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ABSTRACT

In this thesis we show how the multi-factor quadratic Gaussian model can be used
to price default free and defaultable securities. The mathematical tools used in-
clude the theory of stochastic processes, the theory of matrix Riccati equations,
the change of measure technique, 1t6’s formula, use of Fourier Transforms in swap-
tion valuation and approximation methods based on replacing the values of some
stochastic processes by their time zero values.

The first chapter of the thesis deals with the derivation of efficient closed form
formulas for the price of zero coupon bonds in the multi-factor quadratic Gaussian
model and the calibration of the multi-factor quadratic Gaussian model to the
domestic and foreign forward rate term structures through closed form formulas.

In the second chapter of the thesis, we derive approximations for the price of
default free swaptions which are based on log-quadratic Gaussian processes. Using
numerical experiments, we show the limitations of these approximations. We also
give some numerical results for the pricing of a default free swaption using moment-
based density approximants of the probability density function of the swaption’s
payoff.

The third chapter of the thesis deals with the calibration of a quadratic Gaus-
sian reduced form model of credit risk to the default free forward rate curve and to
the survival probability of an obligor. We also consider different approximations
for the price of credit default swaptions. Using numerical experiments, we show
the limitations of the approximations.

The final chapter of this thesis considers a two country reduced form model
of credit risk. We examine the relationship between the domestic forward credit
spread and the foreign forward credit spread of an obligor and provide quanto
adjustment formulas for the probability of survival of an obligor. In the final part
of this chapter, we show that the valuation of a quanto default swap is tractable in
a contagion type reduced form model of credit risk which assumes that underlying
processes are modelled by quadratic Gaussian processes.
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ABBREVIATIONS AND NOTATION

Notation for Chapter 1:

log, (z)=Natural Logarithm of x i.e. logarithm to the base e.
Tr[A]=Trace of the rectangular matrix A.
I,=The identity matrix of dimension n.

0,.xn=The zero matrix which is the square matrix of dimension n x n which
has all its elements equal to zero.

0,=The zero column vector which is the column vector of length n such that
all its elements are equal to zero.

1, :=(1,...,1)"=Column vector of dimension n which has all its elements
equal to the number one.

SDE=Stochastic differential equation;

F=first order derivative of the time dependent (matrix) function F.
RDE=Matrix Riccati differential equation;

Q: (Domestic) risk neutral measure for default free and defaultable economy.
Q/: Foreign risk neutral measure for default free and defaultable economy.
EQ: Expectation under the probability measure Q.

E?’: Expectation under the probability measure Q’.

W,: Standard multi-dimensional Brownian motion under the Risk Neutral
Measure.

F = (Ft)0<t<r+) : Filtration generated by W, representing default free market
information.

7: Default time of an obligor or a corporation.
H,: Indicator function for default time 7.

H, = o(H, : u < t): Filtration generated by H,.
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G =0(Gp:u<t)=0(F,v H,:u<t): Filtration generated by default
free market information and whether default has taken place or not.

r,: The (domestic) default free instantaneous rate of interest rate.
r{: The foreign default free instantaneous rate of interest rate.

I?: Diagonal matrix with a one for row i if the ith factor is used to model 7,
and a zero otherwise.

I/: Diagonal matrix with a one for row i if the 4th factor is used to model

r{ and a zero otherwise.

Y;: Gaussian Ornstein Uhlenbeck process with zero drift.
Z;: Gaussian Ornstein Uhlenbeck process used for modeling state variables.

A: Constant diagonal matrix used to denote the speed of mean reversion
matrix in the SDE of Y;.

3: Constant matrix used to denote the instantaneous volatility in the SDE
of Y;.

a(t): A time dependent deterministic vector function used to calibrate Z; to
the term structure of default free zero coupon bonds .

af(t): A time dependent deterministic vector function used to calibrate Z,
to the foreign term structure of default free zero coupon bonds.

C: Constant symmetric matrix used to model the quadratic part of r, in the
quadratic Gaussian multifactor model.

B: Time dependent deterministic vector function used to model the linear
part of r; in the quadratic Gaussian multifactor model.

A: Time dependent deterministic scalar function used to model the scalar
part of r; in the quadratic Gaussian multifactor model.

D(t): The default free savings account.
A¢: The intensity of default in a reduced form model.

C: Constant symmetric matrix used to model the quadratic part of A, in the
quadratic Gaussian multifactor model.

B: Time dependent deterministic vector function used to model the linear
part of A, in the quadratic Gaussian multifactor model.

A: Time dependent deterministic scalar function used to model the scalar
part of \; in the quadratic Gaussian multifactor model.
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P(t,T): Price of the domestic default free zero coupon bond at time ¢ for
maturity 7.

PYf(t,T): Price of the foreign default free zero coupon bond at time ¢ for
maturity T'.

S;: The price of one unit of foreign currency in terms of domestic currency.
F(t,T): The (domestic) default free instantaneous forward rate.
F1(t,T):The foreign default free instantaneous forward rate.

1,..P(t,T): Price of defaultable zero coupon bond at time ¢ for maturity 7.

C(t,T): Symmetric positive definite matrix used to express the quadratic
part of log(P(t,T)) in the quadratic Gaussian multifactor model.

B(t, T): Time dependent vector used to express the linear part of log(P(¢,T))
in the quadratic Gaussian multifactor model.

A(t,T): Time dependent scalar function used to express the scalar part of
log(P(t,T)) in the quadratic Gaussian multifactor model.

C(t,T): Symmetric positive definite matrix used to express the quadratic
part of log(P(t,T)) in the quadratic Gaussian multifactor model.

B(t,T): Time dependent vector used to express the linear part of log( P(t, T))
in the quadratic Gaussian multifactor model.

Alt, T): Time dependent scalar function used to express the scalar part of
log(P(t,T)) in the quadratic Gaussian multifactor model.

C5(t): Symmetric positive definite matrix used to express the quadratic part
of log(S;) in the quadratic Gaussian multifactor model.

BS(t): Time dependent vector used to express the linear part of log(.S;) in
the quadratic Gaussian multifactor model.

AS(t): Time dependent scalar function used to express the scalar part of
log(S;) in the quadratic Gaussian multifactor model.

Af(T) := A+2EXTC5(T): Time dependent speed of mean reversion matrix
for the dynamics of Y; under the foreign risk neutral measure.

T: Default free forward measure for maturity 7" corresponding to using
P(t,T) as the numeraire.

ET: Expectation under the (domestic) default free forward measure.
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TS: Foreign default free forward measure for maturity T corresponding to
using Pf(t,T) as the numeraire.

ET: Expectation under the foreign default free forward measure.

®(12, z): Characteristic function of the quadratic form £ in Gaussian random
variables.

M(t,T): The mean of Yr under T conditional on F;.
V(t,T): The variance-covariance matrix of Yr under T conditional on F;.
M/ (t,T): The mean of Yr under T/ conditional on F;.

V/(t,T): The variance-covariance matrix of Y under T’ conditional on F;.
Notation for Chapter 2:

FFT: Fast Fourier Transform;

DFT: Discrete Fourier Transform:;

ATM: At the money strike rate;

ITM: In the money strike rate;

OTM: Out of the money strike rate;

bp: Basis points;

CMS: Constant Maturity Swap;

LLM: Lognormal Libor Market Model;
PVBPO01: Present Value of a Basis Point;
Re[c]: Real part of the complex number c.

T,: The default free forward measure corresponding to using P(t,T,) as the
numeraire.

ET=: Expectation under T,.

T = {Ty+1,-..,T3} : Payment dates for a forward swap starting on initial
day T, and ending on final day Tjp.

K: Fixed rate payed in a default free interest rate swap by the receiver.

1;: Year fraction between T;_; and T;.
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Swap, (t): The swap rate at time ¢ which is the value of the fixed rate K
that will make the value of a swap with starting date T, and ending date Tp
equal to zero.

Swaptn, 5(t): The exact price of a European payer swaption with maturity
date T, to enter a swap starting on date T;, and ending Tj.

ﬁa,ﬁ(t): The log-quadratic Gaussian process that is used to derive approxi-
mation to swaption prices.

w;(t): The ith weight obtained by dividing K7P(¢,T;) by }N’a,ﬂ(t) for i =
a+1,...,8—1and (1 + K15)P(t,T) by P,5(t) for i = 3.

&(Qy,...,Qn,21,---,2x5): Joint characteristic function of N quadratic forms
in Gaussian random variables dented by Q,,...,Qn.

Gi(z,k): Type of payoff function which varies with 1.

Ce,(z): Fourier transform with respect to strike of an option with payoff
given by G;(z, k)

Swaptna’ﬁ(t): The approximation of a swaption price that is obtained by
approximating the exercise region through .ﬁa,ﬁ(t).

Swaptnl, 5(t): The approximation of a swaption price that is obtained by
approximating the exercise region and the payoff through P, s5(?).

P, 5(t): The present value of a basis point.

Q.s: The swap measure corresponding to using P, (t) as the numeraire.
EQ=s: Expectation under Q, g

L(t, T;): Forward libor rate for period [T}, Ti+1);

K arar: The at the money strike rate of a default free swaption.

K1 An in the money strike rate of a default free swaption.

Kora: An out of the money strike rate of a default free swaption.
Notation for Chapter 3:
CIR: Cox-Ingersoll-Ross;

CDS: Credit Default Swap;

DPVBP: defaultable present value of a basis point;
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o T ={T,+1,-.-,Tn} : Payment dates for the premium leg of a credit default
at time T,, < Ty41.

e (3;: Year fraction between T; and T;_,.

e ((7): The last premium payment before default or the premium date on
which default occurred if default coincided with the premium date.

e K: The premium rate of a CDS

e Z: Deterministic amount payed as default protection in case of default in
CDS contract.

e §: The recovery rate which is used to determine the default protection pay-
ment amount.

e CDS(t,7T,T,K,Z): The value at time t of a payer forward credit default
swap starting at time 7' with premium payment schedule 7, premium rate
K and default protection payment Z.

e CDSop(t,Th,Tan,T, K, Z): The value of a credit default swaption at time ¢
which gives the owner of the swaption to enter into a CDS at time T paying
a premium rate of K to get a default protection of Z.

e Rs(T): The market CDS rate which is the value of the premium rate that
would make the value of a CDS equal to zero.

e G(0,T): The probability of survival of an obligor under the risk neutral
measure.

e G(0,T): The probability of survival of an obligor under the default free
forward measure.

e g;: The conditional probability of default over (T3, Tj41).

e H(0,T): The probability of default of an obligor under the risk neutral
measure.

* d(gj, gj+1): Distance between the conditional probabilities of default. |
e v: Parameter used to determine smoothness of probability of survival.
e o0.: Estimate of Gaussian error in market CDS quotes.

e M(t,T): The mean of Yr under the defaultable forward measure.

e V(t,T): The variance-covariance matrix of Yz under the defaultable forward
measure.

e U, n(T7): The defaultable present value of a basis point.
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w;(Ty,): The ratio of the defaultable bond P(T,,T;) and the defaultable
present value of a basis point.

U: The measure which is absolutely continuous to the risk neutral measure
corresponding to using the defaultable present value of a basis point as the
numeraire.

EV: Expectation under the measure U.
Kparm: The at the money strike rate of a credit default swaption.
Kprram: An in the money strike rate of a credit default swaption.

Kporam: An out of the money strike rate of a credit default swaption.
Notation for Chapter 4:

Q% The domestic risk neutral measure for default free and defaultable secu-
rities.

Q/: The foreign risk neutral measure for default free and defaultable securi-
ties.

EQ”: Expectation under the domestic risk neutral measure denoted by Q<.
E%: Expectation under the foreign risk neutral measure denoted by Q.

W¢: Standard Brownian motion under the domestic risk neutral measure
denoted by Q.

W{: Standard Brownian motion under the foreign risk neutral measure de-
noted by Q.

1: Default time of a reference entity(corporation or obligor).

19: Default time of a reference entity(corporation or obligor) in the domestic
economy.

17: Default time of a reference entity(corporation or obligor) in the foreign
econormy.

A: Intensity of default for the default time 7.
A?: Intensity of default for the default time 7¢.
A Intensity of default for the default time /.
H, = 1,<,: Indicator function for default time 7.

HE = 1,¢,: Indicator function for default time 7.
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Hf = 1,4, Indicator function for default time 7/.

F:: Filtration generated by W¢.

‘H,: Filtration generated by H,.

G,: Filtration generated by F, v H¢ v H.

A?: The (F;, Q)-martingale hazard process of 7¢.

Af: The (F,, Q)-martingale hazard process of 7.

I'*: The F;-hazard process of 7.

I'/: The F,-hazard process of 77.

P4(t,T): The price of a domestic default free zero coupon bond.
P’(t,T): The price of a foreign default free zero coupon bond.

1,.,P%(t,T): The price of a domestic defaultable zero coupon bond when
there is cross default of the entity(corporation or obligor).

1,..Pf(t,T): The price of a foreign defaultable zero coupon bond when there
is cross default of the entity(corporation or obligor).

1,4.,P%t,T): The price of a domestic defaultable zero coupon bond when
there is no cross default of the entity(corporation or obligor).

1,s..P/(t,T): The price of a foreign defaultable zero coupon bond when
there is no cross default of the entity(corporation or obligor).

St The foreign exchange representing the price of one unit of currency in
terms of domestic currency.

os: The instantaneous volatility of the foreign exchange rate.
X(t,T): The forward exchange rate.

o (t, T): The instantaneous volatility of the forward exchange rate.
X (t,T): The defaultable forward exchange rate.

T¢: The domestic forward measure corresponding to using P4(t,T) as the
numeraire.

T¢: The foreign forward measure corresponding to using P/(t,T) as the
numeraire.

T?: The defaultable forward measure for the domestic economy correspond-
ing to using the domestic defaultable zero coupon bond as the numeraire.
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T/: The defaultable forward measure for the foreign economy corresponding
to using the foreign defaultable zero coupon bond as the numeraire.

fé(t,T): The domestic continuously compounded default free instantaneous
forward rates.

f/(t,T): The foreign continuously compounded default free instantaneous
forward rates.

fé(t,T): The domestic continuously compounded defaultable instantaneous
forward rates.

f7(t,T): The foreign continuously compounded defaultable instantaneous
forward rates.

s%(t,T): The domestic continuously compounded instantaneous forward rate
spread.

sf(t,T): The foreign continuously compounded instantaneous forward rate
spread.

0%(t,T): The volatility of domestic default free instantaneous forward rates.

od(t,T): The volatility of the domestic continuously compounded instanta-
neous forward rate spread.

ol(t,T): The volatility of foreign continuously compounded instantaneous
forward rate spread.

G4(t,T): The probability of survival of the reference entity(corporation or
obligor) under the domestic forward measure.

G/ (t,T): The probability of survival of the reference entity(corporation or
obligor) under the foreign forward measure.

ag: The instantaneous volatility of the probability of survival of the reference
entity(corporation or obligor) under the domestic forward measure.

a_(’; : The instantaneous volatility of the probability of survival of the reference
entity(corporation or obligor) under the foreign forward measure.

n?(t, T): The instantaneous volatility of P4(¢,T).
7/ (¢, T): The instantancous volatility of P/(¢, T).
774(t, T) The instantaneous volatility of P?(t,T).
7/ (t, T) The instantaneous volatility of P (¢, T).

nt: Diffusion part of the intensity of default Al in a contagion type model.
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a?: The jump in the intensity of default in the domestic market due to the
default of the obligor in the foreign market.

af: The jump in the intensity of default in the foreign market due to the
default of the obligor in the domestic market.

s*(t, T): Forward credit spread process for the obligor in the ith economy.

7:;: Deterministic function representing the jump in the forward credit spread
st(t,T) due to default of obligor in the jth market.



INTRODUCTION

In this thesis we extend some results that have been given for the default free single
factor quadratic Gaussian model (see, e.g., Pelsser (2000) and Jamshidian (1996))
to the multi-factor quadratic Gaussian model for default free and defaultable mar-
ket. We also consider the extension of the reduced form model for credit risk (see
Bielecki and Rutkowski (2002)) to include a foreign economy besides a domestic
one. The extension is made under the assumptions of cross default! and absence
of cross default.

The Black and Scholes (BLSC) model (see Black (1976) and Black & Scholes
(1973)) is used by market participants to quote the implied volatilities of caps,
floors and swaptions. The BLSC model assumes that the libor (swap) rate has
constant volatility contrary to the fact that the implied volatility of quoted caps
as well as floors (swaptions) exhibit a term structure of volatilities that vary with
the strike price and maturity of the interest rate option. This term structure of
implied volatilities is referred to the smile or the skew implied by the interest
rate option. In order to be consistent with the smile, various models have been
proposed in the literature. The lognormal libor rate model (LLM) and the log-
normal swap rate model (LSM) (see Brace, Gatarek and Musiela (1997), Musiela
and Rutkowski (2005) and Brigo and Mercurio (2006) for a detailed discussion)
have been extended by some researchers to account for the smile through the in-
troduction of stochastic volatility and jumps in the dynamics of the libor or swap
rate. However using a libor market model or a swap market model to price exotic
interest rate contracts can be a computationally intensive task. Therefore some
market participants prefer to use factor models to price interest rate contracts.
Moreover there has been some suggestions by some practitioners to use models
that require less computational effort (see, e.g, Mercurio and Pallavivini (2005) or
Andreasen (2006)). The quadratic Gaussian model can be used as a basis for such
a model similar to what has been done in Mercurio and Pallavivini (2005) using

1 By cross default, we mean that the default of the obligor in one of the markets (domestic or
foreign) will lead to the default of the obligor in the other market.
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a Gaussian short rate model. The quadratic Gaussian model is also a tractable
model that can be use for the pricing of credit sensitive contracts. In Brigo and
Alfonsi (2004}, a reduced form model of credit risk based on the Cox-Ingersoll-Ross
(CIR) process (see Cox et al. (1985)) was introduced. However in this model, we
do not have closed form formulas for defaultable zero coupon bonds if we assume
that there is correlation between the short term of interest rate and the intensity
of default. In contrast to the reduced form model of credit risk based on CIR
processes, the multi-factor quadratic Gaussian model enables the calculation of
the price of defaultable zero coupon bonds when there is correlation between the
short term of interest and the intensity of default2. However the computation of
the closed form price of the default free and defaultable zero coupon bonds can
be computationally intensive. In chapter one, we give computationally efficient
formulas for the computation of the price in the multi-factor quadratic Gaussian
model extending the formulas that were given in Pelsser (2000) for the single fac-
tor quadratic Gaussian model. In addition to deriving efficient formulas for the
price of zero coupon bonds, we also extend the formula which is used to calibrate
the quadratic Gaussian model (see Pelsser (2000)) to the term structure of default
free zero coupon bonds from the single factor model to the general multi-factor
model. In this chapter, we also provide closed form formulas for the calculation
of zero coupon bond prices in the foreign economy and a closed form formula for
the calibration of the multi-quadratic Gaussian model to the the term structure
of foreign default free zero coupon bonds. In the last section of chapter one, we
consider a multi-factor quadratic Gaussian model where the Gaussian process Y;
which is used to model the state variables has a piecewise constant speed of mean
reversion matrix and piecewise constant instantaneous volatility. For such a model,
we provide a method for calculating the price of zero coupon bonds in closed form.

Chapter two considers the pricing of default free swaptions. In the multi-factor
quadratic Gaussian model, one can price caps and floors accurately and efficiently
using the Fourier transform technique. The exact pricing of swaptions on the other
hand cannot be done through closed form formulas in the multi-factor quadratic
Gaussian model. For pricing correlation sensitive interest rate contracts, it is
important to calibrate to market information which is represented by the quotes of
liquid swaption prices (see Brigo and Mercurio (2006) and Mercurio and Pallavivini

2 See Grasselli and Tebaldi (2004) for a discussion regarding solvability of the CIR model and
the quadratic Gaussian model.
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(2005)). Since we do not have exact formulas for swaption prices in the multi-factor
quadratic Gaussian model, it is important to have approximations which can make
the calibration of the model to swaption prices easier. Hence in this chapter we
investigate different approximations that are based on replacing the ratio of default
free zero coupon price to the sum of default free zero coupon bond prices by their
time zero values. This technique was introduced in Rebonato (1998) and is popular
in deriving approximation to the price of interest rate options (see, e.g. Brigo and
Mercurio (2006), d’Aspremont (2003) and Schrager and Pelsser (2006)). We try
to investigate the limitations of this technique in the context of a multi-factor
quadratic Gaussian model through numerical experiments.

Chapter three provides a method to extract the term structure of survival
probabilities that is implied by the quotes of credit default swaps (CDS). This
method is an extension of the method proposed in Martin et al. (2001) for a reduced
form model with a deterministic intensity of default to a reduced form model with
stochastic intensity of default. We then consider a quadratic Gaussian model for
the intensity of default and provide closed form formulas for the calibration of the
model] to the term structure of survival probabilities when the intensity of default
is independent of the instantaneous rate of interest. If the intensity of default and
the instantaneous rate of interest are not independent, we provide a method for
calibrating the intensity of default to the term structure of survival probabilities
through the numerical solution of an ordinary differential equation (ODE). In the
last section of this chapter, we provide various approximations for the price of
a credit default swaption. These approximations are derived through a similar
technique used to approximate the price of default free swaptions. In this case we
replace the ratio of defaultable zero coupon bond prices to the sum of defaultable
zero coupon bonds by their time zero values. We present some numerical results
that indicate the limitations of such an approach.

The last chapter of this thesis considers the extension of the reduced form model
of credit risk to a two country setting. We first show that if we use a Heath Jarrow
Morton (HJM) model for the instantaneous defaultable forward rates (see Bielecki
and Rutkowski (2002) and Schonbucher (2000)), we do not have the freedom to
specify the volatilities of the domestic defaultable forward rates, the volatilities of
the foreign defaultable forward rates and the volatilities of the foreign exchange
rate independent of each other. We then give a quanto adjustment formula that can
be used to obtain the foreign probability of survival from the domestic probability
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of survival or vice versa. This extends the result that is given in the Gaussian case
(see, e.g. Anderson (2003)) to other factor models. We also consider a contagion
type model for the intensity of default by assuming that an obligor has different
intensity of default in the domestic and foreign market but default of the obligor
in one market leads to a jump in the intensity of default in the other market.
Assuming a quadratic Gaussian intensity of default in both markets, we show how
we can price a quanto default swap in this contagion type model.



1. QUADRATIC GAUSSIAN FACTOR MODELS

In this section we review some basic properties of quadratic Gaussian factor models
for the default free instantaneous rate of interest and the intensity of default. The
quadratic Gaussian factor model was introduced by Beaglehole and Tenney (1991)
and analyzed further in El Karoui et al. (1991) and Jamshidian (1996). There
has been further work on applying the quadratic Gaussian factor model to price
default free interest rate derivatives and empirical results on fitting the model to
historical data (see Cherif and Durand (1995), Boyle and Tian (1999), Pelsser
(2000), Ahn, Dittmar and Gallant (2002), Leippold and Wu (2002), Leippold and
Wu (2003), Chen et al. (2003), Kim (2004) and Chen et al. (2006)). Quadratic
Gaussian models for default free interest rates have been extended to a multi-
country context in Cherif et al. (1994) and Leippold and Wu (2002). In this
chapter, we first extend the result given in Pelsser (2000) regarding the efficient
computation of bond prices in a single factor quadratic Gaussian model to the
multifactor setting. We then provide a closed form calibration formula for the
multifactor quadratic Gaussian model extending the result given in Pelsser (2000)
for the single factor quadratic Gaussian model and the result given in Jamshidian
(1996) for the separable! multifactor quadratic Gaussian model.

We now consider a model where besides default free assets, defaultable assets
are traded. We assume that we have a filtered probability space (€2, G, Q) where Q
is the risk-neutral measure. We assume the filtration F = (F;)(0<t<7+) is generated
by n independent Brownian motions W (t) = W*(t),: = 1,...,n and satisfies the
usual conditions. The time horizon is assumed to be finite so that T* > 0 is
some finite number. Let 7 denote the default time of a corporate which has issued
defaultable bonds. Let H, = 1, represent the default indicator function. Let
H =0o(H, :u<t) =o0({r <u}:u<t) We then define G, = F: v H;. We

! By separable quadratic Gaussian models, it is meant that the state variables are independent.
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denote by \; the G;-intensity of H, which has the property that
H, — J- Ay du (1.1)
0

is a G-martingale under the risk neutral measure Q. Let the random vector
Yi+a®)= Y-, Yo) " + (01(t), ..., an(t)’
follow a Gaussian Ornstein-Uhlenbeck process:
dY; = AY, dt + X dW, (1.2)

where Yy = (0,...,0) and A and T are constant square matrices. We assume that
A is a diagonal matrix so that

ai 0 0 0
A= 0 Qii 0
0 ... .o
| 0 0 0 ... apn |
and ) _
011 0 cee  ses 0 0
0 o 0
=
pi0i ... ... o5 0 .. 0
_pnlcrnn fee e e eae e O}m_
is chosen so that
[ U?l P21011022 .- ... Pin0110nn
ot = Pir0ii011 e 0% ... PinGiiOnn

| Pn10nnl11-. . Onn
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Hence % is the lower triangular matrix corresponding to the Cholesky decomposi-
tion of ZX 7. We now use quadratic forms in

Z, = Y, + alt) (1.3)

as the state variables. Note there is no loss of generality in assuming (1.3) as we
can write the general case of a Gaussian Ornstein Uhlenbeck process which has a
drift term equal to a deterministic time dependent vector pu(t):

dz, = (u(t) + Az,)dt + 5 dW, (1.4)
Ty = (T1e, -+ s Tnt) |
as t
i =Y; +exp(At)zo + J exp(A (t — s))u(s) ds. (1.5)
0

However it is better to use (1.3) as it makes it easier to derive calibration of the
quadratic Gaussian model to the term structure of default free and defaultable
zero coupon bonds through a(t). We now model the short term interest rate r;
as a quadratic form in Z; = Y; + a(t). If we are considering a reduced model of
credit risk, we also assume that the intensity of default A; is a quadratic form in
Zy =Y, + aft). Therefore we can write r, as

re =Y, 'CY, + BT(A)Y; + A(t) (1.6)
and in the defaultable case ); as
X = Y,TCY, + BT(t)Y; + A(t) : (1.7)

where C and C are constant and symmetric matrices, B’(t) and B(t) are time
dependent deterministic vectors, A(t) and A(t) are time dependent deterministic
scalars. We denote by D(t) the default free savings account which is the value of
investing one unit of currency at time ¢ = 0 and rolling over the account at the
default free instantaneous rate of interest r;:

D(t) = exp (j Ts ds) . (1.8)

0
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Suppose Gr is some stochastic process and we are considering the expectation
Gr with under a given measure M and with respect to the sigma algebra F;
representing the information from the market at time ¢ given by

EM[Gr| 7).
To simplify the notation we write instead
EY'[Gr].

We denote the price of a default free zero coupon bond by P(t,T) which is given
by (see, e.g., Musiela and Rutkowski (2005))

P(t,T) = E2 [exp (~ Tr, ds)].

We denote the predefault price of a defaultable zero coupon bond by P(t, T ) so
that under the assumption of the reduced form model we are considering, the price
of a defaultable zero coupon bond is given by? (see, e.g., Bielecki and Rutkowski
(2002), p.245)

1,5.Pt,T) =1,5.E2 [ exp ( — JT(rs + ) ds)].

If we model the default free interest rate r; and the intensity of default A, by
quadratic forms of multivariate quadratic Gaussian processes, default free zero
coupon bond prices P(¢,T) and defaultable zero coupon bond prices P(¢,T) are
log-quadratic Gaussian. We state the following general result obtained in El Karoui
et al. (1991) which is also valid even if the matrices A and ¥ in (1.3) are time
dependent.

Theorem 1.1 (El Karoui, Viswanathan and Myneni).

P(t,T) = exp (=Y, C(t, T)Y: - B(t,T)Y: — A, T))

2 Here we are assuming that we have a reduced form model where the intensity is modeled
by a quadratic form in Gaussian random variables. The discussion given in the first section
of Chapter 4 provides more detail regarding valuation formulas for the price of credit sensitive
securities in a reduced form model such as the one we are considering here.
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P@t,T) = exp (-YtTC*(t,T)Y, — B(t,T)TY, - A(t, T))

where C(t,T), B(t,T), A(t,T) solve the following Riccati ordinary differential
equations(ODE)

8,C(t, T) =— ATC,T) — C(t, T)A+2C(t, T)'SETC(¢,T) — C, C(T,T) = Opxn

(1.9)

&,B(t,T) = - ATB(t,T) + 2C(t, T)SE"B(t, T) — B(t), B(T,T)=0, (1.10)
QAR T) = —Tr[SETC(t, T)] + %B(t,T)TZETB(t,T) —A(®), A(T,T)=0.

