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Abstract: 

Two thin aluminium plates of specific shape - a composite rectangle/equilateral 

triangle and a simple equilateral triangle - have been found, when constructed 

with and held at handles, to radiate a steady state and virtually pure tone, when 

struck. This property, along with the capacity to manipulate the amplitude, onset 

and decay of the tone, make the plates suitable for use in musical performance, 

with the composite shape being used in the manufacture of pitched sets of 

Belleplates®. 

Using experimental and computational techniques, these handheld instruments, 

collectively known as bell plates, were studied here to determine the possible 

origin of their tone-producing mechanisms. Their mode shapes and vibrational 

dynamics were compared with those of two non-ringing plates, whose dimensions 

vary only slightly from those of the bell plate group. The shapes of these non

ringing plates - here termed transient bell plates - are a composite 

rectangle/isosceles triangle and a simple isosceles triangle. As with the bell plates, 

they are held at stems or handles. 

Representations of the shapes of the lowest vibrational modes of the four ringing 

and non-ringing plates were obtained using Chladni patterns, in which sand grains 



are used to highlight any nodal regions occurring in a given mode. The mode 

shape of the ringing mode in the bell plates was identified as an unbroken nodal 

line in the shape of a U-curve. This curve separates a central oscillating region 

from two symmetrically-positioned outer regions oscillating out-of-phase with the 

central area. The mode shape of the equivalent mode in the transient plates is 

similarly divided into central and outer regions, but these are not divided by a 

single unbroken curve. Instead, the central antinode in the equivalent mode of the 

transient plate is outlined by two straight lines on either side of the central axis. 

The mode shapes found in the two bell plates and the two transient plates were 

then verified, and their dynamics analyzed, by the use of Finite Element 

Modelling (FEM). The FEM results of this research show that the ringing mode 

dominates the vibrational spectra of the two bell plates, verifying the almost pure

tone characteristics of these plates. The spectra of the two transient plates are also 

dominated by a single mode, which in those plates does not radiate acoustically. 

With further FEM analysis, features were discovered which differentiate bell plate 

modal dynamics from those of the non-ringing plates, highlighting characteristics 

of possible tone-production mechanism in the former. 

In the ringing mode of the bell plates, greater deformations around the horizontal 

and central vertical axes were found compared to those in the equivalent transient 

plate modes. Strain energy density, concentrated at the top centre of the bell plates 

in this mode, is clearly more dissipated across the area of the transient plates. An 

orderly alignment of out-of-plane displacement vectors in the belleplate is absent 

in its non-ringing counterpart. The value of Poisson's Ratio- a measure of the 

coupling of perpendicular flexural motions in a material - is found to be critical to 

the presence of the ringing mode's unbroken U-curve but not to that of the broken 

nodal lines in the transient plates. 

These comparisons highlight certain features of bell plate vibrational dynamics 

_which are believed to be characteristic of effective tone-generation mechanisms. 

Future experimental and computational work could reveal further qualitative and 

11 



quantitative characteristics in both plate types, thus extending and refming an 

understanding of their significant differences. 
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1.1 Development and Significance of Bell Plates 

1.1.1 Music and Physics 

The evolution of musical instruments has been characterized by experiments and 

discoveries relating to both materials used and the shape, or geometric form. A large 

body of literature has been derived from empirical and theoretical investigations, and 

techniques have been developed which can be used to study the relation between material 

properties and instrument shape, and the properties of the sound radiated when the 

instrument is excited or disturbed in a specified manner. 

Sound properties of particular interest to musicians are sustained tone (or steady 

state) amplitude and attenuation, tone colour spectrum (or timbre), and onset and decay 

transients. Physical investigations attempt to relate these acoustic parameters firstly to the 

materials and geometry of their associated instrument, by examining the nature of the 

vibrations produced within the body of the excited instrument. 

For a more complete analysis there must also be considerations of auditorium 

acoustics and of pyschoacoustics, as these are also essential to the perception of produced 

musical sound. Musical acoustics assumes a system which includes the listener and the 

acoustic space as well as the producing instrument, for the musical sound is received, 

analyzed and evaluated by the human ear and brain placed in a real environment. 

The focus of this thesis is on the first part of the system - the immediate 

connection between the musical parameters and the vibrational characteristics of the 

associated instrument. 

1.1.2 Musical Significance of Bell Plates 

Bell plates belong to the family of instruments known as tuned idiophones, a class of 

pitched percussion instruments which includes the tympani, xylophone, marimba, celesta, 

chimes, triangle, tuned gong chimes, and tuned bells such as those comprising the 
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carillon. Out of these, the gong chimes and bells are examples of musically vibrating 

flat plates, with the bell considered as a metal plate bent around its middle [Johnston, 

1989]. It is this group of tuned metal plate resonators which was the focus of the current 

investigation. One specific instrument studied was the Belleplate® which is effectively a 

tuned handbell (Figure 1.1) whose longitudinal cross-section has been made into a flat 

plate as shown in Figure 1.2 with its inventor, Maurice Davies of London, England. 

Figure 1.1: traditional handbells 
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Figure 1.2: Inventor MauriceDavies with large Belleplates® 

Biographical notes on Davies (Davies, 2000) describes his results: 

He had cut out a shape in some scrap aluminium vaguely similar to the inside of a 

handbell and then held it up in the air with one hand and struck it with the knuckles of the 

other hand just to see what it sounded like. Imagine his surprise when it sounded with a 

very clear note and the sound sustained much like that of the handbells he was more used 

to hearing. Some experimentation in adjusting the shape and making several similar 

shapes in different sizes soon allowed him to establish the relationship necessary to make 

the first sample octave and start drawing up a design specification. 

This final and most successful polygonal shape serves as a simple or prototype tuned 

percussion instrument, in that if fulfills. these significant criteria: 

• it produces a sustained musical tone when struck. This tone is clearly discernible 

in pitch (or frequency} and in timbre; 

• The tone slowly decays over some ten seconds, which spans the duration of most 

note durations; 

• The pitch can be varied, by making plates of the same shape but of varying sizes -

the smaller the size, the higher the radiated frequency; 

• The amplitude can be controlled by the player, by varying the velocity of striker 

impact. A reasonably fine scaling between soft and loud is available; 

• The tone duration can be easily controlled- tones are easily damped by touching 

the plate along any edge and most parts of the face; 

• The decay transients can be controlled to some extent, by choosing the position 

along the face's central axis to be· touched; and 

• The onset or attack transient can be controlled by the choice of striker material: 

metal or wood gives a sharp inharmonic attack, rubber a more gentle and less 

discernible attack. 

• When belleplates of differing fundamental pitches are combined in a group 

performance, their respective harmonics are also combined. The timbre of the 

total sound is significantly affected by the individual spectra of the component 
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instruments in the group. This feature is a significant characteristic of musical 

instruments generally. 

With the comparatively low cost and ease of their manufacture, Belleplates® are 

inexpensive alternatives to traditional handbells, with sets of up to five octaves (with 

chromatic tuning - twelve notes per octave) commercially available at a fraction of the 

cost. They are easy to play and are popular with amateur musical groups worldwide. 

Although larger pitched plates have been produced for use in orchestral performance, 

Belleplates® are so far among the few known handheld pure tone radiator to be 

constructed as sets of pitched instruments spanning several octaves of the chromatic 

scale. 

Figure 1.3: Bellep/ate® ringing group with plates of various pitches 

1.1.3 Physical Analyses of Tone-producing Plates 

While there is a large volume of available research literature relating to the vibrations of 

plates and shells, few studies actually deal with the musical aspects of tone colour and 

sound radiation. Many utilize and examine various methods of determining the 

frequencies and mode shapes of vibrating plates of a specified geometry. Leissa's 

monograph [Leissa, 1969] is one such comprehensive study, in which analytical and 

experimental methods yield the mode shapes and frequencies of plates with triangular, 

quadrilateral and irregular shapes (among other shapes and conditions not relevant to this 
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thesis). Leissa takes into account a wide range of constraint conditions relating to the 

clamping and supporting of various edges and corners, and reference will be made to his 

work in order to validate and interpret some of the thesis research results. However, most 

studies of plate vibration do not extend themselves to musical considerations, while texts 

concentrating on musical characteristics such as Fletcher and Rossing [1991], Olson 

[1967] and Taylor [1965] do not devote much space to the analysis of plate-like musical 

instruments. 

Fletcher and Rossing do mention large metal rectangular "bell plates" which are 

sometimes used in orchestras to simulate church bells along with stressed plates such as 

the musical saw and the flexatone. This designation is extended here to denote the general 

class of available resonant handplates, of which the belleplates are a subgroup. Fletcher 

and Rossing's analysis of the shape of bell plates and their significance is mainly limited 

however to a brief discussion of their 3:2 aspect ratio. Davies' belleplates have however 

been studied by workers in the Physics Department at the University of Technology, 

Sydney, particularly with regard to relations between musical sound quality and plate 

geometry. These recent studies date from the early 1990s and their results are the starting 

point for research covered in this thesis. 

1.2 Thesis Research - Background and Goals 

1.2.1 Initial Study of Geometric and Modal Characteristics 

In a physical study of a two-octave Belleplate® set [Monsma, 1993] states 

empirically derived formulae for relating plate dimensions to ringing frequency, or pitch. 

Exponential relationships both between width and resultant frequency and between length 

and frequency, were sufficiently clear for these formulae to be derived through linear 

regression of the associated log-log plots. A linear relationship between the length and 

width dimensions over the two-octave range suggests that so long as the belleplate 

geometry retains its proportions, then different belleplate sizes -which ring at different 

pitches - will still produce the characteristic pure ringing tone. 
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The mode shape of the belleplate at its ringing frequency was also obtained by 

the use of Chladni nodal pattern testing, and the resemblance to that predicted by Leissa 

for isosceles triangular plates was noted. Speculation regarding similarities with the free 

transverse vibrations of bars was also briefly tested by comparing nodal positions in bars 

and plates of similar dimensions. Results of this were encouraging and Monsma 

concluded that "the behaviour of the belleplates in the x-direction is very similar to that 

of a free vibrating bar". However Monsma acknowledges that, if this or other hypotheses 

are to be pursued, more extensive theoretical studies are required because of the 

particularly unusual shape of the belleplates. 

1.2.2 Analytical Treatment Relating Geometry and Frequency 

A theoretical study relating belleplate shape to resultant frequency was 

undertaken by Rupil [ 1994]. This study approached the problem of analyzing the 

complex plate shape by dividing it into simple geometric components - a rectangle and a 

triangle - each with appropriate boundary conditions. Separate solutions for these could 

then be superimposed to determine belleplate ringing frequencies and the associated 

vibrational mode shapes. The preliminary finding of this study was that the principle of 

superposition is indeed applicable to this type of problem, in which vibrational 

amplitudes are small compared with plate dimensions and where linear terms thus 

predominate. This superposition of separate solutions is also used by the Finite Element 

Modelling technique, used extensively in this thesis, the theory explained in more detail 

in chapter 2 and the results of the FEM modelling forming the major part ofbelleplate 

analysis in chapter 3. 

1.2.3 Correlation of Musical Tone Production to a Specific Shape 

There exists a strong sensitivity of quality of tone production to the belleplate 

geometry. It was found that even by fractionally adjusting the dimensions of a belleplate -

in its upper region - the resulting produced sound could be drastically affected. As 

reported by Hogg and Fischer-Cripps [1997], "even small variations produced a dull 
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'thud' instead of the ringing tone". Rather than producing a brief inharmonic transient 

followed by the usual sustained tone, the adjusted plates yielded only the transient itself. 

Figures 1.4a and 1.4b, in which belleplate and 'thudding plate' shapes are shown 

respectively, illustrates the limited variation in geometry which produced this significant 

variation in acoustic quality. Extending the two diagonal edges, and extending the upper 

edge to meet them, increases the plate mass in the upper left and right ' wings', and 

reduces the length of the main vertical edges. The difference is sufficient to cancel the 

resonant properties of the original belleplate. 

