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ABSTRACT

In this thesis we show how the multi-factor quadratic Gaussian model can be used
to price default free and defaultable securities. The mathematical tools used in-
clude the theory of stochastic processes, the theory of matrix Riccati equations,
the change of measure technique, 1t6’s formula, use of Fourier Transforms in swap-
tion valuation and approximation methods based on replacing the values of some
stochastic processes by their time zero values.

The first chapter of the thesis deals with the derivation of efficient closed form
formulas for the price of zero coupon bonds in the multi-factor quadratic Gaussian
model and the calibration of the multi-factor quadratic Gaussian model to the
domestic and foreign forward rate term structures through closed form formulas.

In the second chapter of the thesis, we derive approximations for the price of
default free swaptions which are based on log-quadratic Gaussian processes. Using
numerical experiments, we show the limitations of these approximations. We also
give some numerical results for the pricing of a default free swaption using moment-
based density approximants of the probability density function of the swaption’s
payoff.

The third chapter of the thesis deals with the calibration of a quadratic Gaus-
sian reduced form model of credit risk to the default free forward rate curve and to
the survival probability of an obligor. We also consider different approximations
for the price of credit default swaptions. Using numerical experiments, we show
the limitations of the approximations.

The final chapter of this thesis considers a two country reduced form model
of credit risk. We examine the relationship between the domestic forward credit
spread and the foreign forward credit spread of an obligor and provide quanto
adjustment formulas for the probability of survival of an obligor. In the final part
of this chapter, we show that the valuation of a quanto default swap is tractable in
a contagion type reduced form model of credit risk which assumes that underlying
processes are modelled by quadratic Gaussian processes.
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ABBREVIATIONS AND NOTATION

Notation for Chapter 1:

log, (z)=Natural Logarithm of x i.e. logarithm to the base e.
Tr[A]=Trace of the rectangular matrix A.
I,=The identity matrix of dimension n.

0,.xn=The zero matrix which is the square matrix of dimension n x n which
has all its elements equal to zero.

0,=The zero column vector which is the column vector of length n such that
all its elements are equal to zero.

1, :=(1,...,1)"=Column vector of dimension n which has all its elements
equal to the number one.

SDE=Stochastic differential equation;

F=first order derivative of the time dependent (matrix) function F.
RDE=Matrix Riccati differential equation;

Q: (Domestic) risk neutral measure for default free and defaultable economy.
Q/: Foreign risk neutral measure for default free and defaultable economy.
EQ: Expectation under the probability measure Q.

E?’: Expectation under the probability measure Q’.

W,: Standard multi-dimensional Brownian motion under the Risk Neutral
Measure.

F = (Ft)0<t<r+) : Filtration generated by W, representing default free market
information.

7: Default time of an obligor or a corporation.
H,: Indicator function for default time 7.

H, = o(H, : u < t): Filtration generated by H,.



Abbreviations and Notation X

G =0(Gp:u<t)=0(F,v H,:u<t): Filtration generated by default
free market information and whether default has taken place or not.

r,: The (domestic) default free instantaneous rate of interest rate.
r{: The foreign default free instantaneous rate of interest rate.

I?: Diagonal matrix with a one for row i if the ith factor is used to model 7,
and a zero otherwise.

I/: Diagonal matrix with a one for row i if the 4th factor is used to model

r{ and a zero otherwise.

Y;: Gaussian Ornstein Uhlenbeck process with zero drift.
Z;: Gaussian Ornstein Uhlenbeck process used for modeling state variables.

A: Constant diagonal matrix used to denote the speed of mean reversion
matrix in the SDE of Y;.

3: Constant matrix used to denote the instantaneous volatility in the SDE
of Y;.

a(t): A time dependent deterministic vector function used to calibrate Z; to
the term structure of default free zero coupon bonds .

af(t): A time dependent deterministic vector function used to calibrate Z,
to the foreign term structure of default free zero coupon bonds.

C: Constant symmetric matrix used to model the quadratic part of r, in the
quadratic Gaussian multifactor model.

B: Time dependent deterministic vector function used to model the linear
part of r; in the quadratic Gaussian multifactor model.

