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Abstract

In this note, I have studied a vary-coefficient model under cross-sectional de-
pendence. The technique of Robinson (2011) is employed to mimic the dependence
among cross-sectional data sets. The asymptotic normality is established for the

proposed estimator.
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1 Introduction

The cross sectional dependence has been a hot topic for the past two decades. A dominant
branch of modelling the cross-sectional dependence is to use a factor structure in panel data
models (c.f. Pesaran (2006), Bai (2009) and so forth). Recently, Robinson (2011) and Lee
and Robinson (2016) have employed the time series technique to model the dependence among
cross-sectional data sets. Following the spirit of their work, I consider a varying-coefficient

model with cross-sectional dependence in this study.

2 Model Specification

The mode is as follows:
yi = x38(2) + u,. (2.1)

z; € [0,1] is the so-called univariate index variable (Wang and Xia (2009)) and x; is a p x 1
vector. For simplicity, we consider the scalar case for z; only and it is straightforward to extend
z; to multivariate case. To distinguish x; and z;, they are referred to as regressors and covariates
hereafter. In order to impose the cross-sectional dependence, we follow Robinson (2011) and

Lee and Robinson (2016) and denote that

U; = U(l‘i,Zi)ei, €; — Zbijgja bn 7& 0, Bz = bej < oo fori= 1, ey N, (22)
j=1 j=1

where o : R x [0, 1] — R, the b;; are real constants, and {e;, j > 1} is a sequence of independent
random variables with zero mean and unit variance, independent of {x;,j > 1} and {z;,7 > 1}.

Remark:

Notice b;; # 0 rules out the case where the error term e; does not change across index 1.
For example, without the restriction of b; # 0, one can let o(z;,2) =1, by =1, b;; =0
fori=1,...,N and j = 2,...,00. Then the model will reduce to y; = 2;6(z;) + 1. In

this case, the consistent estimation cannot be achieved at all.

In this note, our kernel function is denoted as:

Ky (2 — 2) = %K (Z;Z) (2.3)

where K (w) is symmetric denoted on [—1, 1] satisfying fjl K(w)dw = 1 and h is the bandwidth.
In order to facility the development, we adopt the following assumptions.

Assumptions:



1. {¢;,7 > 1} is a sequence of independent random variables with zero mean and unit
variance, independent of {z;,j7 > 1} and {z;,7 > 1}. Elg] = 0, Elej] = 1 and
max;>q E[e?”] < 00. 0%(z, z) is a uniformly bounded. Moreover, max;<;<x F|/z;||* < oo

and max.cpq ||6(2)|| < oo.

2. Let Elxxi|z; = z] = X4i(2), where || X,;(2)] is uniformly bounded on [0,1]. ¥,;(2) has
bounded continuous second order derivative with respect to z uniformly in 2. Moreover,

x; is the function of z; and independent of z; for ¢ # j.

3. For 1 <i# j < N, let fi;(w,ws) denote the joint density function for (z;, z;) and be
bounded uniformly in 4,j. For ¢ = 1,..., N, let f;(w) denote the density function for
z; and be bounded uniformly in . In addition, f;(w) has uniformly bounded continuous

second order derivative with respect to w.

4. (a) Nh— oo, h — 0;
(b) limy_00 % ZzNﬂ B; = B and max;<;<y | B;| < C}, where C} is a constant. Also, for
Vz € [0,1], let Vo(z) = limy o0 ~ S 5.i(2) fi(2) be positive definite uniformly in
z.
() maxicjcn 7 Siny [bi] = 0;

(d) 82 — 0 and Y&L¥ — 0, where

N
Ay = Z / |fij(wlaw2)_fi(wl)fj(w2)|dwldw2>

i,j=1,i#]
N

Nox =Y |l 7= Covlese)):

i,j=1,i#]

Assumptions 1-4 are standard in the literature (c.f. Wang and Xia (2009), Lee and Robinson
(2016)), so the relevant discussions are omitted. In Assumption 4.c, max;<j<n \/#N—h SN by —
0 certainly captures the i.i.d. case. For example, let o(x;, z;) = 1. When w; is i.i.d., the matrix
B = {bij}nxn = Iy. Then it is easy to see that maxj<;<n \/;th vazl b;;| — 0 holds. Notice
that if 2; is independent across 4, one can easily show that A,y = 0 and ~; ; = 0, so Assumption
4.d holds immediately.

