
BOUNDARY CROSSING PROBLEMS IN INSURANCE

By
Renata Siclorowicz

SUBMITTED IN PARTIAL FULFILLMENT OF THE 
REQUIREMENTS FOR THE DEGREE OF 

MASTER OF SCIENCE IN MATHEMATICAL SCIENCES
AT

UNIVERSITY OF TECHNOLOGY, SYDNEY 
SYDNEY, AUSTRALIA 

JUN 2006

© Copyright by Renata Sidorowicz, 2006



UNIVERSITY OF TECHNOLOGY, SYDNEY 

CERTIFICATE OF AUTHORSHIP/ORGINALITY

Date: Jun 2006

Author: Renata Sidorowicz

Title: Boundary Crossing Problems in Insurance

Department: Mathematical Sciences

Degree: M.Sc. Convocation: Mar Year: 2005

I certify that the work in this thesis has not previously been 

submitted for a degree nor has it been submitted as part of requirenments 

for a degree except as fully acknowledged within the text.

I also certify that the thesis has been written by me. Any help 

that I have received in my research work and the preparation of the thesis 

itself has been acknowledged. In addition, I certify that all information 

sources and literature used are indicated in the thesis.

Signature of Author

n

Production Note:
Signature removed prior to publication.



ACKNOWLEDGMENTS

There are many people I would like to acknowledge for their 
support, both technical and emotional, during my MSc studies. I list 
but a few here.

I would like to thank Professor Alexander Novikov, my supervisor, 
for providing opportunity to take up a MSc and for continuing advice and 
enthusiasm throughout the research.

My thanks go to the staff and students of the Mathematical 
Science Department for their support and for friendly atmosphere. On the 
financial note, I wish to express my gratitude to my supervisor Professor 
Alexander Novikov and also Professor Eckhard Platen. Further, I would 
like to thank Dale Roberts for his editorial assistance.

Finally to my friends, my family and to Lubos, thank you all for 
being there.



Table of Contents

Table of Contents iii

List of Tables vi

List of Figures vii

Abstract ix

Introduction 1
0.1 Thesis Outline.............................................................................................. 1
0.2 Research Motivation and Objectives........................................................ 3
0.3 Structure of the Thesis.............................................................................. 5

1 Mathematical Preliminaries 6
1.1 Concepts of Probability Theory.............................................................. 7
1.2 Stochastic Processes and Stopping Times.............................................. 10
1.3 Gaussian Processes................................................................................... 14
1.4 The Poisson Process and the Compound Poisson Process.................. 19
1.5 Stochastic Integrals with respect to Brownian Motion and Ito’s Formula 23
1.6 Stochastic Integrals with respect to Square Integrable Martingales and

their Properties.......................................................................................... 25
1.7 Levy Processes .......................................................................................... 28

2 Stochastic Modelling in Insurance 31
2.1 Risk Processes.............................................................................................. 31

2.1.1 Cramer - Lundberg Model........................................................... 32
2.1.2 The Ruin Problem....................................................................... 34
2.1.3 Ornstein - Uhlenbeck (OU) Process........................................... 35

iii



2.1.4 Ornstein - Uhlenbeck Process generated by a Compound Pois
son Process................................................................................... 37

2.2 Continuous Time Markov Processes........................................................ 41
2.2.1 Transition Kernels and Definition of a Markov Process .... 41
2.2.2 Piecewise Deterministic Markov Processes (PDMP)................ 42

2.3 The Ornstein - Uhlenbeck Model revisited........................................... 46
2.4 Classification of the Ornstein - Uhlenbeck Models with respect to the

Interest Rate ............................................................................................. 47
2.5 Claim Sizes Distributions.......................................................................... 49

3 Infinite and Finite Ruin Probabilities for the Model with Constant
Interest Rate 51
3.1 Infinite Time Ruin Probabilities.............................................................. 54
3.2 Examples ................................................................................................... 61

3.2.1 Wiener Process............................................................................. 61
3.2.2 Compound Poisson Process with Exponential Jumps ............ 61

3.3 Finite Time Ruin Probabilities................................................................. 64
3.4 Examples ................................................................................................... 67

3.4.1 Wiener Process............................................................................. 67
3.4.2 Compound Poisson Process with Exponential Jumps ............ 67

3.5 PIDE Solution............................................................................................. 69
3.5.1 The Dynkin’s Formula................................................................. 69
3.5.2 Exponentially Distributed Pulses.............................................. 70

3.6 Special Case and Numerical Results....................................................... 76
3.6.1 Explicit Solution for the Case A = p and £& ~ Exp(l)............ 76
3.6.2 Monte - Carlo Method................................................................. 77
3.6.3 Numerical Results ....................................................................... 78

4 Diffusion Approximation for the Model with Time Dependent In
terest Rate 81
4.1 Diffusion Approximation.......................................................................... 82
4.2 First Passage Time Problem for a Gaussian OU - Process ............... 87

4.2.1 General Solution .......................................................................... 87
4.2.2 Special Cases of the Problem .................................................... 89

4.3 Piecewise Linear Approximation (PLA)................................................. 92
4.4 Numerical Results....................................................................................... 93

iv



A Simulation of Stochastic Processes 100
A.0.1 Gaussian White Noise................................................................ 100
A.0.2 Gaussian Random Walk............................................................  101
A.0.3 Wiener Process............................................................................ 101
A.0.4 Poisson Process............................................................................ 102
A.0.5 Compound Poisson Process ...................................................... 103
A. 0.6 Ornstein - Uhlenbeck Process................................................... 104