Figure 1.4a: Belleplate® shape 
producing sustained ringing 

Figure 1.4b: adjusted shape 
producing no sustained tone 

1.2.4 Relevance of Thesis Research to Music and Engineering 

A comparative physical study of the ringing belleplate and the thudding plate 

how sound radiation can be drastically affected by small changes in geometry- is of 

value in the field of research into tuned percussion instruments. Furthermore, research in 

this area of vibrational physics adds to current knowledge of the dissipation of vibrational 

energy in geometrically constrained structures. 

Finite Element Modelling (FEM), a significant analysis tool in the field of 

acoustical and structural engineering, is used here to study the dynamics of the belleplate 

together with other resonant and non-resonant handplates. 
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1.3 Goals of Thesis Research 

This thesis attempts to model simple tone-producing instruments using FEM and 

to examine and compare their vibrational dynamics to those of 'thudding' or transient

producing plates which resemble them. Preliminary work of this type has been done by 

Hogg et al, but this was restricted to comparing the effect of 'shape senstivity' on bell 

plates and thudding plates made of different metals. 

While aluminium, copper, brass and steel bell plates ring equally well, the 

practical benefits of aluminium - its lightness and low cost - have made it the metal of 

choice for bell plate construction. Research has therefore concentrated on characterizing 

aluminium bell plate vibrational dynamics as a function of plate geometry, and on 

proposing a model for sustained tone generation which is consistent with the obtained 

results. 

A further goal, in the interests of design and construction efficiency, has been to 

characterize an ideal shape for pure tone production which would be even simpler than 

the Belleplate® shape. This shape was found to be an equilateral triangle attached to a 

clamped stem. The similarities and differences between its vibrational dynamics and 

those of the belleplate were studied both experimentally and in FEM simulation . 
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2 CHAPTER TWO 

STUDIES OF VIBRATING SYSTEMS

THEORETICAL MODELS AND EXPERIMENTAL METHODS 
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2.1 Mathematical Model 

2.1.1 Significance of Mode Shapes in Vibrating Systems 

Vibrational mode shapes -confining waves to a finite or bounded region to 

produce standing waves- are visible representations of the dynamics of a vibrating body. 

They show the up-and-down oscillatory amplitudes of points either along a string fixed at 

both ends, across the area of a membrane or plate, or through the volume of a three

dimensional object. These amplitudes include maximum, minimum and zero points of 

displacement, and an aggregate or overall view of them reveals a characteristic 

vibrational pattern. 

The mode shape of a vibrating object is thus characterized by both a specific 

pattern or shape and an associated particular resonant frequency. This resonant shape, 

dependent as it is on the body's mass, its geometry and its elasticity, can be examined for 

significant features which provide greater understanding of the physical dynamics of the 

vibrating body. 

2.1.2 One-Dimensional Oscillating Systems 

2.1.2.1 Point Mass Oscillating Along a Straight Line 

The simplest model of sinusoidal oscillations yielding results useful in 

understanding more complex systems is the simple harmonic motion in one dimension -

along a straight line - of a point mass. In this model, the elasticity necessary for 

vibrational motion, being absent from the point mass idealization, is represented by a 

spring of constant stiffness (Figure 2.1 ). 
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Figure 2.1: simple mass-spring vibrating system 

If mass m is displaced from equilibrium to some position A and then released, the 

stiffness of the stretched spring provides a restoring force pulling the mass back to its 

initial or equilibrium position. The inertia of the mass causes it to overshoot equilibrium 

and thus to stretch the spring in the opposite direction. In the absence of external damping 

forces, the mass then reaches the corresponding maximum position -A; the spring is thus 

stretched in the opposite direction, and the mass is again pulled back towards equilibrium. 

A periodic oscillation results, with one cycle completed as the mass returns to its original 

point of displacement, its position x, at any time t is given by 

x = A sin2 rifi 

where f is the frequency per second of oscillation. 

If the initial displacement A is small compared to the dimensions of the system, 

the system is linear and the spring can be assumed to obey Hooke's Law 

F = -Kx [2-1] 

in which the restoring force F is proportionally related to the amount of stretch x by the 

stiffness constant K, the negative sign indicating that the force acts in a direction 

opposing the stretch. The kinetic energy is a maximum at the equilibrium point of the 

system, when the velocity of the mass is greatest. The spring is relaxed at this point, and 

its strain energy, which stores the system's potential energy, is zero. When the kinetic 

energy is zero - at the end points of the oscillation - the spring is stretched and the 

potential energy is a maximum. Vibrations thus involve the interchange between potential 

and kinetic energies, and in a freely vibrating system with no damping, energy is 

conserved, the stiffness and inertia forces balance each other and the system is in 
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resonance. The frequency at which this resonance occurs is the natural frequency or 

resonant frequency of the system. 

The equation of motion for the simple mass-spring system- and for the more 

complex systems examined later- can be derived by combining Hooke's Law with 

Newton's secondlaw of motion 

which gives 

where 

This has solutions 

F =ma= mi 

mi+Kx =0 

d2 x 
i=-2 

dt 

x =A cos(w 0t +<I>) 

[2-2] 

in which the term ro0, the natural or resonant angular frequency of the system, is defined 

as 

Wo =Wm 
and <1> is the relative phase of displacement. The motion is thus sinusoidal, with a single 

resonant frequency 

f =wJ{n. 

2.1.2.2 Series of Point Masses Linearly Connected by Springs 

Multiple resonant frequencies are derived from systems consisting of two or more 

masses, linked together as coupled oscillators along one dimension. In the simplest of 

these cases, a two-mass system in which the masses are of equal value, as are the stiffness 

constants, there are two equations of motion 

mi1 +Kx1 + K(~ -x 2) = 0 
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and 

nii2 +Kx2 + K(x2 -x1) = 0 

which have solutions 

oo = oorPJ 3oo 0 and oo 2 = 2oJ~ ± oo~. 

These are the natural frequencies of the four independent or normal modes of vibration of 

the system. Since the system, again comprising small oscillations which obey Hooke's 

Law, is linear, its total vibratory motion can be represented as a linear superposition of 

the four resonant frequencies. In the first three transverse modes shown in Figure 2.2 for 

a three-mass system, the sinusoidal shape is already apparent. 

Figure 2.2: Normal modes of a three-mass oscillator. The highest mode is the 
transverse mode with the lowest frequency. The lowest mode is the longitudinal 

mode with the highest frequency. 

If the number of masses and springs in the linear system is increased, the number 

of normal modes is also increased. Fletcher and Rossing [Ibid.] show that "each new 

mass adds one longitudinal mode and (provided the masses move in a plane) one 

transverse mode". Figure 2.3 illustrates the modes of transverse vibration for mass-spring 

systems with N=l to 24 masses; clearly, the system becomes wavelike in appearance as 

the number of masses N increases. IfN is taken to infinity the number of modes would be 

infinite, and the model could then be taken as a representation of a continuous one

dimensional system such as a vibrating string. Such a model, however; would be 
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prohibitively complex, and it is more usual for the string to be modelled as a single 

continuous geometry. 

Figure 2.3: 

Mode 1 2 3 4 5 24 

N=l v-*--..1 I 

N=2 ,__,.--. ..___ ~/ 

N=3 ~~ ~ ~ 
N=4 ~~ .~ ~ .. " fAJ\1 

N=S r~ ~ ~ ~ ~ 

... 

N=~~ ~ "'-""'" w.w 
Transverse vibration modes for mass-spring systems of 

N = 1,2 .. 24 masses 

2.1.2.3 Uniform Continuous One-Dimensional String 

Using the continuous approach, it can be shown (Fletcher and Rossing [Ibid.]) 

that for a uniform vibrating string, fixed at both ends and with linear density ~ and 

tension T, a differential equation for transverse waves can be derived. This is the wave 

equation for one-dimensional linear systems and is written as 

azy z azy T azy 
--c ----
iJt2 - ax 2 - 1-l ax2 

[2-3] 

in which c is the velocity of the transverse wave in the string. The general solution of this 

equation can then be written as 

y =f1(ct-x)+ j 2(ct+x) 

the two terms describing waves traveling along the positive and negative x-axis 

respectively. Since the functions f 1 and f 2 are arbitrary and not necessarily sinusoidal, 

they must comprise sine and cosine terms if they are to describe the propagation of 

simple harmonic motions along the string: 

y(x,t) =A sin(wt- k.x) + Bcos(wt-kx) + Csin(wt+ k.x) + Dcos(wt+ kx) 
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In the case of standing waves produced in a string fixed at x = 0 and x = L, the first 

boundary condition 

y(O,t) = 0 

requires that A= -C and B = -D, so that 

y =2[Acoswt- Bsinwt]sinkx 

and the second boundary condition 

y(L,t) = 0 

requires that sinkL =0 or mYc = mt. Thus w is restricted to the values wn = n~, the 

angular frequencies or eigenvalues of its resonant modes of vibration. The eigenvectors 

Yn(x,t) give the shapes of the normal modes of vibration: 

. . OJ X 
y n (x,t) =(An smwJ + Bn COSOJn t)sm _n_ 

c 
[2-4] 

and the general solution can be written as a linear superposition or summation across all n 

modes, with the amplitude of the nth mode given by 

Cn =JA~+B~. 

Feynman [1963] describes this solution as exemplifying linear systems generally: 

"Any motion at all can be analyzed by assuming that it is the sum of the motions 

of all the different modes, combined with. appropriate amplitudes and phases ... 

any linear vibrating system is equivalent to a set of independent harmonic 

oscillators, with the natural frequencies corresponding to the modes ". 

This is formally represented by a Fourier series where any functionf(t) which is 

periodic with period T can be written as 

f(t) = a0 + lakcoskwt+ !bk sinkwt [2-5] 
k=l k=l 

in which the ~ and bk constants are the amplitudes of the component oscillations present 

in the oscillation f(t). Successive frequencies, being integer multiples of the fundamental 

w, are known as the harmonics of the fundamental. Figure 2.4, showing the first three 

modes of the vibrating string fixed at both ends, illustrates this relationship. 
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At any time t, the shape of each mode is sinusoidal, as this is the only means by 

which multiples of the original sinusoidal standing wave can wholly fit into the string 

length. All other frequencies whose sinusoidal shapes cannot be fitted into this length are 

excluded since they are not natural frequencies at which the fixed string can continue to 

oscillate. The 'natural frequencies' of a system are thus understood as those at which the 

system will vibrate if it is disturbed or excited. 

Figure 2.4: 

'~ .. 
~ .. ~~-~ ________ ....... 

'kC)()I· 
p-H y ,'' '-, 

' . , . .. :::\ r: 
the first three transverse modes of a fixed vibrating string. 

The points of zero amplitudes in each nth mode are called nodes and are the 

solutions for setting sin wnx =0. In two-dimensional systems, these are nodal lines, and 
c 

in three-dimensions, nodal planes. 

2.1.3 Two-Dimensional Oscillating Systems 

2.1.3.1 Vibrating Rectangular Membrane 

In the simplest two-dimensional system which can be modelled- a rectangular 

membrane with fixed edges and a constant surface tension T (Figure 2.5), a small 

displacement dz of an element with area density cr is opposed by the surface tension 

which acts to restore it to equilibrium. 
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Figure2.5: Tensions T acting on a rectangular membrane element. 

By again equating Hooke's Law to Newton's second law, it can be shown that the 

two-dimensional wave equation for transverse waves can be written as 

where the wave velocity 

d2z=T (a 2z+ iJ 2z)=czVzz 
at2 a ax 2 al 

c =fla. 

[2-6] 

If the deflection z(x,y,t) is written as the product of three single-variable 

functions 

z(x,y,t) = X(x)Y(y)T(t) 

the solutions to the wave equation are : 

X(x) = AsinJ(00fc2)-ex+BcosJcroXz)-ex [2-7] 

Y(y) = Csinky + Dcosky [2-8] 

T(t)= E sinrot+ Fcosrot [2-9] 

which illustrate the sinusoidal nature of the standing waves produced. Since the 

membrane is fixed at all four sides, there is no vertical or transverse displacement along 

the edges, and z = 0 for x = 0, x = Lx, y = 0, and y = LY. The solution for transverse 

standing waves is then found to be 
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with the modal frequencies found by solving 

Jcoo/c2 )-k2 =mj{x foroo, 

so that 

= _1 m2 + 2 , m,n = 1 ,2, ... ~I 2 nz 

J m,n 2Jt \ ~ I:; 
[2-10] 

Fletcher and Rossing call these modes two-dimensional "string modes" - "standing 

waves in the x direction appear to be independent of standing waves in they direction". 