For any given z € [0, 1], we investigate the next estimator.

—1 N

B(Z) = (Z $ix;Kh(Zi - Z)) Z%‘%Kh(zi - z). (2.4)

Then the next result follows based on the above settings.



Theorem 2.1. Under Assumptions 1-4,
VR (B(z) = B(=) = Op(k?)) =0 NO V5 (Va(2)V5(2))

where

N

Vo) = Jim 5 Y0 B [ Sana(w) ()

=1

+1\}1%In NZZ’YHQJC“ fzg ) )

i1=110=1

where 7 = [ n(w)K(w)dw, n(z;) = Elr,o(x;, )|z, Sezo(2i) = Eloaio?(x, zi)|2) and Va(z) is

denoted in Assumption 4.

3 Conclusion

In this note, I have studied a vary-coefficient model under cross-sectional dependence. The tech-
nique of Robinson (2011) and Lee and Robinson (2016) is employed to mimic the dependence
among cross-sectional data sets. The asymptotic normality is established for the proposed es-
timator. The optimal bandwidth selection has been achieved under i.i.d. case in Li and Racine
(2010), but what the optimal bandwidth looks like under cross-sectional dependence remains

unsolved.

Appendix

Lemma A.1. Let ¢; = (,2;) and Assumption 3 hold. For any bounded function g(w) with w =
(w1, w2) € RP x [0, 1] having that E [g((;)g(¢;)] with i # j and E [g((;)] exist uniformly in 1 <i,5 < N,
we obtain that

i,j=1,i#j

Z {E1[9(¢)g(G)] — Eg(G)] E9(¢)]H = O(Aw). (A.1)

Proof of Lemma A.1:

S {E9(G)9(&)] - Ela(6) Elg(¢))}
i j=1,i£]
S / glwi)g(ws) (Fij(wi,ws) — filw) 5 (uwz) dwrduws
ij=1,i#£]
5> [ i) = fitwn) )| dunduz = O (A.2)
i,j=1,i#£j



Then the proof is complete.

Lemma A.2. Under Assumptions 1-4, for any given z € [0, 1]

2. %Zi]i1miuiKh(z“ z) = OP<\/—>+OP (m)—l-OP <\/?VW);

3. & Sy wi) (B(zi) — = Op(h?);

Proof of Lemma A.2:
1) Write

B(2)) Kn(zi — 2)

N
3 2 [ Sy - ) w)du
=1
N
= 3 3 [ S ) K (w) (e + oy

Sai(2) filz) + O(h?),

1 & SN il K, 2) = & L Tai(2) fi(2) = Op(h?) + Op (Y5 )

1 N
_ Z>] = LS B fral K - )]
=1

(A.3)

where the fourth equality follows from using Taylor expansion on each element of ¥,;(w) and f;(w).

For the second moment, write

where Y.; ;n(2) denotes the (m,n)t"

For A;, write

Ay =

2~

n=11

)3

m

Il
—

-
WE
WE
WE

i,m<i,n

m=1n=1 i=1
1 p p N )
SWZZZE[zm 1nKh(

i=1

i
—
3
I
—

E (2 mxinKp(2i —

z) =

element of ¥,;(z) fori=1,..., N.

Saimn(2) fi(2)]”

E [9:2 z? Kp(z — z)]

-9 =0

Nh

).

(A.4)

(A.5)



where we have used the uniform boundedness of K (w).

