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Abstract

The sequential decision making is to actively acquire information and then make decisions
in large uncertain options, such as recommendation systems and the Internet. The sequen-
tial decision becomes challenging since the feedback is often partially observed. In this
thesis we propose new algorithms of “bandit learning”, whose basic idea is to address the
fundamental trade-off between exploration and exploitation in sequence. The goal of ban-
dit learning algorithms is to maximize some objective when making decision. We study
several novel methodologies for different scenarios, such as social networks, multi-view,
multi-task, repeated labeling and active learning. We formalize these adaptive problems as
sequential decision making for different real applications. We present several new insights
into these popular problems from the perspective of bandit. We address the trade-off between

exploration and exploitation using a bandit framework.

In particular, we introduce “networked bandits” to model the multi-armed bandits with
correlations, which exist in social networks. The “networked bandits” is a new bandit model
that considers a set of interrelated arms varying over time and selecting an arm invokes the
other arms. The objective is still to obtain the best cumulative payoffs. We propose a method
that considers both the arm and its relationships between arms. The proposed method selects
an arm according to the integrated confidence sets constructed from historical data.

We study the problem of view selection in stream-based multi-view learning, where
each view is obtained from a feature generator or source and is embedded in a reproducing
kernel Hilbert space (RKHS). We propose an algorithm that selects a near-optimal subset
of m views of n views and then makes the prediction based on the subset. To address this
problem, we define the multi-view simple regret and study an upper bound of the expected
regret for our algorithm. The proposed algorithm relies on the Rademacher complexity of

the co-regularized kernel classes.

We address an active learning scenario in the multi-task learning problem. Considering
that labeling effective instances across different tasks may improve the generalization error
of all tasks, we propose a new active multi-task learning algorithm based on the multi-armed

bandits for effectively selecting instances. The proposed algorithm can balance the trade-off



between exploration and exploitation by considering both the risk of multi-task learner and
the corresponding confidence bounds.

We study a popular annotation problem in crowdsourcing systems: repeated labeling.
We introduce a new framework that actively selects the labeling tasks when facing a large
number of labeling tasks. The objective is to identify the best labeling tasks from these noisy
labeling tasks. We formalize the selection of repeated labeling tasks as a bandit framework.
We consider a labeling task as an arm and the quality of a labeling task as the payoff. We
introduce the definition of €-optimal labeling task and use it to identify the optimal labeling
task. Taking the expected labeling quality into account, we provide a simple repeated labeling
strategy. We then extend this to address how to identify the best m labeling tasks, and in
doing so propose the best m labeling algorithm by indexing the labeling tasks using the
expected labeling quality.

We study active learning in a new perspective of active learning. We build the bridge
between the active learning and multi-armed bandits. Active learning aims to learn a classifier
by actively acquiring the data points, whose labels are hidden initially and incur querying
cost. The multi-armed bandit problem is a framework that can adapt the decision in sequence
based on rewards that have been observed so far. Inspired by the multi-armed bandits, we
consider active learning so as to identify the best hypothesis in an optimal candidate set of
hypotheses by involving querying the labels of points as few as possible. Our algorithms are
proposed to maintain the candidate set of hypotheses using the error or the corresponding
general lower and upper error bounds to help select or eliminate hypotheses. To maintain the
candidate set of hypotheses, in the realizable PAC setting, we directly use the error. In the
agnostic setting, we use the lower and upper error bounds of the hypotheses. To label the

data points, we use the uncertainty strategy based on the candidate set of hypotheses.
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Chapter 1
Introduction

We present an overview of multi-armed bandit algorithms for different areas, such as social
networks, multi-view, multi-task, repeated labeling and active learning. We also present the

contributions of this dissertation.

1.1 Multi-armed bandits

Multi-armed bandit problem is a sequential decision problem involving a set of actions or
arms. The decision is made according to the exploration and exploitation trade-off.

The multi-armed bandit was a lottery game originally. The term bandit is from a Casino’s
slot machine, which can be called a one-armed bandit. The player can pull the arm of the
machine and then obtain the payoff from the machine. In the multi-armed bandit problem,
there are a finite number of slot machines or arms. The player always faces these arms and
decides which arm to pull at each round. The player allocates his/her money on different slot
machines or arms sequentially and earns money or rewards from the machine depending on
the machine he/she selected. The goal is to obtain as much money as possible. An important
problem of this model is the assumption on the slot machines’ reward generation process.

Originally there is one basic assumption about the reward generation process. That is
the payoffs are based on the stochastic assumption. In the stochastic setting, the reward is
sampled from an unknown probability distribution on [0, 1].

1.1.1 Stochastic multi-armed bandit

The stochastic multi-armed bandit is originally formulated by Robbins (1952), where each
arm is associated with an unknown probability distribution on [0, 1]. At each time step 7,

the player selects an arm /;, and then the player receives a payoff X; from the distribution
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associated with the selected arm and independently from the past given that arm. The goal of
the player is to maximize the sum of payoffs } ;' | X; where n is the time horizon. If the time
horizon is not known for the player in advance we say that the player is anytime.

In order to analyze the behavior of a player, we compare its performance with the best
strategy. However, the best strategy is hard to calculate because these distributions for arms
are unknown. If the distributions were known, the player would always select the arm with the
highest mean reward in order to maximize the cumulative rewards. In such assumption, this
optimal strategy should be the best one. However, this assumption does not exist. We study
the regret of the player for not playing optimally. Formally, given K arms and sequences
X; 1,Xi 2, -+ of unknown rewards associated with each arm, the player receives the associated
reward Xj, ;. The regret after n time steps Iy, - - - , I, is defined by

n n
Ry= max Y X, —) Xp,. (1.1
=1, K &= ~
=1 =1
Fori=1,---,K we denote by 1; the mean of v; (mean payoff of arm 7). Let
* = s 1.2
u i:r{l’?f?(,K'ul (1.2)

We can define the pseudo-regret as

Ry=nu*—Y E[u). (1.3)
=1

Bandits are traditionally used to analyze medical trials. It has been realized in medical
trials in the past decades that bandit models a number of more sophisticated and relevant
applications. We introduce the modern motivating examples that the bandit learning can
address. We describe five examples with different objectives, ranging from theoretical to
applied, where the bandit model has been used or is currently under investigation, including
social networks, multi-view problem, multi-task problem, repeated labeling and active

learning.

Networked bandits: The social networks become popular nowadays and enable an
increasing number of applications, such as recommendation, advertisement and so on. In the
network, an important thing is that the users are connected by relationships. That means a
message posted by one user can be seen by other users or a recommendation posted to one

user can be expanded to other users.

We consider a real-application problem that posts an advertisement on the social networks.

In the social networks, it is observed that even when a user is randomly selected for promotion,



1.1 Multi-armed bandits 3

other users close to the selected user in the network will be influenced. These correlations
motivate a new bandit model containing relationships. Previously, in the bandit model, the
algorithms only address the single arm and it is naturally used for the usual recommendation
problem. Based on our observations, we introduce the new bandit framework, named
as “networked bandits”, where a set of interrelated arms varies over time and, given the

contextual information that selects one arm, invokes other correlated arms.

Multi-view: Multi-view problem is to learn from the multi-view data by considering the
diversity of different views. In recent years, there have been lots of methods addressing the
problem. In the multi-view problem, a person can be identified by face, finger print, signature
or iris with information obtained from multiple sources. In the multi-view problem, it is
generally difficult to model the compatibility and temporal changes independently based on
each view. In practice, a forecaster usually explores the unknown by collecting the prediction
feedback based on the view subset in real time to evaluate the compatibility of views.

Considering that redundant and noisy views seriously affects the prediction, and regarding
different views of different examples affects the prediction in different ways, pool-based multi-
view learning algorithms ignore the environment feedback and thus cannot perform well for
stream-based multi-view learning tasks. In addition, given limited budget or computational
resources, a predictor can only exploit a small number of observed views. It thus becomes
indispensable to design a decision strategy for sequentially selecting a subset of views to

deal with changed environments.

We formalize the problem under a new bandit framework, i.e. a multi-view bandit, in
which each of the n views {V},---,V,} is defined as an arm, and at each time step 7, a set
of context vectors {x(l’t), e ,x(m)} represents an example defined by n views. The context
vector x(; ;) for the i-th view V; corresponds to the i-th arm. The forecaster is allowed to select
m views (m < n), then exploits them for prediction and thus may suffer a loss. The loss is
defined as payoff.

Multi-task: Multi-task learning is important in a variety of practical situations. Multi-
task learning is to address the problem that the data representations are common across
multiple related supervised learning tasks. The goal of multi-task learning is to improve the

performance of the learner by learning a supervised classifier for multiple tasks jointly.

We introduce a new active multi-task learning paradigm, which selectively samples
effective instances for multi-task learning. For all of these multi-task learning algorithms,
we often first collect a significant quantity of data that is randomly sampled from the
underlying population distribution and then induce a learner or model. However, the most
time-consuming and costly task is usually the collecting of data. Thus, it is particularly

valuable to determine ways in which we can make use of these resources as much as possible.
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Furthermore, in multi-task learning, the simultaneously multiple related tasks allow each
one to benefit from the learning of all of the others, and labeling instances for one task can
also affect other tasks especially when the task has a small number of labeled data. Thus our

work focuses on how to guide the sampling process for multi-task learning.

Repeated labeling: Labeling is important in real-world applications. Repeated labeling,
where multiple data labels are repeatedly obtained from multiple sources, is often available
via crowdsourcing. Data collection involves various preprocessing costs, including costs

associated with acquiring features, formulating data, cleaning data and obtaining labels.

We first present a new framework for repeated labeling using the multi-armed bandit
model. In the repeated labeling problem, each example’s labeling is a labeling task in which
multiple labels are repeatedly obtained from multiple noisy labelers. We assume that there is
no more information about the labelers. From the bandit perspective, a labeling task can be
considered as an arm and the uncertainty of labels for the corresponding labeling task can
be considered as the payoff. We are often confronted with a large number of labeling tasks;
however, due to cost or budget constraints, we would rather select a small or fixed number of
these labeling tasks with high expected labeling quality.

Active learning: Active learning is a popular algorithm in machine learning. There is
always a pool of data and we do not use all of them for training a learner because there is a
budget for labeling or labeling all data is infeasible. The active learner is to selectively pay
for the label of any example in the pool in order to obtain a good classifier with significantly
fewer labels by making the query.

We study active learning from a bandit perspective, i.e. active learning is a process that
we select the hypothesis depending on the sequential data and labeling. We treat a set of
hypotheses as a set of arms and consider the error of a hypothesis as the reward of an arm.
Similar to the problem of exploration in stochastic multi-armed bandits, our objective is to

select the best hypothesis which has the lowest expected error.

1.2 Networked bandits

We introduce networked bandit to address a special kind of multi-armed bandit problem,
where there exists correlations between the arms. We do not calculate the payoffs based on
only one arm. Instead, we consider the payoffs over the network. In the networked bandit

problem, we select an arm at each round and receive the associate payoffs over the network.
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After selecting a series ay,an,...,a,, we define the regret as follows:
n n
Ry= max Y gai— Y 8aur (1.4)
a=l,- ki 5 =1

where g4, 1 = Y.aen, (a,) Ya- Here we use N;(a) to indicate both a and its relations.

Our strategy is to consider the arms and the network topology. The proposed strategy is
to optimally select an arm at each round based on the contextual information and the network

topology information of arms.

We provide new bounds for our strategy. We assume that the forecaster does not care
about the detail of the network but consider the invoked arms directly. Thus the confidence

bound generated by the confidence sets of parameters, defined by

Ba.,t - Va,t + éa(t)a (15)

where v, ; indicates the expected value, and &,4(t) is considered as confidence and indicates

the penalty of the estimation.

Thus in each round, our algorithm selects an arm based on the estimation from the

confidence bound, such that the predicted payoff is maximized.

As shown in our bound, we are mainly interested in the interrelated arms. We show that
our regret bound depends on the number of invoked arms N;(a) or loose K. Our algorithm
keeps the regret as low as possible, and can reach — 0 with high probability when ¢ is large
enough.

1.3 Multi-view bandits

The views selection in the multi-view problem is an important issue in stream-based multi-
view learning. It is to sequentially identify the most appropriate views for the forecaster, in
which each example represented by different views is drawn at the same time from the data
sources. We formalize the problem under a new bandit framework, i.e. multi-view bandit. In
multi-view bandit, we select m views, then exploit them for prediction and thus may suffer a
loss corresponding to the prediction. The loss is defined as payoff. The multi-view bandit
selects a subset of views depending on the joint context vectors (arms) and conducts the
prediction based on the combination of all the selected views.

We propose a randomized algorithm CoRLSUB which depends on the confidence analysis
of the generalization of the co-regularized least squares. We introduce the multi-view regret
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as follows:
RtIL((PSZ(X),)))—L((PS*(X),y>, (16)

where S; indicates a subset of arms and @g, (x) = ming L(@s(x),y). Then the expected regret
is

R =E[L(@s,(x),y) — L(@s, (x),y)]- (1.7)
We provide the analysis of CORLUB and show that the upper bound of multi-view simple

regret scales O(1/+/t). We also show that the consistency of different views improves the
simple regret bound. We provide the algorithm to show how to choose the view subset.

1.4 Multi-task

In the multi-task problem, labeling instances is much more special because labeling for
one task can also affect the other tasks. Considering that labeling informative instances
across different learning tasks may help the performance of all tasks, we address the labeling
problem for multiple tasks through a bandit approach. We consider both the risk of multi-task
learner and the corresponding confidence bounds. We then consider these two aspects and
use the bandit to address the trade-off between them.

Considering both the risk and the corresponding confidence, we want to find a hypothesis
which can be

h = argminR(h) +C(h), (1.8)
heH

where R(h) is the risk of 4 and C(h) is the confidence of the risk. Our active learning
algorithm aims to return a hypothesis which has the lowest expected error and also is closed
to the best hypothesis on the dataset.

We propose an adaptive sampling algorithm, AMLB, which at each round queries the
label for an instance according to this distribution. At each round, we maintain a distribution
on the pool of data and this distribution will be updated when a new multi-task learner is
trained with new instances and involves the risk and the confidence. We sample the data from
the pool based on the distribution. The hypothesis can be considered as an arm. As different
instances are acquired, we can select different hypotheses for our optimization function and
finally filter the good candidates which are close to the ideal hypothesis.
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1.5 Repeated labeling

Repeated labeling is a popular labeling problem in real crowdsourcing systems, where
for each example there are many labels for one specific class. However, the quality of
repeated labeling is not addressed well. When confronted with a large number of labeling
examples with repeated labels, we aim to identify the best labeling examples to improve the
performance of learning. For instance, in real applications, the examples which have lots of
labels may contain labeling noise. This noise will make the performance worse. We try to

answer the question of how many labels are good enough for the labeling tasks.

In the repeated labeling framework, identifying the best labeling task can be formalized

to identify a subset of labeling tasks which are e-optimal. That is, for a labeling task x;,
Ve >0,Vme {1,2,--- ,n},if

da = qm — €, (1.9)

then the labeling task x; is called an (&,m)-optimal task. The best subset labeling is a set of
labeling tasks that are €-optimal.

Following the bandit framework, we formalize the repeated labeling problem as a bandit
model, where each labeling task can be considered as an arm and the labeling quality the
payoff. The problem is that after a lot of labeling we need to select a subset of labeling tasks
which has a high quality of labeling. We first introduce a simple repeated labeling strategy
with theoretical guarantee. Similar to the subset selection for multi-armed bandit, we propose
two algorithms for actively selecting the labeling tasks: Best m Labeling and Improved Best
m Labeling. Both two algorithms rely on the quality of labeling. The Best m Labeling simply
selects the top m qualified labeling tasks. Then Improved Best m Labeling improves this
algorithm by splitting the labeling process into several phases and some unqualified labeling

tasks are eliminated during the phases.

1.6 Active learning

We study active learning in the bandit framework. In this framework, we define a hypothesis
as an arm and the error of a hypothesis as the reward of an arm. The error of a hypothesis

h:X — Y, where X is the input space and Y are the possible labels, is

err(h) :=Pr(h(x) #y), (1.10)
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where x € X and y € Y. Then the empirical error of /& with respect to a labeled sample L is
defined as erry (h) = \1T| Y (xry)er L[A(x) # y], representing the fraction of points in L on which
h makes mistakes.

Let i* = argmin{err(h) : h € H} be the hypothesis associated with the minimum error
in H. Simply we assume that the minimum error always exists. The goal of the learner is to
obtain a hypothesis 4 € H with error err(k) not much more than err(h*).

We propose three active learning algorithms for the realizable PAC and agnostic settings.
The active learning process is re-explained as that there are a set of hypotheses and the
objective is to return the best hypothesis by making the queries as few as possible. The
proposed algorithms are guaranteed to find a hypothesis with the lowest error with a high
probability. We resolve two issues. One issue is how to select the best hypothesis. Regarding
the realizable PAC setting, which assumes there always exists at least one correct hypothesis
that can correctly classify all the examples, we exploit the error of this hypothesis. For
the agnostic setting, which assumes even the target hypothesis cannot correctly classify
all the data points, we consider the error bounds of different hypotheses. We maintain a
candidate set of hypotheses by selecting good hypotheses having low errors and eliminating
bad hypotheses having high errors. Another issue is which data point we should label. We
query the labels of points according to the disagreement for the candidate set of hypotheses.

1.7 Summary of contributions

We introduce the bandit framework for several important areas based on the idea of explo-
ration and exploitation trade-off, such as network application, multi-view problem, multi-task
problem, repeated labeling and active learning. We begin by studying approaches involving
bandit based on the idea of exploration and exploitation. In Chapter 2, we formalize a new
problem for networked bandits. We provide a novel solution for it and analysis of its regret.
This analysis turns out to be a guaranteed bounds. We compare the results of experiments for
traditional multi-armed bandits.

Multi-armed bandits can be used to solve some practical situations, such as multi-view
and multi-task problems. In Chapter 3, firstly, to the best of our knowledge, we are the
first to propose subset selection in the multi-view problem. Secondly, we are the first to
address subset selection in the stream-based multi-view learning (SMVL) setting. Thirdly,
we propose the multi-view bandit algorithm CoRLSUB and prove the multi-view simple
regret bound. In Chapter 4, firstly, we propose a new active learning algorithm for the
multi-task learning problem, named active multi-task learning via bandits, which is a general

active learning framework. Secondly, we provide an implementation of our algorithm based
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on the trace-norm regularization method. Thirdly, we verify our algorithm’s effectiveness
and efficiency by comparing its evaluation results to some passive learning and other active
learning strategies for multi-task learning empirically.

In Chapter 3, firstly, we introduce a new framework for the repeated labeling problem
using the multi-armed bandit model. Secondly, we design a simple repeated labeling al-
gorithm, Naive Repeated Labeling, to repeatedly acquire labels for an example. Thirdly,
we propose two algorithms, the Best m Labeling and the Improved Best m Labeling, to
selectively obtain the labeling tasks. Fourthly, we provide a theoretical guarantee for our
algorithm and demonstrate the effectiveness of our algorithms empirically.

In Chapter 6, firstly, we formalize active learning as a bandit problem. Secondly, we
introduce two algorithms ALB-1 and ALB-2 for active learning in the realizable PAC setting.
The difference between ALB-1 and ALB-2 is their uncertainty strategies. Thirdly, we propose
ALB-LUB for active learning in the agnostic setting. Fourthly, we theoretically show the
correctness of our algorithms and analyze their label complexities.

1.8 Publications

My publications include active learning [51-54, 56-58], transfer learning [55, 59] and
sequential decision [49, 50]. List of my publications:
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Chapter 2

Networked bandits

In this work, we study ‘networked bandits’, a new bandit problem where a set of interrelated
arms varies over time and, given the contextual information that selects one arm, invokes
other correlated arms. This problem remains under-investigated, in spite of its applicability
to many practical problems. For instance, in social networks, an arm can obtain payoffs
from both the selected user and its relations since they often share the content through
the network. We examine whether it is possible to obtain multiple payoffs from several
correlated arms based on the relationships. In particular, we formalize the networked bandit
problem and propose an algorithm that considers not only the selected arm, but also the
relationships between arms. Our algorithm is ‘optimism in face of uncertainty’ style, in that
it decides an arm depending on integrated confidence sets constructed from historical data.
We analyze the performance in simulation experiments and on two real-world offline datasets.
The experimental results demonstrate our algorithm’s effectiveness in the networked bandit
setting.

2.1 Introduction

A multi-armed bandit problem (or bandit problem) is a sequential decision problem defined
by a set of actions (or arms). The term ‘bandit’ originates from the colloquial term for a
casino slot machine (‘one-armed bandit’), in which a player (or a forecaster) faces a finite
number of slot machines (or arms). The player sequentially allocates coins (one at a time)
to different machines and earns money (or payoff) depending on the machine selected. The
goal is to earn as high a payoff as possible.

Robbins formalized this problem in 1952 [114]; in the multi-armed bandit problem, K
arms exist that are associated with unknown payoff distributions, and a forecaster can select

an arm sequentially. In each round of play, a forecaster selects one arm and then receives
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the payoff from the selected arm. The forecaster’s aim is to maximize the total cumulative
payoff, i.e., the sum of the payoffs of the chosen arms in total. Since the forecaster does not
know the process of generating the payoff but has historical payoff information, the bandit
problem highlights the fundamental difficulty of decision making in the face of uncertainty:
balancing the decision of whether to exploit past choices or make new choices with the hope
of discovering a better one.

The bandit problem has been studied for many years, with works primarily focusing
on the theory and designing different algorithms based on different settings, such as the
stochastic setting, adversarial setting, and contextual setting [31]. In real-world applications,
the multi-armed bandit problem is an effective way of solving situations where one encounters
an exploration-exploitation dilemma. It has historically been used to decide which clinical
trial is better when multiple treatments are available for a given disease and there is a need to

decide which treatment to use on the next patient.

Modern technologies have created many opportunities for the use of the bandit algorithm,
and it has a wide range of applications including advertising, recommendation systems,
online systems, and games. For example, an advertising task may be the choice of which
advertisement to display to the next visitor to a web page, where the payoff is associated
with the visitor’s action. More recently, bandit algorithm has been used in personalized
recommendation tasks [88], where a user visits a website and the system collects the user’s
feedback. The system selectively provides content from a content pool through the user’s
current and past behaviors analyzing to best satisfy the user’s needs, and the payoff is based
on user-click feedback.
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Fig. 2.1 An overview of networked bandits at different rounds. The network is changing over
time. An arm (user) can invoke other arms (relations) and has different relations at different
rounds. Given the contextual information, the arm is chosen by the decision algorithm
for getting multiple payolffs (feedback). The algorithm updates the selection strategy after
collecting new payoff information.
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All the above bandit problems have the major underlying assumption that all the arms are
independent, which is inappropriate for web-based social network applications. In a network,
including social networks, the users are connected by relationships [5, 128]. Contextual
information can be obtained from other users and can be spread via these relationships.
Content promoted to one user provides feedback, not only from that user, but also from
his/her relations. For example, a user of Twitter or Facebook can read a tweet/message and
can re-post someone else’s tweet/message, allowing the user to quickly share it with his/her
followers. Impact can be assessed by counting the number of ‘favorites/likes’ from different
users’ pages. Therefore, careful selection of a user for tweet/message posting can maximize

the number of ‘favorites/likes’.

Our study is motivated by the observation that even when a user is randomly selected for
promotion, other users close to the selected user in the network will be influenced [101, 128].
Specifically, as shown in Figure 2.1, in a social network, if we promote a content to a user, the
user may share it with others and the payoff can be collected from the user and its relations.
The goal is to gain higher payoffs. The process is similar to share-then-like, which occurs
daily in social networks and needs to be considered for personalized recommendation and
advertising tasks. An important point is that the content is expanded from the selected user
to all other invoked users. There are several challenges to realizing this problem. First,
only partial information is available about the chosen users when content is posted, and
the information of other users is unknown. Therefore, there is a dilemma of whether the
system should select a user with the best payoff history or a new user in order to explore
more possibilities. Second, the content may frequently change and few overlapping historical
records may exist. Furthermore, relationships exist between users and these relationships may

change over time. These challenges inspire us to formalize the networked bandit problem.

The above problem can be considered a balance of the trade-off between exploration
(discovering a new user) and exploitation (using the current best user) when network topology
is known.

We formalize a well-defined but simple setting for the networked bandit problem, in
which there exist K arms connected by network topology G. We propose an approach in
which a learning algorithm optimally selects an arm at each round based on contextual
information and the network topology information of arms. The networked bandit problem
can be considered as an extension of the contextual multi-armed bandit problem. However,
the difference is that in our problem the arm can be connected to other arms and the payoff
comes from the multiple arms.