Figure 2.6 illustrates this apparent independence, for some of the lowest modes: 

D 
m=n=l 

Figure 2.6: 

' - - -.- - - I - -De 
m=2 n=l ' 

m=l,n=2 m=n=2 m=3,n=l m=3,n=2 

'string modes ' in a rectangular membrane. The dotted lines are 
nodal lines. 

2.1.3.2 Vibrational Modes of a Uniform Bar 

With the next degree of complexity in two dimensions - a thin plate -there is no 

need for a tension term since the elasticity of the plate itself provides the necessary 

restoring force; an excited plate will vibrate even under zero external tension. The plate 

model can thus be considered to be an extension not only of the membrane, but also of a 

one-dimensional bar, where there is similarly no requirement for any external tension, 

and in which the net acceleration back to equilibrium is produced by a shearing force F 

with a moment Fdx as shown in Figure 2.7: 
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Figure 2. 7: bending moments and shear forces in a bar of uniform thickness 

The first four transverse modes for bars with a) two free ends, b) with one free 

end and one clamped end, and c) with both ends hinged (simply supported) appear 

in Figure 2.8 : 
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Figure 2.8: bending vibrations of a bar of constant thickness: (a) with two free 
ends; (b) with one clamped end and one free end; and (c) with two simply 

supported ends 

2.1.3.3 Vibrations of Uniformly Thin Rectangular Plates 

The thin plate can similarly have these three types ofboundary conditions, and 

can likewise transmit bending or flexural waves, shear waves, longitudinal or 

compressional waves, and torsional or 'twisting' waves. It can be modelled either as a 

two-dimensional bar, or as a membrane with stiffness or elasticity. Plane transverse 

waves, relating mainly to shear deformations, can occur in flat plates of uniform 

thickness such as the ones studied here; however, the sound radiation due to both 

transverse and torsional waves is negligible compared to sound radiation from bending 

waves [Ibid]. The equation of wave motion for flexural waves in a thin plate of constant 

thickness and infinite width and length is 
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a 2 z + Eh 2 v4 z = o 
at2 12p(1-u 2 ) 

[2-11] 

where p is the plate density, h the thickness, E is the elastic. modulus or Young's 

modulus, and u is Poisson's Ratio which is a measure of the lateral contraction per unit 

longitudinal expansion in the plate. The harmonic solutions for standing waves require 

that 

z= Z(x,y)eiot 

so that 

V 4Z-k4 Z=O [2-12] 

where e = J12w J p(1-u 2) = J12w 
h E cLh 

[2-13] 

in which cL is the longitudinal wave velocity in an infinite plate. The velocity of flexural 

waves in the plate therefore depends on the frequency: 

v(f) =% =Jwhy.JU =J1.8jhc L [2-14] 

and the frequency is proportional to e: 
f =~:rc =0.0459hcLe [2-15] 

With a plate of finite dimensions, the task is then to find the values of k which 

correspond to the normal modes of vibration. These values depend on the specific 

boundary conditions - free, hinged or clamped. 

2.1.3.4 Mode Coupling and the Significance of Poisson's Ratio 

All the plates examined for this thesis were either free or clamped along one edge. 

The modal frequencies of a thin bar of length L with free ends are given by Fletcher and 

Rossing as 

f = 0.113h fi[3.01122 , 5, ... , (12+1/] 
n L2 VP [2-16] 
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and the mode shapes are straight lines normal to the long axis of the bar, with the nth 

mode having n+ 1 nodal lines. These are similar in a free rectangular plate, with a 

significant distinction: as the width of the bar is gradually increased so that its shape 

becomes more rectangular, the nodal lines begin to bend around the long axis. This is due 

to coupling between the (m,O) modes in one direction and the (O,n) modes in the other, 

perpendicular direction. If these two sets of modes were independent, their respective sets 

of nodal lines would be straight, and perpendicular to each other. However, coupling 

between the mode sets - a result of coupling between bending motions in two directions 

normal to one another - ensures that mixing of the two mode sets occurs and becomes 

more significant as the bar's dimensions approach those of a rectangle and ultimately of a 

square. 

This phenomenon highlights the significance ofPoisson's ratio, defined (section 

2.1.3 .3) as the ratio of the lateral contraction to a unit longitudinal expansion in a 

material. Figure 2. 9 shows the bending of a bar which is divided into an upper part and 

an lower part and separated by a neutral axis, whose length always remains constant. 

Figure 2. 9: bending strains in a bar of uniform thickness 

The bending of the bar causes the upper part to stretch and the lower part to compress, so 

that the upper part becomes longer and narrower while the lower part becomes shorter 

and wider. Poisson' s ratio is a measure of the extent of this phenomenon for any given 

material, and the factor (1-v 2 ) appears explicitly in the wave equation for a thin plate 

[2-11]. 

A further significant feature of this mode mixing can be seen when the aspect 

ratio 4/ LY is gradually decreased to unity, so that the shape of the rectangle approaches 

that of a square. As this occurs, the quasi-independent (m,O) and (O,n) modes begin to 
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mix to form two new modes which, if not for the Poisson coupling, would not exist in 

the system. Figure 2.10 illustrates this evolution for the (2,0) and (0,2) bar modes: 
(2,0)-(0,2; 

1" 011 1 I l ( I [IJJ [] [II] [:8] lxk- 4 2 3/2 12/11 21/20 I 

(0,2) ~ 
1::----:-?3 ,_t=::::::::::::J _ ___, gg~O 

Figure 2.10: Evolution of mode mixing accompanying a change in the aspect 
ratio from 4:1 (bar) to 1:1 (square plate) 

The mixing of the two modes is completed when Lxf LY = 1, and two combinations are 

possible - (2,0)-(0,2) and (2,0)+(0,2) - depending on whether the component modes are 

in or out of phase. The nodal patterns of the two new modes are also apparent in the 

graphical construction shown in Figure 2.11, in which + and- symbols denote in-phase 

and out-of-phase respectively, and zeroes are the regions in which the contributions from 

the (2,0} and (0,2) modes cancel each other, thus resulting in nodes. 

[]+bd=~=~ 
[] bd. ~ ttJ--' ~ · .. + - [0]0 + = 0' ·,, ,-' J() - -

+ +b' + + .·+ 

Figure 2.11: (2,0)-(0,2) and (2,0)+(0,2) square mode combinations showing in
phase and out-of-phase regions. 

2.2 Experimental and Computational Methods of Modal 

Analysis 

With geometries more complex than squares and rectangles, analytical modal 

analysis can become very time-consuming and complicated, and numerical finite

difference approximations of the eigenvalues and eigenvectors are often slow and 
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expensive. Experimental modal analysis, used to determine the resonant frequencies 

along with their corresponding mode shapes, is an effective substitute for analytical work, 
.... 

with modal frequencies and shapes being obtained reliably and quickly. Chladni modal 

analysis was used in this project to obtain lowest-frequency mode shapes of all plates. 

Finite Element Modelling is a significant computational technique capable of more 

extensive treatment and was used here to provide supporting calculations for the 

experimental and modal analysis. 

2.2.1 Modal Analysis from Cbladni Patterns 

The Chladni pattern method, developed in the early nineteenth century, is the 

simplest of modal analysis procedures. The equipment is illustrated in Figure 2.12. 

Figure 2.12: experimental setup for obtaining Chladni patterns 

A flat plate of uniform thickness firstly is excited at its resonant frequencies, generally by 

the use of a variable function generator, an electromagnetic drive coil, and a small 

massed driving magnet positioned underneath the plate. The magnet must be positioned 

in an antinodal area for the mode or modes being investigated to enable it to drive the 

plate at the corresponding resonant frequency. The test plate is rigidly clamped to prevent 

and minimize the occurrence of resonant vibrations in the clamp itself as well as in the 

overall support structure. 

The resonant modes of the plate are isolated by performing a sweep of frequencies 

with the variable generator. When the frequency of the generator matches one of the 

natural frequencies of the plate, the plate will resonate, enabling determination of those 
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natural frequencies - although the presence of the magnet slightly lowers the value of 

this frequency from the true natural frequency of the plate under study. 

The associated vibrational can be made visible by using sand or fine shavings; 

which move towards the plate's nodal lines of constant zero displacement. The result is a 

single or set of lines of sand at the nodes of vibration which provide a 'negative' of the 

overall vibrational pattern. Apart from the need to keep the mass of the magnet as small 

as possible this technique relies on the assumption that the sand is virtually massless and 

that negligible force is required to accelerate the grains from one position to the next. 

2.2.2 Finite Element Modelling 

Finite Element Modelling (FEM) or Finite Element Analysis (FEA) is a numerical 

approximation technique used to analyze static and dynamic mechanical systems. The 

geometry of the system is visually represented using dedicated software and then 

subdivided into 'elements' connected at 'nodes'- the edge points which the elements 

have in common. It is assumed that the displacement of the nodes for each element bears 

a simple relationship to other nodes, which in the case of a uniformly thin plate of simple 

geometry, is a linear one. 

After receiving the required variables -material properties, size and shape, 

thickness, freedom conditions etc. - FEM creates matrix equations for each individual 

element. This is done by assuming that if the entire structure is in equilibrium then so is 

each element. Using the individual element stiffness matrices, a stiffness matrix for the 

whole structure is then assembled by successively adding each element's stiffness terms 

into their correct locations in the structural matrix. After applying the declared constraints 

the structural matrix equation is then numerically solved for the unknown displacements 

resulting from an applied load. or relating to the modal shapes of the structure's natural 

frequencies. 

2.2.2.1 Comparison of FEM with Finite Difference Methods. 

The finite-difference technique of solving for the natural frequencies of a thin 

plate of arbitrary shape reaches a solution by formulating equation [2-11] into a series of 

small discrete steps integrated over a chosen time range. However, since the accuracy of 

the solution depends on the size and number of the· time steps, this procedure can be 
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difficult and computationally expensive. A set of finite difference equations applying to 

every point on the structure must be formulated and solved with reference to the specified 

boundary conditions. In the words ofPress, Flannery et. al. [1990], 

"the efficiency of the algorithms, both in computational load and storage 

requirements, becomes the principal concern. Because all the conditions on a boundary 

value problem must be satisfied 'simultaneously', these problems usually boil down to the 

solution of large numbers of simultaneous algebraic equations". 

Thus, an approximation technique, such as the use of truncated series to represent 

the equations, becomes necessary - reducing the effective accuracy of the method. 

2.2.2.2 Degrees of Freedom in Numerical Modelling 

One important approximation common to both the finite difference and the finite 

element methods involves restricting the degrees of freedom to a finite number. The 

number of degrees of freedom of a mathematical model of a structure is the number of 

possible independent movements of each mass particle used to define the system 

[Hitchings, 1992]. In practice this number is the number of displacements used to define 

the system, and the system thus has as many equations of motion - and the same number 

of resonant frequencies - as it has degrees of freedom. 

2.2.2.3 Numerical Methods Used in Solving Vibrating Systems 

Following the derivation ofthe equation of motion for the simple linear mass

spring system - where Hooke's Law relating force to displacement is combined with 

Newton's Second Law relating force to acceleration -the equations of motion for a 

continuous dynamic system are defined in terms of its stiffness matrix and its mass 

matrix: 

Mr+Kr=O [2-17] 

where M is the mass matrix, K is the stiffness matrix, r is the displacement vector, and r 
the acceleration vector. This is the homogeneous undamped equation of motion; it has a 

solution in the form of simple harmonic motion in which the displacements are given by 

r = rosinrot and r = -w 2 ro sinwt 

Substituting this solution into the equation of motion gives 

Kr0 =ro2Mr0 
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which is an eigenvalue problem with oo 2 - the square of the angular resonant frequency 

-as the eigenvalue, and r0 as the eigenvector. If the system has n equations there will be 

n independent solutions to the eigenvalue problem, which are written in the form 

K<J>i=A;M<J>i [2-20] 

in which A;. =oo;2 is the ith eigenvalue and <J>; its corresponding eigenvector. This i'th 

eigenvector is the mode shape ofthe i'th mode, and as previously mentioned (2.1.2.1) is 

the shape that the structure must assume when it is vibrating with a frequency oo; in order 

that all of the inertia and stiffness forces cancel. The resonant frequency (in radians per 

second) is obtained from the square root of the eigenvalue. 