For As, write
N

Z E{(mi,mxi,nKh(zi — Z) m mn( )fz( ))
ij=1,i#j
(@m0 Kn(2 = 2) = Sagun (2)15(2)) |
N

= Z E[(Exi’mn(zi)Kh(Zi*Z) Saimn(2) fi(2))

i,j=1,1#]

- Cagamn(2)Kn(25,2) = Sjmn (2)5(2)) |

_ oy [ St Katwn = 2) = Eainn(2):(2)

i,j=1,i#j
(Egjmn(w2) Kp(w2 — 2) = Zajmn(2) fj(2)) fij(wi, wa)dwidws
N
- / (St (w01) K (w1 — 2) — St pan(2) fi(2)) filwr)duoy
ij=1,i£]

~ / (g (102) K (12) — S (2) £5(2)) f;(w3)dws

s [ Eaiommlwn Katwn = 2) = Eain (2):02)

1,J=1,i#j

: (E:cj,mn(w2)Kh(w2 — 2) = Sajmn(2) fj(2)) (fij(wi,w2) — fi(w1)f;(w2)) dwidws

comny+ L 3 /]

i,j=1,i#j

< O(WN?) +0 (AhlzN> , (A.6)

fij(wi,w2) — fi(w1) f;(we) |dw dw;

where the first inequality follows from (A.3), uniform boundedness of ¥ (w1, w2) and K(w); the

second inequality follows from Assumption 5.

Thus, we have Ay = O(h4) +0 ( 1621;;’2). Based on the above, the first result of this lemma follows.

2) It is easy to know that E [% sz\il ziui K e(zi, z)} = 0. For the second moment, write

2

| X
~ ZiﬁiuiKH,e(zz‘, z)
i=1

N
1
= 3 2_ B [lailPo®(wi, 20) el K7 (21 — 2)]
=1

N
1
+ﬁ Z E [2ix;0 (%, z1)0 (x5, 2) Kn(zi, —2) Ki(zj — 2)] Elese;]
i j=T,i]

N
< O(1) gy S B [loal*0? i, 20)Kin(zi — 2)] B
=1

N
1
+m Z E [2ix;0 (%, z1)0 (x5, 2) Kn(zi, —2) Kn(zj — 2)] Elese;]
i,j=1,i#]



= Ay + As. (A7)

For Ay, it is easy to show that

N
A1 O(l)ﬁ ZE [Hxi”QUZ(l‘i, Zi)Kh(zi — Z)] E[e?]
=1
1 N
< O(l)m ZE [”331'”202(xi7 Zz)Kh(Zl — Z)]
=1
N
<00z S E PRt - 2] =0 (77 )
=1

For As, write

E [x;a:ja(xi, 2)o (x4, 2;) Kn(z — 2) Kp (25 — z)] E[eiej]’

E [ni(zi)nj(2) Kn(zi — 2)Kn(2j — 2)] 7ij

//m(wl)/Kh(wl — ze)n;(w2) Kp(wa — zc) fij (wi, we)dwidwayi j

1,J=1,i#j
< /Ui(wl),Kh(wl — 2¢) fi(wr)dw; /U(w2)Kh(w2 — 2¢) fj(wa2)dws - v; 4
ij=1, z‘;«éj
+ Z w1 Kh w1 — Z) ('lUQ)Kh(U]Q — Z)
1,j=1,i#j //

'(fij wy, wa) — fi(W1)fj(W2))dW1dWQ Vi
N
<o) Y g !+ Z
i,j=1,i#j ’ i,j=1,i#j //

< O(Asn)+ 0 (Ath> : (A.8)

fl] w17w2 fz(wl)fj(w2) dwydws

where the second inequality follows from the uniform boundedness on 7(-) and f;(w).

Therefore, for Ao, we obtain As = O <A2N) + 0 (ﬁ%ﬁg) Based on the analysis on A; and As,

the result follows.

3) We then focus on + Zfil zix (B(z) — B(2)) Kp(zi — 2).