A: Time dependent deterministic scalar function used to model the scalar
part of r; in the quadratic Gaussian multifactor model.

D(t): The default free savings account.
A¢: The intensity of default in a reduced form model.

C: Constant symmetric matrix used to model the quadratic part of A, in the
quadratic Gaussian multifactor model.

B: Time dependent deterministic vector function used to model the linear
part of A, in the quadratic Gaussian multifactor model.

A: Time dependent deterministic scalar function used to model the scalar
part of \; in the quadratic Gaussian multifactor model.



Abbreviations and Notation xi

P(t,T): Price of the domestic default free zero coupon bond at time ¢ for
maturity 7.

PYf(t,T): Price of the foreign default free zero coupon bond at time ¢ for
maturity T'.

S;: The price of one unit of foreign currency in terms of domestic currency.
F(t,T): The (domestic) default free instantaneous forward rate.
F1(t,T):The foreign default free instantaneous forward rate.

1,..P(t,T): Price of defaultable zero coupon bond at time ¢ for maturity 7.

C(t,T): Symmetric positive definite matrix used to express the quadratic
part of log(P(t,T)) in the quadratic Gaussian multifactor model.

B(t, T): Time dependent vector used to express the linear part of log(P(¢,T))
in the quadratic Gaussian multifactor model.

A(t,T): Time dependent scalar function used to express the scalar part of
log(P(t,T)) in the quadratic Gaussian multifactor model.

C(t,T): Symmetric positive definite matrix used to express the quadratic
part of log(P(t,T)) in the quadratic Gaussian multifactor model.

B(t,T): Time dependent vector used to express the linear part of log( P(t, T))
in the quadratic Gaussian multifactor model.

Alt, T): Time dependent scalar function used to express the scalar part of
log(P(t,T)) in the quadratic Gaussian multifactor model.

C5(t): Symmetric positive definite matrix used to express the quadratic part
of log(S;) in the quadratic Gaussian multifactor model.

BS(t): Time dependent vector used to express the linear part of log(.S;) in
the quadratic Gaussian multifactor model.

AS(t): Time dependent scalar function used to express the scalar part of
log(S;) in the quadratic Gaussian multifactor model.

Af(T) := A+2EXTC5(T): Time dependent speed of mean reversion matrix
for the dynamics of Y; under the foreign risk neutral measure.

T: Default free forward measure for maturity 7" corresponding to using
P(t,T) as the numeraire.

ET: Expectation under the (domestic) default free forward measure.
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TS: Foreign default free forward measure for maturity T corresponding to
using Pf(t,T) as the numeraire.

ET: Expectation under the foreign default free forward measure.

®(12, z): Characteristic function of the quadratic form £ in Gaussian random
variables.

M(t,T): The mean of Yr under T conditional on F;.
V(t,T): The variance-covariance matrix of Yr under T conditional on F;.
M/ (t,T): The mean of Yr under T/ conditional on F;.

V/(t,T): The variance-covariance matrix of Y under T’ conditional on F;.
Notation for Chapter 2:

FFT: Fast Fourier Transform;

DFT: Discrete Fourier Transform:;

ATM: At the money strike rate;

ITM: In the money strike rate;

OTM: Out of the money strike rate;

bp: Basis points;

CMS: Constant Maturity Swap;

LLM: Lognormal Libor Market Model;
PVBPO01: Present Value of a Basis Point;
Re[c]: Real part of the complex number c.

T,: The default free forward measure corresponding to using P(t,T,) as the
numeraire.

ET=: Expectation under T,.

T = {Ty+1,-..,T3} : Payment dates for a forward swap starting on initial
day T, and ending on final day Tjp.

K: Fixed rate payed in a default free interest rate swap by the receiver.

1;: Year fraction between T;_; and T;.
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Swap, (t): The swap rate at time ¢ which is the value of the fixed rate K
that will make the value of a swap with starting date T, and ending date Tp
equal to zero.

Swaptn, 5(t): The exact price of a European payer swaption with maturity
date T, to enter a swap starting on date T;, and ending Tj.

