—12+13‘—I4.
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To simplify VC(II,ZZ (z, 7) further, we shall express it in terms of the cumulative standard
normal distribution, N(y). For the first term, I, by defining d»(S, 7; 5) = (In(S/B) +
k7)/o+/T, the integral then becomes

LI = Kie 7[N(=dy(e”, 7; K1) — N(=da(e”, 75¢1(07)))].

We can evaluate the second term, I, using equation (A2.1.3) with a; = In¢,(0%), ap =
InKy,a=1,p = 20%r and § = = + k7. Recalling that k = r — ¢ — 307, and defining
di(S,7;8) = (In(S/B) + (k + o)1) /0o+/T, I5 then becomes

I, = —€"e"7[N(=di(e”,7; K1) — N(—di(e”, 75c1(0)))].
Similarly it can be shown that
.[3 = €I€4qT[N(d1(€x, T3 K2)) - N(dl(exv T, CZ(O-'_)))]’

and
Iy = Kae T[N (da(e”, 75 K3)) — N(da(e, 75¢2(0%)))].

Thus it is concluded that

‘/C(ll,z:z(LE)T) = [K1e7""N(—d2(e®,7; K1) — ee " N(—di(e®, 7; K1))]
+[e®e " N(dy(e®,7; K3)) — Kae "N (dy(e”, 7; K3))]
—[K1e7"N(—dy(e®, 7;¢1(07))) — e 7 N(—dy (e, 7;¢1(0™)))]

—[e"e " N(dy(e®, 7;c2(0))) — Kae ™" N(da(e”, 7; c2(01)))].
A3.3.2. Proof of Proposition 3.4.2. We begin by noting that
‘/0(12,22 (I’, T) = ]:_1 {/ FQ(T]y 3)€¥(éazﬂZ_Fkiﬂ_H.)(Tws)dS}
0
—F1 {/T Fi(n,s)e” %"2”2+’“’7+7)(7"S)ds} ,

0

where
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and

Fi(n,s) = emna) {ﬁ 02621(8) + (28 - 02;7 + k) (K, — cl(s))]

Following the approach outlined in Appendix 2.4, Vc(fzz (z, T) evaluates to

T

_92(x73)
x—ds

[ (G - ) e

e_gl(x:s)
x— s (A3.3.1)

04/ 2n(T — 5)

where we set
(z —Incy(s) + k(7 — s))?
202(T — 8)

ga(z,8) = +r(r — s), (A3.3.2)

and

(x —Inci(s) + k(7 — 5))?
202%(1 — 5)

With a simple change of notation, equation (A3.3.1) may be written as it is appears in

equations (3.4.2)-(3.4.4).

g1 (}U, s5) = + (T — ). (A3.3.3)

Appendix 3.4. Derivation for the Perpetual American Strangle

To derive the results for the perpetual American strangle, given in Proposition 3.5.3,
we begin with equation (3.5.6). Following Kim (1990)°, we change the integration vari-
able according to u = 7 — £, to produce

Ay (S, 7) = KieTT"N(—da(S,7; K1)) — Se " N(—dq(S,7; K1))
+AT[Klre'T“N(—dQ(S,u;cl(T —u)))
—Sqe " N(—di(S, u; c1(7 — u)))]du
+Se " N(d1 (S, 7; K2)) — K2e 7" N(d2(S, 7; K3))
+ /OT[Sqe_q“N(dl(S, u; coT — u)))
—Kore ™ N (da(S, u; co(T — u)))]du. (A3.4.1)

3Note that one could also proceed by solving the time independent Black-Scholes equation in the domain
¢; < S < c¢2. An example of this approach can be found in Appendix 4.6, where it is applied to the
perpetual American call option under jump-diffusion.
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Let lim; .o Ag, ¢, (S,7) = Agy 0, (S, 00), where A, ,(S, 00) is independent of 7. Fur-
thermore we assume, as per Kim (1990), that as 7 — oo both ¢;(7) and c2(7) tend toward
some constant bound. Thus we assume that lim, _,, ¢;(7) = ¢1(00) and lim,_,, co(7) =
c2(00), where ¢1(00) and c3(00) are both constant. Taking the limit of equation (A3.4.1)

as T — oo results in

Ay (S, 7) = / [Kire ™ N (—d2(S, u; ¢1(00)))
0
—Sqe " N(—dyi(S,u; c1(00)))]du
+ [ 150N @S wan(0)

0

—Kore ™™ N (do(S, u; c2(00)))]du. (A34.2)
To produce equation (3.5.9) of Proposition 3.5.3, all that remains is to evaluate the integral
terms in (A3.4.2). Following the details in Kim (1990) (p.570)* the required integral
results are

Vi(S,K,c) = / [Sqe" ™ N (d1(S, u;c(00))) — Kre ™ N (da(S, u; ¢(0)))]du
0
= (S-K)H(S —«¢)

B(S,c) _ —
+<‘—9—> [UHUZ)C FE 5.0 =5 (a343)

c oVEZ + 20%r g 2
and
Va(S, K,c) = /oo[Kre_T“N(—dg(S,u; c(00))) — Sqe™ ™ N(—d; (S, u; c¢(0)))]du
0

= K-S+Vi(S K,c), (A3.4.4)

“It is useful to note that the last equation on p.570 of Kim (1990) contains an error: “2a” should be “a””.
Note also that equation (9) of the main text should read “K /(3 — 1)”. The integrals on page 570 simplify

to
/°° O e L ﬁe—ﬂa”bl,
] 2|al
as given by Abramowitz and Stegun (1970) (p.304, equation (7.4.33)), and
/ T ety VT gl
o z? 2|b|

This last result was found using Mathematica 5.0. We thank Peter Buchen for drawing our attention to these
results.
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where we set k = r — ¢ — 0%/2, B(S, ¢) = (=k — p(S, c)v/2ro? + k2)/o?, H(z) is the
Heaviside step function defined by equation (2.2.14), and

1, S>g¢
p(S,c) = (A34.5)
-1, S<e

Note that equation (A3.4.4) is obtained by use of the well-known result N(z) = 1 —
N(—x).
Next we shall derive integral equations for the boundaries ¢, (00) and c2(00). Begin-
ning with ¢;(00), we evaluate (3.5.9) at S = ¢;(00) to give
K, —c(o0) = /000 Kire™™N <~—§\/ﬂ> du
— /000 c1(oo)ge™ ™ N (—k 102 \/ﬂ) du

o [ e oohae N e (o) w0 i

- / " Kyre ™ N (dy(er(00), s c3(00)) )t

Applying integration by parts to the first two integral terms, it is simple to show that

K o0 k —(£2)u
Kl—Cl(OO) = 71—K1\/0\ e_rur %e (Ek‘;?) du
00 k 2 (kto?)? u
) [ 5
2 0 2021

+ /Ooo c1(00)ge” ™ N (dy(c1(00), u; c2(00)))du
_ / " Kyre ™ N (day(ea(00), s c2(00)) ).

To simplify further manipulations, let
L, = / c1(00)ge™ T N(d1(c1(00), u; ca(00)))du
0

— /000 Kore ™™ N (da(c1(00),u; co(00)))du.
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Using the result that [;°(e™**/v/2mu)du = 1/v/2a, we have

Ki—ca(o) Kk 1 +cl(oo)(k+02) 1 vl
2 2 2ro? + k? 2 V/2q0% + (k + 02)2 '
1 1
= () +0%) — Kik] s + I

Making c¢;(c0) the subject, we have

Ki(f) 20 *
B -1 ()1 ((ﬁ“) * a?) ’

where 81 = (—k £ v/2ro? + k2?)/0?, and finally, substituting for I; and evaluating by
use of equation (A3.4.3) yields the result in equation (3.5.10). Similarly, by evaluating
(3.5.9) at S = c3(c0) we find that

Ka(By) 2I, ( k ) ’

Cl(OO) =

cz2(00) + (By) + 52

T (B -1 (By) -1

where
I, = / Kjre™ ™ N (—da(ca(00), u; ¢1(00)))du
0

— /000 co(00)ge T N (—d(ca(00), u; ¢1(00)))du,

which yields equation (3.5.11) after applying equation (A3.4.4).

Appendix 3.5. Value of the American Strangle Free Boundaries at Expiry

In deriving equation (3.6.3), it is necessary to analyse the limit of equations (3.6.2)
and (3.6.1) as 7 tends to 0. Using the method outlined by Kim (1990), we begin by
considering equation (3.6.1):

Ki—a(r) = a@e N (e, K) - N(—d(a(r), 1K)
e [KaN (daler(r), 73 Ka)) = KuN (=dalea(7), 73 K1)
+ [ (@ TNl ()
N (~dy(en(r), T~ & er()))]dé
- [ reT RN ()7~ Ex)
—KiN (~dy(er(7), 7 — & ca(€)))]de.
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~ This equation can be factorised to produce
a(r) {1+ € IV (). 73 K) ~ Va7, 7 K)

+ /(: ge” TN (dy(ar(7), T = & ea(€))) = N(=da(cr(7), 7 = §; 01(6)))]d§}

= K1+ e "[K3N(dy(er(7), 75 K2)) — KiN(—dz(ea(7), 75 K1))]

+/O re "TTO[KN (do(ca (), T = & ¢a(£))) — KiN(—da(er(7), 7 — & 1 (€)))]de,

which then yields the following implicit equation for ¢;(7):
a(r) = (Kl + e TT[KyN(da(c1(7), T; K2)) — KiN(—=da(cr (1), 75 K1))]
* /oT re T O[Ky N (dy(cr(7), T — & ca(€)))
- KN (- (),7 - G )
X (1 + e T[N (di(cr(1),7; K3)) — N(—=di(cr(7), 7; K1)))

+ /OT qe_Q(Thg) [N(dl (C1(7)7 T —¢; 62(5)))

—N(—dlmmm—s;cl@))nd&)* C@ss)

Before proceeding further, it should be noted that K; < K>, ¢;(7) < Ky, and ¢o(7) > Ko.
To find the value of ¢;(0"), we take the limit of equation (A3.5.1) as 7 tends to 0*. In
order to evaluate this limit, we need to find four limits involving d; and ds. The first to
consider is

¢ (T)

hm do(eq(7), 75 Ko) = h lim, U\/_ = —o00, since ¢;(1) < Kj. (A3.5.2)
Secondly, we have
In 2 0, ca(0h)=K
lim do(c(7), 75 Ky) = lim — 107 =K (A3.5.3)
T—0% ot 0T —00, ¢1(0") < Kj.
Similarly the following limits can be shown to be
lim dy(c1(7), 75 Ky) = —00, since ¢;(7) < Ko, (A3.5.4)

70+
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and
0, (0 =K

lim di(ci(7),7; Ky) = 1(0%) = £ (A3.5.5)

0% —00, ¢(0%) < Kj.
Note also that N(—oo) = 0, N(0) = 0.5 and N(oco) = 1. Given that the limits (A3.5.3)
and (A3.5.5) depend on the value of ¢; (0") relative to K, there are two cases to consider
when finding the limit of equation (A3.5.1). Consider the first case where ¢;(0%) =
K. Taking the limit of equation (A3.5.1) as 7 tends to zero, and using the results from
equations (A3.5.2) - (A3.5.5), we obtain

lim ¢;(7) = K;. (A3.5.6)

-0t

Now consider the second case, where ¢;(0") < K;. The limit as 7 tends to 0% of

equation (A3.5.1) is now of the form %, and L’Hopital’s rule can be applied. Firstly, let

i) = g, 510
where
Ni(T) = K, + e " [KyN(dao(er(1), 75 K2)) — KiN(—do(ca (1), 75 K1)
+ [ re N (), T ea©)
— KN (=da(er(7), 7 = & ea(€)))]de,
and

Di(t) = 1+ e T[N(di(cr(7),7; K2)) — N(—di(e1(7), 75 K1))]
v [ et N ()~ (@)
—N(—di(ci(7), 7 = & e1(§)))]dE.
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To apply L’Hopital’s rule, we must differentiate both Ny(7) and D;(7), and take their

limit as 7 tends to 0*. For N, (1) we have

NI(T) = —re ™ [KyN(dy(ei(7), 7; Ka)) — Ky N(—dy(cy (1), 75 K1))]
+e Kol (), 7 ) P2 LT
+K1N,(—d2(C1(T),T;K1))]6d2(61(g37T;K1)]

+r[E;N(da(c1(7), 05 ¢2(7))) — KiN(=da(c1(7), 05 ¢1(7)))]
tr [ {ore RN dafer (), 7 = ()
—K1N(=da(cr(7), 7 = &5 e1(8)))]
+e T OKG N (da(ea(7), 7 — & ea(€)))h

+K\N'(=da(c1(7), 7 — & e1(§)))02] }dE,

where

9, = Ody(c1(7), 7 — &5 ¢2(§)) and 0, = 3d2(01(7')7r7 —f§61(§))_
or or

22
Note that N'(z) = e~ 2 /+/27, and that as x — oo, N'(z) — 0 at a faster rate than any
other terms observed in N} (7) (see Kim (1990)). We also note that

éim da(cr (1), 7 =& (7)) =0
and

%eri dy(ci(7), 7 — & co(T)) = —00.

Combining all these limit results, it is concluded that

lim N!(r) = gKl. (A3.5.7)

T—0%t

Similarly for D/ () it can be shown that

lim D)(r) = g (A3.5.8)

T—0t

Thus it is concluded that

T—0t

lim ¢;(1) = ~K,. (A3.5.9)
q
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Recalling that this result only holds when ¢;(0%) < Kj, it follows that we must have
r < q. Combining the results from equations (A3.5.6) and (A3.5.9) we find that

lim ¢;(7) = min (Kl, ZKl) ;
q

70t
which is the first part of equation (3.6.3). Similarly the process can be repeated for equa-
tion (3.6.1), yielding
lim c(7) = max <K2, CKQ) ,
T—0t q

which is the second part of equation (3.6.3).

Appendix 3.6. Algorithm for Evaluating the American Strangle

Here we present the algorithm American Strangle Price which outlines the main steps

involved in using Richardson extrapolation for pricing the American strangle portfolio.

Algorithm American Strangle Price

Input: S, r, q, 0, K1, K5, T (time to expiry), n (number of time intervals), n,,; (number
of starting time intervals for finer grid), n, (number of time intervals within the fine-
grid region).

Output: AS (American strangle price), ¢;, co (early exercise boundaries).

1. h=T/n;hs=hx*ngyu/n

2. o= K;*min(r/q,1); ca0 = Ky * max(r/q, 1)

3. a0 =cip;a20 = C2,0; af()) = 1,0, a% = C2p0

4. bio=c10; b20 = C205 b% = €105 bg& =C20

5. fori=1ton,

6. do solve the integral equation system for b; ; and b, ; using time step-size h;
7. fori=1tong*x2

8. do solve the integral equation system for bﬁ) and bg) using time step-size h,/2
9. fori=1ton,, x2

10. doj =i%ns/(2 % ngm)

1. af) = (2 0% — buy)/(2 - 1)

12 ag) = (2% 03,5 — bay)/(24 - 1)

13. for:=1ton,,y

14. doa,;= af,-)*z

5. aa; = ajhy



16.
17.
18.
19.
20.
21.
22.
23.