2.2.2.4 Comparing Amplitudes Between Separate Modes 

It is important to note that the Finite Element method of solving for natural 

frequencies does not in itself allow comparisons of displacement amplitudes between 

separate modes. From equation 2-20, it is evident that multiplying the eigenvector <!>;by 

an arbitrary scalar has no effect on the validity of the equation. Hitchings [ ibid] explains 

the implications: 

"this means that the eigenvector cannot be specified absolutely but can only be 

given in terms of relative amplitudes". 

Finite Element modeling thus provides comparisons between displacements 

throughout the structure within a given mode which enable the visualization of the mode 

shape. However, determining the maximum amplitudes of the modes relative to each 

other - needed in order to predict which modes dominate the resultant sound spectrum of 

an excited structure -requires the natural frequency solver to calculate the effective 

modal damping ratios and the mass participation factor ( orthogonal to the plane of the 

plate) for each mode. 

The material damping ratio E - defined as the ratio of the amount of resistive 

mechanism in an underdamped vibrating system to that of the system if it were critically 

damped- is required for aluminium in such calculations by the frequency solver. The 

damping ratio is derived from the viscous damping model of energy dissipation, in which 

the vibratory motion of an object through a fluid (such as water or air) is resisted by the 

fluid, the resistive force produced under these conditions being the viscous damping 
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force. The magnitude of the damping force is proportional to the velocity of the object 

in the fluid, and critical damping (E = 1.0) is defined as the threshold between oscillatory 

and non-oscillatory behaviour. 

Material damping in most metals has been found to be less than 1 percent of 

critical, in tests which minimized the effects of the environment. In Finite Element trials 

conducted for this project, the closest agreement (within one percent) between computed 

frequency values and those measured experimentally was achieved by setting the 

damping ratio to zero. Using a value as low as E = 0.005 resulted in an approximately 10 

percent discrepancy between the computed and the experimentally derived values. This 

sensitivity of the frequency response to very small variations in the damping ratio implies 

that precise measurements of the aluminium plates under ideal conditions are necessary 

to determine the value of E to a sufficient degree of accuracy. In the absence of such 

measurements, an accurate mass participation factor analysis is not possible, and the 

relative acoustic amplitudes of the modal response must be inferred by studying both the 

various mode shapes and their dynamic characteristics, and the harmonic response of the 

plate to a range of simulated forcing frequencies. 

2.2.2.5 Numerical analysis using finite elements· 

When undertaking a numerical matrix analysis of a structure, the structure is 

divided into elements interconnected at a discrete number of nodal points. This 

subdivision, required by the matrix method, is a natural one for skeletal structure which 

comprise separate linear sections connected together at various joints. The structure's 

stiffness is then assembled from the stiffness of the individual elements, its deformation 

defined by the nodal displacements, and its loads by equivalent nodal loads. In a 

continuum structure such as a flat plate, however, there is no such corresponding natural 

subdivision, and the continuum must be artificially divided into a number of discrete 

elements prior to the matrix analysis. These finite elements - generally rectangular or 

triangular in shape -are of course in reality connected together along their common 

boundaries. However, in order to use matrix methods to solve for the dynamics of the 
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structure, the elements are assumed to be connected together only at their nodes, so that 

continuity requirements are only satisfied at the nodal points. This would be expected to 

allow gaps to form between the elements when they deform due to an applied force or 

pressure; however the finite element method constrains individual elements to deform 

only in specific patterns. Problems arising from the nodal-point approximation of 

continuity are circumvented by choosing appropriate patterns of deflection for the finite 

elements to enable some of the continuity requirements along the sides of adjacent 

elements to be satisfied. As defined by Rockey, Evans et. al. [1983], 

"Finite elements are not merely pieces cut from the original structure, but are 

special types of elastic elements constrained to deform in specific patterns such that the 

overall continuity of the assemblage tends to be maintained. " 

The combined elements can thus be considered an effective approximation to a 

continuous dynamic structure - and the more and smaller the elements used to define the 

structure, the more accurate the solution. 

A rectangular finite element is shown with all nodal forces, moments and degrees 

of freedom in Figure 2.13a; a typical deformed state in a triangular finite element is 

illustrated in Figure 2.13b. 
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displacement and rotation 

Figure 2.13a: rectangular finite element with nodal forces, moments and degrees 
of freedom 
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Figure 2.13b: deformation of a triangular element represented as a linear 
superposition of rigid body movement and simply supported element deflection 

30 



1£ 

S:i.LV'Id 

.LNVNOS:IH .tiO 

SNll:i.L.L V d IN«V'IH:J 



3.1 Experimental Arrangement and Specifications 

3.1.1 Plate Support 

Chladni patterns were obtained for a set of thin anodized aluminium plates at 

resonance. 

The lowest mode of each was found by varying the frequency input to a coil

magnet system as described in section 2.2.1. The positioning of the electromagnetic coil 

underneath each test plate required two methods of plate support - one for clamping 

those plates with stems, and another·for fixing those without. Those with stems were 

clamped using an arrangement ofbossheads and stands similar to that depicted in Figure 

2.12. 

The other plates could not be fixed in this way, as there are no nodal areas along 

any of the edges, and clamps were unable to reach the nodal areas and lines which were 

often some 10 cm away from an edge. All the shapes without stems used in this study 

have resonant antinodal areas around their edges. A method of supporting these plates 

underneath their respective nodal lines was devised using thin semi-rigid plastic stems 

with small bulbous cotton tips. The stems were each anchored in a plywood base of about 

1 cm3 • These in turn were fixed to the benchtop using adhesive putty. The height ofthe 

stem-base support was arranged to allow the test plate to rest about 1 cm above the top of 

the driving coil. 

Optimum positioning of the supports beneath nodal lines in test plates was 

achieved by trial and error. The cotton tips on the plastic stems were compressed to a 

cross-sectional area of about 1mm2 at the top. With four supports for every plate, these 

dimensions were adequate for inhibiting any translational and rotational movements of 

the vibrating plate while still sufficiently small to prevent the support tip from infringing 

beyond the nodal area. In some cases the resonance amplitude was large enough to 

require fixing the stem tips to a plate underside to avoid translational motion of the plate. 

This was done with pieces of adhesive putty of some 8 mm3 in volume. 
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3.1.2 Plate Dimensions 

When choosing the thickness and length of the aluminium test plates, attention 

was given to the need to obtain resonance amplitudes sufficiently high to accelerate sand 

grains on the plate towards the nodal lines. The formula for the frequency of the first 

vibrational mode of a free rectangular bar of elasticity modulus E, length L, thickness h 

and density p is 

rrh fE7 J1 = 9.0661 n r;-;; r? \17 p 
[3-1] 

which is derived from the general formula given by Fletcher and Rossing [ibid, 

p.58] for any integer n modal frequencies: 

fn=;J% {(3.0lli,5 2,7 2
, ••. ,(2n+h [3_2] 

where K = ~ is the radius of gyration of the bar. 
"12 

Initial test plates - a bar and a G5-pitched belleplate® - were made according to 

[3-1], where the dimensions of the test bar were scaled to match the upper rectangular 

area of the belleplate. The G5 plate, of thickness h=l.63 mm, upper edge length L=163 

mm and length of each upper side W=32 mm, was used as a reference for the plate set 

since it had already been used in previous acoustic and modal tests. Chladni patterns for 

the first mode were easily obtained with this plate using the clamped arrangement 

described above. 

The expected fundamental frequency of a bar with the above values of L, W and h 

determined according to [3-1] is f 1= 323Hz. Experimentally, the fundamental 

transverse bar mode was measured as 353Hz. (This discrepancy was not investigated 

because- as explained in section 3.1.2.2- these early test plates later had to be discarded 

and their sizes rescaled in order to obtain coherent Chladni patterns.) There was also extra 

loading due to the small rare earth magnets above and. below the plate (which were used 

to force resonance). The addition of extra mass -not accounted for when using equation 
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[3-1] - results in a lowering of the measured modal frequencies. The loading effect was 

quantified experimentally, by successively adding test magnets to a clamped 

belleplatenear its maximum antinodal position. Figure 3.1 shows the effect of resonant 

frequency against mass of driving magnet. 

BELLEPLATE RESONANT FREQUENCY VS MASS OF DRIVING MAGNET 
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Figure 3.1: resonant frequency with linear extrapolation to zero mass extra 
loading 

While the gradient indicates a 2:1 relationship between extra loading mass and 

modal frequency, the extrapolation back to the intercept gives the load-free resonant 

frequency as 353.6 Hz, an insignificant difference as compared to the discrepancy 

between experimental and calculated values. 

3.1.2.1 Position of Driving Magnet 

Tests were also conducted to determine the optimum positioning of the driving 

magnets on the belleplate. A belleplate was overlaid with a grid partially marked into 

squares of area 1 cm2 as depicted in Figure 3.2 . The plate was clamped and excited by 

means of the experimental arrangement shown in Figure 2.12. 
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Figure 3.2: Belleplate® with partial grid for magnet positioning 

A small rare earth magnet was placed on each numbered grid square, beginning 

with position 0 and moving across to position 8. The driving earth magnet was placed 

under the plate beneath the top magnet in each grid position., and the belleplate was 

driven at its natural ringing mode (approximately 780 Hz). A small clamped microphone 

was positioned some 5mrn above the top magnet in each grid square, and the acoustic 

signal from that region converted to a voltage and displayed on a cathode ray 

oscilloscope. Admittance plots (voltage against grid position) are shown in Figures 3.3a 

(right upper edge from 0 to 8) and 3.3b (from position 10 to 80 along the central 

vertical plate axis). In this particular test the top magnet was centred on the left edge of 

each grid square, so that it would remain positioned as close to the central axis as 

possible. 
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MICROPHONE SIGNAL AMPLITUDE VS UPPER EDGE GRID POSITION 
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Figure 3.3a: admittance plot for right upper edge ofbelleplate 
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Figure 3.3b: admittance plot for central axis ofbelleplate 

80 

The plots clearly show an optimum antinodal position for the driving magnet at 

position 0, at the top centre of the plate, the second optimum position, square 8, being 

impractical as a forced resonance at this point did not yield a stable or coherent Chladni 

pattern. Only the right half of the plate's upper edge was tested, so the plot is an 

incomplete representation. Since the plate has vertical symmetry, Figure 3.4 shows the 

data of figure 3.3a reflected across the vertical axis. 

The accuracy of the voltage measurements is limited by two effects: an averaging 

effect, where the microphone also detects sound from the squares surrounding the grid 

position being studied, and an edge effect, in which the signal from grid squares at the 

plate edge is lost around the edge to the other side, thus being attenuated through the 
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absence of a baffle. However these inaccuracies are also considered small as compared 

to the 10% difference between experimental and expected frequencies. 
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GRID POSITION FROM CENTRAL AXIS 

admittance plot for belleplate complete upper edge 

Positioning the driving magnet at the upper central mode (position 0) most evenly 

distributes standing waves across the plate geometry in the shortest possible time and 

optimizes the conditions for modal stability. 

3.1.2.2 Resizing Test Plates for Greater Resonance Amplitude 

With the plate set constructed to a width of 1.63 mm and major length 163 mm, 

however, stable Chladni patterns could not form on test plates resting on the plastic 

supports. On these plates, the sand grains did not have enough energy to move from their 

pseudorandom positions towards the nodal lines and areas. This remained the case even 

at maximum amplitude of the driving frequency. Since the plastic rods supporting the 

plates without stems did not fix these plates as rigidly as did the clamps, some vibrational 

energy may have been lost through small translations and rotations of the plate. 

