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Abstract

The frequency shift of sources embedded in a two-dimensional photonic cluster composed of circular cylinders is
considered and the effects of cluster shape and orientation are investigated. It is found that by carefully tailoring the
shape of the cluster the frequency shift can be greatly enhanced even for relatively small clusters—behaviour that
can be understood in terms of the poles of the scattering matrix. It is also found that the frequency shift is a strong
function of the orientation of the photonic cluster.
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1. Introduction

The subject of photonic crystals (PC) is one of the
most active areas of research in optics [1]. Attention
is being focussed on applications that exploit both
band gap effects [2], opening up the possibility of
miniaturised, integrated photonic circuits, and also
their capacity to suppress or enhance spontaneous
emission by modifying the local density of states—
heralding the promise of new sources such as ultra-
low threshold lasers and high efficiency nano-scale
LEDs embedded within PC devices. Indeed, the
original two papers in the field of photonic crys-
tals emphasised these key characteristics and their
application [3,4].

The ability of PCs to influence the density
of states and affect the emission properties of
atoms/sources leads naturally to the consideration
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of quantum effects, including the control of the
spontaneous emission rate [5], the non-Markovian
character of radiative decay [6], and the localisation
of super-radiance near the photonic band edge [7].

One of the fundamental radiation effects is the
Lamb shift (or frequency shift) [8], the initial calcu-
lation of which considered an infinite photonic crys-
tal [9]. However, as all realistic structures are finite,
it is important to consider the influence of a finite
scatterer on the frequency shift. In our earlier paper
[10], we showed that the frequency shift is a strong
function of both the size and the shape of the clus-
ter. In this paper, we build on these results and show
that it is possible to “tailor” the shape of the cluster
to give rise to a strongly enhanced frequency shift.
We also consider the effects of the cluster’s orienta-
tion on the frequency shift.

Our treatment follows that of Morawits [11],
in which the radiation reaction mechanism is
employed—an approach that was successful in
modeling experimental data in the 1970s [12]. In
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our approach, we consider a classical problem, not-
ing that modes are essentially the same in each
quantum or classical treatments. We consider a
two-dimensional, square symmetric, photonic clus-
ter composed of circular cylinders of infinite length
in which the field is TM (E‖) polarised, i.e., with
the electric field aligned with the cylinder axes. In
Fig.1, the black dot represents an embedded (line)
source in the finite 2D cluster. In our simulations,
the cylinders have a common radius of a = 0.3d,
where d is the separation between the neighbouring
cylinders, and a common refractive index n = 3
embedded in a material with the refractive index
nb = 1. This structure has a total band gap in the
wavelength range 2.989 < λ/d < 3.769.

Fig. 1. The geometry of the problem. The black dot denotes
the source.

In this framework the frequency shift is deter-
mined by the Green function of the problem [10]
which can be conveniently calculated using the mul-
tipole method since the cylinders have circular cross
section [13].

The Green function, can be expressed in the form

G(r, rs) = G0(r, rs) + GR(r), (1)

in which the first term (G0(r, rs) = H
(1)
0 (kn|r −

rs|)/(4i)) is the “undressed” Green function, cor-
responding to an isolated source in a homogeneous
material of refractive index n, while the second term
in (1) is the scattered field GR(r). From this, we
may compute the frequency shift (relative to the free
space shift), given by the real part of the scattered
component of the Green function at the source lo-
cation GR(rs). That is,

δω = −2γRe GR(rs), (2)

where γ = P/W is the free space damping coeffi-
cient, given as a ratio of the radiated energy per sec-
ond P divided by the total energy W [13]. For fur-
ther details on this effective and accurate approach,
see Refs [10,13].

We now consider the application of the method
and plot in Fig. 2 the frequency shift, as a function
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Fig. 2. Frequency shift vs wavelength for the cluster shown in
the inset (solid line), for the cluster with one extra cylinder in
each corner (fine line), for the corresponding square (17×17)
cluster (dotted line), and for a cluster derived from the square
cluster by removing the four corner cylinders (flat curve).

of the wavelength for a source located at the cen-
tre of the central cylinder in a 17 × 17 cluster of
cylinders that form a square array (dotted line). The
solid line of Fig. 2 is for the cluster depicted in the
inset, while the frequency shift for a cluster derived
from the square cluster by removing the four cor-
ner cylinders corresponds to visual accuracy to the
central line. Clearly evident is a strongly enhanced
frequency shift in the vicinity of the band gap edge
at λ/d = 3.769 for the corresponding infinite array.
The frequency shift for the square cluster (dashed
curve) reaches a value of δω/γ = 2058 at λ/d =
3.783142, while the removal of the four corner cylin-
ders reduces the maximum shift to only δω/γ = 120
at λ/d = 3.78318 (the flat curve in Fig. 2). How-
ever, the addition of four cylinders (one in each cor-
ner in a diagonal orientation) to the square cluster
increases the maximum frequency shift to δω/γ ≈
6000 at λ/d = 3.783140, while the addition of a
further four, diagonal corner cylinders further in-
creases the frequency shift to δω/γ ≈ 8000 at λ/d =
3.783140. Note, that the adopted method is valid
given δω/ω ¿ 1, otherwise a full quantum mechan-
ical approach is needed.