B Documentation of Cd—\- Programs used in the Thesis 106
B.l General Model - Ruin Probabilities........................................................ 106

B. 1.1 Description of the Program ......................................................  106
B.l.2 Method - Monte Carlo Simulation .......................................... 108
B.1.3 Simulation Algorithm................................................................... 110

B.2 Diffusion Approximation - Ruin Probabilities..................................... 112
B.2.1 Description of the Program ......................................................  112
B.2.2 Simulation Algorithm................................................................... 113

B.3 Piecewise Linear Approximation - Ruin Probabilities........................  115
B.3.1 Description of the Program ....................................................... 115
B.3.2 Simulation Algorithm................................................................... 116

Bibliography 118

v



List of Tables

2.1 Claim size distribution functions: ’’small claims”. All distribution
functions have support (0, oo).................................................................... 49

2.2 Claim size distribution functions: ’’large claims”. All distribution func
tions have support (0, oo) except for the Benktander cases and the 
loggainma with (l,oo)................................................................................. 50

3.1 Comparison of the numerical results and the explicit solution for A =
P = 0.02, c = 0.002, x = 1.5, l = 1.0 and & ~ Exp( 1)........................... 79

4.1 Comparison of the explicit solution 4.4.1 with the Monte Carlo sim
ulation for the Gaussian model. Non - constant interest rate pt = 
0.0002+ 0.1e_t............................................................................................. 94

4.2 Comparison of the explicit solution 4.2.2 with the Monte Carlo simu
lation for the Gaussian model. Constant interest rate P = 0.0002. . . 96

4.3 Comparison of the explicit solution 4.2.2 with the Monte Carlo sim
ulation for the general model. Non - constant interest rate pt = 
0.0002 + 0.1e-t............................................................................................. 97

4.4 Comparison of three methods used for calculation of ruin probabilities 
in a finite time horizon when the ’ruin level’ is 0. Furthermore, the
interest rate is dependent on time and equal to Pt = 0.0002 + 0.0001e_f. 99

4.5 Comparison of three methods used for calculation of ruin probabilities 
in a finite time horizon when the ’ruin level’ is 0. Furthermore, the 
interest rate is constant and P = 0.002..................................................... 99

vi



List of Figures

1.1 Trajectory of a Gaussian White Noise, A = l,m = 0 and a = 1. ... 15
1.2 Trajectory of a Gaussian Random Walk, A = 1 , m = 0 and <7=1... 15
1.3 Trajectories of Standard Brownian Motion..................................... 17
1.4 Trajectories of a Wiener Process, m = 0.5 and a = 2..................... 17
1.5 Trajectories of a Poisson Process, A = 1.......................................... 21
1.6 Trajectories of a Compound Poisson Process, A = 1 and N(0.5,2)

distribution of jumps................................................................................... 22

2.1 Trajectory of a Cramer Lundberg model with A = 1, c = 3 and Xo = 100. 34
2.2 Trajectory of a Stable OU Process generated by a Compound Poisson

Process with A = 10. The parameters of the OU process are: (3 = — 1
and to = 30.................................................................................................. 40

2.3 Trajectory of an Unstable OU Process generated by a Compound Pois
son Process with A = 10. The parameters of the OU process are:
/3 = 0.002 and to = 30................................................................................. 40

3.1 Comparison of the numerical results and the explicit solution for A =
/3 = 0.02, c = 0.002, x = 1.5, l = 1.0 and £*. ~ Exp(l)..................... 80

4.1 Boundary Crossing Problem for the Brownian motion..................... 91
4.2 Comparison of the explicit solution 4.2.2 with the Monte Carlo sim

ulation for the Gaussian model. Non - constant interest rate (3t = 
0.0002 + 0.1e-‘...............................

vii

95



4.3 Comparison of the explicit solution 4.2.2 with the Monte Carlo simu
lation for the Gaussian model. Constant interest rate (3 = 0.0002. . . 96

4.4 Comparison of the explicit solution 4.2.2 with the Monte Carlo sim
ulation for the general model. Non - constant interest rate (3t = 
0.0002 + 0.1e-f............................................................................................. 98

B.l Histogram of the random variable Ept\.................................................... 109
B.2 Histogram of the random variable Upta.................................................... 109

vm



Abstract

In the actuarial sense, a risk process models a surplus of an insurance company. 
The company is allowed to invest money with a constant interest rate. Some gener
alizations of the constant interest rate models are also considered. Ruin is defined to 
have occurred when the risk process reaches some certain level, which is less than the 
initial capital. In particular the level is assumed to be zero.

Papers such as Harrison [17], Schmidli [37] and Embrechts & Schmidli [11] con
sider similar models with constant interest rate and obtain explicit solutions as well 
as diffusion approximations for the probability of ruin in infinite time. Our main 
approach is to use Martingale techniques in order to obtain exact solutions for prob
abilities of ruin in the finite time horizon which are further compared with numerical 
simulations. Furthermore, we analyse models with more general interest rate and 
propose a series of methods which can be used in order to determine the finite time 
ruin probabilities.
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