Our contribution is three-fold: firstly, we formalize a new networked bandit problem mo-

tivated by real network applications; secondly, we provide an algorithm based on confidence
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sets to solve it along with theoretical analysis; and thirdly, we design a set of experiments
to test and evaluate the algorithm. To the best of our knowledge, we define and solve this
problem for the first time and answer the fundamental question of how to define regret when
payoffs come from interrelated multiple arms. We design an effective strategy to select
arms in order to increase payoffs over time, known as NetBandits, which provides a solution
to this problem. Our approach is an ‘optimism in the face of uncertainty’-style algorithm
that considers the integrated confidence sets and we prove a regret bound for it. Finally,
we analyze empirically the performance, which shows that our algorithm is effective in the
networked bandit setting.

2.2 Related work

The traditional multi-armed bandit problem does not assume that side information is observed.
The forecaster’s goal is to maximize the sum of payoffs over time based on the historical
payoff information. There are two basic settings. In the first, the stochastic setting, the payoff
is i.1.d. drawn from an unknown distribution. The upper confidence bound (UCB) strategy
has been used to explore the exploration-exploitation trade-off [11, 14, 86], in which an
upper bound estimate is constructed on the mean of each arm at a fixed confidence level, and
then the arm with the best estimate is selected. In the second, the adversarial setting, the 1.i.d.
assumption does not exist. Auer et al. [15] proposed the EXP3 algorithm for the adversarial
setting, which was later improved by Bubeck and Audibert [10].

The contextual multi-armed bandit problem is a natural extension of the original bandit
problem. Our setting addresses bandit problem with contextual information. Compared to the
traditional K-armed bandit problem, the forecaster may use action features to infer the payoff
in the contextual setting. This problem largely considers the linear model assumption about
payoff of action [1, 13, 37, 40, 117]. Auer [13] proposed the LinRel algorithm, a UCB-style
algorithm that has a regret of 0(\/@ ). Dani et al. [40] studied the LinRel and provided an
O(d+/T) regret bound and proved this upper bound is tight. Chu et al. [37] provided the
LinUCB and SupLinUCB algorithms, and proved an 0(\/ Tdlog® (KT 1og(T)/§)) regret
bound for SupLinUCB that holds with probability 1 — 6. Abbasi-Yadkori et al. [1] proposed
an algorithm that modified the UCB-style algorithm based on the confidence sets, and showed
aregret of O(dlog(1/8)/A).

Recently, the bandit problem has been used in real-life problems, such as recommendation

systems and advertising. Li et al. [88] first introduced the bandit problem to recommendation
systems by considering a personalized recommendation as a feature-based exploration-

exploitation problem. This problem was formalized as a contextual bandit problem with
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disjoint linear payoffs and by focusing on the article-selection strategy based on user-click
feedback, maximizing the total number of clicks. The features of the users and articles were
defined as contextual information, and the expected payoff of an arm was assumed to be a
linear function of its contextual features, including the user and article information. Finally,
the LinUCB algorithm was proposed to solve this problem and attained a good empirical
regret. They further extended the algorithm as SupLinUCB and provided the theoretical
analysis [37].

There are limited studies that consider the networked bandit problem or that combine
bandit problem and network. Buccapatnam et al. [32] considered the bandit problem in
social networks, and assumed that the forecaster can take advantage of side observations of
neighbors, except for the selected user (arm). The side observations were used to update the
sample mean of other related users and the payoff of the selected arm was collected each time,
the goal once again being to maximize the total cumulative payoff of selected arms. Bnaya et
al. [26] considered a bandit view for network exploration and proposed VUCBI1 to handle
the dynamic changes in arms when crawling the network. More recently, Cesa-Bianchi et
al. [34] considered the recommendation problem by taking advantage of the relationships
between users in the network. They proposed GOB.Lin, which models the similarity between
users and used this similarity to help predict the behavior of other users.

Our work belongs to the contextual bandit setting. However, in contrast to these previous
studies we assume that the arms (actions) are correlated in the network. The selected arm
can invoke other related arms and the forecaster obtains multiple payoffs from these arms. It

is a more general setting in networked bandit problem.

2.3 Networked bandits

We consider a network G. Let V indicate the nodes in the network and £ indicate the edges
of the network. We can then use G = (V, £) to represent the networked bandits, where v € V
is considered as an arm and e € £ indicates the relationship between arms; nodes here are
correlated. Thus, given the network G and a node v, it is possible to obtain the information
for the node v and its relations N(v).

In our formulation, we consider a sequential decision problem with contextual infor-
mation. At round ¢, except for contextual information x;, we have a network topology
of arms denoted by G;. Given v we let N;(v) be its relations and N, (v) may change over
time. If v is selected then N, (v) will also be invoked. We define this setting as networked
bandits. Formally, a networked bandit algorithm A proceeds as follows: at each round ¢,

the algorithm observes a set of arms &, = {1,2,--- ,k},, contextual information x;, and the
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network topology G; of arms associated with the relationships of arms. The set of relations
of arm a is denoted by N, (a). If we also consider the information of arms, we can redefine
the context as a set C; = {x1,, -+, X, } by adding arms’ information. When the algorithm
selects an arm a,, then a, invokes other related arms N;(a;). N;(a,) are observed based on
the network topology of arms. Before the decision algorithm selects the arm, it observes Gy,
C;, and ;. Based on historical payoff records, the algorithm selects an arm a; and receives
a set of payoffs {y,, } U{ya|la € N;(a;)}. The algorithm will improve the selection strategy
after collecting new payoff information. It then proceeds to the next round ¢ + 1. Note
that traditional contextual bandit problems usually assume that the arms are independent.
However, in our problem, we assume that the correlation exists between the chosen arm
and its relations. After a total 7 rounds the cumulative payoff is defined as ):;Tzl 8a,1» Where
8a,t = LaeN,(a,)Ya + Yo, and yg is the payoff from arm a. For simplicity, we use N;(a) to
indicate both a and its relations. We rewrite g4, as 84,1 = YLaen, (ar) Ya-

For this networked bandit problem, the algorithm 4 selects an arm g, at each round
t=1,2,--- and receives the associate payoff g, ;. After n selections ay,az,--- ,a, we define
the regret as follows:

= max Zga, Zgat, 2.1

The regret can now be used to compare the best decision with the algorithm A. In this
problem, R, is a random variable; therefore, the goal is to calculate the expectation of R,
with high probability, and it is not easy to obtain expectation directly since its search space is

large. Normally we try to bound the pseudo-regret, i.e.,

ﬁn: maX Ezgat_EZgaht: (22)

where the pseudo-regret competes against the optimal action in the expectation.

There are two important issues in the networked bandit problem: arms and their network
topology. In the context of a social network, the users in the pool may be viewed as arms, the
provided message or article as context, and the user’s information as additional contextual
information. The new context vector then summarizes information of both user and context.
A payoff of 1 is incurred when a provided message is ‘favorited’ or ‘liked’; otherwise, the
payoff is 0. The network topology of a social network naturally constructs the relationships
between users. When a message is posted to a user, the message can be seen by relations
(followers). The payoff can be collected from the user’s page (selected arm). Furthermore,
any ‘like’, ‘share’, or ‘comment’ action by a follower allows the message to be reposted on

the follower’s page and to be seen by the follower’s friends. The payoff can then be collected
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from the followers’ pages (invoked arms). In the special case that the follower does not
repost the message, N, (a) can be considered as 0 or the arm is not invoked. For simplicity,
we only consider the selected arm and its relations. With these definitions of payoff, arm,
and invoked arms, the collected payoff after selecting an arm involves the selected user and

his/her relations. Thus, the payoff at round 7 is defined as g, r = L aen, (a,) Ya-

It is assumed that algorithm .4 can observe the network topology prior to make a decision.
This is intuitive, since network structure information between users can easily be collected
or the network structure information can be obtained in advance. In practice, given an
arm, we only need concern itself with the invoked arms, and therefore knowledge of full
network topology is unnecessary. The invoked arms depend on how we define N;(a). The
worst case scenario is that the whole network needs to be searched to find the invoked arms
and feedback; however, we do not concern how to constrict N;(a) using such a network
propagation model since, as stated above, we only focus on the selection strategy and we

simplify the problem by only observing the invoked arms.

2.4 Algorithm

In this work, we propose an algorithm to solve the networked bandit problem and show that
an integrated confidence bound can efficiently be computed in a closed form when the payoff
model of an arm is linear. As with previous contextual bandit work [88], we assume that the
expected payoff of an arm a is linear in context x; and coefficient w,. At round #, for arm a

given context x,;, we assume that the expected payoff of the arm a is a linear function:
_ T
E Vaslxas] = XgiWa+ &a, 2.3)

where different arms have different w, and €, is conditionally R-sub-Gaussian when R < 0 is

a fixed constant. Formally, this means that YA and we have

e AZRZ
E [e u’t|xa,1:taga,l:tfl:| < eXp ( D) )7 (24)
where x, 1., denotes the sequence x, 1,x,2, " ,Xq, and, similarly &, 1.,—1 denotes the se-
quence &, 1, - ,€,;—1. The arms therefore have disjoint linear payoffs. The decision of the

algorithm lies on w with distribution €. Based on our R-sub-Gaussian assumption of the
noise, we can obtain meaningful upper bound on the regret. According to this sub-Gaussian
condition, we know that E [€, x4 1.+, €414—1] = 0 and VAR[€, | x4 1.1, €a14—1] < R*. The
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conditions therefore show that g, ; is bounded by a zero-mean noise lying in an interval of
length of at most 2R.

As the networked bandit problem, the algorithm faces a set of uncertainties of arms which
involve N;(a). We design a new algorithm which is the ‘optimism in the face of uncertainty’
principle, by maintaining confidence of parameter w for each arm. The basic idea is to
construct the confidence sets for parameters of each disjoint payoff function and then provide
an integrated upper bound.

We use technology from the ‘self-normalized bound for vector-valued martingales’ [105]
and confidence sets [1]. For each arm 1, is defined as the L?-regularized least-squares

estimate of w} with regularization parameter A > 0:
Wa= (XX, +2)"1x7,, (2.5)

where X, is the matrix whose rows are xj, - - - ,x,, (,) corresponding to historical contexts of
an arm a and Y, € R™() is the corresponding historical payoff vector. For a positive definite
self-adjoint operator V, we define ||x||y = 1/(x,Vx) as the weighted norm of vector x. It can
be proved that w lies with high probability in an ellipsoid centered at w* as follows:

Theorem 2.1. [1, 105] According to the ‘self-normalized bound for vector-valued mar-
tingales’, let V. =AI,A >0, and V; =V + ;;11 Xn ® X, be the regularized design matrix
underlying the covariates. Define y; = x| w* 4 & and assume that |w*||y < S. Then, for any
0 < & < 1, with probability at least 1 — 8, for all t > 1 we can bound w* in such a confidence

set:

C[:{W*ERd:

V.11/21371-1/2
||Wt—w*HVt§R\/210g(’Vt’ ’;” )+7N2S}. (2.6)

In addition, if ||x;|| < L then with probability at least 1 — 8, for all t > 1, we can bound w* in

a new confidence set:

C;:{W*GRdZ

2
W —w* |y, gR\/dlog (#) +W25}. 2.7)
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The above bound provides the confidence region at time ¢. It shows that with good choice

of the right parts of the equation, w* always remains inside this ellipsoid for all times ¢ with

probability 1 — 8. Next, we show the bound of the arm with a single linear payoff.

Theorem 2.2. Let (x1,y1),--, (xi—1,yi-1), xi € R, y; € R satisfy the linear model assump-

tion. Furthermore, we have the same assumption as Theorem 2.1. Then, for any 0 < § < 1,

with probability at least 1 — 8, for all t > 1 we can have:

HxTvT/ —xTw*H <

v.|11/2 —1/2
x| 571 R\/zlog(“/" ';”' >+/11/25

In addition, if ||x;|| < L then for all t > 1, with probability 1 — & we can have:

||xTvT/ —xw* | <

2
- <R\/dlog <#) +/11/2s> |

Proof.

e —xw | =l (08— w )|

< [l =w* [} = [lxllg-1 [ = w[lg,.
According to (2.6), with probability at least 1 — &, for all # > 1, we have:

e —xTw|| <
V.12 00-1/2
/-1 R\/Zlog(| /| |5| >+/11/25

According to (2.7), with probability at least 1 — &, for all # > 1 we have:

||xTvT/ —x'w | <

2
Il <R\/d10g (#) +/11/2s> |

(2.8)

(2.9)
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Lemma 2.1. Given an arm a € K; with the context feature Xx,
let (Xa,1,Ya,1)s (Xa2,¥a2)s s (Xang(t—1)sYana(t—1)) be history records of arm a before t and
Xy € Xy and y, €Y, and let v, = (X, X, + A1)~ X Y,. We have

T, % T.A
X w, <X Wgt

[E3[ e R\/210g<|vt|1/2?1|_1/2)—|—7Ll/2S . (2.10)

As shown in (2.10), we have a possible upper bound of x " w, which has two parts. The
first term can be deemed as empirical expected estimation of payoff of the arm, and the
second term can be considered as a penalty. This penalty is typically a high probability upper

confidence bound on the payoff of the arm.

Thus, given an arm a and its relations N; (a), we face the exploration-exploitation problem.

We use the integrated confidence bound on the payoffs of these invoked arms.

Lemma 2.2. In the networked bandits, given an arm a € K; and the network relationship

N;(a), we obtain:

Z x;wzg Z x;v@a%—

a€N;(a) a€N;(a)

V17212 71-1/2
Y xallp- R\/zlog(’vf’ ’57”‘ )+Al/25 . (2.11)
a€N;(a) !

We believe that the confidence bound can be successfully applied to this situation with the
exploitation-exploration trade-off. We use the confidence bound generated by the confidence
sets of parameters, defined by:

By = Vag +&i(1), (2.12)

Vai = Yaen,(a) x "W, indicates the expected value, and &,(t) is the last term of (2.11) and
indicates the penalty of the estimation. Figure 2.2 shows the upper bound of arms from our
illustrative example. Each arm has the empirical payoff and a potential value. Thus, in each
round, our algorithm selects an arm based on the estimation from the confidence bound, such

that the predicted payoff is maximized. Our algorithm is shown in Algorithm 2.1.
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Algorithm 2.1. NetBandits
Input: ’C[, Gta Cla = 1, ce 7]1
1: forroundr=1,2,---,T do

2:  For each arm we can observe the features x,,,a € K;, and the invoked arms N;(a)
based on G;

3:  foreachac K; do
4: Compute w, according to (2.5)
5: Compute the quality
By = Z xltwa—i—
acNy(a)
Yl <R\/210g (’V‘/’;"/) +Ws)
aeN(a)
6: end for
7. Choose arm a; = argmax,cx, Ba;
8:  Observe the multiple payoffs {y,|la € N;(a;)}
9:  for each node a € N;(a;) do
10: Update X,,Y,
11:  end for
12: end for

Fig. 2.2 An example of the upper bound B in 10-arm networked bandits when t = 120. Bar
denotes the payoff estimation and vertical line denotes the penalty of the estimation.

2.5 Regret analysis

We next provide a bound on the regret of our algorithm when run through the confidence sets

constructed in Theorem 2.1. We assume that the expected estimation of payoff is bounded.
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We can view this as a bound on parameters and the bound on the arms set. We state a bound

on the regret of the algorithm as follows:

Theorem 2.3. On the networked bandits, assume that each arm’s payoff function satisfies
the linear model, and assume that the contextual vector is Xq; for each arm a € K;,|K;| < K
andt=1,---,T. Then, for any 0 < § < 1, with probability at least 1 — 8, the cumulative
regret satisfies

Rr < 2K\/2Br(8)Tlog |1+ XX /A|, 2.13)

where

2

T/211/2
Br(8) = R\/210g(’I+XX6/M >+W25

Proof. Considering the instantaneous regret at round 7, we select an optimal arm according
to our algorithm. Thus, we have optimistic (a;,w,) and W, for the N(a;). For round 7, we
rely on [1] to have:

= Y i ¥ oA

aGNa;) aeN(a*)
Z xa,twa_ Z xa,tWa
aeN(ay) aeN(ay)
Z xalw - Z xatWa
aENa,) a€N(a;)
+ Z anwa— Z xa7,wa
a€N(a;) aEN(a,)
Z xat —Wa) + Z xat —Wa)
aeN(a,) aeN(a;)
= X Wl ot =l
aeN(ay) ! !
+ Z |x,Hf71||w, WtH*fl
a€N(a;)
< Z 2v/Bi (6 thH**l (2.14)
aeN(a;)

For each arm a € N, (a), we define

_ Tk T oA T A T~
Fap = Xg Wq — Xq Wa+XqWa —Xg,Wa, (2.15)
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and we have
Fag < 2/ Br(8)[[xal-1-

We then rewrite the instantaneous regret (2.14) as

r < Z Fagt-

a€N(a;)

Regarding to the fact that r,; < 2, we have

Fas < 2min (\/Bt(6)1|xa7,|]é_l, 1)
Bi(®)min ([[vasll?1.1)-

Given arms N, (a), we define a = argmax,, [|xa ||é,1. Then we have
t

< IN(@[2VB @)y
< [M:(@)2/B(3)min (Jry I2-1.1).

Thus, with probability at least 1 — &, forany 7 > 1,

T
Rr=Y 1< Y N(@RVBG) (Il Iy A1)

i
-
i

I

According to log (1 +z) < z, we have:

t—1
log |7+ XV™'X| < Y [lxlf?+.
k=1 k

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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Then according to z < 2log (1+z),z € [0, 1], we have

t—1
y (kau%l A 1) < 2log|l +XV~X|. (2.22)
k=1

We choose V = A1, then we rewrite Ry as

Rr < 2K\/2TBT(5)log I+XXT/A|. (2.23)

]

Lemma 2.3. Assume that x € R? and V = Al Then, for any 0 < § < 1, with probability at
least 1 — 0, the bound is

Rr < 2K\/2leog (A + %)

: (/ll/zS-l—R\/Zlog (é) +dlog (1 + (T;—I)L» . (2.24)

We are mainly interested in the interrelated arms. Our regret bound depends on the

number of invoked arms |N; (a)| or loose K. Figure 2.3 shows experimentation of our bound
applied to the networked bandit problem. Our algorithm keeps the regret as low as possible,
and can reach R, /t — 0 with high probability when ¢ is large enough.

300 — ‘ ;

— NetBandits
- y=t

0 200 400 600 800 1000
Time

Fig. 2.3 An example of the regret value in 10-arm networked bandits. The experiments are
repeated 100 times and the average regrets are shown. y = x is provided for comparison.
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2.6 Practical issues

In real-world applications, according to different assumptions about the network topology of
arms, we can consider special cases of the networked bandit problem. We focus on N, (a). In
our algorithm, we make the very loose assumption that N, (a) varies over time. However, the
network topology is sometimes stable over a fixed duration. For example, a school social
network is stable for the duration of a semester. This means that N;(a) = No(a), which is a
special case of network bandits. In other cases, for example when inquiring users in the same

company, we only need to consider their colleagues or a group of the same interest.

2.6.1 Dynamic network

In the networked bandit problem the network topology of arms is usually dynamic over
time, which means for each round 7 we have different N, (a). Although we assume that N, (a)
will be active after the forecaster selects a, we omit how to generate N;(a) and how arm
a invokes N;(a), which are not our primary concerns. Instead, we simplify our problem
using the simple setting of selecting an arm and then receiving payoffs from invoked arms.
We assume that we can observe invoked arms N;(a). In practice, we can directly obtain
N;(a) by predefining the arms, for example as neighbors or groups, or by observing feedback
and collecting arms which provide feedback. We focus on how to select arms in order to
maximize the total payoff, and therefore we concern the arms of N, (a) and the forecaster
can obtain the invoked bandits over the course of collecting the payoffs from the network.
In particular, at each round the algorithm observes the network topology of arms; it then
decides which arm to select using the knowledge of the network topology and historical
payoff information.

In Algorithm 2.2, we provide a pseudo-code for the selection at each round in a dynamic
network.

Algorithm 2.2. Selection at round ¢ in dynamic network

For each arm we have W, and observe the context x
For each arm we collect N, (a)
for eacha € KC; do
Compute B
end for
Select arm a; = argmax ¢, Bay
Observe the payoffs {y,|a € N;(a;)} from the network
For each arm a € N;(a;) update X,, Y, and W,

AN A ol S
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2.6.2 Static network

We make the simple assumption that the network topology is fixed. In other words, the
relationships between arms do not change. For all #, we have G, = Gy, K; = K¢y and
N;(a) = Ny(a). For example, DBLP, Last.FM, and many offline social network datasets are
of fixed duration. This is a degenerate version of our problem and can be solved using our
algorithm.

In Algorithm 2.3, we provide a pseudo-code for the selection at each round in a static

network.

Algorithm 2.3. Selection at round ¢ in static network

1: For each arm we have W, and Ny(a), and observe the context x,
2: fora € Ky do

3:  Compute B,

4: end for

5. Select arm a; = argmax ¢ i, Bas

6: Observe the payoffs {y,|a € No(a;)} from the network

7: For each arm a € Ny(a,) update X,, ¥, and w,

2.6.3 Neighborhood or group

In networks, especially in social networks, a simple yet common assumption is that a node
largely influences its neighborhoods or community [39, 76]. Moreover, some applications
only focus on people who have the same interest or are in a group. This makes it possible to
assume that the selected arm only invokes its neighbors or a group; that is, N;(a) = Neig:(a),
where Neig;(a) indicates the neighbors of a. We can only collect the payoffs of neighbors of
an arm, and therefore N, (a) is appropriate. Although there are also two cases in this situation
- static and dynamic - here we focus only on the neighborhood in dynamic network.

In Algorithm 2.4, we provide a pseudo-code for the selection at each round with specific
Ni(a).

2.7 Experiments

2.7.1 Illustrative example

We first illustrate our model by a synthetic example (Figure 2.4), which contains 10 arms
(A0-A9) randomly connected at each round. At different rounds, the networks are different.

Atrounds t = 11 and ¢t = 20, the upper bound B (the second row, blue) is large; however, the
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Algorithm 2.4. Selection at round ¢ with neighborhood

For each arm we have #w, and observe the context x
For each arm we collect Neig,(a)
for a € K; do
Compute B,
end for
Select arm a; = argmax ¢, Bay
Observe the payoffs {y,|a € Neig;(a;)} from the network
For each arm a € Neig;(a,) update X,, Y, and w,

AN A o S

expected estimation is small (the third row, red) because the variance is large. Our algorithm
selects the arm with maximal upper bound. We also show the real payoffs of all the arms,
which are not known to the algorithm. At an early stage, the selection is poor compared to the
real payoff (the fourth row, green). At round t = 20, our algorithm chooses A0, however, the
best is Al, illustrating that the expected estimation is small and the algorithm can try another
arm that has potential, but with uncertainty. Later, selection becomes efficient and at r = 120
the algorithm chooses Al since more information has been learned and the upper bound
becomes more stable with lower penalty. This is close to the real situation and provides a
good estimation.

2.7.2 Baselines and performance metric

In this section we evaluate the proposed NetBandits strategy on four synthetic datasets and
two public real-world datasets. We perform two types of experiments: simulation experiments
and offline evaluation of two real applications.

We compare our proposed method against two baselines: a state-of-the-art algorithm for
the contextual bandit problem, referred as TraBandits, and the random strategy. Since there
is no existing method for the networked bandit problem, these methods are altered a little for

networked bandits. The details are follows:

* TraBandits: a state-of-the-art method for contextual bandits with linear payoff mod-
els [88]. The algorithm is a UCB style method with the linear payoft assumption that
always selects the arm using highest UCB at each round.

* Random: a simple strategy that just randomly selects an arm.

We use two methods to assess the performance of our algorithm. We first analyze the
average payoff at each round, and then we analyze the cumulative payoff at each round,
which ignores the performance of the algorithm at each fixed round but gives an overall view
of the lifetime performance of the algorithm.
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2.7.3 Simulation experiments

We test our algorithm on a series of synthetic datasets. In contrast to previous work, we need
to construct the network topology, which can be either static or dynamic. Static network is a
special case of dynamic situation and static network is generated in advance and remains
unchanged. We therefore construct the networked bandits based on the dynamic network
as follows: we first construct a fixed number k of nodes, which are considered as arms. We
then randomly create edges between them, which are used to generate the relations for each
arm. Neighborhood is considered as relationship. For every node, we assign different norm
random vector u;, u; € R'? and we use the following stochastic model to generate its payoffs:
Ya(x) = x " u, + €,, where €, is uniformly distributed in a bounded interval centered around
zero and u, and €, are not known to the decision algorithm. For contextual information,
at each round ¢ we randomly create a set of context vectors {xq, -, Xk}, Xk, € R0, The
network topology does not have strict assumptions and is created simply: in the dynamic
situation, we generate the network topology at each round (relationships between the nodes
change at each round). We randomly create k> /3 edges between the nodes, and therefore for
most nodes the relations will be no greater than k/3.

