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Abstract: We analyze the supermodes in multiple coupled photonic
crystal waveguides for long-wavelengths. In the tight-binding limit we
obtain analytic results that agree with fully numerical calculations. We find
that when the field flips sign after a single photonic crystal period, and there
is an odd number of periods between adjacent waveguides, the supermode
order is reversed, compared to that in conventional coupled waveguides,
generalizing earlier results obtained for two coupled waveguides.
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1. Introduction

One of the most studied applications of photonic crystals (PCs) are photonic crystal waveguides
(PCWs). These are formed by creating a line defect in a PC and by operating at frequencies
inside a bandgap. At such frequencies, the light cannot propagate in the photonic crystal and
is therefore forced to remain in the defect, which thus acts as a waveguide. Though the losses
of PCWswereinitially very high, values below 1 dB/cm were reported in recent work [1]. The
key difference compared to conventional waveguidesis that confinement is provided by Bragg
reflection in the PC, rather than by total internal reflection.

Coupled waveguides, waveguides that run parallel to each other and are sufficiently close
so that their evanescent tails overlap, have applications such as directional couplers. They are
particularly interesting in a PC geometry since the beat length between the supermodes of the
structure, the size of which determines the length of the device, can be made very short [2].
These structures were shown to have some propertiesthat differ from conventional waveguides
[3]. For example, the fundamental mode of two coupled PCWs can be odd, whereas the funda-
mental mode of a pair of coupled conventional waveguideis always even [4]. The fundamental
mode was found to be odd when the electric field in the barrier between the waveguides changes
sign after a period and when the number of periodsin thisbarrier isodd [3]. Such asituation can
never occur in conventional planar structures since in the barriers the field decays monotoni-
cally. Nevertheless, it was also shown that the oscillation theorem [5] appliesin coupled PCWs:
consecutive modes have one additional electric field node, and thus the odd fundamental mode
has one fewer node than the second mode [3]. Briefly, the oscillation theorem is consistent
with the fundamental mode being odd, because we are interested only in bound modes, that is,
modes that grow or decay exponentially in the PC cladding. In contrast, the oscillation theorem
appliesto all modes, both bound and unbound [3].

Here we generalize the previously developed theory to an arbitrary number of identical cou-
pled PCWs and consider this geometry at long-wavel engths where the anal ogy to conventional
waveguidesisstrongest [3]. We then concentrate on thelimit in which the guides are sufficiently
spaced so that their mutual coupling isweak. In this tight-binding limit, analytic results can be
obtained that are the PC equivalent of well-known expressionsin the literature [4]. We develop
this theory in Section 2 and present the results, both in terms of the propagation constants and
in terms of the associated fields, in Section 3. Section 4 contains adiscussion of our results and
concludes.

2. Theory

We consider the two-dimensional structurein Fig. 1 and find its modes by considering the mul-
tiple reflection and transmission of fields in a systematic, recursive manner. We regard the bulk
photonic crystal as a sequence of grating layers, of period d, arranged in square lattice. With
B denoting the propagation constant of a mode, the fields satisfy the quasiperiodicity condi-
tion V(r + dey) = V(r)exp(ifd), with e, denoting the unit vector pointing in the waveguide
direction. In each guide j, it is natural to express the fields in an expansion of upward (+)
and downward (—) propagating plane waves, the direction of which are related by the grating
equation, i.e. [6]

Vj(r) = Z Xﬁl/z {gipe*ilp(y*)'j)_i_g}r’pei)(p(yfyj) eiﬂp’ﬂ )
p=—c

where B, = B+ 2mp/d, xp = (K — B2)Y/2, k= 21/, with A denoting the wavelength in

the background medium, and y = y; denoting the center line of guide j. The factor Y2is

included to normalize energy calculations conveniently [6].
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Fig. 1. Schematic of the geometry that we are considering, consisting of m coupled PCWs,
separated by m— 1 barriers, al sandwiched between two semi-infinite PCs. Each barrier
consists of | PC periods.