APPENDIX 3.6.

fori=1+n,yuton

99

do solve the integral equation system for a, ; and ay; using time step-size h

fori =1+ ng ton x2
do solve the integral equation system for aﬁ-) and a
fori=1+nguton
doci; = (2* % al),; — a1,) /(24 - 1)
05 = (25 03, — a2) /(2 = 1)

calculate AS using ¢y, ¢ and S

(2)
2,0

using time step-size h/2



CHAPTER 4

Pricing American Options under Jump-Diffusion

4.1. Introduction

In Chapters 2 and 3 we assumed that the returns for the underlying asset were best
modelled using the pure-diffusion process proposed by Black and Scholes (1973) and
Merton (1973). Following these seminal works on option pricing, there have been a large
number of studies into the applicability of this model to real-world financial data. A sig-
nificant amount of evidence has accumulated which indicates that stocks and foreign ex-
change rates are better modelled by jump-diffusion processes, rather than pure-diffusion
processes. Some of these studies include Jarrow and Rosenfeld (1984), Ball and Torous
(1985), Jorion (1988), Ahn and Thompson (1992), and Bates (1996). This evidence im-
plies that there is empirical justification for considering American option pricing under
jump-diffusion models. While Pham (1997) and Gukhal (2001) have extended Merton’s
(1976) jump-diffusion model for European option prices to the American option case,
each has done so using different techniques, and neither author considers how to imple-
ment their pricing equations numerically. The purpose of this chapter is to firstly show
how the incomplete Fourier transform method of McKean (1965), as presented in Chap-
ter 2, may be extended to the case of American call options written on assets with jump-
diffusion price dynamics. Using the simplifications of Kim (1990) we are able to reconcile
this approach with the results of Gukhal (2001), and provide a method of analysis that ex-
tends very naturally from Merton’s framework. We also present an iterative numerical
method that provides a practical way to solve the resulting integral equation system for
the American call’s price, along with its early exercise boundary. Using this procedure
we also find further support for the observations of Amin (1993) in relation to the impact
of jumps on the price and free boundary of American call options.

Merton (1976) was the first to extend the Black-Scholes model to consider European

options on assets following jump-diffusion processes, showing that the Black-Scholes

100
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PDE becomes a partial integro-differential equation (PIDE). He derived' the jump-diffusion
equivalent of the Black-Scholes formula for European calls where the arrival times of the
jumps followed a Poisson distribution, and the distribution for the jump sizes was of a
general form. He assumed that the risk associated with the jump term could be diversified
away by the holder of the call option. As a particular example, Merton considered the
case where the jumps were log-normally distributed, resulting in a natural extension of
the Black-Scholes results.

Pham (1997) was one of the first to expand the Merton jump-diffusion model to Amer-
ican options. Using probability arguments, Pham derived the integral equation for the
price of an American put under jump-diffusion, along with an integral equation for the
put’s free boundary. Unlike Merton, he does not assume that the jump risk can be diver-
sified away. Performing analysis on these integral equations, Pham demonstrated that the
value of the American put under jump-diffusion is greater than that of an American put
under pure-diffusion, and that the increased risk from the jump term makes the option
holder more sensitive to the decision of early exercise. Mullinaci (1996) also considered
the American put option under jump-diffusion. Using a discrete time model, Mullinaci
finds the Snell envelope for the American put option, resulting in a numerical technique
for pricing the American put.

Another exploration of American options under jump-diffusion was presented by
Gukhal (2001). By extending the Geske-Johnson limiting technique of Kim (1990) to
Merton’s jump-diffusion model, Gukhal derived the integral equations for the prices of
both American calls and puts, along with the integral equations for their free boundaries.
His results were for a general jump-size distribution, and he also provided more specific
equations in the case of binomial and log-normally distributed jump sizes. In particular,
Gukhal offered a very intuitive decomposition for the prices of American options under
jump-diffusion. The first two components, namely the European value and early exercise
premium, were already familiar from Kim’s pure-diffusion results. The third component
introduced by the presence of jumps was identified as an adjustment cost made by the

holder of the option when the underlying asset jumps from the stopping region back into

IMerton does not indicate how he obtained the solution he gives. In an appendix he verifies that the solution
given satisfies the PIDE, but of course this procedure requires one to know the form of the solution.
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the continuation region. This cost is incurred because only jumps out of the continuation
region will be self-financing.

While the results of Pham (1997) and Gukhal (2001) provide extensions of various
American option pricing techniques to the jump-diffusion case, to our knowledge there
is no work in the current literature that extends McKean’s incomplete Fourier transform
technique to the jump-diffusion case. Transform methods are a highly validated and ac-
cepted technique for solving PDEs, and thereby extending the Fourier transform to the
jump-diffusion case fills an important gap in the existing literature. Chiarella (2003)
demonstrates how the Fourier transform method, which is able to readily solve the Black-
Scholes PDE for European option prices, can be used to solve Merton’s partial integro-
differential equation for European option prices under jump-diffusion. In Chapter 3 we
generalised the American straddle presented by Elliott et al. (1990), deriving the integral
expression for an American strangle portfolio using Fourier transforms, and solved the
resulting linked integral equation system for the strangle’s free boundaries. In this chap-
ter we use the methods presented in Chapter 2 to extend McKean’s method to solve for
the price of an American call option under Merton’s jump-diffusion framework. As we
stated in chapters 2 and 3, the main advantage of the Fourier transform method is that it
is broadly applicable to a wide variety of option pricing problems, and thus it provides a
natural means of extending the Black-Scholes analysis to non-European payoffs.

Several authors have explored a range of numerical methods for pricing American
options under jump-diffusion. Amin (1993) used an extension of the binomial tree method
to demonstrate a number of interesting properties for American option prices and free
boundaries in the presence of jumps. Zhang (1997b) used finite difference methods to
solve the problem as a variational inequality, while Wu and Dai (2001) used a multi-
nomial tree approach. The method of lines was used by Meyer (1998) to price American
puts under jump-diffusion. Carr and Hirsa (2003) solved the partial-integro differential
equation numerically via a Crank-Nicolson finite difference scheme. Using a fixed-point
iteration method, d’Halluin et al. (2003) were able to price American put options under
jump-diffusion.

It is interesting to note, however, that there has been little work in the existing liter-
ature on the implementation of the integral equations for the price and free boundary of

American options under jump-diffusion. While some authors such as Pham (1997) and
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Gukhal (2001) derive these integral equations, they do not offer any thoughts on how
they can be solved numerically. Here we extend on the approach used for the American
strangle in Chapter 3 by applying a modified version of the method to solve the linked
integral equation system that arises for the American call and its free boundary in the
case of jump-diffusion. While the focus of this chapter is not on finding optimal numer-
ical methods for American option prices with jumps, we are able to demonstrate that the
Fourier transform technique leads to integral equation forms that are tractable for numer-
ical implementation. We shall return to the issue of accuracy and efficiency of numerical
solution methods for this problem in Chapter 5.

The remainder of this chapter is structured as follows. Section 4.2 outlines the free
boundary problem that arises from pricing an American call option under Merton’s jump-
diffusion model. Section 4.3 applies McKean’s incomplete Fourier transform to solve the
PIDE in terms of a transform variable. The transform is inverted in Section 4.4, provid-
ing a McKean-style integral equation for the American call price, and a corresponding
integral equation for the call’s early exercise boundary. A feature of the solution is that
the integral equation for the call value and the integral equation for the free boundary
are interdependent, so that the convenient two-pass procedure of the non-jump case is
no longer applicable. Section 4.5 analyses the integral equations in the case where the
jump sizes follow a log-normal distribution, as suggested by Merton (1976). This section
also includes a discussion of the transformation from McKean’s representation to Kim’s
representation, and relates our findings to those of Gukhal (2001). Section 4.6 outlines
the numerical solution method for solving the linked integral equation system for both
the free boundary and price of the American call. A selection of numerical results for
the American call option and its early exercise boundary are also provided. Concluding
remarks are presented in Section 4.7. Most of the lengthy mathematical derivations are

given in appendices.

4.2. Problem Statement - Merton’s Model

Let C(S,t) be the price of an American option written on the underlying asset S at
time ¢, with time to expiry (I'—t), and strike price K. We assume that .S pays a continuous

dividend yield of rate g. Let a(t) denote the early exercise boundary at time ¢, and assume
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S follows the jump-diffusion process
dS = (p— Ak)Sdt + o SdW + (Y — 1)Sdg, (4.2.1)

where p is the instantaneous return per unit time, o is the instantaneous volatility per unit

time, W is a standard Wiener process and ¢ is a Poisson process whose increments satisfy

1,  with probability Ad¢,
0, with probability (1 — Adt).

Let the jump size, Y, be a random variable whose probability measure we denote by
Qy, and W, Y and ¢ are all independent. We use G(Y') to denote the corresponding
probability density function. Thus the expected jump size, k, is given by

E=E?[Y —1] = /OO(Y —1)G(Y)dY.
0

Following Merton’s (1976) argument and assuming that the jump risk is fully diversifi-
able?, it is known that C satisfies the partial integro-differential equation (PIDE)

oC o*C

122
5t t37 % 552 *(

r—q— Ak)S%% —rC+ A /OOO[C’(SY, t) —C(S,t)|G(Y)dY =0,
(4.2.2)

in the region 0 < ¢t < T and 0 < S < a(t), where 7 is the risk-free rate.
In the case of an American call option, the PIDE (4.2.2) is subject to the final time

and boundary conditions

C(S,T) = max(S—K,0), 0<S<o0 (4.2.3)

C(0,t) = 0, t>0, (4.2.4)

Cla(t),t) = a(t)— K, t>0, 4.2.5)
oC

im 2% = 1. t>0. 426
Sooalt) 05 , 120 (4.2.6)

Condition (4.2.3) is the payoff function for the call at expiry, and condition (4.2.4) ensures
that the option is worthless if S falls to zero. The value-matching condition (4.2.5) forces
the value of the call option to be equal to its payoff on the early exercise boundary, and the

smooth-pasting condition (4.2.6) sets the call’s delta to be continuous at the free boundary

2We make this assumption for convenience. The derivation that follows would carry through if we were to
assume a constant market price of jump risk.
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to guarantee arbitrage-free prices. As shown in Appendix 4.6, optimality conditions for
the call price impose these boundary conditions naturally, at least in the perpetual case.
For the finite call under consideration, we note that the standard arbitrage arguments that
justify condition (4.2.6) are not readily applied under Merton’s jump-diffusion model,
since this depends upon the price process for S being continuous. The corresponding
boundary conditions were proven by Pham (1997) for the American put case, and we
shall assume here that this result for the put will extend naturally to the American call
problem, as per Gukhal (2001). Figure 4.1 demonstrates the payoff, price profile and

early exercise boundary for the American call under consideration.

c(S,7)

Continuation region Stopping region

K a(t) S

FIGURE 4.1. Continuation region for the American call option.

Our first step is to transform the PIDE to a forward-in-time equation, with constant

coefficients and a “standardised” strike of 1. Let S = Ke®,t =T — 7, and
C(S,t) = KV (z,T).

The transformed PIDE for V is then®

oV 1,8V 9V 00
3 = 32% 9.2 + ¢% —rV+ )\/0 V(z+WnY,7) - V(z,7)|G(Y)dY,
31t should be noted that

Il

C(SY,t) KV(ln(S%), 7)

= KV(z+nY,7).
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where p =r — q — Ak — "—22 The transformed PIDE can be simplified to

oV 1 ,0°V ov o

— =0 - — ANV + A InY, Y)dy, 4.2.7

5 =37 a2 +¢8x (r+AV+ /0 V(r+InY,7)G(Y)dY, ( )
in the region 0 < 7 < T, —oco < z < Inb(7), where b(7) = a(t)/K is the free boundary
re-scaled by the strike price. It is this latter quantity that will be a particular focus of our

subsequent analysis. The initial and boundary conditions assume the form

V(z,0) = max(e® —1,0), —oo <z <00, (4.2.8)
lim V(z,7) = 0, 720, 4.2.9)
V(nb(r),7) = b(r)—1, 72>0, (4.2.10)
ov
i — = > 0. 2.
x_!grgm e b(r), 720 (4.2.11)

For simplicity, we shall denote b(7) by b = b(7) when it is clear at which time this
function is being evaluated.

As for the pure-diffusion case detailed in Chapter 2, the z-domain shall be extended to
—00 < x < oo to facilitate the application of the Fourier transform method. We achieve

this by expressing the PIDE (4.2.7) as

2 00
H(lnb—x) (6_V - %—02?—‘/ - cbg—‘; +(r+A)V — )\/ V(z +1In Y,T)G(Y)dY) =0
0

or ox?
(4.2.12)
where H(z), the Heaviside step function, is defined in equation (2.2.14). The initial and

boundary conditions remain unchanged.

4.3. Applying the Fourier Transform

In Chapter 2 we used the incomplete Fourier transform to reduce the PDE (2.2.13)
to an ODE. Here we shall apply this method to solve the problem defined by equations
(4.2.7)-(4.2.11), reducing the PIDE (4.2.12) to an integro-differential equation. Note that
the function V and its first two derivatives with respect to = behave as outlined for the
pure-diffusion problem in Chapter 2. This knowledge is required to eliminate limit terms

that arise in integration by parts (see Appendix 4.1).
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Since the x-domain is now —oo < r < 00, the Fourier transform of the PIDE can be
found. Define the Fourier transform of V, F{V (z, 1)}, as

F{V(z,7)} = / eV (z,7)dz.
Applying this Fourier transform to the PIDE (4.2.12),

.’F{H(lnb—x)g—‘;} = %Qf{H(lnb—x)%} + oF {H(lnb —a:)gg—}

~(r + NF{H(Inb—z)V} (43.1)

FAF {H(ln b—z) /(; " V(z+InY, T)G(Y)dY} .

By the definition of the Fourier transform, we have

Inb
F{H(lnb—z)V(z,7)} = /_ eV (z,7)dz = FY{V(z,7)} = Vi(n,7). (4.3.2)

It should be noted that 7 is an incomplete Fourier transform, since it is a standard Fourier

transform applied to V(x, 7) in the domain —oo < z < b(7). We now apply this transform
to carry out the transform operations in (4.3.1).

PROPOSITION 4.3.1. Using the initial and boundary conditions (4.2.8)-(4.2.11), the

incomplete Fourier transform of the PIDE (4.2.12) with respect to x satisfies the integro-
differential equation

v [

5 + ¢in+ (r+ ) — /\A(n)] V= F(n,7) (4.3.3)
where

F(n,7) = emne [%Zb + (%/ - ? +¢) (b— 1)] + A®(n,7), (4.3.4)

An) = / e MY G(Y)dY,
0

oo InbY
B(n,7) = / e MY G(Y) [ / eV (2, ’r)dz] dy,
0 1

4.3.5)

(4.3.6)
nb
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and b/ = db(7)/dr. Furthermore, the solution to the integro-differential equation (4.3.3)

is given by
Vin,7) = V(n,0)e GImHmtrtN)-2Am)(r=s)
. /T o~ (30N +$int(r-+X) = AA(m))(7—s) F(n, s)ds. 43.7)
0

Proof: Refer to Appendix 4.1.