We present the results for k =10, 100, 1000, and 10000 arms with dynamic network
topology. In Figure 2.5 and Figure 2.6 we present the results of average payoff and cumulative
payoff; our NetBandits outperforms the other baselines. TraBandits does not work well,
indicating that best single arm does not always have the best payoff in a network but also
depends on its relations. As per the network construction, the average payoff for each node
is around k/3 if the node and its relations provide feedback, and the average payoff of
TraBandits and Random is around k/3. For example, as shown in Figure 2.5, when k = 10
the payoff ranges from 3.2 to 3.6; when k = 100 the payoff ranges from 34 to 35; when
k = 1000 the payoff ranges from 340 to 350; when k£ = 10000 the payoff ranges from 3450
to 3550. However, NetBandits usually performs better except the earliest time points, and
its value is greater than 4.2 when k = 10, 40 when k = 100, 400 when k = 1000, and 4500
when k = 10000. This is because NetBandits performs more exploration than exploitation to
begin with. Figure 2.6 shows that our algorithm obtains the best cumulative payoff over all
rounds. As average payoff improves, NetBandits also exhibits higher cumulative payoff. This
indicates that more early exploration improves later selections, leading to a fairer assessment
of the performance of the different algorithms.

The running time of NetBandits according to different numbers of arms and network
topology is also shown in Table 2.1, which demonstrates the running time increases rapidly
with the scale of the networks. For example running time with k = 100 is slower than the time
with k = 10 by more than the time with k? but less than the time k. The time taken depends
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Fig. 2.5 The average payoff at each round in dynamic networks.
on the size of the network, including the number of nodes and edges. The time complexity of
NetBandits is O(TKN), where T is the total number of rounds, K is the number of arms, N
indicates the average number of invoked arms, and Q indicates the time taken to compute the
parameters; it is no more than O(TK?Q) where N = K. It can be improved by calculating

each arm in parallel for a large number of arms.

Arms 10 100 1,000 10,000
Avg of invoked arms 3 33 333 3,333
Total rounds 100 | 1,000 | 10,000 | 100,000
Time (second) 0.1 | 234 |2,034.2 | 173,628.3

Table 2.1 Running time results of NetBandits on four synthetic datasets.
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Fig. 2.6 The cumulative payoff at each round in dynamic networks.
2.7.4 Real-world datasets experiments

We also test our algorithm on two publicly available real-world datasets!: Delicious Book-
marks, a dynamic dataset, denoted by Del; and Last.FM, a static dataset, denoted by LFM.

Delicious Bookmarks is a social network for storing, sharing, and discovering web
bookmarks. The Del dataset contains 1,861 nodes and 7,668 edges and 69,226 URLs
described by 53,388 tags. Payoffs are created using the information about the bookmarked
URLSs for each user: the payoff is 1 if the user bookmarked the URL, otherwise the payoff is
0. Pre-processing is performed by breaking the tags down into smaller fragile items made up
of single words, ignoring the underscores, hyphens, and dashes. Each word is represented
using the TF-IDF context vector based on the words of all tags, i.e., these feature vectors are
the context vectors. PCA was performed on the dataset and the first 16 principle components

were selected as context vectors building a linear function based on payoff records for each

'http://grouplens.org/node/462
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Fig. 2.7 The average payoff and cumulative payoff for two real-world datasets.
user. This linear function generates a payoff when given a new context. At each round ¢, we
provided x; ; € R'6 for all k users.

The Last.FM dataset is a music website that builds a detailed profile of each user’s musical
taste by recording details of the tracks that the user listened to from a range of digital devices.
LEM contains 1,892 nodes and 12,717 edges and has 17,632 artists described by 11,946 tags.
We used the listened-to artists information to construct payoffs: if the user listened to an artist
at least once the payoff is 1, otherwise the payoff is 0. Similar pre-processing was performed
as Delicious Bookmarks. Compound tags were broken down into several corresponding
single words resulting in 6,036 words. We represented context features using the TF-IDF
features, and after PCA the first 16 principle components were selected as context vectors.
For each user we then built a linear function based on payoff records. This linear function
can generate a payoff when given a new context. At each round, we provided x; ; € R!6 for
all users k.
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We constructed the network topology according to the social network of the users.
Neighborhood is considered as relationship. The linear payoff function for each user is
learned in advance and unknown to the algorithm, which decides its next selection according
to previous feedback.

For the Del dataset, there exists the timestamp information that records when contact
relationships were created, and we can therefore construct a dynamic network according
to the timestamps. Timestamps are from 1146752335000 to 1288104100000; we therefore
divide them into 14 groups according to the first three numbers (114, 115, ..., 128). We
set the total rounds 7 = 14000 and update the network every 1000 rounds. For the Last.FM
dataset, there is no time information, thus we constructed a static network.

The results of average payoff and cumulative payoff are shown in Figure 2.7. Our
algorithm outperforms the other baselines. Although the two networks have a similar number
of users, LFM has more relationships and the average and cumulative payoff results are
higher than Del. For the average payoft of Del, there exist three low intervals marked by (red)
rectangles in Figure 2.7(a). These occurred at the beginning and close to round ¢ = 1000
and ¢ = 10000. Since many new nodes and edges are added at these rounds and NetBandits
performs more exploration than exploitation. The payoffs improve after exploration. For
the average payoff results of LFM, there is a low interval at the start, denoted by the (red)
rectangle in Figure 2.7(c), because NetBandits is trying to select possible better arms and
perform exploration; then later the performance improves. Figures 2.7(b)(d) show that the
cumulative payoff results of NetBandits increase faster, and are much greater than the other

algorithms, and demonstrate that exploration does not hurt the total performance.

2.8 Conclusion and future work

In this work we formalized a new bandit problem, termed networked bandits. We presented
the novel problem of how to select the arm with multiple payoffs in networked bandits by
considering a multi-armed bandit of interconnected arms, one of which can invoke other
related arms at each round. After selecting an arm, we can obtain payoffs from this arm and
its relations.

We considered this approach in the contextual bandit setting and assumed disjoint linear
payoffs for arms. We proposed a new networked bandit algorithm NetBandits that considers
the uncertainty of the payoffs using integrated confidence sets. We also provided a regret
bound for our solution. Our experiments show that it is better to consider both the network
topology and the payoffs of arms, and it is observed that our approach performs well in this

setting.
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The networked bandit problem requires further work. Some interesting problems still
remain, such as how to model N, (a). In our work we do not make any assumption about the
structure of the network topology; for example the hub may have higher priority, and it is
possible to find a more efficient method for some fixed structures.

Another problem is arm complexity. We assume that one arm invokes other arms, which
in turn can invoke other arms sequentially, with processing occurring at the same time.
However in some real applications, the structure is possible to be much more complex and

evolve over time, which is likely to delay the payoffs.



Chapter 3
Multi-view bandits

In stream-based multi-view learning, each sequentially received example is represented
by n views, each of which is obtained from a feature generator or source and embedded
in a reproducing kernel Hilbert space (RKHS). We examine the problem of selecting a
near-optimal subset of m views from n views, which will be exploited to make the prediction
incurring an observable payoff. Unlike subset selection in stochastic bandit settings, the
forecaster can observe the changing environment information and the prediction may perform
very differently with different view subsets. We therefore propose a multi-view bandit
framework to address this problem, in which we introduce the multi-view simple regret,
provide an upper bound of the expected regret for our algorithm, and study the generalization
bounds. The proposed multi-view bandit algorithm relies on the Rademacher complexity
of the co-regularized kernel classes. We prove a simple regret bound using the Rademacher
complexity and show that the consistency of different views improves the simple regret.
Experimental results on real and synthetic datasets demonstrate the effectiveness of our

algorithm.

3.1 Introduction

In multi-view learning, examples are represented by different context vectors or abstractly
different “views”, in which each particular view is modeled by a function. Multi-view
learning algorithms jointly optimize all the functions to simultaneously exploit redundant
views of the same input examples and thus improve learning performance. For example, a
multiple biometrics system collects various biometric traits such as face, fingerprint, signature
and iris from a person to achieve high identification rates.

In recent years, a large number of multi-view learning algorithms have been developed to

explore the consistency and complementarity of different views [139], and can be grouped
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Fig. 3.1 An example of the application of SMVL to the automatic navigation control of a
robot.

into the following three categories: (1) co-training [24, 123, 141], (2) multiple kernel
learning [85, 87, 110, 126] and (3) subspace learning [4, 36, 74, 80]. Most existing algorithms
are pool-based, i.e. all the labeled and unlabeled data are accessible in the training and testing
stages, respectively.

Unlike pool-based multi-view learning (PMVL), stream-based multi-view learning
(SMVL) aims to sequentially identify the most appropriate views for the forecaster, in
which each example represented by different views is drawn at the same time from the data
sources. Thus in SMVL, the forecaster can access all the views of the currently received
example and make a prediction based on the selected views and the historical information
(i.e. historically selected views and payoffs). The environment then returns feedback (payoft)
in response to the forecaster’s prediction. Figure 3.1 shows the application of SMVL to the
automatic navigation control of a robot. In this example, a robot captures different directions
using cameras located at different angles in each step. It then selects a small number of views

to determine the direction of movement.

It is generally difficult to model the compatibility and temporal changes independently
based on each view. In practice, a forecaster usually explores the unknown by collecting
the prediction feedback based on the view subset in real time to evaluate the compatibility
of views. Traditional PMVL algorithms consistently treat different views over all the
examples (i.e. they do not consider that different views may play different roles on different
examples) and ignore the environment feedback. Considering redundant and noisy views
seriously affects the prediction, and regarding different views of different examples affects
the prediction in different ways (i.e. the environment changes over time), PMVL algorithms
ignore the environment feedback and thus cannot perform well for SMVL tasks. In addition,
given limited budget or computational resources, a predictor can only exploit a small number
of observed views. It thus becomes indispensable to design a decision strategy for sequentially

selecting a subset of views to deal with changed environments.
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Fig. 3.2 Using bandit framework to model stream-based multi-view learning.

Sequential decision making has recently been extensively studied in the literature [31].
The multi-armed bandit is a classical decision theory and control model. It was first in-
vestigated by Robbins (1952), who proposed strategies that asymptotically attain an av-
erage reward that converges at the limit to the reward of the best arm. Bandits have
been studied extensively in recent years [31] in a number of settings, such as the stochas-
tic setting [11, 14, 66, 73, 91], adversarial setting [9, 10, 15, 33], and contextual set-
ting [13, 117, 134]. In real-world applications, multi-armed bandits are effective for solving

situations where an exploration-exploitation dilemma is encountered.

SMVL can be modeled under the bandit framework, as shown in Figure 3.2. At each
time step ¢, the forecaster observes different views of the received example {x(l’t), e ,x(m)},
in which each view is obtained from a feature generator or source and embedded in a
reproducing kernel Hilbert space (RKHS). The forecaster selects a subset of views and then
makes the prediction based on the selected view subset. The environment returns payoff
after the forecaster makes the prediction. The forecaster simply aims to obtain a high payoff.
Note that we examine a setting in which only a subset of all views can be used, and the
environment provides payoff that corresponds to the current prediction.

The main challenge is how to make the decision in a changing environment. The forecaster
relies on the currently selected views and historical information, including previously selected

views, sequential predictions and the corresponding payoffs. For example, at various places
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in robot navigation, such as a straight road or curved road, the forecaster’s prediction depends
on different views. The forecaster should acquire the information not only from the historical
data but also from the new environment. It is important to make the decision by considering
the exploration and exploitation of different views at each time step, since all the views
potentially have different effectiveness in relation to the current or historical information.

Bandit therefore provides an ideal platform for solving this problem.

In this work, we formalize the problem under a new bandit framework, i.e. multi-view
bandit, in which each of the n views {Vj,---,V,} is defined as an arm, and at each time
step ¢, a set of context vectors {x( ), ,X(,)} represents an example defined by n views.
The context vector x(; ) for the i-th view V; corresponds to the i-th arm. The forecaster is
allowed to select m views (m < n), then exploits them for prediction and thus may suffer a
loss according to the prediction. The loss is defined as payoff. In contrast to the task of subset
selection in bandits [30, 83] which tries to identify the best subset in the stochastic bandit
setting, multi-view bandit selects a subset of views depending on the joint context vectors

(arms) and conducts the prediction based on the combination of all the selected views.

Under the frame of multi-view bandit, we propose a randomized algorithm CoRLSUB
which depends on the confidence analysis of the generalization of the co-regularized least
squares (CoRLS) [115]. CoRLSUB first generates several candidate subsets, each of which
contains m randomly selected views; it then estimates the upper bound of loss generalization
for each candidate subset, which employs Rademacher complexity of the space of compatible
predictions; and lastly, it chooses the subset associated with the lowest upper bound. We
theoretically analyze CoORLSUB and the multi-view simple regret to show that its upper
bound scales as O(1/+/t). We also show that the consistency of different views improves the
simple regret bound. The theoretical analyses explain how the choice of view subset affects

the generalization performance.

Multi-view bandit can be applied in various important domains, such as the automatic
navigation control of robots, autonomous driving and clinical decision analysis, in which
an agent sequentially optimizes the decision by selecting the consecutively received types
of environmental information. For example, in the automatic navigation control of robots,
particular views can be used to make predictions about when the robot stops and decides
where to move. Using CoRLSUB, the robot can actively select the views from several angles
such as 45°, 90° and 135°, rather than from every 15° angle. In this way, the forecaster
can make a successful prediction based on the selected views. In clinical decision analysis,
the clinician collects different kinds of information, such as medical records, observations,
medical imaging and so on, in a patient consultation. The clinician can then select the most

valid information from several sources to determine the most appropriate treatment.
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Our contributions are three-fold: (1) to the best of our knowledge, we are the first to
propose subset selection in the multi-view problem; (2) we are the first to address subset
selection in the SMVL setting; and (3) we propose the multi-view bandit algorithm CoRLSUB
and prove the multi-view simple regret bound.

The rest of this work is organized as follows. In Section 3.2 we review related work
about bandit and multi-view learning. In Section 3.3 we state the problem of multi-view
bandit. Regarding multi-view bandit, Section 3.4 presents the core contribution of this work
including a multi-view bandit algorithm CoRLSUB and its index calculation, and Section
3.5 theoretically analyzes the regret. Experiments in Section 3.6 verify the effectiveness of
the proposed CoRLSUB for multi-view bandit and demonstrate that the selective strategy
can improve performance. Section 3.7 provides detailed proofs of the theoretical results, and
Section 3.8 concludes this work.

3.2 Related work

Inspired by research on multi-arm bandits and multi-view learning, we propose a multi-
view bandit method which sequentially selects a subset of views in SMVL and thus is
different from traditional bandit problems such as stochastic bandit, non-stochastic bandit
and contextual bandit.

The multi-armed bandit problem was first studied in depth by Auer et al. [15], who
defined the measure based on the cumulative regret bound and theoretically analyzed the

selection strategy. The regret after n rounds is defined as
n n
R, = max ng - Zglnl? (3.1
=1k =1

where g is the payoff, K is the number of arms and /; is the selected arm at the round . Many
works have subsequently been developed to address this problem.

In the stochastic setting, Auer et al. [14] introduced an upper confidence bound algorithm
and provided a finite-time regret bound. In the non-stochastic setting, Auer et al. [13]
proposed the EXP3 algorithm and provided a regret of O(1/KT log T ) bound. Audibert and
Bubeck [9] provided a regret of O(+/KT) algorithm. In the contextual setting, Auer et al. [15]
proposed two algorithms LINREL and SUPLINREL based on the linear payoff assumption,
and provided regret analysis for SUPLINREL with a regret of 0(10g3/ 2K+/dT) bound. Li et
al. [88] and Chu et al. [37] proposed LinUCB and SupLinUCB algorithms and proved that

the regret of SupLinUCB was 0(\/Ta’log3 (KT1og(T)/9)).
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Another natural measure is defined based on the simple regret bound [12, 28] regarding
the stochastic setting, which is already used in the sub-optimality of an algorithm in the
multi-armed bandit problem. The simple regret after ¢ rounds is defined as

Re = max gis =g (3.2)

Bubeck et al. [28] defined simple regret as the regret on an one-shot instance of a
game for the selected arm. They proposed the UCB(«) algorithm and showed that for
distribution-dependent bounds the asymptotic optimal rate of decrease in the number of
rounds is exponential. Audibert et al. [12] proposed a high exploration UCB strategy policy
and a new algorithm based on the successive rejects. They showed that identifying the best
arm requires a number of samples of }; 1/ Al-z, where A; indicates the difference between the

mean reward of the best arm and that of the arm i.

With respect to multi-view bandit, we define a new measure, multi-view simple regret,
for SMVL, i.e.,

R; :L((pS,(x)7y)_L((ps*(x)vy>7 (33)

where S indicates a subset of arms, L is the loss function and ¢g, (x) = ming L(@s(x),y).
This measure is different from the previous two measures in the following three aspects:
(1) the payoff or loss is generated by a set of arms S rather than one arm; (2) the decision
is made by combining the selected arms; and (3) the regret depends only on the currently
received context vectors of the selected views. These differences explain why existing bandit
algorithms cannot be applied to SMVL tasks.

Several works have been developed to address the problem of subset selection in a
stochastic setting by iteratively removing ineffective arms. Kalyanakrishnan and Stone [83]
proposed several methods using the PAC model to retain the best-m arms (the LUCB method).
Bubeck et al. [30] proposed a new method, introduced identification complexity, and exploited
their SAR machinery to construct a parameter-free algorithm to identify the best m arms.
These bandit algorithms filter arms and retain the optimal set which includes only independent
arms and returns high payoffs. From the perspective of arm selection, multi-view bandit
aims to select a subset of arms but is different from these works because (1) these works
are not applicable to a changing environment and so cannot solve SMVL problems, and (2)
the selected arms in the multi-view bandit can be dependent or independent, and both the
decision and payoff are determined by combining all the selected arms. Therefore, this is the
first work that solves the SMVL problem within the bandit framework.

In multi-view learning, different views of objects are obtained from a variety of sources

or feature subsets and are incorporated to make the prediction. In contrast to single view
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learning, multi-view learning simultaneously optimizes all the functions from different views
to improve the learning performance by exploiting the consistency and complementarity of
these views. Existing multi-view learning algorithms can be classified into four groups [139]:

co-training, multiple kernel learning, subspace learning, and single view selection.

* Co-training maximizes the mutual agreement on two distinct views of the unlabeled
data. Nigam and Ghani [102] generalized expectation-maximization by assigning
changeable probabilistic labels to unlabeled data. Muslea et al. [98—100] combined
active learning with co-training and proposed a robust semi-supervised learning algo-
rithm. Sindhwani et al. [124] constructed a data-dependent “co-regularization” norm,
where each view is associated with a particular reproducing kernel Hilbert space.

» Multiple kernel learning assumes that a kernel corresponds to a particular view and aims
to improve generalization performance by either linearly or non-linearly combining
multiple kernels. Lanckriet et al. [87] formulated MKL as a semi-definite programming
problem and proved an estimation error bound O(W), where 7 is the margin
of the learned classifier. Sonnenburg et al. [125] developed an efficient semi-infinite

linear program and made MKL applicable to large scale problems.

» Subspace learning-based algorithms obtain a latent subspace shared by multiple views
under the assumption that the input views are generated from this latent subspace
with perturbations. Canonical correlation analysis (CCA) [74] and its kernel exten-
sion [4] are applied to multi-view data to select the shared subspace. Quadrianto and
Lampert [108] and Zhai et al. [142] studied multi-view metric learning by construct-
ing embedding projections from multi-view data to a shared subspace. Salzmann
et al. [118] aimed to find a latent subspace, in which the information is correctly

factorized into shared and private parts across different views.

 Single view selection algorithms explore specific criteria to identify the optimal view
for subsequent decision making. Paletta and Pinz [104] provided a near-optimal
decision strategy in terms of sensorimotor mappings using reinforcement learning for
active object recognition, and showed that ambiguous views may exist. A particular
view was selected to achieve maximum discrimination. Jia et al. [78] introduced
active view selection strategies for object and pose recognition. Borrowing the idea of
AdaBoost and actively selecting optimal view to update the weights of instances and
classifiers, the combined classifier was used to reduce classification error.

Multi-view bandit is different from conventional multi-view learning because: (1) existing

multi-view learning algorithms are pool-based and developed for a static environment, while
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multi-view bandit is stream-based and applied to a changing environment; (2) unlike view
combination and single view selection in most existing results on multi-view learning,
multi-view bandit is mainly concerned with how to select a subset of views to improve
generalization; and (3) existing multi-view learning algorithms do not consider environment

feedback, which is critical in multi-view bandit.

3.3 Multi-view bandits

Multi-view bandit considers the problem of selecting a near-optimal subset of m views(m < n)
from n views {V1,---,V,} of each sequentially received example x; = {x(1 5)," ", X(;)} at
time 7, making the prediction by integrating the optimally selected views and the historical
information, and receiving the payoff returned by the environment given the prediction.
Thus, at different time steps, multi-view bandit may select different views to obtain optimal

prediction.

At time step ¢, the prediction is defined by the linear combination of the functions over
St = {X(t,0), > X(1,,,r)} corresponding to the selected views {V;,---,V; H1 <11 <15 <
oo <ty <n,m<n),ie. forany (f;,,---,f,) the prediction function is given by

Ps, () = wi fi (X(ll ,t)) + o w, S (x(tm,t))7 3.4)

where the combination weights wy,, - - - ,w; € R are predefined, and functions f;, for 1 <i<m

are learned from the retained historical examples and their corresponding payoffs.

The views {Vy,---,V, } are considered as arms and each sequentially received example
x is formed by all the context vectors of arms. The example x; received at time step ¢ can
be naturally decomposed as x; = {x(u), e ,x(n’,)}, where each x(; ;) represents a particular

“view” of the input x and corresponds to a specific arm embedded in an RKHS.

The sequential evaluation protocol is described as follows: at time step ¢, according to
the historical information (including retained historical context vectors and payoffs) and the
currently received example x; = {x(u), e ,x(n’t)}, the forecaster first selects a near-optimal
set of m views S; = {V;,---,V;, } and then makes the prediction based on the context vectors
over the subset S;. After obtaining the prediction, the environment returns a payoff to the
forecaster. The payoff is 1 when the prediction is correct, and otherwise is 0. The objective
of the forecaster is to make a correct prediction or obtain a high payoff. In SMVL, we define

the loss as the payoff. Let L : Y x Y be a nonnegative loss function, and define the expected
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risk of a prediction function ¢ as

R(¢) =EL(p(x),y). (3.5)

We define the multi-view simple regret as

Rt :L(QD&(X)J))_L(¢S*<x)7y>7 (36)

where S; indicates a subset of arms and ¢g, (x) = ming L(¢@s(x),y). Then the expected regret
is

Rl :E[L((P&(x)ay) _L(¢S*(x)7y)]' (37)
We exploit the multi-view simple regret as the performance measure, because it is straight-

forward to measure the difference between the payoffs obtained by selecting S, and those

achieved by the forecaster in expectation.

3.4 CoRLSUB

Multi-view bandit aims to obtain the optimal view subset for prediction, which is NP hard
(Proposition 3.1). We thus propose an approximate algorithm CoRLSUB, a variant of
upper confidence bound algorithm based on CoRLS, in which a near-optimal view subset is

selected.

Proposition 3.1. It is NP hard to obtain the optimal view subset for the subsequent prediction.
(Detailed proof is given in Section 3.7.)

At time step ¢, given n views, there exist (;’1) possible view subsets, and T, (t) denotes
the set of historically selected view subsets S; for 1 < i < and their corresponding payoffs
at the first # time steps. Each view subset is associated with an index which is the sum of
R:(@s) and & (S,x), where R;(@s) is the empirical loss of @s and & (S,x) is the penalty
of the empirical loss defined by the Rademacher complexity of CoRLS. The selected view
subset at each time step corresponds to the lowest index. The main step is the calculation of
the index of a given view subset, which will be detailed in Section 3.5.1.