(1.11)

Similarly C(t,T), B(t,T), A(t, T) solve the following Riccati ODE

,C(t,T)=—A"C{t,T)—C(t, T)A+2C¢,T)'=="C(t, T) = C, C(T,T) = Opxn
(1.12)

0,B(t,T) = — ATB(t,T) + 2C(t, T)SST B, T) - B@t), B(T,T)=0, (1.13)

8,A(t, T) = — Tr[SETC(t, T)] + %B(t,T)TEETB(t, T) - At), A(T,T)=o.
(1.14)

In general if we consider the matrices A,% in (1.3) to be time dependent, we
cannot guarantee the existence of a closed form solution of the Riccati equations.
However if we assume A, ¥ are constant, Freiling (2002) (see Appendix A) presents
an analytic solution of matrix Riccati equations of type (1.9). If we assume the
matrices A, are constant, the solution of (1.9) can be written as a function of
time to maturity T — ¢. Thus we have

3,C(t,T) = —0rC(t, T) = —6rC(T — ).

Hence if we multiply the right hand side of the matrix Riccati equation (1.9) by
—1 and write it as a function of time to maturity T — {, we get an initial value
ODE

dC(T — t)

= ATC(T -8 +C(T-t)A-2C(T-t)'EE'C(T-t) +C (1.15)

with initial condition C(T —t)|r=¢ = Onxn. In the following we apply Theorem A.2
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(see Freiling (2002) for more detail) to solve® (1.15). Let I, denote the identity
matrix of dimension n x n and 0,, denote the zero matrix? of dimension n x n.
According to Theorem A.2, we can solve (1.15), by considering the linear ODE
associated with (1.15):

-1\ _ [ -4 257 ( Q@ -1 QO _(
PT-t)) \ & AT P(T—t) )’ PO) ) \ Opxn /)’
(1.16)
We can apply the second part of Theorem A.2 to conclude that the solution of

(1.15) is given by
C(t,T) = P(T —)Q YT —t). (1.17)

To find a closed form formula for B(¢,T) we use an integrating factor to solve
the ODE given by (1.10). It is not difficult to show that (1.16) implies that
Q(t,T) := Q(T —t) satisfies

2.Q(t,T) = (A-28S7CE, T)QE,T)), QUIT,T)=I. (1.18)
Using (1.10) and (1.18), we have after some simplifications
2/(Q(t, T) B(t,T)) = —Q(t, T) " B(t). (1.19)

Using direct integration and the boundary conditions for (1.10) and (1.18), we get
an explicit analytic solution for B(¢, T):

T
B(t,T) = Q7 (t,T)T IQ(S,T)TB(s) ds. (1.20)

The solution of A(t,T) can be found by direct integration of (1.11):

T
A(t,T) = f (TT[EZTC(S, T)] — %B(t,T)TEZTB(s,T) + A(s)) ds  (1.21)

Let T be the default free T-measure which is given by the following Radon Nikodym

3 Alternatively we can consider the ODE satisfied by ;%C’(T - t) and apply Theorem A.3.
1 The zero matrix is a matrix which has all its entries equal to zero.
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densit
e dT| _ P(T,T) D(t)
dQir,  D(T) P@,T)

Let V(t,T) denote the variance-covariance matrix of Yy under the measure T

(1.22)

conditional on F; and M (¢, T) denote the vector representing the mean of Y7 under
the measure T conditional on F;. We can show how to get closed form formulas for
V(t,T) and M(t,T). By Itd’s formula, the stochastic differential equation (SDE)
satisfied by the default free zero coupon bond is given by

dP(t,T) = P(t,T)(r, — (2Y,C(t,T) + B(t, T)) T dW,). (1.23)

Now using Girsanov’s theorem (Karatzas and Shreve 1991, p. 191) we have that

t
Wr =W, + fz 27(C(s,T)Y, + B(s,T)) ds. (1.24)
0

is a Brownian motion under the measure T. Hence the dynamics of Y; under the
measure T is given by

dY, = [(A—2887C(t, 7)Y, — EXTB(t, T)]dt + = dW'. (1.25)
Now using the fact that
2Q(t,T) = (A-257C(t,1))Q(,T), QT,T)=1I,, (1.26)

we can solve the Ornstein Uhlenbeck equation (1.25) explicitly for Y; by using
Q(t,T) as an integrating factor®. Thus we have

T T
Yr = Q7 Y(t, T)Y; — JQ‘l(s,T)EZTB(s,T) ds + f Q s, T)ZdWr. (1.27)
t t

We can calculate M (¢, T) by taking the conditional expectation of (1.27). There-

5 Consider the SDE that is satisfied by Q(t,T)~'Y; which can be solved by direct integration.
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fore we have:
M(¢,T) =Ef[Yr]
T T
=ET [Q“l(t, T)Y:— fQ‘l(s, T)Zx"B(s,T) ds + f Q7 '(s, T)Z dwf]
t t

(1.28)

T
=Q Y (t,T)Y; - JQ—I(S, 7YY B(s,T) ds (1.29)
t
where we have used the fact that
t
fQ“(s, T)S dWT
(8]

is a martingale (see, e.g., Karatzas and Shreve (1991), p. 139) in (1.28) to get
(1.29). The conditional variance V' (¢,T) is calculated using

V(t, T) =Ef[YrY7 ] - Ef [Y7)E{[Y7]"

=ET [ (Q“l(t, T)Y; — f@*l(s, T)E= B(s, T) ds + fQ‘l (5,T)E dWE)
(Q‘l(t,T)Y; - fQ‘l(s,T)EETB(s,T) ds + j,:Q'l(s,T)E dl-Vf) T]
—Ef [Yr]E; [Yr]" | | (1.30)

¢
Now using (1.27), (1.29) and {Q~(s,T)Z dW is a martingale on the expression
0

given by (1.30), we get after some simplifications:

T T T
V(t,T) = lEtT[(JQ“l(s,T)Zde) (JQ”I(s,T)EdIVST) ] (1.31)

Let
T
F, := fQ“(s,T)E dw?r. (1.32)
t
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The quadratic variation of F; which is denoted by {F); is the unique process such
that (see, e.g., Karatzas and Shreve (1991), p. 138)

F} —(F), (1.33)

is a martingale. Moreover the quadratic variation of F; is given by (see, e.g.,
Karatzas and Shreve (1991), p. 138)

t
f Q' (s, T)SETQ (s, T) ds. (1.34)
0
Using (1.33) is a martingale and (1.34), we can show that (1.31) is equal to
T
JQ_I(S, T)SETQ (s, T) ds. (1.35)
t

We therefore have proven the following lemma.

Lemma 1.2. The conditional mean M(t,T) and conditional variance-covariance
matriz V(¢,T) of Yr are given by the following formulas.

T
M(t,T) =Q~'(t, T)Y; — f Q~Y(s, T)SST B(s, T) ds (1.36)
- t
V(t,T) = fQ‘l(s, NESTQ™ (s, T) ds. (1.37)

If we assume that r; is given by
re = (Y +a(t)' (Y + a(t)).
We can show that
re = —0r(Loge(P(t,T)))|r=e = Y,'Y: + 2a(t)Y; + a(t) a(t).

and B(s) in (1.20) will be equal to 2a(s) (see Cherif et al. (1994)). We will show
in Theorem 1.7 that a(t) can be used to calibrate the quadratic gaussian model
to the data given by the prices of default free zero coupon bonds. Hence B(s) will
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be given by an integral and therefore the computation of B(s,T") will involve a
double integral. Thus computation of V(¢,T) involves a single integral while the
computation of M(t,T) involves an integrand that is a double integrand. This
will be slower than an alternative method of computing V' (¢, T) and M(t,T) which
is given in Cherif et al. (1994) (see Lemma 1.4), a result which is valid in the
more general case of time dependent speed of mean reversion matrix A(t) and a
time dependent variance-covariance matrix X(t) for the state variable Y;. In the
following we provide the result which is given in Cherif et al. (1994) as a lemma
since it will be cited several times in this thesis.

Lemma 1.3. The following ODE’s are satisfied by V(¢,T) and M(t,T)

orV(t,T) = AV, T)+V(t,T)AT —2V(t, T)CV(t, T) + £ (1.38)
orM(t,T) = AM(t,T) =2V (¢, T) C M(t,T) — V(¢,T) B(t) + u(T),  (1.39)

with initial conditions V (t,t) = Opxn and M(t,t) =Y,.

The proof of lemma 1.3 is found in Cherif et al. (1994). Therefore V(¢,T)
can be obtained by solving a matrix Riccati differential equation while M(t,T)
can be obtained by solving a system of ODE’s. In lemma 1.3, u(7) represents the
drift term of the Ornstein Uhlenbeck process of the Gaussian factors underlying
the quadratic Gaussian factor model. For our model Y; has no drift and therefore
w(T) = 0, but we will see later that when we consider a two economy model, Y;
will have a drift under the foreign risk neutral measure. We have in Lemma 1.3
a particular case of the more general result given by Cherif et al. (1994) as we
are considering the case of a constant speed of mean reversion matrix A and a
constant instantaneous volatility matrix X instead of the more general case of a
time dependent A and a time dependent ¥. We provide new analytic formulas for
V(t,T) and M(¢,T) in the following lemma by solving the ODE’s given in (1.38)
and (1.39).

Lemma 1.4.
V(t,T) =P(T — )~ (T — 1) (1.40)

T
M@, T) =01, T)TY, + O-1(¢, T)T f B(t, s)TB(s) ds. (1.41)
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where (Q(T) P(T))7 is the solution of the following system of linear ODE’s

d QoY _[-4T 2\ ( aw QO _{( L (1.42)
ar \ P(1) syT A BT ) \ P Onxn |

Proof. Assuming time independent A and ¥ enables us to find the closed form
solution of (1.38) using Theorem A.2 which is given in Appendix A. This is
similar to what we did to solve for C(¢,T). The system of linear ODE’s given
by (1.42) can be solved explicitly using matrix exponentiation (see, e.g. Leonard
(2002) or Moler and Van Loan (1978)). Therefore applying the second part of
Theorem A.2, we get (1.40). To solve (1.39), consider first the equation satisfied
by Q(t, T) := Q(T — t) which can be obtained from (1.42)

orQ(t,T) = —A"Q, T) +2CP(T —t), Q(t,t) = I,. (1.43)
Using (1.40) we can rewrite (1.43) as
orQt,T) = (AT +2CV(T - )0, T), O(t,t) = I.. (1.44)
We now use C’j(t,T)T as an integrating factor. Specifically differentiate
Q@t, T)"M(t,T)
with respect to T and simplify to get:
or(Q(t, T)"M(¢,T)) = ~Q(t, T)TB (). (1.45)

We can solve (1.45) using direct integration and the boundary conditions given in
(1.10) and (1.44) to get (1.41). a

The alternative formulas for V (¢, T) and M(t,T) which are given by (1.40) and
(1.41) respectively are more efficient than the previous formulas given by (1.36)
and (1.37)%. In order to calculate A(t, T'), we have to integrate a nonlinear function
of a double integral (specifically consider B(s,T)"SX"B(s,T)). Thus we cannot
use cubature methods (see Cools and Haegemans (2003)) for three dimensional

6 We will see later in this chapter that we can get ﬁ(t) through a single integral and therefore
we can use cubature to perform the double integration which is necessary to calculate M (¢, T).
In comparison in the integrand of (1.36), B(¢,T) requires a double integral such that we need a
triple integral to calculate M (t,T) this way.
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integrals to gain some efficiency in integration. Hence it is important to find
efficient ways of computing these values. For the single factor quadratic Gaussian
model, Pelsser (2000) provides efficient formulas for the calculation of B(¢,T) and
A(t,T). We extend these formulas to the multifactor quadratic Gaussian model.
First to simplify the discussion we assume that

re = (Y +a(t)) (Y: + a(t)). (1.46)

Hence the constant matrix C = I, where I, is the n x n identity matrix, B(t) =
2a(t) and A(t) = a(t)Ta(t) in (1.6). Let F(t,T) denote the default free forward
rate as seen from the date £ < T i.e.

F(t,T) := —orlog (P(t,T)). (1.47)

Let 1 denote the column vector of dimension n which has all its elements equal to
the number one:
1:=(1,...,1)".

The following lemma generalizes a result given in Pelsser (2000) which is given for
the one factor case.

Lemma 1.5.

M(t,T) = Q-\(t, T)Y, + %Q(t, T)T6rB(t, T) — a(T) (1.48)
and r
B(0,T) = 2 f 010, 5)T F(s) ds (1.49)
0
where

F(s) = \/?(0, s) — tr(V(0, s)) 1

n

Proof. First we use the following known result (see Corollary 11.3.1 in Musiela and
Rutkowski (2005))
F(t,T) = Ef[rr] (1.50)

Note that

rr = (Yr + o(T)) (Yr + a(T)) = Yq Yz + 2a(T) Yz + o(T) "a(T)
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and
Ef[Y; Yr] =tr(V(t,T)) + M(t, T)" M (¢, T) (1.51)

Using the formula given in (1.36), we have
T T
M, T)TM@,T) = (Q’l(t,T)Yt - JQ—I(S,T)EETB(S,T) ds)
t

T
(Q"l(t, T)Y; — JQ_I(S,T)ZZTB(S,T) ds) (1.52)

and therefore we can use this expression to calculate
El[rr] = EF[Y] Y7 + 20(T) Y7 + o(T) "a(T)]. (1.53)
On the other hand from (1.47) we get
F(t,T) =Y,'0rC(t,T)Y: + Y, 0rB(t, T) + orA(t, T) (1.54)

Now we match quadratic terms with quadratic terms in equations (1.54) and (1.53)
and get
orC(t,T) = Q7 '(t,T)'Q'(t, T). (1.55)

We do not use (1.55) here but this result will be used in another lemma. Matching
linear terms with linear terms in equations (1.54) and (1.53), we have
T
orB(t,T) = —2Q~(t,T)" JQ“(s, T)SETB(s, T)ds +2Q7 (¢, T) a(T), (1.56)
t
while matching constant terms gives us

T
orAt,T) = tr(V(t,T)) — 2a(T)" ( f Q (s, T)ZX"B(s5,T) ds)+

+ (TQ“I(s,T)Ez:TB(s,T) ds)T(fQ—l(S, T)£E'B(s,T) ds) +a(T) a(T).

(1.57)
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From (1.56) we get
T
- [ @76, TIZETB(s, T) ds = 30, ) 2B, T) - (D). (1.58)

Since

T
M, T) = Q7(t, T)Y; - J QY(s, T)EETB(s, T) ds
we can use (1.58) to write
M(t,T) = @7, T)Ys + 3Q(, T)"3rB(t, T) - a(T)

and this proves (1.48) given in the lemma. Note that this equation can be used
to calculate M (¢, T) for t > 0 as we will later show in lemma 1.7 that we can find
a formula” for 6rB(t,T). Therefore the calculation of M(¢,T) can be done using
one dimensional integration. Using (1.58) we can simplify (1.57) to obtain

OrA(t,T) = tr(V (¢, T)) + %aTB(t, QG T)Q, T) 0rB(E,T).  (1.59)
When t = 0, we have
F(0,T) = 0rA(0,T) = tr(V(0,T) + 32rB(0,T)Q(0, T)Q(0, T) 0 B(0,T)
(1.60)
as Yy = (0,...,0). Therefore

orB(0,T)"Q(0,T)Q(0,T) 0rB(0,T) = 4(F(0,T) — tr(V(0,T))) (1.61)

Now one solution to (1.61) among many is to choose

Q(0,T)orB(0,T) = 2\/ F (O’T) _f:(v(g’ )y, (1.62)
Thus we have
orB(0,T) = Q~(0, T)TQ\/? 0.1 _:"(V(O’T)) 1. (1.63)

7 The formula will involve only one dimensional integration.
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Integrating both sides completes the proof of the lemma. O

Remark 1.6. Note that in (1.63) we can choose the right hand side vector to be
different than our choice as long as ¥ in

orB(0,T) = Q~Y(0,T)" 270

has the property that

T =+/F(0,T) — tr(V(0,T)).

Hence there is no unique way of choosing a(t). We have not investigated how this

can be used to calibrate the quadratic Gaussian model in different ways.

Lemma 1.7.

B(t,T) =(I, + 2C(t, T)V(0,t))Q(0,2) T (B(0, T) — B(0, 1))+
+2C(t, T)(al(t) — F(t)) (1.64)
orB(t,T) =2Q7(t,T)"Q (¢, T)(V(0,t)Q(0,t)"(B(0, T) — B(0, 1))+
+a(t) — F(t)) + (I, + 2C(t, T)V(0,£)Q(0, ) T2Q~1(0, T) T F(T)
(1.65)

A, T) =Tog, () — 3 log. (| 1n + 206, TIV(0,1) -

~(a(t) = F(t)) (I +2C(, T)V(0,8)) 'C(t, T)(a(t) — F(2)+

+(a(t) — F(t) + -;—V(O, £)B(t, T))(I, + 2C(t, T)V(0,£)) "' B(t,T)
(1.66)

Proof. We prove the lemma using the approach used by Pelsser (2000) for the
one factor quadratic Gaussian model. Specifically we use the fact that under the
default free forward measure! which is denoted by T, the values of contingent claims
normalized by the default free bond of maturity T' are martingales. Therefore if

we assume T" < S, we have

P(t,5)

POT) Ef [P(T,S)]. (1.67)

! The default free forward measure corresponds to using the default free bond of maturity T
as the numeraire.
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First note that

P(t,S)

iz — o (- YT (©ws) - o).

= (B(t,S) - B, T)TY, ~ (At S) ~ A1, T))). (1.68)

Since we know the moment generating function of a quadratic form in Gaussian
random variables (see Lemma B.1), we can calculate

EX[P(T, S)] = E}[exp ( ~ Y C(T, S)Yy — B(T, S) Yy — A(T, S))]. (1.69)
To do so note that
~Y; C(T, S)Yr — B(T, S) Yy — A(T, S) (1.70)

is a quadratic form in the Gaussian random vector Y7 with a known mean vector
M(t,T) and variance covariance matrix V (¢, T) under the forward measure T (note
the mean and variance are with respect to the filtration ;). Thus (1.69) can be
obtained by evaluating the moment generating function of the quadratic form
(1.70) at the value z = 1.

Therefore a straightforward application of the moment generating function of
a quadratic form in Gaussian variables gives:

ETF[P(T, S)] = E}[exp ( — YyC(T, S)Yy — B(T, S) Yy — A(T, S))]
=11 +20(T,5)V(t,T) [ exp - —;-(M(t,T)TV(t, T)"'M(t, T) + 2A(T, S))
+ —;—(M(t,T) _V{t, T)B(T,S))"(I + 2C(T, S)V (¢, T))

V(t, T)"\(M(t,T) — V(t, T)B(T, 5))). (1.71)

We now use (1.41) from lemma 1.4 for the mean M(t,T) in (1.71) and match
quadratic terms with quadratic terms, linear terms with linear terms and constant
terms with constant terms in (1.68) and (1.71). This procedure yields

- (C(,8) - C(T) = 3@ VET) QT T)

+ -;—Q‘l(t, TYT(I + 2C(T, S)V (&, T))"'V(t, T)'Q (¢, T) (1.72)
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which can be rewritten as
(I +2C(T,S)V(t, T))"l = I —2Q(¢, T)T(C'(t, S)—-C(t,T)Q(t,TV(t,T). (1.73)

We do not use (1.73) here. For the linear terms we get
T
— (B(t,S) = B(t,T)) = Q7'(t,T)"V(t, T)™ JQ"’(S,T)EZTB(&T) ds
t

—Q7Yt, T)"(I +2C(T,8)V(t, T)'V(t, T)™? JTZQ-I(S, TYSE'B(s, T) ds
—Q7'(t,T)"(I + 20(:;’, S)V(t,T))'B(T,S) (1.74)
which can be rewritten as
B(T,S) = (I + 2C(T, S)V (¢, T))Q(, T)T(B(t, S) — B(t,T))

T
+2C(T, S) J' Q-Y(s, T)SST B(s, T) ds. (1.75)

From the proof of Lemma 1.5, we have (1.58) and (1.62) which can be used to
show that

f Q(s, )57 B(s, t) ds = alt) — F(t). (1.76)
0

We can thus write (1.75) in terms of ¢t and T by substituting 0 for ¢, ¢ for T' and
T for S to get

B(t,T) = (I +2C(t,T)V(0,1))Q(0,t) " (B(0,T) — B(0,t))

+20(t,T) f Q-1(s,t)S5TB(s, t) ds. (1.77)
0

and then substitute (1.76) in (1.77) which proves (1.64).

We can use the formula for B(t,T) as given in (1.64) to find the derivative
orB(t,T) which can be used to calculate the mean M(¢,T) more efficiently for
t > 0 as claimed in the proof of lemma 1.5. To do so we use (1.55) for 07C(¢,T)
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and (1.49) for orB(0,T) to get

orB(t, T) =2Q7'(t,T) Q7 (t, T)V(0,£)Q(0,£) T (B(0,T) — B(0,t))+
+(I, + 2C(t, T)V(0,2))Q(0,£)"2Q~ (0, T) T F(T)+ -
+2Q7'(¢, T)TQ7(t, T)(a(t) — F(2)). (1.78)

We now can simplify (1.78) to prove (1.65) stated in the lemma. For constant
terms we get

_(A(t,S) — A, T)) = -% log, | I +2C(T,S)V(T) |

T T
— % (J Q_I(S, T)ZETB(S, T) ds)TV(t, T)“l ( f Q-I(S, T)EETB(S, T) dS)
T
—A(T,S) + %( J Q (s, T)EL" B(s, T) ds)T(I +2C(T, S)V (¢, T)) WV (t,T)™"

T T
( f Q7Y (s, T)SETB(s, T)ds) + ( J Q Vs, T)SST B(s, T) ds)T

(I +2C(T,S)V(t,T)) 'B(T,S)+
+ —21-B(T, SY'V(t,T) (I +2C(T,S)V(t,T)) 'B(T,S). (1.79)

Thus for the special case of £ = 0 we have

A(T, S) = log, (%) _ %loge | I +2C(T, S)V(0,T) |
— (a(T) = E(T))"(I + 2C(T, S)V(0,T))*C(T, S)(a(T) — F(T))
+ [(a(T) —-FTM)" + %B(T, S)Tv (o, T)T](I +2C(T,S)V(0,T)) ' B(T, S).
(1.80)
Now substituting ¢ for T and T for S in (1.80) proves (1.66). O

Therefore Lemma, (1.5) and Lemma (1.7) can be used to compute B(t,T) and
A(t, T) using analytic formulas and one dimensional integration. For pricing pur-
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poses, if we nced M(0,T), we can once again use
F(0,T) = E™[rirr] = tr(V(0,T)) + (M(0,T) + a(T)) (M (0, T) + a(T)) (1.81)

to get
M(0,T) = F(T) — o(T). (1.82)

We can calculate

F(T) = \/F(0,T) — tr(V (0, T))

in closed form and therefore we only need one dimensional integration for calcu-
lating a(T') as the following theorem shows.

Theorem 1.8. We can calibrate to the default free term structure at t = 0 given
in terms of forward rates F(0,T) by the following one dimensional integral

T
a(T) = F(T) +2exp(AT) fexp(—As)V(O, s)F(s) ds
0

where A is the speed of mean reversion diagonal matrix in the dynamics of Y; given
in (1.3).

Proof. Differentiating equation (1.82) with respect to T, we get

dM(0,T) . do(T) _ dF(T)

dTl dr dT (1.83)

From the assumption that we made in (1.46) we have that C = I, where I,, is the
n x n identity matrix, B(t) = 2a(t) and A(t) = a(t)Ta(t). Using the result of
Cherif et al. (1994) which is given in lemma 1.3, we therefore have

da(T)  dF(T)

A M(0,T)—2V(0,T)M(0,T) — 2V(0,T)a(T) + 9T = T dr (1.84)
Using (1.82), we can reduce (1.84) to
do(T) . . dE(T)
T = Aa(T)-AF(T)+2V(0, T)F(T) + 7 (1.85)

We now can solve (1.85) using the integrating factor exp(—A T') i.e consider the
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ODE satisfied by exp(—A T)a(T). Thus the solution of (1.85) is given by

dF(s)
ds

(1.86)

ds.

T
(T) = exp(A T)(a(0) fexp(—A $)(A = 2V(0, 8)) F(s) — exp(—As)
0

Integrating by parts the expression

T .
fexp(—A s) dFdis) ds

0

in (1.86) and noting that (0) is equal to £(0), we obtain the following simplified
one dimensional integral

T
o(T) = F(T) + 2exp(AT) f exp(—A )V (0, 5)F(s) ds. (1.87)
0

This completes the proof of the theorem which generalizes the result given in
Pelsser (2000). ]

1.1 A Quadratic Gaussian Model to include a Foreign Economy

In the following we consider a model for the default free term structures of two
economies, a domestic economy and a foreign economy. To model the interest
rate term structures of a domestic and foreign market and the movement of the
exchange rate between the two economies, we now assume that we have two filtered
probability spaces. Let (Q, F*, Q) represent the filtered probability space which is
used to model the domestic(foreign) economy for i = d(i = f) whereby Q* is the
domestic(foreign) risk-neutral measure for i = d(i = f). We assume the filtration
F = (Pt)(OStST*) corresponding to the domestic economy(foreign) economy for
i = d(¢ = f) is generated by n independent standard Brownian motions Wi(t) =
Wi(t),j = 1,...,n under QF which is the domestic(foreign) risk neutral measure
for ¢ = d( = f). The n Brownian motions represent the information generated
by a domestic economy, a foreign economy and the movement of the exchange
rate between the economies. The exchange rate is defined to be the value of one
unit of foreign currency in terms of domestic currency. Assuming that there is
extra information in the movement of the exchange rate between the domestic and
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foreign market is supported by empirical results (see Leippold and Wu (2002)).
Once again we assume the state of the international economy is represented by

Zt =K+C¥(t) = (Ylt,...,Ym)+a(t)

which is an n-dimensional Gaussian Ornstein-Uhlenbeck process under the domes-
tic economy. Hence we assume as in the introduction of this section the dynamics
of Y; is given by (1.3) under the domestic risk neutral measure.

Definition 1.9. Let S; denote the foreign exchange rate between the domestic and
foreign economy i.e S; is the value of one unit of foreign currency in terms of units
of domestic currency.

We now denote by r* the domestic(foreign) instantaneous rate of interest for
i = d(i = f). We assume that we use different factors to model r¢ and r{ and

ri=(a(t) + ) I'(a(t) +Yy), i=4d,f

where I* is used to denote a matrix that has a one or a zero for the diagonal
element of row k,k € {1,...,n} depending on whether the kth factor is used to
model r{ or not. All off-diagonal elements of I*(i = d, f) are taken to be equal to
zero. The exchange rate is assumed to be log-quadratic Gaussian and we give the
following theorem which is given in Cherif et al. (1994).

Theorem 1.10 (Chérif, El Karoui, Myneni, and Viswanathan ). A necessary
and sufficient condition for the factors Z; to be Gaussian under the domestic and
foreign risk neutral probabilities is to assume that the dynamics of S; is given by

dS;

< = (¢ — rH)dt + (2C5(t) Z. + (B3(t)) ' dW (1.88)

where C5(t) is a square matriz and B5(t) is a vector and both are assumed to be
square integrable. Thus the instantaneous volatility of S; is an affine function of
the factors Z,. If we assume that S; is a regular function of Z; then C5(t) is a

symmetric matriz and there ezists a deterministic function AS(t) such that:
S, = exp(Z] C5(t) Z, + B5(t)" Z, + A%(t)). (1.89)

and
rd —rf =27 C5(t) Zo+ BS(t)" Z,+ AS(1) (1.90)
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where C3(t), B5(t), AS(t) satisfy the following equations

dcdst(t) = —ATC3(t) — C5(t)A - 205()=TCS(t) + C5(t)  (1.91)
dBdSt(t) = —ATB3(t) - 2C°(t)SET B5(t) + BS(t) (1.92)
dAdSt(t) = -Tr[EZ7C5(1)] - %BS t)T=STBS(t) + AS(t) (1.93)
Proof. See Cherif et al. (1994). O

The initial data is given by the value of the foreign exchange rate at time £ = 0
such that C°(0), BS(0) and A%(0) are known. Therefore the ODE given by (1.91)
is an initial value symmetric matrix Riccati ODE which can be solved in closed
form. Note however that we set up our model such that Y5 = (0, ...,0). Therefore
we can take C°(0) to be equal to the zero matrix, B3(0) to be the zero vector of
dimension n and use A(0) to calibrate to the foreign exchange rate data at time
t = 0. Similar to the solution of (1.15) we have the following lemma.

Lemma 1.11. The solution of (1.91) is given by
C3(t) = PS()Q° ()™
where (Q°(t), P5(t))7 is the solution of the linear system
0w\ _( A4 == (@ co\_( 1
4 PS(t) i—15 —AT P5@t) )’ P5(0) C5(0)
(1.94)

Proof. From the equality given by equation (1.90), it follows that CS is equal to
the matrix corresponding to the quadratic term of

ri —rf = (a(t) + Y) T I(a(t) + Y2) = (a(t) + Y) I/ (a(t) + Y)).