4.4. Inverting the Fourier Transform

Now that V (7, 7) has been found, we may invert it to recover V (z, 7), the American

call price in the z-7 plane. By taking the inverse Fourier transform of (4.3.7), we have
V(z,7) = (F)7! {V(n,O)e_(%”2"2+4”'"+(T+’\)"\A('7))T}

Y {J/‘ e*(%a%f+¢wﬁ<r+*>-*A@ﬂﬂf-sfﬁxn,s)ds}
0

= Vi(z,7) + Vao(z, 1)

1 1

= [C1(5,7) + Co(8, 7)) = 2:C(5,7) (@41
where —0o < z < Inb(7), and the forms of the functions C; (.S, 7) and C5(S, 7) are given
by Propositions 4.4.1,4.4.2 and 4.4.3 below.

PROPOSITION 4.4.1. The function Cy(S, T) in equation (4.4.1) is given by

(S — ooe—/\it)_n]g(n)g SX. e K1 2
1( 7T) - Z n' T { E[ n€ ’ ) 7T7Q7T7U]

n=0

~Cp[SXne ™, K,b(0"),1,q,7,0%]}(4.4.2)
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where
CE[S7 K,,B,’f’, q,T, 02]
dl(S> K, T,4,T, 02)
d2(S, Kk, 7,4, T, 02)
b(0+)
Nla]
Xn

and
EVf(Xa)} =

Se_qTN[dl(S, Kﬁ7 qT, 02)]
—‘Ke—rTN[d2(S; Kﬂ> nq,T, 02)]’
ln§+<7‘—(1+%2>7
o\/T ’
dl(S’ K, 7,q,T, 02) - U\/F’

lim b(7),

T—0+F

1 @ _nzd
J— e 2 ,
V 2 \/;oo 7
YiVo..Y,, Xo=1,

/000 /OOO“'/OOO G(Y1)G(Ya)..G(Yn) f(Xn)dY1dYs...dY,

=:\Amc%x;wmxudx;

Proof: Refer to Appendix A4.2.1.

O

Next we consider the more complicated function V,(z, 7). The first step is to break

the function down into two linear components that arise from the form of function F' in

equation (4.3.4):

Va(z,7) = (j:b)—l {/T e*(%02772+¢in+(r+/\)—/\A(n))(T—S)F(n, s)ds}

0

1 (e}
= _— e_
21 J_o
1

2n J_o

iz /T e—(§02n2+¢m+(r+)\)—AA(n))(T—S)F(n, s)dsdn
0

o0 T
N S / o~ (30707 Gin () =N A(m)) (7—5)
0

et [“2”(3) T (b'(s) _omy, ¢) (b(s) - 1)] dsdy

2 b(s) 2

G L7 e / " GG AN )G (5 5)dsdy
27 J_ 0 ’

1
K

Vi (z,7) + 1, (z,7)

[9(5,7) + P (5,7)] = 2 Ca(5,7). (443)

K
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We start by considering the function Cél) (S, 7).
PROPOSITION 4.4.2. The term C’él)(S, T) in equation (4.4.3) is given by

X AT n
c(,m) = Y SR Gl X, K, 007,104,707 (4.4.4)

n=0

+Z E(n){ / (r — €)1 [SXpe D=9

X[(A[k + 1] 4+ q)(7 — &) — n]N[d1 (S Xne 79 Kb(&),7,q,7 — &,07)]
—Ke =01 —&)(r 4+ A) — n]

N[do(SXne 79, Kb(€),7,q,7 = §,07)]] d&},
where the function Cg and operator E™ have been defined in Proposition 4.4.1.

Proof: Refer to Appendix A4.2.2.
0

Before proceeding further, it is worth noting that if we now combine C(S, 7) with

C’;l)(S , T), some of the terms will cancel, leaving us with
AT A7)
cus,m (s, = Y D

n=0
> A—TE@{ / T(T — )L X, e (T (@ N8 (4.4 5)
n: 0
n=0

X[(Alk+ 1]+ q)(1 = &) =7

SEW {Cp [SXne ™K 1m0, 7, 0%}

N[y (S Xne 0, KB(E), 7, g7 — €, 02)]d€}

-y &ng){ / "(r — K e N0
< nl 0
x[(T = &)(r+A) —n]
XN [dy(SXne M0, Kb(E), 70,7 = &, 0%)] dé}-
The last remaining term to be evaluated is C{* (S, 7), which is the extra term intro-

duced into the expression for the American option price by the presence of jumps in the

stochastic process for S.
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PROPOSITION 4.4.3. The term C(S, 7) is given by

s = 2> 2w [ gretanes

n*O

Kb(§)/Y
{ / G(Y) / C(wY, &) J(w, &, SXp, T)dwdY (4.4.6)

Kb(£)
d§}

(4.4.7)

Kb(¢)
/ G(Y / (WY — K)J(w, &, SXp, 7)dwdY
Kb(6)/Y

where

1

wo\/2m(T — &)

J(w, &, 58X, 1)

—[(r—q—)\k—g;—) (7’—5)4-111%]2
20%(T =€) ’

X exp

and the operator E{™ has been defined in Proposition 4.4.1.

Proof: Refer to Appendix A4.2.3.

Now that we have derived the functions C1(S,7) and Cs(S, ), we can provide an

integral equation for the price of the American call, C(.S, 7).
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PROPOSITION 4.4.4. The integral equation for the price of the American call option,
C(S,1), is

o] 6—)\1(/\7.)71 (n) ke ,
C(S,7) = Z——n!——lET {CelSXne™ ", K, 1,r,q,7,0%]} (4.4.8)

n=0

o zn T
__Em){ IS X e M) N
+ ; —Er /0 (=% e e
X [((Alk+ 1 +g)(r — &) —n]
XN [dy (SXne 79 Kb(£),r,q,7 - £,07)] df}
- ; gw){ /OT(T — &P Ke TEO[(r — ) (r + A) — 7
XN [dy (SX,e =8 Kb(£),r,q,7 — &, 0%)] d§}

= A” n ’ n_—(r T—
_AZO?JEQ{/O (7 — £)ne- N0

1 Kb&)/Y
y { /0 / CWY, €)J(w, &, S X, 7)dwdY

Kb(8)

Kb(g)
/ G Y)/ (WY — K)J(w, &, SX,, 7)dwdY
b(§)/Y

i),

where the function Cg and operator E™ have been defined in Proposition 4.4.1, and the
function J is defined in Proposition 4.4.3.

Proof: Equation (4.4.8) follows from substituting equations (4.4.2), (4.4.4) and (4.4.6)

into equation (4.4.1).
d

A key feature of equation (4.4.8) is that it is an integral equation rather than the inte-
gral expression obtained for the American call price in the no-jump case, because of the
appearance of the option price in the integrals in the final summation term on the right-
hand side. As we have pointed out, the presence of this term is due to the jump process.
It should also be noted that, as in the no-jump option pricing case, in order to implement
(4.4.8) we need to know the free boundary b. An integral equation for this will be derived
below. Finally, we can perform some algebraic manipulations to equation (4.4.8) to obtain

the American call integral equations in the form presented by Gukhal (2001).
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PROPOSITION 4.4.5. Algebraic manipulation of equation (4.4.8) allows the American

call price, C(S, 7) of Proposition 4.4.4, to be expressed as

P eTAT(AF)?
) = 3 O B (5, e K 1 g, 7o) (4.4.9)
n=0 )
- A" " —A(T— —Ak(T-¢) ,—q(T—
+§EE(TM{/O (1 — &)"e 98X, e ‘é)e q(r=£)

XN [di (SXne 779, Kb(E),7,q,7 — €,0%) ] dé }

o0

"0 n: 0
XN [dy (SXpne ™08, Kb(E), 7, g, 7 — €,0%)] d }
—A i A" T(T — £)ne” (N0
o Tl' T 0

1 Kb(&)/Y
/ G(Y) / CWY,€) — (WY — K)J(w,€, 5Xp, 7)dwdY
0 Kb(©)

X

e}y

O

Proof: Refer to Appendix 4.3.

The four additive components of the call value in equation (4.4.9) each have a clear
economic interpretation, as outlined by Gukhal (2001). The first term represents the Eu-
ropean component of the American call option’s value, while the remaining three terms
combine to form the total early exercise premium. The middle terms are natural exten-
sions of the early exercise premium that arises in the pure-diffusion case. More specifi-
cally, the term containing ¢S calculates the dividend received when holding the underly-
ing, and the term involving r K captures the interest payable on a loan of size K. Thus
these terms capture the potential income to the option holder should the option be exer-
cised to buy the underlying, borrowing K to do so.

The fourth term arises entirely due to the introduction of jumps in the price process
for S. Note that if no jumps are present (A=0) then this term will be zero, and equation
(4.4.9) simplifies to the American call price under pure-diffusion. This term captures
the rebalancing costs incurred by the option holder whenever the price of the underlying

jumps down from the stopping region into the continuation region. Figure 4.2 illustrates
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this effect in detail. If the holder of the option has observed that the underlying price is
at S_ > Kb(7), then the call will be optimally exercised. If an instant after exercising a
jump of size Y occurs such that S, = Y.S_ < Kb(7), then the portfolio S — K held by
the investor will now be worth less than the unexercised American call. This difference is

the cost being captured by the fourth term in (4.4.9).

C(S, 1)

S+ - YS_

COSt / K Kb(T) S

FIGURE 4.2. Cost incurred by the investor from downward jumps in S.

In equation (4.4.9), the value of the American call option is expressed as a function of
the original underlying variable .S, and the new time variable 7, which is a measure of time
to maturity. As we have already noted, equation (4.4.9) also depends upon the unknown
early exercise boundary, now defined as b(7) = a(t)/K. By requiring the expression for

C(S, 7) to satisfy the boundary condition (4.2.5), we can derive a similar integral equation
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for the value of b(7). This integral equation is given by

K@(r)-1) = i —%ﬂEW{CE[Kb(T)X e K 1,rq,7,0%}  (44.10)
n=0

+ Z —]E(n){ / (r = ) e T IgKb(7) Xpe M emdlr=0)
XN [dy (b(7)Xne 79 b(¢),r,q, 7 — £,0%)] dé }
0
XN [dy (b(r) Xne 79, b(€), 70,7 — £,0%)] dg }
A i O P
n! " 0
n=0

1 Kb()/Y
/ G(Y) WY€) — (WY - K)]
0 Kb(€)

X J(w, & Kb(1) X, T)dwdY] dﬁ}.

It is particularly crucial to note that the integral equation (4.4.10) depends upon the
unknown call value C(S,7), and this dependence arises from integral terms that have
been introduced by the presence of jumps in the dynamics for S.

The general form of the integral equation system consisting of (4.4.9) and (4.4.10) can

be written as
C(S,7) = Qo(S7) + /T‘Ifc[C(S,é),b(é),fmS]d{, @4.11)
0

b(7)

Qu(b(r), 7) + / WL C(KB(), ), b(€), &, 7, Kb(r)dE, (4.4.12)

where the definitions of the functions ¥, ¥y, 2 and (2, are implied by the right hand
sides of equations (4.4.9) and (4.4.10) respectively. The interdependence of (4.4.11) and
(4.4.12) is obvious, and it is this interdependence that makes numerical implementation
much more involved than for the corresponding no-jump problem. Thus in order to im-
plement these integral equations for the free boundary and call price, we need to develop

numerical techniques to solve the linked integral equation system (4.4.9)-(4.4.10).
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4.5. American Call with Log-Normal Jumps

The primary difficulty in solving for the American call price under jump-diffusion
dynamics is caused by the dependence of equation (4.4.9), and subsequently equation
(4.4.10), on the unknown American call price, C(S, 7). To overcome the complication
brought about by this interdependence, in Section 4.6 we propose an iterative numerical
scheme similar to the one employed in Chapter 3 for solving the American strangle prob-
lem. Before we begin, however, we must specify the density, G(Y'), for the jump sizes.
We shall consider a log-normal distribution for the jump sizes, Y, in accordance with a
model suggested by Merton (1976). The probability density function for Y is given by

1 _ (nY-—(v=8%/2))2
G(Y) = (=G 4.5.1
(Y) TN 5 (4.5.1)

where we set 7 = In(1 + k), and 6 is the variance of In Y. Furthermore E9¥[Y] = ¢7, a

fact which is relevant to the numerical experiments reported later. Gukhal (2001) assumes
that v = —&2/2 when deriving his equation (5.1) for the American call option price, but

here we forego this assumption and provide a more general form of Gukhal’s results.

PROPOSITION 4.5.1. In the case where G(Y') is given by equation (4.5.1), the integral
equation for C(S,T) in (4.4.9) becomes

N1y \n
c(S, ) = Ze—ﬁCE[S,K,1,rn(7),q,7,v§(r)] (4.5.2)

= n!
Nl oY S P Ve s
+§ - /O(T &)"e gSe
xN [dl(sv Kb(§)7rn(7- - g)yqa’r - ,’UZ(T - g))] d€

= ) / i N (=), o a(T—E) (1—£)
- (r—&)"e rKe ™\TTNT
Z |
. 0

n

XN [ds (S, Kb(&),ra(T — &), ¢, 7 — &, 02 (T — £))] d€
o] /\n T
Ay /0 (7 — £)re-rN=0

n=0
x / Loy [T 0wYE - Y - K))

Kbe) w1 — &)/ 2m(T — &)

X exp { — (8, — £),0,7 — £, 037 g))]2}dwczm§,
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where N = A(1 + k), 7o(7) = 1 — Mk +nvy/7 and vi(7) = 0% + né? /7.

Proof: Refer to Appendix 4.4.
O

While equation (4.5.2) has incorporated the distribution for Y, the last term involv-
ing the triple-integral needs to be further simplified before attempting to implement it

numerically.

PROPOSITION 4.5.2. By simﬁlijﬁling the cost term, C(S, T) in Proposition 4.5.1 can
be expressed as

[eo]

C(S,1) = Z—MCE[S K, 1,7,(7),q,7,02()] (4.5.3)

S

/ _ n —/\'('r-{)qse-'q(T—O
XN [dy(S, Kb(€), ma(T — £), 4,7 — & v2(r — €))] d&

ZM" / _ g)neN -0 K emra(r-6)r=6)
=0

XN [ds (S, Kb(€),ra(r — €),,7 — &, vi (T — £))] dé
. = :\_’i T ) — (TN (T =€) ! [C(ZKb(f),{) - (ZKb(f) - K)]
)\z; n! /0 (T =&)% /0 Zpy (T — &)/ 21 (T = &)
{ "[d2(87 ZKb(§)7 'rn-!-l(T - 5)’ q, T —G, Ur21+1(7— - 6))]2 }
2

X exp

where

Dn(S’ Kb(g)a’r - 6 IB)

5In S + [(m Kb(g)) V2 (T — &) + 82[ra(T — &) — q] — y2(7T — f)} (r—¢)
vn(T - §)Un+l(7- - 5)5(7— - 6) .
Proof: Refer to Appendix 4.5.

O

We draw the reader’s attention to the fact that in the form (4.5.3) the last term now
only involves a double integral which will result in a considerable saving in computational

effort.
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4.5.1. The Perpetual American Call with Jumps. As demonstrated by Kim (1990)

in the pure-diffusion case, the perpetual American call provides an upper bound for the

early exercise boundary of the American call with finite maturity. Here we extend this

concept to the jump-diffusion case, providing an expression for the perpetual American

call option under jump-diffusion. Let C'(S, c0) denote the value of the perpetual Ameri-

can call, with early exercise boundary K'b(co), which we assume to be constant. Dewynne

(2004) demonstrates how to solve the time-invariant Black-Scholes PIDE (which is sim-

ply an integro-differential equation) for the price and early exercise boundary of a perpet-

ual American call under jump-diffusion, and the results are given in Proposition 4.5.3.