The forecaster subsequently makes the prediction according to (3.3) based on the selected
view subset S;. The environment returns a payoff after the prediction. If the prediction is
correct, the environment returns 1; if the prediction is wrong, the environment returns 0.
The forecaster collects the historical information of selected views and the payoff, and then

updates T, (¢). The above procedure for CORLSUB is summarized in Algorithm 3.1.
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Algorithm 3.1. CoRLSUB

1: forroundr=1,2,--- do

2: Observe context vectors xr = {X( ), ", X(nz) }

3:  for arandomly generated candidate view subset S C {V},--- .V, },|S| =m do
4: Compute the (S, x;) = R;(¢s) + &(S,x;), where

Ri(os) = m%;])u%(n),yﬂ
and 5 1
E(S,x) = Ts()] tr(k,)+m(2+3\/ln(2/6)/2)
end for

Draw a view subset S; by using argming 1(S, x)
Make the prediction based on S;
Observe the payoff from the environment: receive 1 when prediction is correct and 0
when prediction is wrong
9:  Update historical information T, (¢)
10: end for

3.4.1 View subset calculation

We consider m randomly selected views S; = {V;,,-- -, V;,, } corresponding to a set of observed
context vectors {x(, 1), ,X(,, ) } for each of the randomly generated candidate view subsets.
Simply we use ¢ to abbreviate @s,. Let Hy,,---,H;, be RKHS’s of real-valued functions on
X, associated with kernels &, ,--- ,k;, : X x X — R, respectively, and each k;, corresponds to
a particular view V;,. Then, we have the product space F; = H;, X --- x H;, . The space of

prediction H, is defined as the image of F; under v. That is

He = v (F) ={v(f)|fi € R}, (3.8)

where v;(f;) = Ly.es wifi and w; € R.
Lemma 3.1. F; is a Hilbert space.
Lemma 3.2. 7, is a Hilbert space.

We show F; is a Hilbert space in Lemma 3.1 and 7, is a Hilbert space in Lemma 3.2
(proofs can be found in Section 3.7). Moreover we can give an explicit expression of its
reproducing kernel. Thus we can express the optimization on the H, as a finite-dimensional
optimization problem by using the Representer Theorem.

We firstly formulate the optimization problem for solving the final prediction. Inspired

by co-regularization in the two views setting [27, 124, 127], we consider the agreement
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on context vectors between the predictors of different views. The disagreement term for

compatibility can be defined as:

v Y V@) = i) (3.9)

Va#Vp

where ¥ € R™. The objective function for learning from m views considered in this work is

then written as:

argmin min . R(¢r) + Z O‘j”ﬁj”%{,. +7Y Z [ﬁa(x(la,t)) _ftb(x(t,,,z))]27 (3.10)
(P;Gﬁf (ﬁ17"'7ﬁm)evt ((Pl) j=1 J Va#Vh

where ay,- -, q,, > 0 are RKHS norm regularization parameters and y > 0 is the disagree-
ment norm regularization parameter.

We give a general form of the disagreement term. We define the following column vector

of function evaluations on the context vectors:
Jo = (i ) s ) o () (3.11)

In multi-view regularization, the L>-disagreement penalty v, 20, e X (a0)) = Joo (X109 )
is replaced by a more general form f Df,, where D € R™ ™ is a positive semidefinite matrix.

The objective function (3.10) can be rewritten as follows:

argmin  min _ R(9)+ Y &l fyllw, +¥f Df, (3.12)
e, (ﬁl7"'7ﬁzn)€vt (¢r) i=j

where D is an m X m matrix defined by

m—1 i=j
D= / )
—1 otherwise

This objective function (3.12) can be expressed as a standard Tikhonov regularization

problem over a new data-dependent RKHS.

T
Denote the point kernel matrix for the ath view by K¢ = (ka(x,-,xj))l. f:(tf‘, and de-
fine the block diagonal matrix K; = diag(K;,,--- ,K;,) € R0l /Ts0lm  Denote the di-

agonal matrices of these parameters as A;; = diag(zv,1 1 Wrpy Wy wy, ) and G =

175(0) 17500)
diag(oy, -+ , 0, -+, 0y, ,0y,). For each kernel, we then denote the column vector of

s

g g

|Ts (1)l s (@)l
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kernel evaluations between the history data and an arbitrary point x € X by

k,(x) = (kfl (xl,x),--- ,kl (x‘TS(t)‘,x),--- ,km(xl,x),--- ,km(x‘TS(t)‘,x))T. (313)

We can show that H, is an RHKS with kernel k; and it is proved in Theorem 3.1 (proof
can be found in Section 3.7).
Theorem 3.1. Let the kernel function be
5 oWy | ~_1 I nA—1F 7
ki(z,x) = Z jk,j (z,x) — Yk, A,G; (I+yDG; 'K;)” DG, "Aik(z), (3.14)

j=1 "1

and define the norm of any ¢; € H; as

ol = \/( min ) at,.Hf,jH%{lj +vfDf,. (3.15)

ftl " ,ftm)E‘Ul_l (¢r) j=1

Then 7:[1 is an RHKS with kernel lAc,.

In RKHS, to let the prediction function lie in a certain subset of a function space, such
as in a norm ball, we use a soft constraint ®(f) on the function space. Our minimization

problem can be rewritten as:
min{R(f) +A®(f): f € F}, (3.16)

where F is the function space over which we are optimizing, R is the empirical risk and 4
is the regularization parameter. Thus according to Theorem 3.1 we can apply minimization
(3.16) to solve the objective function (3.12). That is

argmin R(@) + | ][5, , (3.17)
@[6’7':[1
which is a standard RKHS regularization problem, and the norm ||.|;5, is written as
m ~ ~
@iy, =/~ min Y allfyll3, +vA DF (3.18)
fllf"v.ffm)evf ((Pf)j:1 J

Now we analyze the Rademacher complexity for the above algorithm according to the

RKHS theory. We provide the definition of the empirical Rademacher complexity of a
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function class ‘H for a sample xq,--- ,x; € X
Ri(H) = sup Z o;ip(x)||, (3.19)
OEH
where the expectation is with respect to ¢ = {0y, -+, 0;}, and o; are i.i.d. Rademacher

random variables.
We try to find the final prediction function from a norm ball of a particular radius in the
RKHS #,. We denote the norm ball of radius r by

He={p €Al loillg, <7} (3.20)

and the norm is always bounded as ||¢* H?_[t < r? := L(0), where 0 denotes the prediction
function that always predicts 0.

Theorem 3.2 proves a lower bound and an upper bound for the empirical Rademacher
complexity of the function class 7L, with a high probability.

Theorem 3.2. Under our assumption, at time t, given the views subset S;, the empirical

Rademacher complexity of H, on a sample (x1,y1), -, (X75(1)»Y|Ts (1)) is bounded above
and below by
1 2r » ~ 2r -
W? tr(k,) S 9%;(7—0) S T tr(kt), (321)
where
Z — vk A,G NI+ yDGUKC,) T IDG Ak (). (3.22)

The Rademacher complexity can be plugged into the generalization bound. As a particular
example, we present a bound from the theory of Rademacher complexity. The generalization
error bounds can therefore be approximated by the following theorem.

Theorem 3.3. Generalization bounds: let L be one of the surrogate convex losses with
Lipschitz constant A = 1. Given the views subset S and contextual information x;, for any
0 € (0,1), with probability at least 1 — & over the sample of historical data

(X1,91)5 (X725 (1—1)s V|75 (1—1)|) drawn i.i.d. from D, we have for any predictor ¢; € H that

(2+3+/In(2/68)/2 (3.23)

EpL(¢1(x),y) < Re(gr) +29%(H,) +

1
VITs(t— D)

where Ry(91) = ==y L1 1) L(1 (), vi).
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Theorem 3.3 shows that different view subsets have different generalization performances.
Thus we let the index correspond to the empirical loss R penalized by some quantity &, which
can be defined as

N(S,x) =Ri(@) +&(S,x), (3.24)

where S indicates the view subset.
Then we define the penalty using the upper bound of generalization based on Rademacher
complexity given in Theorem 3.2 as

2r A 1
E(S,x) = m tr(ke) + m(2+3\/ln(2/3)/2). (3.25)

3.5 Regret analysis of CORLSUB

Under the assumptions of view compatibility, we show that the selected view subset can be
indexed by the confidence of generalization of a variant of CoRLS. Then we provide a regret
analysis for CORLSUB in Theorem 3.4.

In this section, we prove Theorem 3.2 and Theorem 3.3 and provide an upper bound for
the multi-view simple regret.

The proof of Theorem 3.2 is as follows:

Proof. According to Theorem 3.1, we have found a reproducing kernel lAct(., .) for the Hilbert

space #,. The optimization problem is

@* = argminR(Q) + ||@ ?2%. (3.26)
(PG/]:Zf
According to [115] we know that
lo* (1%, <r*:=L(0). (3.27)

We can restrict our search for /* to the norm ball in 7, of radius 1/L(0). According to the
results of [115], the Rademacher complexity is a standard result by using the new reproducing
kernel IAc, of RKHS 7:[;. ]

Let L be one of the surrogate convex losses and L € [0, 1], such as hinge loss with

Lipschitz Constant 1, logistic loss with Lipschitz Constant sup; | = 1 or exponential

v
I+e—/
loss with Lipschitz Constant L < B = 1. We first show the condition on the loss function L.
with Lipschitz constant A = 1:
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Condition 3.1: The loss function L(.,.) is Lipschitz in its first argument, i.e. there exists
a constant A such that ¥y, ¥,y : ||L($1,y) —L(F1,¥)|| < Al[F1 — 92|

With this condition, we can prove Theorem 3.3.

Proof. Given views subset S, we set the loss function class as Q = {(¢s(x),y) : s € T }.
According to Theorem 3.1 of [115], given any labeled data and ¢, € 7, for any 6 € (0,1)
with the probability at least 1 — 6 we have

1 Z L(os(xi),yi) + R (Q)+3 In(2/6)

EpL(0s(x),y) < ——— _e/9)
PHOWY) S e, & 2Tt~ 1|

We let g, = L(0,y) and py(¥) = L(¥,y) —L(0,y). Now we have L(¢(x),y) = gy + py *
(¢(x)) and Q = g, + pyo J. Since |gy| < 1 for all y, according to a property of Rademacher
complexity [19] we have

- 2
R (Q) <Ri(gyoHy) + —. (3.28)
= ]

Based on our loss condition there exists Lipschitz constant A and p,(0) = 0. Then according

to the Ledoux-Talagrand contraction inequality we have
R (pyoHy) < 2AR(H,). (3.29)
Thus we conclude the generalization bounds
EpL(s(x),y)
< TG, L, L)) + 294 () + Wg(li_l (2+3y/n(2/3)/2).

O

Theorem 3.4. Multi-view bandits has an expected multi-view simple regret for any 6 € (0, 1)
that is with at least 1 — & probability,

E[L(¢s,(x),y) = L(¢s, (x),y)]
<sup{ Y Jir(hs) + —— (243 l”(z/a))}. (3.30)

Ts(2) 0] 2
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Proof. We consider the upper bound of the simple regret in terms of the selected views. Let

S; denote a random set of all m-view subsets. We have

E[L(¢s, (x),y) — L(¢s, (x),y)]

= EL(¢s,(x),y) — Ri(¢s,) + Ri(9s,) — Ri(9s,) + R (9s,) — EL(@s, (x),y)
< |EL(@s,(x),y) — Ri(@s,)| + |EL(@s, (x),y) — Ri(@s,)
< 2Sg,p |EL(@s,(x),y) — Ri(@s,)] -

The first inequality is derived from VS, R, (¢s) < R,(¢s,). According to Theorem 3.2, at
time ¢, given 0 € (0, 1) that is with probability at least 1 — §, we have

4r - 2 In(2/9)
Ssup{m tr(k3)+m(2+3 5 )}

]

The problem dependent simple regret scales as O(1/+/t). As t — 0, the simple regret can

achieve the convergence. We examine m or tr(k). The second term of 7r(k) depends
on the disagreement norm regularization parameter . If other parameters are fixed, when y
increases to +oo, tr(lAc) — 0 and the simple regret upper bound also decreases. Thus, when
the consistency of the model based on the selected views becomes more constrained, the

simple regret can be smaller and it is coherent with the intuition of multi-view learning.

3.6 Experiments

We empirically evaluate the effectiveness of the proposed multi-view bandit for view subset
selection. Considering the lack of baseline algorithms which have a multi-view bandit setting,
we define two naive baselines: (1) an all-view strategy, in which the forecaster employs
all the available views for prediction; and (2) a random strategy, in which the forecaster
randomly selects m views for prediction. The proposed CoRLSUB is developed based upon
the state-of-the-art algorithm CoRLS [115]. For fair comparison, we employ the views
chosen by either (1) or (2) for CoRLS. Briefly, the two baselines are termed CoRLS-All and
CoRLS-Random.

Evaluations are conducted on a synthetic dataset - a toy example, and an example for

the automatic navigation control of a robot [121]. Then we exploit five publicly available
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Fig. 3.3 A toy dataset with different views.
real-world datasets: G50C [35], PCMAC [122], Caltech 256 [68], VOC 2006 [47] and
ImageNet [44].

3.6.1 Toy example

Several experiments were performed on the toy example, which is a synthetic dataset
represented by n = 5 views and sampled from two classes. We extended the two-moons-
two-lines dataset to six views with noise, as shown in Figure 3.3. As well as the original
two-moons-two-lines views, we created a further four views by adding the standard deviation
of Gaussian noise (level 0.10, 0.20, 0.50 and 0.60) to the two-moons view. Similar to
two-moons-two-lines, we randomly associated the points on one moon with points on one
line to construct the class conditional view. A few examples were labeled in each class, and
the other examples sequentially arrived for prediction with their different view information.
After prediction, the environment gave either 1 when the prediction was correct or 0 when
the prediction was wrong as payoff to the forecaster. A Gaussian kernel was chosen for the
two moons view and a linear kernel for the two lines view. The squared loss was chosen for
L(.,.). In the toy dataset, we let m = 3 and used the majority vote for the final prediction,
that is w; = 1/m. The experiments were repeated 100 times and the average accuracy of
the various methods at each time step is shown in Figure 3.4. Our method outperforms the
others, such as CoORLS-All and CoRLS-Random, which is logical since the noisy views can

harm the prediction. Our view subset selection relies on the generalization performance of
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the selected view subset, and all views strategy and random strategy do not try to isolate the

noisy views.
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Fig. 3.4 Performance comparison on the toy example.

3.6.2 The robot navigation example

We designed a simple robot motion experiment to evaluate our algorithm. The robot received
the images sequentially through multiple cameras. Five cameras at different angles provides
five shots in each round. The shots have a 50° overlap. At each time step, the robot selects m
shots and then makes a decision based on the selected shots. The decision in our problem
is simply defined as turning right or turning left. Following prediction, the environment
gives feedback as to whether the robot can turn right or left. The feedback is defined in
a payoff way, such that if the robot takes the right action the payoff is 1, and if the robot
takes the wrong action the payoff is 0. Images are represented by a histogram of oriented
gradients calculated in each cell that is decomposed by the HOG. We let m = 3 for view
subset selection and use the majority vote for the final prediction. We use Gaussian kernel for
all views and choose the squared loss for L(.,.). We report the accuracy of different methods
at each time step and the results are shown in Figure 3.5. Our method performs better than
the others. This indicates that the active selection strategy of our algorithm attempts to
select views that will achieve better performance than other strategies. The view strategies of
other methods were less effective than ours because of the existence of noisy and redundant
views. The random strategy performs the worst because it uses useless shots which are
unable to provide information about movement, and may also use noisy shots while ignoring
important shots. We show two examples of view selection in Figure 3.6. The selected views

by random strategy do not provide enough information for prediction, thus the prediction
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may be wrong. However, the multi-view bandit algorithm CoLRSUB actively selects the
view subset based on the feedback of previous selections. The selected views contained the

necessary information to improve prediction performance.

0.8

0.751

o
3

=4
o
@

Average Accuracy

0.6

CoRLS-All
= = = CoRLS-Random
- + = CoRLSUB

0.55

0 50 100 150 200 250 300
Time

Fig. 3.5 Performance comparison on robot motion example.

3.6.3 Public datasets

The G50C dataset was generated from two unit covariance normal distributions with equal
probabilities and contains 50 features. We split all features into 5 disjoint feature subsets
(each feature subset corresponds to a context vector) as 5 views. We let m = 3 for selection
and used the majority vote for the final prediction. We used Gaussian kernel for all views
and chose the squared loss for L(.,.).

The PCMAC dataset was collected for a text binary classification problem drawn from
the 20 newsgroups dataset; it contains 7511 features. We split all features into 11 disjoint
feature subsets (each feature subset corresponds to a context vector) as 11 views. We let
m =5 for selection and used the majority vote for the final prediction. We used Gaussian
kernel for all views and chose the squared loss for L(.,.).

In the Caltech 256 database, there are 256 object categories and 30607 images. The
images from each category were downloaded from both Google and PicSearch using scripts.
The number of images in most categories is more than 100. Of the 256 categories, we used 10
categories: bear, camel, comet, dog, elephant, fire-truck, goose, hibiscus, kayak, and snake.

In the VOC 2006 database of 5301 images, there are 10 categories: bicycle, bus, car, cat,
cow, dog, horse, motorbike, person, and sheep. The images were collected from Microsoft
Research Cambridge and “Flickr”. We used all 10 categories.

ImageNet is an image database from internet the Internet and organized according to the

WordNet hierarchy. There are more than 100000 synsets and on average 1000 images to
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Fig. 3.6 Example views selected by different strategies in the automatic navigation control of
a robot.

illustrate each synset in ImageNet. There are more than a thousand categories in ImageNet,
of which and we used 10 categories: airliner, ambulance, bicycle, boat, calabash, cock,

curassow, draft animal, jeep, and taxi.

To simulate the multi-view setting for image datasets (CalTech256, VOC2007 and
ImageNet), we chose to represent each image by color histogram, histogram of oriented
gradients, textons, Fisher coding and VLAD. The color histogram indicates the distribution
of colors in an image. The histogram of oriented gradients calculates a histogram of oriented
gradients in each cell which is decomposed by the HOG. We use a variant whereby the
feature has 31 dimensions. Textons are the basis of texture gradation and are used to classify
and manipulate textures. To summarize a number of local feature descriptors in a vectorial
statistic, e.g. SIFT, we use two encodings, Fisher encoding and VLAD. The Fisher coding
uses Gaussian mixture model (GMM) to construct a visual word dictionary. The VLAD
encoding uses k-means instead of GMM to generate the feature vocabulary. For each dataset,
we used these five different feature sets as different views to represent the image. We let
m = 3 for selection and used the majority vote for the final prediction. We used Gaussian

kernel for all views and chose the squared loss for L(.,.).
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Fig. 3.10 A comparison of the multi-view bandit strategy with other strategies on ImageNet.
3.6.4 Stream-based multi-view learning

We simulated the stream-based multi-view learning setting on these five datasets. In the
stream-based multi-view learning setting, the example is delivered one by one with multiple
views information.

For the G50C, the environment randomly draws an example with 5 views at each round.
We assume that the algorithm does not know the label of the example before it makes the
prediction. The algorithm selects three views to make the prediction according to its strategy.
After making the prediction, the algorithm will suffer a loss incurred by the difference
between the prediction and the label provided by the environment and will receive the new
example with the label provided by the environment. We record the accuracy of the prediction
in each round. This simulation is repeated 100 times and the average results are reported.

Similar to the G50C, there is an example with 11 views for the PCMAC at each round,
and the algorithm selects five views to make the prediction. The results of the average
accuracy for the different algorithms are shown in Figure 3.7. The empirical results show
that multi-view bandit algorithm performs better than CoRLS-All and CoRLS-Random. The
results show that active selection works better than the passive selection in the stream-based
multiple views setting.

For Caltech 256, we selected 10 categories and constructed 10 classification problems.
For each category, we collected 100 positive examples and 300 negative examples. At each
round the environment randomly draws an image which is represented using five views
encoded by color histogram, edge direction histogram, textons, Fisher coding and VLAD.
The algorithm selects three views from all views according to its strategy and then makes
the prediction. The algorithm does not know the label prior to making the prediction. After
making the prediction, the algorithm suffers a loss incurred by the difference between the
prediction and label provided by the environment, and receives the new image with the label
provided by the environment. We collected the average accuracy of the total number of

predictions. We repeated the simulation 100 times and reported the average results.
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As with Caltech 256, we conducted the same experiments on the VOC 2006 and ImageNet.
We used 10 categories from each database and constructed classification problems. For each
round, the environment draws an image represented by five views. The algorithm selects
three of the five views according to its strategy and then makes the prediction. The algorithm
may suffer a loss and receive the new image with its label provided by environment. We
collected the average accuracy of the total number of predictions. We repeated the simulation
100 times and reported the average results.

In Figures 3.8, 3.9, 3.10, we show that our algorithm outperforms CoRLS-All and CoRLS-
Random for the selected datasets from Caltech 256, VOC 2006 and ImageNet respectively.
It suggests that the effectiveness of views is different. Noisy or redundant views may exist,
and actively selecting the view subset can improve performance. CoOLRSUB is a selective
strategy according to the loss generalization bound and the results verify its effectiveness.
The Multi-view bandit algorithm and All views strategy both offer more stable performance
than Random. Comparing with Random strategy, Multi-view bandit algorithm CoRLSUB
selects view subset according to historical records and current example and thus it maintains

a better performance.

3.7 Proofs

In this section, we present the detailed proofs of the theoretical results.

3.7.1 Proof of Lemma 3.1

We prove F is complete. Let fi, f2,--- be any Cauchy sequence in /. Then for any

a,bel,2,---, we have

m
Ifa=FollF = ) cill fo— foll3 + ¥(Ja = 7o) D(fa = fo)- (3.31)
i=1
Both the left hand side and right hand side are nonnegative. Recall that #'s are RKHS’s, they
are complete. Thus for each i = 1,--- ,m, lim, .. i = f, for some f € H'. Let f, — f, we
have

I fa—F15F =Y aill fs— £ 15+ v(Ffa— ) D(fa— 7). (3.32)
i=1
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We define the largest eigenvalue of D is A;(D), then by the variational characterization of

eigenvalues we have

0<¥(fa=)'D(fa—1)
< }’11(D>(fa _f)T(fa _f)

— YD) i(fé(X) _F) (3.33)

Since H"’s are RKHS’s, their evaluation functions are continuous. Thus given x € X’ if fi
and f' are close in the norm ||. ||, then || f,(x)" — f'(x)| is small. Then we can find large N
that a > N implies || fi(x) — fi(x)|| < e foralli = 1,--- ,m. Thus we conclude y(f, — f) — 0
as a — oo.

It is straightforward that the summands in Y7 | o] £ — f'|| i each go to 0 as £ — f'in
H.

Thus if the left hand side goes to 0, then all terms on the right hand side go to 0.

3.7.2 Proof of Lemma 3.2

Following the approach of [21] we show how to push the Hilbert space structure from
onto H.

Denote the nullspace of ¢ by A/ := ¢~1(0). AV is a closed subspace of F, and then its
orthogonal complement A" is also a closed subspace. Let y : N — # be the restriction of
@ to N'*. We define an inner product on N’ as

(f.8)g = (N v '(g) s (3.34)

The (H, (., .)4;) is a Hilbert space isomorphic to A/,

Now we show the norm of i € H define as

1l = w™ (1)||%
= min(|ly~ ()| 5+ nF)

= min[ly " (1) +n3)
= min (||f 2
min (1715)

- ' ol flly +vf* DF. 335
i F ol 177 0f 535
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3.7.3 Proof of Theorem 3.1

We now construct a reproducing kernel IAc(., .) for the Hilbert space 7. Thatis, foreachz € X,
atuple g, = (g;, .-+ ,8™) € F such that the function ¢(g;) € # has the reproducing property:

{h, 0(82)) 5, = h(2)- (3.36)

If this property is suited for all x € X, then by definition kisa reproducing kernel for A.

We first define the maps u and v and have
vl (k(z,.)) = gz +nz, (3.37)

for some n, € \V.

Fix any h € H, and let f = (f',---, ™) =v~!(h). Then

:<(f17" m)7gz>]:
= Z j <f gz>fH/ +7f MgZ7
j=1

where g&:= (gzl(xl)>"' >g;(xl)7"' ;g?(xt)f" aggn(xf))'

We define B, = (B} (x),---,B"(x))" and h, = G~ (Ak, + YK ;). Then we have

(h,k(z,.) Za,f’ +}/ZZB xi)+vf ' Dg.

j=1li=

h(z)+vf' Bz +yf ' DG (Ak; +YKB.)
h(z)+vf" [B.+ DG (Ak, +YKB.)]
h(z)+yfT[(I+yDG'K)B. + DG Ak,
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We let B, = —(I+yDG'K)"'DG 1Ak, and it can be shown that I + yDG K is full rank.
Now we conclude that we have the reproducing property for z. Then we can have

k(z,x) = @((g1,--- &)
=Y fakd (2.x) + 7Y B (K ()]
=19 i=1
= Z — k' (z,x) +y— Z Bij (2)k’ (xi,x)
=1 % Qj iz
moy? e 1 =
=Y ki (z,x)+ ykLAG™' B
=1 9%
moyZ e ~ A e
=Y. HK(2x) — h{AGT 1+ yDG ™ K)DG ™ Ak..
j=1%

We conclude that 7 is an RKHS with kernel k.