Thus CS = I4 — If. We can now apply Lemma (A.2) which is given in Ap-
pendix A(see Freiling (2002) for more detail) to get the result of the lemma. [

The following lemma gives closed form solutions for B5(t) and AS(¢).
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Lemma 1.12.

t

BS(t) = 2(Q%(®)™")" f QS(r)T(I% — I)a(r) dr (1.95)

0

and

AS() = AS0) + | —Tr[ZnTCS(r)] — %BS(T)TEZTBS(T)+

O e, 0

a(r)T(¢ - If)a(r) dr. (1.96)
Proof. First note that from (1.90), we have
B5(t) = 2(1¢ — INa(t)
and
A3(t) = a(®)"(I* - P)a(t)

where «a(t) is the vector corresponding to the vector Y; + a(t) which is used as
the state variables for the quadratic Gaussian model. From Lemma 1.11 it follows
that Q°(t) satisfies the following ODE:

%@S(t) — (A+255TC5(1)Q5(8).

Using Q5(¢)T as the integrating factor we can now solve for B3(t). Specifically we
have i
'(E(Qs(t)TBS(t)) = Q)" 2(I* ~ )a(t).

We can integrate the above equation to obtain the result (1.95). The solution
of (1.93) can be found by direct integration which gives (1.96) using the initial
condition for (1.93). a

To make the results given in this section easier to read we use the following

notations:

e P(t,T):=price at time t of the domestic default free zero coupon bond of
maturity T';

e PJ(t,T):=price at time ¢ of the foreign default free zero coupon bond of
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maturity T

e of(t) := I/a(t) time dependent function used for calibration to the foreign
discount term structure;

o FI(t,T):=—Zlog,(P/(t,T)) the foreign instantaneous forward rate;
e V/(t,T):=Variance of Yr with respect to the filtration F; under Qf

s M/ (t,T):=Mean of Yy with respect to the filtration F;, under Qf

o A/(T):= A+28E7C5(T)

e WT.=Standard Brownian motion under T.

e T/:= the foreign default free forward measure

e WT:=Standard Brownian motion under T’.

Assuming that S; is a log-quadratic Gaussian process ensures that the dynamics
of Y; remains Gaussian under the foreign risk neutral measure Q/ and is given by
(see, e.g,Cherif et al. (1994))

dY, =(SZTB5(t) + (A + 25X C5(t))Y,) dt + & dW/ (1.97)
=(=2TB3(t) + Af (1)) dt + = dW/. (1.98)

Since we assumed that the foreign instantaneous short rate of interest r{ is given
by
rl = (Vi + a@)) T (Y; + a(t)) = Y, I'Y; + 227 (1)Y: + o/ (8) Ta(?),

it now follows by Theorem 1.1 that the price of the foreign default free zero coupon
bond is log-quadratic Gaussian®. Therefore

PI(t,T) = exp(-Y:C’ (8, T)Y, — B/ (t, T)Y: — AT(t,T)) (1.99)

where C/(t,T), Bf(t,T) and A/ (¢, T) satisfy the following symmetric Riccati ODE’s
(see Cherif et al. (1994)):

8 Note that, as mentioned earlier in this section, Theorem 1.1 is true in the general case of a
time dependent speed of mean reversion matrix and a time dependent instantaneous volatility
matrix even if ¥; has a non zero drift.
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%C’(t,T) = —ATTCI(t,T) — C!(t, T) AT +

+2Cf(t, TYEETC/ (¢, T) — 1Y, C/(T,T) = 0pxn
(1.100)

%B’ ¢, T) = A "B/ (t,T) + 2C/ (t, T)S£ B/ (t, T) -

- 201 (t, )T B5(t) — 2af(t), Bf(T,T) =0, (1.101)

d

EA" (t,T) = -Tr[Z=7C/(t,T)] — B (t,T)"==" BS(t)+

1
+ —2—Bf t,T)'SS"B/(,T) - o/ (t)Ta(t)!, AN(T,T)=0 (1.102)
We now have a time dependent speed of mean reversion matrix Af(t). In (1.16)
we used the fact that A is a constant matrix to get a closed form solution®. Here
we cannot use matrix exponentiation to get a closed form solution of the associated

ODE (see Theorem A.2). However we can give a closed form solution for C/ (¢, T)
using Theorem B.3 which is given in the Appendix B.

Lemma 1.13. The closed form solutions of C{(t,T), Bf(¢,T) and Af(¢,T) can be
given by the following formulas:

Cft,T) = Slpf(z,T)Qf(t,T)—l (1.103)

where for fized T, (Qf t,T), P (t,T))" is the solution of the terminal value linear
ODE given by

1Qie, )\ _( A -2=57 ) { Qe T) RUTT)\_{ I
2Pl ) )\ -14 AT PIt,T) )" \ PIT.T) Sr )’
(1.104)

9 We can use matrix exponentiation to solve (1.16).
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T
BI(t,T) = -;Tt((czf (T,T)") ' BS(T) + 2@’ ¢, T)")™ f Q7 (5, ) Ta(s) ds),

(1.105)

T
Al(t,T) = Sit(AS (T) + JTr[zzch (s,T)] - %Bf(s, T sxT B (s, T)+
t

+ as) T I%a(s) ds). (1.106)

Proof. Default free securities in the foreign economy can be converted into domestic
default free securities using the foreign exchange rate S5;. Therefore the value of
Pf(t,T) which is one unit of foreign currency at time T is equal to Sr when
converted to domestic currency using the foreign exchange rate. By the principle
of risk neutral valuation (see, e.g. Harrison and Pliska (1981)) the value of a
domestic security discounted by the domestic savings account is a martingale under
Q. Hence we first calculate

i} T
P, T) :=E?| exp ( — rrf ds) ST]

h_]nt;

=E?| exp ( — | ds) exp(Yy C3(T)Yr + B5(T) Y7 + AS (T))].
- t

(1.107)

By the absence of arbitrage converting the domestic security back to a foreign
security through the inverse of the foreign exchange, we can claim that the following

equality must be true: .
S,
Since the payoff at time T is log-quadratic Gaussian in (1.107), we can now apply
Theorem B.3 given in the Appendix B to get the following result:

PI(t,T) = =P/(t,T). (1.108)

PI(t,T) = exp(Y,TC(t, TYY, + BI (1, 7)Y, + AT (1, T)) (1.109)
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where CY(t,T), Bf (t,T) and A(t, T) solve the following ODE’s

-gt-cf t.T) = —ATCT, T) - CF(t, T) A+
+2cfe, =T of e, ) - 14, (T, T) = C5(T)
(1.110)

2 BI(t,1) = ~ATBI(,T) +2C7(, T)SET BT (1, T) — 2 Iat),
BY(T,T) = BS(T) (1.111)
d

S AT, T) = ~Tr[S270T (e, 7)) + %Bf (t,T)TExT BI (¢, T) — a(t) " Ia(t)

ANT, 1) =A5(T) (1.112)

We can solve (1.110) by applying Theorem A.3 from Appendix A. Hence we need
to solve the terminal value ODE given by (1.104). Using standard results for a
system of linear ODE’s with constant coefficients (see, e.g., Leonard (2002), we
can give the solution of (1.104) by the following formula

( Q/(t,T)

P/t T) ) =exp(—=M (T - t))I C*(T)) (1.113)

where

Since M is a constant matrix, we can find exp(——]?’f (T —1t)) in closed form. There-
fore using Theorem A.3, we can conclude that the solution of (1.110) is given
by

Pit, 7@ ¢, 7)™ (1.114)

Using (1.108), we get (1.103) from (1.114). To solve for B/(t,T) first note that
from (1.104), we get that Qf (t,T) is a solution of the following ODE for fixed T

2 Q7.1) = (A-2527CT (1, THRI(, T). (1.115)
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We now use Qf (¢,T)7 as an integrating factor to solve for Bf (t,T). Specifically
differentiation with respect to t of Q/(t,T)" Bf(t,T) gives us after some simplifi-
cations the following ODE

%Qf ,T)"B (1, T) = —2Qf(¢t, T) T I%a(t). (1.116)

The solution of (1.116) can be obtained using direct integration and the boundary
condition Bf (T,T) = B3(T). Using (1.108) and the closed form solution for
Bf(t,T), we get (1.105). We can get Af(e, T} through direct integration of (1.112)
and using the boundary condition, Af (T, T) = A5(T). We then apply (1.108) to
the closed form solution of Af (t,T) to get (1.106). This completes the proof of the
lemma. O

There are other ways of solving for P/(¢,T) which do not require us to solve
a Riccati ODE’s as in Lemma 1.13. For some of the formulas , we will use the
following lemma which is given in Cherif et al. (1994).

Lemma 1.14. Let

dN| Ny P(0,T) exp(Y7 CN(T)Yr + BN(T) Y + AN(T))P(0,T)
dl|z. P(T,T) No exp(Yy CN(0)Yy + BN (0)TY, + AN (0))
(1.117)
represent the Radon Nikodym density for the change of measure from the forward

measure T to a new measure N which corresponds to the measure under which
N; = exp(Y,'C¥ (t)Y;+BY (t) TY:+AN(t)) is the numeraire i.e. discounting risk free
assets by the numeraire N; converts them into martingales under the corresponding
measure N. Let

VN(t,T) = the variance-covariance matriz of Y; under N

and
MN(t,T) = the mean vector of Y; under N.

Then we have the following formulas relating VN (¢, T) and MY (¢, T) to the variance-
covariance matriz V(t,T) and the mean vector M(t,T) under the forward measure
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VY, T) = (I -2V (¢, T)C’N(T))-IV(t, T) (1.118)

M(t,T) =(I -2V (6, T)C(T)) - (M@.T) + V(& T)BY(TD).  (1.119)

Proof. The authors in Cherif et al. (1994) base the proof of the lemma on the
direct calculation using multivariate Gaussian densities. We give a much shorter
proof by using the moment generating function of a quadratic form of Gaussian
random variables which is given in Lemma (B.1). We now calculate the moment
generating function of Y; under N. Let ®"(2) denote the moment generating of
Y; under N. Using the Radon Nikodym density (1.117) and the abstract Bayes
formula we have

®N(2) = ENexp(2'Yr)] (1.120)
_ g [ SRUECT@Ye + BYAY Y+ A7)
~ Tt LET[exp(Y7 C¥(T)Yr + BN(T)Yr + AN(T))]

exp(zTYT)]. (1.121)
We denote by Qn(T') the quadratic form

Qn(T) := YL CN(T)Yr + (BN(T) + 2)"Yr + AN(T)) (1.122)
so that we can write (1.121) as

EF [exp(2n(7)]
Ef[exp(Y7 CN(T)Yr + BN(T)Yr + AN(T))]

oV (2) = (1.123)
If we assume that CV(T) is symmetric'® and use the fact that V¥ (¢, T') is invertible
for t # T (and therefore positive definite), it will follow that ®¥(z) is defined
everywhere (see Theorem 3.2a in Mathai and Provost (1992)). We can calculate

B [exp(2n (7))

10 This is true for the case of zero coupon default free bonds and zero coupon defaultable bonds
considered in this thesis because C(¢,T) and C(¢,T) are solutions of symmetric matrix Riccati
equations and will be true if we consider log quadratic Gaussian processes which can be obtained
through the solution of symmetric matrix Riccati equations such that the initial or terminal
condition is also a symmetric matrix.




1. Quadratic Gaussian Factor Models 34

using the moment generating function of a quadratic form in Gaussian random
variables which is given in lemma B.1 (see (B.1)):

®(Qn,1) =| I —2CN¥(T) V(t,T) |2 exp ( — %(M(t, TV (¢, T) 'M(t, T)—
—24M(T)) + %(M(t, T) + V(t, T)(BY(T) + 2))" (I — 2CY(T) V(t,T))?
V(E,T) Y (M(,T)+V(t,TYBY(T) + z)))
=| I =2CN(T) V(t,T) |2 exp ( - —;—(M(t,T)V(t,T)“M(t,T) — 2AM(T)+
-;—(M(t, T) + V(t, T)BY(T))"(I — 2 CV(T)V (¢, T))'V (¢, T)"?
(M(t,T) + V(t,T)BY (T))) exp (-;-ZTV(t,T)(I 2NV, 7)) 'V, T)™?
(M(t,T) + V(t, T)(BY(T) + 2)) + %(M(t, T) + V(t, T) BN (T))"

(I -2CN(T)V(t, T))—lz)
= Ef[exp(Y, CY(T)Yr + BN(T)Yr + AV(T))]
exp (ZT(I -2V (t, T)CN(T)) Y (M(t,T) + V(¢, T)BY(T))
+ 32T -2V, TICV D)V, Tz (1124)

Hence inserting (1.124) into (1.123) and simplifying we get

oV (2) = exp (%zT(I —2V(t, T)YCN(TH W (M(t, T) + V(¢, T)CN(T))
+ %zT(I _2CN(T)WV (@, T) 'V, T) WV, T)z (1.125)

which is the moment generating function of a multivariate Gaussian random vari-
able with mean vector and variance-covariance matrix as in the lemma. This

completes the proof of the lemma. O

Before we state the next theorem we will state the following well known result
which will be used in the proof of the theorem. The change of measure from the
domestic forward measure T to the foreign forward measure T/ is done through the
forward exchange rate (see, e.g., Cherif and El Karoui (1993) or Schlogl (2002))
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which is denoted by X(¢,T) and is given by

S, Pf(t,T)

X&T) = P, T)

(1.126)

Since T is the domestic default free forward measure corresponding to using P(¢, T)
as the numeraire, it follows from (1.126) that X(¢,T) is a martingale under T.
Therefore the dynamics of X (¢,T) is given by

dX(t,T)

xe ) 2 Y, (C(t)-C’(t,T)+C(t,T))+B5(t)- B/ (t,T) + B(t, T))S" dWT.

(1.127)

Using Girsanov’s theorem the Brownian motions under the different measures are
related by

AWT = dWl +57 (2 (C’S(t)——Cf (t, T)+C(, T))Y;+Bs(t)——Bf(t, T)+B(t, T)) dt.

(1.128)
Thus the dynamics of Y; under the foreign forward measure T/ can be obtained
using (1.128) and (1.25):

dY, = SXT(B5(t)— B/ (¢, T)) dt+(Af (t)—258TC/ (¢, T))Y; dt+= dWF . (1.129)

Theorem 1.15. We can get C¥(t,T) using the following formula:

ol 1) = 362N (W0 - (D)D), (1130)

where

Q' (t,T)" = Q(t,T) — 2P(t, T)TC5(T). (1.131)
Proof. Let Q/(t,T) be the solution of the following ODE
LQT) = (W) - 25T T T), QFET) =1 (1132)

Then we can solve the SDE (1.129) exactly by considering the integrating factor
Q7 (t,T)7!, specifically consider

dQ7(t,T)'Y,) = Qf (¢, T) =27 (BS(t) - B/ (+,T)) dt + S dwF  (1.133)

which can be integrated directly to yield
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T T
Yr = Q’(t,T)‘le+JQf(T, T)" ' sxT(BS(r)- B/ (r,T)) dr+fQ’(7", T)7'z aw”.

t

Therefore the mean of Y under T/ conditional on F; is given by
T
M@t T)=Q (t,T) 'Y, + J Q (r,T) 'SV (B5(r) — Bf(r,T)) dr.  (1.134)
t

On the other hand using the result of Cherif et al. (1994) given in Lemma 1.14,
we can find the mean M/ (¢, T) directly. Recall from (1.36), M (¢, T) is given by

T
M(t,T) = Q-\(¢, T)Y; — f Q-'(s, T)SE B(s, T) ds.

The change of measure from the domestic forward measure T to the foreign forward
measure T/ is done through the forward exchange rate (see (1.126)) which is equal
to

X(T,T)=Sr

at time T i.e. the spot exchange rate. Hence applying Lemma 1.14, we get
-1
MI(t,T) = (I-2v(, T)ICS(T))  (Q7' (. TV,

T
— fQ—l(s, T)EX"B(s,T) ds + V (¢, T)BS(T)). (1.135)

Therefore comparing the result in (1.135) with (1.134), we get that
-1
Q’(t,T)"! = (1 - 2V(t,T)CS(T)) Q-'(t,T). (1.136)
From (1.36) and (1.41), we get that

Qt,T) = Qt,T)". (1.137)
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Thus using (1.40), (1.137) and V(¢,T) = V(¢,T)" we get from (1.136):
Q(t,T) = Q. T) (I - 2V(£, TICS(T)) = Q¢ T) — 2P(t, )" C5(T).

We can therefore solve (1.132) for C/(¢,T) to obtain (1.130). O

Lemma 1.16. Another way of calculating Pf(t,T) is through

PIt,T) = -‘S},;P(t,T) | I —2C5(TYV (¢, T) |2
exp (- %(M(t,T)TV(t,T)‘lM(t,T) —245(T))
+ %(M(t, T) + V(&, T)B(T, S))(I - 2CS(T)V (¢, T))"!
V{t, T)"N(M(¢,T) + V(t, T)BS(T))). (1.138)

Proof. A foreign default free zero coupon bond can be converted into a domestic
security by regarding it as a domestic security that pays Sr units of domestic
currency at time 7T'. In the domestic economy we can use the domestic risk neutral
measure Q¢ to calculate the arbitrage free price of this security at time ¢t < T and
then convert this price using the prevailing exchange rate to find the price of the
foreign default free zero coupon bond P/(¢,T) (see the proof of Lemma 1.13 or
Cherif and El Karoui (1993) for more detail). Hence we have

T
Pi(t,T) =7917 E®* [ exp ( ~ f r! dr) ST]
= P, TV El[exp(YrCO(T)Yr + BS(T) Yr + ASD)]. (1.139)

We can now proceed as in Lemma 1.7(see (1.71)) to prove the lemma. Thus we use
the moment generating function of a quadratic form in Gaussian random variables
(see Lemma B.1 in Appendix B). We only have to consider the quadratic form in
Yr

Y¢CS(T)Yy + B5(T) Yy + AS(T).



1. Quadratic Gaussian Factor Models 38

Thus we have

ET[exp(YrCS(T)Yr + BS(T) Yr + AS(T))] =| I — 2C5(T)V (¢, T) |2
exp - %(M(t,T)TV(t, T)M(t, T) — 245(T))
+5(M@ET) + VETIB(T, $) (I - 205V (, T
Vi, T WM, T) + V(t, T)BS(T))). (1.140)
Thus substituting (1.140) into (1.139) we get the result of the theorem. a

If we assume that I4Y; is independent of I’Y;, we can use the proof method used
to prove Lemma 1.5 and Lemma 1.7 to obtain similar results for the parameters
of P/(t,T).

Lemma 1.17.

FMI(t,T)=Q (¢, T) 'Y, + %(Qf ¢, 7)) *orB! (¢, T) — o’ (T)

where
Bf(t,T) = Bf(t, T) — I’ B5(%).
T
B/(0,T) =2 f (QF (0, )V F (s) ds
0
where

ny

Fis):=1 \/ 10, 9) = er V70, )17,y

m

and F7(0,T) denotes the foreign forward rate for maturity T at timet =0, m <n
is the number of factors used to model rl.

Proof. See the proof of Lemma 1.5. O
Lemma 1.18.

B/, T) = (I' +2C/(t, T)I'V!(0,t))Q7(0,t)T(B/(0,T) — B/(0,1))
+2C7 (¢, T) (o' (t) — FI(t)) (1.141)
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f
TR0 — 3loe (17 + 2076 TV (0,1) )

— (af(t) = FI(t))T(If +2C7 (¢, T)IVZ(0,8))2C/ (¢, T) (o (t) — F/(t))
+ (af (t) — FI(t) + —;-If vIi(0,t)Bf(t, T)) (I + 2C/ (¢, T)I'V*(0,t)) ' B/ (¢,T)
(1.142)

Proof. See the proof of Lemma 1.7. O

Lemma 1.17 and Lemma 1.18 give computationally efficient ways of computing
Bf(t,T) and A/(t,T) by reducing the dimensions of the integrals that are needed
to calculate B/(t,T) and A7(t,T). This show we have a tractable model for the
pricing of default free bond prices in both economies because default free zero
coupon bond prices in the foreign economy are also log-quadratic Gaussian. Recall
that the foreign short term interest rate is given by

(Y + a@®) I (Y: + aft)).

The drift term of the factors that are used to model the foreign instantaneous rate
of interest is denoted by af(t) := I/a(t). If we assume that the domestic and
foreign short term interest rates have no common factors and the factors used to
model them given by I¢Y, and IfY; are independent, we can calibrate the drift
term o (t) to the foreign forward rate curve using the formula which is given in
the following theorem (see Assefa (2007) for a closed form solution of af(¢) where
I%Y, and I’Y; can be correlated).

Theorem 1.19. We can calibrate to the foreign term structure at time t = 0 by
the following integral
T
of (T) = F/(T) +2Q°(T) [ @(r) VI (0,0 (r) dr—
0

T
- Q%(T) st(r)‘lzzTIfBS (r) ds. (1.143)
0

Proof. First note that similar to (1.50), we have

F/(0,T) = EY [+/(T)]. (1.144)
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Substituting
r/(T) = (Yr + (D) I (Yr + a(T)) = (Yr + o/ (T)) I (Y + o/ (T))
into (1.144), and using the fact that Y7 is Gaussian under T/, we get
FI(0,T) = Tr[I'V/(0, T) ']+ (M’ (0, T) +a/ (T)) "I/ (M? (0, T)+a’ (T)). (1.145)
Hence we get!!
FI(T)TFI(T) = (M?(0,T) + o/ (T)) "I (M (0,T) + o/ (T)). (1.146)
We can therefore linearize (1.145) as follows:
FI(T) = I (e (T) + M/ (0,T)) (1.147)

Differentiating (1.147) with respect to T gives us

—Ff = I =—af — M/ =—qf F = _pt
TF (T)=1 ( Ta (T)+ TM (O,T)) Ta (T)+1 T]tf (0,7). (1.148)

The dynamics of Y; under @/ is obtained by using the fact that
dWg = dW/ + T (2C5(t)Y, + BS(t))dt
(see Cherif et al. (1994)) which gives us
dY; = (TZTB5(t) + (A + 22T CS (1)) Y.)dt + = dW/.

Recall that we stated that the ODE for the mean of Y7 conditional on F; which
is given in (1.40) is valid for a general setting in which the speed of mean reversion
matrix A(t) and the instantaneous variance covariance matrix X(¢) can be time
dependent. Thus MY (¢t,T) which denotes the mean of Yz under the foreign risk

11 We have defined Ff(T) in the statement of Lemma 1.17
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neutral measure @/ and conditional on F; satisfies

.C%. M/ (0,T) = AN(T)M? (0,T) — 2V (0, T)I! M? (0, T) -

— 2V (0, 7)o/ (T) + Z=TBS(T), M(0,0) = (0,...,0)7 (1.149)
when t = 0. Hence substituting (1.149) in (1.148) gives us:

E‘?T—af (T) = —IFAN(T)M! (t,T) + P2V (t, T) I M (0, T) +

+ 2V(0,T)ad (T) — /ST BS(T) + -C%Ff (T). (1.150)
Now note that I/ = I/If and therefore af (T) can be written as
ol (T). (1.151)

We now make the assumption that the I9Y;, which are the factors used to model
the domestic short rate of interest r;, are independent of I/Y;, which are the factors
used to model the foreign short rate of interest 7‘{ . Under this assumption

Al = FA/(T) (1.152)

because in
AN(T) = A+ 2827 C3(T),

A is a diagonal matrix and ZLTC®(T") commutes with If provided we choose the
initial value!?> C°(0) to be equal to I/. We also have under the assumption of
independence between I9Y; and I'Y;:

I’'sx™ =271, vio,T7)1f = FV/(0,T) (1.153)
Hence using (1.147) we can reduce (1.150) to

af;-;af (T) = A (T)a! (T) — AT(TYEI(T) + 2V (0, T) F/ (T)—
d

dT

12 Recall that we said we calibrate S; through the initial value for AS(0) as we have Yy = 0,
and therefore we are free to choose the value of C5(0).

— 2T BS(T) + —F/(T). (1.154)
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From (1.94) given in Lemma 1.11, we can get

L5 = A (MM, QO =1. (1.155)
Therefore

Q1) (1)) = —Q*(T) ' A(T)(T) + Q5(T) (A (T’ (T)-

— AN(TYFH(T) + 2V (0, T)FH(T) — == I/ BS(T) + %Ff (T)). (1.156)

d
a7

which simplifies to

S (@@) (1) = Q5(T) (A (T)F(T) + 2V (0, T) F¥ (1)~
—-SxTIfBS(T) + diTFf (T)). (1.157)

We can solve (1.157) by direct integration to get

T

QS(T) o/ (T) = o (0) - j QS () A (I (r) dr

0
T T
+2 J Q5(r) X (V/(0,r)Fi(r) — 22T I/ B%(r)) dr + J Q° (r)—ldiTF’f (r) dr.
0 0
(1.158)

Integrating by parts the last term of (1.158) we have
r d
| @0 LB ) ar = Q@) D) - @0 0+
0
T
+ f Q3 (r) YA () FI(r) dr. (1.159)
0

Using
Q5(0)F*(0) = a/(0),
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we can simplify (1.158) to get
T
QM) ! (1) = QI (D) +2 [ @)V ) ar—
° T
- fQS (1) ==Y BS(r) dr. (1.160)
0

We can now obtain the statement of the theorem from (1.160). O

1.2 Explicit Solutions for Piecewise Constant Case

In this section, we give a method for explicitly solving the parameters of the default
free zero coupon bond when we assume that the speed of mean reversion matrix A
and the instantaneous variance-covariance matrix SX7 are assumed to be piecewise
constant in the quadratic Gaussian model (1.3). The explicit solution for this case

is not given in the literature.

Theorem 1.20. Let 7 = {0 = T1,...,T,} be a partition of the time interval
[0,T*]). Assume A(t) and EXT(t) in (1.3) are piecewise constant such that

At) = A, T2 =58, i=1,...,m.

Then we can solve for C(t,T), B(t,T) and A(t,T) by a backward recursion by first
solving for the values of C(¢,T), B(t,T) and A(t,T) in the last interval [T,,,—1, T*].

Proof. Recall that we said Lemma (1.9) is true even if A and £X7 were assumed
to be time dependent rather than constant(see Cherif et al. (1994)). We now
assume that A(t) and L(t)Z(¢)7 are piecewise constant as stated in the theorem
and X(t)X(t)7 is positive definite!. Because A(t) and (t)Z(¢)" are only piecewise

contstant, we can only have a piecewise differentiable solution of the the following

! we can weaken this assumption to being semi- positive definite.
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terminal value ODE’s(see Filippov (1988))

a.C@t,T)=—(A@®)TCE T) + C(t, T)A(t)) + 2C(t, T)'S@})="(1)C(t, T) — I

(1.161)
&,B(t,T) = — A"B(t,T) +2C(t, T)Z(t)=(t) " B(t, T) — 2a(t) (1.162)
QA T) = — Tr[S()SE)TCE, T)] - %B(t, T) TSSO B, T) — alt)Talt).

(1.163)

Clearly A(t) and £(t)2(t)"T are piecewise continuous and locally bounded. Thus
two of the assumptions of Theorem A.4 given in Appendix A (see for more detail
Freiling (2002) or Filippov (1988)) are satisfied. Applying the conclusion of this
theorem, we get that a unique solution of (1.161) exists and is positive semi-definite
for all values t. These unique solutions of the terminal value ODE’s (1.161),(1.162)
and (1.163) can be found by the following procedure. For the last interval the values
of Crn(t,T), Bn(t,T) and A,,(¢,T) are obtained by solving explicitly the following
ODE’s

0.Cn(t,T) = — (ATCn(t,T) + Cp(t, T)A) + 2C (t, T) 'EZTCr(t, T) — I
(1.164)

0, Bn(t,T) = — ATBp(t,T) + 2Cn(t, T)EZT B (t, T) — 2a(t) (1.165)

8 A, T) = — Tr[ESTCon(t, T)] — %Bm(t, T)TSST B¢, T) — a(t) Ta(t)
(1.166)

with the usual boundary conditions
Cn(T,T) =0,Bn(T,T) =0,An(T,T) = 0.