PROPOSITION 4.5.3. The value of the perpetual American call, C(S, 00), is given by

C(5,00) = K (b(oo) — 1) (beoo))a+ ,

where the constant early exercise boundary, b(co), is given by

b(oo) = —+

ay —1
The parameter o, is the positive root of the quadratic equation

2

under the condition that

0<r+XAe"—1).
This root is bounded by

1<a; <

—p + \/p? + 20%r
o2 ’

where p =1 — q — 0%/2. Note also that

aC(S, 0o)

=1
95 S=Kb(o0)

Proof: See Appendix 4.6.

2
%a(a -+ (r—qga—-r+ )\[ea’7+%a(a—1) =0,

(4.5.4)

(4.5.5)

(4.5.6)

(4.5.7)

(4.5.8)

(4.5.9)

O

Equations (4.5.4)-(4.5.6) provide an analytic expression for the perpetual American

call price and free boundary under jump-diffusion. In order to use equations (4.5.4)-

(4.5.5), we must first solve (4.5.6) numerically for o, . This can be easily achieved using
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the bisection method, where we take advantage of the bounds for oy given in equation
(4.5.8). In particular, note that when ¢ = 0, o = 1 is always a solution to (4.5.6). In
this case the early exercise boundary is infinite, and it is never optimal to exercise the
perpetual American call in the absence of dividends.

For the perpetual American call price to exist, condition (4.5.7) must be satisfied.
The condition can be interpreted as requiring that the net effect of risk-free appreciation
and jumps on the value of S be non-negative. This will always be satisfied when the
jumps are expected to be upward (y > 0) or neutral (v = 0). When downward jumps
are expected (v < 0) the existence of the solution depends upon the relative values of
r, A and «y. Furthermore, it is interesting to note that the solution satisfies the smooth
pasting condition, as stated in equation (4.5.9). This condition is not specified as part of
the problem (see Appendix 4.6) but is satisfied when we determine b(co) in an optimal
manner. This result proves that the perpetual American call under jump-diffusion with

log-normal jump sizes will satisfy the smooth pasting condition.

4.5.2. Properties of the Free Boundary at Expiry. Understanding the value of the
free boundary at 7 = 07 is very important in the pure-diffusion case, yet to our knowledge
such analysis has not been extended to the jump-diffusion problem within the literature

cited earlier. In Appendix 4.7 we derive this limit which is presented in Proposition 4.5.4.

PROPOSITION 4.5.4. The limit of the early exercise boundary b(T) as T — 0% is given

by
b(0+) = max (1 r+ AN[(=Inb(0) = (v = §))/9 ) . (4.5.10)
"q+ N N[(=Inb(0%) — (v + 5))/¢]
Proof: Refer to Appendix 4.7.
O

It is worthwhile to observe that when A = 0 equation (4.5.10) simplifies to the limit
derived by Kim (1990) for the pure-diffusion American call free boundary. Note that
(4.5.10) is an implicit expression for b(0"), but it can be solved quickly and accurately
using standard root-finding techniques. Furthermore, as ¢ — 0 the solution to the implicit
part of equation (4.5.10) increases without bound. Thus when ¢ = 0, b(0%) = oo, and
we observe the well-known property that it is never optimal to exercise an American call

option early in the absence of dividends.
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Before concluding this section, we shall take a closer look at the properties of equation

(4.5.10), specifically with a view to better understanding the solution to
b(0") = f(b(0")), (4.5.11)

where 2
r+ AN[(—=1Inb(0%) — (v — £))/4]

g+ NN[(=1nb(0+) — (v + 5))/8]

Once (4.5.11) is solved, then the max| | operator can be applied. Since the value of the

fb(0%)) =

underlying is always non-negative, we must consider the domain b(0*) > 0 when finding
the solution to (4.5.11). It is not possible to provide a simple, explicit summary of the
behaviour of (4.5.11) for various values of 5(0*), because the cumulative normal density
functions depend upon b(0*), and the function f(b(0")) involves the parameters 7, g, A,
- and 4, all of which have a significant impact on the value of f(b(0*)). Nevertheless, we
can offer some insight into the nature of (4.5.11).

Firstly, we see that is is simple to evaluate f(b(0*)) at the limits of the domain. Specif-

ically, we can show that
r+ A

f(0) = v > 0, (4.5.12)
and
- _ _T
b(01+1§goo f((07)) = f(o0) = . (4.5.13)

Thus for f(b(0")) to be finite at each extremity of the domain, it is sufficient that we
have ¢ > 0. In this case, it is clear that f(b(0")) is continuous, and (4.5.11) will have
at least one solution. We shall demonstrate by example that f(b(0")) is not monotonic,
nor is it strictly bounded by the end values (4.5.12)-(4.5.13). This makes it difficult to
prove that for ¢ > 0 equation (4.5.11) has at most one solution. Since b(0") appears
only inside cumulative normal functions within f(b(0")), we can safely claim that the
behaviour of f(b(0")) with respect to b(0") will be bounded by the behaviour of N (In z).
In particular, we recall that 0 < N(lnz) < 1, and that N(Inz) is well-known to be a
smooth, continuous function of x, where x > 0. From this we postulate that the function
f(b(0%)) will not display any oscillating features within the domain under consideration,
nor will it display frequent changes of slope.

To provide evidence in support of our claims regarding equation (4.5.11), we now

present some numerical examples. Firstly, we demonstrate the limits (4.5.12)-(4.5.13) for
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American Call Free Boundary at T = 0" for various r, q
T

-
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FIGURE 4.3. Behaviour of equation (4.5.11) when A = 5, v = 0 and

0 = 0.2. Whenr > g we setr = 0.05, ¢ = 0.03, and » = 0.03, ¢ = 0.05

when r < q.
varying values of r and q. Setting A\ = 5,y = 0 and 6 = 0.2, we plot the functions
y = b(0") and y = f(b(01)) for various values of r and g, as shown in Figure 4.3. When
r = 0.05 and ¢ = 0.03, we can see that f(0) < f(co). On the other hand, when r = 0.03
and ¢ = 0.05, we now have f(0) > f(co). In both cases it is clear that f(b(0*)) is not
bounded by these endpoint values. Thus we can see that the relative values of 7 and ¢

directly influence the values of f(0) and f(o0)

American Call Free Boundary at t = 0" for various A
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FIGURE 4.4. Behaviour of equation (4.5.11) when r = 0.03, ¢ = 0.05,
v = 0and § = 0.2, for various values of \.
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American Call Free Boundary at T = 0" for various y
T
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FIGURE 4.5. Behaviour of equation (4.5.11) when r = 0.03, ¢ = 0.05,
A =b5and § = 0.2, for various values of .
American Call Free Boundary at t = 0 for various §
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FIGURE 4.6. Behaviour of equation (4.5.11) when r = 0.03, ¢ = 0.05,

A = 5and y = 0, for various values of ¢

Since it is difficult to appreciate the impact of the jump-parameters on f(b(0")) using

comparative statics, we again provide numerical examples to highlight the properties of

f(b(01)). In all cases we set r =

0.03 and ¢ = 0.05, with default jump-parameter

values as used in generating Figure 4.3. In Figure 4.4 we see how f(b(0")) is affected

by changes in A. Aside from the obvious impact this has on f(0), we can see that as A

increases, the peak of f(b(0")) also increases. Next we vary 7y to produce Figure 4.5.
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In addition to varying the value of f(0), changes in 7y affect the size and location of the
“hump” in f(b(0%)). As 7 is increased, the “hump” feature reduces in size and shifts
towards the origin. Finally we observe the impact of varying ¢ values in Figure 4.6. We
see that as ¢ increases, the width of the “hump” feature in f(b(0%")) increases. Thus the
jump-parameters primarily influence the shape and location of the non-linear features of
f(6(01)), with X and ~y also affecting the value of f(0). The r and ¢ parameters only
affect the endpoint values of f(b(0")). It should be noted that in all the cases presented

thus far, there is clearly only one solution to equation (4.5.11), given by the intercept of
y =b(0") and y = f(b(0)).

American Call Free Boundary at1=0":q =0
T T T T T

(6(0")
wn

! - ---" -~ b(0")
=TT T — f(b(0")
ob ==~ L . . . . i .

o 0.2 0.4 0.6 0.8 1 12 14 16 1.8 2

FIGURE 4.7. Behaviour of equation (4.5.11) when ¢ = 0. Other parame-
ter values are 7 = 0.03, A = 10,y = 0and 6 = 0.2.

The last scenario to consider is when ¢ = 0. We consider only the case where A >
0, since when A = 0, equation (4.5.11) reduces to the pure-diffusion result derived by
Kim (1990). In this case, f(co) is no longer finite, instead increasing without bound
as b(07) — oo. Figure 4.7 demonstrates the behaviour of f(b(0*)) with ¢ = 0 for a
selection of additional parameter values. It is clear from the plot that there is no solution
for b(0*) = f(b(0*)). Furthermore, the only way that equation (4.5.11) will be satisfied
when ¢ = 0 is by taking the limit as b(0") — oo, in which case both sides of (4.5.11) will
have the same infinite limit. Thus we infer that when ¢ = 0, the free boundary at 7 = 0%
increases without bound, and it is never optimal to exercise an American call early in the

absence of dividends.
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4.6. Numerical Implementation and Results

We now provide an iterative numerical scheme with which to evaluate the linked inte-
gral equation system formed by (4.5.3) as stated, and (4.5.3) evaluated at S = Kb(7). We
firstly discretise the time variable, 7, into N equally spaced intervals of length h. Thus
T =thfori =0,1,2,...,N,and h = T/N. Denote the call price profile at time step 7
by C(S,1h) = C;(S), and similarly the free boundary at time step 7 by b(zh) = b;. Using
the same numerical technique that is applied to Volterra integral equations, we can solve
the system for increasing values of 7, until eventually the entire free boundary and price
profile are calculated. In calculating the infinite summations, we continued adding terms
until a pre-determined level of accuracy was reached, using a tolerance level of 10716,
For the parameter values under consideration, we found that such a level of convergence
was reached using 20 terms. In order to start the algorithm we require the initial values
Co(S) and by, where by = b(0). Cy(.S) is simply the payoff function for the call, namely
Co(S) = max(S — K, 0), and by is given by equation (4.5.10).

Given that (4.5.3) depends upon C(.S, 7), an initial approximation will be needed for
C;(S) at each time step. A suitable approximation to C;(.S) is given by C;_1(S), which
is simply the American call price at the previous time step. Note that Cy(S) is simply
the payoff for the call option. The price at the (i — 1)th time step is calculated for a
suitably large number of evenly-spaced S values, and linear interpolation is applied to
the profile as required. The algorithm American Call Price in Appendix 4.8 outlines how
the iterative procedure is carried out for each 7. Note that as the value of 7 increases, the
computational burden will also increase at a “faster than linear” rate, since the integration
at step ¢ depends on all values of b; and C;(S) for j = 0, 1,2, ... — 1. The time-integrals
are evaluated using suitable applications of Simpson’s rule (see Section 3.6), while the
integral with respect to Z is evaluated using an appropriate Gauss-quadrature scheme.
We use the bisection method to solve equation (4.5.3) for b; when S = Kb;, and the sums
over the expected number of jumps are computed for ascending values of n until each
integral term converges to a pre-specified level of accuracy (typically ten decimal places
or more).

To demonstrate this algorithm we present some numerical results that enable us to
observe the impact of infrequent jumps on the price of an American call option. Here we

consider an American call with a strike of 1 and 6 months until expiry. N = 50 time
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steps were used, with a finer grid of 10 points used in the first 2 intervals to improve the
quality of the free boundary approximation close to expiry. Price profiles at each time step
were generated using 400 evenly spaced points between S = 0 and S = 4K. The fine
space-grid was selected to help minimise the errors caused by using linear interpolation
of the price profile in the numerical integration. The Gauss-quadrature scheme used 40
nodes*. To improve the accuracy of the results, the method was applied a second time
using twice as many time-steps, and the resulting free boundaries were combined using
Richardson extrapolation. For more details regarding the fundamentals of the numerical
method, including the implementation of Simpson’s rule and Richardson extrapolation,
see Section 3.6.

The free boundary profile was generated in the case where r = 8% and ¢ = 12%.
We take a jump-size volatility of §2 = 0.05 and use A\ = 5 for the expected number of
jumps per year. The free boundaries were found for the pure-diffusion case (i.e. A = 0),
and then for various values of e” (we recall that E?Y [Y] = e7), specifically 0.95, 1, and -
1.05 in order to gauge the effect of average up-jumps and average down-jumps. Table 4.1
summarises the values of ¢ used to ensure that the global volatility was the same for each
combination of v and A values. The results are displayed in Figure 4.8. The most obvious
feature of these results is the dramatic effect the presence of jumps has on the profile
for the free boundary. Close to expiry, the free boundary with jumps is significantly
larger than in the pure-diffusion case. This follows from the increased probability of large
price movements near expiry, made possible by the presence of jumps within the return
dynamics. Thus the holder of the call is less likely to exercise near expiry under the
jump-diffusion model to best minimise the potential costs from downward jumps.

As time to expiry increases, we see that the pure-diffusion boundary increases more
rapidly, since the jump component becomes less dominant within the underlying dynam-
ics for large time intervals. While jumps are more likely, they become less influential over-
all, since there are sufficient opportunities for the jumps to be reversed, either by jumps in
the opposite direction, or through the diffusion term. Therefore when far from maturity
the holder of the call is more likely to exercise early under jump-diffusion than in the

pure-diffusion case. These findings coincide with those of Amin (1993), who also notes

“Details regarding Gauss-quadrature can be found in Abramowitz and Stegun (1970).
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that for a sufficiently large time to expiry, the probability density for the underlying con-
verges under both models, such that there is no clear distinction between pure-diffusion
and jump-diffusion.

Using the results in Proposition 4.5.3, we are able to find the free boundary and price
of the perpetual American call for the parameter values listed in Table 4.1, and the results
are provided within this table. We can see that Amin’s results regarding long-maturities
are certainly verified in the case where v = 0, as the at-the-money perpetual American
call price and free boundary are very similar in the pure-diffusion and jump-diffusion
cases. This is not so when v > 0, as here the at-the-money call price and free boundary
are both larger than the pure-diffusion result. Amin’s conclusions were made for the case
where v = 0, and it is interesting to note that the result regarding the convergence of
the distributions does not apply for other values of 7. Note that there is no solution for
the perpetual call when v < 0, since we have r + Ale” — 1] = —0.17 < 0, violating
condition (4.5.7). We also note that Amin does not provide any formal evidence relating
to the limit of the free boundary at expiry, although his numerical results are consistent
with the limiting value given by equation (4.5.10).