Inside the photonic crystal, we expand the field in its Bloch mode basis. Representing the
fields in the gaps between the layers of the bulk crystal by plane wave expansions of the form
(1), with coefficients, f = [f_T f_.T]T, we apply Bloch’s theorem to derive a transfer matrix
equation 7 f = uf. Here, the transfer matrix 7 may be calculated using the reflection and
transmission scattering matrices of asingle grating layer (c.f. Eq. (6) below). The set of Bloch
modes that arise from the solution of the eigenvalue problem may be partitioned into sets of
forward and backward propagating states, with the forward modes associated with a matrix
of eigenvalues A = diag u; (with |u;| = 1 for propagating modes and |u;| < 1 for evanescent

modes) and eigenvectors [fj*T fJ*T]T. For a sguare lattice, the corresponding set of back-

ward modes have Bloch factors A~ and eigenvectors [ffrT f-*T]T. The two key quantities
to emerge from this eigenproblem are thus the matrix of Bloch factors A, which determines
the propagation of modesin the bulk crystal, and the scattering matrix R.. = F . (F_)~1 which
characterizes the reflection of afield incident on a semi-infinite bulk crystal from free space.
Here, F+ are matrices whose columns are the eigenvector components ff_, with the matrices
F_ and F ! respectively performing changes of basis from plane waves to Bloch modes and
vice versa [6].

From the PC Bloch mode quantities, we may then write down expressions for the reflection
and transmission scattering matrices of each of thel-layer barriers[6]

R = (R-QRQ)(1-RQRQ) . @
T - (1-R)Q(1-RQRQ) . ©

resembling the corresponding scalar forms for a Fabry-Perot etalon. In Equations (2) and (3),
Q=F AF1? quantifies the propagation of the Bloch modes within the |-layer barriers.
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The geometry of Fig. 1 shows that the structure can be regarded as a composite of (m— 1)
barriersthat are sandwiched between two semi-infinite PCs. The presence of each of the guides
of width histaken into account, by “padding, ” relative to the field origins located in the center
of the guides, the relevant scattering matrices to allow for propagation to and from the phase
origin. Thefields in the uppermost and lowermost guides thus satisfy

f; =Rt =Ry +Tnafy @
fi =R.f,,  fo=Tmif; +Rnaf, (5)

with the leftmost expressions derived from the end-mirror conditions and with the rightmost
equations derived from the propagation of plane waves through the composite (m— 1) barrier
structure. In Equations (4) and (5), R.. = PY?R..P/2, with P = diag[exp(ixh)] representing,
for each plane wave order, the phase accumul ation when traversing a waveguide of width h.
While the scattering matrices, R, and T, for then = m— 1 “padded” barriers can be derived
by recursion [7] from thosefor asingle padded barrier, R, = PY2R P2 and T1 = PY/2T,PY/2,
wewill follow an alternative route that involvesthe cal culation of the Bloch modes of aninfinite
structure composed of these padded barrier sections. This leads us to the dispersion equation
in aform that is suitable for computational use, and which is also amenable to an asymptotic
analysis in the long wavelength and tight binding limits. To do so, we introduce the transfer
matrix .7 for cross ng apadded layer. Proceeding as before, we may solve the eigenval ue prob-
lem for thistransfer matrix, deduce the corresponding Bloch factors Aand eigenvector matrices
F¢, and compute the reflection and transmission matrices R, and T, in aform analogous to
Equations (2) and (3). We next introduce the transfer matrix to cross the n = m— 1 padded

barriers, namely
A, B\ =n_ (A B .
<cn Dn)—g=<c D)’ ©)

Foo( TR R RIS
h=
—T Rn Tn
(£)-(28)(3)
g Cnh Dn 9 )
Because of the up-down symmetry of the layers, and of the entire structure, the transfer matrix

7 satisfiesthe symmetry relationship Gty TU , where % isthe matrix that reverses the
partition order. Accordingly, some straightforward manipulation reveal s that

frefn ] o[ £(fp £fh
[flim A EGERNEE ®
and since this must have the form of the transfer matrix equation (7), we deduce that the modes
must be either symmetric (o = 1) or antisymmetric (o = —1) according to @, = 007 .
The dispersion equation is then derived by substltutlng the end mirror constraints, @; =

ng1 and g, = Rx,gm, and the symmetry relations @i, = og; into the transfer matrix equa-
tion (7). Thisleadsto