3.7.4 Proof of Proposition 3.1

We reduce the Knapsack Problem to a special multi-view bandit problem where the view
subsets have different payoffs, and discrete priors with non-zero probability at feedback
0 and 1. It shows that maximizing the profit in the Knapsack instance is equivalent to
maximizing the probability of finding a perfect view subset, which is shown to be equivalent
to minimizing the regret. The reduction reveals the packing aspect of the multi-view bandit.
To find an optimal solution in the Knapsack Problem is NP-hard. Thus we can see that in
multi-view bandit there is no known polynomial algorithm which can tell whether a given
solution is the optimal solution.

3.8 Conclusion

In this work, we have defined and examined the problem of view subset selection for
multi-view learning in the sequential environment. Unlike a traditional bandit problem,
the forecaster aims to select a subset m(m > 2) from n views after observing the view
information generated from different views to make the final prediction and then obtain
payoff. We formalized this problem as a multi-view bandit subset selection in the steam-
based multi-view setting. Few previous studies have examined multiple view selection in
multi-view learning, and there have been no studies on subset selection in the multi-view
bandit setting. We first introduced the multi-view bandit and its corresponding multi-view
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simple regret. Incorporating the Rademacher complexity, which plugs into the generalization
bound, we proposed the multi-view bandit algorithm by considering this generalization
bound, which can theoretically bound the multi-view simple regret. We provided an upper
bound of expected multi-view simple regret using the Rademacher complexity and proved an
upper bound of order 1/+/t. We also showed that the consistency of predictions based on
different views can improve the simple regret bound. Our experiments verified that our view

subset selection method is efficient.






Chapter 4
Active multi-task learning via bandits

In multi-task learning, the multiple related tasks allow each one to benefit from the learning of
the others, and labeling instances for one task can also affect the other tasks especially when
the task has a small number of labeled data. Thus labeling effective instances across different
learning tasks is important for improving the generalization error of all tasks. In this work,
we propose a new active multi-task learning paradigm, which selectively samples effective
instances for multi-task learning. Inspired by the multi-armed bandits, which can balance
the trade-off between the exploration and exploitation, we introduce a new active learning
strategy and cast the selection procedure as a bandit framework. We consider both the risk of
multi-task learner and the corresponding confidence bounds and our selection tries to balance
this trade-off. Our proposed method is a sequential algorithm, which at each round maintains
a sampling distribution on the pool of data, queries the label for an instance according to
this distribution and updates the distribution based on the newly trained multi-task learner.
We provide an implementation of our algorithm based on a popular multi-task learning
algorithm that is trace-norm regularization method. Theoretical guarantees are developed by
exploiting the Rademacher complexities. Comprehensive experiments show the effectiveness
and efficiency of the proposed approach.

4.1 Introduction

Multi-task learning is to address the problem that the data representations are common across
multiple related supervised learning tasks. The goal of multi-task learning is to improve
the performance of learner for multiple tasks jointly. This problem is interesting in many
research areas. For example, for predicting the therapeutic success of a given combination
of drugs for a given strain of the HIV-1 [23], they designed a multi-task learning model to
handle arbitrarily different data distributions for different tasks. Another example is to detect
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different objects in images [130]. Each specific object detecting can be considered as a single
supervised learning task. They proposed a method to learn the shared features from the pixel

representation of images.

For all of these multi-task learning algorithms, we often first collect a significant quantity
of data that is randomly sampled from the underling population distribution and then induce a
learner or model. However, the most time-consuming and costly task is usually the collecting
of data. Thus, it is particularly valuable to determine ways in which we can make use of
these resources as much as possible. Furthermore, in multi-task learning, the simultaneously
multiple related tasks allow each one to benefit from the learning of all of the others, and
labeling instances for one task can also affect the other tasks especially when the task has a
small number of labeled data. Thus our work focuses on how to guide the sampling process

for multi-task learning.

However, currently, there is seldom work to address selectively labeling instances in
multi-task learning. We first show some work about active learning for multi-task learning
problem. Harpale and Yang [72] designed an active learning strategy for multi-task adaptive
filtering approaches. Reichart et al. [113] considered the active learning algorithm for multi-
task problem in linguistic annotations and combined rankings/scores from all single-task
active learnings. Acharya et al. [3] used a topic-modeling framework for the dimension
reduction to adapt the expected error reduction strategy. However, these methods all addressed
specific problems. We try to develop a general framework for active multi-task learning by

considering the risk of multi-task learner and the confidence bounds on the risk.

In this work, we propose a new active multi-task learning algorithm via bandits. Our
work is built on a bandit framework for actively selecting instances from a pool of data.
The multi-armed bandit is a well-known model on sequential decision problem. It tries to
address the fundamental trade-off between exploration and exploitation in sequential decision
making problems [31]. Inspired by these, we define the active learning process as a sequential
instance decision problem. Our proposed strategy addresses the trade-off between the risk
and the confidence bounds and tries to select instances to filter out good hypothesis. We
maintain a designed distribution on the pool of data. This distribution will be updated when a
new multi-task learner is trained with new instances and involves the risk and the confidence.
We sample the data from the pool based on the distribution and try to select an instance
to improve the performance of learner. The hypothesis can be considered as an arm. As
different instances acquired, we can select different hypotheses for our optimization function
and finally filter the good candidates which are close to the ideal hypothesis.

We provide an implementation of our approach based on multi-task learning with trace-

norm regularization method. Trace-norm regularization method is one of the popular algo-
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rithms for multi-task problems [106]. It is to solve the problem of minimizing the rank of a
matrix variable subject to certain constraints. In problems where multiple related tasks are
learned simultaneously, the models for different tasks can be constrained to share certain
information. Recently this constraint has been studied using the trace-norm regularization
method [2, 8, 103]. There is very few work to address the active learning strategy based on
multi-task learning with trace-norm regularization method. Our implementation uses this
regularization method as an example and is the first work to use the risk and the confidence
bounds for active learning.

The main contributions of this work are three-fold. Firstly, we proposed a new active
learning algorithm for multi-task learning problem, named active multi-task learning via
bandits, which is a general active learning framework. Secondly, we provided an implemen-
tation of our algorithm based on trace-norm regularization method. Thirdly, we verified our
algorithm’s effectiveness and efficiency by comparing its evaluation results to such passive
learning and other active learning strategies for multi-task learning empirically.

The rest of this work is organized as follows. In Section 4.2, we introduce the related
work. In Section 4.3 we formalize our problem definition. We present our algorithm in
Section 4.4. In Section 4.5, we give some theoretical results. The experiments on synthetic
and real datasets are demonstrated in Section 4.6. Finally, we make the conclusion in Section
4.7.

4.2 Related work

Active learning is very popular and studied in many research areas [119]. According to the
query strategies used, there are three categories of active learning techniques: (1) uncertainty
sampling [90, 129], which focuses on selecting the instance that the classifier is most
uncertain about; (2) query by committee [61, 95], in which the most informative instance
is the one that a committee of classifiers find most disagreement; and (3) expected error
reduction [116], which aims to query instance that minimizes the expected error of the
classifier. Most existing studies have focused on a single domain and have assumed that an
omniscient oracle always exists that provides an accurate label for each query.

Multi-task is studied for addressing the dataset which contains multiple tasks. There are
many different approaches to address this problem. Bakker and Heskes [16] used a common
prior distribution in hierarchical Bayesian models to model task relatedness. Evgeniou et
al. [48] worked on the kernel methods and regularization networks for multi-task problems.
Argyriou et al. [8] and Jacob et al. [77] worked on the clustered tasks for multi-task learning.

Recently, trace-norm regularization for multi-task learning has been proposed [2, 8, 103]. In
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the foundations to a theoretical understanding of multi-ask learning, J. Baxter [20] used the
covering numbers to expose the potential benefits of multi-task learning. Ando et al. [6] and
Maurer [93] started to use Rademacher averages to give excess risk bounds for a method of
multi-task subspace learning. Maurer [94] provided the excess risk bounds for the multi-task
learning based on trace-norm regularization algorithm. Maurer [93] provided a general form
of the bound of multi-task learning and their result is dimension independent. Kakade [82]
introduced a general and elegant algorithm to derive bounds for the method which employs
matrix norms as regularization.

In multi-armed bandit problem, the forecaster’s goal is to maximize the sum of payoffs
over time based on the historical payoff information. There are two basic settings. In the
first, the stochastic setting, the payoffs are i.i.d. drawn from an unknown distribution. The
upper confidence bound (UCB) strategy has been used to explore the exploration-exploitation
trade-off [14, 31], in which an upper bound estimate is constructed on the mean of each
arm at a fixed confidence level, and then the arm with the best estimate is selected. In the
second, the adversarial setting, the i.i.d. assumption does not exist. Auer et al. [15] proposed
the EXP3 algorithm for the adversarial setting, which was later improved by Bubeck and
Audibert [10]. Fang and Tao introduced the networked bandits for the network setting [49].

There are some works about active learning for some specific multi-task learning prob-
lems. Reichart et al. [113] presented some huristics such as interatively selecting sample
from different tasks or aggregating the selection scores from tasks. Qi et al. [107] proposed
to estimate the correlation of labels directly from training data and used the resulting joint
label distribution to guide active learning. Zhang [143] proposed a multi-task active learning
algorithm with output constraints and considered the cross task value of information criteria.
They used the value of information framework to measure the reward of a labeling assignment
over all relevant tasks reachable through constraints. Acharya et al. [3] used a topic-modeling
framework for the dimension reduction to adapt the expected error reduction strategy.

Our algorithm is the first work to consider the risk of multi-task learner and the confidence
bounds for active learning and there is also few work about active learning based on multi-task

learning with trace-norm regularization method.

4.3 Problem definition

We consider active learning for multi-task setting with unknown instance labeling y; €
{—1,+1} for each instance x; € X. First, we describe the multi-task learning setting. There
are M tasks and a pool of data P = {(x1,y1), -, (xn,¥n)}, drawn from an unknown dis-

tribution D defined on a domain X x {—1,+1}. For each task, the unknown input-output
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relationship is modeled by a distribution w,, on H x R with w,,(x,y) and each task is modeled
by a vector Z,, of n independent random variables Z,, = (Zy, 1, ,Znn), where each task
Z,i = (Xm,i,ym,i) is distributed according to u,,. We assume bounded inputs, for simplicity
X[ <1

Second, we introduce the popular method of multi-task learning algorithm — trace-norm
regularization. For each task, we focus on linear predictors and the associated predictor
predicts output of (w,x) for an observed input x € H using a specified weight vector w € H.
We then let H = R? and W = (w1,--- ,wy). If the observed output is y then the loss is
¢(h(x),y), where £ is a fixed loss function on R? and is assumed that £ € [0, 1]. We let £ be
one of convex losses and we use squared loss. A classical learning strategy is empirical risk

minimization, defined as

argminR(h), 4.1)
heH
where
1 ¥ 1
:MZ,;ZK xml }’mz (4.2)

m=1"i=1

indicates the average empirical risk.

We consider the trace-norm regularization method. The empirical risk minimization is
defined as
M 1
argmln Z ;ZE (Wins X i) s Ym,i) (4.3)
m=1"i=1

and the multi-task learning with trace-norm regularization can be defined as
W={WeR™: |w|, <BVM}, (4.4)

where |W||, = tr((W*W)'/2) and B > 0 is a regularization constant and v/M is a normaliza-
tion factor.

These above are used as a basis for the design of our active sampling strategies. Unlike
passive learning algorithm that takes as input a randomly chosen training data, active learning
algorithm is to actively select an instance and ask for its label iteratively.

In the multi-task problem, more formally, given an unlabeled dataset I/, for each instance
xi, the label y; is annotated when x; is queried. The multi-task learning algorithm receives the
selected instance with its label and adds it into the train dataset. Then the labeled dataset L is
updated. The multi-task learning algorithm then evaluates itself using the new updated train
dataset. Since the learner’s performance is deemed to improve as more instances are used,

the goal of active learning is to trade-off predictive performance and the number of queries.
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Normally, we assume there exists a budget of querying. That is under this budget, we design

a strategy to select instances to generate good multi-task learner.

4.4 Algorithm

We consider the active learning algorithm from the perspective of bandit. In the active
learning, we try to find a hypothesis & € H with low risk by using portions of data. That
is, we have many different hypotheses with different risks and we want to quickly discard
suboptimal hypotheses. In the bandit problem, we try to find the best arm to obtain highest
payoff. Given lots of arms with different payoffs, we want to filter out the good arms which
have higher payoffs than the rest. Thus it is natural to consider the active learning as a
bandit framework. The hypothesis can be considered as an arm and the corresponding loss of
hypothesis can be considered as payoff.

Arm - hypothesis

In the multi-armed bandits, the player has many arm candidates to pull. Each arm is associated
with unknown rewards. In the multi-task learning, we consider the hypothesis as the arm.
Hypotheses are learned based on a dataset. Each hypothesis is associated with unknown risk.

Specially, the hypothesis is learned by using trace-norm regularization algorithm. We
rewrite the multi-task learning formulation based on trace-norm regularization as the follow-
ing optimization problem

h = argminR(h) + u||W||.. 4.5)
heH

The above optimization problem is a convex multi-task learning formulation and there are
several efficient methods to solve it.

When the train dataset is different, the learned hypothesis will be different. In active
learning procedure, at time step ¢, we collect the labeled dataset £, and learn a new hy-
pothesis A, according to (4.5). We can compute the risk of /,. By selecting an instance
and querying its label from the dataset at time step 7 + 1, and by updating the labeled
dataset to £, 1, we can equate pulling a new hypothesis as solving the optimization problem
hyy1 = argming,. gy R(h) + 1||W||.. Then we can also compute the risk of /1.

Payoff - risk

In the multi-armed bandits, the payoff is generated by an arm. When the player pulls an
arm then the player receives the payoff. However, in the multi-task problem, the payoff
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is not obvious. We define the risk of hypothesis as the payoff because the risk can be
considered as the performance measure of the hypothesis. In active learning, as the trace-
norm regularization algorithm receives new data, the hypothesis is computed again. The risk
of hypothesis is straightforward and defined as

M
R(h) = }4 L By [(03). ) (4.6)

Since the 1, are unknown, the risk estimation is based on the finite sample of observations
and normally uses average empirical risk. At time step ¢, the learned 4, has a risk. At time
step ¢ + 1, after receiving the new instance with its querying label information, we learn a
new hypothesis /| and then compute the risk of 4,1 1. When use different hypotheses, we
may have different loss values.

Trade-off between exploration and exploitation

In multi-armed bandits, at each time step, the player needs to choose either to explore an arm
which has not been pulled in the past, or to exploit the knowledge of cumulative losses of
arms that have been pulled in the past. In the multi-armed bandits, it is popular to mitigate
the exploration-exploitation trade-off using the upper confidence bound of estimation [31].
In active learning for multi-task problem, naturally, we can use a similar technique that we
use a confidence bound on the risk of each hypothesis.

For the multi-task learning problem, firstly, we must learn a large enough candidate set to
contain hypothesis set with low risk and it is defined as

h € argminR(h), 4.7)
heH
where R(h) is the risk of hypothesis (4.6). Furthermore, we should also learn a small enough
hypothesis set that we can find such hypothesis from a finite number of samples. We define
the confidence for each hypothesis as

C(h) =R(h) —R(h"), (4.8)
where
h* = argminR(h). 4.9)
heH

It means the risk of the operator which we find by trace-norm regularization algorithm R(/)

based on the observed data, is not too different from the risk of A*.
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Considering both the risk and the corresponding confidence, we want to find a hypothesis
which can be

h = argminR(h) +C(h). (4.10)
heH

It is not easy to compute (4.8) directly because 4* is unknown. However, we can provide
a bound of C(h). We define the confidence bound CB(h) of hypothesis & as

CB(h) = sup{R(h) — R(h")}. (4.11)

This confidence bound CB(h) is the least upper bound of the confidence on the risk of 4.
We use it to replace C(h) and rewrite (4.10) as

h = argminR(h) +CB(h). 4.12)
heH

Then we want to minimize both the risk and the upper confidence bound.

4.4.1 Confidence bounds

We begin with the notation required to develop our confidence bounds, and provide a
confidence bound which is data-dependent. The confidence bounds are for heterogeneous
sample sizes with weighted trace-norm. The sample size for m-th task is denoted by n,, and
we abbreviate 7 for the average sample size, 7 = (1/M) Y., ny, so that M is the total number
of data. We rewrite (4.4) as

W={W eR™M: |sw|, < BVM}, (4.13)

where S = (s1,---,sm) and s, = \/71/ 1.

We rewrite (4.8) as

A

R(h) —R(h") = [R(h) — R()] + [R(h) = R(h")] + [R(h") — R(K")], (4.14)

where R(h) and R(h*) are the risks of & and h*, respectively, and R(h) and R(h*) are the

empirical risks of & and /™", respectively.

According to the Hoeffding’s inequality, with the probability at least 1 — 8, we have

In(1/8)
2nM

R(h*) —R(h*) < (4.15)
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The above bound can be used to replace the third term of (4.14). It is obvious that the
second term is always negative. Now we focus on the first term by analysing

sup{R(h) —R(h)}. (4.16)
heH
Based on the trace-norm regularization method we define the empirical Rademacher com-
plexity as
2

R(h) = M]EG sup Z - Zc Wy X i) s Ym.i) - (4.17)
weW ;-1 1

According to the standard technique from [19], we have with probability at least 1 — &
(4.8) is bounded by
9In(1/9)

R(h)+ M

(4.18)

We assume that the loss function ¢ is a Lipschitz loss function and let ¢(.,.) < L. Accord-

ing to standard results on Rademacher averages, we have

R(h) < g sup y ! Z ot < ), yml>

WEW ;1 IV i=

2L
= ?EG suptr(W*D)
2L
= Eo suptr(W*SS™1D), (4.19)
where the random operator D : H — R” is defined for v € H by (Dv), = (v, X", 6" Xyn.i/im),

and the diagonal matrix S is as above. According to Holder’s and Jensen’s inequalities, we
have

2LB
R(h) < \/ Eg||D*S72D <. (4.20)

According to [94], we rewrite Eg||[D*S~2D||.. as

Es|[D*S7?D|w = g (4.21)

1
m

m,i

o)

h) < 2LB \/“C_||°°+ 2n@EM)+1) ) (4.22)
n nM

Finally we have
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where C = ﬁ Yo i Xm,is Win) Win.
Combine (4.14), (4.15) and (4.22), we can have

R(h) —R(h")

ln(l/G B /|C|!oo 2(n(@M) +1) | (4.23)
2” I’LM

Now we provide an upper bound of R(%) — R(h*). Then we specify the definition of the
confidence bounds of h and set

. ln(l/G 1B /|C||oo 2(In(mM) +1) | 4.24)
2n nM

4.4.2 Active multi-task learning via bandits

We show the proposed algorithm in Algorithm 4.1. The proposed algorithm is to maintain a
sampling distribution over the pool of data. At each time step, we select an instance according
to the distribution. Our algorithm is to minimize the confidence bounds. According to the
algorithm (Lines 14-22), our strategy encourages querying instances which have small margin
w.r.t the current hypothesis, /;, or instances which have already been queried for their labels,
but on which the current hypothesis, 4; suffers a large loss. The selection procedure tries to
balance the trade-off between minimizing the risk and finding the closest hypotheses to the
optimal hypothesis.

4.5 Analysis

We define the associated class of linear functions Fy as Fy := {x — (w,x) :w € W}. We
provide the bounds of the complexity of F for certain sets.

Theorem 4.1. (Complexity Bounds) [81] Let S be a closed convex set and let F : S — R be
o-strongly convex w.r.t ||.||s. Further, we have ||X|| < 1. Define W = {w € S : F(w) < W2}.
Then, we have

Ro(Fn) < Way | —. (4.25)
on

Recall that our loss function is a Lispschitz loss function with Lipschitz constant L. Now

we can obtain the generalization error bounds using Rademacher complexity.
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Algorithm 4.1. Active Multi-task Learning via Bandits (AMLB)
Input: P, L, po([0,1/N], we set po = 1/N), Budget

1: Sett=1andw;(l)=1fori=1,--- N

2: while t < Budget do

3: forx;€Pdo

4: Set W; = YN wi(t) and
pi=(1 —npo)w‘;‘(/:) + po-
5:  end for
6:  Select an instance x* randomly according to the probabilities py,-- -, py.
7. Make the query for the instance x,:
8: ifx ¢ L then
9: Ask for the label y,.
10: L L+ (x4,54).
11:  else
12 Use the y, from L.
13:  end if
14:  Solve
h = argminR(h) + CB(h).
heH
15: forx; € P do
16: if x; € £ then
17: Update reward: g;; = 1 —£(h(x;), ;).
18: else
19: Update reward: g;; = 0.
20: end if
21: Update weight: w;(t + 1) = w;(t) exp(gispo)-
22:  end for

23: t+—t+1.
24: end while

Theorem 4.2. [19] For a Lispchitz loss £ bounded by c, for any & > 0 with probability at
least 1 — & simultaneously for all f € F we have that,

RP) < R(P) 238, (F) 4 oy 2L (4.26)

Now based on the above theorem and bounds on Rademacher complexity we provided a

bound of our algorithm.

Theorem 4.3. For the multi-task problem, there are M tasks, and each task is associated
with a linear function class Fy, for all w € W, we define W = {w € S : F(w) < W2}. For
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h € Fw with probability at least 1 — & we have

R(h) < R(h) +2MLW,/ ZIOTg(d) + LMW,/ w. (4.27)

Proof. According to standard technique of Rademacher complexity, we have the expected

risk,

R(h) < R(h) + 2L0(F) + ¢ W.

Since there are M linear functions for all the tasks, according to Theorem 4.1 we have

R(h) < R(h) +2MLW,/ 21ng(¢1) + LMW,/ w.

U []

4.6 Experiments

We evaluate our algorithm on a synthetic dataset and three real multi-task datasets: Restaurant
& Consumer dataset, Dermatology dataset and School dataset. These datasets all contain
multiple tasks. For each dataset, we use the trace-norm regularization algorithm to build
the multi-task learner. Following the standard protocol, experiments on each dataset are
performed in 10-fold cross-validation and the results of average accuracy of classification
are reported. In the train dataset we use different sampling strategies to select instances for
comparison. Then we test the learner on the test dataset.
We compare our algorithm AMLB with three baselines:

* ERR: expected error reduction based method [116]. It is also a variant of [3] and we

do not use dimension reduction for the fairness of the comparison;

* VIO: value of information algorithm [143], which summaries the uncertainty of each

task using traditional uncertainty strategy, defined as
VIO(Y,x) =) p(Y =ylx)R(p,Y =y,x),
y

where R is the rewards function and we use R(p,Y = y,x) = —log,(Y = y|x). This
strategy is to select the instance which has the most uncertainty information over all

tasks;

* Random: passive learning algorithm, which randomly selects instances from dataset.
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Fig. 4.1 Performance comparison on the synthetic data.

4.6.1 Synthetic data

We first illustrate our method on a synthetic dataset. We construct a dataset that contains
multiple classification tasks. We defined a number of up to 10 tasks. Each of w parameters
of these tasks was selected from a 6-dimensional Gaussian distribution which has zero mean
and covariance Cov=Diag(1, 0.72, 0.63, 0.54, 0.45, 0.36). The training and test data were
generated uniformly from [0, 1]6. The outputs y,, ; were computed from the wy, and x,, ; as
Ym,i = (Wm,Xm,i) + €, where € is zero-mean Gaussian noise which has standard deviation 0.1.

In Figure 4.1, it shows our AMLB outperforms others and ERR and VIO strategies
are better than Random. The Random strategy works worst. These results show that the
selectively choosing instances works better than passive learning. ERR does work well
after ¢t = 100 because it chooses some noise instances from unlabeled dataset. For VIO, an
instance is uncertain to a task does not mean it is uncertain to other tasks. VIO computes a
global uncertainty information and it is possible to select an instance that is not uncertain
for some tasks. AMLB always try to select instance to reduce the risk. Unlike ERR, it also
exploits the labeled dataset to build confident learner. AMLB does not work well at the very
beginning because at that time it tries to explore new instances to build a good learner. Then

it becomes better later.

4.6.2 Restaurant & consumer data

The Restaurant & Consumer dataset [132] consists of data to build a restaurant recommen-
dation system and the aim of the recommendation is to predict consumers’ ratings given
to different restaurants. Each of 138 consumers gave three scores for food quality, service
quality and overall quality. The dataset also consists of 44 various descriptive attributes of

restaurants, including geographical position, cuisine type, price band, etc. We consider this
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Fig. 4.3 Performance comparison on the Dermatology data.
to be a binary classification problem. We define median as the threshold and transform the
scores to high or low labels. Our problem is to predict the labels given the attributes of a
restaurant as an input query. Since there are 138 consumers, we construct 138%*3 classification
tasks.
In Figure 4.2, AMLB dominates all of the other methods and then ERR is better than the
rest. Interestingly, the performance of VIO has close to Random strategy. Because a selected

instance is uncertain for one task does not mean that it is uncertain for other tasks.