One further observation we can make from Figure 4.8 is the impact of the value of
v on the free boundary. As <y increases, the value of the early exercise boundary de-
creases. This is attributable to the potential for the option holder to incur a rebalancing
cost when the price jumps from the stopping region back down into the continuation re-
gion. Recall that v > 0 implies upward jumps on average, thus making the expected
cost of downward jumps quite small. When v < 0, we expect downward jumps on av-
erage, and the holder will therefore require that .S be even larger before exercising the
call early. It should be noted that the free boundary estimates when jumps are present are
- not entirely “smooth”, in that the slope of the curves are not strictly decreasing as time to
maturity increases. This is attributed to mild numerical inaccuracies within the algorithm,
which could be overcome by using more sophisticated and robust techniques, particularly
when interpolating the call prices during integration. Such inaccuracies are not reflected
in the corresponding price profiles however, as the American call price is not particularly
sensitive to minor changes in the early exercise boundary.

In Figure 4.9 we present the American call price profiles at time 7 = 0.5 prior to

expiry, in the case where r = 5% and ¢ = 3%. Here we set A\ = 1 and § = 0.15. Table 4.2
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o? A e & C(K,©) b(oo)
0.3064 O - - 0.35055 2.69606
0.0625 5.00 0.95 0.05 DNE DNE

0.0500 5.00 1.00 0.05 0.34865 2.68041

0.0112 5.00 1.05 0.05 0.49512 4.32812
TABLE 4.1. Parameter values used to generate the free boundaries in Fig-
ure 4.8. The global volatility was fixed at s = 55.35%, determined by
s2 = o2 + A[e?*® — 2¢7 + 1]. The price for the at-the-money perpet-
ual American call, C(K, o), is included, along with the corresponding
free boundary, b(co). “DNE” indicates that the perpetual American call
solution does not exist for these parameters.

Free Boundary: American Call, r< q
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FIGURE 4.8. Early exercise boundaries for the American call option, for a
range of y values, compared with the pure-diffusion case of A = 0. Other
parameter values are K = 1, T = 0.5, r = 8%, ¢ = 12%, A = 5 and
62 = 0.05. See Table 4.1 for further details.

of S minimises the impact of this behviour when the call is deep in-the-money.
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summarises the parameter values of o used, and we varied 7y in the same manner as was
done for generating the previous free boundaries. It can be seen that regardless of the value
of 7y being considered, the 6-month at-the-money American call with jumps is consistently
worth less than the corresponding American call under pure-diffusion. Furthermore, as
S moves away from the strike, the value of the call with jumps increases relative to the
pure-diffusion case, until the jump-diffusion prices are eventually the greater of the two.
The value of -y has some impact on the rate of this change as one varies the value of S, and

obviously the fact that both cases must eventually be equal to the payoff for large values
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o A e’ 4§

0.2000 0 - -

0.1302 1.00 095 0.15

0.1313 1.00 1.00 0.15

0.1114 1.00 1.05 0.15
TABLE 4.2. Parameter values used to generate the price profiles in Figure
4.9, and the corresponding relative differences in Figure 4.10. The global
volatility was fixed at s = 20%, determined by
s2 = o2 + M2t — 2¢7 +1).

American Call Price Profile

T T T T T

CA(S,r)

FIGURE 4.9. Price profile of an American call option for various values
of vy, and compared with the pure-diffusion case of A = 0. Other parameter
valuesare K = 1, T = 0.5, 7 = 5%, q = 3%, A = 1 and 6 = 0.15. See
Table 4.2 for further details.

The relative changes in the call prices caused by jumps can be discerned more clearly
in Figure 4.10, where we now plot the relative price difference between the pure-diffusion
and jump-diffusion American call prices for various values of 7y, using the same parameter
values as in Figure 4.9. We observe that the jump-diffusion model results in a 5-10%
decrease in the value of the at-the-money American call for these parameter values. When
the call is deep out-of-the-money, the jump-diffusion model gives higher prices than the
diffusion case, and a similar result occurs for the price when deep in-the-money, although
this behaviour is capped by the presence and relative value of the early exercise boundary.
This implies that the jump-diffusion model is able to reflect the basic volatility smile

structure observed in market option prices. We have elected not to demonstrate this result



4.7. CONCLUSION 129

Relative Differences in American Call Prices
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FIGURE 4.10. Relative price differences between the pure-diffusion
American call and the corresponding contract under jump-diffusion, for

various values of y. Other parameter values are K = 1, T = 0.5, r = 5%,
qg=3%,\=1and § = 0.15. See Table 4.2 for further details.

using Black-Scholes implied volatilities, as this procedure only makes theoretical sense in
the case of European options. Nevertheless, it is clear from the relative price differences

that the jump-diffusion dynamics have the potential to capture volatility smile behaviour.

4.7. Conclusion

This chapter has presented an extension of McKean’s (1965) free boundary value
problem for the American call option to the case where the underlying asset follows a
jump-diffusion process, as originally proposed by Merton (1976). Using the incomplete
Fourier transform approach, we solved the PIDE to obtain a coupled integral equation
system for the price and free boundary of the American call, where jumps occur according
to a Poisson process, with a general distribution for the jump sizes. We showed how these
may be manipulated into the integral equations for the American call derived by Gukhal
(2001). This new approach both recovers Gukhal’s results found via the compound option
method, and has the advantage of naturally extending the more broadly applicable Fourier
transform technique to the jump-diffusion model. This approach has the benefit that the
various expectation operations remain cIearly defined, with explicit distinction between

the diffusion of the price process and the random jump sizes.
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We have also derived a simplification of the triple integral expression within the inte-
gral equations in the case where the jump-sizes are lognormally distributed. This reduces
the computational burden when one proceeds to numerical implementation. In addition
the limit of the free boundary at expiry has been derived, as this is a necessary input into
the numerical procedure. We also provided results regarding the price and free boundary
for perpetual American calls under jump-diffusion.

A means of numerically implementing the coupled integral equation system for the
American call was provided, based on the numerical approach in the American strangle
analysis of Chapter 3. An iterative method was proposed to deal with the interdependence
between the call price and free boundary. While the method is mathematically simple, it
provides a means with which to numerically analyse the behaviour of the integral equation
system, something not addressed by existing literature. The numerical results presented
from this method demonstrate that even a small frequency of expected jumps has a dra-
matic impact on the price profile of the call option, particularly at-the-money. In addition,
the mean expected jump size has a significant impact on the free boundary for the Amer-
ican call. This is due in part to the added cost to the option holder incurred whenever
the underlying’s price jumps downward from the stopping region into the continuation
region, a feature identified by Gukhal (2001) and reinforced in our findings.

The numerical results presented have replicated the findings of Amin (1993) in re-
lation to the impact of jumps on the behaviour of the early exercise boundary of the
American call. We provided further evidence that early exercise of the call is more likely
under jump-diffusion near expiry, while away from expiry early exercise is less likely.
Secondly, we demonstrated that the addition of jumps increases the value of out-of-the-
money American calls, while at-the-money calls become less valuable. This behaviour is
in accordance with the well-known volatility smile phenomenon observed in option prices
within financial markets. The in-the-money value can also be greater with jumps, but this
depends largely upon the option parameters, time to maturity and relative values of the
free boundary under each model for asset returns.

As mentioned previously, the method presented here is readily applicable to a range
of jump size distributions and payoff functions, and one avenue for future research would
be to explore these alternatives. Merton’s model for the jump process assumes that jump

risk is fully diversifiable. This assumption could be relaxed within the Fourier transform
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framework, but only certain kinds of jump risk could be catered for. In addition the numer-
ical algorithm presented is primarily a first-pass solution for the integral equation system.
Further analysis needs to be conducted to improve the speed, accuracy and efficiency of
the method provided by using more advanced numerical analysis techniques. In particular
we shall consider an alternative numerical method in Chapter 5, and compare this with

the numerical integration approach.

Appendix 4.1. Properties of the Incomplete Fourier Transform

According to Appendix A2.3.1, from the pure-diffusion case (i.e. the model with no

jumps) we know that

2
d {%Z} = em"(b—in(b 1)) =V, (A4.12)
oV ov v,
b)YV _ 2 _Z inlnbp
and F {87’} 5. 3¢ (b—-1), (A4.1.3)

where b’ = db(7) /dr. This leaves one term to be evaluated, namely
F {H(ln b—1z) / V(z +1InY, T)G(Y)dY}
0
Inb 00
= / e’ / V(z+InY,n)G(Y)dYdz. (A4.1.4)
—00 0
Using the change of variable z = x + In Y, equation (A4.1.4) becomes
F {H(ln b—x) / V(z+1n Y,T)G(Y)d(Y)}
0

[e) Inb+InY )
= / / eIy (2 1)G(Y)dzdY
0 —00

o Inb
= / [/ eMEMYIY (2 T)G(Y)dz
0 —

o0

InY+lnb
+ / giiz—In Y)V(z,T)G(Y)dz] ay
1

nb

00 Inb
= / e"i"l“yG(Y)dY/ V(z,‘r)ei"zdz
0

—00

oo ) InY+lnb
+ / e MY G(Y) [ / eV (z, T)dz] dy
0 1

nb
= AmV(n,7) + ®(n,7),
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where

A(n) E/ e Y G(Y)dy,
0

and

o) ) InY+Inb
o(n,7) = / e~ MY q(y) [/1 e”’l"zV(z,T)dz] dy.
0

nb
Hence, our PIDE is transformed into the integro-differential equation

1Y b o /. R
o inlnbrp _ inlnbrp _ 2
T b-1) = 5 (e (b—in(b—1))—n V)

+6 (b= et —in¥) - (r + NV

~

FAAMV (0, 7) + @(n, 7)),

which is readily simplified to

vV [o%p?
v | [ k

5, +¢in+ (r+ ) — )\A(n)] V =F(n,71),

where

. 2 b bl 27

Plr) = e | 04 (5= T4 o) (0= 1)] 4 200, 7)
The solution to this integro-differential equation is given by

Vin,r) = V(n, 0)e—(%02n2+¢in+(r+)\)—f\A(n))T

N /T o %02n2+¢in+(r+)\)—/\A(n))(r—s)F(Th S)dS,
0

where F*{V (z,0)} = V(,0).

Appendix 4.2. Derivation of the American Call Integral Equations

A4.2.1. Proof of Proposition 4.4.1. Consider the function V;(z, 7), given by

Viz,7) = (F) {7 (n, 0)e (b s enxam) .

132

To evaluate this inversion, recall the convolution result for Fourier transforms given by

equation (A2.1.1). If we let

F(n,m) = o~ (32 +oin+(r+ ) -2AMm) )T
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then f(x, ) is given by
1 < l02172+d>fi17-i-(7’-+-/\)—)\A(Tl))f —in
f(l‘, Tl) = Zl'— e\’ € d’)’]
—00

—(Atr)T oo .
_ ¢ o / e—[%Uznz*)\A(ﬂ)]T—WMT‘FxldT,.

o0

Furthermore, let
G(n,m2) = V(n,0).

Hence g(xz, 72) will simply be the payoff function in the continuation region, given by
g(z,73) = H(Inb(0") — z) max(e” — 1,0) = H(Inb(0*) — z)H (z)(e” — 1).
Thus Vi (z, 7) becomes

Vi(z,r) = / " [H(nb(0%) — w)H(w)(e* ~ 1)

—00
e—()\+r)r

27

y /00 e_[%o&n?—,\A(n)]r—in[¢7+x—u]dn ] du.

—00

The expression for Vi (z, 7) can now be further simplified to

—(+r)T  rlnb(0") 0o .
Vi(z,7) = e / [H(u)(e” _ 1)/ e—[%g%’?_AA(U)]T—ln[¢T+$—u]dn] du

27 —00 e
~(\r)T oo > '
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27T —00 e
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2w Inb(0+) —®

Letting C(S,7) = KVj(z,T), the problem can be re-expressed in terms of the original

space variable S as
Cy(S,T) = e_(’\“)T/ KH(u)(e* — 1)K (u, S, 7)du
—e~ )T / KH(u)(e* — 1)K (u, S, 7)du,
In b(0+)
where

Rlu,5,r) = 5 [ bl g,
mJ—

[e o]
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We shall now consider further the function K (u, S, 7). Using a Taylor series expan-

sion, the expression for K (u, .S, 7) becomes

K(/uq S7 T) = 2_];; 6__‘7 n T 377{¢T+1n——u Z ()\T) ( )nd'l’]
(o] n!

n=0
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27 oo

n!
n=0

Note that by definition

A" = {/ e‘i”l“YG(Y)dY}
0
— / e—inlnY1G(}/1)d}/1““/ e—inlnYnG(Yn)dY
0 0

Using this definition in the expression for K (u, S, T), we have
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and X,, = 1Y;...Y,,, with X, = 1. I(SX,, 7) can be evaluated using equation (A2.1.2)
with p = 20%7 and § = i[¢7 + In(SX,/K) — u]. Thus we have
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Therefore the expression for K (u, S,7) becomes

—[u — In &Xn — @7]?
K(u,S,7) = U\/%Z(AT) ]E("){exp{ [ 12(7;{7 ol }},

where we note that

EM{(-)} = /OOO/OOO.../Ooo(-)G(Yl)G(YQ)...G(Yn)led}é...dYn,
and EO{()} = ().

To further simplify the expression for C} (.S, 7), let
(S, ) = e / KH(u)(e* — 1)K (u, S, 7)du

and
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Using the change of variable e* = Ke", we obtain
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where
CglS, K, B,7,q,7,0°] = Se " N[di(S,Kp,r,q,T,0°)
—Ke " N[dy(S, KB,1,q,T,0%)]
with s B
di(S,k,7,q,T,0%) = i (Z\_/g+ 7)7—,
and

dZ(Sv K, 7,4, T, 02) = dl(S7 K, 7,4,T, 02) - U\/;'

The details for this conclusion can be found in Chiarella (2003).
Next, for C’l(z) (S,7) we have
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Note that since a(7") > K, we know that In 5(0*) > 0. Thus using the change of variable

e* = Ke“, we obtain
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Hence it is readily shown that
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and thus the final expression for C4 (S, 7) is given by

Ci(S, 1) = i———e—/\T(AT)n]E(") {C [SX e K 1,rq,T 02]}
1 ) n' T E n ) L, 7,4, T,

n=0

- Z ()\T IE(") {CE[SXne_’\kT, K,b(0%),r,q,7, 02]} .