Rather than devise a more rigid support for the stemless plates a new set of test 

plates was made, with the dimensions of the bar being scaled to produce a lower 

frequency according to equation [3-1]. The bar in the set was designed with a thickness of 

0.97 mm and a major length of 0.28 m. This gives an expected fundamental frequency of 

65.2 Hz when the extra loading due to the magnets is taken into account. At these low 
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frequency resonances, the vibrational amplitudes of the fundamentals are increased and 

the sand grains are thus more able to easily accelerated to form Chladni patterns on the 

stemless_plates. The thinner plates, vibrating at lower frequencies and flexing with greater 

amplitudes, formed clear and stable patterns in all cases. Figure 3.5 shows the dimensions 

of this test plate set. It comprises 

three basic shapes of similar dimensions - a bar, an equilateral triangle and a 

square - for quantitative and qualitative comparison with theoretical and earlier 

experimental results; 

the two types of bell plate studied for this thesis, with the dimensions of the upper 

rectangular part of the belleplate® scaled to those of the bar, and the dimensions 

of the triangular bell plate made congruent to those of the equilateral triangle; 

the two types of non-ringing plate studied here - the transient belleplate and the 

transient triangular plate - scaled to the dimensions of the ringing plates; and 

two plates in which the shape of the square test plate is progressively altered to 

resemble that of a belleplate with no handle. These were expected to produce the 

superimposed mode shapes of a bar and an equilateral triangle and give clues as to 

the origin of the bell plates' ringing mode shape. 
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Figure 3.5: schematic diagram of second set ofChladniplates 

38 



3.2 Chladni Patterns 

3.2.1 Three Basic Shapes 

Chladni patterns for the test plates were digitally recorded and are displayed 

below with their resonant frequencies. The patterns for three basic shapes- bar, square 

and equilateral triangle- are presented first. 

Figure 3. 6: Chladni - 64Hz First bar mode 

The fractional distances from the left edge of the centres of the two nodal bands 

were measured as 0.21 and 0. 78 of the total bar length, with an estimated error of 0.02. 

Olson [ibid] gives the expected fractional distances of these bands as 0.2242 and 0.7758 

of the total length. This shows that the factors influencing the measured frequency did not 

affect the formation of clear, well-positioned nodal lines. 

Figure 3. 7: Chladni- 74Hz. This is the (2,0) +(0,2) mode shown in Figure 2.10 
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Figure 3.8: Chladni 107 Hz. Second triangular mode 

3.2.2 Extended Plates - stemless 

The hexagonal stemless plate in Figure 3.9 produced two nodal bands which, 

though barlike, are curved like those on the equilateral triangle. The hexagonal plates 

were made by cutting off the lower corners from a square of similar dimensions, thus 

forming a triangular lower part and introducing the curvature. Figure 3.9 shows the effect 

of this when the angles made by the lower sides with the horizontal is 45 degrees. Figure 

3.10 shows the effect when the lower sides are angled so that the plate is congruent to the 

belleplate shape without the stem. The nodal pattern here is essentially identical to that of 

the belleplate' s ringing mode (Figure 3. 11 ). Increasing the steepness of the lower sides 

increases the lower curvature of the bands in Figure 3.6 to the point where they are 

brought together as a single nodal area at the bottom of the plate in Figure 3.1 0. 

Figure 3. 9: Chladni .7 3 Hz . Curving of bar nodal lines due to angle of lower 
- edges 
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Figure 3.10: Chladni 81Hz . . Curved bar lines meeting due to steeper lower 
edges 

Excepting the equilateral triangle, the nodal lines on the stemless plates, though 

well-defined, show a spread of sand grains wider than those in the following specimens, 

which were clamped at their stems. Finite element modelling revealed these areas around 

the actual nodal lines to have small nonzero transverse displacements (section 4.2.1 ). 

These however are of insufficient amplitude to move the grains further towards the nodal 

lines. Some vibrational energy may have been lost to the semirigid plastic stem supports. 

These bend under strain but are not elastic and can be deformed. Strain energy from 

resonant stemless plates may have been stored in minor deformations in the plastic 

supports. Small translations of the plate (as outlined above) may also have been a factor. 

3.2.3 Stemmed extended plates. 

The clamped test plates were then studied, beginning with the belleplate. 

a) The U-shaped pattern - similar to that of the ' stemless belleplate'- has a 

nodal area at the bottom which extends to the area of the stem. 

Figure 3.11: Chladni 82 Hz. Similar in frequency and mode shape 
to the 'stemless belle plate ' of Figure 3.1 0. 
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This nodal shape is also similar to those derived by Monsma [ibid] from 

experimental modal analysis. Its evolution from the bar mode of Figure 3.6 and through 

the mode shapes ofthe hexagonal plates in Figures 3.9 and 3.10 can be clearly seen in the 

following diagram. 
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Figure 3.12: evolution ofbelleplate ringing mode shape, with shape5 
displaying the degenerate square mode(shape2 dashed lines) 

b) The next belleplate mode shows a single curved line spanning the major 

width of the plate. This is similar to the upper (0,2) bar mode line in Figure 2.10. 

Figure 3.13: Chladni 92Hz. Next belleplate mode 

c) The next shape examined was the 'transient belleplate' shown in Figure 

3.4. The extended upper and diagonal edges together with the shortened vertical edges 

now yields (2,0) barlike nodal lines - with similar spacing ratios to the bar in Figure 3.6-

which do not meet at the bottom. Although there is again a nodal area at the stem, this 
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plate does not ring when held and struck. The presence of a barlike mode thus 

apparently damps all steady state acoustic radiation in this shape. 

Figure 3.14: Chladni 66Hz. The first observed Transient Belleplate mode 

Figure 3.15: Chladni 96Hz. Similar to the lower (0,2) bar mode. 

d) The equilateral triangle with stem was found to ring when struck, with 

pure tone and steady state decay characteristics similar to those of the belleplate. This 

plate- henceforth called a triangular bell plate - has a ringing mode nodal pattern 

virtually identical to that of the belleplate. Its next mode differs from its belleplate 

counterpart in that it consists of a single straight nodal line instead of an curved (0,2) bar 

line. 
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Figure 3.16: Chladni 105 Hz. Triangular bell plate ringing mode 

Figure 3.1 7: Chladni 66Hz . . The previous bell plate mode 

e) The final test plate shape was chosen by extrapolating the lengths of the 

angled sides of a belleplate to meet an extended upper edge. This plate

called a transient triangular plate - is similar to the transient belleplate in that 

it does not ring when struck even though it is held at a nodal area on its base. 

Its next higher mode is also virtually identical to that of the transient 

belleplate. 

Figure 3.18: Chladni 59Hz. The first observed transient triangular plate mode 
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Figure 3.19: Chladni 93Hz . . The next transient triangular plate mode 

The above set of Chladni patterns thus gives a preliminary characterization of the 

four major test plate types- the two bell plates and the two non-ringing plates shown in 

Figure 3.5. The two ringing plates have U-shaped nodal patterns which meet a nodal area 

at the stem. The other non-ringing plates have straight (2,0) barlike lines which do not 

meet. For a clamped test plate to acoustically radiate at its fundamental mode, the mode 

shape evidently must comprise a central region with transverse oscillations which are out

of-phase with the outer 'wings' . This configuration occurs with an equilateral triangle and 

with a right triangle attached to a bar (the belleplate), but not with an isosceles triangle or 

with an isosceles triangle attached to a bar (the transient belleplate ). 

Further and more refined examination through finite element analysis of these 

shapes and their dynamics is required to deduce the reasons for this sensitivity of acoustic 

properties upon plate geometry. 
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4 CHAPTER FOUR 

FINITE ELEMENT MODELLING 

OF 

PLATE VIBRATIONS 
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4.1 Procedures and Parameters 

Finite element models of the plates shown in Figure 3.5 were constructed in the x-y plane 

and solved for their first 15 modes using Strand 7 Finite Element Analysis software. 

4.1.1 Mesh Optimization 

Mesh density optimization trials were initially conducted on a G5-pitched 

Belleplate® in order to determine the minimum finite element mesh necessary to 

compute an accurate solution. The results of these trials are shown in Appendix 1. 

The higher modes, beginning with the seventh mode, were chosen for 

examination since any chosen mesh must be able to accurately model these shorter 

wavelengths as they propagate through the plate medium. If the mesh is too coarse, the 

larger elements effectively behave as a low pass filter, blocking the higher frequency 

components of the natural frequency spectrum (Hitchings [ibid]). Another requirement is 

that the mesh be uniform since over time the wave fronts of all resonant modes will pass 

through all points in the structure [ibid]. Appendix 1 shows computed frequency values 

converging to a stable limit for an 8 x 8 element mesh, in all four cases. In practice, finer 

meshes were often chosen since they had no marked effect on the time taken to solve for 

the eigenvalues and eigenvectors. Figures 4.1, 4.2 and 4.3 show QUADS (8-node) and 

TRI6 (6-node) elements in bar, triangle and belleplate meshes respectively. 

Figure 4.1: 

Figure 4.2: finite element meshfor a triangular plate 
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Figure 4.3: finite element mesh and clamped freedom conditions for a 
Belleplate® 

4.1.2 Mass Matrix 

The type of mass matrix to be chosen for the analysis was also considered. In a 

finite element model, a continuous mass distribution is represented as discrete values at 

the model's nodal points, with three translational and three rotational degrees of freedom 

available at each element node. 

The mass matrix in finite element analysis can be formulated as either consistent 

or lumped. A consistent mass matrix is a more accurate representation than the lumped 

matrix, as it includes the effects of rotational inertia together with mass couplings 

between individual degrees of freedom and individual nodal points [G & D Computing]. 

The lumped. mass matrix is a simpler and less accurate approximation, originally devised 

to conserve computational processing costs. Since mass is modelled in the translational 

directions only, any significant nodal rotations (which represent discrete values of plate 

flexuring) are thus ignored. The error resulting from this approximation becomes 

increasingly significant if the wavelength of the flexural motion is less than about 4 

elements [ibid], which is. the case in higher frequency modes in aluminium. Since the 

finite element models of the plates in Figure 3.5 are, apart from the filleting of some of 

their corners, quite simple, a consistent mass matrix was used without significantly 

compromising processing time. 

4.1.3 Material Properties 

All plate shapes were modelled as isotropic plate/shell structures with membrane 

thickness 9.7 x 10 4 m. The bending thickness was set equal to the membrane thickness. 
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Plate material properties were set for aluminium: Young's Modulus 

E = 7.1 x ltf Pa, Poisson's Ratio v = 0.3, and density p = 2.7 x 103 kg/m3 • The 

viscous damping, the damping ratio and the thermal expansion coefficient were all set to 

zero. 

4.1.4 Degrees of Freedom and Loading 

The global freedom conditions were free in all six translational and rotational 

directions. Local freedom conditions were also all free except at the stems of the 

belleplate, transient belleplate, triangular bell plate and transient triangular plate. These 

stems were fully clamped (all six directions fixed) from below about half way along their 

length. 

An exact position along the stem was not required as pilot studies had indicated 

that small variations in the clamping position upper limit did not appreciably affect the 

natural frequencies and mode shapes. 

No load was applied to plates modelled for natural frequency analysis. 

4.1.5 Frequency Solver 

The Strand 7 natural frequency solver was used to fmd the first twenty modes in 

all plates. The sub-space iteration method, which is used in cases where only a subset of 

the total number of eigenpairs is required [ibid], was chosen, with tree bandwidth 

minimization, an iteration tolerance of 1 x 10-5 , and an iteration limit of20. A frequency 

shift value of 2.0 was also used to exclude any frequencies below this value. 

The convergence of the subspace iterations to stable eigenvalue solutions was 

monitored by a Sturm Sequence Check, which ensures that no eigenvalues within the 

resultant frequency range have been missed [ibid]. 