We now set C(t,T) = Cn(t,T),B(t,T) = Bn(t,T) and A(t,T) = An(t,T) for
T € [Tjn-1,T*]. For the values of C(¢,T),B(¢,T) and A(¢,T) in the interval
[Trm-2, Tin-1] we can apply the results of Theorem A.4) to solve explicitly the
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following terminal value matrix Riccati ODE

,Cpa1(t,T) = —(ATCpraer (8, T) + Cpa_a (8, T) A)
+2C, 1t T)'ES"Ca(t, T) - I

with the boundary condition
Cm—l(T ~—11Tm—1) = C(T —l,Tm—1)~

Using the method of integrating factor and direct integration which were used to
solve (1.10) and (1.11) respectively, we can solve the following terminal value linear
ODE’s
0Bm_1(t,T) = — A"Bp_1(t,T) + 2Cpa1(t, T)ZET B, 1 (8, T) — 2a(t) (1.167)
1
0 Am_1(t, T) = —Tr[EX"C,,_1(¢,T)] — 5B,,,.l(t, TY'E2" B 1(t, T) — a(t) Ta(t)
(1.168)

with the boundary conditions
Bm—l (T -1y Tm—l) = B(Tm—l 3 Tm—l);

Am-1(Tm-1, Tm-1) = A(Tm-1, Tn-1)-

We continue this procedure until we solve for the values of C(t,T), B(t,T) and
A(t,T) in the first interval [T}, 73]. This procedure insures that C(t,T), B(t,T)
and A(t,T) are piecewise continuously differentiable and this is the smoothest
solution that can be found. O



2. SWAPTIONS IN THE QUADRATIC GAUSSIAN MODEL

2.1 Introduction

There is some work in the pricing of default free swaptions in a factor model (see,
e.g., Collin-Dufresne and Goldstein (2002), Tanaka et al. (2005) and Schrager and
Pelsser (2006)) and in the context of libor market models (see, e.g., d’Aspremont
(2003)). However none of these papers directly address the pricing of swaptions in
a quadratic Gaussian factor framework. The paper by Tanaka et al. (2005) men-
tions a Gram-Charlier expansion framework that can be used also in quadratic
Gaussian models but it does not go into the details of the implementation. The
results presented in Schrager and Pelsser (2006) for affine factor models could be
applied to quadratic Gaussian models by mapping the quadratic Gaussian model
to an equivalent affine factor model with more factors than the original model
through the procedure given in Cheng and Scaillet (2004). In this chapter we
derive approximation to swaption prices in the multi-factor quadratic Gaussian
model. Even though the use of libor models with jumps and/or stochastic volatil-
ity (see, e.g., Musiela and Rutkowski (2005)) is better for the pricing of interest
rate derivatives because we can calibrate the models using libor rates and options
on libor rates, such models can be computationally intensive. Therefore in Mercu-
rio and Pallavivini (2005) (see also Mercurio and Pallavivini (2006)), a mixture of
Gaussian short rate models is proposed for the pricing of exotic interest rate deriva-
tives such as constant maturity swaps (CMS) and options on CMS. The quadratic
Gaussian model is a better model than a Gaussian short rate model as the short
rate in the Gaussian model is not guaranteed to be non-negative for all scenarios.
Therefore one can improve the mixture model suggested in Mercurio and Palla-
vivini (2005) by using a mixture of quadratic Gaussian factor models. In order to
price CMS and options on CMS in a manner consistent with market information,
it is important that any model be calibrated to swaption prices. Even though caps
and floors can be priced accurately in the multi-factor quadratic Gaussian model

using numerical inversion of Fourier transforms, there is no such procedure for the
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accurate pricing of swaptions. In general we have to calibrate the quadratic Gaus-
sian model to the prices of caps, floors and swaptions given by the market so that
we can price options on CMS and other exotic interest rate options. Hence we try
to find the parameters of the quadratic Gaussian model (i.e. A and & given in
(1.3)) that minimize the difference between the prices given by the model and the
prices given by the market. This procedure involves a non-linear optimization pro-
cedure where we search for the parameters by calculating the prices of caps, floors
and swaptions for different values of the parameters. Hence the calibration of the
quadratic Gaussian model can be computational intensive as the calculation of the
exact price of a swaption requires multidimensional integration. The search can be
made faster if we start with a set of parameters that are close to the local minimum
or global minimum of the non-linear functional that is being minimized. Therefore
it is useful to generate good starting points for the optimization procedure which
is used to calibrate the model. Approximations to swaption prices can be used
to generate good starting points through an initial less computationally intensive
optimization procedure where instead of exact prices of swaptions, we would use
the approximations. In this chapter we give different analytic approximations to
the price of swaptions in a quadratic Gaussian factor framework. The formulas
presented perform well for different strike values. We first give definitions of an
interest rate swap and interest swaptions. We assume the notional amount is one

unit of currency in all subsequent discussions.

Definition 2.1. The spot libor rate at time t for maturity T denoted by L(t,T)
is the constant interest rate at which an amount of P(t,T) (the price of a default
free zero coupon bond of maturity T at time t) units of currencies invested at time

t will give a payoff of one unit of currency at time T t.e.
P, 7)1+ (T —¢t)L(t,T)) =1

Definition 2.2. A standard interest rate payer swap over the period [T,,T5] is
a contract where the payer pays a fized rate denoted by K at the dates T =
{Tos1,---rTusn = Tg} to the receiver and receives in return the spot libor rate
L(Tosiy Taviz1) which is set at time T, 4, at the next date Tosisr fori=0,...,n—1.
In a standard interest rate swap, the fizred rate K is chosen such that the value of
the contract is equal to zero at the start date of the contract T,,.

If T, = 0, we have a standard interest rate swap for which we can get market
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Swap Rate K

Payer Receiver

LIBOR Rate

Fig. 2.1: interest rate swap over [Ty, T3]

quotes while for T;, > 0, we have a forward starting swap. The value of a swap
to the payer at time ¢ is given by the difference between the cash flows received
by the payer and the cash flows paid by the payer (see Chapter 13 in Musiela and
Rutkowski (2005)). This value is given by

B
P(t,T,) - P(t,Ts) - K Y, wP(t,T) (2.1)
i=a+1

where 7; = T; — T;_;. For a swap starting starting at time ¢ = 0, the market
practice is to choose the strike rate K such that the value of the swap is zero at
time ¢t = 0. Similarly for a swap starting at time ¢ > 0, there is a strike rate such
that the value of the swap is equal to zero at time t = 0. We call this strike rate as
the market swap rate and denote it by Swap, 5(t). We can calculate Swap, 5(t)
by setting (2.1) to zero. Thus

P(t,T,) — P(t,Tp)

J¢]
Z TiP(taT;i)

i=a+1

Swape,p(t) = (2.2)

Definition 2.3. A European payer swaption with maturity T, gives the payer the
right but not the obligation to enter a standard payer swap over the period [Ty, Tg]
at time T, by paying a fired rate K which is agreed upon at the time t < T, when the
payer buys the swaption. If the rate K is lower than the prevailing market swap rate
Swap, g(Ty), then the payer will exercise the swaption but if K = Swap, g(7y), it

is not in the interest of the payer to exercise the swaption.

Under the absence of arbitrage, we can use risk neutral valuation theory (see,
e.g., Harrison and Pliska (1981)) to calculate the price of a swaption. The price at
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time t < T, of a payer swaption which we denote by Swaptn, s(t) is given by (see
Chapter 13 of Musiela and Rutkowski (2005))

o

Swaptng (t) = E?[exp ( - J r, ds) (1 —P(,T) - K }i TiP(Ta,TI}))+].

i=a+1

(2.3)

2.2 Pricing Swaptions under the Forward Measure

In this section we assume we have a quadratic Gaussian factor model based on
a Gaussian Ornstein-Uhlenbeck multivariate factor ¥; as in chapter 1(see (1.3)).
Thus in the SDE satisfied by Y; we have a constant speed of mean reversion matrix
A and a constant instantaneous volatility matrix ¥. The short term interest rate
is assumed to be

r = Y, CY, + BT()Y; + A(t).

We assume for simplicity € = I, B = 2a(t) and A(t) = a(t)Ta(t) (this is equiv-
alent to assuming r; = ZZ; where Z;, = Y; + a(t)). To derive the first analytic
approximation we write the price of a swaption as an option on a coupon bond
(see, e.g., chapter 13 in Musiela and Rutkowski (2005))

Swaptng g(t) = E?[exp (— fa Ts ds) (1 — i=§uﬁ-P(Ta, T,-)) +]. (2.4)

where 7; = K, fori=1,...,n—1 and 7, = 1 + K7,,. Recall from chapter 1 the
price of a default free bond is log-quadratic Gaussian and is denoted by

P(t,T) =exp (=Y, C(t,T)Y; — B(t,T)'Y; — A(t,T)).

Let -
wi(t) = nP(t, T (2.5)
Pa,ﬂ(t)
fori=a+1,...,0 and let
- B8
Pty = ), #P(T) (2.6)

t=a+1
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denote the present value of a basis point (PVBP01). Using Itd’s formula we dif-
ferentiate the SDE satisfied by (2.6) and obtain

8
dﬁa,ﬂ(t) = ﬁa,g(t) (rt dt + Z wi(t)(2C (¢, T)Y; + B(t,T3))T EdW}) . (2.7)
i=a+1

We now replace w;(t) in the SDE by their values at time ty, where £y < ¢ so that we
can get analytic approximations to the price of swaptions in the quadratic Gaussian
factor model. This technique has been used in the context of approximations in the
lognormal libor market model (LLM) (see Rebonato (1998), d’Aspremont (2003)).
Recently it has been used in the affine factor model in Schrager & Pelsser (2006)
to approximate the swap rate as an affine factor. In this particular approximation
we only freeze the weights w;(t) which gives an approximation of the dynamics of
P, 5(t). Hence we have

B
dPos(t) ~ Pup®)(redt+ Y wilt) 2CET)Y: + BET) SdW,).  (28)

i=a+l

Consider the stochastic processes whose dynamics is given by

daP,pst,T)

[ (}/t_rcgi)(tv Ta+l, RS T.B)YE + B;P(t7 Ta+11 ey Tﬁ)T)-,t'*_
aPa'g(t, T)

~ B8
+ A*P(t, Ty, - - .,T,,)) dt— . wito)(2C(t, T)Y: + B(t, T3))T dW, (2.9)

i=a+l
where

: ) ,
CP(t,Tarr,---,Tp) = —AT Y wi(t)C(t, ) — D, wilto)C(E, T:) A~

B B8
—61( f‘, wi(to)c(t,Ti)) +2 ), wito)C(t, ,)EET D wi(te)C@,To)

i=a+l t=a+1 t=a+1
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~ 8 ¢
BaP(t, Ta+1, .o ,Tg) = —‘AT Z wi(to)B(t,fl}) - 8t( Z ’wi(to)B(t, T;)) +

t=a+1 i=a+1

+2 i wi(to)C(t, ;)EET Zﬁ] wi(to) B(t, T3)

t=a+1 t=a-+1

. B
Aap(t, Ta+1, . ,TH)T =—-Tr [ZET Z w,-(to)C(t, T;)] -

t=a+1
- at( Z wi(to) Alt, T,-)) +5 zT_Z w;(to) B, T))| .
i=a+1 i=a+1
Theorem 2.4. The log-quadratic Gaussian process
—_ - B
aP,5(t) := P, p(to) exp ( — YtTZ wilty) C(t,T;) Yyi—
i=a+1
8 B
— Y, wiltd) B&L,T)TY.— D) wilte) At T)) (2.10)
i=a+1 i=a+1

is a solution of (2.9) and can be used to approzimate the process which is the

solution of (2.8) with initial value given by P, 5(to).

Proof. Using Theorem B.2 given in Appendix B, we can show that J)a,g(t) is the
solution of (2.9) with initial value given by P, 5(to).

We use the fact that C(¢,T;), B(t,T:), A(t, T:),t = a+ 1,..., 3, satisfy their
corresponding Riccati equations, to obtain the following equalities

8 n
at( > wilto)C(t, T,-)) = > wi(to)(—ATC(t, T}) — C(t, T) A+

i=a+l §=1

+C(@,TES'CE,T) - 1)

at( zﬁj w,-(to)B(t,T,-)) = }E}wi(to)(—ATB(t, T)+2C(t, T)EE B(t, Th)—2a(t))

i=a+1 i=1
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8 n
o X wlwAGT)) = Ywlt)-Tr{EET O IS B TP -la@P)

i=a+1 i=1

Using the above equalities in the SDE given by (2.9) and the fact that the weights
w;(te) add up to one, we get

daP, s(t, T S
AR s&T) (YtTYt +2a(t)TY; + a(t) a(t) + 2Y," ( > wilto)C(t, T)EET x
aPa,ﬁ(t, T) i=a+1

8 B8
< D w)CWT) ~ Y, ()G TITET O T) Yot

t=a+1 i=a+l

Jé) n B
+2( Z wi(to)c(t,Ti)EETZ wi(to)B(t,Ti)“Zwi(to)C(t,ﬂ)EZTB(t,'E‘))TYrF

i=a+1 t=a+1 i=1
1|t B 2 B .
— . . — - . 2
+5 Eiglw,(to)B(t,ﬂ) iélw,(to)m B(t,T)] )dt+

s
+ 3 wi(te)@CE, T, + B, T) Sdwe (2.11)
i=a+l
First note that r, = Y;'Y; + 2a(t)"Y; + a(t)Ta(t). We now show that the terms

that remain in the drift do not cancel out. Since the weights w;(¢p),i = a+1,...,8
add up to one, we can write C(t,T;) as
B8
Ct,T) = D, w;(t)C(t,Th).

j=a+1

Therefore the quadratic term in (2.11) can be rewritten as

8 B 8
Z ’wi(to)c(t,Ti)zzTZ w;(to)C (¢, T3) — Z w;(to)C(t, T;)EL x
i=a+l i=a+1 t=a+1
B8 B8 8
X Z w;j(to)C(t,T;) = Z w;(t6)C(t, TS Z w;(to)(C(¢, T;) — C(¢, T7))
j=atl imatl j=at i

8 B '
= Z Z ’w,‘_(tg)wj'(to)C(t,ﬂ)ZET(C(t,T_'.,') - C(t7’Tt)) (212)

i=a+1j=a+1,j#i

Now the sum in the last line of (2.12) consists of terms that are multiplied by
the product of the weights w;(to)w; (o). Since the weights w;(?o) are less than one,
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the product w;(to)w;(tp) is even smaller. Hence the error depends on the values:
C(t, THEZT(C(t,T;) — C(¢,T3))

in (2.12). Typical values of C(¢, T") which are obtained by calibrating the quadratic
Gaussian model to market prices of options are of small order. Therefore the
solution of (2.8) should be approximated by ﬁa,ﬁ(to). This assertion is supported
by numerical experiments conducted in section 2.3 where a similar approximation
method is used and the most significant error is shown to be due to the freezing of
the weights w;(t). The error that is introduced by using a log quadratic Gaussian
process to approximate the solution of a SDE which is similar to (2.8) is shown to
be not a significant source of error. A similar statement can be made with regards
to the linear term in (2.11) as it can be written as

8 n B8
> wito)CE, THSETY, wilte) B(t, Ti) — ), wi(te) C (¢, T B(¢, Th)

which has a similar structure to the quadratic term. We can also use the same
argument for the constant term in (2.11):

B 2 8
o T 2
5[ET 2, wilt)BET)| — 2, wilt)ZTBET)]
i=a+1 t=a+l
as it can be rewritten as
1 B8 B8 B8
5 > wilte)B(t, TS Y, wilto) B(t, T3) — > wilto)B(t, T:)"EZT B(t, Ty).
i=a+1 i=a+l i=a+1

The drift and volatility of

8 B B
exp ( —YTY) wilte) Ct, T Ye— ) wilto) B&T) Yo~ D) wilto) AL, fn-))

i=a+l t=a+1 i=a+l
(2.13)

are equal to that of (’Z\}{)a)ﬁ (t) but (2.13) is obtained by taking weighted averages of
the quadratic forms: log,(P(¢,7;)),i = a + 1,...,8. Since the value of the zero
coupon bond price P(t, T;) is between 0 and 1, log,(P(t,T;)) < 0. Therefore the
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weighted average
B

Z 'wi(tO) loge(P(tr T"L))

i=a+l
has a value which is less than zero. Therefore (2.13) has a value that is between
zero and one. To make (2.13) approximate f’a,ﬁ(t) more accurately, we adjust the
initial value of (2.13) by making it match with that of ﬁa,ﬁ(t) at time 9. Therefore
multiplying (2.13) by
P, 5(to) (2.14)

we get c?f’a,g(t). O

Computations described later in this chapter show that for strike rates that are
at the money or in the money and swap tenors less than five years using c?ﬁa,ﬁ (¢, T)
to approximate ﬁa’ﬁ(t, T) given in (2.6) in the swaption payoff does not give much
error in the swaption prices. However using ﬁa,g(t,T) to approximate only the
exercise region of the swaption gives very good results for strike rates that are at
the money, in the money and out of the money even when the swap tenors are
equal to or greater than five years.

We first show how we can use (’z\f’a,,@ (t,T) to approximate the exercise region of
Swaptngs(t). In fact the swap underlying Swaptn, s(t) whose value is given by

B8
1- P(To,T) - K ), nP(Ta,T)

t=a+1

will be exercised at time T, if P, 5(T,) < 1. This exercise region can be approx-
imated by (;\i)a’g(t,Ta) < 1. Since &T’aﬁ(t,T) is log-quadratic Gaussian, it will
make it possible to use Fourier techniques to compute the approximate price of
the default free swaption. The method of taking the Fourier transform of the
option price with respect to the strike value and inverting the transform to get
the option price was first introduced by Carr & Madan (1998). For a detailed
explanation of this Fourier approach to option pricing, we refer the reader to Lee
(2004). We use the results presented by Lee (2004) in this chapter. We will see in
numerical experiments that this leads to an approximation that is accurate over
a range of strikes because we only approximate the exercise region. First we give

some definitions and notations. For simplicity we discuss valuation at time t = 0.

Definition 2.5. The discounted characteristic function ®(z) for z € R™ of the
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random vector = is given by

®(z) = EQ [exp — ( LT Ts ds) exp (zz:c)] = P(0, T)E"[exp (iz.z)]. (2.15)

Subsequently we will only have to deal with using
®(2) = E'[exp (iz.x)]

to calculate ET[G(zT,)] for the appropriate payoff function G(z), since we only
need to multiply this value by P(0,T) to get the option price. In general we need
to dampen option prices by an appropriate factor exp (&¢K) for some & > 0 so
that the fourier transform of the dampened option price is finite. If the character-
istic function is defined everywhere, we have more choices for the value of & and
this yields additional formulas for inverting the transform (see Lee (2004)). For
quadratic Gaussian random variables, the characteristic function is defined every-
where (see Mathai and Provost (1992)) and therefore we can use the additional
formulas derived in Lee (2004) to calculate the option price including & = 0. We
will not investigate the advantage of using different & for calculating the option
price in different ways. The approximate swaption pricing problem we are looking

at is:

Swaptn, (0) ~

8
Swaptn, 5(0) :=P(0, T,)EF= [l«ﬁ’a,g(Takl - Z ﬁP(Ta,fl“,-)lﬁ,aﬁ(Ta)d] (2.16)
i=a+1

The price of default free zero coupon bond prices in the quadratic Gaussian model

are log-quadratic Gaussian and hence
Qi(Tw) = log (P(Ta, T})) = Y7, C(Ta, T:) Yz, — B(Ta, ) "Y1, — A(Ta, T3)
is a quadratic Gaussian random variable and &30,[3 (T,) < 1 is equivalent to

B8 8
Qos(Ta) =Y, >, wi(0)C(Ta, T)Ye+ Y, wi(0)B(Ta, To) Vit

B
+ Y w(OAT,T) > K

i=a+1



2. Swaptions in the Quadratic Gaussian Model 56

where K = 0. In order to use the method of transforming the option price with
respect to the strike price as introduced in Carr and Madan (1998) and extended
in Lee (2004), we now regard the ”strike price” to be K in Swaptn,, ;(0) and write

Swaptn, 5(0, K)

to make the approximate swaption price a function of K. As this is not the strike
price of the swaption but a pseudo strike price which is always equal to zero, we
do not have the computational advantage of using the discrete fourier transform
(DFT) or the fast fourier transform (FFT) to simultaneously calculate the the
prices of options at multiple strikes (see Lee (2004)) but this is a consequence of
the fact that the approximation

‘;Pa,ﬁ (Ta)

is strike dependent. However we can still use FFT to speed up the Fourier inversion
needed to calculate the swaption price for each strike price rather than using a
quadrature method to do the inversion. In Lee (2004), it is shown that we can
have a better error control of the Fourier inversion by choosing to price the put
or call option together with an optimum choice of & to dampen the option price
by exp(@K). We do not make an investigation of the efficiency of the different
formulas for the numerical Fourier inversion which are given in Lee (2004). Instead
we choose & = 0 or & = 1 and use the integration routine NIntegrate of the
commercial package Mathematica to do the Fourier inversion. The choice of &
is not motivated by any particular reason. We have not investigated the effect of
choosing different values for &. Hence we can write the swaption pricing problem

as

B
Swaptn, 4(0, K) = P(0, T, )ET= [lQo,ﬁ(Ta)>f< - Z 7iP(T,, ﬂ)lQQ,B(Tapf(]-
i=a+l
(2.17)

The approximate option price Swaptn,, 4(0, K ) is the sum of terms whose payoffs

are of type
Ga(z, K) == exp (b1.x) b, ;o5 TER® (2.18)
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where b; and by are appropriately chosen (see Lee (2004)). In particular

bo = (0, 1)ab1 = (1,0),:1: = (Qi(Ta): Qa,ﬂ(Ta)) (2'19)

for the terms corresponding to
P(Ta, Tl;)lQa,ﬁ(Ta)>k, i = 1 - 12

while
bo = (0,1),b, = (0,0),z = (0, Qa,5(Tw)) (2.20)
for the term corresponding to
1o, s>
The Fourier transform with respect to strike K of the dampened option price is

Swaptn, g(z) = f exp(aK )Swaptn, 5(0, K)exp (:2K)dK (2.21)

—a0

where i = 4/—1. Notice that we need to choose & > 0 to dampen the option price
in (2.21) so that the Fourier transform is defined and the swaption price can be
obtained by inverting (2.21). In Lee (2004) (see Theorem 5.1 of this reference) a
generalized formula is provided to calculate the option price for general &. This
formula is derived using the residue theorem of complex analysis and hence it does
not rely on inverting the Fourier transform for the chosen value of & in (2.21). We
refer the reader to Lee (2004) for the details of the derivation of the generalized

formulal:

1 f Re[q)(Ql’ Q2.’ 2bo — bii) exp(——z'zf()] dz (2.22)

w (24
0—-ai

where Re[ ] means the real part of a complex number, K = 0 and ®(Q,, Q,, zbp —
b11) is the joint characteristic function of two quadratic forms in Gaussian ran-
dom variables which are denoted by @; and Q; (i.e ®(Q1, @2, 21, 22) evaluated at
z1 = 0, zo = z as we have zby — bji = (0, 2)). We need to consider the joint charac-
teristic function rather than the characteristic function for a single quadratic form

in Gaussian random variables (see (B.1)) as we are considering payoffs of type

1 There is also a detailed analysis of error control for the formula.
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(2.18). The joint characteristic function of quadratic forms in Gaussian random
variables is given in closed form in (Mathai and Provost 1992, p. 68). We first give
the joint characteristic function of N quadratic forms in Gaussian random vari-
ables. Let X = (Xj,..., Xa) be a multivariate random vector which is normally
distributed with mean vector MeanX and positive definite variance-covariance
matrix of dimension M x M which is denoted by VarX. Also let I); denote the
M x M identity matrix and

Qi=X"A;X+a]X+d;, A;j=A] j=1,...,N

be N quadratic Gaussian random variables. Then the joint characteristic function
O(Q1y-.-,8QN,21,-..,28) of N quadratic forms in Gaussian random variables is
given by

N
(I)(Ql,. - ,QN, 21y .,ZN) = IIM - 2Z’iZjAjVGTXl_%

i=1

1 N
exp { - §MeanXTVarX_11bIeanX + Z 1z;d;

j=1

1 5 o _
+ §(MeanX + Z iz;VarXa;) (I — 22 iz;A;VarX)™?

j=1 F=1

N
VarX '(MeanX + ) iz;VarXa;) } . (2.23)

=1

For the pricing problem we are considering we only need to consider the joint char-
acteristic function of two quadratic Gaussian random variables for any Gaussian
random vector M > 1. Hence even if the number of factors used X = (X3,...,Xu)
increases the dimension of the characteristic function does not increase. However
we will have to deal with inverting matrices of dimension A x M. In practice
one only needs to use two or three factors to model term structures, therefore the
additional computational burden is limited. Let 0js denote the M x M matrix
whose entries are all equal to zero i.e. the zero matrix. Therefore using the above

formulas we can specifically give the Fourier transform of the Swaptn, 5(0, K )} with
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the respect to the strike K:

— ¢ Ona e Ta, ’ g ] —1
Swaptna s(z) = ( sz( ),0,2) D @(Q,(Ta),Q;ﬁ(Ta), 2) L eR.
F=a+l
(2.24)

For the particular case £ = (z1, z2) let us denote by Cg,(K) the option price which
is normalized by the price of the zero coupon bond with maturity equal to the

maturity of the option where the payoff is of type (2.18). Let Cg,(2) be defined?
by:

. ®(xy, 29, bpz — byi

CG3(Z) = (xl $2a- 02 17').
iz

Then the problem of obtaining the option price through Fourier inversion for a

specific strike K is given by (see Lee (2004))

(2.25)

CG3 (k) = Ra,ga + ;lr- f Re [éc_., (Z) exp (—-‘sz)] dz

0—ai

where

®(z1, T2, —byi) = ®(z1,72,—4,0), & <O
q) 3 ,—'b ] (D ) 3 _.: -~

Rac, = { 2= $22 18) _ 2 “’; 19 4—0 (2.26)
0, a>0

To calculate Swaptn, 4(0, K) (for K = 0) by applying the above method, we need
to use the formula several times since we have a payoff which is a sum of payoff
type (2.18) (see also (2.19) and (2.20)). Thus the approximate price of the default

2 In general the characteristic function of a random variable does not exist for all values of
z € C but we do not need to get into the details of the domain of existence for our problem since
for quadratic forms in Gaussian random variables the joint characteristic function is defined
everywhere.



2. Swaptions in the Quadratic Gaussian Model 60

free swaption can be written as

Swaptn, 5(0,0) =

W0—ai

P(O’Ta’ﬂ)(q)(OM,Qa,g(Ta),O,O) + % f Re[@(oM,Qag(Ta),o,z)]dz
0-ai
B . o—ai -
- 3 BT Qe T i) 1 [ (BT QuTh b )] ).
i=a+l U3 o s iz

(2.27)

Hence when we use c’z\ﬁa,ﬁ (T,) to approximate the exercise region for the swaption
price (2.3), we have to calculate several Fourier transforms and numerically invert
several Fourier transforms since we are dealing with a sum of payoffs of type (2.18).
Consequently even though this method is more accurate than using &Y’Q,ﬁ(Ta)
instead of .ﬁa,ﬁ(Ta) for the payoff in (2.3), it is takes more time to compute the
swaption price. For strike values that are at the money or well in the money and
swap tenors that are less than five years, a quicker way of calculating the swaption
price is to substitute (;\Pa’ﬂ(Ta) for ﬁa’ﬁ(Ta) in (2.3) to get

Te — +
Swaptn, 5(t) ~ Swaptnl, g(t) = ]E?[exp ( — j Ts ds) (1 - aPa,g(Ta)) ]
£
(2.28)
For (2.28) we have a single payoff function of type

G1*(z, k) := (exp(k) — exp(2))™. (2:29)

Let Cox» (k) denote the option price which has payoff type (2.29) and let (?G;w (k)
denote the Fourier transform of Cgex(k) with respect to the strike price k. For
such a payoff function, Lee (2004) gives the Fourier transform of the option price3.