A4.2.2. Proof of Proposition 4.4.2. We begin this proof by examining the function
v, (a, ).
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We let

= 0. ()01

fals) = SHels) ~ 1),

p=o0?(1—35)/2,and §(X,) = i[z +In(X,) + ¢(T — s) — Inb(s)], where X, is as defined

in Appendix A4.2.1. Applying a Taylor series expansion to eM(T=3) " we can rewrite
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Vz(l)(:r, T) as
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where E{™ is as stated in Appendix A4.2.1.
Following the details in Appendix A2.4.2 we can readily show that
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where

gn(z,8) = + (r+A)(7 —s).
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Next we return to the original space variable, S, by setting Cél)(S, T)=K Vz(l) (z,7),
with S = Ke®. This results in
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We now aim to simplify the expression for Cgl)(S, 7) using the methods of Kim
(1990). For simplicity of notation, we define G(£) = Kb(€). The first step is to rewrite
hn(5,€) as

2
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It is important to note that the derivative of Q(§) with respect to £ is given by

0-1(5 (rn-3)

Using these results, Cél)(S , T) becomes
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In order to simplify equation (A4.2.1), we must derive two results. For the first result,
we have
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For the second result, consider

yn—Q(£)]
o gyt € Y [y, — Q)]
o s |70 - %55
_ (r— gyretriN- L -lr2l ~Q VT =&+ 3(yn — Q) 7=
) Vo V=97

=—(7— £)"e‘<r“>(f-€>8%1v (y" _T__?(g)) : (A4.2.3)

Using equations (A4.2.2) and (A4.2.3) in equation (A4.2.1), Cél)(S, 7) becomes

(e}
A T v o AR(r—E) o (g4A) (e
cM(s, = Y SES { /0 T — S X e MO @)

n=0

+K /0 (- gy (,ng ( ___Q(;)> d¢(A4.2.4)
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By applying integration by parts, we can evaluate equation (A4.2.4) as

oo n N +
C’él)(S,T) = Z%Egn){SXne")‘kTe_(q“)TT"N (y" QE(/)F)+OT>

n=0
+ / T SXpe T e NI (7 — (K + 1] + g)(7 — &) — 7
0

«N (yn — Q) +oa(r —é)) dt

V=€
_ 6_(T )T’I'n yn_Q(0+))
ey (2
e (TP
0
o (572E) )
0 e—,\r(/\,r)n k 2

= > BN {Cr [SXue ™ K b(07) 70,7, 0%}

n=0

+ ; %—T]E@{ /0 T(T — )P [SX e MO (@ -0)
X[(Alk + 1]+ @)(7 — &) — n]
XN [di (SXne 79 Kb(&),r,q,7 —&,07)]
—KeNT=0O[(r — £)(r + X) —n]

x N [dy (SXne ™7, Kb(€),7,q,7 — €,07)]] dé }

which is the final result stated in Proposition 4.4.2.

A4.2.3. Proof of Proposition 4.4.3. The term \/2(2) (z,7) is given by
2 1 © T (1. 2,2 ; —_2A _ .
V2( )(a: ) = — e~ (2o it (r+ )2 m)(r e Mz \D(n), s)dsdn,
’ 27 —00 JO
where we recall that

00 ) InY+Inb(s)
@(n,s)z/o e~ MY G(y) /Ib() eV (z,s)dz| dY.



APPENDIX 4.2. 143

We begin by changing the order of integration within V2 ) (z,7):

VO (g, r) = % / - / " o (Borr it N XA (7€) —ine
—o00 JO0

0o . In Y +In b(§) )
e
0 Inb(&)

Y / 1 / (Aot im0 AAm)) (r—€)—ina
0 27 —00

o InYb()
X/ —mlnYG(Y)/ 6”7zV(z7§)dded§d77
Inb(¢)

— / - L / M) (T—8) = 2oPn? (7€) —in(@(r—E)+2)
0

InYb(§)
X/ mlnYG(Y)/ znzv(z,g)dded’I]df-
0 Inb(¢)

Applying a Taylor series expansion to e’ ™M), we can rewrite V) (x, 7) as
° A\ntl

T 1
Vi(z, 1) = Z / (r — &)re TN / o= T (r=0)=in(e(r-€)+2)
0

n!
n=0

/ / VY G(Y,). G(Ya)dY,dYs

InY'b(&)
X/ e—mlnYG(Y)/ sz(z, )ddedT]d§
Inb(¢)

n+1 (e ]
<n>{ / (7 — E)re-rHNE-6) / Gy
! 0

e——-a n?(1—€)—in(k1 (T—&)+z+In X,Y)

=Z
=0
27r

InYb()
X / eWV(z,g)dzdndeg}.
Inb(€)

Consider the two innermost integrals, I(x, 7, Y, £), defined as

1 o .
I(x,T,Y,f) = 2—7r/ e”%02772(T—E)—m(¢(T—§)+z+1nY1nxn)

In b(¢) )
o / MY (3 4 InY, €)dwdn,
Inb(¢)—InY
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where the integral with respect to x has been derived using the change of variable z =

z + InY. To evaluate I, we shall express it as the inverse Fourier transform

I(CE, T, Y, §) = —‘.7:_1 {e_%02n2(7—§)‘i7](¢(f—§)+1nXn)

Inb(§)—-InY
x / eV (z + Y, E)dz . (A4.2.5)
Inb(£)

Since we know that 0 < Y < 0o, we must now consider two separate cases to evaluate
equation (A4.2.5). The first case to consider is when 0 < Y < 1, which means we can

rewrite (A4.2.5) as

I(z,7,Y,&) = _f—l{e_%aznz(f—g)-m(qs(f_gmnXn)

X /_oo H(Inb(¢) —InY — z)H(z — Inb(£))e™V(z + In Y,{)da:}.

To evaluate this inversion, we again refer to the convolution result for Fourier transforms

given by equation (A2.1.1). Let
F(U, §) = 8—%aznz(T—g)_in(qb(T—g)-f-lnXn),
so that f(z,§) is given by
f(z,§) = i/"o e’MZ—@ndn
’ 21 J_o )

with p = o?(1 —€)/2 and § = i(¢(7 — &) +In X + z). Using equation (A2.1.2), f(z, &)

evaluates to

f(z,6) = o= ¢ +lan+a:12}_

1
ov/2m(T = &) exp{ 20%(T = ¢§)

For the second part of the convolution, let
G(n,€) = / H(Inb(¢) —InY — z)H(z — Inb(£))e™V(z + InY, €)dz.
Therefore g(x,&) is simply

9(z,§) =H(Inb(§) —InY —z)H(z — Inb(§))V(z + In Y, §).
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Combining f and g, the inverse Fourier transform, /, becomes

Inb(€)-InY 1% InY.
I(z,7,Y,€) = _/ V{utln¥,6)
Inb(€) o/ 2m(T = §)

[p(r — &) + (z — w) In X,?
X exp {~ 2027 = &) } du.

(A4.2.6)

In the second case we have 1 < Y < oo, which means we can now rewrite equation

(A4.2.5) as

I(.’L’, 7, Y7 f) = f_l {e_a—?L%(T_g)_iﬂ(¢(T—§)+lan)

X /oo H(Inb(¢) — z)H(z —Inb(€) +InY)e™V(z + In Y,§)dx}.

Following the same method as used in the first case, we find that

Inb(¢) V(u+InY,§)
nb(§)—Iny) 0/ 2m(T — &)

[A(T — &) + (z — u) + In X,)?
e {‘ 202(r —¢)

I(@,7,Y,6) = /0

} du. (A4.2.7)

Since results (A4.2.6) and (A4.2.7) depend entirely upon the relevant value of Y, we

can integrate piecewise over the Y-domain, and thereby express VQ(Z) (z,7) as

Va2 (z,7) = AZ;}ES’” { / (1 — £)re” HNI=9) / G(Y)I(m,T,Y,g)deg}
n=0 : 0 0

= )\ZO H]Egn){ /0 (1 — &)re” TN

1 nb(&)=InY" v/ (4 4 In Y, €)
G(Y Iy
/0 ( )/mb(&) oy/2n(rT - )

X ex _[¢(T_§)+($—u)+1nxn]2
S

) In b(¢) Y.
+/ G V(u+1nY,§)
1

Inb(§)-Iny 04/27(T — &)

X exp { _r =9 ;; 2(‘(”;_1?; In X"]z} dudY] dg}.

X

} dudY
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Setting C’éz)(S, 7) = KV®(z,7), we have

P8 = - )\Z (n){ / (7 — £)re=(HNE—6)

In[b(€) /Y] vy
/ &) / C(Ke*Y )
mbe)  0y/2m(T — &)

[6(r =& + (z —w) + In X,.J?
X exp {— 202(r — 8 } dudY

o0 Inb(§) C(Ke"Y, )
— G(Y e Suishielt b VAN
/1 ( )/ln[b«)m ay/2m(T = &)

X exp {— (7 = 5);2(2__1?; In X[ } dudY} dg}.

Finally, we shall introduce some additional notation and a change of variable to sim-

plify the expression for Céz)(S, 7). Letting w = Ke*,we have

052)(5 Ty = ..,\Z ;\ﬂ]E(Tn){/O §>"e—(r+>\)(7-€)

n=0

1 Kb(&)/Y C(wY,f)
L9 o svma

— SXn
o {1

Kb(€)
B / G(Y) / _CWY,§)
1 Kb(e)/y 0/2m(T — &)

— SXn
X exp {— (&) +in " ]2} gdde

202(r — §) dé}'

Next, we consider carefully the domains for the integrals with respect to w. For the first

integral, the domain for wY is
YKb() <wY < Kb(§).

Thus wY lies in the continuation region, and the value of C(wY, €) is unknown. For the

second integral, the domain for wY is

Kb(¢) < wY < YKbB(E).
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Thus wY lies in the stopping region, and therefore the value of C(wY, &) is known to be
K
C(wY,{) =wY — K, where w > v

Thus C§2)(S, 7) can be written more simply as .
(S, = -A Z —IE“"{ [ —gretroeo
0

Kb(§)/Y
X / G(Y) CwY,&)J(w, &, SX,,, T)dwdY
0 Kb(¢)

0 Kb(e)
—/ G(Y) (WY — K)J(w,&, 85X, T)dwdY
1

dé},

Kb(§)/Y
where
1 _[#(r =) +In TP
J(w,{, SXan) = wo\/m exp { 20-2(7— _ é‘)
and )
p=r—q— X k— %.

Appendix 4.3. Deriving Proposition 4.4.5

Rewrite the result in Proposition 4.4.4 as

c(s - N EME(n) CrlSX. e K 1 2
( 7T) - 2 1 T { E[ n€ s Ly 7T7q7T70]}

0 n:

+H(A + AP - AP) — (AP + A — AP — (1 - )

Agl) = Z g]E«(rn) {q/OT(T - §)nf(SXne—)\k(T—£)a Kb(€)7ra q, T — 570’2)d§} ’

A~ ii' ("){)\[k+1] / (7 — ) F(SXne 0, Kb(€),7, 4,7 £, 2)d§}

2
:

iA—, { / (1= &) f(SXpe M9 Kb(€), 7, 9,7 — &, Q)ds}
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AP = > Vg f; /0 (r—§>"Kg(SXne—*k<f-f>,Kb(é),r,q,f—@a%dé},
n=0

o0 An T _ e
AP = 3 N {A | = rmg(sxe ™ O,Kb(@,r,q,f—&,o?)ds},
: 0
o0 An T B _ _
Ags) g Z-JES_TL) {TL/ (T—f)n 1Kg(SXne /\k( g)aKb(€)7r7q’T_€7a2)d§}’
0
A [T n—(r ) (r—£)
Joo= A SB[ (r-g)re
n=0 0

1 Kb(&)/Y
X / G(Y) / C(wY, &) J(w,&,SX,, T)dwdY
0 Kb(&)

i),

and
Jo = X i &]E(n) /T(T — &)~ N0
= n! 7 0

00 Kb(¢)
/ G(Y) / (WY — K)J(w,&,5X,, T)dwdY
1

X dé}v
Kb(&)/Y
with
F(SX,e 20 Kb(€),7,q,7 — &,07)
= SXpe M @NTO N4 (S X, e 8 Kb(¢),7,q,7 — £,0%)],
and

g(SXne~/\k(T—§)u Kb(g), q, T — éa 02)

= e TFNTO N[dy (S X e 9 Kb(€),7,q, 7 — £,02)).

Rearrange C'(.S, 7) to obtain the form

O _=AT A7T)™
oS = Yy r(u D B (15X, K, 1,7, q,m, 0%} + [AD — AD] — g,
n=0 ’

+H{AP — AP — (AP — AD) + 1},

We shall now simplify the term {A§2) - A§3) — (AP — Ag3)) + Jo}.
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A4.3.1. Simplifying J,. Consider the integral

Kb(¢)
1008 = [ (@ = K)J(0,6, 5%, 1),

Kb(§)/Y
where
1 —[(r — g Xk — Z) (1 — €) + In Xa]?
Jw, &, 85X, 7) = —————ex 2 < .
(¢ ) wo/2m(T — &) p{ 20%(1 = §)
Making the change of variable w = e*, I(Y, &) becomes
Y
I(Y,6) = ——
(¥¢) o/ 2n(T = &)
mKyE) —[(r —q— Xk — Z)(T — &) +InSX, —u)?
X / e" exp 5 du
In[Kb(€)/ Y] 20%(1 — &)
B K
o/ 2n(T — &)
n Kb() ~(r =g =X — ) (T — &) + InSX, — uf?
X / exp 5 du.
In[Kb(€)/ Y] 202%(1 —§)

These integrals can be simplified using the result in equation (A2.1.3), with a; = In %(5),

=W Kb(§),p = 20%(1 =€), §=(r—q— Ik — (—’;)(T — & +InSX,,anda = 1,0
for the first and second integrals respectively. Hence I(Y, £) can be simplified to

I(Y,¢) = a\/ﬁ\/—ep{(ﬂp)}

| iz rocen) - v |7 (w5 FE) | |

Y
_N_Efﬁ@{mganm N[( Kb(g))]}’

-2 (),
= \/g(u —q)

Applying the definitions of p and ¢, we find that

Vg
o/ 2n(1T — &) o+/2(1 = &) ’

where

and

(A4.3.1)
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and

4+ 5
exp{ q:p } — S X, e Mr=6)gr(r=8) g =a(1=6) (A43.2)
Furthermore, the functions f(u) and §(u) simplify to produce
f(u) = —dy(SXe =9 et r g 7 — £ 0?), (A4.3.3)

and

G(u) = —da(SXne =9 e r g 17 — £, 07). (A4.3.4)
Substituting equations (A4.3.1)-(A4.3.4) into (Y, &), we have
I(Y, £ = YSXne—/\k(T—ﬁ)er(T—E)e—a(T—s‘)

x {N [—di (SXne 0 Kb(€),7,q,7 — &,07)]
-N [——dl <5Xne—’\k(T'§), ———Kl;(é) Ty q, T — 5,02>} }

—K{N [—d (SXae™ =9, Kb(¢), 7, q,7 — €,0%)

—-N [—dz (ane**’c“—f), %@,r, q, 7 — 5,02)] }

Using the relationship N(—z) = 1 — N(z), the expression for J; becomes

[ee) A" r i
n=0
< [Tam [Jé”(Y,g,xn) — DY, X,
1

P06 X0) - IO ) av e,
where
TV, 6, X,) = Y S Xpe M0 ar=0 N [dl <SXne"\k(T‘§), 5@ g7 —& 02)] :
TP Y,6,X,) = VS Xne M0 MO N [d) (SXne 70, Kb(€), 7, 9,7 — €,0%)],
Kb(¢)

J2(3) (Y7 67 X’n) = Ke—T(T—E)N l:dQ (SXne—Ak(T—§)7 T7 rq, T — €7 02>:|

and

IO, 6, X,) = Ke ™ ON [dy (SX,e ™9 Kb(€),r,q,7 — £,02)] .
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A4.3.2. Simplifying A and A First recall that
o0 o0
- / (Y = DG(Y)dY = / YG(Y)dY — 1.
0 0

Substituting this into A?), we have

AP = Zjl }E("){/\ ( /0 YG(Y)dY)
n=0
<[ X0, Kb(E) g — ),
0
= )\Z_]E(n){/ (T_g)ne—k(f—é)/ G(Y)YSXne“’\k(T_ﬁ)e_q(T_g)
0 0