Z zix) (B(z:) — B(2)) Kn(zi — 2)

N
Z iz, (B(=:) — B()) 1Kz — 2)]
/ K(w — 2) fi(w)dw = O(h2),

where the last line follows from (A.3). Then, the result follows immediately. [
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Proof of Theorem 2.1:

We now focus on the normality.

VK (B(z) - B(=)
- (}1{ é$@$;Kh(Z@ - )) \/72371 %) — B(2)) Kn(z — 2)

N
1 [ h
+ (N lebll‘;Kh(Zl ) Zl'luth — Z)
1=

= A + As. (A9)

By Lemma A.2, we just need to focus on \/% Zfil x;u; Kp(z; — z). Notice that by the proof for

(2) of Lemma 2.2
/h N
N Z xluZKh(zl — Z)]

N N
h
= N Z Z E[xil$;20(xil7zil)a(xi27 Ziz)Kh(zil - Z)Kh(ziz - Z)]7i17i2

S (5]

N
S BlnCen) EnCen — 2Bz Kz — 2l

i1,i2=1,i17£12

N
= % Z fZ(Z)B“ /Ex:po(w)KQ (w) dw

i1=1

N
b Y R [ awE@de [ Kw)de

i1,i0=1,i17io
A A
2 2N 1IN
+O0(h )+O< 2 ) +O<Nh2>
=Vi(z) + o(1), (A.10)

where X4, (2) = Elx;x,o(x;, zi)|z;i = z]; the third equality follows from the procedure similar to (A.3)
and (A.8).

Further write

[h & [h &
Nszuth(zz — Z) = Nina(a:i,zi)eiKh(zi — Z)

\/7230@ o(xi, 2i)Kp(zi — 2 was] Zw]N€]+ Z WjNE], (A.11)

j=N+1

where wjy = \/%Zfil xio(x;, 2;) Kp(2z; — 2)bij. By the Cramer-Wold device, in order to derive

asymptotic normality of the vector, we consider



N
[ h
NZc’xiuiKh(zi ch]Naj + Z dwjne;, (A.12)
i=1 j=N+1
where ¢ € R? is a fixed vector satisfying ||c|| = 1.
2
By (A.10), there must a sufficiently large M satisfying E [Z;’iNH c’ijsj} =o0(1) for N > M.

Since cw;ye; is martingale difference, we just need to focus on verifying the next two terms
J J g ) J ymg

N
ZE dw;jne;] 1, (A.13)
7=1
N
ZE { dw;jne;) (]c’ijej\ > e)] —p 0, for e > 0. (A.14)
7j=1
For (A.13), write

N N o

S B sl = S = 3 ) = i+ o).

=1 j=1 j=N+1

Next let v be as in Assumption 1. Since {x;,7 > 1} and {2;,% > 1} are independent of {e;,j > 1},
we then proceed further by conditional on {z;,7 > 1} and {z;,7 > 1}. Then, unconditionally, the

results automatically hold. Conditional on {z;,7 > 1} and {z;,7 > 1}, we have

N N
> E[(dwine)*1(|cwinej| > €)] =D (wjn)*E [e51(|dwines| > €)]
j=1 Jj=1
N 14
< S (upn)? {2 [l P} {B (11w > 0]} 7
7=1
N 2 dwineil]) T
< S (5 1]y 7 { Il
j=1

N
2
< 3 (8 [y 7 {1 g o
N 2
= S g [T (B [|e P} 7 (B[}
N
<O0(1) { max |c/ w]N]HV } Z |wjn|?e T
j=1

1<j<N

We then just need to verify that max;<,< dw;n 7 — 0. We then obtain
1<j<n(N) J

A\ = sz o(zi, zi) Kp(2zi — 2)bij

< HCHV E sz O\Zi, Z4 Kh( Z)bin
[1 -
D/ — bl < O(1) ma b;;| — 0.

|c/ij| =




Then the proof is complete. n
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