The frequency shift is clearly a strong function of
the cluster shape and, by careful tailoring, a large
frequency shift is achievable even for the relatively
small clusters. Indeed, the frequency shift achieved
for the cluster of 297 cylinders shown in the inset of
Fig. 2 is similar to that achieved with a larger (25×
25) square cluster with 625 cylinders [13]. In this
case, we note that the band gap is associated with
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the ΓM propagation direction and so the additional
or removal of cylinders along this direction strongly
affects the confinement of the radiation, and hence
the frequency shift.

Such behaviour can be understood in terms of the
pole structure of the multipole scattering operator

S = (I −RH)−1
. (3)

In this, R is a diagonal, multipole reflection matrix
that takes into account the material properties of
the cylinders (i.e., radius and refractive index) while
the H matrix accommodates the multiple scattering
processes which are governed by the geometry of the
structure. Since the structure is open (finite), there
are radiation losses and so the poles of S must lie in
the complex plane.
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Fig. 3. Frequency shift as a function of the position x/d
(solid line); and the dashed line is the intensity of the mode
profile along the x axes.

In Fig. 3 (solid line) we plot the frequency shift
of a sources for a square 17 × 17 cluster for λ/d =
3.783142 (i.e., the wavelength at which the maxi-
mum frequency shift occurs) as a function of the po-
sition along the x axis (i.e, a horizontal line through
the middle of the cluster). Superimposed on this is
the intensity (dotted line) of the leaky mode |V |2
and it is clear that the frequency shift of the source
is directly associated with this leaky mode which
has a complex wavelength of λ/d = 3.78314461 +
i0.000002723. This mode has a high quality factor
of Q = 694664 and so is confined within the cluster
for a long time, allowing it to interact strongly with
the source and thus shifting its frequency.

By examining more closely the structure of the
mode, computed from the null space of I −RH us-
ing the multipole method, we learn that the multi-

pole coefficients of all orders m 6= 0 are small for
all cylinders, and that only the monopole order is
significant. Accordingly, there is no phase cancella-
tion from the different cylinders, thus explaining the
strong effect that is evident. (Note that although
the higher multipole coefficients are small, the prob-
lem cannot be solved by retaining only the leading
monopole coefficient; the higher order terms are nec-
essary for a physically converged solution.) In the
light of this, we can see that the enhancement of the
frequency shift is the collective effect of all cylin-
ders. The leaky mode can be viewed as a Fabry-
Perot resonance associated with multiple reflections
from the edges of the cluster. Our particular mode
is associated with the symmetric “dielectric” mode
of the corresponding infinite structure. Indeed, it is
evident from Fig. 3 that the modal field is concen-
trated inside the cylinders. Note that in the case of
an infinite structure, this mode is a standing mode
at the edge of the gap [14].

This standing wave pattern can be seen from the
distribution of the Poynting vector (see Fig. 4(b))
and, as expected, the main leakage of energy occurs
from the corners of the cluster. The Fig. 4(a) plots
the intensity (|V |2) distribution of the mode and it is
evident that this peaks in the centre of the cylinders.

It is also interesting to consider the effects on the
frequency shift of the orientation of the cluster. In
Fig. 5(a) we plot the frequency shift as a function of
wavelength for a square cluster, the rows of which
are conventionally oriented along the ΓX direction
(see inset). Correspondingly, Fig. 5(b) displays the
frequency shift as a function of wavelength for a clus-
ter whose rows are oriented in the ΓM direction.
The solid vertical line in Fig. 5(a) indicates the lo-
cation of the band gap for the corresponding infinite
structure. Clearly evident in Fig. 5 is the very strong
effect that cluster orientation has on the frequency
shift. For the cluster with the ΓX orientation, the
frequency shift is very strong reaching a maximal
value of δω/γ = 2058. However, for the ΓM orienta-
tion, the maximal frequency shift is only δω/γ = 12,
occurring for λ/d = 4.52 at which the correspond-
ing infinite structure has a partial band gap in the
ΓX direction. A weak enhancement of δω/γ = 4 also
occurs for the ΓX oriented cluster at λ/d = 4.52.

In conclusion, we have calculated the frequency
(Lamb) shift of sources embedded in finite two di-
mensional photonic clusters and have determined
computationally that the frequency shift is a strong
function of the cluster shape. By carefully tailoring
the shape of the cluster it is possible to achieve ex-
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Fig. 4. Intensity distribution of the leaky mode as a function
of position (a) with the logarithmic scale in the color bar;
the Poynting vector as a function of the position (b).

tremely high frequency shifts, even for a cluster of
only moderate size. As was demonstrated, this be-
haviour can be explained in terms of the leaky modes
of the structure, which are associated with poles of
the scattering operator. For wavelengths close to the
band gap edge, these poles are close to the real axis
of the complex wavelength plane and hence the as-
sociated leaky mode has a long lifetime, allowing it
to interact with the source and thereby shift its fre-
quency.
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