The Fourier transform with respect to the strike price is given by

(I)(Q,Z "' Z)-

Cope(2) = iz — 22

(2.30)

To obtain the price of the option from the transform by integrating along a contour

3 Here it is meant as in previous sections ET [G*(z, k)] i.e. the option price normalized by the
zero coupon bond of the option’s maturity
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passing through & < —1 we use

O—Gi
Carn (k) = ;1; f Re[%f_;zgl exp(—izK)] dz. (2.31)
0—ai
To minimize sampling and truncation error for the Fourier inversion Lee (2004)
recommends which choices of & to take and to use put-call parity type relationships
to price the corresponding put or call option depending on the option type and
the strike level. Here we do not investigate the various ways of calculating the
swaption price which can minimize the error in the Fourier inversion as shown in
Lee (2004). However since pricing the call type of payoff gives more flexibility
in choosing & as opposed to the put type payoff (2.29), we choose to value the
swaption by writing the swaption payoff as:

B8 8 +
1-P(To,Tp) - K ), nP(Ta,T)) + (K > mP(T.,T) - (1- P(T.,,TB))) )

i=a+1 i=a+l
(2.32)
Therefore the price of the swaption is given by
B8
Swaptn, 5(0) = P(0, T,)Ef= [1 — P(T,,T3) — K Z ;. P(T,, T;)+
i=a+l
B +
+ (K 3 Py -1 PT.T) | @3
i=a+1
We can calculate
8
P(0, T)EF[1 ~ P(To, Tp) = K ), m:P(Ta,T3)] (2.34)
i=a+1
exactly since
P(T,, T1)/P(15, To)
is a martingale under T,. Therefore (2.34) is equal to
B8
P(0,T,) — P(0,T3) - K ), wP(0,T)). (2.35)

i=a+l
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The part that we need to approximate is therefore

IEtTa[(K }li TiP(Ta,T,.)—(1-P(Ta,7},)))+] =1E{a[( ‘Z: f,-P(Tafl’i)—l)+].

i=a+1 i=a+l
(2.36)
As already discussed we will use now c?ﬁa’g (T,) to approximate
B
>, HP(T., T). (2.37)
i=a+l

Therefore we get a call type option:
— —~ +
Swaptna 5(0) ~ Swaptnl, 5(0) = P(0, T,)E{ [(apa,ﬁ(Ta) - 1) ] (2.38)

Once again we introduce a pseudo strike price K to use the Fourier technique
to calculate (2.38) and write Swaptn, 5(0, K) to enable us to take the Fourier
transform with respect to K:

+
Swaptng 5(0, K) ~ Swaptnl, 4(0, K) = P(0,T,)E,* [(apa,a(Ta) — exp(K) ]
(2.39)
We now consider the call type payoft

Gy (z, k) := (exp(z) — exp(k))™. (2.40)

Let Cg, (k) denote the option price normalized by the price of the default free zero
coupon bond of maturity equal to the maturity of the option corresponding to the
payoff type (2.40) and let Ce, (k) denote the Fourier transform of the dampened
option price exp(&)Cg, (k) with respect to the strike price k. The option price is
then calculated through Fourier inversion(see (2.22)) as we can calculate Ce, (k) in
closed form. Thus from Lee (2004) we have

O—di
Ce, (k) = Rsey + ;lr- J Re [écl (2) exp (—izf{)] dz (2.41)

0—-at
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where .
[ ®(Q, i) — K, &< -1
o(Q, —i) — K/2, &=-1
Rec, = ¢ 2Q,—1), —-1<a<0 (2.42)
2 b
A a>0

Since we now have to invert only one characteristic function of a quadratic form in
Gaussian random variable, the calculation of Sz?z%la,ﬂ((), K) for K = 0 is much
faster than calculating S’@ﬁna,ﬁ(o, K) which requires the inversion of several
joint characteristic functions of two quadratic forms in Gaussian random variables.
One expects STua\pZna’ﬁ(O, K) is more accurate than szla,ﬁ(o, K) as we only
use &T’a'ﬁ(T ») to approximate the exercise region of the swaption. Numerical
experiments show that this is indeed true but the value SWzla,ﬂ(O, K) is close
to the more accurate STua\pZna’B(O, K) when the tenor of the swap underlying
the swaption is less than or equal to five years. We now give the results of the
numerical experiments conducted in a two factor quadratic Gaussian model where
the relative errors of the approximations which are denoted by Smna, 5(0,0) and
SWIQ’B(O, 0) are calculated. The data set we use is the data given in chapter
7 of Pelsser (2000). This data set consists of of 36 cap and floor prices observed
on January 4, 1994. We calibrate a two factor quadratic Gaussian model to this
data. We assume that the mean reversion matrix A given in (1.2) in chapter 1 is

a 2 x 2 diagonal matrix:

and the instantaneous correlation matrix ¥ is assumed to be constant such that

o7 o [ 0%1 PO11022 ]

2
PLT11022 Ta9

We find that the prices of caps and floors do not depend on the value of the
instantaneous correlation between the two factors which is given by p as calibration
to the cap-floor data using p = 0.999, p = —0.999, p = 0 gave the same cap and
floor prices. This confirms the fact that the price of caps and floors are not sensitive
to correlation (see chapter 6 in Brigo and Mercurio (2006)). We use the parameters
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Cap Data Floor Data
K Mid | QG2F K Mid | QG2F
0.0325 | 54.0 | 59.4 0.0375 | 11.0 | 11.2
0.035 |38.0 |44.5 0.035 | 4.5 5.4
0.0375 | 25.5 | 32.13 0.0325 | 3.0 2.16
0.05 47.0 | 46.0 0.045 | 74.0 |74.8
0.055 |28.0 |27.8 0.04 32.0 {339
0.06 16.55 | 16.5 0.035 | 8.5 10.2
0.05 142.0 | 143.3 0.045 ]93.5 |92.3
0.055 }99.5 | 100.8 0.04 41.0 | 41.8
0.06 69.5 | 70.1 0.035 | 11.5 | 129
0.05 277.0 | 275.5 0.045 | 110.0 | 106.6
0.055 | 210.0 | 206.8 0.04 50.0 | 48.5
0.06 158.5 | 154.0 0.035 |16.0 | 154
0.065 | 205.0 | 201.2 0.055 | 346.0 | 323.2
0.07 160.0 | 154.4 0.05 226.0 | 209.8
0.075 | 127.0 | 118.0 0.045 | 131.0{119.2
0.065 |661.0 | 711.2 0.055 | 510.0 | 495.8
0.07 549.0 | 591.5 0.05 335.0 | 327.8
0.075 | 457.0 | 491.3 0.045 | 196.0 | 194.0

BB oo a| o i m]n] ol wof wof nof pof pof = == H3

S8 8|y o] ||l cof N| 8| Nl f = ]

Tab. 2.1: Cap and Floor Data(price in bp)

calibrated to the cap-floor data when p = 0:

ay = 0.1004623, a2 = —0.0118329
o1 = 0.0065293 o092 = 0.0341270. (2.43)

The following data lists the cap-floor data and the prices of the caps and floors
under the two factor quadratic Gaussian model for the calibrated parameters given
in (2.43). The values in the column with heading QG2F represent the cap and floor
prices under the quadratic Gaussian model while the column with heading Mid is
the average of the bid and ask quoted prices. The maturity in years of the cap
or floor is given under the column with heading T and the corresponding strike
price is given under the heading K. The discount curve for this date is obtained
from quoted rates of the 1,3,6 and 12 month US-dollar money market rates and the
swap-rates for maturities 2,3,4,5,7,and 10 years which is obtained from Datastream.
Since we were not able to get data on swap-rates for maturities greater than 10
years, we extend the discount curve by extrapolation for the years 11 to 15. The
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Zero Rates

T Discount
0. 1

0.083 | 0.997299
0.25 | 0.99163
0.5 0.982499
1. 0.962197
2 0.916818
3 0.866037
4 0.81372
5. 0.761339
6. 0.712561
7 0.664049
8 0.619654
9. 0.576413
10. 0.534408
11. 0.492403
12. 0.448412
13. 0.400452
14. 0.346536
15. 0.28468

Tab. 2.2: Discount Curve



2. Swaptions in the Quadratic Gaussian Model 66

discount curve is obtained by interpolation using a piecewise cubic polynomial. To
see the accuracy of the approximations S/u.;zﬁna’ﬂ(o, 0) and Smla,ﬁ(0,0) to
the swaption price Swaptn, 5(0,0) in the two factor quadratic Gaussian model for
the calibrated parameters given (2.43), we consider three different strike levels as
in Schrager & Pelsser (2006). The swaption is said to be at the money (ATM) if
the strike level K is chosen to be the current swap rate (see chapter 1 of Brigo and

Mercurio (2006))i.e
_ P(O’ Ta) - P(Oa Tﬂ)
e a1 TiP(O,TY)
We choose two other strike levels beside the ATM strike rate. A strike rate which

makes the swaption in the money (ITM) and a strike rate that makes the swaption

K

out of the money (OTM). The swaptions that have the at the money strike rate
are denoted by ATM. The in the money swaptions are denoted by ITM and their
strike levels are chosen to be 85% of the strike rate of the corresponding at the
money swaption. The out of the money swaptions are chosen such that their strike
level is 1.15% of the strike level of the corresponding ATM swaption. Since we
can calculate the distribution of the two dimensional Gaussian factor under the
forward measure T, (see lemma 1.40 in chapter 1), we can calculate the exact price
of the swaption using the two dimensional integral given by:

Swaptn, (0,0) = P(0,T,) Tf (1 ~ P(T,,T3) — K i TiP(Ta,Ti))+

o i=a+l

- %(YTG — MO, T.)V(0,Ta) YT, — M(O,Ta))) dYr,

21|V (0, Tn)|2 =P ( 010
2.44

where M (0, T,,) denotes the mean of Yr, under T and V(0, 7.,) denotes the variance-
covariance matrix of Y7, under T.

We give this exact value in the following table together with the relative error in
percentage of the approximate swaption price Smna‘ﬁ(o, 0) next to it enclosed

in parenthesis i.e. the value

Swaptn, (0, 0) — Swaptn, (0, 0)

100 2.45
Swaptn, (0, 0) ) (2.45)

and in the line below it the relative error in percentage of the approximate swaption
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price Swaptnl, 4(0,0) i.e the value
Swaptng g(0,0) — Swaptnl,, 4(0,0

Swaptnl, (0, 0)

We see that from the numerical experiments that approximating the swaption

Mat. Tenor
T |1 3 5 10
1 |39.80(0.00%) | 118.57(0.00%) | 188.43(0.00%) | 320.83(0.00%)
(0.01%) (0.09%) (0.26%) (1.03%)
3 |68.88(0.00%) | 194.12(0.00%) | 301.14(0.00%) | 505.5(0.00%)
(0.00%) (0.16%) (0.48%) (1.96%)
5 | 78.88(0.00%) | 221.02(0.00%) | 342.44(0.00%) | 568.68(0.00%)
(0.00%) (0.21%) (0.61%) (3.38%)
Tab. 2.3: Relative Error(in %) for ATM Swaptions(price in bp)
Mat. Tenor
T |1 3 5 10
1 }80.41(0.00%) | 255.11(0.00%) | 421.89(0.00%) | 773.93(0.00%)
(0.00%) (0.03%) (0.09%) (0.32%)
3 | 110.51(0.00%) | 317.83(0.00%) | 502.29(0.00%) | 900.52(0.00%)
(0.00%) (0.08%) (0.23%) (0.95%)
5 | 115.44(0.00%) | 328.68(0.00%) | 517.20(0.00%) | 964.34(0.00%)
(0.01%) (0.12%) (0.35%) (1.76%)
Tab. 2.4: Relative Error(in %) for ITM Swaptions(price in bp)
Mat. Tenor
T 1 3 ) 10
1 16.83(0.00%) | 45.13(0.00%) | 66.86(0.00%) | 98.81(0.01%)
(0.02%) (0.28%) (0.91%) (4.22%)
3 40.77(0.00%) | 111.85(0.00%) | 169.56(0.00%) | 258.53(0.00%)
(0.03%) (0.32%) (0.94%) (4.42%)
5 52.47(0.00) 144.13(0.00%) | 218.98(0.00%) | 311.75(0.01%)
(0.03%) (0.37%) (1.08%) (7.03%)

price by Swaptn,, 5(0, 0) performs well while approximating the swaption price by

Tab. 2.5: Relative Error(in %) for OTM Swaptions(price in bp)




2. Swaptions in the Quadratic Gaussian Model 68

Su:a\pi;zla,ﬁ(o, 0) does not perform well for strike rates that are out of the money
and for swaptions on swaps of tenors that are equal to ten years whereby the
relative errors in the swaption prices increases with the maturity of the swap. The
relative errors of Stmla, ﬁ(O, 0) can come from two sources. The first source of
error is that we have replaced the weights w;(t),1 = o +1,..., 3 by their time zero
values. The second source of error is that the drift of c?f’a,g is different from the
drift of ﬁa,ﬁ(see (2.8) and (2.9)). It appears from the results of the next section
that the first source of error is more significant than the second source of error.

2.3 Pricing Swaptions under the Swap Measure

In this section, we shall give another approximation that will make it possible to
approximate the price of a default free swaption. This approximation is based on
a single payoff function and therefore the approximation formula of this section
requires less computation and is faster but is generally less accurate than the
approximation formulas given in the previous section.

As in the previous section, we assume we have a standard interest rate swap
with a tenor structure given by 7 = {T,41,...,Ta+n = Tp}. We denote by
P,s(t) = % 7;P(t,T;) the present value of a basis point(PVBP01) and Q,z

i=a+1
denote the swap measure which is the measure corresponding to using P, s(t) as

the numeraire. To lighten the notation, we assume in this section that a = 0
and B = n. Using the change of numeraire technique (El Karoui, Geman & Ro-
chet 1995), the following definition of the swap measure can be obtained (see also
Musiela & Rutkowski (2005))

an,ﬁ _ Z?:] TiP(Ty T;) _ PQ,B(TQ)

dQ  D(T)XL, P(O,T:) D(T)Pas(0) (2.47)

We give an approximation method which is similar to d’Aspremont (2003). In
d’Aspremont (2003), the method is applied to the lognormal market model while
here we are looking at log-quadratic Gaussian processes in a quadratic Gaussian

factor model rather than a market model.

Theorem 2.6. At time t = 0 the value of a swaption is given by

Swaptng 3(0) = P g(0)E% A [(Swap, (Ta) — K)*]. (2.48)
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Proof. The proof is straightforward and can be found in (Musiela and Rutkowski
2005) but we give a short proof for completeness. First note that we can write the
price of the default free swaption as

Swaptn, 5(0) (2.49)
—EQ [exp (— fo - ro ds) éVn‘_‘nP(fzz,,, ) ( 5,1; i g}j’;), = K)+]
~PustO)E? e T %)

Po5(Ts)

=P, 5(0)E? [m (Swapes(T) — K )+]

Now using the definition of the swap measure the proof is complete. O

Suppose we have a given set of discrete dates 7,5 = {Ty, = To, ..., T, = T3}.
Let the forward libor rate L(t,T;) = L;(t) be defined as follows
_ P(t,T;) — P(t,Tiy1)

Li i) := . 2.50
( ) 7‘,-+1P(t, T;+1) ( )

The forward libor L;(t) is the simple interest rate that would apply over the
period [T;,Ti+1] as seen from the date t under no arbitrage conditions. In the
quadratic Gaussian factor model default free zero coupon bond prices are log-
quadratic Gaussian and therefore ratios of zero coupon bonds can be written as
log-quadratic processes. Recall the notation introduced in the previous sections
Qi(t) = log, (P(t,T;)), then we can give a closed form expression for L;(t)

1
Lit) = — (exp (Q:i(t) — Qiea (D)) — 1). . (2.51)
Ti+1
From the above it follows that
P(t,T;) — P(t,Tiv1) = i1 P(t, Tiv1) Li(t). (2.52)

Note that the difference 1 — P(T,,T,) can be written as follows

1 — P(To,To) = P(Ta, Ta) — P(To, T}) + ... + P(Tu, T2) = P(To, T3) + ...
+ P(Ty, Tooy) — P(Ta, To). (2.53)
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Using (2.52) we can write

n—1
1- P(Ta,Tn) = Z T,’+1P(Ta,7}+1)L¢'(Ta). (254)
i=0 '
Hence as in Rebonato (1998) we can write the swap rate as a weighted sum of
Li(¢)
N\ 71 P(To Tis1) Li(T0)

Swap, (T,) = 2.55
8 ;} Pay(T2) (2.55)
Let v;(T,) = ﬁp%l, i=1,...,n. Then (2.55) can be written as
n-1
Swapas(Ta) = D vir1(Te) Li(Te) (2.56)
i=0
n—1% 1
= 2 v (Ta) — (exp(Q(T2) — Qisa(T2)) — 1)
i—0 Ti+1
n—1 1 n—1 1
= Z Ui+1(Ta) exp(Qi(Ta) - Qi+1(Ta)) - Z vz'+1(Ta)-
=0 Ti+1 +=0 T‘i+l

We can now write the price of a swaption as

Swapinaa(i) = PoalOE%s (5 un(T) L o @T) ~ Qe (1)
_ (g ;i—lv,.ﬂ(Ta) + K))+] 2.57)

Similar to the method used in Rebonato (1998) and d’Aspremont (2003) for de-
riving analytic approximations to the price of swaptions, we replace the weights

vn(Ty) by their time t = 0 values.

n-1
Swaptna,ﬁ(K) = Pa,ﬁ(O)EQa'B [(Z 'Ui+l(0)7__'1_1 exp(Qg (Ta) - Qi+1(Ta))
i=0 Ll

n—1

1 +
_ (;) va,-H(O) + K) ] (2.58)

We now have a basket pricing problem where the basket consists of a weighted
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sum of log-quadratic processes and a new strike

1
vi+1(0).

i—o Ti+1

Next we approximate the sum of log-quadratic processes through the method in-
troduced in the first section. Let

Fop(t) == 2 vi+1(0)%+1 exp(Qi(t) — Qi (2)).

First note that
P(t,T;)

exp(Qi(t) — Qi (B)) = P, Torr)’

Using Ito’s lemma we get
( P(t,T3) ) P(t,T;)
P(t,Tiv1) P(t,Ti1)
+ 2B(t1 T§+1)TEETC(t, ’I}+1)Yt + B(t7 7’;+1)T22TB(t7 ﬂ-}-l)
— 4Y,C(t, T:+1)SZ C(t, TN)Y, — 2B(t, Ti1) ' BT C (¢, T)Y,
~ B(t,Tr1) "SSTB(4,T) ) dt+

S (40 Tin) BT O, )Y

.
+ (20t Tivr) — O, T))Ya + Bt Tvr) — B(,T)) TaWif

Therefore

n—1 vix1(0)P(ET;)

dFps(t) = aa(t){z Bl (4Y,0(, T ZETC( Tua)Yi

+2B(t, Ti41) "SETC(@E, Tig1) Y + B(t, Ti1) "EXT B(L, Tis1)
— 4Y,C(t, Tir1)SETC(, T)Y; — 2B(t, Ti1) 'EETC(t, Th)Y:
— B(t, T.s1) "SSTB(, T.-)) dt

+ (2X(C(t, Tin) — O, 1) + B(t, Tiar) - B(t,T:))Saw:}

i P(t,T;
P4

placed by their time zero values. The empirical fact that the weights can be

Note we already used the empirical fact that the weights T can be re-

frozen is supported by approximations to the price of swaptions in market mod-
els of interest rate (see, e.g., Rebonato (1998) or d’Aspremont (2003)). In the
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lognormal market model one can show that the weights have low volatility (see
d’Aspremont (2003)). The case 7; = 7,4 = 1,...,n is a special case which gives us
Ti(t) = Z{% Therefore we can freeze Tpl(tp%-)- when making approxima-
tions. Since

Pt,T) _ P(tT) . P(tTw)

P(t,Tiv1) i P, T) . i P(t,T;)
] i1
_ 7;(t)
Tiz1(t)

0]
Bit1(t)
therefore plausible to assume that for approximation purposes, we can also replace

we will replace by its time zero value when making approximations. It is

vi+31(0)P(¢,T}) _
Tz’:—llp(tyTi+l) _ ’Ui+1(0)’U,~(t) 1

Fa,ﬁ(t) - Tix10i41(2) "z‘:l v;(0)5: (t)

£ i (t)
i=0

uir1(t) 1= (2.59)

by its time zero value.
We now replace u;(t) by its time ¢ = 0 value ;(0) in the dynamics of F, g(t)
to get: '

n—1
UFas) = Fag® 3" 1402(0) ($¥:0(t Tun) ESTO(E T Yo
=0

+2B(t, Ti1) 2T C(t, Ti41)Ye + B(t, Ti11) 'S B(t, Tia)
—4Y,C(t, T;41)SE C(t, T))Y: — 2B(t, Ti1) ' SETC(L, TH)Y,
~ B(t, i) "SETB(t,T3)) dt

+ (2C(#, Tir) — C(& TYs + B(t, Tiar) - B, T.-))Tzdm} (2.60)

As in the first section we look for a tractable process that approximates Fy g(2).

The log-quadratic Gaussian process defined by

Foalt) = exp(¥7 33 s O/C( Tar) — T,
i=0
+ "Z': uis1(0)(B(t, Tivr) — B¢, T)) Ve + "z‘: ui+1(0)(A(L, Tivn) — A(t,Ti)))-

=0 t=0
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has a dynamics that is close to the SDE given by (2.60). This can be supported
by looking at the dynamics of f‘a,ﬁ(t). Using Theorem B.2 given in Appendix B,
the SDE satisfied by F’a,ﬂ(t) is given by

dF,5(t,T)
Fo5(t,T)

AR, T, .. ,T,,)) dt + (25}1%(0)(0@,1;“) — C(t, T))Y,

=0

(},tTCﬁ(taTh se. ;Tn)Yt + Bi(t: 1,... ’ Tn)T},t +

+ z": u;(0) (B(t, Tiv1) — B(t; Tz))) TE dWy (2'61)

i=1
where

n—1

CF(t, T, .., Tn) == AT ) w1 (0)(C(t, Tiwr) — C(t, T0))

i=0

+ 3 O Ton) — O TA+ 8 1, wO)(C( Ton) - CE.T))

i=1 1=0

+ 2 "2‘ u:41(0)(C(t, Ti41) — C(t, T))ET 1;‘31 ui41(0)(C(¢, Tis1) — C(8, T3)) (2.62)

1=0 =0

Bﬁ(t, To, Leey Tn)T = AT i u,-+1(0) (B(t, T§+1) - B(t, T’,))

=1

+ 0 2w OB Ti) - BE.T))
i=0

25 wn OO i) - CETNEST S, wens OB Ton) — B T)'
=0 i=0

(2.63)

n—1
Ai(ty TO) .. 1Tn)T =Tr [ZET Z ui+1(0)(0(t1 71i+1) - C(tw T;)):l

=0

+at(gu,-+1(0)m<t, T AGT)) +3

2

=T "Z”:l %;+1(0)(B(t, Ti41) — B(¢, T3))

(2.64)
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If we consider the quadratic term in (2.62), we can use the fact that C(¢,T3),i =
1,...,n, satisfy their corresponding Riccati equations to substitute the appropriate
expressions for the term involving the partial derivatives with respect to ¢ in (2.62)
to get some cancelation of terms so that we have,

YTof @, ,..., )Y, =

n—1
YJ( D ui41(0)(2C(t, Ti1)EETC(t, Tinr) — 2C(, T)ESTC(R, T,-))
i=0

n—1 n
+ 2 Z Uit1 (O)(C(t7 T;+1) - C(t7 T'z))ZET Z Ui+l (0) (C(t’ T;Z+1) - C(t, T;)) Y;
i=0 i=1

(2.65)

It appears that similar to what we have done in the proof of theorem 2.4 we could
possibly argue that the drift terms in the SDE of F,, 5(t) are approximately equal to
the drift terms in the SDE of F, 5(t). However, we have considered the dynamics
of F, 5(t) under the risk neutral measure Q but what we need is the dynamics
of F, s(t) under the swap measure which we denoted by Qg 5. The dynamics of
F’a,ﬁ(t) under Q, g can be obtained by using Girsanov’s theorem. We first use It6’s
formula to derive the SDE satisfied by P, s(t) similar to what was done in (2.7).
Thus we have

B8
dPy g(t) = Pop(t) (rt dt + Z wi(t) (Y. C(t, T}) + B(t,T)) z:dm) . (2.66)

i=a+l

By Girsanov’s theorem W? given by
n t
AW = W, + 25T f ()20, T)Y + B(u, T))du  (2.67)
=1}

is a standard Brownian motion under Q, 5. Applying Girsanov’s theorem we find

that the drift term of F~‘aﬁ(t) is different from zero. In comparison if we assume in
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(2.56) ; =T1,i=1,...,n, we get

Fop(t) = 2 'Ui+1(0);_i; exp(Q:(t) — Qi+a(t)) | (2.68)
~ 2 ’Uz'+1(t);;l—1 exp(Qi(t) ~ Qi+1(t)) (2.69)

i=0 +
= Swapas(t) + T (2.70)

Therefore as Swap, (t) is a martingale under Q, 5, the drift term of F, 4(¢) should
be close to zero. However the drift of F, 5(¢) under Qq,p is different from zero.
We now assume that we can ignore the drift terms of ﬁa,ﬁ(t) such that under this
assumption the SDE of F, 4(t) will be approximately equal to the SDE of Fop(t).
We also have to examine the dynamics of Y; under Q, 5. By Girsanov’s theorem,
the dynamics of Y; is given by

dy; = (A ZEZTZw,(t)C’ (t, T))Yt ZET(Zw,(t)B(t T)) +dW™P (2.71)

t=1 i=1

where W2* is a standard Brownian motion under Qa - Since w;(t),i =1,...,n
are not deterministic, Y; is different from a Gaussian Ornstein Uhlenbeck pro-
cess. However if we replace w;(t),7 = 1,...,n by their time zero values, we get a
Gaussian Ornstein Uhlenbeck process. Therefore the dynamics of Y; under Q, s is
close to Gaussian if we use the empirical fact (see Rebonato (1998)) that weights
w;(t),i =1...,n can be assumed to be constant for deriving analytic approxima-
tions. However we can find the exact mean and variance-covariance matrix of Yz,
under Q, s conditional on F; even though the exact dynamics of Y; under Q. g
does not correspond to that of a Gaussian process. To do so first note that the
mean of Y7, under Q, s conditional on F; can be written as

w1 P(Ta, T3
Map(t,Tp) = E?"”’[YT] =P(t,Ta)Ef“[ i1 E( )Y ]

i1 P, T0)
*an P(t T;) [P(Ta,ﬂ)YT]
L, P(t, T) ;’((:77,;)) °

- C P(t T:) ETa P(Ta,T))
Z Zz 1P(t T) t [E?Ta [P(TQ’T;)]YTQ]- (2.72)
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In (2.72) the value

P(T.,T)  P(Ta,T)
B [P(To, T  £EFS

is the Radon-Nikodym density of T; with respect to the measure T, so that we can
just find the mean and variance of Y7, under this measure but it is computationally
more efficient to use the result in Cherif et al. (1994). First we can find the
distribution of the quadratic Gaussian factors under the measure Qr, in closed
form. Suppose M(t,T,) denotes the mean of Yz, under Qr, conditional on F,
and V (¢, T,) denotes the variance-covariance matrix of Y, under Qr, conditional
on F;. Under the quadratic Gaussian model the zero coupon bond price P(T,,T;)
is log-quadratic Gaussian such that

P(T,,T;) = exp(——YTaC(Ta,Zl})YTa - B(Y7,,T:) 'Y, — A(YTQ,T,-)), i=1,...,n.

For i = 1,...,n, let M;(t,T,) denote the mean and V;(¢,T,) denote the variance-
covariance matrix of Y, under the measure whose Radon-Nikodym density with
respect to the measure T, is given by

P(T,,T3)
EQ7 [P(T,, T3))

Applying Lemma 1.14 given in Chapter 1, we get

Vit, T.) =[I + 2V(t,Ta)C(Ta,T,-)]_lV(t,Ta) (2.73)

Mi(t, T) =| I +2V &, TQ)C(Ta,m]”l [M(t.T.) -V T)B(T, T (279)

Therefore we can calculate M, 5(t,T,) in closed form. Similarly the variance-
covariance matrix of Y, under Q, s conditional on F, which we denote by V, g(t, To)
can be calculated in closed form. Next we approximate Y; by a Gaussian process
with mean and variance-covariance matrix equal to M, (¢, T,) and V, s(t, Ty) re-
spectively. Under this approximation, ﬁa,g is a log-quadratic Gaussian process.
We now define a new approximation of the price of the swaption Swaptn, g(K).
Let the swaption price which is based on F, () be given by,

Sivaping, oK) = PugOE%s | (Foa(@) = K)'|. - 279)
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To calculate Swaptn3a,ﬁ(12' ), note that we only have a single payoff function of
type
G1(z, k) := (exp(z) — exp(k))™. (2.76)

Let Cg,(k) denote the option price which has payoff type (2.76) and let Cg, (k)
denote the Fourier transform of Cg, (k) with respect to the strike price k. For such
a payoff function, Lee (2004) gives the Fourier transform of the option price?. The
Fourier transform with respect to the strike price is given by

d(z —1)
iz — 22

Car(2) = (2.77)

where ®(2) is the characteristic function of the random variable z. To obtain
the price of the option from the transform by integrating along a contour passing

through & we use
O—ai

CG,(k)=% J Re [q)(z ’)] (2.78)

) iz — 22
0—ari
For the quadratic Gaussian model we have the freedom to choose & to be equal
to zero or any other positive or negative number because the characteristic func-
tion is defined everywhere and depending on the choice of &, one can minimize
the error of the Fourier inversion(see Lee (2004) for a detailed discussion). We
do not investigate the effect of choosing different & on the swaption pricing but
use & = 1 for numerical tests. To calculate SWL?)Q,}?(K ), we have to use the
one dimensional characteristic function of the quadratic Gaussian random variable

Q3 (t) == log,(F, 5(t)). Therefore we have

Stwapsing o(K) = Pag(0)(2@ETek 2D | 1 f el

O0—ai

®(Qp(Tu), 2z — )D
iz — 22 |
(2.79)
In the following we conduct numerical tests to calculate the relative error of
this approximation in a two factor quadratic Gaussian model. The parameters
of the quadratic Gaussian model are obtained through calibration to the market
data of the previous section(see Table 2.1 and (2.43) of section 2.2). We give the
exact value of the swaption by using two dimensional integration(see (2.44) in the

4 Here it is meant as in previous sections ET[G)(z, k)] i.e. the option price normalized by the
zero coupon bond of the option’s maturity
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following table together with the relative error in percentage of the approximate
swaption price Swaptn3, ;(K) next to it enclosed in parenthesis i.e. the value

Swaptng 5(0,0) — Swaptn3a,3(f{ )
Swaptn, (0, 0)

+ 100. (2.80)

From the results given in Tables 2.6, 2.7 and 2.8, we see that we can get a good

T Tenor
1 3 5

1 | 39.80(0.28%)

118.57(-0.22%)

188.43(-0.77%)

3

68.88(0.39%)

194.12(0.23%)

301.42(-0.03%)

5

78.88(0.17%)

221.02(0.32%)

342.44(0.00%)

Tab. 2.6: Relative Error(in %) for ATM Swaptions

Tenor

1

3

5

[y

80.41(0.25%)

255.11(0.06%)

421.89(-0.13%)

W

110.51(0.35%)

317.84(0.26%)

502.29 (0.11%)

115.45(0.16%)

328.63(0.33%)

517.2(0.15%)

Tab. 2.7: Relative Error(in %) for ITM Swaptions

Tenor

1

3

5

(3=

16.83(0.30%)

45.12(-0.75%)

66.86(-1.93%)

w

40.77(0.42%)

111.85(0.19%)

169.55(-0.22%)

(&)

52.47(0.16%)

144.13(0.30%)

218.97(-0.18%)

Tab. 2.8: Relative Error(in %) OTM Swaptions

approximation of the swaption price using ﬁa,g to approximate F,, g. Therefore for
maturities that are less or equal to five years and swap tenors less or equal to five
years, we can use ﬁ'a‘ﬁ to approximate the swap rate Swap, s(t) given by (2.2).
The errors of the swaption approximation we considered in this section can be due
to three reasons. The first source of error is that we replaced the weights in (2.57)
by their time zero values in (2.58). The second source of error is that the drift of
the approximation f‘a’g is not equal to the drift of F, g. The third source of error
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T Tenor
1 3 5
1 | 39.80(-0.08%) | 118.57(-0.59%) | 188.43(-1.07%)
3 | 68.88(-0.05%) | 194.12(-0.17%) | 301.42(-0.41%)
5 | 78.88(-0.02%) | 221.02(-0.133%) | 342.44(-0.51%)

Tab. 2.9: Relative Error(in %) for ATM Swaptions using (2.81)

T Tenor

1 3 5

1 | 80.41(-0.03%) | 255.11(-0.2%) | 421.89(-0.35%)
3 | 110.51(-0.03%) | 317.84(-0.09%) | 502.29 (-0.21%)
5 | 115.45(-0.01%) | 328.68(-0.08%) | 517.2(-0.31%)

Tab. 2.10: Relative Error(in %) for ITM Swaptions using (2.81)

is that we have approximated Yz, which is a non-Gaussian process under Q, g by a
Gaussian process which has mean and variance-covariance matrix that is equal to
the exact mean and variance-covariance matrix of Yr, under Q, . The fact that
we get a good approximation of the swaption prices may be attributed to some
error cancelation between the different sources of error. Hence we now consider
removing the second source of error to see if we get a better approximation of
swaption prices.