< N[y (S, KB(E) 7, g7 — £, a2>]de5}

(o9} An T 1
— A —IE("){ ) Y)JP(Y, € X,)dY }
> | e =oree 0 [Lam e xave

o0 An T 00
A —]E("){ — e [ (V) IP(Y, ¢, X,)dY d }
DB [ e [T e xajavas

For Agz), we note that by the properties of G(Y),

/ APG(Y)dY = AP,
0

since Ag) does not involve Y. Hence Af) can be rewritten as

| I
AP = TEn [
n=0
< [ KRG (X0 M0, K1 — oV
0

= An n * n_— T— * —T\T—
= AZOHEQ{/O (7 — &)reN 0/0 G(Y)Ke 9

X N[dy(SXne =8 Kb(€),r,q,7 — &, 02)]de§}
1
= AZ IE“”{ / (T —&re / G(Y)Jé“(y,ﬁ,xn)dwf}

+A Zo HE@ { /0 (1 — £)re ) /1 G(Y) (¢, Xn)deé} :
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A4.3.3. Simplifying A§3) and Ag’). Since the first term in the summations for A?)

and Agz) are zero’, we can rewrite them as sums beginning at n = 1. First, A§3) becomes

AP = > Vee {n / T(T—f)"'lf(sxne-*”f-@,Kb(fmw—é,aQ)dé}
n=1 0

_ o A g Y
2 {/ GtY)
< [ = Y S X1 K9, Kb(E) i, 6 oz)dde}
0
N emf [T panre [ k(7€) —a(r—€)
= )\;n!ET {/0 (T—&"e /0 G(Y)SX,Ye e ?
xN [dl (SXne_Ak(T’g), K—;(—Q,r, q,T — §,U2>] de{}
- AZ——IE(”){ [e—ereeo [omup e xav)

A Z B { | a=ereen [TamiPme, Xn)deé} .
0 1
Similarly for A§3) ,

AP = 3o ol —E™ (1 — O™ 1g(SXne 2 Kb(&),r,q,7 — &,02)dE
n=1 n' 0 ‘

o0 An T o0
— 2 _w®) _ £\rp—A(T=E) —r(r=£)
= )\;n!ET {/0 (t — &) /0 G(Y)Ke
x N {dz (SXne—Ak“—O, %(5) rq,T—¢, 02)} deg}
T 1
- AZ—E“‘){ [a-greree [ G(Y)J§3><Y,s,xn>de§}
0 0

/\n T o0
A ——IE("){ — e [ qv)JP(Y, ¢, X,)dY d }
+n§n!7/0(’r£)e | em e Xoavde

A4.3.4. Obtaining Gukhal’s Expression. Combining the results from Sections A4.3.1-

A4.3.3, the integral equation for the American call price becomes

O AT A7)
oS =>" #E@ {CE[SXne™ K, 1,7,q,7,0%} +[AV — AP - 1 +Q,

n=0

5The first term in each sum is multiplied by n, and the sums begin with n = 0.
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where

00 A\ . T e
@ = 2y im0 [(r-grero

n=0

x / 1 G(Y) [J?(Y,s,xn) — JN(Y,€,X,)

— (I, ¢, X,) — I, Xn»] des}.

To demonstrate that our findings are identical to those of Gukhal (2001), we shall re-
express the term [J$2 — J{N — (J{Y — J{)] as an integral over the kernel J (w, £, SX,,, 7).
Comparing the expression for @) with the simplification of J; in Section A4.3.1, we can

readily conclude that

Q = A Z &E(n) T(T _ g)ne—(ﬂw\)(r—é)
o n! 7 0

1 Kb(&)/Y
/ G(Y) (WY — K)J(w, &, 5X,,, 7)dwdY
0 Kb(6)

X

3

Finally, substituting for Agl), Agl), J and @, the integral equation for C (S, 7) becomes

C(S, 1) = iwmw {CE[SXne™ K, 1,7, q,7,0%}
) n! T n ) ) » ) )]

n=0
©_\n . T (e R —alr
+ZO—TEE(T){/0 (7 — £)re= N0 g5 X, e~ Mr-O)g=alr—6)

X N[dy(SXne 9 Kb(€),7,q,7 — &, 02)]d§} '

- Z iTi]E(") T(T — &)ne MK (0
c—nl T 0

X N[da(SXne ™0 Kb(€),r,q,7 = &, 02)]d£}

Y FE@{ /0 (7 — £)re N0

n=0

Kb(¢)/Y
<|[ e (CY,) — (@ — K)|J(w,€, X, 7)ddY

Kb(¢)

ds},

which is the result given in Proposition 4.4.5.
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Appendix 4.4. American Call Evaluation for Log-Normal Jumps

Consider the case where G(Y') is given by

2
1 1 {InY —( .
GY) = —= 2 ,
V)= V5vam =P 2( 5

which subsequently implies that

2 2
(n) . i —];_ _1 lIan - TL(’)’ — 62

We shall use this to evaluate all of the E™ operators in Proposition 4.4.5.

A4.4.1. European Component. Using the results from Merton (1976), the European

component becomes

AT )™
ST ) (G5 X e K 17,7, 0]}
n!
n=0
oo T )\I n
= Z e—-(—lj:)—CE[Sa K7 17 Tn(T)7 aQ,7, 'UZ(T)],
n
n=0

where X = A(1 + k), r,(7) = 7 — Ak + ny/7, and v2(7) = 0% + né?/7, with Cg as
defined in Proposition 4.4.1.

A4.4.2. Early Exercise Premium - First Term. Consider the first part of the early

exercise premium, given by

cP(S,m) = ZgES’”{ / (1 = e NTIgS X e M a(TE)
n=0 0

X N{di(SXne 8 Kb(&),r,q,7 — &, a)]}d§
_ i X7 — e gemMkr—6) -atr—6)
= o e goe e
n=0 0
XEM{ X, N[di(SXne 9 Kb(£),r,q,7 — &,0%)]}E.
Referring to Chiarella (2003), we can show that

EM{ X, N[dy (SXne = Kb(€),7,q,7 — £,0%)]}

= €™ N[dy(S, Kb(&), (7 — £),q,7 — £,02(1 — ©))]-
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Noting that e™ = (k + 1), Cg) becomes

oo

pUK T e s
os,m) = S UF [ - gree-tgsenes
n=0 :

XN[dl(57 Kb(é)? Tn(T - €)7Qa T = £7 1},21(7’ - f))]dg

A4.4.3. Early Exercise Premium - Second Term. Next we consider the second part

of the early exercise premium, which is given as

[ee] An T
C’l(f)(S, T) = Z—‘IE(T"){‘/O (T—§)"e_A(T_€)7'Ke_T(T_§)

n

n=0

X N[do(SXpe ™8, Kb(€),r,q,7 — &, aQ)Jdﬁ}

oo An T
= Z R / (7‘ — g)ne_)‘(T‘g)TKe_r(T_é)
= n! Jo
XEM {N[dy(S Xne 0, Kb(€),7,q,7 — €,0%)]}de.
Once again referring to Chiarella (2003), we find that
EM{N{dy(SXne 79 Kb(€),r,q,7 — &,0%)]}
= N[dZ(S’ Kb(é)a Tn(T - 6)7 q, T — 7v721(7_ - f))]
Thus C’l(f) evaluates to
(2) _ = E ! _ A\n —A(r=¢) —rn(7—E)(1—E) ,—Ak(T—E)+n
cy(S,1) = ;n!/o('r &)"e rKe e 7

X N(d2(S, Kb(&), (T — &), 0,7 — & v (7 = £))]d¢
_ i [)‘T /T(T _ ey N Oy o Talr-€—©)
: 0

n

n=0

X N[do(S, Kb(£),rn(T — £),q, 7 — &, 02(1 — &))]dE.

A4.4.4. Cost Term from Downward Jumps. The final term to consider is the cost

incurred when S jumps from the stopping region into the continuation region. We rewrite
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this term as
o )\n T 1
CR(sm) = A / <T—a>"e‘<’+*><7-f>[ / G(Y)
n=0 nJo 0

Kb(§)/Y
y / [CWY, &) — (WY — K)ED{J(w,£, SXn, T)}dde] de,
Kb(¢)

and begin by evaluating the E™ operator. From the definition of J, we have

o 1[In X, —n(y - £)P
(n) = v <« — 5 :
]ET {J(w,&SXmT)} /(; Xn(S\/2—7T- exp { 2 0%n

1

wa'\/27T(T - &)

X exXp { _[(r 1= /\k2;2[(%7_)(_’r§; f) thn —S%Q]Q } an

Making the change of variable z,, = In X,,, the expectation becomes

EM{J(w, €, 58X, 7)}

B wmw%
x/wexp{—[x"Jrﬁ]z— [x”+(ﬂ2}dxn,

oo (€3] 85

where ay = 26%n, oy = 202(7._5),]3 = —n (ry — 923), andg = In §+(?‘ —q— Ak — %) (7—

£). Using the integration result in equation (A2.1.4), this integral can be evaluated to give

EM{J(w, €, SX,,7)}

B 1 1 (el L { (ﬁ—‘j)z}
wo/2m(T — &) 0v2mn { o + az P o + s
1

wV2m\/82n 4 o2(T — §)

O B L G Bl [ Gt I R e B
’ 20%(7 — €) + %)

1
/2 (7 — €A~ §)
y {_ [ £+ (ra(r —€) — g — 5 (r - 5)12}
exp .

205(1 = E)(1 = ¢)
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Thus the expression for Cf’) becomes

P N
e, = A5 [ —gretre
n=0

! InY — (v — &))?
xfoymexp{_ ol }

y /Kb(ﬁ)/Y [C((,JY’ f) _ (wY _ K)]
Kbe)  wup(T —§)/2m(T —§)
v | I+ (a(r =) — g~ BEE ¢y
’ 202(1 — €)(1 — §)

A4.4.5. Final Result - Proposition 4.5.1. Combining Sections A4.4.1-A4.4.4, we

} dwdY dE.

find that the integral equation for C (.S, 7) in the case of log-normal jumps is given by

X =NT(\\n
C(S,T) - ZE‘_M-CE[S7K7larn(T))q)T7Vn2(T)]

|
0 n:

N i A / " — £)re N6 g gematr—)
0
X N[dy(S, Kb(€), (T — €), 0,7 — & v (T — €))]d¢
B i [A/]‘n /T(T B 5)ne_/\,(,r_g)rr.}.(e_.r"(7-—§)(T—§)
" Jo

n
n=0

XN[dZ(S’ Kb(§)7 rn(T - 6))(177 - 5,1}721(7' - 5))]61&
A [T -0
/\; o /0 (r—&me "t
Yo oy — (v — £))?
X/O Y62 eXp{‘ 267 }
[ O -y )
Kbe)  wia(T — &)/ 21(T — §)

o | IS (a(r =) g = B - P
’ 2207 = &)1 )

dwdY de,

which is the result in Proposition 4.5.1.
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Appendix 4.5. Simplifying the Cost Term

Recall the term Cﬁf)(S, 7) from Section A4.4.4, which can be expressed as

95 =23 5 [ eyt ieons, e,

n=0

where

B 1 1 [ln Y — (’Y - _2)]
1578 = | y575 P {_ 26° }
) /Kb(f)/Y [C(wY,§) — (wY — K))

Kb(¢) wup (T — &)/ 2 (T — &)

LR GG It Tt [ Gt ) §
o { Wi O~ &) dodt

To simplify (S, 7,£) we need to make a change of variable that reduces the dependence
of C on the integration variables. If we let Z = wY in the innermost integral, I(S, 7, &)
becomes

KO (0(Z,€) - (Z — K)) MY —(y- e
I(S,7,8) = / /Kb(g) Y Zv, (1 — €)02n\/T — € exp{ 202 }

I SY 4 (ra(r = §) — g = BED)(r —g)P?
Xexp{ 22 (r — ) =2) dzdy.

Changing the order of integration gives

1S,m6) /Kb(é)/xb(e) [C(Z,¢) — (Z — K)] exp {_[lnY (r-% )]2}

Y Zv, (1 — &)02n /T — & 202
< exp {_[ln SY 4 (ra(T = §) — g — B (r —g)? } iz

203(1 = (1 = §)

Letting y = In Y, we have

MO [eZ2,6) - (Z2-K))
15m8) = /0 Zon(r — )32y = €

In o2+ ~12 ~12
X/ K"“’exp{_[y+p] ly+dl }dde,

(63] (%]

—00
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where oy = 262, vy = 203 (=& (-8, p=—(7— %), andg= —In % + (rp(t—§) —
q— vr=9) ;‘5 )(7 = &). It is readily shown that

_ [ 02,6 - (2 - K)] —(—9)*
HSn8 = /0 Zvn(T—{)527r\/T—§eXp{ a1 + Qo }

In[Z/Kb(€)] yvoq + as + ”“j*fgl ’
" / exp { — Yeates ) R qydz.
/19

—00

Make the further change of variable z = /2 (y\/al +ag+ 2 a2+qa‘> /+/@102, and note

Vaitaz

that when y = In -2+~ Kb({),

10§ + [(In )02 (T = ) + Flra(r ~ ) — @) = y02(r = )] (7= &)
Un (T = )i (T — (T — §)
D,(S,Kb(&), T — &, 2).

Il

Thus we have

Kb(¢) — —
s - [0 10E0 2K

Zun (T — €)82m/T — &
X exp {— [In ‘g‘ + (rpa (7 — &) —q - ﬁl%“ﬁ)ﬁ - g)]z}

207 1 (T = (1~ §)

D"(S,Kb(g),ng,Z) 12 02804
N / - Y2 4edz

- € 2(a1 + ay)

_ /K“’@ [C(2,6) = (Z=K)] 2001 — VT ¢
o Zun(T = €)02mVT —E£2,/62 + 02 (1 — &)(T - §)
X/21 exp {—-%[dz(s, Z, (T —€),q,7 — § v (T — §))]2}
X N[Dn[S, Kb(&), 7 — &, Z]dZ

_ /K"(@ [C(2,8) — (Z - K)]
0 Zng1(T — &)/ 21 (T — &)

X exp {“%[dz(sa Z, (T —€),q, 7 =&, Ug+1(7 - 5))]2}
XN[Dn(S7 Kb(rf),’l" - g) Z)]dZ

Substituting for (S, 7, £) into the expression for C (3)(.5', 7) and rescaling the integral with

respect to Z to have an upper limit of 1 gives the result in Proposition 4.5.2.
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Appendix 4.6. Deriving the Perpetual American Call under Jump-Diffusion

Since the perpetual American call does not depend on T, its price , C(S, 00), satisfies

the time-invariant integro-differential equation
1 d? dcC *©
—0252—0 +(r—q—Ak)S—=—rC+A / [C(SY,00)—C(S,00)]G(Y)dY, (A4.6.1)
2 dSs? as 0

subject to the boundary conditions

C(0,00) =0, (A4.6.2)

and

C(Kb(oo),00) = K (b(co) — 1). (A4.6.3)

To solve the problem defined by (A4.6.1)-(A4.6.3), we assume a solution of the form
C(S,00) = S®. Substituting this into equation (A4.6.1), we find that

1 [e.¢]

§a(a -1+ (r—q@Qa—-r+ /\/ (Yo — Y)G(Y)dY} S* = 0.
0

Thus non-trivial solutions for C'(S, co) will occur when

%a(a ~1)+(r—qa—r+ )\/OOO(YQ —Y)G(Y)dY = 0.