4.2 Finite Element Modelling Results 

The resultant mode shapes are displayed here as Chladni pattern representations 

(both undeformed and deformed), as deformed greyscale contour maps of out-of-plane 
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plate displacement and strain energy density, or as vector maps of these parameters 

superimposed on the respective deformed plate shapes. As explained in section 2.2.2.4 , 

only the relative magnitude of these quantities within a particular mode is meaningful, as 

an eigenvector "is a set of relative nodal displacements when the structure vibrates in the 

assumed mode under no external excitation" [ibid]. 

4.2.1 Plates without Stems 

Figure 4.4 shows the first nonzero bar mode Chladni pattern. This is the (2,0) bar 

mode shown in figures 2.10 and 3.6. The preceding six modes correspond to free body 

translations and rotations in all three directions. 

The computed frequency of the first nonzero mode- 65.4 Hz- is 2.1 percent 

higher than the laboratory value (64Hz) or about 3.5 percent higher if the driving magnet 

load effect is taken into account (ref. section 3.1.2). 

The dark and light areas are regions moving out of phase with respect to one 

another. The nodal lines have been thickened to correspond with the experimentally 

derived patterns shown in figure 3.6. This was done by adjusting the displacement 

contour map output parameters to produce a map restricted to showing displacement 

contours less than about 3 percent of maximum amplitude, in both phase regions. The 

contours of this restricted map were then coloured identically to produce simulations of 

the laboratory patterns. The widening of the displayed nodal lines from zero amplitude to 

the 3 percent of absolute maximum suggests that the nodal areas on the plates of Chapter 

3 span a similar range of relative amplitudes. This can be understood in terms of the 

frictional adhesion of the sand grains to the plate surface. 

The laboratory plates were constructed from ordinary anodized aluminium 

sheeting upon whose surface are various irregularities, the dimensions of which may be 

of a similar order of magnitude to those of the sand grains. Regions close to the zero 

amplitude nodal lines do not deform as steeply or with as much energy as do other 

regions near the antinodes. The sand grains near the nodal lines thus tend to cluster 

around the central nodal points, forming the observed 'sand spreading' effect. 
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Figure 4.4: 65.4 Hz. The first nonzero bar mode (ref Figure 3. 6) 

The mode shapes produced by finite element modeling are more readily visualized by 

scaling the maximum displacement to a specified percentage of the longest linear 

distance of the structure. A 15 percent scaling clearly shows the modal deformation 

(Figure 4.5), which is the shape of the bar at its maximum displacement from 

equilibrium. 

Figure 4.5:jirst bar mode- dimetric view with 15 percent plate deformation 

The mode shape visualized as a discrete series of greyscale displacement contours shows 

the plate bending around its shorter axis, with maximum out-of-plane displacements 

occurring half way along the plate length, and at the right and left plate edges (Figure 

4.6). The relative displacements displayed as a translational vector plot superimposed on 

the deformed structure (Figure 4. 7) more readily indicates the direction and hence the 

phase of the displacements. 
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Figure 4. 6: greyscale displacement contour map of first bar mode 

Figure 4. 7: vector displacement map for first bar mode 

A greyscale map of the elastic x-strain contours acting along the x-direction in the 

upper surface of the plate (Figure 4.8) shows similarities with the out-of-plane (dz) 

displacement contours of Figure 4.6. Over the length of the plate, the xx-strain curve 

appears to correlate with the z-displacement distribution. This follows from noting that an 

out-of-plane deformation must be associated with an upper-plane stretching of the 

material along the x-direction. 
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Figure 4.8: greyscale contour map of principal strain, upper surface 

The presence of zero strain along the central plane or neutral axis (fig. 2.9.) is 

verified in Figure 4.9: 

Figure 4.9: zero strain along neutral axis (ref Figure2.9) 

The (2.0)+(0,2) square mode of figure 2.10, which was observed experimentally 

at 74Hz (figure 3.7), appears as the third mode in a finite element analysis (figures 4.10 

and 4.11). The calculated value of74.2 Hz agrees with the laboratory value to within 1 

percent, when the loading due. to magnet mass is considered. 
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Figure 4~10: 74.2 Hz (ref Figures 3. 7 and 2.10). This is the third nonzero square 
mode. 

Figure 4.11: grey scale displacement contour map for third square mode 

Figure 4.12 shows a strain energy density contour map superimposed over the deformed 

plate. The strain energy density at any point on the plate is a measure of the work done in 

deforming the plate at that point. The energy density contours closely resemble the 

displacement contours for the mode, and can also be viewed as proportional to a linear 

summation of the xx- and yy-strains shown in Figures 4.13 and 4.14 respectively. 

Figure 4.12: strain energy density contour map for third mode 
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Figure 4.14: Y.Y strain contour map for third mode, upper surface 

The second nonzero square mode (figure 4.15) is the (2,0)-(0,2) mode shown in Figures 

2.10 and 2.11. Stable Chladni patterns ofthis mode or ofthe first mode (figure 4.17) were 

not achieved experimentally. 

Figure 4.15:59.9 Hz. Secondnonzero square mode (ref Figures 2.10 and 2~11). 
Observed experimentally (unstable) 
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Figure 4.16: displacement contour map of second square mode 

Figure 4.17: first nonzero square mode. Observed experimentally (unstable) 

Figure 4.18: displacement contour map for first square mode 

The equilateral triangle mode showing two characteristic nodal rings was 

observed experimentally at 107Hz (figure 3.8) and appears in Figure 4.19 at 110.2 Hz. 

Taking magnet loading into account, the FEM result is less than 4 percent higher than its 

counterpart. This was the second nonzero mode found by the natural frequency analysis. 

Its deformed shape is shown in Figure 4.20, and a displacement vector map in Figure 

4.21. 

56 



Figure 4.19:110.2 Hz. The second nonzero equilateral triangle mode 

(ref Figure 3.8),Leissa p. 231 

Figure 4.20: dimetric view of second mode with 15 percent deformation 

Figure 4.21: vector displacement map of second mode 
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Figure 4.22: 104.8 Hz (refLeissa, p. 231). The first nonzero mode, observed 
experimentally (unstable) 

Finite element analysis also yielded a degenerate second mode at 110.2 Hz similar 

to Figure 4.15 but skewed off-centre thus producing asymmetry. The nodal lines of this 

mode appear related both to the nodal rings of the first triangular mode and to the (2,0) -

(0,2) square mode (figure 2.10). The asymmetry does not occur in plate models whose 

shapes include rectangular characteristics (Figures 4.15, 4.26 and 4.31 ). 

Figure 4.23: 110.2 Hz. Degenerate second mode, not observed experimentally 

The hexagonal plate whose nodal pattern was captured at 73Hz (figure 3.9) was 

computed at 72.1 Hz (figure 4.24). This is the first nonzero mode yielded by the analysis. 

Figure 4.25 shows that the strain energy density is maximized at the upper central region 

and at the left and right edges of the plate. The contours at the upper central region 

suggests a relation with triangular nodal rings, whereas the contours at the left and right 

sides resemble those of the (2,0) bar mode (figure 4.8). This combination of triangle- and 

square-like contours may reflect the nature of the plate shape, which can be regarded as a 

superposition of a triangle and a rectangle. 
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Fzgure 4.24: 72.1 Hz. The first nonzero mode. 

Figure 4.25: strain energy density contour map of first mode. 

The presence of square modes in the hexagonal plate is confirmed by the next calculated 

nonzero mode (figure 4.26), which is similar to the first square mode shown in figure 

4.17. 

Figure 4.26: 92~9 Hz. The second nonzero mode. Similar to the first square mode 

The third hexagonal mode (figure 4.27) verifies the presence of triangular-like modes: 
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Figure 4.27: 165.3 Hz. The third mode, similar to the first nonzero triangular 
mode shown in Figure 4.14. 

The first mode of the hexagonal plate with belleplate dimensions (section 3.1.4) 

was computed at 83.5 Hz, a value within 4 percent of the measured value. Its shape and 

energy density distribution are illustrated in Figures 4.28- 4.30. 

Figure 4.28:83.5 Hz. First nonzero mode 3.10) 

Figure 4.29: dimetric view of first mode with 15 percent deformation 
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Figure 4.30: strain energy density contour map of first mode(reffigure 4.25) 

The energy density contours are similar to those in the equivalent mode of the 

first hexagonal plate (figure 4.25). The implied effect of square- and triangle-type modes 

is again supported by the second and third modes shown in figure 4.31 and 4.32. 

Figure 4.31: 116.2 Hz. The second mode 
illl¥; I ®lLM!iiii!iiii!ii!ii\!iiM®i!ii!ii!il 

Figure 4.32: 172.4 Hz. The third nonzero mode. 

4.2.2 Clamped Plates 

Chladni patterns for the first fifteen modes of the four clamped plates are shown 

in Appendix 2. The Belleplate® ringing mode (figures 4.33-4.36) is the third mode. Since 

the plate is clamped at the stem, there are no 'free body' zero modes, and the first two 
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mode shapes represent flexural plate movement at top of the stem and around the 

central vertical axis respectively. The ringing mode nodal line is the characteristic U

shape observed experimentally (figure 3.11) and whose evolution is traced in figure 3.12. 

The computed value of 83.4 Hz agrees with the measured value to within 3 

percent. The recurrence of this discrepancy suggests that a source of systematic error was 

introduced either in laboratory measurements or in the finite element modelling. One 

possible source is the absence of a specified damping constant, which was omitted due to 

difficulties in obtaining an accurate value (section 4.1.3). 

Figure 4.35: greyscale displacement contour map of ringing mode 
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Figure 4.36: strain energy density map of ringing mode (ref Figure 4.30). 

A vector dz displacement map of the third mode across the top length of the plate 

shows an amplitude distribution similar to that derived in acoustic laboratory tests 

(fig 3.4 ). This clearly illustrates a proportional relationship between the size of out-of

plane vibrations at a given point and the amplitude of the acoustic signal measured near 

that position. 

Figure 4. 3 7: displacement vector map of ringing mode, viewed along the 
horizontal top edge (ref Figure 3.4 admittance plot for the same edge). 

The next mode after the ringing mode is the fourth mode in the analysis results 

(figure 4.38). The nodal line spanning the plate width in the upper region is similar to the 

third mode of the 'stemless belleplate' (figure 4.32). The computed frequency lies within 

4 percent ofthe measured value. The fifth and sixth modes (figures 4.39 and 4.40 

respectively) show square-like and triangle-like nodal lines. 
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···--·- __ 3.13 and 4.32) 

Figure 4.39: 127.9 Hz. The fifth belleplate mode. Similar to the square modes of 
4.26 and 4.22. 

Figure 4.40: 260.4 Hz. The eighth mode, similar to the triangular modes of 
Figures 4.27 and 4.13. 

The corresponding third mode of the transient belleplate (figure 4.41), while 

similar to the laboratory result, has slightly angled bar-like nodal lines instead of the 

64 



vertical lines seen in Figure 3 .14. The discrepancy between the computed and measured 

frequency values is about 5 percent. The third transient belleplate mode also shows 

curvature and displacement contours (figure 4.42) roughly similar to those of its ringing 

counterpart (figure 4.35 ). The differences between the third modes of the two plates are 

best observed as nodal line patterns, in which the two bar-like nodal lines in the transient 

belleplate can be easily seen. 

Figure 4.41: 61.3 Hz. The third transient oettevtate 3.14) 

Figure 4.42: displacement contour map of third transient belleplate mode. 

Figure 4.43 shows the plate strain energy density distribution resembling that of 

the belleplate (figure 4.36), except that triangle-like curved 'nodal lines' at the corners are 

now more pronounced. This may be a result of the plate's predominantly triangular 

shape. 
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Figure 4.43: strain energy density contour map of third mode 

4.2.3 Comparison of Transient Belleplate and Belleplate 

Since the dimensions of the transient belleplate are· similar to those of the 

belleplate, a comparison between dz displacement vector plots across the top edge of the 

plates can provide valid and meaningful clues to defining and understanding their 

differences. 

Figure 4.44 shows the translational vector plot for a transient belleplate. Although 

the overall x-curvature of the deformation resembles that of the belleplate (figure 4.37) 

the amplitude gradient is not as steep or as pronounced, and the vectors in the central 

antinodal area are not aligned in the y-direction as they appear to be in the belleplate map. 