4.6.3 Dermatology data

Dermatology data is from the UCI datasets [89] and is used for the differential diagnosis of
erythematous-squamous diseases. There are 6 diseases in this dataset: psoriasis, seboreic
dermatitis, lichen planus, pityriasis rosea, cronic dermatitis, and pityriasis rubra pilaris. The

dataset contains 34 attributes and 366 instances. The problem is to diagnose one of six



4.6 Experiments 77

— AMLB  +-+ ERR -- VIO Random

0.88

Accuracy

50 100 150 200
Time

Fig. 4.4 Performance comparison on the School data.
dermatological disease based on these features. We transform this problem to a multi-task
problem by constructing the six binary classification tasks.

In Figure 4.3, the performance of our method is better than other methods. At the
beginning, the performance of our method is close to ERR and VIO. In this stage, AMLB
tries to explore more instances to reduce the risk. Then its performance becomes increasingly
stable. It demonstrates that exploration for improving confidence for the learner does not

hurt the total performance.

4.6.4 School data

The school dataset is from the Inner London Education Authority [16]. This dataset contains
examination scores of 15,362 students from 139 secondary schools in London during the
years 1985, 1986 and 1987. The dataset consists of the year of examination (YR), 4 school-
specific and 3 student-specific attributes. For a school, in each year, the attributes contain
percentage of students eligible for free school meals, percentage of students in VR band one
(highest band in a verbal reasoning test), school gender (S.GN.) and school denomination
(S.DN.). Student-specific attributes contain gender, VR band and ethnic group. Similar
to [48], we replaced categorical attributes with one binary variable for each possible attribute
value and obtained 27 attributes. Our problem is to predict the student’s performance in each
school. Since there are 139 secondary schools, 139 classification tasks are constructed.

The average accuracies are shown in Figure 4.4. Our AMLB works better than others.
At the beginning, the performance of all the methods is close. At this stage AMLB tries to
explore the instances to reduce the risk thus its performance is a little variant. Later AMLB
works much better than others. AMLB can exploit the instances to improve the confidence
for the learner. The exploitation can benefit the performance of learner because these selected

instances help the learner be close to the optimal learner.
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4.7 Conclusion

In this work, we proposed a new active learning algorithm for multi-task learning, named
active multi-task learning via bandits, which is a general active learning framework for
multi-task learning problem. We cast the selection procedure as a bandit framework. We
considered the hypothesis as an arm and selected the instances to filter out the hypotheses
which have the better performance than others. Our active learning strategy balances the trade-
off between minimizing the risk and improving the confidence bounds for the hypothesis. In
our algorithm, at each round, we maintain a sampling distribution on data for selection, query
the label of an instance according to the distribution and update the distribution based on the
performance of newly trained multi-task learner. We also provided an implementation of our
approach based on multi-task learning with trace-norm regularization method. Moreover,

experimental results demonstrate the effectiveness and efficiency of our algorithm.



Chapter 5
Selective repeated labeling via bandits

Repeated labeling is an annotation problem in which, in a labeling task, the example labels
are noisy but can be repeatedly acquired for multiple times. Our aim is to identify the best
labeling tasks from a large number of labeling tasks with variable noise. In real applications,
especially in the crowdsourcing setting, the task is often small, less-than-expert labeling
can be obtained at low cost, and multiple repeated labels can be acquired for each example.
However, preparing or processing the unlabeled part of an example can be even more
expensive than labeling itself, and noisy examples decrease the performance of subsequent
learning. In this work, we formalize the repeated labeling problem as a bandit model. Each
labeling task can be considered as an arm and the labeling quality the payoff. We first
introduce a simple repeated labeling strategy and an optimal labeling task based on the
expected labeling quality, and then propose algorithms to select a proportion of the labeling
tasks that have high expected labeling quality. The selection of labeling tasks for repeated
labeling provides substantial benefit over the use of all labeling tasks with variable noise, and
the expected labeling quality of the data is shown to be a good indicator of where to allocate
labeling efforts. We show how many labels should be acquired for an example and which
examples should be selected for learning when faced with a large number of labeling tasks.
The proposed algorithms for repeated labeling via bandits are efficient, and we provide the
theoretical guarantees of our algorithms and demonstrate their effectiveness and efficiency in

comprehensive experiments.

5.1 Introduction

Labeling is important in real-world applications. Repeated labeling, where multiple data
labels are repeatedly obtained from multiple sources, is often available via crowdsourcing.

Data collection involves various preprocessing costs, including costs associated with acquir-
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ing features, formulating data, cleaning data, and obtaining labels [137]. Traditional data
collection is therefore limited by the high cost of expert labeling; however, as modern crowd-
sourcing systems is increasingly popular (such as Amazon’s Mechanical Turk), obtaining
labels is becoming easier and cheaper. For examples, the Mechanical Turk allows thousands
of human labelers to annotate objects via an online portal, where human labelers are provided
with an interface to look at the objects or articles and asked to label them. In this way, huge
amounts of labeling information can be obtained at very low cost.

However, in repeated labeling, noisy labeling can be a problem because the expertise
of labelers are different and the difficulties of labeling problems are variable [75]. Another
problem with repeated labeling is the cost of labelers; even though labeling is cheap, the
payments to labelers may be different according to their expertise and the expense can
become great when more labelers are used. Furthermore, acquiring features can incur a cost

and the cost may increase when labeling needs more effort.
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Fig. 5.1 An example of selective repeated labeling. There are a large number of labeling tasks,
where each task corresponds to multiple repeated labels and an integrated label (using a
majority voting/average ratings). Our goal is to design a selective repeated labeling strategy
that identifies the best m labeling tasks.

It would therefore be useful to design smarter strategies for repeated labeling. Since
there are often a large number of labeling tasks, it would be useful to select a small or fixed
proportion of labeling tasks with best labeling quality to improve efficiency and efficacy.
Here, we propose a selective repeated labeling strategy based on the well-known multi-armed
bandit model. Multi-armed bandits is a well-studied model for sequential decision-making
and is particularly suited to analysis in the context of repeated labeling.

A multi-armed bandit problem (or bandit problem) is a sequential decision problem
defined by a set of actions (or arms). The term ‘bandit’ originates from the colloquial term for

a casino slot machine (‘one-armed bandit’), in which a player (or a forecaster) faces a finite
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number of slot machines (or arms). The player sequentially allocates coins (one at a time)
to different machines and earns money (or payoff) depending on the machine selected. The
goal is to earn as high a payoff as possible. Since the forecaster does not know the process
generating the payoff but has historical payoff information, the bandit problem highlights the
fundamental difficulty of decision making in the face of uncertainty: balancing the decision
of whether to exploit past choices or make new choices with the hope of discovering a better

one.

We first present a new framework for repeated labeling using the multi-armed bandit
model. In the repeated labeling problem, each example’s labeling is a labeling task in which
multiple labels are repeatedly obtained from multiple noisy labelers. We assume that there
is no more information about the labelers. From the bandit perspective, a labeling task can
be considered as an arm and the uncertainty of labels for an example can be considered as
the payoff. As shown in Figure 5.1, we are often confronted with a large number of labeling
tasks; however, due to cost or budget constraints, we would rather select a small or fixed
number of these labeling tasks with high expected labeling quality.

Selecting a fixed number of labeling tasks is essentially a decision problem and can be
regarded as subset selection in the multi-armed bandit problem. We introduce the definition
of e-optimal labeling task and use it to identify the optimal labeling task. Taking the expected
labeling quality into account, we design a simple repeated labeling strategy. We then extend
this to address how to identify the best m labeling tasks, and in doing so propose the best
m labeling algorithm by indexing the labeling tasks using the expected labeling quality.
Furthermore, we also propose an improved best m labeling algorithm. The theoretical

guarantee is based on the study of multi-armed bandits.

Our main contributions are as follows. First, we introduce a new framework for the
repeated labeling problem using the multi-armed bandit model; second, we design a simple
repeated labeling algorithm, Naive Repeated Labeling, to repeatedly acquire labels for an
example; third, we propose two algorithms, the Best m Labeling and the Improved Best
m Labeling , to selectively obtain the labeling tasks; and fourth, we provide a theoretical
guarantee for our algorithm and demonstrate the effectiveness of our algorithms empirically.

The remainder of this work is organized as follows. In Section 5.2, we briefly introduce
the related literature. In Section 5.3, we present our new framework for repeated labeling
under the multi-armed bandit model. In Section 5.4, we present Naive Repeated Labeling
algorithm and propose two algorithms, the Best m Labeling and the Improved Best m
Labeling , followed by their label complexity analyses. The experiments on benchmark data

sets are demonstrated in Section 5.5. Finally, we conclude in Section 5.6.
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5.2 Related work

Repeated labeling is studied recently, especially in the crowdsourcing systems. Sheng et
al. [120] provided analysis for the impact of repeated labeling. They defined the quality of
the resultant labels as a function of the number and the individual quality of the labelers.
The repeated labeling often involves noisy labels and noisy labelers. There are lots of works
to address the noisy labelers in the multiple weak labeler setting. Some studies worked on
estimating the confidence of labelers [45, 111, 112, 136]. The uncertainty of examples has
also been investigated. Some works studied estimating the true label from multiple uncertain
labels [57, 140].

Another problem related to our work is data acquisition, which is important for real-world
applications, such as feature obtaining and label obtaining in multiple labeler setting [67].
It inspires lots of works, including cost-sensitive learning [65], feature selection [133], and
active learning [57, 140]. Gao et al. [65] estimated the profit of the crowdsourcing task so
that those tasks with no future profit from multiple users can be terminated. Viappiani et
al. [133] developed a Bayesian approach to concept learning for crowdsourcing applications.
Yan et al. [140] employed a probabilistic model for learning from multiple labelers and
actively selected labelers for labeling.

The traditional multi-armed bandit problem does not assume that side information is
observed. The forecaster’s goal is to maximize the sum of payoffs over time based on the
historical payoff information. There are two basic settings: the stochastic and the adversarial
settings. In the stochastic setting, the payoffs are i.i.d. drawn from an unknown distribution.
The Upper Confidence Bound (UCB) strategy has been used to explore the exploration-
exploitation trade-off [11, 14, 86], in which an upper bound estimate is constructed on the
mean of each arm at a fixed confidence level, and then the arm with the best estimate is
selected. In the adversarial setting, the i.i.d. assumption does not exist. Auer et al. [15]
proposed the EXP3 algorithm for the adversarial setting, which was later improved by Bubeck
and Audibert [10]. Fang and Tao [49] introduced the networked bandits for the network
setting.

Recently, some extensions of exploration of multi-armed bandits to subset selection
have been studied [29, 83, 84]. Bubeck et al. [29] proposed a variant of Successive Rejects
algorithm that outputs a set of m-best arms under a fixed budget of pulls with high proba-
bility. Kalyanakrishnan and Stone [83] presented an explore-m algorithm under the PAC
setting. Kaufmann and Kalyanakrishnan [84] drove a new bound using KL-divergence-based
confidence intervals under the PAC and the fixed-budget setting.

The bandit problem has been widely applied in real-life applications, such as recom-

mendation systems and advertising. Chu et al. [37] first introduced the bandit problem to
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recommendation systems by considering a personalized recommendation as a feature-based
exploration-exploitation problem. This problem was formalized as a contextual bandit prob-
lem with linear payoff. They focused on the article-selection strategy based on user-click
feedback, and maximized the total number of clicks. The features of the users and articles
were defined as contextual information, and the expected payoff of an arm was assumed
to be a linear function of its contextual features, including the user and article information.
Finally, the LinUCB algorithm was proposed to solve this problem and the method attained a
good empirical regret. They further extended the algorithm as SupLinUCB, and theoretical

analysis proved a 0(\/Td log® (KT log(T)/§)) regret.

There are limited studies that consider the labeling task selection in repeated labeling

problem. To our knowledge, this is the first work to formalize this problem as a bandit

framework and present the selective repeated labeling algorithms as a solution.

5.3 General framework

In this work, we study the problem of repeated labeling. We consider a pool of data with
labels, where each example has multiple repeated labels. Each training example (x;,;)
consists of the feature portion x;, and the label portion y;. Both procuring the feature portion
x; and labeling the training example with a label y; incur a cost respectively. For simplicity,
we assume that the cost is constant across all examples. Specially, given an example x;
without labels, we collect the labels for a specific class from multiple labelers. y;; indicates
the label of example x; from labeler j. Then each example (x;,y;) has a final assigned label
¥i» which is inferred from the individual y;;s by a strategy, such as majority voting or average
ratings.

A labeling task is defined as labeling an example x; for a specific class by multiple
repeated labels {y;1,- - - ,yin }. Different labelers label the example based on their expertise.
The confidence of labeler j is denoted by c;, which is P(y; = yi); if we consider the
case of binary classification, the probability that labeler j assigns an incorrect label is
I — ;. However, it is hard to know the confidence of a labeler in real applications, such as
crowdsourcing systems. Hence we do not use the information of labeler and focus on the
labels themselves. We define the quality of a labeling task as the difference between the
labels and the integrated label. Each example under repeated labeling is assigned a single
“integrated” label y;, inferred from the individual y;;s. Thus the labeling quality g; depends
on integrated label y, which is §; = P(y = 7). The expected labeling quality for an example
x; is defined as g; = E[g].
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We introduce three reasonable assumptions about the repeated labeling. These assump-
tions allow us to focus on a certain set of problems that arise when there are a large number of
labels from multiple noisy labelers. Firstly, we assume that P(y;; = y;|x;) = P(yij = yi) = p;
, that is, individual labeling quality is independent of the specific example being labeled.
Secondly, we assume labels are conditionally independent from each other. Note that each
labeling task has an individual quality g; instead of a uniform quality. Thirdly, we assume for
simplicity that each labeler j only gives one label, but that is not a restrictive assumption in
what follows. We do not care about how labeling comes and only consider the labels.

The objective of selective repeated labeling is to find a proportion of data with high
quality from a large number of labeling tasks. Let m denote the size of this proportion of data.
We formalize the repeated labeling under the multi-armed bandit framework. We consider
each example labeling task as an arm and the current labeling quality as the reward. In
multi-armed bandit problem, the goal is to pull the arm which has the cumulative maximal
payoff. Similar to the multi-armed bandit problem, the goal of selective repeated labeling is
to collect m examples with high expected labeling quality. In this work, we try to answer two
questions: (1) How many labels should we obtain for an example? (2) Which example with
multiple repeated labels should be selected for learning?

From the bandit perspective, we introduce the PAC style bounds for each labeling task. A
high quality labeling task is defined as, with high probability, a near-optimal labeling task,
namely, with probability at least 1 — d output an €-optimal labeling task. We need to identify
the best m labeling tasks like that. It is studied in bandits that abstracts the case where the
agent needs to choose one specific arm, and it is given only limited exploration initially.

Inspired by the bandits, first we focus on one specific labeling task and introduce the
concept of €-optimal labeling task. We show how to find an optimal labeling task and
introduce the label complexity for repeated labeling. The label complexity of repeated
labeling algorithm is the total number of labels it uses before termination. Then we adopt
the idea to a more realistic setting that we actively select a proportion of m labeling tasks.
We propose two algorithms, the Best m Labeling and the Improved Best m Labeling , for
different settings and provide the theoretical analysis.

5.4 Algorithm

We have a set of labeling tasks denoted by X where n = |X|. Each labeling task is considered
as a sequential process that the labels are received in sequence. At each time step ¢, a payoff
for the labeling task is generated when a random label y; is received. The payoff is the

quality of labeling task at time ¢. In this work, we use majority voting to infer integrated
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label, hence we redefined it as
1 _
%‘=;Zﬂ(yi=yz), (5.1
Vi

where 1 is an indicator function. For every task x € X, the labeling quality is bounded in
[0, 1]. Denote the labeling quality of the labeling tasks by Gy, - - , g, and ¢; = E[g;]. Without

loss of generality and for the brevity of analysis we assume that
q1>q2> > qn. (5.2)

A labeling task with the best expected labeling quality is defined as the best labeling task,
and denote by x*, and its expected quality ¢* is the optimal quality. A labeling task whose
expected quality is strictly less than ¢* is defined as a non-best labeling task. A labeling task
is defined as an €-optimal labeling task if its expected labeling quality differs at most € from
the optimal quality, i.e., E[g;] > ¢* — €.

In our repeated labeling framework, a labeling task receives one label at each time and
the quality is also calculated after receiving a new label. When we collect a large number of
examples and labels, we need to decide which examples with their labels should be selected
for learning. When making its selection, the algorithm may depend on history, including the
actions and payoffs, up to time t — 1.

We first focus on a single labeling task. We indicates which labeling task can be con-
sidered as a high quality labeling task. From the PAC learning framework, we define that
a labeling task is an €-optimal for the repeated labeling task with label complexity 7', if it
outputs an g-optimal labeling task, x, with probability at least 1 — &, when it terminates, and
the number of time steps the algorithm perform until it terminates is bounded by 7. Thus we

need to identify the labeling task which is €-optimal.

5.4.1 Repeated labeling strategies

First we propose a simple repeated labeling strategy for labeling. Then we provide the
analysis based on the PAC learning framework.

We investigate an (€,0)-PAC algorithm for the repeated labeling problem. Such al-
gorithms are required to output an €-optimal labeling task with probability 1 —J. We
start with a simple solution that collecting repeated labels for each labeling task at least
1/(£/2)*10og(2n/8) times. Then we calculate an empirical quality for each labeling task.
The repeated labeling strategies is described in Algorithm 5.1.
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Algorithm 5.1. Naive Repeated Labeling

Input: € >0,6 >0, X.
1: for labeling task x; € X do
2:  Collect labels of this task for 42 log( 2) times.
3:  Let g; be the empirical labehng quahty of the labeling task x;.
4: end for
5: Output all the labeling tasks.

In order to analyze our algorithms, we use the large deviation bounds in this work and
rely on the Hoeffding’s inequality.
Lemma 5.1. (Hoeffding, 1963) Let X be a set, D be a probability distribution on X of
examples, and f1,--- , fin be real-valued functions defined on X with f; : X — [a;,b;] for
i=1,---,m, where a; and b; are real numbers satisfying a; < b; and x1,- - - , X, be independent

identically distributed examples from D. Then we have the following inequality
1 & '
P n—12ﬁ(x,-)— Z f,xl > €
i=1

2¢%m
Se"p{‘ (b —al>2} ©-3)

and

P [% if,'(xi) _ (% i/bifi(xiw(x)) < —8]
i=1 i=174di

2e2m?
< - N 54
—e""{ :"1<b—al>2} G

Note that the boundedness assumption is not essential and can be relaxed in certain
situations. Sometimes tighter bounds can be obtained using the relative Chernoff bound.

In order to identify the labeling task which is €-optimal, according to Algorithm 5.1,
instead of returning all the labeling tasks, we return a labeling task which is

¥’ = argmax{§;}, (5.5)
xieX

where x’ is €-optimal.

Theorem 5.1. In Algorithm 5.1, given € > 0,8 > 0, if it returns an example x' = argmax, . x {§i},
the labeling task for example X' is e-optimal, with label complexity O((n/€*)log(n/§)).

Proof. The label complexity is immediate from the definition of the algorithm. We now
prove it is an (g, 8)-PAC algorithm. Let x’ be the labeling task for which E[g;] < ¢* — €. Let
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[ be é log(%). We want to bound the probability of the event §,» > §y+.

P(Gv > §x)

< P(Gv > Elge] +€/20r g < q" —£/2)

< P(gy > E[Gv] +€/2) + P(g < q* —£/2)
< 2exp(-2(g/2)%),

where the last inequality uses the Hoeffding inequality. Choosing I = (2/&2)log(2n/8)
assures that P(G, > g,+) < 8/n. Summing over all possible x’ we have that failure probability
isat most (n—1)(8/n) < 4. O

Algorithm 5.1 provides the idea to design the repeated labeling strategies. Then based
on it we can easily select the optimal labeling task among a large number of labeling tasks.
Note that the expected quality depends on the number of labels. Different labeling tasks have
different expected qualities.

We have solved how to select an €-optimal labeling task. A natural question is if we want
to find half size of all the labeling tasks, which have high expected labeling quality, how to
select the labeling tasks?

Median elimination

We design a general algorithm that eliminates the worst half of the labeling tasks at each
iteration. We do not expect the best labeling task to be empirically “the best”, we only expect
an g-optimal labeling task to be above the median of the empirical labeling qualities. Let T
be the target value, such as 1|X|, 2|X|,---. The new algorithm is described in Algorithm 5.2.
It substitutes the term O(log(1/6)) for O(log(n/§)) of naive bound.

In Algorithm 5.2, given a fixed target value which is less than %]X |, it processes several

phases to achieve the target.

Theorem 5.2. In Algorithm 5.2, for the lth phase, we have that:

P |maxg; < max ¢;+¢&| > 1— 9. (5.6)
JES €541

Proof. Without loss of generality we look at the first round and assume that g is the payoff
of the best labeling task. We bound the failure probability by looking at the event

Ei={g1<qi1+e&1/2} (5.7
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Algorithm 5.2. Median Elimination

Input: €>0,6>0,7,X.
1: SetS1=X,e,=¢/4,0,=0/2,1=1.
2: repeat
3:  for labeling task x; € S; do

Collect labels of this task for W log(3/0;) times.

4

5 Let cjf be the empirical labeling quality of the labeling task x.
6: end for
7
8
9

Find the median of c}f, denoted by my;.
Si1=35; \ {x,' : C?f < ml}.
D =28, 81 = 8/2.
10 [=[+1.
11: until [S)| =T
12: Output ;.

which is the case that the empirical estimate of the best labeling task is pessimistic. Since we

collect labels sufficiently, we have that
PIEI] < 6,/3. (5.8)

In case E; does not hold, we calculate the probability that a labeling task j, which is not an
gr-optimal labeling task, is empirically better than the best labeling task.

P(G; > q1|g1 > q1 —€1/2]
<PlGg;j>qj+e/2q1 > q1—& /2]
<9,/3. (5.9)

Let Bad be the number of labeling tasks which are not £;-optimal but empirically better than
the best labeling task. We have that

E[Bad|G) > g, —€/2] < ne1 /3. (5.10)

Next we apply the Markov inequality to obtain

01/3
P[Bad > n/2|§; > q1 — €1 /2] < n ;é =201/3. (5.11)
n
Using the union bound gives us that the probability of failure is bounded by ;. ]

In the special case where 7 = 1, it has similar result to the best labeling task.
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Lemma 5.2. In Algorithm 5.2, given T =1, then it returns a labeling task which is €-optimal,
with label complexity O((n/€?)1og(1/5)).

5.4.2 Selective repeated labeling strategies

In real applications, we can not only select one labeling task. Usually we need to identify
m examples with high labeling expected quality. We can extend the idea of naive repeated
labeling strategy for m labeling task selection.
Recall that we assume
q1>q2> > qp. (5.12)

The labeling tasks are independent for each other, and the labels provided by labelers
do not depend on the history labeling. A labeling task a is defined to be (&, m)-optimal,
Ve >0,Vme {1,2,--- ,n},if

da = qm — €. (5.13)

We denote T,, as the set of labeling tasks that are (€, m)-optimal and denote B as the set of
labeling tasks that are not (&,m)-optimal. We assume that there are at least m (&,m)-optimal
labeling tasks. Then generally |7,,| > m.

The algorithm returns a set of m labeling tasks which are (€,m)-optimal. We simply
modify Algorithm 5.1 and the Best m Labeling is described in Algorithm 5.3.

Algorithm 5.3. Best m Labeling

Input: € >0,06 >0, X.
1: for labeling task x; € X do
Collect labels of this task for 8—22 log(5) times.

2

3:  Let c}ﬁ be the empirical labeling quality of the labeling task x.

4: end for

5: Find S C X such that [S| =m,and Vi€ SVj € (X —S): (i < §j)-
6: Output S.

Theorem 5.3. In Algorithm 5.3, given € > 0, § > 0, the label complexity is O( 5 10g()).

Proof. Recall that B is the set of labeling tasks in 7, that are not (&, m)-optimal. From (5.12)

and (5.13) we can relate 7, and B as follows:
VieT.VjeB:(qi—q;> €). (5.14)

Since |S| = m, a labeling task j in B can occur in S only if there is some labeling task i

in T, such that §; < §;. (5.14) implies that the latter event can only occur if g; < g; — %
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or §; > q;j+ 5. Switching to the probability, applying the union bound and Hoeffding’s
inequality, we get:

P(3jeB:(j€S))
. ~ € . N &
<PEi€Tn: (§i=qi—35)+PEjeB:(q;24;+5))

~ € R €
< ZP(CHS%—E)+ZP(%2%‘+§)
i€Th jeB

<o [2mcp]} e 2oy}

5
< (|| +|B])(=) < 6. (5.15)

n
The labels of each labeling task is collected for {8—22 log (%)W times exactly, thus the label
complexity of the Best m Labeling is O(%log (%)). O

The Best m Labeling is straightforward and practical. Each labeling task collects enough
number of labels. Then we can clearly filter the good labeling tasks.