ﬁa,ﬁ(t): The log-quadratic Gaussian process that is used to derive approxi-
mation to swaption prices.

w;(t): The ith weight obtained by dividing K7P(¢,T;) by }N’a,ﬂ(t) for i =
a+1,...,8—1and (1 + K15)P(t,T) by P,5(t) for i = 3.

&(Qy,...,Qn,21,---,2x5): Joint characteristic function of N quadratic forms
in Gaussian random variables dented by Q,,...,Qn.

Gi(z,k): Type of payoff function which varies with 1.

Ce,(z): Fourier transform with respect to strike of an option with payoff
given by G;(z, k)

Swaptna’ﬁ(t): The approximation of a swaption price that is obtained by
approximating the exercise region through .ﬁa,ﬁ(t).

Swaptnl, 5(t): The approximation of a swaption price that is obtained by
approximating the exercise region and the payoff through P, s5(?).

P, 5(t): The present value of a basis point.

Q.s: The swap measure corresponding to using P, (t) as the numeraire.
EQ=s: Expectation under Q, g

L(t, T;): Forward libor rate for period [T}, Ti+1);

K arar: The at the money strike rate of a default free swaption.

K1 An in the money strike rate of a default free swaption.

Kora: An out of the money strike rate of a default free swaption.
Notation for Chapter 3:
CIR: Cox-Ingersoll-Ross;

CDS: Credit Default Swap;

DPVBP: defaultable present value of a basis point;



Abbreviations and Notation xiv

o T ={T,+1,-.-,Tn} : Payment dates for the premium leg of a credit default
at time T,, < Ty41.

e (3;: Year fraction between T; and T;_,.

e ((7): The last premium payment before default or the premium date on
which default occurred if default coincided with the premium date.

e K: The premium rate of a CDS

e Z: Deterministic amount payed as default protection in case of default in
CDS contract.

e §: The recovery rate which is used to determine the default protection pay-
ment amount.

e CDS(t,7T,T,K,Z): The value at time t of a payer forward credit default
swap starting at time 7' with premium payment schedule 7, premium rate
K and default protection payment Z.

e CDSop(t,Th,Tan,T, K, Z): The value of a credit default swaption at time ¢
which gives the owner of the swaption to enter into a CDS at time T paying
a premium rate of K to get a default protection of Z.

e Rs(T): The market CDS rate which is the value of the premium rate that
would make the value of a CDS equal to zero.

e G(0,T): The probability of survival of an obligor under the risk neutral
measure.

e G(0,T): The probability of survival of an obligor under the default free
forward measure.

e g;: The conditional probability of default over (T3, Tj41).

e H(0,T): The probability of default of an obligor under the risk neutral
measure.

* d(gj, gj+1): Distance between the conditional probabilities of default. |
e v: Parameter used to determine smoothness of probability of survival.
e o0.: Estimate of Gaussian error in market CDS quotes.

e M(t,T): The mean of Yr under the defaultable forward measure.

e V(t,T): The variance-covariance matrix of Yz under the defaultable forward
measure.

e U, n(T7): The defaultable present value of a basis point.



Abbreviations and Notation XV

w;(Ty,): The ratio of the defaultable bond P(T,,T;) and the defaultable
present value of a basis point.

U: The measure which is absolutely continuous to the risk neutral measure
corresponding to using the defaultable present value of a basis point as the
numeraire.

EV: Expectation under the measure U.
Kparm: The at the money strike rate of a credit default swaption.
Kprram: An in the money strike rate of a credit default swaption.

Kporam: An out of the money strike rate of a credit default swaption.
Notation for Chapter 4:

Q% The domestic risk neutral measure for default free and defaultable secu-
rities.

Q/: The foreign risk neutral measure for default free and defaultable securi-
ties.

EQ”: Expectation under the domestic risk neutral measure denoted by Q<.
E%: Expectation under the foreign risk neutral measure denoted by Q.

W¢: Standard Brownian motion under the domestic risk neutral measure
denoted by Q.

W{: Standard Brownian motion under the foreign risk neutral measure de-
noted by Q.