We assume that the jump sizes, Y, are log-normally distributed, with the density given by

equation (4.5.1). In this case we must evaluate the integral

Qv [yal _ « a
E®Y [y /0 YeG(Y)dY

©  ye —[InY - (- )
_ dy.
[ sz

Changing the integration variable to x = In Y, this becomes

o cax —|r - _8%\12
EQY[Y&] — /— 6@ exp{ [ ;}2 2)] }dl‘

1 —(y— %)2 oo —pr?—§
— N 27 T z ]
e T
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where p = 1/(262) and § = —[6%a + (v — §2/2)]/é%. Using equation (A2.1.2) from
Appendix A2.1.2, this evaluates to

S | -0 -5\ .2
B9 [ye] — 6mexp{ — }\/%ep
Y L S W (RN S ;
- e 907 xp 26

52
= exp {fya + Ea(a - 1)} .

Since EQ¥[Y] = €7, a is the solution to the quadratic equation
1 a+£a(cx—l)
fla) = ia(a — 1)+ (r—qa—r+ e 2 —e']=0. (A4.6.49)

Equation (A4.6.4) has two roots, which we denote by «; and a. To satisfy condition
(A4.6.2), we require that one of these roots is positive, and the other negative. That is,
we must have oy = a_ < 0and oy = o, > 0. Since f(«) is quadratic in form®, and
d?f/da? > 0, the condition of having roots with opposite signs will be satisfied whenever
f(0) < 0, which implies that

Al—e" <r (A4.6.5)

for a solution to exist. In this case the solution to the intergo-differential equation (A4.6.1)
is

C(S,00) = A1 5% + A25%F,
where A; and A, are constants. From condition (A4.6.2) it follows that A; = 0, and by
use of condition (A4.6.3) we find that
4, - Kbloo) —1)

[Kb(c0)]+

Hence the value of the perpetual American call is given by

oIf a quadratic function f(z) satisfies d2f/dz? > 0 for all z, then its roots can only be of opposite sign
if the function has a negative value at the origin i.e. f(0) < 0. Note that while equation (A4.6.4) is not a
simple quadratic, the exponential-quadratic term also displays quadratic-type behaviour, and thus f(a) is
“quadratic” in the sense that it has at most two roots, and d? f /da? > 0.
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To find the free boundary, b(co), we note that the optimal value of b(co) must maximise

the value of the call. Differentiating (A4.6.6) with respect to b(oco) and setting this to zero,

% -k (beoo))w {1 - %a*] =0

which simplifies to give

we have

o Qg .
bloo) = - (A4.6.7)

It is of interest to find the value of the perpetual American call’s delta at the free boundary.
This is given by

aC(S, 00) b(co) — 1
X P b(c0)

-1
= O(_,_a_;f l:aa+ —1:|
+

= 1

Hence the delta for a perpetual American call under jump-diffusion is equal to 1 at the
free boundary, and the “smooth pasting” condition is satisfied.

Finally, we shall consider the task of solving equation (A4.6.4) for a,. Since numer-
ical methods are required, it is of value to determine bounds for o . Firstly, consider the

quadratic in « given by
1
§a(a - 1)+ (r—qa—-r=0. (A4.6.8)

This has solution

_ —pE/p?+20%r
o= 2 ,
where p = r — g — 02 /2. Next consider the exponential-quadratic
2 .
A7tz _ 7] =, (A4.6.9)

whose solutions are o = 1, —27/62. Since the roots of equation (A4.6.4) are bounded by

the roots of (A4.6.8) and (A4.6.9)”, we conclude that

o+ /2 2
1<, < LEVEHT
g

"This result is readily verified graphically. Note that (A4.6.4) = (A4.6.8) + (A4.6.9).
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We also note that when ¢ = 0, @, = 1, and the free boundary is no longer finite. Thus it
is never optimal to exercise a perpetual American call in the absence of dividends, just as

Kim (1990) demonstrates for the pure-diffusion case.

Appendix 4.7. Value of the Free Boundary at Expiry

Evaluating equation (4.5.3) from Proposition 4.5.2 at S = a(t) = Kb(7), we have

o e—/\"r()\/'r)"
Kb(r)—1) = ZTCE[Kb(T),K,1,rn(T),q,T,vZ(T)]
n=0 :

o )\’n T ,
+y } f (1 = &re ™ TgKb(r)e 1

n

n=0

XN[dl(b(T)v b(g), Tn(T - §)7 q, T — 57 U',Qz(T - 5))]d£
_ ; A 3” /O " — e Oy e (r-0(-0)

n

X N[da(b(7), b(6), (7 = €), 4,7 = & vp(7 — €))]d§

A [T - o [MO[C(2,6) - (Z2 - K))
- A r— &) (r+A)(T=¢€)
S o A er

X exp {——% [dg(Kb(T), Z, i1 (T —&),q,7 =&, viH(T -~ {))]2}
x N[Dy(Kb(r), Kb(€), T — &, Z)|dZde. (A4.7.1)

Define a particular linear decomposition of C(Z,¢) as
C(Z7 g) = Cl(Zyé) - KC?(Z) 5))

such that Cy(Z,0) = ZH(Z — K), and C»(Z,0) = H(Z — K ), where H is the Heaviside
function. The steps that follow do not depend upon this decomposition, and it is possible
to arrive at the same result without it. The linear decomposition simply creates a more

“symmetrical” form for the limit calculations.
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Noting the expressions for Cg, d; and ds, and dividing throughout by K in equation

(A4.7.1), we can rewrite the integral equation for b(7) as

P )\
b(r)—1 = Z e——n(!—/\——)— (b(T)e” T N[di(b(7), 1,7n(T),q, T, v2(7))]

n=0

—e ™ N[dy(b(7), 1,70(7), 4, 7, v2(T))])

0o /\/ n r o i
+Z { 1 /0 (r — .f)"e"’\ (r f)qb(T)e q(—=¢)
n=0

n

XN[dl(b(T)7 b(g)J rn(T - §)> q, T — '57 'UZ(T - f))]d&
B Y Y Y P
;0 " /0 (r—=&)"e Ore ¢

XN[dQ(b(T)a b(§)7 Tn(T - 5)7 q, T — é: ’Ui(T - 6))]d§

P A [T B B Kb(£) C (Z {) —7
A _ Y= (N (=) n
Z nl / (r=e)e / K Zvn11(r = €)/2n(1 = §)

X exp {-——;—[dg(Kb(T), Z (T —&),q, 7 — &, Z)]z}

XN [D,(Kb(T), Kb(&),7 — £, Z)|dZdE

C A [T e [THO Co(2,6) — 1
A5 ey (A (=€) / 2
! nZ=0 n! /0 (r=8)e 0 Zvpa(T =€)/ 2m (T — &)

X exp {—%[dQ(Kb(T)7Z1 TTH—I(T - §)7Q7 T — §7U121+1(T - 5))]2}

X N[Dn(Kb(7), Kb(£), T — &, Z)|dZdE.

Following Kim (1990), we factorise this expression according to

b(r) = 1= [b(r) (FP(r), 7) = gL (b(r), 7)) = (FP (1), 7) = 6P (b(r), 7))]
n=0

where

e—)‘lT()\'T)"
|

V()1 = e T Nd(b(), 1,7a(7),q, 7, v (7))]

TIN(T — ne—/\'(r—é)
+/ [X'( 531' qe—q(T—ﬁ)
0 .

XN[dl (b(T)v b(g)v Tn(T - &)7 q, T — §> ’Ug(’l' - ‘5))]d§7
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1)) = T T e Ny b, 1, (), g, 02(7))]

n!
TN =QIre N0 e
4 /0 Ul S
X Nda(b(T), b(€), (T — €),4, 7 — & va(T — ))]dE,
(1) _ A [T =9re
007 = 55 | e~ gorir—s

y /’“’@ Ci(2,) - 2
0 K Zvp 1 (T — &)/ 27(T — &)

soxp { =L (KU). Zrnis(r = 00,7 = 60207~ )P}

X N[D,(Kb(7), Kb(&), T — &, Z)]|dZdE,

and

dA(r),7) = A / [A(T-gge—A(T'Oe—r(r—g>
0 !

y /’““‘) Co(2,8) — 1
0 Zn1(T =)\ 2m(T — €)

< exp {3l0alKb), 2, rass(r = €).007 = 6 a (7~ O

x N[Dn(Kb(7), Kb(§),T — £, Z)|dZdE.

Rearranging the factorised expression we have

b(r) = b(r) Y [fP (1), 7) = g (b(7), 1)) =1 =D [fP(b(7),7) — 9P (b(r),7)] ,
n=0 n=0

and therefore the equation we wish to evaluate in the limit as 7 — 0% is

1= 2 [F20(),7) = g2 (6(), )]
b(r) = (A4.7.2)

1= 2o [0, ) - 0 (6(r), )|

Since we know that b(7) > 1 for all 7 > 0, we shall consider separately the cases
b(0") =1and b(0") > 1.

Firstly, when b(0*) = 1, consider the following limits:

- 1
lim ;Ofé”(b(f), ™) = N[0] = 5;
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i 3 207),7) = N0l = =

Ji%‘i;gﬁ)(b(r)m) ~0,(i=1,2).

The last limit follows from the fact that the integrand is well behaved for small values of

7 (as we know that the option price is finite near expiry for a given value of S). Thus we
have

1
lim b(7) = 2 =1,

70+ 1 —

and b(0*) = 1 is one possible solution for the free boundary at expiry.

Secondly, when b(0") > 1, we need to consider:

TILI& nzz;) SR (b(7),7) = Nloo] = 1;

i, 32 20(),7) = Nl = 1

; Q) 0. (i =
lim, §_0 gn’(b(7),7) =0,(i =1,2).
Thus

1-1
lim b(7) = —— = 9,
T—0t 1-—-1 0

an indeterminate form which can be resolved using L’Hopitals’s rule, giving
& (Sl 0(r), ) - ol (), 7))
& (2ol (), ) — o (o), 7))

210 06(r),7) = £4P0(r),7) + Xty |25 0(r),7) = £ (b(r), 7))

lim b(7) = lim

T—0 70

m
0 9§

L1000),7) = £ 0r), ) + Lo |E A0, ) = £ 0(r), )]

n

(A4.7.3)
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We now consider the 8 linear terms within (A4.7.3) individually, finding limits for

each. For the first term in the denominator®,

9
5150, 7)
- 6_("'+Q)"N’[d1(b(7), 1,7 — Ak, q,T, 02)]
0 2
x5l (b(r), 1,7 = Ak, g, 7,0%)]
_(A, + q)e—()‘,+q)TN[d1 (b(T)7 17 r—= )‘ka q, 7, 02)] + qN[O]

[ 5 [ae e T ON A br) 6, — Mk =607

Hence we have
lim = 9 {0p(r),r) = —(N +q)Nloo] +3

= —(/\’+g>.

Next for n > 1 consider

eﬁ)\"r I\
00,7 = D oo N b 1, (), g, 7,020

X A (7). L 7n(r), 6,7, ()
e NI b(7), 1 7r), 4,7, 2]
O7), 1, 7a(7), 7, 2())
A T(XrYIN (Ve (X))
_Fj(fg;{[xxf——fﬂ"e—thoqe_ﬂT_@

n!

XN[dl(b(T)a b(f), Tn(T - §)7 q, T — §> ’U%(T - 6))]}d§

We can safely infer that the integral term will tend to zero as 7 — 07 for all applicable n

values, since all terms under the integral sign are bounded. Thus when n = 1 we have
lim -~ f(”(b(f),f) = N[di(b(0%),1,71(0), q,0,v(0))]N

2
N [lnb(0+) ++ %} |

]

8We recall that N'(z) =

22
2

1
\/27re
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and when n > 1 we have
Il {¢)) —
Thr& f (b(r),T) =0.

Next consider the term

2 2 0(r),m)

= 6_(>\I+r_)‘k)TN,[d2(b(T)7 1a r— /\k7 q,T, 02)]
0
x5 lda(b(r), 1, = Ak, q,7,0%)]
—()\’ +7r— /\k)eﬂ(/\lql—r Ak)TN[d T) 1 r— /\k7 q,T, 02)] + TN[O]
+/ (% [re—*'(f‘é)e"(r_’\k)(T_ON[d2(b(7)v b(&),r — Xk, q, 7 — 6,02)]] d§
0

Hence we find that

lim, —f”’(bm 1) = —(N 47— M)Noo] + ~

r

= —(x —) .
(3
In the case where n > 0 we have the term

i@, 1) = SN [Ny 0r), 1,7 (7), g, 7))

n!
5‘9; [da(b(7), 1,7(7), 4, 7, v2(7))]
—(r = AK)e TN [dy(b(8), 1, 7(7), g, 7, 02 (7))]]
N [(b(r), (), )]
x [ )X + (Ve (=)

N /T O [N re™O g
o OT

n!

X N[da(b(7),b(€), rn(T — €),q,7 — &, 02 (T — §))]} dg.

Again we begin with n = 1, finding that

L 9 (D)) = e IN{db(0%),1,m1(0), ,0,02(0))X

oy {mb(m) - —J |

]

168
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and when n > 1 we have

hm f(Q)(b(T) T)=0.
In order to evaluate the derivative 2 g, )(b(T) 7), we will need to know
?m DO(Kb(T)’ Kb(‘ﬁ)) T = 57 Z)

62 In £ 4 [In 2503 (7 — €) + 8%[r — Ak — g] —y0?|(7 — )

=i
e ovi (T —€)é(r — &)
L 8 + In gigo® + 8% — Mk — g] - 90%)(r = &)
T 00 \/o?(T — &) + 62 /T — &
2 %1)
i 0%1n 5(E)
& 00\l — ) + (T — &)
=0.
Using this result we obtain
0
540" (b(7), 7)
0 ez, -2
~b(n) / KZ&/%

s exp {—§[d2<f<b<r>, 20,4, o,v%wm} N[0JdZ

T Kb
B L / © Ci(Z,€) —
b(1) Jo O7 o KZu(r —&)/2n(r — )

oxp {~0a(KHr), (s — €. an, 7= €07~ )|

A (1 Te—A(r—s)e—r(r—é) o Cu(Z,6) —
(e’ ™) / / KZu(r — O/t — 8

<oxp {5l0n(RU), Z,rs(r - €),0,7 ~ Eoflr — O}
x N[Do(Kb(r), Kb(€), T — £, Z)|dZde.
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Since all integrals with respect to £ will be finite as 7 — 0%, and that the second integral

tends to zero faster than ¥'(7) increases®, we find that

Kb(0t Kb(0F) 52
lim g(l)(b(T) f = © ¢y(2,0) Z W ==]+v-5F .
0+ ’ 0*) TKZ6v2m 257
B Kb(0) ZH(Z — K) — ex ~[In L(ZWZ] oy % dZ
- 26(0+) KZ6v2r 262

+
/ —Z exp —lin %0)] Rt % dz
26(0%) Jo KZ6\2m 262 '

Setting Z = Ke*, and using the fact that b(0*) > 1, we have

XA [0 e —[z —Inb(0%) — v + &J?
hm g (b(T) = %07) ) 5757 exp { 552 dz
<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>