In order to find the contribution of the log-quadratic approximation ﬁ'a,ﬁ to the
error, we calculated the price of the swaption using F,, 5. The price was calculated
by integrating the payoff of the swaption using the probability density function of
a two dimensional Gaussian random variable with mean and variance-covariance
matrix equal to the exact mean and variance-covariance matrix of Yz, under Qq -
Assuming that the year fraction is a constant equal to 1; = 0.25,i =a +1,...,0,
this price is calculated by the following formula:

Pas(0) Tf (Fas -+ 10)’

-—00—Q0

1
exp
QWIVQ,B(OvTa)I%

(—%(YTQ —A’{a.ﬁ(or Ta))TV(Ov Ta)_l (YTa _kA/Ia,ﬁ (Or Ta))) dYTa -

(2.81)
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T Tenor

1 3 5
16.83(-0.15%) | 45.12(-1.23%) | 66.86(-2.31%)
40.77(-0.07%) | 111.85(-0.27%) | 169.55(-0.64%)
5| 52.47(-0.03%) | 144.13(-0.19%) | 218.97(-0.72%)

[

w

Tab. 2.11: Relative Error(in %) OTM Swaptions using (2.81)

The results for the approximate swaption price based on (2.81) are presented in
Table 2.9, Table 2.10 and Table 2.11. From the results, we see that, (2.81) is more
accurate for the swaptions with swap tenor equal to one year while it has higher
error for swaptions with swap tenor equal to five years. Hence it appears that
removing the second source of error introduced by using i‘a”@ instead of F, g gives
less accurate results because the error cancelation between the different sources
of error is reduced®. We also tested if we can improve (2.81) by using the exact
probability density of Yz, under Q, g using the formula:

P(0,T,) ]T P, 5(T,) (Fa,ﬁ —(1+ K)) i

—o0—00

1
ex
VO, TR T

( - %(Yr;, - M(0,7.))"V(0,T.) " (Yr, — M(0, Ta))) dYr,.

(2.82)

The results for the approximate swaption price based on (2.82) are presented in
Table 2.12, Table 2.13 and Table 2.14. From the results, we see that the price
based on (2.82) does not improve on the price based on (2.81). In fact for the
OTM swaptions where the swap tenor is equal to five years, we have more error
in the pricing. This shows that by replacing Y, by a Gaussian process in (2.81),
we actually have a better approximation of the distribution of the payoff of the
swaption. It is clear from the numerical results given above that the first source of
error which is the freezing of the weights in (2.58) is the significant source of error
as removing the other sources of error does not improve the swaption prices. It
appears that when approximations to swaption prices are calculated on the basis
of the freezing of weights, we cannot ignore the volatility of the weights when the

5 The third source of error does not appear to contribute significantly to the error of the
approximation of swaption prices in numerical experiments conducted in Schrager and Pelsser
(2006) for affine term structure models.
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T

Tenor

1

3

5)

ol

39.80(-0.08%)

118.57(-0.59%)

188.43(-1.08%)

W

68.88(-0.05%)

194.12(-0.19%)

301.42(-0.47%)

78.88(-0.02%)

221.02(-0.17%)

342.44(-0.62%)

Tab. 2.12: Relative Error(in %) for ATM Swaptions using (2.82)

T

Tenor

1

3

5

1

80.41(-0.03%)

255.11(-0.21%)

421.89(-0.35%)

3

110.51(-0.03%)

317.84(-0.1%)

502.29 (-0.24%)

5

115.45(-0.01%)

328.68(-0.11%)

517.2(-0.38%)

Tab. 2.13: Relative Error(in %) for ITM Swaptions using (2.82)

maturity of the swaption is more than a year and the swap tenor underlying the

swaption has a tenor of more than five years. The error becomes higher when

considering OTM swaptions.

T

Tenor

1

3

5

1

16.83(-0.15%)

45.12(-1.24%)

66.86(-2.35%)

3

40.77(-0.08%)

111.85(-0.3%)

169.55(-0.74%)

5

52.47(-0.03%)

144.13(-0.25%)

218.97(-0.9%)

Tab. 2.14: Relative Error(in %) OTM Swaptions using (2.82)

2.4 Method of Moments Swaption Pricing

The use of Edgeworth expansions in option pricing was introduced by Jarrow and

Rudd (1982) and has since been a subject of research. Some of the research has
been to improve the Black and Scholes model (see Black and Scholes (1973)) by
using Edgeworth type expansions (see, e.g., Corrado and Su (1997)). Even though

the multi-factor quadratic Gaussian model allows the closed form pricing of caps,

the price of swaptions cannot be obtained in analytically closed form. Therefore re-

searchers have proposed different approximations based on approximating the risk

neutral density of the swap rate using an Edgeworth expansion (Collin-Dufresne
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and Goldstein 2002) or using a Gram-Charlier expansion (Tanaka et al. 2005).
In this section we conduct numerical experiments to compare approximations of
swaption prices which are based on orthogonal series expansions of the risk neutral
density of the swaptions’ payoff. The method used is an application of Provost
(2005) where a general approach to the expansion of probability density function
using general polynomials is given. This method similar to the Edgeworth and
Gram-Charlier approaches requires analytically closed form formulas for the mo-
ments of the swap rate. From the numerical results obtained, we will show that an
approach based on the density of a beta random variable is better than one that is
based on a standard normal variable which corresponds to using a Gram-Charlier
series. We will consider the pricing of swaptions in the multivariate quadratic
Gaussian factor model as we can calculate the prices of default free zero coupon
bonds even when the factors are correlated. Instead of the swap rate, we choose
an orthogonal series expansion of the probability density of P, 5(T,)(see (2.6)).

Lemma 2.7. The process ﬁa,g(Ta) ts bounded. Specifically the following holds in

general
- n—1
0< Pap(To) < D Finr (2.83)
i=1

Proof. First recall that ﬁa’ﬁ(Ta) = Zﬁia 1 TiP(T,, T;). We now use the property
of default free zero coupon bonds in the quadratic Gaussian model. Specifically
the zero coupon bond prices P(T,,T;),i = 1,...,n satisfy

0<P(T,,T;) <l,i=1,...,n.

O

For probability density approximations which are based on moments of random
variables with finite support, the use of Legendre and Jacobi polynomials is rec-
ommended in Provost (2005). In this paper among the examples that were given,
we see that for the finite support case that the use of beta densities and Jacobi
polynomials is more efficient than using Legendre Polynomials. Motivated by this
example we use a beta density which matches the first two moments of Py g(7%)
and then a product of this beta density and Jacobi polynomials of increasing order
to match the moments. One should note that we can calculate the moments of
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P, 5(T,) in closed form but for the mth positive moment we are looking at

6 m
(Pas(T)™ = (Y P(To,T)) " (2.84)

i=a+1

Typically for quarterly payments n becomes larger with the maturity of the swap.
For a ten year with quarterly payments, we have 40 terms in P, g(T,,). Using the
multinomial formula we can expand the mth power of P, g(T,) but the number of
terms in this expansion rises very rapidly. For example for a five year swap with
quarterly payments, computing the 6th moment in Mathematica requires much
more computational time than the 5th moment. One can get a better performance
in terms of speed by using C++4 but it clear that as m increases, calculating
moments will be computationally intensive in any programming language. Hence
getting a good approximation with fewer moments is important. However we will
see that for orthogonal series expansions of the probability density of P, g(T,)
(see Tanaka et al. (2005) for the Gram-Charlier case and the Cox-Ingersoll-Ross
(CIR) factor model) increasing the moments can lead to a worse approximation
for some strike price values because the approximation of the density of P, g(T,)
through the orthogonal series leads to negative values for some parts of the domain
of support. In fact using a large number of moments can lead to large errors in
the approximation. We first briefly sketch the approximation method given in
Provost (2005) and refer the reader to this reference for a detailed explanation.
The expansion of the probability density of Y = P, g(T,) can be done as follows.
Let us denote by (a, b) the support of Y = P, 5(T,). We first make a transformation
of Y to X = Y—s"i The choice of u € R* and s € R* is based on the support of the
base density denoted by W x[z]. If ¥ x[z] has support (ao,bp), then we have

Now the probability density function of X denoted by fx[z] can be approximated
by

frale] = Uxlz] 3 & (2.85)
{=0

The probability density function of Y denoted by ¥y [z] is therefore approximated



2. Swaptions in the Quadratic Gaussian Model 84

by

fr.lyl = \le[y's'“] i%(y_“)l. (2.86)

1=0 5
Let pux[k] denote the k** raw moment of X which can be obtained from the k** raw
moment of Y denoted by uy[k]. Then the values &, for [ = 0,...,n are calculated
from the moments of X by first forming an (n+ 1) x (n + 1) matrix® M whose i;**
entry is pux[i — 1+ 7 — 1] and calculating

(€0, -1 6n)" = M7 (uy[0L,...., r[n])". (2.87)

Let I'[2] denote the Euler Gamma function

T[] = L “ 51 exp(—t) dt

and let Betaly, z] denote the Euler Beta function

Ily]C[=] f - 1
Betaly,z] = ==——= = | t¥ (1 —-t)* " dt.
For the specific case of a beta density

1
Beta[a + 1,8 + 1]

Ux[z] := *(1-z)%, 0<z<1 (2.88)
as the base density, we have qp = 0 and by = 1 so that v = a and s = b —
a. Moreover Provost (2005) recommends that the following modified form of the
Jacobi polynomials be used

[[n+ o]

—_—— bi — —-1,2x—1 2.
l1[2n+0]Jaco Pln,0 — 71,7 — 1,2z — 1] (2.89)

Gplo, 1,2} :=n!
where JacobiP[n,oc — 7,7 — 1,2z — 1] is an nth-degree Jacobi polynomial(see
Abramowitz and Stegun (1972)) and ¢ = & + 8+ 1 and 7 = . The parame-
ters & and 8 are chosen such that the first central moments of the base density

6 There are other ways of calculating the coefficients &, for a detailed discussion see Provost
(2005).
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¥ x [z] match the moments of X. Furthermore we have

1
fBeta[c‘y + 1,8 + 1]Gi[o, 1, ]G40, 7, z] dz = 6, when i = h, A =0,1,...,n

0

and zero otherwise (2.90)

where

_AIr+&+1T[h+a+ B+ 1Th+ B +1]
h+a+B+D)I[2h+a+4+12

Let dxx denote the coefficient of z* in Gy[o, 7,z]. Then Provost (2005) gives the
following density approximant of Y for the base density (2.88) and orthogonal

On

polynomials (2.89) we have made:

y—u n n & i y—u i
= = i k .
frly] [ s ];(ésBeta[&+l,ﬂ+ 1]0i,§)5kIJX[ ])( s )
(2.91)
In addition to using the beta density (2.88) as the base density, we also considered

using the standard normal density

1 —z?
, —00 < I <00 2.92
= (%) (2.92)

as the base density and the modified Hermite polynomials

H[z] := (—1)k2_§HermiteH k, 2.93
k

z
ﬁ]
where HermiteH[k,w] is the k** degree Hermite polynomial (see Abramowitz and
Stegun (1972) for the orthogonal polynomials). This corresponds to using the
Gram Charlier A series similar to Tanaka et al. (2005) to approximate swaption
prices. The swaption (2.3) that we considered for pricing is an option at time ¢t = 0
to enter a payer swap (2.2) starting after one year (T, = 1) and ending ten years
after the start date (T3 = T3 = 11). We assume that the frequency of payments is
annual (Ti41 — T; = 1,1 = 1,9). We refer to this swaption as the 1 x 10 swaption.
We can calculate the conditional mean M(0,7,) and variance-covariance matrix
V(0,T,) of Yr, under the default free forward measure T, in closed form (see
Lemma 1.3 in chapter 1) and therefore we can use the probability density function
of Y+ under T, to directly integrate the payoff function of the swaption. The
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exact price of this 1 x 10 swaption under the two factor quadratic Gaussian model
is calculated using cubature’. Therefore we use the following double integral® to
calculate the exact swaption price

e 6 N0 o] ﬁ .
swaptnay = POT) [ [ (1-PaTh) - K 3, PT.T)
—00 —00 i=a+1
1 1
€ -5 —MO’TOI TV’aY"‘ a
PR xp (= 30, — MO L) VO T, M(O,T.)) d¥ir, ¥,
® 8 .
= P0.T2) f f (1- 2 RiP(Ta,n))
—00 —a0 i=a+l

1
ex
2 VO, TE 7

(- 50— MO L)V, T Ve, - MO, 7)) Vi, i,

(2.94)

where K; = K,i=19and Kjp=1+ K.

Using the parameters that were obtained by calibrating a two factor quadratic
Gaussian model to the discount and cap/floor price data given in Table 2.2 and
Table 2.1, we computed the price of the 1 x 10 swaption. The results indicate that
for these calibrated parameters the orthogonal series expansion based on the beta
density has less error in pricing compared to the one based on a Gram Charlier
A series. We considered the pricing performance of the two methods based on
using the first three moments, the first five moments, and the first seven moments
of P, 3(T,). The error in the price of the swaption does not necessarily decrease
when using additional moments in the orthogonal series approach(Tanaka et al.
2005). However for this particular case considered, the error in pricing decreased
when using additional moments. The following tables (2.15),(2.16) and (2.17)
give the exact price of the 1 x 10 swaption® with the relative error in % given in
parenthesis next to the price. The values in the first column of tables (2.15),(2.16)
and (2.17) are the difference between the at the money strike rate corresponding to

7 For a description of algorithms for multidimensional integration based on cubature, see Cools
and Haegemans (2003). Cubature is the method used by the NIntegrate function of Mathe-
mmatica.

8 Calculating the swaption price by directly integrating the payoff function using the proba-
bility density is feasible when the number of factors is 2 or even 3. However if the dimension of
the vector Y7, increases, this method becomes less efficient though it is still a more accurate and
faster way to compute the swaption price compared to using Monte Carlo simulations.

9 Multiplying the prices by 10* will convert them into basis points.
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the row with AK = 0 and the strike rate obtained by adding AK value to the at
the money strike rate. From the numerical results given in the tables, we conclude
that using an orthogonal series approach based on the beta density is better than
one based on a Gram Charlier A series for approximating the price of swaptions.

AK Exact Beta3 GC3

-0.025 | 0.17403 | 0.17404(-0.01%) 0.17405(-0.01%)
-0.02 | 0.13976 | 0.13978(-0.0.02%) { 0.13981(-0.04%)
-0.015 | 0.10691 | 0.10694(-0.03%) 0.10698(-0.07%)
-0.01 | 0.07712 | 0.07712(0.00%) 0.07713(-0.02%)
-0.005 | 0.05210 | 0.05206(0.08%) 0.05202(0.16%)
0 0.03288 | 0.03281(0.2%) 0.03274(0.42%)
0.005 | 0.01938 | 0.01933(0.28%) 0.01927(0.59%)
0.01 0.01071 | 0.01069(0.21%) 0.01067(0.39%)
0.015 | 0.00557 | 0.00557(-0.16%) 0.00559(-0.42%)
0.02 0.00273 | 0.00276(-0.97%) | 0.00279(-2.01%)
0.025 | 0.00128 | 0.00131(-2.4%) 0.00133(-4.39%)

Tab. 2.15: Swaption price and relative error in % using 3 moments

AK Exact Betab GC5

-0.025 | 0.17403 | 0.17403(-0.00%) 0.17403(-0.00%)
-0.02 | 0.13976 | 0.13976(-0.0.00%) | 0.13977(-0.01%)
-0.015 | 0.10691 | 0.10691(-0.00%) 0.10693(-0.02%)
-0.01 | 0.07712 | 0.07712(0.00%) 0.07711(0.00%)
-0.005 | 0.05210 | 0.0521(0.00%) 0.05207(0.07%)
0 0.03288 | 0.03288(0.00%) 0.03284(0.11%)
0.005 | 0.01938 | 0.01939(-0.01%) 0.01938(0.04%)
0.01 0.01071 | 0.01071(-0.01%) 0.01073(-0.18%)
0.015 | 0.00557 | 0.00557(-0.01%) 0.00559(-0.49%)
0.02 0.00273 | 0.00273(0.02%) 0.00275(-0.68%)
0.025 | 0.00128 | 0.00128(0.06%) 0.00128(-0.45%)

Tab. 2.16: Swaption price and relative error in % using 5 moments
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AK Exact Beta7 GC7

-0.025 | 0.17403 | 0.17402(-0.00%) 0.17402(0.00%)
-0.02 | 0.13976 | 0.13976(-0.0.00%) | 0.13976(-0.00%)
-0.015 | 0.10691 | 0.10691(0.00%) 0.10691(-0.00%)
-0.01 | 0.07712 | 0.07712(0.00%) 0.07712(0.00%)
-0.005 | 0.05210 { 0.05210(0.00%) 0.0521(0.01%)

0 0.03288 | 0.03288(-0.00%) 0.03287(0.01%)
0.005 | 0.01938 | 0.01938(-0.00%) 0.01939(-0.02%)
0.01 | 0.01071 | 0.01071(0.00%) | 0.01071(-0.05%)
0.015 | 0.00557 | 0.00556(0.01%) 0.00557(-0.05%)
0.02 0.00273 | 0.00273(0.03%) 0.00273(0.03%)
0.025 | 0.00128 | 0.00128(0.02%) 0.00127(0.17%)

Tab. 2.17: Swaption price and relative error % using 7 moments

Fig. 2.2: Absolute Error in Swaption Price Beta base density

Fig. 2.3: Absolute Error in Swaption Price for Gram Charlier Series A
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Beta Based Rel Err
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Fig. 2.4: Relative Error in % for Swaption Price using Beta base density
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Fig. 2.5: Relative Error in % for Swaption Price using Gram Charlier Series A



3. CREDIT DEFAULT SWAPS AND CREDIT DEFAULT
SWAPTIONS

There is some work in the pricing of credit default swaps and options on credit de-
fault swaps. In Brigo & Alfonsi (2004) an extension of the Cox-Ingersoll-Ross(CIR)
model known as CIR++ is used to model the short term interest rate and the inten-
sity of default. When the interest rate and the intensity of default are independent,
closed form formulas for the price of single name credit default swaps are provided?.
Moreover the independence enables the separation of the calibration of the short
term interest rate to caps or swaptions from the calibration of the intensity of de-
fault to quotes of credit default swaps. However when there is correlation between
the interest rate and intensity of default, the CIR++ reduced form model does not
enable the calculation of the price of credit default swaps in closed form except
for special cases, therefore the calibration of the model has to be done through
the use of Monte Carlo simulation or through a Gaussian dependence mapping. In
the reduced model adopted in this paper, the use of quadratic Gaussian processes
enables us to calculate the price of credit default swaps in a closed form so that
the calibration of the model to the default term structure and quotes of credit
default swaps can be done through analytic formulas and solving numerically an
ODE. In fact we can even derive closed form approximations to the price of credit
default swaptions. The assumption of a correlation between the interest rate and
the intensity of default does not prevent us from obtaining the analytic formulas.
The first section provides details of the pricing formulas for credit default swaps
and the calibration of the quadratic Gaussian model to credit default swap quotes.
We first give new results on how to extract the probability of default under the
assumption of a stochastic intensity. We then present a new result showing that
the calibration of the quadratic Gaussian model to credit default swaps can be

done analytically if we assume that we use different factors to model the interest

1 For piecewise constant parameter case, closed form formulas for the price of default free
bonds in the CIR model can be derived (see, e.g., Schldgl and Schlégl (2002), Meza, A. and
Satzschneider (2002)).
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rate and the intensity of default and assume no correlation between the factors.
Furthermore we show that the calibration can be done through a solution of a non
linear ODE in the general case of correlation between the factors. In the second

section we derive three different ways of approximating the price of options on
credit default swaps.

3.1 Pricing of Credit Default Swaps

In this section we first show how we can calculate the price of a domestic credit
default swap in a closed form under the quadratic Gaussian factor model. We first
extend the procedure to extract the probability of default from quotes of credit
default swaps in a reduced form model of credit risk where the intensity of default
is deterministic given in Martin et al. (2001) to a reduced form model of credit risk
where the intensity of default is stochastic. We then give a calibration procedure
that will be used to calibrate the drift term of the intensity of default to quotes
of credit default swaps. This calibration can be done using closed form formulas
if we assume that the short term interest rate r, and the intensity of default ),
are independent. If we assume that there is correlation between r; and A;, the
calibration can be carried out by solving an ordinary differential equation. We
assume in this section that we have a quadratic Gaussian factor model for default
free and defaultable securities? as described in chapter 1. Therefore the default
free interest rate r; and the intensity of default A; are modeled through quadratic
Gaussian processes (see equations 1.6 and 1.7 in chapter 1.) In the following we
describe a bilateral financial contract between two participants which we refer to

as the payer and the receiver.

Definition 3.1. A Credit Default Swap(CDS) is a contract that guarantees the
payment of a deterministic fraction Z of a notional amount to the payer from the
recesver at default time T of a corporate if default occurs at or after an agreed time
T.. = 0 known as the start time and before or at an agreed time T = Ty > T, known
as the maturity time. We will call the payment Z at default time as the protection
payment. In return the payer pays a constant premium K on the notional amount
at specified dates T = {Tn11,Tni2,-- -3 Tiy- ..y Tn-1, T} provided that default has
not occurred before the premium payment date T; € T. If the corporate defaults at
timer where T; <7 < Tiy1 and n <1 < N — 1, then the contract is terminated

2 Gee the discussion of the model at the beginning of this chapter
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. | CDS Premium R
Payer - Receiver

: l—Recove% Liel

Fig. 3.1: CDS over [T,,Ts]

after a payment of (r — T;) K of the notional amount by the payer to the receiver.
This amount is referred to as the accrued premium.

In the discussions that follow we will assume that the notional amount upon
which the CDS contract is based is equal to one unit of currency. Let {(7) =
max[i : n+1<¢< N,T; <7] and B; = T; — T;—; . Then the price of a CDS at
time ¢ < T, is given by the following formula (see Bielecki and Rutkowski (2002),
p. 224)

CDS(t,7,T,K,Z) = IEQ[exp (~ frs dS)Z Ir.<r<T—
t

T N T
exp ( —J Ts ds) (1 = Te(n) K rp<rs — Z exp ( —J Ts ds) Bi K 1.>1,
t

i=n+1 ¢

]

Under the proper assumptions of a reduced model of default where the default

time T is the first jump time of a conditional Poisson process, we obtain

T s
CDS(t,T,T,K,Z) =1,5,2 IEQ[exp ( - f Tk + Ak dk) /\slf}] ds—
t

Tn

T s
-—1,>tKIIEQ[exp ( — Jrk + A& dk))\s
Tn t

N i
LK Y, B }EQ[exp(——J rk+,\kdk)l}}]
t

i=n+1

J":z] (s — Tys)) ds—

Using the defaultable bond 1,5, P(t, s),

1,5.P(t,s) = 17>tEQ[eXP ( - f TE + Ak dk) lft]
t
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as the numeraire and denoting the corresponding defaultable forward measure by
T, the price of a CDS is given by?

Ty
CDS(t,T,T,K,Z) =1,2,2 f P(t, s) BN [\,|F] ds—

T

Tn ) N
1K f P(t,s) EP[M\|F] (s — Tee)) ds — Lne K > B P(t,T). (3.1)

T i=n+l

As explained in chapter 1 we can get P(¢,T) in closed form?. We only need to
know how to calculate ET+[),],]. This can also be obtained in closed form under
the quadratic Gaussian model using Lemma 1.36 of chapter 1 as the defaultable
bond P(t,s) is a log-quadratic Gaussian process.