and note that

(Anﬁoo + Bn) g=o0g, (Cnﬁoo + Dn) g= Gﬁwg 9
inwhich g = g; . Each of the two equations (9) are equivalent and reduce to
M(k,Bo)@= [l — (Ri+0Tn)R.]g=0, (10)

subject to T, being invertible. The modes of the structure may now be found by solving
det M(k, ) = O for the propagation constant 3, after which the mode may be reconstructed
from the null vector g.
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At long wavelengths, all fields can be well approximated by expansions comprising only a
single propagating plane wave term, thus reducing all matrix quantities to scalars and facilitat-
ing an asymptotic analysis in the tight binding limit. The transfer matrix then becomesa 2 x 2
matrix with unit determinant, for which simple formulae exist [8] for the elements of its nt
power, namely

An Aun_1(t) — un_2(t), Bn = Bup1(t)
Ch = Cun_1(t), Dn = Dup 1(t) —un 2(t),

(11)

inwhich un(t) = sin[(n+ 1)¢]/sing denotes the Chebyshev polynomial of the second kind of
degreenin thevariablet = cos¢, and

(T2 - RP)P

t =3(A+D), A= (12)
|
__c_R 1
B =-C T D= TP
(13)
Furthermore, Ry and T, are given respectively by the scalar versions of Equations (2) and (3),
p(1—pu?) (1-p?)u'
R| = 1_p2‘u2| ) T| = 1_p2'u2| ) (14)

in which we have replaced the matrix R.. by its specular (0,0)™ order component p, and the
matrix Q by the single, dominant Bloch factor u for the bulk crystal, a number which is rea
and has amagnitude || < 1 (since we are operating in a band gap).

With this simplification, we now consider the tight binding limit in which the number of
barriers layers | is sufficiently large that & = ' is small. Guided by the scalar form of the
dispersion equation for asingle waveguide, Pp = +1, in which both P = exp(iyh) and p have
unit magnitude, the latter because we are operating in a band gap, we seek a solution of the
form

Pp = +expliv(5)], (15)
where v is a small argument that represents the effect on the phase upon reflection off a
waveguide-cladding interface due to presence of all other waveguides. While we may expand
v(&) in a power series and seek a self-consistent perturbation solution to arbitrary order, we
need to work only to first order with v(&) = o to obtain the results that we are after. In what
follows, we work with the form Pp = expliv(&)] corresponding to the fundamental symmetric
mode for each of the single waveguides. The ansatz Pp = —exp[iv(&)] gives essentialy the
sameresult and it is therefore not considered further here.

Then, returning to dispersion equations (9), we form the corresponding scalar form

(APp +B)up_1(t) —Ppup_2(t) —o=0 (16)

that is appropriate in the long wavelength limit. We then apply the tight binding approximation
and expand each of the factors and variablesin Eq. (16) in a power seriesin &:

t=0/(23p)+0(), Ap+B=2+0(¢), Pp=1+0(%). (17)

Substituting these asymptotic forms into Eq. (16) and exploiting the recurrence relation that is
satisfied by the {un(t)}, namely up(t) = 2tun_1(t) — up_2(t), we derive the tight binding form
of the dispersion relation which, correct to first order, is

un(t)—o=0. (18)
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The simultaneous requirement that T, is invertible, translates in the long wavelength limit to
Th # 0 which, physically, requires the guides be not completely isolated from one another. To
first order, in the tight binding limit, thisrequiresthat u,_1(t) # 0. Subject to this constraint we
solve (18) to deduce the solutions ts = cosvs, with s = st/(m+1), fors=1,2,....m, with
odd values of s corresponding to the symmetric, or even, modes (o = 1) and with even values of
s corresponding to the antisymmetric, or odd, modes (o = —1). Here, the integer s enumerates
the different supermodes of the structure.

The reduced form of the dispersion equation of the supermodes follows from the argument
form of Eq. (15), namely yh+arg(p) = & into which we substitute the possible values of
o = os = 23(p)cosvs. Thus,

\/ K¢ = B2h+arglp (Bs)] = 23[p (Bs)] cos(ds)p (Bs)' + i, (19)

where f3s is the propagation constant of mode s and j is an integer. Since the corresponding

form for asingle waveguideis |/k? — B2h+ arg[p (Bo)] = j, we deduce from a simple power
series expansion of the left hand side of Eq. (19) that

43[p (Bs)]
—h/xs+Bs H(darglp(Bs)]/9IB)

Since this indicates that the right-hand side should be evaluated at s, this leads to an implicit
equation that needs to be solved self consistently. However, in the spirit of the tight-binding
approximation we evaluate it at B leading to an explicit expression for the fs.