This indicates that while the transient belleplate's third mode bends and deforms the 

structure in a manner resembling that of the ringing belleplate, the curvature along its 

upper edge is less pronounced. 

The difference between the plates in the alignment of antinodal displacement 

vectors may point to a more efficient acoustic radiation mechanism in the case of the 

belleplate. The aligned displacement vectors in its central antinodal region suggest that a 

radiated steady state tone would (in the absence of extraneous dynamic factors) tend to be 

'focussed' in a direction outward and away from the belleplate. On the other hand, figure 

4.44 suggests that most radiation in the central are would be dispersed away from a single 

outward direction. 

This notion relies on the linear characteristics of vibrations in thin isotropic plates, 

in which the acoustic intensity at a given point is proportional to its associated dz plate 

displacement. Since only the directionality of acoustic radiation is implied, figures 4.37 
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and 4.44 cannot by themselves explain the sudden and total damping of the onset 

transient in the non-ringing plates. 

Figure 4.44: displacement vector map for third mode, viewed across the top edge 
(ref Figure 4.37 for comparison with belleplate) 

Figures 4.45 and 4.46 show the fourth transient belleplate mode, with an 

agreement to within 1 percent between computed and measured frequencies. The nodal 

pattern for this mode matches the one obtained experimentally. 

3.15) 

Figure 4.46: displacement contour map of fourth mode. 
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With the transient belleplate, square and triangle-like nodal appear in higher 

modes as they do in the belleplate. One notable feature is the twelfth mode, which 

comprises nodal rings embedded in a larger square-type mode (figure 4.47): 

Figure 4.47: 427.5 Hz. The 121h mode, combining a square mode with triangular 
upper nodal rings 

One notable difference between the two plates is the absence in the transient 

belleplate of any mode corresponding to the belleplate's tenth mode (figure 4.48), which 

features a (2,0)+(0.2) square-like nodal ring at the plate centre. This mode shape is unique 

to the ringing plates and its possible significance is examined more closely in Chapter 5. 

Figure 4.48: 368.4 Hz. Tenth belleplate mode showing central antinode 
completely enclosed by a nodal ring 

The ringing mode of the triangular bell plate (figure 4.49) resembles that of the 

belleplate, with the exception that it occurs at the fourth and not the third mode. The third 

triangular bell plate mode (figure 4.52) is a single (0,2) bar line which has no counterpart 

in any of the modes of the other clamped plates. The fifth mode however again shows 

signs of the characteristic (2,0)-(0,2) square mode seen in the other plates (figure 4.53). 
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The mode 3 xx-strain, map for the upper surface (figure 4.50) again highlights 

the relation between out-of-plane displacement and the in-plane stretching of the medium 

in the horizontal direction. The energy density map (figure 4.51) is similar to the 

corresponding belleplate map and again shows maximum work of deformation at the 

upper central antinodal region. 

3.16 

-;-~;-~ mode 

Figure 4. 51: strain energy density contour map for ringing mode 
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Figure 4.52: 66.3 Hz. Third bell plate mode(ref. Figure 3.17) 

Figure 4.53: 123.8 Hz. The fifth mode (ref Figures 4.39, 4.31, 4.26 and 4.22). 

The third mode of the transient triangular plate (figure 4.54) resembles the 

Chladni pattern of figure 3.13, with the same slanting of the nodal lines as occurs in the 

FEM solution for the transient belleplate above. In this case, the computed and measured 

frequency values are in almost exact agreement. Discrepancies occurring between FEM 

and experiment are smaller in the case of both triangular plates than those occurring with 

the belleplate and transient belleplate. This suggests that the lack ofa specified damping 

constant is unlikely to be the cause of the larger discrepancies, since all plates were made 

from identical aluminium sheeting. 
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Figure 4.55: dimetric view of third mode with 15 percent deformation 

Although the strain energy density map for the third mode (figure 4.56) resembles its bell 

plate counterpart, the xx-strain map of the upper surface of the transient triangular plate 

(figure 4.57) shows features along the angled lower edges which do not appear in the 

corresponding map for the triangular bell plate (figure 4.50). The latter comprises 

contours which are centred halfway along the upper edge. This pattern is less apparent 

in the transient plate map. Instead, strain amplitude maxima appear in the lower edges, 

implying the presence of plate deformations in these areas which do not occur in the case 

of the ringing triangular plate. 

This could relate to a mechanism in the transient plate through which vibrational 

energy in the third mode is lost or damped in these areas. Figure 4.50 implies the 

presence of an acoustic coupling and radiating mechanism within the upper bounded 

antinodal regions of both types of ringing bellplate. However, the transient plates have 

central antinodal regions which are not bounded from below by an unbroken nodal line, 

but are in direct contact with the air. The central antinodal region of both transient plates 
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thus have three edges open to the air, whereas only the upper edge of the antinode is in 

contact with the air in the corresponding bell plate modes. 

The possible significance of these differences is explored more extensively in 

Chapter Five. 

Figure 4.58: 91.0 Hz. The fourth transient triangular plate mode (ref Figure 
3.19). 
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5.1 Harmonic and Transient Dynamic Response Analyses 

Although finite element modal analysis cannot by itself compare separate modal 

amplitudes, its results may be used as the input for further analysis in order to determine 

the frequency response of the vibrating structure. This is harmonic analysis and is the 

computational equivalent of exciting the structure at a single point over a range of 

frequencies and measuring the response, as was done experimentally (Chapter 3). 

Harmonic response analysis is a technique for determining the absolute maximum steady 

state dynamic response of a structure to a harmonic, or sinusoidally varying, load [G & D 

Computing]. 

The general equation of undamped oscillatory motion (equation 2-1 7) now 

becomes 

Mx+Kx=F [5-1] 

Any applied load F is assumed to be harmonic, as is the displacement x, so that 

the equation of motion for undamped harmonic analysis can be written as 

(-ol[M]+[K])({x1 }+i{x2 }) =({~}+i{F2 }) [5-2] 

in which fl and F2 are different vectorial components of the same force F. 

The results of a natural frequency analysis are used as input, with the accuracy of 

the harmonic analysis increasing with greater numbers of included resonant modes. The 

applied force F is varied to encompass all frequencies within this mode range. The 

element load and nodal load vectors are calculated and assembled through the use of a 

modal superposition technique [ibid]. The individual modal loads and their associated 

phase angles are then computed and used to calculate nodal displacements and plate 

element stresses and strains. The complete response of the plate is found by 

superimposing the modal responses in a closed form solution. The solution is calculated 

at equally spaced forcing frequency steps, in which the phase angle of the nodal 

displacements indicates the time delay of the nodal vibration with respect to its forcing 

frequency [ibid]. 
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5.1.1 Harmonic Analysis Applied to Belleplates 

For harmonic analyses ofthe four plates with clamped stems, modes 2 to 16 were 

included, and the applied load was a 20 mN force in the out-of-plane, or z, direction at 

the central upper anti nodal plate region (Figure 5.1 ). The lower bound of the excitation 

frequency range was set to I 0 Hz in each case, and the upper bound set to 1000 Hz, 950 

Hz and 640Hz for the Belleplate®, the transient belleplate, and the two triangular plates 

respectively. No damping was specified (ref. section 2.2.2.4). 

Figure 5.1: Belle plate® with 20 mN nodal load 

5.1.1.1 Out-of-plane ( dz) Displacement Response to Forcing 

Frequency 

Figures 5.2 - 5.5 give the out-of-plane displacement response of each plate to a 

simulated forcing frequency F =IF!coswJ in which IFI = 20mN and w is varied over each 

plate's chosen modal range. 

The responses of the Belleplate® and the triangular bell plate are dominated by 

their respective ringing modes, and those of the transient belleplate and transient 

triangular plate by their third modes. Most of the other modes in the plate responses 

either have relative amplitudes of an order of magnitude lower than the main peak, or 

have negligible displacements. The ringing mode is the only dominant peak in the 

belleplate plot. 

The triangular bell plate ringing mode peak (fourth mode) is preceded by a 

smaller peak at 66.3 Hz (third mode) (figure 5.4). This mode has a (0,2) bar-like nodal 

line across its width (figure 4.52) which is positioned near the top of the plate. The region 
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above the nodal line oscillates out of phase with the lower region directly above the 

clamped stem. The appearance of this mode in the harmonic response (together with the 

larger main peak) is a unique characteristic of the triangular bell plate. 

Secondary peaks are visible in the responses of the two non-ringing plates (figures 

5.3 and 5.5) but these are positioned at the fourth mode instead of at the mode preceding 

the dominant peak. It is possible that the action of the bar'-like third triangular bell plate 

mode in some manner assists the effective steady state acoustic radiation of the main 

ringing mode. When the flexing of the upper region around the x-axis at 66 Hz and the 

deformation of the plate around the y-axis at 110 Hz are considered as a single linearly 

superimposed oscillation, the effect of the lower mode is to increase the x-curvature of 

the composite vibration at just under twice the rate of the ringing mode frequency. The 

question as to whether or not this action assists the triangular bell plate ringing mode can 

only be addressed through further analytical and experimental work. 
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Figure 5.2: Belleplate® harmonic response 
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Triangular Bell Plate harmonic analysis • DZ VS F 
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Figure 5.4: Triangular bell plate harmonic response 
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Figure 5.5: Transient triangular plate harmonic response 

The out-of-plane vs frequency graphs for the belleplate and the transient 

belleplate are indirectly supported by results derived from a linear transient analysis 

carried out on these two plates. The Strand 7 linear transient dynamic solver - was used to 

calculate the time history of the transient response of a structure to an arbitrary forcing 

function and initial conditions [ibid]._ The equation for undamped linear dynamic 

equilibrium is given as 

[M]{r(t)} +[K]{r(t)} = {R(t)} [5-3] 

in which R(t) is the time-dependent load vector and r(t) and r(t) are the nodal 

displacement vector and the nodal acceleration vector respectively. The dynamic load 

used in these transient analyses was the first half of a 0.1 millisecond sine pulse, applied 

at t = 0 at the upper antinodal position indicated in Figure 5.1. All nodal displacements 

were numerically integrated over 1024 time steps oft= 0.1 ms size. The belleplate and 

transient belleplate out-of-plane displacement images of Figure 5.6 were captured at time 
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steps 700 (t=0.07 s) and 600 (t = 0.06 s) respectively. They are clearly similar to the 

mode 3 shapes of the two plates, and indicate that these modes are excited very soon after 

the application of an half-sine impulse. 

Figure 5. 6: mode 3 shapes observed in linear transient dynamic responses of 
belleplate and 'transient belleplate' 

The results of the transient responses of the two plates were also subjected to 

Fourier analysis in order to extract their transient frequency spectra. These did not 

produce useful data, however. This is probably due to approximating the applied force 

function as a simple .half-sine impulse. In practice, bell plates are most effectively excited 

by using moderately hard small spherical rubber strikers mounted at the end of rigid 

sticks. The stiffness of these rubber strikers is not constant, but instead slightly increases 

nonlinearly, as the rubber compresses, during the initial impact with the plate surface. 

Ignoring this nonlinear stiffness could affect the results of a transient impact analysis, and 

to obtain accurate transient spectra, experimental means should be employed. They are 

not critical to this study since they do not yield information relating to the steady state 

response. However, careful empirical testing could reveal possibly significant differences 

in the details of the transient spectra of the four plates. The results of these tests also 

could help explain the presence of the mode 3 shapes shown in Figure 5.6 

5.1.1.2 Harmonic Response- XY Curvature Response to Forcing 

Frequency 

The harmonic response of the four plates displayed as xy-curvature against 

frequency plots shows characteristics significantly different to the out-of-plane 

displacement plots. Although the principal peaks of the dz plots are again present in each 
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plate, they are accompanied by large peaks occurring across the modal frequency range 

(figures 5.7-5.10). Comparison with the dz plots shows that in each bell plate, only the 

ringing mode has both large xy-curvature and high displacement amplitudes. Similarly, 

the third mode of each non-ringing plate is the only mode with both high xy-curvature 

and displacement peaks. This points to the combined importance of out-of-plane 

displacement and plate curvature in these dominant modes. However, since this 

characteristic is not restricted to the ringing plates, it does not account for their unique 

steady state tone production. 
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Figure 5.10: xy-curvature harmonic response for transient triangular plate 

Since the scaling of any harmonic response plot has no physical significance 

[Hitchings ], only information regarding the relative modal response amplitudes for 

individual plates can be derived. Harmonic analysis cannot yield valid quantitative 

comparisons between separate plates. 