We now show how we can calibrate the drift term of )\; using credit default swap
quotes for the corporation whose default time is denoted by 7. Under independence
of the interest rate and the intensity of default, the probability of default is given

by .
E® [exp ( — I Ak dk) I]—}] (3-2)

In order to calibrate )\;, we need the term structure of default probabilities. Let
c and d represent positive integers such that {i;,...,%.} and {j,...,j4} represent
disjoint subsets of {1,...,n} where here n refers to the dimension of ¥;. Now let

Zt1 = al(t) + Y;,l = (ail(t)v v vaic(t)) + (}/ixt’ .. :Y;'ct)

and
th = az(t) + Yt2 = (ajy(t), .-, 5,(t) + (Yists - -+, Yiat)

be used to model ; and \; respectively where we assume that the instantaneous
correlation matrix of Y¥;! and Y? is a diagonal matrix. Therefore r, and A, are
assumed to have zero correlation and this means Y;! and Y;2 are independent. If
there is a liquid market for defaultable zero coupon bonds for a range of maturities
as in the case of a default free bond, then we can extract the default probabilities

3 See Bielecki and Rutkowski (2002), p.224 or the discussion given in Chapter 4 for more detail.
4 The discussion in Chapter 1 is for the case of default free bonds but it equally applicable for
defaultable bonds by just considering the instantaneous rate to be r¢ + A;.
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and calibrate the drift term of Z? through o?(t). In general the market for de-
faultable bonds issued by a corporate is not liquid. The market for credit default
swaps where a corporate is the reference name underlying the credit default swap
contract has better liquidity. However the maturities of credit default swaps traded
are usually one year, three years, five years and ten years. Practitioners assume
a piecewise constant intensity and use a bootstrapping procedure to extract the
term structure of default probabilities. We can use these term structure of default
probabilities to calibrate our model but this is in contradiction to the assumed
stochastic intensity of default. Moreover this bootstrapping procedure has some
disadvantages such as not being robust to unreliable quotes for some maturities.
A better method for extracting the term structure of default probabilities is given
in Martin et al. (2001). We give a brief description of this method. The method
described in Martin et al. (2001) is for a time dependent deterministic \;. Here
we extend this method to the case of a stochastic intensity of default A\; under the
assumption of independence between the default free short rate of interest and the
intensity of default. We later show how we can still modify this method to the case
where the short rate of interest and the intensity of default are not independent.
Ignoring the accrued premium, the value of a credit default swap of maturity T to
the seller at time t = 0 is given by

N Ty
KY\5; P(0,T:) - Z J P(0,s) ET:[\,|F] ds
i=0 s

where 0 = Ty, ..., Tw = T are the premium payment dates. The quoted CDS rates
are chosen so that the value of the CDS is equal to zero at time t = 0. Therefore
the premium K is chosen to be

z § B(0,) EF[\IF]ds
Ry(T) == ——5—— (3.3)

where we assume a notional of one unit of currency and a constant recovery rate
§ such that Z = 1 — 4. Assuming independence between r; and );, we can write
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[exp(— § & +/\kdk)/\3 ]ds

z {0
8583 (- §re e ) 7
7

Ry(T) as

R(T) =

~ P(0, S)IEQ[exp (— §,\k dk) As f’t] ds
= Z B; P(0, T,)EQ [ exp ( B ig)‘k dk) t] : (3.4)

i=0

As described in Martin et al. (2001), we can discretize the interval [0, Tx] by
choosing A > 0 and considering a set of dates (0 = Tp,...,T},..., Ty =T), A =
T; — Tj-1, j=1,...,M. We can now approximate R;(T) by

M Tjs1 8
Z 3, H(P©,T5) + PO, Ty)E| § exp—({udu)rds|
3=0 T 0

Ry (T) ~

é B: P(0, fn-)lEQ[exp ( _ 3 A dk) (3.5)

]

Let G(0, t) denote the risk neutral probability of survival i.e. the probability there
is no default between time zero and time ¢ as seen with respect to the trivial
filtration F3. Under the reduced form model we are considering, we can express
G(0,t) by the following formula

600 =% n - [1.5)] @9

Let the probability of default over (7}, T;+1) conditional on survival up to time Tj
be denoted by g; which is given by

_Er>T)—E%r> Tl _ G0, Tp)
% E[r > T3] GO0, T;)

(3.7)

Then we have
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or as originally formulated in Martin et al. (2001) in terms of the risk neutral
probability of default

T
HO,T):=Er<T]=1-E2| exp—{ | A\, ds (3.9)
|- ([ a2)]
we have
H(0,Tj41) = H(0,T3) + (1 — H(0, T;))g9;, H(0,0) =0. (3.10)

Therefore the probability of default between T; and T},; can be expressed in terms
of G(0,T}) and g;

Tj41

EQ[ f A exp( f,\ du)]=G(O,CI}) G(0,Tj;1) = G(0,T})g;-  (3.11)

Therefore o
Ry(T) = —————— . (312)

The ratio in the right hand side of (3.12) is a function of g; such that for a given

maturity Tk,

k—
z'ST L(P(O,T3) + P(0, Tj»1))G(0, T))g;
F(go,--.,gk-1) == < x (3.13)
S 6 P(0, T)G(0,T)
i=0

If we assume that the CDS quotes Rs(7%), kK = 1,...,r are subject to a Gaussian
error of oy, k = 1,...,r, the procedure suggested in Martin et al. (2001) is to

minimize
M-1 2
R;(Tx) — F(go,---,9r-1)
W(go,.- ., gm-1) = v Z d(gj+1; 95)°+ Z‘, ( ! p s : (3.14)
7=0 lc 1 k
where

d(g' ) = \ﬂ ~g)tog. (L) + (- o, (32) e
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and v is a positive constant which gives more smoothness for the default probability
curve for higher values. The authors Martin et al. (2001) consider the case v =
10, = 10,000 and o, = 1074, k = 1,..r and time discretisations of A = 0.5
and A = % corresponding to 6 months and 2 months. Thus we can extract the
term structure of the probability of survival given by G(0,7). Now under the
assumption of independence between r, and \;, we have

T
exp(— Srs-i—/\sds)
0

o o e |
) ]EQ[exp (—— 7Sr,,«:ls)rT]IE'Q[exp ( - Z\:,\s ds)] .
e exp (——:\jrsds)]]EQ[exp(—gx\sds)]

_EQ [ - (01’ 75 ( _ Ir, ds) rT] (3.18)
=ET[rr]. (3.19)

E[rr] = ]EQ[ (3.16)

Similar to the default free case(see equation 1.50 and theorem 1.8 in chapter 1) we
calibrate the drift term of A; using

—drlog, P(0,T) = ET[rr + Ar]. (3.20)
Under the assumption of independence equation (3.20) can be reduced to
_drlog, P(0,T) — drlog, G(0, T) = ET[rr] + ET[A7]. (3.21)
The drift term of r; is calibrated using a closed formula starting from the equation
—drlog, P(0,T) = E[rr]. (3.22)
Therefore (3.21) simplifies to
orlog, G(0,T) = ET[\r]. (3.23)

Now the conditional mean and the conditional variance of the multivariate Gaus-
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sian factor Y; under the defaultable forward measure T which are denoted by
M(t,T) and V(t, T) respectively satisfy the ODE’s given in lemma 1.3 as the de-
faultable bond P(t,T) is a log-quadratic Gaussian process. Under the assumption
of independence we can rearrange the factors Y;! and Y;? used to model r;, and )\,
respectively such that V(¢,T) is a block diagonal matrix. Therefore the ODE’s
given in lemma 1.3 can be solved separately for the conditional mean and condi-
tional variance(under T) of ¥;! and Y;? which we denote by M(t, T), V1(t,T) and
M?(t,T),V*(t,T). Note that under the assumption of independence M(¢,T) is
the same as the conditional mean of Y;! under T and V!(t,T) is the same as the
conditional variance of Y;! under T. Here we only need to use the fact that we
can solve M?%(t,T) independently from M (¢,T). Thus if we assume for ease of
exposition that

re= (Y +a' (@) (V) +o'(t)) (3.24)
A= (Y72 +a’@) (Y7 +2(1)), (3.25)

we can proceed to calibrate the drift term of \; as in the proof of lemma 1.8 in
chapter 1.

Assuming correlation between the factors used to model r; and the factors used
to model ), will require additional approximations to extract the term structure
of probabilities of default under the forward measure T corresponding to using the
default free bond of maturity T" as the numeraire. Moreover each of the system of
ODE'’s given in lemma 1.3 do not separate into two independent systems and we
shall see that we have to resort to numerically solving a first order system of non-
linear ODE’s in the general case. First we assume that we have a discretisation
as in the above so that the time interval T is divided into M subintervals of equal
length A. Moreover if default occurs between T; < 7 < Tj;; payment of the
constant amount Z is made at T;,; for j = 0,...,M — 1. Under this assumption
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we can write (see Bielecki and Rutkowski (2002), p.224)

r M-1 Tin
Z ]EQ[exp ——( Tu du)loqu} =27 Z EQ[exp ( - f Tu du)lrquT,-H]
J =0
0 0
M—1 ; Tj41 Tj41
=7 Z E?| exp ( - J Tu du)l,>73] - IEQ[exp ( — f rudu)L>7~J+,]
j=0 - 0
M—1 T Ti+1 .
=7 Z IEQ[exp (— Iru +/\udu) exp (—— J- r,,du) —
j=0 0 T'j -
Tj41 _
—]EQ[exp ( — f Tu +,\udu)
S ]
M-1 T; Tj+3 -
=7 Z IEQ[exp (—— Jru + /\udu) exp (— f r,,du) —
j=0 0 TJ -
Tj+1 .
—]EQ[exp ( - J. Tu +)\udu)
J ]
M-1 H T
=7 Z IEQ[exp(—Jru+)\udu)EQ[exp(— rudu) ij]]—
=0 ;
Ti41
- IEQ[exp ( — J Tu + A du)] (3.26)
0
T
M-1
=7 Z P(O,TZ})ETJ' [exp (—— JAu du) P(’.Z},T}.H)]—
j=0 0

Ti+1

— P(0,Tj41)ETi™ [exp ( - J Au d-u)]. (3.27)
0

The value P(Tj,Tj4+1) is stochastic when seen from time t = 0, however if A is

close to zero, P(Tj, Tj+1) is close to 1. Therefore it is close to being deterministic,
Tj+1
and hence we would not introduce much error by assuming exp ( - { A du) and
0
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P(T;,Tj+1) are independent under the T;. We therefore approximate (3.27) by

M-1 7 -
zZ Z P(0,T))EY [exp ( — f/\u du) ETs [P(’I}, TJ-H)]——
j=0 o y
_ Tj+1
— P(0,T;31)ET5+1 ] exp ( - J A du)]
) 0
M-1 T Tin
=7 Z P(0,T;j41) (IETf [exp ( — f)\u du)] — ETi+ [exp ( — f Au du)])
7=0 0 )
(3.28)
Let

G(0,T) := ]ET[exp ( — JTA,, du)]

denote the probability of survival up to time T under the default free forward
measure T. Then

Z'Y, PO, T;1)(G0O,T) — G(T31))
Ry(T) = =2

_ - (3.29)

Let the conditional default probability of default over (T}, Tj4+1) under the forward
measure T be denoted by g; which is given by

_EN[r> T -Emfr>Ta] G0, Tn)

5. . A . 3.30
s ER[r > 7)) GO, ;) (330

Then we have
G(0,Tys1) = G(0,T3) - G(0, Ty)g;,  G(0,0) =1 (3.31)
and R;(T) can be seen as a function of (go,...,gr) and we can use an opti-

mization procedure similar to the one that was used to extract G(0,T) in case of
independence between 7, and )\, to extract G(T).

Once we have extracted G(T), we can obtain P(0,T) by using P(0,T) =
P(0,T)G(0,T). We can now use P(0,T) to calibrate the whole of a(t). Let us
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assume that r, and A, are given by equations (3.24),(3.25) where we now assume
that Y1, and Y2, are not independent. Then as in the case of the default free
market(see (1.50) we have

—drlog, P(0,T) =ET [rT + ]
=tr(V(0,T)) + (M(0,T) + o(T))T (M (0, T) + «(T))  (3.32)

where M(0,T) is the mean vector under the defaultable forward measure® T of
Y: = (Y1, Y2,) used to model r; and A, and V (0, T) is the corresponding variance-
covariance matrix. Let

F(0,T) := —érlog, P(0,T) (3.33)

denote the defaultable forward rate for maturity 7" at time ¢ = 0. Hence (3.32)
can be written as

F(0,T) = tr(V(0,T)) + (M(0,T) + a(T)) (M (0, T) + a(T)) (3.34)

which is equivalent to

F(T) := \/F‘(O, T) = Tr(V(0,T)) = (M(0,T) + o(T))"(M(0,T) + a(T)). (3.35)

To simplify the discussion we will now consider a two factor quadratic Gaussian
model i.e. Y; = (Y3, Y2;) in (1.3). The first factor is used to model the short term
rate of interest r; so that we have r, = (Y3 + 1(¢))%. The second factor is used
to model the intensity of default )\; so that we have \; = (Y2; + a3(t))?. However
the discussion that follows below can be easily extended to a multifactor quadratic
Gaussian model where more than two factors are used for r, or A; provided that the
factors used to model r, are not used to model )\; and vice versa. In chapter 1; we
were able to calibrate a multifactor quadratic Gaussian factor model to the default
free forward rate term structure in closed form. Hence we can first calibrate a;(t)
to the default free forward rate term structure at time ¢ = 0 using a closed form
formula(see lemma 1.8. Next we need to calibrate to the defaultable forward rate
term structure at time ¢ = 0 through a3(¢). To continue our calibration procedure,
we now have to consider how to linearize (3.35). Recall that in the case of the

5 this is measure that corresponds to using P(0,T) as the numeraire
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default free quadratic Gaussian factor model, we stated that in (1.62) that one
way of defining F(T") was to assume

BT = \/F(O,T) ; v (0, T)L

We cannot do a similar procedure when we try to linearize (3.35). Specifically let
Fy(T)

F(T)TF(T) = 4/F(0,T) — Tr(V(0,T))

denote a vector such that

is true.
If we define

_ = F(0,T)-Tr(V(0,T))
F(T) = ( B(T) ) = ( \/ 2 _ ) (3.36)

Fo(T) \/ F(O,’I’)—T;r(V(D,T))

and proceed to derive the associated ODE for a(t) using the same techniques as
in the proof of Theorem 1.8, we get the following system of linear ODE’s

d
dTal(T) = a1 al(T) + app CIQ(T) —an Fl(O T) — ay9 F2(0 T)
d
+2V11(O T)FI(O T)+ 2V12(0 T)F2(0 T)+ ———Fl(O T) (3.37)
d
-d-?az(T) = (91 C!](T) + Qoo Clz(T) — Q91 Fl(O, T) — Q99 F2(O,T)

+2V52(0, TVF1(0,T) + 20a(0, T) Fo(0,T) + d 4 Bo,1) (3.38)
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whose solution is given by

T
a(T)=F (T) +2 exp(an T) JeXP(”al1 7)(V11(0,7) 1:71 (r) + Vi2(0,7) ﬁ'z("')) dr
0
(3.39)
~ T -~ ~
a2(T) = Fy(T) + 2 exp(az T) Jexp(——azz (Vi (0, 7) Fy(r) + V12(0, 7) Ey(r)) dr.
(3.40)

Using the result of Theorem 1.8, we can find the value of a;(T) that can be used
to calibrate the quadratic Gaussian model to the default free forward rate term
structure. This formula is given by

T
o (T) = F(T) + 2 exp(a T) J. exp(—ay; r)Va1(0,7) F(r) dr (3.41)
0

where F' = 1/F(0,T) — V(0,T). The problem with defining ﬁ'(T) as in (3.36) is
that the solution of (3.37) given in (3.39) does not guarantee that o (t) is equal
to (3.41). Therefore we have to define F in such a way that the oy(t) obtained
through the calibration procedure to the default free forward rate term structure
does not change. In fact this leads to a unique way of defining a vector F(T):

VHT)

F(T) := (3.42)
VF©,T) — Tr(vV (0, T)) — H(T)

for some function H(T") which we need to solve for in the following. Using the def-
inition given in (3.42), we can linearize (3.35) and proceed to derive the associated
ODE for a(t) by using procedure that was used in the proof of Theorem 1.8. This
gives us the ODE given in (3.37) whereby we now use the new definition (3.42) for
F (T). If H(T) was a known function at this point, we can then proceed to solve
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(3.37) using the same steps used in the proof of Theorem 1.8 to obtain

T
o (T) =+/H(T) +2 exp(az T) J exp(—a1 ) (Vaa (0, 7) VE(F)+
0

+ Vi2(0,7) \/F’(O, r) —Tr(V(0,r)) — H(r) dr (3.43)
a2(T) =4/ F(0,T) - Tr(V/(0,T)) — H(T)+

T
+ 2 exp(az2 T) jexp(—azz r)(Var(0,7) v/ H(r)+
0

+ 52(0,r) A/ F(0,7) = Tr(V(0,)) — H(r) , dr-. (3.44)

Since H(T') is not known but a;(t) is known, we can regard (3.43) as an integral
equation for H(T'). Once we solve this equation we can give the solution for as(t)
using (3.44). Since a solution of (3.43) is also a solution of the ODE given in
(3.37) with F(T) defined now as in (3.42), we will obtain an exact calibration
to both the default free and defaultable term structures. The equation given in
(3.43) is a nonlinear Volterra integral equation of the second kind in the unknown
H(T). We can convert (3.43) into a nonlinear first order differential equation using
differentiation as the proof of the following theorem shows.

Theorem 3.2. In a two factor quadratic Gaussian factor model, we have a perfect
calibration to the default free term structure given by the price of default free zero
coupon bonds through a closed form formula as given in theorem 1.8 and a perfect
calibration to the term structure of survival probabilities which are extracted from

CDS quotes through the numerical solution of the following first order non-linear
ODE:

1d

57 HT) + W (0,T) - an) H(T) + ((au ~2V(0, T)F(T) ~ S F(T)+

+2V3(0, T)A/F(0,T) — Tr(V(0,T)) - H(T))\/H(T) -0 (3.45)

H(T)>0, Tel0,T*], H(0)=a:1(0)
If we assume independence between ry and A, the exact solution of (3.45) is
given by

H(T) = F(T) = \/F(0,T) - V(0,T)
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where F(0,T) is default free instantaneous forward rate and V(0,7T) is the default
free variance of Y1; under T.

Proof. As the discussion preceding this theorem shows, we only need to solve the
Volterra integral equation of the second kind given in (3.43). We now show that
(3.43) is equivalent to the solution of the first order non-linear ODE given by
(3.45). From (3.43) we get the following equality

T
(T = /H(T) = 2 explay, T) f exp(—a1 1) (Va1(0, ) VE(F)
0

+ V12(0,7) A/F(0,r) = Tr(V(0,7)) — H(r) dr. (3.46)

We now differentiate both sides of the integral equation (3.43) to obtain

d HH(T)
ETQI(T) H(T)

+ V12(0,7) \/F(O, r) — Tr(V(0,r)) — H(r)) dr + 2 V3 (0, T)W/HT)
+2V35(0, T/ F(0,T) — Tr(V(0,T)) — H(T). (3.47)

+2ay1exp(an T) Iexp(—an r)(V11(0,7) VH(r)

Using (3.46) to simplify (3.47), we get

a5 H(T)

—2———}—{——(—— _) + a (a1 (T) V4 H(T)) +2 V?ll(o) T) \% H(T)

+ 27120, TIW/F(O,T) = Tr(V(0,T)) — H(T) — -d—al(:r) ~0. (3.48)

We can further simplify (3.48) by using

L n(1) = 2 F(T) + an(ea(T) - F(T) +2V/(0, 1Y) (3.49)

which can be obtained from theorem 1.8 by differentiation and using the fact that

oy(T) — F(T) = 2exp(an T) f exp(—an s)V(0,5)F(s)ds.  (3.50)
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This gives us

L H(T) o
-2411—-}—:{——— _(,_1__'_5 — Qa5 H(T) +2‘/11(0)T) H(T)+

+ 20500, TF(0,T) — Tr(V(0,T)) — H(T) - E‘f:,,-z?(:r)Jr
+an F(T) —2V(,T)F(T) =0. (3.51)

Assuming H(T') is a positive function, we now multiply both sides of (3.51) by
\/TI(T) and rearrange the terms to get (3.45) given in the lemma. In general
(3.45) can be solved efficiently using numerical methods for first order ODE’s. If
we assume that the instantaneous correlation p between Y}, and Y5 is equal to
zero i.e. the Brownian motions used to model Y3, and Y5, are independent, then

V11(0,T) =V (0,T) (3.52)
V12(0,T) =0. (3.53)

is true. Therefore (3.45) becomes a simpler equation given by
l—d—H(T) + (2V11(0,T) — an)H(T)+
5dTl 11(U, 11
~ d ~
It is easy to verify that
H(T) = F(0,T) - V(0,T) = F(T)?

is a solution of (3.54) by substituting this value into the ODE. Substituting F(T)?
for H(T) in (3.44), we obtain az(T). Note that in this case

F(0,T) = F(0,T) + G(0,T)

and

\FO,T) = V(0,T) = Vea(0, T) — F(T)? = /G0, T) = Vex(0, T).

Hence ay(T) is calibrated to the default free forward rate term structure while
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ay(T) is calibrated to the term structure of survival probabilities G(0, T). O

Remark 3.3. Assuming that we use different factors to model r, and )\, we can
extend Theorem 3.2 to a quadratic Gaussian model where more than two factors
are used to model ry and ;. From the discussion preceding Theorem 3.2, we can
see that we have to consider a vector H(T) and using the method used in the proof
of Theorem 3.2, we obtain a system of non-linear ODE’s which have to be solved
numerically.

We now give numerical results to show that we can calibrate the drift terms of
Ty and A, using CDS quotes and the default free term structure extracted from zero
coupon bonds and default free swap rates. We still consider the two factor model
where 1y = (Y3, +a1(t))? and A; = (Yas+a2(t))? to carry out the numerical work. In
the case of independence between r; and \; we can use closed form formulas to do
this calibration. Therefore we consider the case when 7; and )\, are not independent
where we have to numerically solve the nonlinear scalar ODE given by (3.45) in
lemma 3.2. We use the default free zero coupon bond data given in Table 3.1 and
the CDS quotes data given in Table 3.2 which is obtained from Martin et al. (2001)
to test the calibration. We assume that the recovery rate is 30% and therefore the
default payment Z is equal to 1 — 0.3 = 0.7. For example the first row of Table
3.2 states that the market CDS rate for a one year protection against default is
0.0045 which is equivalent to a quote of 45 basis points. Using the optimization
procedure described in this section(see (3.26) and the following paragraphs), we
can extract the probability of default under the default free forward measure which
we denoted by G(0, T) by using just the default free zero coupon data and the CDS
quotes. The probability of default under T is obtained by just assuming correlation
between r; and \; without having to specify a specific value. We assume that the
premium payments are made annually and therefore g; = 1,7 = 1,...,7 for a
CDS with maturity of r years. Since requiring a smoother G(0,T) will make
the optimization procedure favor smoothness instead of matching exactly the CDS
quotes, we need to have a higher level of discretization of the integral corresponding
to the default leg of the CDS(see (3.3) and the paragraph before (3.26)). Therefore
we chose A = 0.0625 which is smaller than the values used for A in Martin et al.
(2001) where ), is assumed to be deterministic. The value of v = 10 was chosen for
the smoothness parameter and oy = 1074,k = 1,...,r in the objective function to
minimize which is given in equations (3.14) and (3.15). In the case of correlation

between r, and \;, we have to make more approximations to the CDS rate as
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demonstrated in (3.26). Therefore what we are calibrating to is not the exact CDS
rate but an approximation. In Table 3.3 we give this approximation next to the
exact CDS quotes under the column with heading ” Calib CDS”. In the last column
of table 3.3, we give the value of the CDS rate in a two factor quadratic Gaussian
model whereby we use the formula given in (3.3) to calculate this value. To use
(3.3) we have to assume specific values for the speed of mean reversion matrix A,
the instantaneous volatility ¥ and the correlation p in the two factor model we are
considering;:

dZ, = (a(t) + AY,)dt + ZdW, (3.55)

where A and I are constant square matrices given by

T o [ oh pPO11022 ]
PT11022 g %2
In practice these parameters are obtained by calibrating to default free option data
such as caps, floors or swaptions as well as options on credit sensitive securities
such as options on credit default swaps. However this task is made difficult by the
fact that options on credit sensitive securities is not liquidly available. Here we
would like to show that for a high value of instantaneous correlation between Y3,
and Y5, we can still calibrate well to CDS quotes. We know that we have exact
calibration to the default free term structure under the quadratic Gaussian model
and hence this shows that we can also calibrate to the defaultable term structure

even if r; and \; are not independent. The specific parameters chosen are:
aiy = 0.01, Qoo = 0.09, g11 = 0.04, go2 = 0.04,p = (.9. (356)

Unlike the multifactor affine factor model for default free and defaultable mar-
kets where we do not have closed form formulas for calibration, the multi factor
quadratic Gaussian model for default free and defaultable markets inable us to
calibrate exactly to the default free and defaultable term structures as the results
in Table 3.3 and Figure 3.5 show. However for a numerical procedure of calibrat-
ing multifactor affine model to default free bonds and CDS quotes see Brigo and

Alfonsi (2004).
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T | P(0,T)
0. |1

1 |0.93182
2| 0.866762
3 [ 0.806772
4 [0.750876
5 |0.699114
6 |0.650255
7| 0.604807
8 | 0.562855
9 | 0.523594
10 | 0.487314

Tab. 3.1: Zero Rates

PO, D Zero Curve
I

0.93182

0.750876

0.604807

T
1 2 3 4 5 6 7 8 9 10

Fig. 3.2: Discount curve

3

CDS rate
0.0045
0.0055
0.0065
0.0070
0.0095
0.0105
0 0.0115

=] =3 onf el cof po| =

Tab. 3.2: CDS quotes
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CDS Rate

0.011

0.01
0.009
0.008
0.007 .
0.006
0.005

CDSRate Quotes

Maturi
10 v

Fig. 3.3: CDS quotes given as basis points * 1074

DefProb  probabilityof Survival

1
0.975
0.95
0.925
09
0.875
0.85

Fig. 3.4: Extracted Survival Probability Under Correlation A = 0.0625

Maturi
o ty

1at. | CDS Quote

A Calib CDS | QG CDS

1 0.0045 0.00448017 | 0.00448906
2 0.0055 0.00547543 | 0.00548332
3 0.0065 0.00647092 | 0.0064748
4 0.007 0.00696875 | 0.00696499
9 0.0095 0.00945755 | 0.00944627
7 0.0105 0.010453 0.0104067
10 0.0115 0.0114484 | 0.0113335

Tab. 3.3: Calibration results to CDS quotes
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CDSrate 1 Year Cap Ej Mar e:t
0.011 * L gglib
0.01 -
0.009
0.008
0.007 .
0.006
0.005

Maturity

Fig. 3.5: Calibration results to CDS quotes

3.2 Pricing Credit Default Swaptions

In this section we discuss the pricing of an option on a CDS also known as a credit
default swaption by some members of the financial market. First we show how
we can calculate the price of a credit default swaption accurately in a multivariate
quadratic Gaussian factor model. We then derive different analytic approximations
for the price of a credit default swaptions. In order to get closed form formulas,
we will assume as in previous sections that the dynamics of the Gaussian Ornstein
Uhlenbeck process Y; is given by

dY; = AY, dt + T dW, (3.57)

where A is a constant diagonal matrix and ¥ is a constant matrix and the state
variables are given by Z; = a(t) + Y;.

Definition 3.4. An option to enter a credit default swap at a future time T,
gives the buyer of the option the right but not the obligation to enter into a CDS
agreement with the receiver at time T, by paying a premium of K at times T, n =
Tos1, - - ., Tiv in return for a protection payment of Z if the referenced credit defaults
before the maturity Ty > Ty, of the credit default swap. At default time T, <7 <
Ty the contract is terminated and the receiver receives the accrued amount v — T;
where T} is the payment immediately preceding 7. This option contract is only valid
if the reference credit does not default until time T,. If the reference credit defaults
by time Ty, the option contract is terminated with no exchange of payments.

Only if at the time of maturity of the T;, the prevailing market CDS rate R(T,)
is above K will the buyer of the option find it beneficial to exercise this option.



3. Credit Default Swaps and Credit Default Swaptions 112

The market CDS rate is set in such a way such that
CDS(Tn, Ton, T, Rs(T3), Z) = 0.
Hence at time T;,, the value of the CDS underlying the option whichv is given by
CDS(T,.,T.n,T,K, Z) (3.58)
will be positive if K < Rs(T,). Therefore the payoff of the option at time 7},
CDS(Th, TN, T, K, Z) (3.59)

will need to be positive so that the buyer of the credit default swaption finds it
beneficial to exercise the option. Let the value of the credit default swaption be
denoted by CDSop(t,Tn, Ton, T, K, Z), then at time t < T,

Tn
CDSop(t, T0, Tun, T, K, Z) := ]EQ[exp (— J Ts ds)
t .
(CDS(T,., Tu N, T, K, Z))"'l]:}] (3.60)

Ignoring the accrued premium term this becomes

Tn

CDSOP(t; Tn,,Z;z,N)Ta Ka Z) = EQ[exp ( - J-Ts dS)
t

Ty B N B +
1o, (z B(T,,s) E*[\|Frlds—K 3 B P(T,,,T,-)) 7—1]
et it=n+1

Tn

Ta

— TN
= 12| exp ( - f st As ds) <Z f B(Ts, ) E™[\o| Fr.] ds—
" t Tn

N . _ +
-K ) 6 P(Tn,’n))

t=n+l

TN
ft] =1,5.P(t, T,.)]ETn [(Z J- P(T,,s) ET- sl Fr. ] ds—
T

N +
—K > B P(T,.,fn-))

t=n-+1

}',] (3.61)
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where T, is used to denote Tr,.

The value of the CDS underlying the credit default swaption in (3.61) is given
by

Twn Tw
Z [ P(T, o) EM P ds K Y, B P(T,.T). (362)
T, i=n-+1

The value (3.62) is random as seen with respect to the filtration F; since Y7,
is part of the formulas for P(Ty,s), P(T,,T;) and ET*[),|F7,]. However given
Yr,, we can calculate (3.62) to a great degree of accuracy in the quadratic Gaus-
sian factor model. Since Y7, is a Gaussian Ornstein Uhlenbeck process and we
know the mean and variance-covariance matrix of Yz, under the defaultable for-
ward measure T, (see lemma 1.4), we can use Monte Carlo simulation to calculate
CDSop(t,Tn, Tun, T, K, Z). In Brigo & Alfonsi (2004), it is indicated that we need
a large number of Monte Carlo simulations because a CDS has a large variance.
The conditional distribution of Y7, under T, and conditional on F; is multivariate
Gaussian and we know the mean and variance in closed form. Therefore if the
dimension of the Yz, is of low order, we can calculate CDSop(t, Tp, Tnn, T, K, Z)
much faster using multidimensional integration by directly integrating the pay-
off (3.62) times the multivariate normal distribution representing the probability
density function of Yz, under Th:

000D Tn
CDSop(t, Tas Tun: T, K, Z) = B(t, To) f f (Z f P(Ty, s) B[\ Fr, ] ds
Thn

—00—a0

T~ +
-K > B P(Tn,rn-))

t=n+1

1 _ _ _
_ _exp [ — =(Yr, — M(0,T2))TV(0, To) (Y, — M(O,Ta))) dYs.
27|V (0, To)|3 p( A

(3.63)
where we have to discretize the integral
TN
f B(Ty, ) ET[\| Fr,) ds. (3.64)
Tn

The multidimensional integral (3.63) can be done efficiently by using cubature
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techniques as shown in Cools and Haegemans (2003).