Theinterpretation of Eq. (20) is facilitated by recognizing that the term d argp (80)/df cor-
responds to the lateral beam displacement dx due to the Goos-Hanchen shift [4]. The displace-
ment can be associated with abarrier penetrationt = —y08x/(2f); notethat in the special case
of a planar waveguide the parameter t corresponds to the 1/e decay length of the evanescent
field in the cladding. With this, the magnitude of the denominator of Eq. (20) can be written
as (h+2t)/xo = het/ 0, where the effective width her, a standard parameter in the theory of
planar waveguides, can be considered to be the width of the mode that includes the effect of the
evanescent tails. Equation (20) can thus be simplified as

A0S [p(Bo)]
Nest

B2— e~ ' cosvs. (20)

BZ— B~ u' costs. (21)

Having solved the propagation problem and determined the modes of the coupled waveguide
system, it remains only to calculate the fields in each of the waveguides which, in turn, lets
us reconstruct the field everywhere. For waveguide j, the plane wave field (1) originates from
multiple reflections and transmissions through the structure and we write

gy =T 10, +R 10/, g/ = Tm jOn+Rnjg;, (22)

by a consideration of how these fields originate. Solving these, we may derive expressions for
gji interms of @, and g, from which we calculate the fields in each of the guides, using the
null vectors of the dispersion equation (10) for both the symmetric (¢ = 1) and antisymmetric
(0 = —1) driving fields g; = 0@y, = @. Of particular interest in the long wavelength limit is
the total field which is represented by the amplitude of the specular order plane wave

fj,l (1-‘r ﬁmfj)ilgi +:|:mfj (1+ ﬁjfl)ilg$
1-Rj1Rm | '

g +9j = (23)
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Then, for each mode s, we assign g{ = og;, = 1 according to its symmetry, and perform an
asymptotic analysis of thetotal field (23) in the tight binding limit (|| < 1), leading to

g +9] <snjds+0(&), (24)
aresult that is consistent with that for conventional waveguides[4].

3. Results

Here we consider the tight-binding results and compare these with exact results. We first con-
sider the modal propagation constants and after that we then consider the associated eigen-
functions. The results given are for a two-dimensional geometry in which cylinders of radius a
and refractive index n = 3 are arranged in a square lattice with period d, where a = 0.3d. We
consider W1 waveguides, i.e. waveguides that are formed by the removal of one row of inclu-
sions, so that h = d, and solutions in which the electric field points in the direction parallel to
the inclusions. At the normalized frequency d /A = 0.32, the single mode of a single, isolated
waveguide has a propagation constant Sod = 1.16223. The dominant Bloch function here has
u = —0.468476, and p = exp(—0.52224xi). Since p < 0O, this is the situation in which the
fundamental mode of two coupled waveguidesis odd when | is odd [3].

As afirst set of results, we show in Figures 2, B2 — B2 with increasing thickness of the sep-
arating layer | for m=5 (Fig. 2(a)) and for m= 6 (Fig. 2(b)). The propagation constants are
calculated using both an independent numerical method [9], and the full matrix form of the for-
mulation outlined here (10), involving a combination of multipole and Bloch mode methods [ 6]
with 7 plane wave orders, and which for our purposes here can be considered to be exact. Note
that the pattern of supermode propagation constants is roughly the same for all | and that, as
expected from the it factor in Eq. (20), the Bs values approach B with increasing |. The color
of the dots indicates whether the super modeis even (red dots) or odd (blue dots). Note that for
m = 5 the fundamental mode, the mode with the highest propagation constant, is always even,
whereas for m = 6 the fundamental mode is alternatingly even (when | is even), or odd (when
| is odd). We return to this below.
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Fig. 2. Exact numerical results for B2 — Bg with increasing layer thickness| for (a) m=5,
and (b) m= 6 identical waveguides. Parameter values are as given in the text, with the red
and blue dots respectively showing values for even and odd symmetric supermodes.