1: Default time of a reference entity(corporation or obligor).

19: Default time of a reference entity(corporation or obligor) in the domestic
economy.

17: Default time of a reference entity(corporation or obligor) in the foreign
econormy.

A: Intensity of default for the default time 7.
A?: Intensity of default for the default time 7¢.
A Intensity of default for the default time /.
H, = 1,<,: Indicator function for default time 7.

HE = 1,¢,: Indicator function for default time 7.
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Hf = 1,4, Indicator function for default time 7/.

F:: Filtration generated by W¢.

‘H,: Filtration generated by H,.

G,: Filtration generated by F, v H¢ v H.

A?: The (F;, Q)-martingale hazard process of 7¢.

Af: The (F,, Q)-martingale hazard process of 7.

I'*: The F;-hazard process of 7.

I'/: The F,-hazard process of 77.

P4(t,T): The price of a domestic default free zero coupon bond.
P’(t,T): The price of a foreign default free zero coupon bond.

1,.,P%(t,T): The price of a domestic defaultable zero coupon bond when
there is cross default of the entity(corporation or obligor).

1,..Pf(t,T): The price of a foreign defaultable zero coupon bond when there
is cross default of the entity(corporation or obligor).

1,4.,P%t,T): The price of a domestic defaultable zero coupon bond when
there is no cross default of the entity(corporation or obligor).

1,s..P/(t,T): The price of a foreign defaultable zero coupon bond when
there is no cross default of the entity(corporation or obligor).

St The foreign exchange representing the price of one unit of currency in
terms of domestic currency.

os: The instantaneous volatility of the foreign exchange rate.
X(t,T): The forward exchange rate.

o (t, T): The instantaneous volatility of the forward exchange rate.
X (t,T): The defaultable forward exchange rate.

T¢: The domestic forward measure corresponding to using P4(t,T) as the
numeraire.

T¢: The foreign forward measure corresponding to using P/(t,T) as the
numeraire.

T?: The defaultable forward measure for the domestic economy correspond-
ing to using the domestic defaultable zero coupon bond as the numeraire.
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T/: The defaultable forward measure for the foreign economy corresponding
to using the foreign defaultable zero coupon bond as the numeraire.

fé(t,T): The domestic continuously compounded default free instantaneous
forward rates.

f/(t,T): The foreign continuously compounded default free instantaneous
forward rates.

fé(t,T): The domestic continuously compounded defaultable instantaneous
forward rates.

f7(t,T): The foreign continuously compounded defaultable instantaneous
forward rates.

s%(t,T): The domestic continuously compounded instantaneous forward rate
spread.

sf(t,T): The foreign continuously compounded instantaneous forward rate
spread.

0%(t,T): The volatility of domestic default free instantaneous forward rates.

od(t,T): The volatility of the domestic continuously compounded instanta-
neous forward rate spread.

ol(t,T): The volatility of foreign continuously compounded instantaneous
forward rate spread.

G4(t,T): The probability of survival of the reference entity(corporation or
obligor) under the domestic forward measure.

G/ (t,T): The probability of survival of the reference entity(corporation or
obligor) under the foreign forward measure.

ag: The instantaneous volatility of the probability of survival of the reference
entity(corporation or obligor) under the domestic forward measure.

a_(’; : The instantaneous volatility of the probability of survival of the reference
entity(corporation or obligor) under the foreign forward measure.

n?(t, T): The instantaneous volatility of P4(¢,T).
7/ (¢, T): The instantancous volatility of P/(¢, T).
774(t, T) The instantaneous volatility of P?(t,T).
7/ (t, T) The instantaneous volatility of P (¢, T).

nt: Diffusion part of the intensity of default Al in a contagion type model.
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a?: The jump in the intensity of default in the domestic market due to the
default of the obligor in the foreign market.

af: The jump in the intensity of default in the foreign market due to the
default of the obligor in the domestic market.

s*(t, T): Forward credit spread process for the obligor in the ith economy.

7:;: Deterministic function representing the jump in the forward credit spread
st(t,T) due to default of obligor in the jth market.
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