However, if the deformed dominant mode shapes of the four plates are rotated 90 

degrees around they-axis (figures 5.11 and 5.12), the relative degrees of plate xy

curvature are more easily noted. Such comparisons are meaningful here because of the 

similar dimensions of the four clamped plates. The relative scale of deformation is the 

same in each case. 
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Figure 5.11: Comparison between belleplate and transient belleplate of xy
curvature 

Figure 5.12: Comparison between triangular bell plate and transient triangular 
plate of xy-curvature 
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These images clearly show the greater degree of curvature in the ringing plates 

compared to the transient plates. The outward flexing of the upper antinodal 

region around the horizontal axis of the bell plates is significantly more 

pronounced than in either of their transient counterparts. 

These comparisons suggest that the presence of steady state sound radiation is in 

some manner dependent upon a minimum degree of antinodal curvature. 

5.2 Poisson's Ratio and Belleplate Modal Curvature 

Considerations of curvature and the relative degree of plate flexing between 

plates also require a closer examination of the importance ofPoisson's ratio in plate 

bending. 

In the belleplate third mode, the antinodal regions at the left and right upper sides 

of the plate oscillate out of phase with the central region, which pulsates back and forth 

out of the plane of the plate. As the belleplate bends around its central vertical axis, the 

stretching of its upper surface is accompanied by a compression of its lower surface (ref. 

section 2 .. 1.3 .4 ). In the case of the belleplate and the triangular bell plate, this coupling 

between extension and compression results in an unbroken curved nodal line which can 

be regarded as the result of a linear coupling between bar-like and triangle-like nodal 

lines in the ringing mode. 

If the effects ofPoisson's ratio are removed from the finite element analysis (by 

specifying a null value), the characteristic unbroken nodal line disappears from the 

ringing mode and is instead replaced by separate nodal lines akin to those in the non

ringing plates (Figure 5.13). Individual contours in the strain energy density map (figure 

5.14) are now difficult to identify since the range of energy density values in this solution 

is lower than for the genuine belleplate counterpart. 

Poisson's ratio is thus critically significant in ensuring a strain energy density 

distribution sufficiently wide to facilitate mode coupling between bar-like and triangle

like nodal lines in the belleplate. If the curvature of the deformed third mode of a 

standard belleplate is compared with the zero-v model (figure 5.15), the higher curvature 

gradient of the standard belleplate is highlighted. Relating this to the similar effect shown 
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in figure 5.11 implies that Poisson's ratio is significant to the production of steady state 

sound radiation in the belleplate. 

Figure 5.13: Chladni pattern and contour displacement map for a belleplate with 
zero Poisson 's ratio 

Figure 5.14: energy density contour map for belleplate with zero Poisson 's ratio 
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Figure 5.15: comparison of curvature gradient between B elleplate® and 
with zero 

Figure 5.16: third modes for transient belleplate and transient triangular plate 
with zero Poisson 's ratio 

5.3 Concluding Observations 

The examination of the vibrational characteristics of similarly-shaped ringing and 

non-ringing plates has revealed certain features in the 'active' mode of the bell plates 

which are either absent or significantly attenuated in the transient plates. In themselves 

these features do not properly account for the complete absence of steady state radiation 

in the non-ringing plates, nor do they fully explain the single-mode dominance in all four 

plates. 
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However, further examination of the mode shapes and their dynamics can also 

yield valuable clues to solving the problem. The simulated Chladni patterns for the first 

fifteen modes of each plate (Appendix 2) contain many examples of higher modes whose 

in-phase and antiphase regions are congruent in shape and symmetrically positioned 

about the central vertical plate axis. Cancellation of any sound radiation from these 

modes could be occurring as a result of acoustic destructive interference between the in

phase and antiphase areas. 

Another dynamic feature of possible significance can be seen in Appendix 3, 

which shows the action of the dominant mode of each clamped plate at six intervals over 

the course of one cycle. Successive frames chart the deformations of a given plate at 

these moments. Those illustrating the ringing mode of the bell plates show the presence 

of the unbroken nodal line in every case, whereas the occurrence of the unbroken line in 

the non-ringing plates is confined to plate deformations close to equilibrium. 

If, in the case of the bell plates, the shape traced by the central antinode over the 

course of a cycle is visualized in its entirety, a three-dimensional shape similar to that of a 

flanged horn or wine glass can be recognized. This type of comparison between the time

integrated mode shape and physical tone-producing objects may be regarded as valid if it 

is understood in terms of an enclosure inside the dimensions of which resonant standing 

waves are produced at a single frequency. It is possible that an antinode with this 

dynamic configuration is particularly suited to the steady state radiation of a single tone. 

The equivalent modes in the transient plates do not show any such resemblance since, in 

lacking the unbroken nodal boundary, their central antinodal areas have lower edges 

which are directly coupled to the surrounding air. 

The central antinodes of the transient plates thus have three edges exposed to the 

surrounding medium instead of the upper edge alone, as is characteristic of those in the 

ringing plates. Integrated over one cycle, the shape of the central antinode in a transient 

plate thus appears hexagonal rather than bowl- or horn-shaped. The question as to 

whether or not this difference in time-integrated dominant mode shapes can help to 

explain the difference between bell plate and transient plate radiation characteristics 

could well be the subject of future experimental and theoretical investigations. 
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6 CHAPTER SIX 

6.1 SUMMARY OF RESEARCH 

The vibrational characteristics of the simple tone producing aluminium plates studied for 

this thesis have been qualitatively characterized, initially by deriving Chladni patterns of 

the ringing modes, and followed by extended dynamic analysis using finite element 

modelling. The characterization is sufficient to identify a unique mode shape associated 

with pure steady state sound radiation, and to indicate possible structural and dynamic 

features of the mode shape which may optimize acoustic radiation at that mode. These 

features can also be clearly differentiated from those found in corresponding modes in the 

non-ringing plates of similar shape, thus highlighting the sensitivity of tone production 

upon plate geometry. 

6.1.1 General Characteristics of Bell Plates 

The level of accuracy of finite element mode ling of the test plate set (Figure 3 .5) 

is evident from the good agreement (to within 5 percent) between computed 

modal frequencies and those derived experimentally. The horizontal deformation 

of the. belleplate clearly correlates with the admittance plot of chapter 3, verifying 

the proportional relationship between out-of-plane displacement and acoustic 

signal intensity. The computational results were thus acceptable as an accurate 

means of qualitatively describing the dynamic characteristics of bell plates, and 

comparing these with those of non-ringing plates. The significant features of tone 

producing plates are thus 

1) A ringing mode shape bounded by a continuous U-shaped curve whose 

ends intersect the upper horizontal plate edge. This curve bounds a central 

antinodal region oscillating out-of-phase with the two outer regions. In the non-
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ringing plates, the central antinode is bounded by two bar-like nodal lines rather 

than the bell plates' unbroken nodal line. 

2) The dependence upon the value ofPoisson's Ratio, or upon sufficient 

coupling between vertical and horizontal plate flexure, of the integrity of the 

unbroken nodal curve. A zero value for Poisson's Ratio results in bar-like lines 

similar to those seen in the non-ringing plates. 

3) from harmonic response analysis, the dominance of the third mode in the 

belleplate and of the fourth mode in the triangular ringing plate, confirming the 

near pure-tone character of the observed sound. 

4) The resemblance, over a single integrated cycle, of the ringing mode shape 

to that of a simple resonant bowl or cavity, suggesting features of a possible 

effective sound radiation mechanism in the bell plates. 

5) The presence of a nodal region at the stem or handle enabling easy 

grasping and control in musical performance. 

6.1.2 Differences Between Bell Plates and Non-ringing Plates 

Features distinguishing ringing plates from non-ringing plates which may 

contribute to the understanding of tone producing mechanisms in the former, are 

1) A higher degree of directional alignment in the out-of-plane vector field 

across the upper horizontal edge of the belleplate. This vector field is 

known to be roughly proportional to the amplitude of the sound observed 

over this region (section 4.2.2). The corresponding out-of-plane vector 

map for the non-ringing 'transient belleplate' is less ordered, possibly 

indicating a lower Q at resonance. 

2) Strain energy density maps for ringing modes in bell plates show 

maximum work of deformation at the upper central antinodal region, 

verifying the proportional relationship between strain energy and out of 

plane displacement. Strain energy maps of the equivalent modes in non

ringing plates show areas of maximum work below the centre and to the 
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sides, suggesting possible dissipation of energy in these areas which 

would otherwise have contributed to tone production. 

3) the tenth mode of the ringing plates- comprising a central closed nodal 

circle with outer rings - does not exist in the non-ringing plates. This 

could have significance for possible tone-production mechanisms and 

refined and careful experimental modal analysis should be done to 

quantify the contribution of the tenth mode to the total sound spectrum in 

the bell plates. 

6.2 Suggestions for Further Work 

• Observations show that copper, steel and brass belleplates® ring as well as 

do the aluminium ones, with similar pure tones, but with displaced 

frequencies. This indicates that there is a range of Poisson' s Ratio values 

for which the characteristic U-curve will be successfully formed. This 

needs to be investigated more extensively and lower limits for u 

established in each metal. A study of the sensitivity of the U-curve to 

small variations in material density and elasticity would also enable a 

more precise characterization of bell plates generally. 

• The sensitivity ofU-curve formation to small variations in plate geometry 

should be examined more extensively to determine critical or 'cut-off 

dimensions (such as upper edge length and lower edge angles) beyond 

which only separate bar-like nodal lines are formed in the third mode. 

• Arranging excitation experiments of ringing and non-ringing plates in 

vacuo (Schad and Warlimont [1973]) would highlight, for each mode, the 

differences between purely internal energy losses (such as those related to 

torques near the top of the plate handles) and those losses attributable to 

external effects such as air coupling and sound radiation. These 

differences could be studied either by a modified modal response analysis 

or by holographic interferometry. 
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• Geometrically, the triangular ringing plate is clearly the simpler of the 

two bell plates studied for this thesis. From the perspective of ease of 

design and manufacture it can be regarded as superior to the belleplate and 

thus postulated as an ideal bell plate shape. More work needs to be done 

on their respective musical characteristics, for example a greater 

amplitude range at resonance or a longer steady state radiation. The 

presence of more pleasing musical subtleties could compensate for the 

complex geometry of the belleplate shape. 

• Further work on the musical characteristics of bell plates should also be 

done to quantify an observed range of onset and decay characteristics, thus 

assisting a more refined and controlled tone production in performance. 

Tests can be done to determine the preferred or optimum striker material 

to minimize metallic onset 'clangs' and maximize steady state ringing 

times. This would also help characterize the best striker material for giving 

a wide dynamic range, with a linear proportional relationship between 

striker velocity and tone amplitude being best suited to the performer. It 

was observed that the decay time can be controlled by touching the 

ringing plate on various positions along the vertical central axis -near the 

top produces instant damping, whereas further down the axis gives longer 

decay times. Tests should be done to characterize and quantify this 

relationship between axial damping position and decay time. 

In summary, the bell plates should be sufficiently characterized to allow the development 

of a range of appropriate performance techniques. Bell plates could then be used as 

genuine pure tone idiophones capable of being arranged for inclusion and use in 

orchestral or chamber music performance. The existence of known relationships between 

plate dimensions and ringing frequency gives particular versatility to the bell plates, 

which can thus be pitched and scaled for use in any musical context or tradition 
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APPENDIX2 

CHLADNI PATTERNS FOR THE FIRST FIFTEEN MODES 
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APPENDIX3 

MODE 3 ANIMATION STILL FRAMES 
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