A practical issue to be considered when presenting quantitative results for the propagation
constants fs of the supermodes is that the u' in (20) causes them all to converge exponen-
tially to o with large I, thus making the verification of the key asymptotic form (20) difficult.
Accordingly, we scale out the exponential term by plotting values of

Nett
F(Bs) = —(BE—BS) mar—rpts (25)
° > 07 4x0S[p (Bo)] [
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in the case of the tight binding approximation of Equations (20) and (21). Note that we have
included |u|', rather than ', so that the multiplying factor, and therefore the order in which the
modes appear, does not change sign with |. The results are depicted by the dots in Figures 3,
withm=5inFig. 3(a) and m= 6 in Fig. 3(b). The dots again indicate exact numerical results,
with the red dots corresponding to even supermodes and blue dots corresponding to odd super-
modes. Note that the color patterns are the same as in Figures 2. According to Equations (20)
and (21), and plotted in this way, the normalized propagation constants should not depend on
| and should be given by t = (—1)' costs where s = s /(m+ 1) (10). The horizontal linesin
Figures 3 indicate the values of cosds.

F 4 [ F 17
° ° ° [J ® ® ] * ° Y ° ] ® ] ]
T [ ) [ ] LJ LJ LJ L] L
0.5 ® ® ® ® ® ® (] 0.5
¥ ° ° ° ° ° ° °
° ° o o o o o ¢
4 5 6 7 8 9 10 4 5 6 7 8 9 10
° ° ° ° ° ° )
05 ° ° ° ° ° ° ° -O.ST
° ° ° ° ] ° °
° ° ° ] ] ] T ° ] ° °
1+ ° -1 ° ° ¢

Fig. 3. Comparison of exact numerical resultsfor aset of (a) m=5, and (b) m= 6 identica
waveguides with parameters given in the text. The horizontal lines give the limiting values
of F(ps) in the tight binding approximation, cos[st/(m+ 1)], whereas the dots give exact
results as discussed in the text. The red dots are for even modes while the blue dots indicate
odd modes.

Figures 3 show that Eq. (20) is an excellent approximation to the propagation constants of
the supermodes, particularly when | > 6, since the dots convergeto the the results given by Eq.
(25). In both figures, the dots converge to the asymptotic lines. The quality of the agreement is
not surprising since |u|' < |u|® ~ 0.01, indicating that & < 1 as required for the tight-binding
approximation to apply. However, even for | = 3, for which |u|3 ~ 0.1, the tight-binding re-
sult (20) is fairly accurate, though the need for higher order corrections can be discerned.
Fig. 3(b) is similar to Fig. 3(a), but is for a set of m = 6 coupled waveguides and similar
conclusions can be drawn as for Fig. 3(a). Note also that the colors of the dots in Figures 3
are consistent with the earlier observation that modes associated with cos¥s for odd s are even
while those for even s are odd.

We now consider the symmetry of the modes more closely and observe from Figures 2 that
for m = 5 the fundamental mode is always even, whereas for m = 6 the fundamental mode
alternates between even and odd symmetry according to whether | is odd or even. We find that
this applies to all even and odd m, respectively, and is consistent with the result for m= 2[3].
We now consider the eigenmodes in more detail. The field amplitudes in each of the guides |
are given by Eq. (24), which are consistent with results for conventional waveguides. Figures 4
and 5 show the supermodes for m =5 and m = 6, respectively, both for | = 6 (Figures 4(a)
and 5(a)), and for | = 7 (Figures 4(b) and 5(b)). For | = 6 (Figures 4(a) and 5(a)) the order
of the modes is identical to those for conventional structures: in the fundamental supermodes
the fields in the waveguides are mutually in phase, whereas in the highest order supermode
the fields in adjacent waveguides are out of phase. The key difference with conventional struc-
tures occurs when | is odd (and u < 0, the case we consider here). In this case the order of
the supermodes is reversed with respect to that for conventional coupled waveguides: for ex-
ample, in the highest order supermode the fields in al the waveguides are in phase, whereas
in conventional waveguides the field of the fundamental supermode has this property. Thisis
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illustrated in Figures 4(b) and 5(b). This shows that when mis even, the fundamental mode
is odd (Figures 5(b)), consistent with the earlier result for m = 2 [3], and with the results in
Figures (2) and (3). Finaly, though we do not show this explicitly here, we have confirmed
that the oscillation theorem [5] holdsin all cases: the fundamental supermode has the smallest