We provide another algorithm to improve Best m Labeling by eliminating multiple
labeling tasks every phase based on their inferior empirical labeling qualities. At each round,
we have a set of labeling tasks remaining at the beginning of this round and we use half of
them to proceed to next round (except that m proceed to the last round). Each labeling task
remaining needs to collect enough labels such that at least m (&,m)-optimal labeling tasks
are likely to survive elimination. We describe the algorithm in Algorithm 5.4. Specifically,
the I/th phase is associated with parameters & and §;, and we ensure that with probability
at least 1 — §; the mth highest expected labeling quality in R;, | is not lower than the mth
highest expected label quality in R; by more than g;.

Theorem 5.4. In Algorithm 5.4, given € > 0, § > 0, the label complexity is O(;log(5)).

Proof. Without loss of generality, let us sort the labeling tasks in R; in decreasing order
of their true quality. Let xf be the ith labeling task in the sorted list and let qf be its true
quality. We say a “mistake” is made in the /th phase if ¢/, — ¢/ < &. Note that (1)
gl = qm 2) Zl@f(%ﬂ g < €, and (3) ng(%ﬂ 0 < 4. In fact, it suffices to show that
the probability of making a mistake in round / is at most 9;: this would establish that
P(gm — qug(ﬁ)Hl > €) < 8. That is, the labeling tasks returned by Improved Best m
Labeling is (&,m)-optimal.

LetA; = {xf,i €1,2,---,m}: A; contains the m labeling tasks from R; with the highest
true quality. £ denotes the event Ax € A; : (Gx < gy — %) By applying Hoeffding’s inequality
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Algorithm 5.4. Improved Best m Labeling
Input: € >0,6 >0, X.
1I: R =X.
2: el<—§;61<—%
3: for [ =1to [log(;)] do

4 for all x € R; do
5 Collect labels of this task for 8% log(%) times.
1
6: Let (}f be the empirical labeling quality of the labeling task x.
7:  end for
8 Find R} C Ry such that [Rj| = max (| V3| ,m), and vi € RYj € (R —R)) : (4 < ).
9. Rjpq R;.
10: 1 %81; 51.,.1 — %5[
11: end for
12: Output R[log(%)] + 1.
and the union bound we obtain:
P(E;) < mex 812(2 log(>r b < & (5.16)
V= P 2 812 & o) — 3 '

Let B, = {j € R;,q; < ql,— &} : By is the set of labeling tasks that are not (&, m)-optimal
in R;. We call a labeling task b in B; “bad” if its empirical average equals or exceeds that of
some labeling task in A;. If £ does not occur, note that b can be bad only if g, > g, + %; a
similar application of Hoeffding’s inequality shows that the probability of the latter event is
at most &;/(3m). Let the number of bad labeling tasks in B; be Bad; counting bad labeling
tasks as Boolean results of |B;| coin tosses, we obtain that E[Bad|—FE}] is at most |Bl|3§_,£1‘

E, denotes the event that Bad > |R; 1| —m -+ 1. A moment’s reflection informs us that if
E does not occur, a mistake can be made on round / only if E, occurs. Markov’s inequality
establishes that

P(E»|~E,) = P(Bad > (|R;11| —m+ 1)|-E))

E[Bad|-Ei] _ |Bi] (ﬂ)
_|Rl+1|—m—|—l_]Rl+1|—m—|—l 3Im
[R)|—m 5 2
—_— [ =) < =6 5.17
~ Riet|-m+1\3m) ~ 37 .17)

Now we have shown that for a mistake to occur on the /th phase, at least one of two
events, E; and E,, must occur; however, P(E|) + P(Ex|—E;) < §;.
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The last step comes from the observation that |R;| <2|R;+ 1| (lines 8 and 9). According

to (5.16) and (5.17), the total number of labels across all rounds (line 5) is Zl[fig(ﬁﬂ (%]
5

We complete the proof. l ]

Therefore, the Improved Best m Labeling achieves the lower label complexity bound
O(4zlog (%)) comparing with the Best m Labeling , while to launch Naive Repeated Label-
ing algorithm and the Best m Labeling are more convenient for real-world applications due
to simplicity.

5.5 Experiments

In this section, we empirically evaluate the effectiveness of the proposed algorithms. We
present experiments on 9 real-world data sets [89, 144].

5.5.1 Data sets

We consider in this study 9 data sets from different domains: bmg, kr-vs-kp, mushroom,
sick, spambase, splice, thyroid, tic-tac-toe and waveform. These data sets are simplified
for classification problems with a moderate number of examples. Then they allow the
development of learning curves based on a large numbers of individual experiments. The

data sets are described in Table 5.1.

Each data set was transformed as the setting of the binary classification. We converted
the target to binary according to the data types. 30% of a data set are held out, in every run,
as the test set, from which we calculate generalization performance. The rest is the train set
from which we acquire unlabeled and labeled examples. To simulate noisy label acquisition,
we first hide the labels of all examples for each data set. In an experiment, when a label
is acquired, we assign the example’s original label with probability 1 — v and the opposite
value with probability v, where v is a parameter simulating the noise for labeling. We used
different noises for different example labeling tasks.

We collected the results of performance on test set. After obtaining the labels, we added
them to the training set to induce a classifier. We used a popular classification model, named
J48, which is the implementation of C4.5 in WEKA [109, 138]. The classifier is evaluated
on the test set (with the true labels). Each experiment is repeated 100 times with a random

data partition, and we reported the average results.
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Data Set  # Attributes # Examples Positive Negative

bmg 41 2,417 547 1,840
kr-vs-kp 37 3,196 1,669 1,527
mushroom 22 8,124 4,208 3,916
sick 30 3,772 231 3,541
spambase 58 4,601 1,813 2,788
splice 61 3,190 1,535 1,655
thyroid 30 3,772 291 3,481
tic-tac-toe 10 958 332 626

waveform 41 5,000 1,692 3,308

Table 5.1 The 9 data sets used in the experiments, including the numbers of attributes, and
examples in each, and the split into positive and negative examples.

5.5.2 Labeling strategies

In our experimental setup, we examined a set of basic design choices that can be varied to
create different repeated labeling strategies. We mainly verified our proposed algorithms,
the Best m Labeling and the Improved Best m Labeling . Specifically, all the designed
selection strategies that we explored are as follows:

* Best m Labeling : Our Algorithm 5.3.
* Improved Best m Labeling : Our Algorithm 5.4.
* Random: It randomly selects m labeling tasks with their labels.

» Single Labeling: It selects the examples with a single label each.

5.5.3 Integration methods

In the repeated labeling setting, each example has multiple repeated labels. In order to
investigate the labeling quality for each labeling task, we consider the case where for
induction each repeated labeling task is assigned a single “integrated” label ¥;, inferred from
the individual y;;’s by majority voting or average ratings. In our experiments, we used the
majority voting to generate the integration label for the sake of binary classification.

5.5.4 Results of the selective repeated labeling strategies

We first study different selection strategies for a large number of repeated labeling tasks on

the performance of classification. We compared two algorithms: the Best m Labeling and
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Fig. 5.2 A comparison of test accuracy between the Best m Labeling and the Random on
different data sets.

Random, on each data set. We set € =0.1 and 6 = 0.1 for Best m Labeling . Each noise
v for a labeling task is drawn from {0.2,0.3,0.4} equally. We collected average results of
accuracy for different data sets. Different data sets have different numbers of labeling tasks,
i.e different values of n. Thus the numbers of labeling required for different data sets are

different, defined as follows:

élog (%) (5.18)

The results of accuracy on different data sets are shown in Figure 5.2. We can see that Best m
Labeling outperforms Random significantly on every data set. This is because the labeling
tasks returned by Random strategy contained more examples with high noisy labels than the
Best m Labeling . However, Best m Labeling addresses this problem and actively selects
the examples with low noisy labels. Therefore carefully selecting the labeling tasks can

improve the performance of classification.
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Fig. 5.3 A comparison of test accuracy between the Best m Labeling and the Improved Best
m Labeling on different data sets.

5.5.5 Comparison between the selective repeated labeling and the sin-

gle labeling

We then verify the effectiveness of the selective repeated labeling comparing to the single

labeling. The selective repeated labeling often makes queries for each example more than

once. Thus the number of labels in the selective repeated labeling is larger than the number

of labels in the single labeling. In the selective repeated labeling, for each data set, we used

the Best m Labeling with a fixed m, which is the half size of training data set. Thus we used

half of training set. We set € = 0.1 and § = 0.1 and the noise v for a labeling task was drawn

from {0.2,0.3,0.4} equally. In the single labeling, for each data set, we used all the training

data set. A single label for each example is generated by a noise, drawn from {0.2,0.3,0.4}

equally.
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Fig. 5.4 The test accuracy of the Best m Labeling and the Random on different data sets.
In Table 5.2, it is shown that the performance of the Best m Labeling is better than the

Single Labeling for most of data sets. It verified that the selective repeated labeling works

better than single labeling in this noise setting. Because the single labeling contains more

examples with high noisy labels than the selective repeated labeling.

5.5.6 Comparison between the Best 7 Labeling and the Improved Best

m Labeling

We compared the Best m Labeling with Improved Best m Labeling. In reality, the Best m

Labeling algorithm is more general than Improved Best m Labeling algorithm because its

implementation is much easier. For each data set, we set € = 0.1 and 6 = 0.1. We evaluated

the performance based on different numbers of labels. The results are shown in Figure 5.3.

We observed that the Improved Best m Labeling outperforms the Best m Labeling overall,
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Data Set  Best m Labeling Single Labeling

bmg 0.65 0.61
kr-vs-kp 0.76 0.65
mushroom 0.83 0.64
sick 0.64 0.63
spambase 0.65 0.64
splice 0.66 0.55
thyroid 0.73 0.66
tic-tac-toe 0.57 0.57
waveform 0.69 0.67

Table 5.2 The test accuracy of the Best m Labeling and the Single Labeling.

which is consistent with our previous analysis about this two methods: the Improved Best
m Labeling achieves better performance than Best m Labeling using less labels. Under the
same number of labelers, the Improved Best m Labeling may select more examples with
high confident labels than Best m Labeling .

5.5.7 Study on the size of selected labeling tasks

In addition, we studied the performance for different values of m. In order to focus on the m,
we used the same noise for all the labeling tasks and we set the noise drawn from {0.4,0.45}
equally. We used the Best m Labeling and set € = 0.1 and § = 0.1. The results is shown in
Figure 5.4. It is shown that examples with high noisy labels decreases the performance of the
selective repeated algorithms. At the beginning, the Best m Labeling selected the examples
with good quality. However, when the value of m grew, it became easy that the examples

with high noisy labels were collected, which diminished performance.

5.6 Conclusion

In this work, we formalized the repeated labeling as a bandit model. We studied the problem
that how to select a proportion of labeling tasks from a pool of data, in which the labels
of each example are repeatedly acquired from multiple labelers. We presented a simple
repeated labeling algorithm and proposed two selective repeated labeling algorithms: Best
m Labeling and Improved Best m Labeling . We demonstrated their effectiveness and
efficiency both in the theoretical results and experiments.






Chapter 6
Active learning via bandits

In this work, we introduce a new perspective about active learning by formalizing it in the
bandit framework. Active learning aims to learn a classifier by actively acquiring the data
points, whose labels are hidden initially and incur querying cost. The multi-armed bandit
problem is a framework that can adapt the decision in sequence based on rewards that have
been observed so far. Inspired by the multi-armed bandits, we consider active learning as to
identify the best hypothesis in an optimal candidate set of hypotheses by involving querying
the labels of points as less as possible. Our algorithms are proposed to maintain the candidate
set of hypotheses using the error or the corresponding general lower and upper error bounds
to help select or eliminate hypotheses. To maintain the candidate set of hypotheses, in the
realizable PAC setting, we directly use the error. In the agnostic setting, we use the lower
and upper error bounds of the hypotheses. To label the data points, we use the uncertainty
strategy based on the candidate set of hypotheses. We show that the proposed algorithms for
active learning via bandits work efficiently over the stand sample complexity of supervised

learning. We also analyze the correctness and label complexities of our algorithms.

6.1 Introduction

Active learning is popular in machine learning. There is always a pool of data and we do not
use all of them for training a learner because there is a budget for labeling or labeling all data
is impossible. The active learner is to selectively pay for the label of any example in the pool
in order to obtain a good classifier with significantly fewer labels by making the query. It is
significantly interesting to design strategies to minimize the number of labeled examples in
the setting where the unlabeled data are easy to obtain but labeling is expensive.

The theory of active learning has been well studied. Previously, Cohn et al. [38] proposed

the CAL algorithm. This selective sampling algorithm is based on the uncertainty sampling
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in the noise-free case, named as the realizable PAC setting. In this setting, Dasgupta [41]
studied a greedy strategy for active learning. Then Dasgupta [42] used the splitting index to
characterize the label complexity of active learning algorithms. The first algorithm designed
for the agnostic setting is A% [17]. Then Dasgupta et al. [43] developed an alternative of A2.
Later Hanneke [69, 70] theoretically analyzed the A? algorithm regarding the disagreement
coefficient. These algorithms can achieve an exponential improvement for the usual sample
complexity of supervised learning [18].

In this work, we study active learning from a bandit perspective. Active learning often
involves interaction with an expert or oracle and decides which example to label in sequence.
This process can be casted as a multi-armed bandit problem, which is a sequential decision
problem. In multi-armed bandit, there are a number of alternative arms, each of which is
associated with a stochastic reward and the corresponding probability distribution is initially
unknown. At each time step, the player pulls one out of K given stochastic arms and obtains
a reward drawn at random according to the distribution of the chosen arm. We try these arms
in some order, which may depend on the sequence of rewards that has been observed so
far. A common objective of exploration in this context is to find a near-optimal arm whose
expected reward is with a small error € from the expected reward of the best arm with a high
probability [92]. With this regard, active learning can be understood in the bandit framework,
1.e. active learning is a process that we select the hypothesis depending on the sequential
data and labeling. We treat a set of hypotheses as a set of arms and consider the error of
a hypothesis as the reward of an arm. Similar to the problem of exploration in stochastic
multi-armed bandits, our objective is to select the best hypothesis which has the lowest

expected error.

The exploration problem for multi-armed bandits has received much attention recently
in the stochastic setting [12, 28, 46, 63]. Even-Dar et al. [46] proposed the Successive
Elimination strategy for €-optimal arm identification. Audibert et al. [12] addressed the fixed
budget setting and presented the algorithms UCB-E and Successive Rejects for identifying
the best-arm. Recently, some extensions of exploration of multi-armed bandits to subset
selection have been studied [29, 83, 84].

Inspired by the bandit studies, we propose three active learning algorithms for the
realizable PAC and agnostic settings. The active learning process is re-explained as that
there are a set of hypotheses and the objective is to return the best hypothesis by making the
queries as less as possible. The proposed algorithms are guaranteed to find a hypothesis with
the lowest error with a high probability. We resolve two issues. One issue is how to select the
best hypothesis. Regarding the realizable PAC setting, which assumes there always exists at

least one correct hypothesis that can correctly classify all the examples, we exploit the error
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of this hypothesis. For the agnostic setting, which assumes even the target hypothesis cannot
correctly classify all the data points, we consider the error bounds of different hypotheses.
We maintain a candidate set of hypotheses by selecting good hypotheses having low errors
and eliminating bad hypotheses having high errors. Another issue is which data point we
should label. We query the labels of points according to the disagreement for the candidate
set of hypotheses.

Our main contributions are as follows. Firstly, we formalize active learning as a bandit
problem. Secondly, we introduce two algorithms ALB-1 and ALB-2 for active learning in
the realizable PAC setting. The difference between ALB-1 and ALB-2 is their uncertainty
strategies. Thirdly, we propose ALB-LUB for active learning in the agnostic setting. Fourthly,
we theoretically show the correctness of our algorithms and analyze their label complexities.

This work is organized as follows. Section 6.2 introduces the related work about active
learning and bandits. Algorithms for the realizable PAC and the agnostic settings are pre-
sented in Section 6.3. The theoretical analyses including correctness and label complexities
are provided in Section 6.4. The experimental results are shown in Section 6.5. Section 6.6

provides the proof. Section 6.7 concludes this work.

6.2 Related work

Active learning has been comprehensively studied from theories, algorithms to applications.
Existing traditional active learning algorithms usually are grouped into three categories:
(1) uncertainty sampling [90, 129], which focuses on selecting the instance that a classifier
is most uncertain about; (2) query by committee [61, 96], in which the most informative
instance is the one that has the largest disagreement on a committee of classifiers; and (3)
expected error reduction [113], which aims to query instance that minimizes the expected
error of the classifier. Most existing studies have focused on a single domain and have
assumed that an omniscient oracle always exists for providing an accurate label for each
query.

For the theory of active learning, we focus on two settings: the noise-free and noise
settings. The early work Query by Committee is based on the assumption that there is a
perfect classifier in the known set [60]. The CAL algorithm [38] is a selective sampling
scheme based on the uncertainty sampling. Both methods are based on the noise-free setting
and query the label of points about which the learner is least sure. In this setting, active
learning was further studied in [41, 42]. Dasgupta [41] analyzed the generalization properties
of active learning algorithms and provided the upper and lower bounds on the number

of labels needed. He considered an average-case model for the distribution over target



102 Active learning via bandits

hypotheses, in which the average-case model is often approximated by Bayesian methods,
and showed that a target hypothesis chosen uniformly from H can query only O(logn) labels
in expectation. His work started the theoretical study of the generalization properties of active
learning algorithms. Then Dasgupta [42] studied the label complexity of active learning and
exploited the splitting index to measure this complexity, in which the splitting index captures
the relevant local geometry of H in the surrounding region of the target hypothesis 4*, at
scale €. This complexity coarsely characterizes the sample complexity of active learning and
shows a general active learner has a label complexity O((d/p)log? (1/¢)).

In the noisy setting, Balcan et al. [17] proposed the A? algorithm. A? contains an
important subroutine for discarding at least half of the current region of uncertainty by
rejection sampling. Kaariainen [79] developed an active learner and analyzed a lower bound
on the number of label required in order to achieve a particular generalization error involving
the inherent noise rate, which matched the lower bound of A2. Hanneke [69]. provided a
general bound on the number of label requests for A%, which is applicable to any concept
space and distribution in terms of the disagreement coefficient. The disagreement coefficient
was further studied by [62, 135]. The disagreement coefficient was generalized to general
loss functions and was used in the analysis of label complexity [22].

Traditional multi-armed bandit algorithms select the optimal arm in sequence for max-
imizing the cumulative payoffs [31]. In the stochastic setting, the payoff of each arm is
1.1.d. drawn from an unknown distribution. The upper confidence bound (UCB) strategy
has been used to balance the exploration-exploitation trade-off [11, 14], in which an upper
bound estimate is constructed on the mean of each arm at a fixed level. However, unlike
maximizing the cumulative payoffs, the exploration problem in stochastic bandits is to find
a near-optimal arm whose expected reward is with € from the expected reward of best arm
with a high probability [12, 28, 46, 63]. Even-Dar et al. [46] proposed the Successive Elim-
ination strategy for €-optimal arm identification problems. The inferior arm is eliminated
when its expected upper estimate is not good enough. Audibert et al. [12] addressed the
fixed budget setting and presented the algorithms UCB-E and Successive Rejects for the
best-arm identification. Recently, some extensions of exploration of multi-armed bandits
to subset selection have been studied [29, 83, 84]. Bubeck et al. [29] proposed a variant
of Successive Rejects algorithm that outputs a set of m-best arms under a fixed budget of
pulls with high probability. Kaufmann and Kalyanakrishnan [83] presented an explore-m
algorithm under the PAC setting. Kaufmann and Kalyanakrishnan [84] drove a new bounds

using KL-divergence-based confidence intervals under the PAC and the fixed-budget setting.

To date, there is few work considering the active learning in the bandit framework.

Recently, there is one work considering the trade-off between exploration-exploitation trade-
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off by improving the confidence bound [64]. They proposed a heuristic method using
confidence bound and their method was designed for specific settings and cannot be applied
to the general setting widely used in validating active learning algorithms. In addition, no

theoretical bound is available for them to guarantee their generalizations.

6.3 Methodology

Let X be a point space and Y = {—1, 1} be the set of possible labels. Let H be the hypothesis
class, i.e. a set of functions mapping from X to Y. Let D be the distribution over points in X,
and that the data points are labeled by a possibly randomized oracle O. The label y of x is
obtained after querying. Active learner decides which point to query and returns a hypothesis
according to the collected data.

We study active learning in the bandit framework. In this framework, we define a
hypothesis as an arm and the error of a hypothesis as the reward of an arm. The error of a

hypothesis h: X — Y is
err(h) :=Pr(h(x) #y). (6.1)

Then the empirical error of & with respect to a labeled sample L is defined as erry (h) =
|z—| Y (xy)er L[h(x) # y], representing the fraction of points in L on which 4 makes mistakes.
Let i* = argmin{err(h) : h € H} be the hypothesis associated with the minimum error
in H. Simply we assume that the minimum error always exists. The goal of the learner is to
obtain a hypothesis & € H with error err(%) not much more than err(h*).
For a particular hypothesis 4 and the corresponding sequence
L={(x1,y1),(x2,y2), (x3,y3)," - }, the reward of A is defined as

g=1—ecrr(h). (6.2)

We can simply consider the loss [ = erry (k) in the rest part of this work.

To consider the active learning process, we have a set of hypotheses at the beginning
and then return the optimal hypothesis. From the bandit perspective, the process of active
learning can be considered as that we have a set of arms and optimally select the best arm.
Thus active learning via bandits algorithm is designed to eliminate or select hypotheses
through querying the labels of points. In particular, given a set of hypotheses H, we need
to select a subset of hypotheses H’, where for any i € H' its err(h) is not much more than
err(h*).

Querying the label of a point depends on the existing of the disagreement within the set

of hypotheses. On one hand, if there is no disagreement in the candidate set of hypotheses,
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then the label of the point cannot be used to distinguish between any hypothesis in this
candidate set. On the other hand, if hypotheses in the candidate set are not good enough,
then the labeling of the point cannot work efficiently for distinguishing the hypotheses. Thus
carefully maintaining the candidate set of hypotheses is very important and thus the optimal
hypothesis 4" should be always included in.

To carefully maintain the candidate set of hypotheses, we need to resolve two issues: (1)
how to decide which point to label, and (2) how to decide which hypothesis to eliminate or
select in the candidate set of hypotheses.

We introduce three algorithms in the bandit framework. We follow two settings: the first
is the realizable PAC setting [38], where it is assumed that there exists a perfect hypothesis
h* € H that correctly labels any point in the data set, i.e. Pr(h(x) = y) = 1; and the second is
the agnostic setting [17], where it is not assumed that there exists a perfect hypothesis in ‘H
that correctly labels any points in the data set. The agnostic setting is more practical than the
realizable PAC setting [69].

6.3.1 Realizable PAC setting

Inspired by the uncertainty sampling, the decision of whether or not to query the label of x
is made based on the disagreement among hypotheses in the candidate set. After querying
the label of a point, the candidate set of hypotheses will be updated according to error, i.e.,
empirical errz (h) when receiving (x,y).

According to the assumption of this setting, the selected hypotheses should at least
contain 4*. That means given any labeled point x we have h*(x) =y and h* € H. The
strategy for selecting hypotheses is to maintain the hypotheses whose errors are not larger
than err(7*) = 0. Our first simple algorithm is shown in Algorithm 6.1.

ALB-1 can be regarded as a stream-based active learning. Its main drawback is that it
cannot eliminate incorrect hypotheses as many as possible. To address this problem, we
develop an improved algorithm ALB-2 that can be used in the pool-based active learning,
shown in Algorithm 6.2. Considering that we have a pool of data, it is natural to query a data
point that can eliminate the incorrect hypotheses mostly. Thus we actively query the data
point which can incur that half of hypotheses in the candidate set disagree another half. In
addition, the label of a point is synthesized when there is an agreement among the hypotheses
in the candidate set.

ALB-2 is a pool-based active learning. Both simple algorithms are slight variants of
CAL [38]. The difference between these two bandit active learning algorithms and CAL
i1s we assume that H is finite to simplify the subsequent analysis. This can be extended to

infinite class using covering numbers.
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Algorithm 6.1. ALB-1
Input: Ho =H.
forr=1,2,--- ,ndo
Receive an unlabeled point x.
if there exist /1;(x) # h;(x) for any hypothesis & € H;_; then
Query y and set Z; :=Z,_1 U{(x,y)}.
else
Get the synthetic label y and set Z; :=Z,_; U{(x,5)}.
end if
if Queried then
For any A in #,_ calculate errz, (h) and sort the values.
Set H; = {h € H,_; : errz, (h) = 0}.
end if
end for
return any 1 € H;.