number of nodes, with consecutive higher order modes, having one extra node, also consistent
with the earlier resultsfor m= 2.
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Fig. 4. Fields of the supermodes for m=5and (a) | = 6 and (b) | = 7, with the associated
propagation constants sd indicated above the figures. In each case, the fundamental mode

is shown on the right, with consecutive higher order modes shown towards the left. The
guides are oriented parallel to the x-axis.

- 0.40
- 0.60

-0.80
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1.1503 1.15669 1.15841 1.16088 1.16357 1.16596 1.16759

Fig. 5. AsFigure4, butform=6and (8 | =6and (b) | = 7.

4. Discussion and Conclusions

The use of the tight-binding approximation in optics is not new [4, 11, 12, 13]. However, the
derivation to obtain the desired results typically involves the overlap integral of the field in a
single, isolated well or waveguide, with the perturbation associated with neighboring wells or
waveguides[4, 11, 12, 13]. This type of approach ultimately originates from condensed matter
physics, where the tight-binding method was developed to calculate band structures [14]. In
contrast, here we develop the theory purely in terms of the reflection coefficients within the
guiding structure, and it is for this reason that the final results look quite different. It is true
that all tight-binding results have a term of the type u', which is associated with exponential
decay of the field between adjacent wells or waveguides. However, here we are interested in
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the multiplying prefactor. The presence of hg; in the denominator of (21) is consistent with the
perturbative results for planar waveguides, where this parameter often appears.

The origin of the term S(p) in Eq. (21) can be understood using a simple perturbation treat-
ment which, for simplicity, we outline for a two waveguide structure. In each of the m= 2
guides, we represent the fields by plane wave expansions (1) and write down rel ationships anal -
ogous to Equations (4) and (5) in which, in scalar form, R. = pP, Ry = RP, and T; = TiP. In
the tight binding limit, in which we neglect terms of O(& 2) or higher, we approximate Ry ~ p
and T) ~ (1— p?)E. Appropriate to the case of a symmetric single guide mode, we construct
the following total field with vj = g; + gj+ by adding the pairs of Equations (4) and (5) for
gji, while for an antisymmetric mode, we would construct a quantity proportional to the field
derivative, vj = g — gj*. For the symmetric case, then, with vj = g + gj+, we have

Vi~ pPvi+(1-pd)EPGS, Vo~ (1-p?)EPg; +pPvy, (26)

which may be further simplified by respectively relating the driving terms g; and g to the
total field according to g; = pP/(1+ pP)vy ~ pPv1/2 and similarly g3 ~ pPv,/2 for the
symmetric single mode case, for which Pp &~ 1. Thefinal form of the dispersion relation isthen
derived from the coupled system of equations

1— 2
Vi R PPVyF%Vz, (27)
1— 2
Vo & MVH—PPV& (28)

2p

in which the single guide dispersion equations vj = pPv; for j = 1,2 are perturbed by the
presence of the neighboring guide through the term —iS (p)&v, for | = 2, 1. It is thus clear that
the factor 3(p) arises directly from the transmission coefficient for a sequence of | layers, and
we observe that if p = 41 (as for an electric or magnetic mirror) the perturbation vanishes, in
keeping with the guides being completely isolated.

We note, in closing, that in the tight binding limit the solution of the dispersion equation may
be recast in terms of an algebraic eigenval ue problem derived from (27) and (28). The approach
generalizes naturally to an arbitrary number of guides, leading to the eigenvalue problem for a
tridiagonal matrix (corresponding to nearest neighbor interactions), similar to that derived for
a system of conventional waveguides using a coupled mode approach [4].

In conclusion, we have analyzed the supermodes of coupled PCW. We have done so for long
wavelengths and in the tight-binding limit, for which simple analytic results can be obtained.
They are similar to the modes of coupled conventional waveguides, except that the order of the
supermodes is reversed when u < 0 and | is odd. As a consequence of this, we find that the
fundamental supermodeis then odd when mis even, consistent with earlier findings[3].
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