Algorithm 6.2. ALB-2

Input: Ho =H.
fort=1,2,--- ,ndo
Observe a pool of data points {xj;,x2¢,- - ,Xp, ¢ }-

Calculate the disagreement value for each point based on H; and sort the values.
Select the point x where disagreement value is 1/2,i.e. [{h € H;_1 :h(x) =1} =|{h €
Hi—1:h(x)=—1}].
then Query y and set Z; :==Z,_ 1 U{(x,y)}.
if Queried then
For any A in #,_ calculate errz, (h) and sort the values.
Set H; = {h € H,_; : errz,(h) = 0}.
end if
end for
return any i € H;.

6.3.2 Agnostic setting

In this setting, the choice of whether or not to label x is made based on whether there is
disagreement about how to label x among hypotheses in the candidate set of hypotheses.
However, we cannot select or eliminate the hypotheses from the candidate set using errz (k) =
0. Because there is no perfect hypothesis in the candidate set and even the best hypothesis A*
cannot correctly classify all the points. Therefore the objective of active learning is to find
the e-optimal hypothesis which has an error at most € with querying the labels as less as

possible.

Given the candidate set of hypotheses and the collected data points, the error of each

hypothesis is completely determined by the points and hypothesis. We assume an indexing
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of the hypotheses such that
err(hy) <err(hy) < --- <err(hg).

We assume that there exists a subset of m €-optimal hypotheses. The assumption that
there exists only one best hypothesis can be viewed as a special case where m = 1. It
is natural that we need to find an optimal set of hypotheses which are €-optimal at the
end of learning. Specially, for some fixed tolerance € € (0,1), let S, . be the set of all
(¢,m)-optimal hypotheses. That is for any hypothesis /% in the set such that Ve € (0,1) and
V1 <m < K, err(h) <err(h,)+ €. Thus we need to find a set of m €-optimal hypotheses
Sy = 1{h1,h2,- -+ ,hy} and this set is necessarily a subset of S, ...

Let S denote the set of selected hypotheses, and let R denote the candidate set of hypothe-
ses. Thus any hypothesis 4 in S is (€,m)-optimal and there are at least m (€, m)-optimal
hypotheses existing in . Generally we assume that the size of the set of all (&, m)-optimal
hypotheses is larger than m.

As querying the labels of the points, each hypothesis corresponds to an error. Different
hypotheses have different error estimates based on the collected data points. Given a
hypothesis 4; and a sample of points L drawn i.i.d. from D, with probability at least 1 — &
the following bounds hold:

LB(L,h;,8) <err(h;) <UB(L,h;,J), (6.3)

where LB(L,h;,d) is the lower bound on the error of hypothesis i; and UB(L,h;,d) is
the upper bound on the error of hypothesis #;. These bounds can generally indicate VC
bound [131] and the Occam Razor bound [25].

At each round ¢, we use generic confidence intervals for each hypothesis as follows:
[LBy,,UB)), where LBy, and UBj, are the lower and upper bounds on the error of hypothesis A
respectively according to (6.3). As querying the label of the point, we can consider using a
hypothesis as pulling an arm. That is when a point is labeled, each hypothesis in the candidate
set is pulled once for calculating the error. Then we let B(¢) be the set of m hypotheses with
the highest empirical errors from the candidate set and B(¢) be the set of the rest hypotheses.

We focus on two critical hypothesis on current candidate set B(r) UB(¢), that is

LB, = argminLB; and UB; = argminUB;. (6.4)
i€B°(t) JEB(t)

Inspired by the arm selection that involves the confidence bounds in bandit problem [31],

the decision is that selects the empirical best hypothesis if its upper bound (UB) is smaller
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Algorithm 6.3. ALB-LUB
Input: € >0, m,R="H.
forr=1,2,--- ,ndo
Receive an unlabeled point x.
if there exist /;(x) # h;(x) for any hypothesis # € R then
Query y and set Z; :=Z,_1 U{(x,y)}.
else
Get the synthetic label y and set Z; :=Z,_; U {(x,¥)}.
end if
if Queried then
Update LB, UB and empirical error for each hypothesis & € R.
Calculate the empirical best m — |S| hypotheses B(t) and B°(¢) = R\ B(t).
Calculate LB;, UB;, hj, < empirical best in R, h,, <— empirical worst in R.
if A(hbahLB,) < €or A(hUBtahw) < € then
h= argmaxy, 5 (A(hb, hLB,)ﬂ(A(hbthB,> < 8)§A(hUB,7hw)]1(A(hUB,,hw) < 8))
Remove the hypothesis 4 from R: R < R\ {h}
If i = hy, then select this hy: S < SU{hp}
end if
end if
end for
return any /2 € S.

than the lower bounds (LBs) of all hypotheses in B“(¢) or eliminates the empirical worst
hypothesis if its lower bound is larger than the upper bounds of all hypotheses in B(r). We
define that

A(hg,hy) =UB, — LBy, (6.5)

which indicates the separation between the upper error bound of hypothesis 4, and the lower

error bound of hypothesis /. Then the conditions of decision criterion are rewritten as
A(hbahLB,) < Eor A(hUB”hw) < E. (6.6)

The first condition is for selecting the empirical best hypothesis and the second condition is

for eliminating the empirical worst hypothesis. We show our algorithm in Algorithm 6.3.

6.4 Theoretical analysis

We present the theoretical details about correctness and label complexity for our three
algorithms by using the disagreement coefficient. The label complexity is defined as the

number of labels required by an active learner to achieve an error no more than €. We
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follow some basic concepts in [69, 71] and introduce the refined notions of the region of

disagreement and the disagreement coefficient.

Definition 6.1. For a random observation x € X, the disagreement metric p on H is defined
by
p(h, 1) == Pr(h(x) # I (x)).

Let B(h,r) := {I € H: p(h,i’) < r} denote the ball centered at » € H with radius r > 0.

Definition 6.2. The region of disagreement R(h,r) of radius r around a hypothesis h € H. in

the disagreement metric space (H,p) is
R(h,r) :={x € X : 31’ € B(h,r) such that h(x) # I’ (x)}.

It is a set of unlabeled examples x for which there exists a hypothesis h' at distance at most r

from h (under p) that disagrees with h on x.

Definition 6.3. The disagreement coefficient 0(h,H,D) for a hypothesis h € H in the dis-

agreement metric space (H,p) is

Pr(x € R(h
0(h,H,D) := sup{M ir> O} :
r
We simply write 6 to mean 0 (h*,H,D).
We firstly provide the correctness and label complexity analysis for ALB-1 and ALB-2.

Theorem 6.1. Assume there exists h* for all the x satisfying h*(x) = y. The algorithm ALB-1
receives the label y or synthetic y under its different conditions respectively. The synthetic y
generated by ALB-1 is always the true label.

According to the standard PAC learning, given a random sample of n examples Z,, then
for any h € H consistent with Z,, with the probability at least 1 — J, has error at most
O(1/n(log|H|+1log(1/9))) [97].

Theorem 6.2. Let H be a finite set of functions mapping from X to'Y. For § € (0,1), with
probability at least 1 — 8, the label complexity of ALB-1 is

O(0 - (log|H|+1log(1/9))logn). (6.7)
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Theorem 6.2 establishes the label complexity in terms of the disagreement coefficient
and hypothesis class H. If we substitute n for which the error in PAC bound is at most €, we
have the similar results in [69].

Similar to ALB-1, we analyze the correctness and the label complexity of ALB-2.

Theorem 6.3. Assume there exists h* for all the x satisfying h*(x) = y. The algorithm ALB-2
queries the label y when the disagreement value is 1/2 or synthesize y when there is an

agreement. The synthetic y generated by ALB-2 is always the true label.

Theorem 6.4. Let H be a finite set of functions mapping from X to Y. For § € (0,1), with
probability at least 1 — 8, the label complexity of ALB-2 is

O0(6 - (loglog|#|+1og(1/6))logn). (6.8)

Theorem 6.4 has a similar result with Theorem 6.2. However, the label complexity of
ALB-2 is improved in the pool-based setting by replacing loglog || with log |H|.

We now provide the correctness and the label complexity analysis about ALB-LUB. We
define the sample complexity mg(€,5,V) as the minimum number of samples m( such that
for all L, we have |[UB(h) — LB(h)| < € for all h € H.

Theorem 6.5. [7] Let H be a set of functions from X to {—1,1} with finite VC-dimension
V > 1. Let D be an arbitrary, but fixed probability distribution over X x {—1,1}. For any
€,0 > 0, if we draw a sample from D of size

my(€,0,V) = i—j (2V10g (1?2) +log (%)) , (6.9)

then with probability at least 1 — 8, we have |err(h) —erry(h)| < € for all h € H.

In the following, just for simplicity we rewrite err(h,) as pu, LBy, (t) as LB,(t), and
UBy, (t) as UB,(t).

Theorem 6.6. The ALB-LUB is correct on the event

W= () @But) <pa) () (UBy(t)> py), (6.10)

tEN acsy, be(S;)¢

where UB and LB denote the genetic upper and lower error bounds respectively used by
ALB-LUB algorithm.
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Theorem 6.7. Let H be a finite set of functions mapping from X to Y. For any € € (0,1) and
0 € (0,1), with probability at least 1 — §, the label complexity of ALB-LUB is

|H| 1 1
o (9 v (log |H|log (E) +log (3)> logn) : (6.11)

The bound in Theorem 6.7 implies the label complexity of ALB-LUB is determined by
the disagreement coefficient and hypothesis class H. Theorem 6.7 gives a good estimate of
the number of queries made by ALB-LUB. The label complexity in Theorem 6.7 validates
the fact that the number of labels required increases as the size of training sample becomes
large. It also increases as the cardinality of the hypothesis class increases. However, it
decreases as the error € increases.

6.5 Experiments

We provide the experimental analysis based on a few simple cases to show the efficiency
and the label complexity improvements of our proposed algorithms. In the following, we
firstly show the experimental results of ALB-1 and ALB-2 because they are simple and
straightforward. Then we provide the experimental results of ALB-LUB.

6.5.1 Experimental results of realizable setting

We used the same data set and the same target hypothesis with the experiment of ALB-
LUB. However, in this experiment, it is constructed as the noise-free setting because of the

realizable PAC assumption.

The results of labeled data points rate are shown in Figure 6.1. It shows that the required
labels of our proposed algorithms are much smaller than the total number of points. Especially
for the ALB-2, its number of queries does not increase after querying 20 times.

The results of test errors for classification are shown in Figure 6.2. It is shown that our
proposed algorithms are both much better than passive learning. Especially for the ALB-2, it
has the best performance. That is because ALB-2 reached the target hypothesis very fast, as
O(logn).
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6.5.2 Experimental results of agnostic setting

We constructed the data set as follows: in each case, the data was distributed uniformly over

[0, 1]; the stream length was m = 10000, and each experiment was repeated 20 times with

different random seeds.

We studied the linear thresholds on the line [0, 1]. The target hypothesis was fixed to be

h*(x) = sign(x—0.5). We constructed two settings: noise-free setting and noise setting. In the

noise-free setting, it is simple that the data was correctly labeled. In the noise setting, for this

hypothesis class, we used random misclassification as the noise model. The misclassification

model is as follows: for each point x ~ Dy, we independently labeled it as true label with

probability 1 — v and false label with probability v. We looked at two particular runs of the
algorithm: the first was with H = thresholds, m = 10000, and v = 0.1; the second was with
H = thresholds, m = 10000, and v = 0.3.
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The labeled data points rates are plotted in Figure 6.3. It is shown that the required labels
of our active learner are significantly smaller than the total number of points.

For a reasonable check, we examined the locations of data for which our algorithm
requested a label. The locations of queried points are shown in Figure 6.4. The results in
Figure 6.4 show that at beginning the querying is a little bit varied. However, as the active
learner processed, the queries for labeling became concentrated near the boundary of the

target hypothesis.

In addition, we showed the results about the error comparison for the classification. We
used all the three cases and compared our method with the passive learning. We randomly
constructed 1000 data by the same way with the same noise for testing. The test errors for the
two learners are plotted in Figure 6.5. The results in Figure 6.5 verify that the active learner
dramatically improves over the passive learning on the data sets. Comparing different cases,
it also shows that the benefits of active learning for low levels of noise are more apparent

than for high levels of noise.

6.6 Proofs

6.6.1 Proof of Theorem 6.1

Proof. Atround r = 1, it is correct that 4™ is in Hy. Given x, if y is synthesized by H, then
we have
hl(x):hz(x):---:hm(x),hiGHo (6.12)
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(a) Noise=0, Top: 100/ Botton: 200 (b) Noise=0.1, Top: 300/ Bottom: 600

(c) Noise=0.3, Top: 500/ Bottom: 1000

Fig. 6.4 The locations of label queries. The x-axis is the unit interval and the y-axis is the

rate of numbers in the corresponding interval. The top histogram shows the locations of
label requests at the early stage; the bottom histogram is for all label queries.
and A* is in this hypothesis set. It means

y=h(x) =, 6.13)

If y is queried, y is the ground truth.

We assume the correctness assumption also holds at round ¢ . That means A* is in H;.
Then when ¢ <— 4 1, we have if y is synthesized that is

y=hi(x) =" =hyu(x),h € H; (6.14)
and /" is in these hypotheses. Thus y = h*(x) = y.

If y is queried, y is the ground truth and we have 4*(x) =y for H, 1. Thus at round 7 + 1,
H;+1 still contains A*.

]
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6.6.2 Proof of Theorem 6.2

Proof. We simply rewrite the PAC bound as O(1/n(log|#H|+1og(1/8))) for every t by
replacing & with 8 /((¢> +1)) and using the union bound over all ¢.

At round ¢, we condition on the event that the above property holds before. Then active
learner acquires the label of x; if and only if there exists any & € H; such that (1) & is

consistent with Z,_ and (2) h disagrees with #2* on x;.

The condition (1) means that the error of such a hypothesis & € H; can be bounded by
PAC bound. Let r; denote the value of this bound.

At the same time, the condition (2) means that x; is in the region of disagreement for the
subset of hypotheses at most 7, away from /%, that is x, € R(h*,r;). Following the definition
of the disagreement coefficient 8, we have Pr(x, € R(h*,r,)) < 0 -1.
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Let Q; € {0,1} be the random variable that indicates if the label y; is queried. Then the

expected number of queries after n rounds is

M

] ] ZE 101Z1,3]

E[Pr(3h € H,;, there exists disagree |Z;_1,x;)]

E[Pr(3h € B(h*,r:), s.t. h(x;) # h*(x;)]

uM: HM: HMs ||M=

X[ ER h I’t))

( S )
o (o (st 1o (1) )

IN

6.6.3 Proof of Theorem 6.3

Proof. The following is similar to proof of Theorem 6.1.
Atround r = 1, it is correct that 4* is in Hg. Given x;, if y; is synthesized by H, then we

have
h (x,-) = /’lz(xi) == /’lm(x,'),h,‘ € H() (6.15)

and A* is in this hypothesis set. It means
Vi —h*(xz) = Yi, (6.16)

If y; is queried, y; is the ground truth.
We assume the correctness assumption also holds at round ¢. That means A" is in H;.

Then when ¢ <— ¢ + 1, if y; is synthesized that is
y=hi(x;) == hu(x:),hi € H, (6.17)

and A* is in these hypotheses. Thus y = h*(x) = y.
If y is queried, y is the ground truth and we get 4*(x) = y. Thus at this time, H,; still

contains h*. ]
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6.6.4 Proof of Theorem 6.4

Proof. It has the same conditions with Theorem 6.2 for querying the label of a point.

Let Q; € {0,1} be the random variable that indicates if the label y; is queried. Then the

expected number of queries after n rounds is

n

Z ] Z]E (O41Z; -1, x]]

=1

~

< Z E[Pr(3h € H;, there exists disagree |Z;_1,x;)]

< Y E[Pr(3n € B(h*,ry), s.t. h(x) # h*(x)]

_|_

)
o)
1ogn) .

< ie-o(l (1ogmy+1og( (

lognlog(log|H|) + 1o

| =

?
|

g
- | log(log |H]) —Hog( )

I

Q
VRS

CD
/\/\

6.6.5 Proof of Theorem 6.6

Proof. 1f the ALB-LUB is not correct, it happens that either a hypothesis in (S;, ;)¢ is
selected (first situation) or a hypothesis in S}, is dismissed (second situation) at some first
round 7. Before 7, all the hypotheses in the set of selected hypotheses S are in S, ., and all
the hypotheses in set of discarded hypotheses are in (S*)¢.

In the first situation, at round ¢, let i, be the hypothesis in (S, .)¢ selected: for all
hypotheses h, in B¢(¢), one has A(hy, h,) < €. Among these hypotheses, at least one must be
in S;,. So there exists h, € S, and hy, € (S, ) such that A(hy, h,) < €. The second situation
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leads to the same conclusion. Hence if the algorithm fails, the following event holds
€)

JBaes;,,3b e (S;,) : UBy(t) — LBu(1)
(UBy(t) > €+ pa > p»))

teN
C | J(Ba€es,, I e (Sye) : (LBu(t) > pa)U
teN
clJ U WBalt)>pa) |J (UBy(t) < pp) CWE.
teN a€S}, be(Spe)C
O

6.6.6 Proof of Theorem 6.7

Proof. Recall that the following event holds:

W= () LBu(t) <pa) [ (UBs(t)>pp).
be(Sy,)

tEN acSs,

It means that any hypothesis 4 in S}, is (€,m)-optimal and any hypothesis % in (S;,)¢ is not

(e,m)-optimal. In other words, we can relate two sets S}, and (S7,)¢ as follows
Vie SV (S5) s (pj—pi > €). (6.18)
Since |S| = m, an hypothesis j in (S},)¢ can occur in S only if there is some arm i in S}, such
that p; > p;. According to (6.18), it implies that the latter event can only occur if

£ (6.19)

. £
pizpityorpjspj—5.

Adapting probabilities, according to the union bound and Hoeffding’s inequality we have

PEje(S,) :(j€S))
. * N € . * A €
SPEIE€S,: pi=pit ) +PEIE (S Pi<pj—3)
£
2

N € N
SZP(PiZPi+§)+ Y P(pi<pi—
€Sy, JESH)®
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If the above two events happen, according to Theorem 6.4 we have

N> m-mo(€)2,8,V)+ (|H| —m) -mo(e/2,8,V)

()l

Above result is the at least number of use of hypotheses. In the worst case, each
point updates one hypothesis once, then we have the querying times of points at least
128|H| (2V log (24) +log ( )) with probability 1 — . Then we have the following general-
1zat10n bound: for any € € (0,1) and é € (0, 1), with probability 1 — 8, has error err(h) at

ost 128|H| (2Vlog (Z) +1log (%))

Similar to Theorem 6.2, then active learner makes the query if and only if there exists
any h € H, such that & is consistent with Z; | and & disagrees with 4* on x;. Following the
definition of the disagreement coefficient 6, we have Pr(x; € R(h*,r,)) < 0 -r,.

Let Q; € {0,1} be the random variable that indicates if the label y; is queried. Then the

expected number of queries after n rounds is

n

Z ] ZE (041Z; 1, %]

t=1

< [Pr(3h € H,, there exists disagree |Z;_1,x;)]
[Pr(flh & B(h t>7 S.t. h(xt) 7£ h*(xt)]
r

(x; € R(h*, 1))

IN

(e (v (2) == (57)))
0<|Zz| (log]?—t|log< )—l—lo <”51 )))
0(9 [# (10g\7—[]10g( )+10g( ))logn)

Thus the label complexity is as follows:

(o2 o) () )

IN

i]E
=1
<)E
=1
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=1
2.0-0
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2.0
=1
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t
t
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6.7 Conclusion

We have carefully casted the active learning into bandit framework and proposed three active
learning algorithms. The active learning procedure is transformed as an exploration problem
of bandits. We considered the hypothesis selection as an arm selection problem and optimally
maintain the candidate set of hypotheses according to the error differences when querying
the labels of the points. We provided two kinds of algorithms to handle different settings.
In the realizable PAC setting, our algorithms ALB-1 and ALB-2 rely on the empirical error
and select the hypothesis according to this quality. In the agnostic setting, our algorithm
ALB-LUB relies on the lower and upper bounds on the error and selects or eliminates the
hypotheses according to the differences between these bounds. We provided the analysis
about theoretic guarantee and experimental results. Our results show that active learning via

bandits strategy can work efficiently.






Chapter 7
Conclusion

In the final chapter, we reflect on the finding of the previous chapters. We review the main
topics covered in this dissertation.

Multi-armed bandit has been used for sequential decision making problems. The explo-
ration and exploitation is the key issue for solving the sequential decision problems. The
multi-armed bandit framework provides a way for developing learning algorithms to address
the trade-off between exploration and exploitation.

In the first chapter of this thesis, we introduced the framework of traditional multi-armed
bandits. Then we briefly demonstrated that bandit learning can be extended to some real
scenarios, such as social networks, multi-view problem, mult-task problem, repeated labeling
and active learning.

In Chapter 2, we introduced “networked bandits”, a novel framework that considers the
correlation between arms. Based on this new framework, we studied the problem of how
to select the arm with multiple payoffs in networked bandits by considering a multi-armed
bandit of interconnected arms, one of which can invoke other related arms at each round.
After selecting an arm, we can obtain payoffs from this arm and its relations. We considered
this approach in the contextual bandit setting and assumed disjoint linear payoffs for arms.
We proposed a new networked bandit algorithm NetBandits that considers the uncertainty of
the payoffs using integrated confidence sets. We also provide a regret bound for our solution.
Our experiments show that it is better to consider both the network topology and the payoffs
of arms, and we observe that our approach performs well in this setting.

In Chapter 3, we defined and examined the problem of view subset selection for multi-
view learning in the sequential environment. Unlike a traditional bandit problem, the
forecaster aims to select a subset m(m > 2) from n views after observing the view information
generated from different views to make the final prediction and then obtain payoff. We

formalized this problem as a multi-view bandit subset selection in the steam-based multi-
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view setting. Few previous studies have examined multiple view selection in multi-view
learning, and there have been no studies on subset selection in the multi-view bandit setting.
We first introduced the multi-view bandit and its corresponding multi-view simple regret.
Incorporating the Rademacher complexity, which plugs into the generalization bound, we
proposed the multi-view bandit algorithm by considering this generalization bound, which
can theoretically bound the multi-view simple regret. We provided an upper bound of
expected multi-view simple regret using the Rademacher complexity and proved an upper
bound of order 1/+/¢. We also showed that the consistency of predictions based on different
views can improve the simple regret bound. Our experiments verified that our view subset

selection method is efficient.

In Chapter 4, we proposed a new active learning algorithm for multi-task learning, named
active multi-task learning via bandits, which is a general active learning framework for
multi-task learning problem. We cast the selection procedure as a bandit framework. We
considered the hypothesis as an arm and select the instances to filter out the hypotheses which
have the better performance than others. The active learning strategy balances the trade-off
between minimizing the risk and improving the confidence bounds for the hypothesis. In our
algorithm, at each round, we maintain a sampling distribution on data for selection, query
the label of an instance according to the distribution and update the distribution based on the
performance of newly trained multi-task learner. We also provided an implementation of our
approach based on multi-task learning with trace-norm regularization method. Moreover,

experimental results demonstrate the effectiveness and efficiency of our algorithm.

In Chapter 5, we formalized the repeated labeling as a bandit model. We studied the
problem of how to select a proportion of labeling tasks from a pool of data, in which the
labels of each example are repeatedly acquired from multiple labelers. We presented a simple
repeated labeling algorithm and proposed two selective repeated labeling algorithms: Best m
Labeling algorithm and Improved Best m Labeling. We demonstrated their effectiveness and
efficiency both in the theoretical results and experiments.

In Chapter 6, we carefully cast the active learning into bandit framework and proposed
three active learning algorithms. The active learning procedure is transformed as an ex-
ploration problem of bandits. We considered the hypothesis selection as an arm selection
problem and we optimally maintained the candidate set of hypotheses according to the error
differences when querying the labels of the points. We provided two kinds of algorithms to
handle different settings. In the realizable PAC setting, our algorithms ALB-1 and ALB-2
rely on the empirical error and select the hypothesis according to this quality. In the agnostic
setting, our algorithm ALB-LUB relies on the lower and upper bounds on the error and

selects or eliminates the hypotheses according to the differences between these bounds. We
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provided the analysis about theoretic guarantee and experimental results. Our results show

that active learning via bandits strategy can work efficiently.
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