We have indicated how we can calculate the price of a credit default swaption
to a great degree of accuracy if we use multidimensional integration or Monte
Carlo simulation. However this task can be computationally demanding for a
multifactor model where the number of factbrs used to model the interest rate and
intensity is more than two. Even in the case of a two factor model it is better to
find an analytic approximation for the price of a credit default swaption instead
of using multidimensional integration or Monte Carlo simulation. We now show
how to approximate the price of a credit default swaption using closed formulas
involving the numerical inversion of Fourier transforms. To derive the first analytic

approximation, we first rewrite (3.61) as

CDSOP(t, Tny Zz,Ns T: K’ Z) =

T, _
N Z { B(T, s) EM[\|Frlds |+
l’r>tﬁ(t7 Tn)]ETn[ Z ﬁi P(Tna T;)( T T - K) }Tt]-
=ntl E: [%-ﬁ%7;771)
i=n+l1
(3.65)
We now approximate the integral

Ty

f P(Ty, s) ET*[Xs|Fr,]ds (3.66)

Ta

using a right Riemann sum. Hence we divide the interval [T, Tn] into M subin-
tervals by choosing 6 = Z&f!ﬁ and T,4; =Tn +65,7=1,...,M toget _
N _ -
YA ) Z P(Tn’n) ]ETj[)‘fl}lan] ds
j=n+l (3 67)
Tn -
2: l%-FKTLaTZ)

i=n+l

where T; is used to denote Tr;. Using

j=n+1,...,N (3.68)

— P(TmT')
'LUj(Tn) = Toe B 2

Z ,Bi P(Trnj;)

i=n+1
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and ignoring the error introduced by the discretization (3.67), we can now express
(3.65) as

CDSOP(t, Tn, Zz,N’ Ta K’ Z) =

_ N M
]¢>t1_)(t1Tn)ETn[ Z ﬁi P(Tn, 711) (62 i iaj(Tn)]ETj [AT_"IFTR] - K)

g

i=n+1 j=n+1
Tn
N
=1¢>tIEQ|:eXP(”‘ J\rs"')\ads) Z :Bi P(Tnaﬂ)
t i=n+1

(52 i wj(Tn)]ETf[ATj[an]—K) ]-}]. (3.69)

j=n+1

Let D(t) denote the default free savings account (see (1.8)) which is given by

D(t) = exp (f Ts ds).

In the following we consider a change of measure that would simplify the calculation
of (3.69). First we define the defaultable present value of a basis point(DPVBP)
by
N
Unn(t) ==1r>1, D, BiP(t,T). (3.70)
i=n+1

Consider the measure that is absolutely continuous to Q which is defined by the
Radon-Nikodym density:

N —
Z ﬁzP(TnyT;)

dU . Un,N(Tn) D(O) =1l i=n+1 D(O) (3 71)
== = =11, < - ]
dQ ng D(Tn) UTI,N (0) D(Tﬂ) Z ﬂ;P(O, 7:)
i=n+l
Now using the abstract Bayes formula and (3.71) we can rewrite (3.69) as
CDSop(t, Tn,Tnn T, K, Z) =
N ) +
Un,n(t) IEU[ (éz Z W;(Tw)EY [Agy | Fr,] — K) f;]. (3.72)
j=n+1
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We now show how we can calculate
EY [Ar, | Fr,). (3.73)

Under the assumption of a multifactor quadratic Gaussian model, the interest rate
and the intensity of default are quadratic forms in Y. We partition the vector
Yr into two disjoint parts consisting of Y} and Y2 and for ease of exposition
assume rr and Ar are given by (3.24) and (3.25) respectively. We denote by
Mi(t,T) and Vi(t,T),i = 1,2 the conditional mean and variance-covariance matrix
of Y},i = 1,2 under the measure Tr and with respect to the sigma field F;. Using
lemma 1.4, we can find the mean and variance-covariance matrix of Yr under
the measure Tr and conditional on F; which are denoted by M (¢, T) and V (¢, T)
respectively:

V(t,T) =Po(T —t)Quv (T — t) (3.74)

T
M, T) =0v ™ (¢, T)TY; + 200\, T)" f Pu(t, s)Ta(s) ds (3.75)

where (Qu(T'), Pv(T))7 is the solution of the following system of linear differential

equations
orQu(T) \ [ —AT 2I'\{ Qu(T)
orPu(T) ] \ ==T A4 Pu(T) )’

So if in particular t = T, and T = T}, we can find the mean and variance-
covariance matrix of Yﬁj under the measure T;,T; > T, and with respect to the
sigma field Fr, which we denoted by M*(T,,T;) and VT, T;) from M(T,,T;)
and V(T,,T;). This shows that we can find the value of (3.73) in closed form. The
mean and variance-covariance matrix of Y1, under U can be calculated explicitly.
In fact similar to (2.72) in chapter 2, using (3.71) and the abstract Bayes formula
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we have
N _
T, > BP(T.T)
EY[Yr,] =EQ [ exp ( — J-r, + X, ds) 1=';H Yq-j] (3.76)
t >, BkP(t,Ty)
k=n+1
N _
B . Z lﬁiP(Tna ’I;)
i=n+
=ET~ { - Yr,
P, T;
k=§ 1ﬁk P(t’T:)
_ _ BPGT) o [P@LT)
= ~ O T
i=n+1 Zf=n+1 'B"P(t? Tk) ‘ B g—((tt,_,'l’% ’
N = - = »
ﬂip(t’ T;) T. P(Tn’ ﬂ)
= — E " | —= Y- |. (3.77
SN BB | BT, T )
We can calculate B
= P(T,,T)
IET"' _ \ Yy +£1 Y ) .
t [E [P(T, ] T} (37)

by applying lemma 1.14 (see (1.118) and (1.119)) as P(T},,T}) is log-quadratic
Gaussian and therefore (3.76) can be calculated in closed form. Note however as
in (2.71) in chapter 2, we can use Girsanov’s theorem to show that the dynamics
of ¥; does not correspond to a Gaussian process under the measure U. We can get
the mean and variance-covariance matrix of Y; under U using the weighted mean
and variance-covariance matrix of Y; under each T; because Y; is a Gaussian vector
under each T;. To facilitate the derivation of an analytic approximation to (3.72),
we now replace the weights w;(T;) by their time zero values. This freezing of the
weights has been used to derive analytic approximations in the valuation of default
free securities (see Rebonato (1998)) and in the valuation of defaultable securities
(see Brigo and Mercurio (2006)). Therefore

N N _
ONTn) =62 Y, @;(0)Qxr =62 D, w;(0EY[\yy|Fr,] (3.79)

j=n+1 j=n+1

is a quadratic form in Yz, = (YZ,,YZ ). We now made an additional approximation
by replacing Y; under U by a Gaussian process Y; which has mean and variance-
covariance matrix equal to the exact mean and variance-covariance matrix of Y;
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under U. Therefore an approximation to the credit default swaption can be given
by

CDSOP(t)Tn’ 7;1,N’T) K, Z) x C—Egop(t, Tn) 7;1,N7 T, K’ Z) =
N

Un,N(t)IEU[(éZ 3 @;(0) QF(Y/T,,)—K)

j=n+1

}}] (3.80)

where the QFr ()~’Tn) denotes the quadratic form in Yz, which is obtained from (3.80)
by replacing Yz, in (3.79) by ?Tﬂ. This approximation is an efficient one since we
only have to work with the characteristic function of a single quadratic form in
Gaussian random variables®. Under this assumption (3.79) can be approximated
by a quadratic form in Gaussian random variables. Since we can calculate the char-
acteristic function of quadratic forms in Gaussian random variables(see lemma B.1)
we can now apply the Fourier transform method which is based on transforming
the approximate price of the credit default swaption which is given by (3.80) with
respect to the strike price(see Carr and Madan (1998),Lee (2004)). This is similar
to what we have done in approximating the price of swaptions in chapter 2 but
here we do not have to approximate a sum of log-quadratic Gaussian processes by
a log-quadratic process but only freeze the weights w;(t) and approximate the non
Gaussian dynamics of Y; under U by a Gaussian process with matching mean and
variance-covariance matrix. For ease of exposition we now discuss how to calcu-
late (3.80) for ¢ = 0. Let £ denote a quadratic form in Gaussian random variables
®Y(1], z) denote the characteristic function of £ under U

®Y(9, z) := EV[exp(iz0)]. (3.81)
The payoff function associated with (3.80) is of type
Go(z, k) == (z — k)*. (3.82)

For such a payoff function Lee (2004) gives a method to calculate the inverse
transform with error bounds. First we give some definitions and notations similar

to the ones given for pricing default free swaptions. Let & > 0 and C4 ¢, (K) denote

6 When discussing the numerical results later in this section, we will show that we can find the
exact characteristic function of (3.79) under U but it turns out in addition to be computationally
less efficient, the approximation tends to have generally more error.
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the dampened price of the option” with payoff G, (z, k)
Cs,6.(K) := exp(@)EY[Gy(z, k)]. (3.83)

Let Cg,(2) denote the Fourier transform of the damped option price with respect
to the strike price K

Ce,(2) := f exp(izK) Cs ,(K) dK = iu(zx,_z) (3.84)

Then from Lee (2004) the option price can be obtained by the following Fourier

inversion
o—@ai

Ce,(K) = Rs g, + -}r- f Re[CAG2 (2) exp (—izK )] dz
0-Gi
where
-3'(0) — K®(0), &<
R&,G’z — —é’gog;K&go;,
0,

Q»
I

0
0 (3.85)
0

Q0
\

If & = 0, Lee (2004) suggests that we use
1 )
Ce.(K) = Ra, + ;J. (Re [é@2 (z) exp (—izK)] + 2_2) dz
o

to avoid convergence problems®. The characteristic function of a quadratic Gaus-
sian variable exists everywhere and therefore we can choose to dampen the option
price or not. This enables us a choice of methods to minimize the error in the nu-
merical inversion of the Fourier transform. For further details see Lee (2004). Thus
we can calculate (3.80) in closed form up to an inversion of a Fourier transform.
We now derive another approximation which uses the quadratic form given in
(3.79) to approximate the exercise boundary of the credit default swaption. From
the first approximation to the price of a credit default swaption which is given by

7 We mean here the price of the credit default swaption divided by the predefault value of the

defaultable present value of a basis point.
8 Numerical experiments show that there is still some difficulty when using & = 0.
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(3.80), we can see that the credit default swaption is exercised if

N
Qnn(Tn) =62 > @;(0)EY Ay, | Fr,] (3.86)
F=n+1

is greater than the exercise price K. We have already seen in the derivation of
the first approximation that Qn,N(Tn) is a quadratic form in 7,, which can be
calculated in closed form(see the discussion after (3.80)). Ignoring the accrued
term, the exact price of the credit default swaption is given by (3.60). If we now
discretize the integral corresponding to the default leg using a Riemann sum as

in (3.67), we can approximate® the exact price of the credit default swaption(see
(3.60)) under T, by

CDSop(t, Ty, Ton, T, K, Z) =

— N - _
L. P(t,T,)E™ [‘52 Y. P(T.,Ty) BNy | Fr]-

j=n+1

N +
-K Y B P(Tn,T,-))

i=n+1l

J—"] (3.87)

As (3.87) is close to the exact price of the credit default swaption, we can ap-
proximate the exact price of a credit default swaption with maturity 7,, = T by
approximating the exercise boundary through (3.86). Therefore we get a second
approximation to the price of the credit default swaption which is given by:

CDSOP(ty Tn, 7;1,1\" Ta K: Z) = CD520P(t7 Tns 7;1,N:T1 K: Z)

o N - —
= ]'l'>t}3(t; 7171)IETn [52 Z P(Tna 7_11) ETj [ATJ‘ IFTn] lén'N(T,.)>K“

j=n+1
N _ +
- K Z G; P(T,,T;) IQ,.,N(T,,)>K) }}]. (3.88)
i=n+l
We have already seen that we can calculate the exact value Qf
Qx(Tn) == EV g | 7] (3.89)

9 We can assume that this error can be ignored as we can approximate the integral with high
degree of accuracy for a value of the discretization level & which is close enough to zero.
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which is a quadratic form in Yz,,. The price of defaultable zero coupon bond prices
in the quadratic Gaussian model are log-quadratic Gaussian and therefore we can
write

P(T,, T) = exp(Qx(T5)) (3.90)

where

Qk(Ty) :=log, (P(T, Ti)) = —Yq.C (T, Te) Y, — B(To, Ti) Yo, — A(To, Ti).

Hence in (3.88) the value

N
8Z Y, P(Tn,T)1g, virmy>k E¥ gyl Fr] (3.91)

J=n+1

is a sum of payofs of type
Gi(z,K) :=br.xexp (b1.2) Iy o5, TER™ (3.92)
where by, b; and bs are appropriately chosen. In particular

b = (0,0,1), b, = (1,0,0), b, = (0,1, 0),
T = (I13x2az3) = (Qj(Tn)7 Qz\i(Tn)t C_21':.,N(‘T'n))'

Since we know the characteristic function of a quadratic form in Gaussian random
variables under T, in closed form(see (2.23)), we can now calculate (3.91) using
the Fourier transform method given in Lee (2004). For a payoff of type (3.92), Lee
(2004) gives different ways of calculating the price of the corresponding option.
The method is based on transforming the dampened option price with respect to
the strike price K. The most efficient way of numerically inverting (3.96) is to use
the result given in Lee (2004). For the particular case x = (x1, Z2, z3) let us denote
by Cg, (K) the option price which is normalized by the price of the defaultable zero
coupon bond with maturity equal to the maturity of the option where the payoff is
of type (3.92). Let Cg,(z) denote the Fourier transform of Cg, (K)(see Lee (2004)

for details)
—b2. V&(z1, 72, T3, b2 — b17)

Z

Ce,(2) = (3.93)

where ®(z, T2, T3, w1, W2, w3) represents the joint characteristic function of three
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quadratic Gaussian random variables z,, T, z3(see (2.23)) evaluated at
(w1, wa, w3) = bpz — byi.

The problem of obtaining the option price through Fourier inversion is given by
Lee (2004) for the payoff of type (3.92) and it is:

w—ai

1 .
Co(K) = Rs ¢, + - J Re I:Cg,, (2) exp (—-izK)] dz (3.94)
0—ai
where
~ibg.V®(21, 23, —b1i) = V&(z1, 22, 23, —1, 0, 0), a<0
R _ —z'bg.V@(a:],xg,a:g,, —bli) —ibg.v¢($1,$2,$3, —’i,0,0) ”
%,Gs = = , a=0
2 2
0, a>0

(3.95)
The choice of the dampening factor & is not restricted by the domain of existence of
the characterisitc function since the characteristic function of a quadratic form in
Gaussian random variables exists everywhere. Hence we can choose not to dampen
the option price by choosing & = 0. However there are advantages in dampening
the option price by different values of & depending on the strike price in order to
minimize the error in the Fourier inversion which is needed to calculate the price
of the option (see Lee (2004) for a detailed discussion). We do not investigate the
error differences obtained by choosing different & for the dampening factor but use
a uniform value of & = 1 for the different range of strike prices in our numerical
experiments to be presented later in this section. Therefore we can find the Fourier

transform of the dampened value

¢ o)

N —
Iexp(dK)]ET“ [52 Z P(Tn, Tj) g, p(ro)>xBY 21y | Fr.]

j=n+1

7—;] exp (izK) dK

-0

(3.96)

with respect to the strike price K in closed form and numerically invert the Fourier
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transform using (3.94) and (3.95). The calculation of the dampened value

[o o]

- N —
J exp(GK)E™ [K Z Bi P(T, T) 1, (1o)>k

i=n+l

f;] exp (izK)dK (3.97)

-—00

involves payoffs of type

Gi(z, K) := exp (b1.z) byyz>k, z€R” (3.98)

where
bp = (07 1)’ by = (1,0)13" = (Qi(Tn)» Qn,N(Tn))'

We have already discussed in chapter 2 in the context of the approximation of the
price of default free swaptions how to calculate option prices involving payoffs of
type (3.98). Therefore we refer the reader to the discussion following (2.17) in
chapter 2. Thus we have shown how to calculate the numerical inversion of the
Fourier transform with respect to the strike price K of (3.88) which is formally
given by:

CDS20p(t, Tny Tnn, T, K, Z)(2) =

(e 0]
f exp (izK) exp(aK) CDS20p(t, Tn, Tun, T, K, Z) dK. (3.99)
—Q0

The approximation of the price of the credit default swaption given by (3.88) is
given by the numerical Fourier inversion and removal of the dampening!® through

‘the following formula:

CDS20p(t, Tn, Tnn, T, K, Z) =
O—AE

f Re[CDSZOP(ta Tn7 7:1,Ny T‘) 1{7 Z) (Z) exp(—‘sz)] dz. (3100)
0—ai
We have discussed above how we can calculate (3.100) through the numerical

inversion of several Fourier transforms and therefore we can now claim that we
can calculate (3.88) in closed form'!. Note however that we have to invert several

10 For a detailed discussion see Lee (2004)
11 By closed form, we mean up to a numerical inversion of the closed form Fourier transform
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Fourier transforms depending on the discretization level & of the integral given
in (3.87) and on the coverage §; for the premium leg in (3.97). Therefore this
method takes more time to compute the approximate price of a credit default
swaption. For numerical experiments we took a discretization level of § = 0.0625
in (3.67) which requires a larger number of numerical Fourier inversions. We can
take § = 0.25 to obtain a price that differs from that of a finer discretization by a
couple of basis points and therefore the computation can be speeded up. Moreover
we believe that instead of using quadrature to do the numerical inversion of the
Fourier transforms, we can use the discrete Fourier transform or the fast Fourier
transform to obtain significant speed up of the inversion. Moreover as the number
of factors increases to more than 2, the dimension of the multidimensional integral
in (3.63) also increases by the same amount and cubature methods are slower while
the approximation (3.88) can still be implemented efficiently through the numerical
Fourier inversion. From numerical experiments given later in this section, we can
see that the implementation of (3.88) through the Fourier technique discussed is
much more accurate than (3.80) especially when the maturity of the credit default
swaption is far from the present date ¢ = 0.

We now give a third approximation for the exact price of a credit default
swaption as given in (3.60) by using the formulation given in (3.80). Instead of
making the assumption that we can approximate (3.79) by a quadratic form in a
Gaussian random vector such that the Gaussian random vector has a mean and
variance-covariance matrix equal to the exact mean and variance-covariance matrix

of Yz, under U, we calculate

CDSOP(t, T'n,, 7;1,N1 T) 1{7 Z) =

Un,N(t)E”[(az > wj(O)]ETJ[ATijTn]—K) f-,] (3.101)

Jj=n+1

using a Gram Charlier series (see the discussion given in section 2.4 of chapter 2).
The Gram Charlier series is used to approximate the density of (3.79). Therefore
we calculate the exact higher moments of (3.79) as in (3.76) through a weighted

of the option price which can be done efficiently.
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sum as follows

— % ﬂiP(Tny 711)
EY[(Qx(T%))¥] =ET- [

i=n+1 P o (Q}\(Tn))k}
Z ﬁ,.,,gt;)
_ i BPOT) x| P(T T

N = t
i=n+1 Zr=n+l 'BTP(t’ 7:') L f}:((:g;.)
N

- Z /sz(tyz’;-) ]E'i',, [ ‘P(}—‘na’-ri)
it D1 BP (8, T) | E[P(T5, T))]

(@A(T2)) ]

(Q/\(Tn))k] (3.102)

where we can calculate

]E'i',, { P(T‘YH T'z)

N D) @*(Tn”'“} (3.103)

by applying lemma 1.14 (see (1.118) and (1.119)) and the discussion given in
Mathai and Provost (1992) regarding the efficient calculation of higher moments
of quadratic forms in Gaussian random variables. Note that (3.103) corresponds
to finding the higher moments of (3.79) under T; which is the defaultable for-
ward measure!? for maturity Tj(see the proof of lemma 1.14 for another way to
show (3.79) is a quadratic form in Gaussian random variables under the change of
measure given by the log-quadratic Gaussian process P(T,,T;) in (3.103)). Even
though (3.79) is not a quadratic form under U, it is a quadratic form under each
forward measure T; fori =n+1,...,N.

We now present numerical results for the different approximations given in this
section. We assume the default free discount and CDS data is as given in Tables 3.1
and 3.2. Since we would like to test the performance of the approximations for the
price of credit default swaptions with maturities up to five years with an underlying
CDS of maturity that can be fifteen years, we extended the discount data given
by Table 3.1 through extrapolation. We give this additional default free discount
data in Table 3.4. We extracted the probability of survival under the default
free forward measure T which we denoted by G(0,T) as described in the previous
section (see Figure 3.4). The survival probabilities have also to be extended by
extrapolation for years 10 to 15 since we extracted the survival probability based

12 We use T; to denote Tr, to lighten the notation.
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T [P, T)

11 | 0.451034
12 1 0.410806
13 | 0.362682
14 1 0.302714
15 | 0.226954

Tab. 3.4: Zero Rates for years 10 to 15

DefProb  probabilityof Survival
1

09
0.8
0.7
0.6

Maturity
2 4 6 3 10 12 14

Fig. 3.6: Extracted Survival Probability with Extrapolation for years 10 to 15

on ten years default free discount data and CDS quotes of maximum maturity
ten years. We give the figure for the extrapolated G(0,T) in Figure 3.6. As in
the previous section we assume a two factor quadratic Gaussian model(see (3.55)
and use the parameters given (3.56). There is no particular reason we use these
parameters, our objective is to test the performance of the approximations for
these parameters. The exact value of the price of the credit default swaption is
calculated based on the double integral given in (3.63). In tables (3.5) to (3.13),
the maturities for the credit default swaption are given in the rows and range from
T = 1to T = 5 years. The tenor of the CDS underlying the credit default swaption
range from 1 to 10 years and the price of the corresponding credit default swaption
are given along the columns. For each maturity tenor pair, we give next to the
exact value the value obtained through the approximation (3.80) in parentheses
and below it the relative error for the approximation expressed as a percentage.
For each of the maturity tenor pair, we consider three strike prices. The first strike
price is the at the money strike price which is the strike price that would make the
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value of a forward starting CDS equal to zero and is obtained by solving for K in

T, . T
IEQ[exp (—- Ir3+)\3ds) (6ZZ ]EQ[exp(— fr5+Asds)An|an]~
0

j=1

n

— Kg B; P(T.,, T))] =0. (3.104)

‘Therefore the at the money strike price for the credit default swaption of maturity
T, with an underlying CDS of tenor equal to Ty — T}, years is given by

N .
8Z 3 P(0, T))E™[Ar,]
i=1

KDATM = (3105)

N
éﬁiP(O,Ti)

We then consider an in the money strike which is taken to be 0.85 x Kpary and
an out of the money strike which is taken to be 1.15 x Kparas-

Tables 3.5, 3.6 and 3.7 give the results for the approximation of the price of
credit default swaptions based on (3.80). As we can see from these results the
approximation has an error of a few basis points when the maturity of the credit
default swaption is one year. For the five year maturity credit default swaption,
we have an error that increases with the tenor of the underlying CDS such that
for a CDS of tenor length equal to 10 years, we have a large error. There are two
assumptions that could be the cause for this error. The first possible cause for the
error is that we approximate Y; by a Gaussian process with the same mean and
variance-covariance matrix when deriving the approximation (3.80). The second
possible reason is that we replace the weights @;(t) by their time zero values. The
first error can be eliminated by using the exact characteristic function of (3.79) as
it can be calculated as the weighted sum of the characteristic functions of Gaussian
quadratic forms similar to what we did in (3.102). Numerical tests using the exact
characteristic function of (3.79) had in general more error in the approximate prices
of the credit default swaptions obtained in comparison to the first approximation.
We therefore can conclude that the error is mainly due to the fact that we replaced
the weights w;(T,) in (3.79) by their time zero values. It appears replacing Y;
which has a non-Gaussian dynamics under U by a Gaussian process with the

same mean and variance-covariance matrix has the effect of canceling some part of
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the error introduced by the freezing of the weights w;(t). This observation is also
supported by the results obtained for the approximation based on a Gram Charlier
series which does not replace Y; by a Gaussian process but calculates the exact
moments of (3.79) using (3.102). Since the only assumption when calculating the
higher moments is that the weights ;(t) are frozen, the source of error can come
from this assumption or from the lack of accuracy by the Gram Charlier series in
approximating the probability density of (3.79). The more likely source of error
is the freezing of the weights since from the numerical experiments conducted for
the approximation of swaption prices through the Gram Charlier series method,
we found out that the Gram Charlier series method approximates the swaption
price well if a limited number of moments are used. As the results of Tables 3.11,
3.12 and 3.13 show the Gram Charlier series approach, where the density of (3.79)
under U is approximated through an orthogonal series expansion, has less error
compared to the first approximation but has similarly large errors for maturities of
the credit default swaption equal to five years when the CDS tenor is equal to 10
years. This shows that freezing of the weights w(¢) by replacing them by their time
zero values leads to large errors for the prices of credit default swaptions when the
underlying CDS tenors are more than five years. This observation is also supported
by the results of Tables 3.8, 3.9 and 3.10 which are based on the approximation
given by (3.88). The results for this approximation are very accurate as we only
approximate the exercise region of credit default swaption. However the errors for
the longer maturity credit default swaptions are relatively larger.

Mat. Tenor

T 1 3 5 10

1 17.50(16.81) | 51.23(49.29) 95.3(94.72) 152.73(155.93)
(3.92%) (3.78%) (0.61%) (-2.1%)

3 27.65(25.85) | 107.97(102.03) | 156.2(146.10) | 254.79(268.09)
(6.51%) (5.50%) (6.46%) (-5.22%)

5 45.77(41.07) | 110.5(99.40) | 170.9.44(157.92) | 262.82(365.60)
(10.26%) (10.04%) (7.59%) (-39.11%)

Tab. 3.5: Relative Error of Approximation given by (3.80) for K = Kparpm
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Mat. Tenor

T 1 3 5 10

1 21.18(20.49) | 64.09(62.17) 126.23(126.91) | 217.72(220.75)
(3.25%) (2.98%) (-0.54%) (-1.39%)

3 31.30(29.5) | 127.98(122.04) 185.5(175.44) | 321.50(335.02)
(5.76%) (4.64%) (5.42%) (-4.20%)

5 51.94(47.24) | 125.27(114.15) 195.84(182.99) | 351.45(455.58)
(9.05%) (8.88%) (6.57%) (-29.63%)

Tab. 3.6: Relative Error of Approximation given by (3.80) for K = 0.85 x Kpirm

Mat. Tenor

T 1 3 5 10

1 14.4(13.72) | 40.69(38.79) | 70.25(69.65) 104.99(107.87)
(4.68%) (4.66%) (0.86%) (-2.74%)

3 24.44(22.65) | 90.94(85.06) | 131.38(121.42) | 201.22(213.58)
(7.31%) (6.46%) (7.58%) (-6.14%)

5 40.34(35.69) | 97.59(86.58) | 149.24(136.32) | 196.07(292.21)
(11.55%) (11.28%) (8.66%) (-49.03%)

Tab. 3.7: Relative Error of Approximation given by (3.80) for K = 1.15 x Kporam

Mat. Tenor

T 1 3 5 10 _

1 17.50(17.47) | 51.23(51.39) 95.3(95.27) 152.73(152.59)
(0.18%) (-0.32%) (0.03%) (0.09%)

3 27.65(27.71) | 107.97(108.0) 156.2(155.99) 254.79(254.69)
(-0.2%) (-0.03%) (0.14%) (0.04%)

5 45.77(45.81) | 110.5(110.67) 170.9.44(171.46) | 262.82(260.79)
(-0.08%) | (-0.15%) (-0.33%) (0.77%)

Tab. 3.8: Relative Error of Approximation given by (3.88) for K = Kparm
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Mat. Tenor

T 1 3 5 10

1 21.18(21.19) | 64.09(64.09) 126.23(127.52) | 217.72(217.46)
(-0.08%) (-0.00%) (-1.03%) (0.12%)

3 31.30(31.26) | 127.98(127.85) 185.5(185.35) | 321.50(321.40)
(0.13%) (0.10%) (0.08%) (0.03%)

5 51.94(52.06) | 125.27(125.05) 195.84(195.44) | 351.45(349.46)
(-0.23%) (0.17%) (0.20%) (0.57%)

Tab. 3.9: Relative Error of Approximation given by (3.88) for K = 0.85 x Kprrpm

Mat. Tenor

T 1 3 5 10

1 14.4(14.5) 40.69(40.65) | 70.25(70.29) 104.99(104.83)
(0.72%) (0.09%) (-0.05%) (0.15%)

3 24.44(24.44) | 90.94(90.81) | 131.38(131.94) | 201.22(201.1)
(-0,01%) (-0.14%) (0.43%) (0.06%)

5 40.34(40.51) | 97.59(97.57) | 149.24(149.4) | 196.07(192.59)
(-0.42%) | (0.02%) (-0.11%) (1.78%)

Tab. 3.10: Relative Error of Approximation given by (3.88) for K = 1.15 x Kporm

Mat. Tenor

T 1 3 5} 10

1 17.50(17.35) | 51.23(50.89) 95.3(96.95) 152.73(160.32)
(0.84%) (0.66%) (-1.72%) (-4.96%)

3 27.65(28.2) | 107.97(107.43) 156.2(155.83) 254.79(286.88)
(-1.98%) (0.5%) (0.24%) (-12.59%)

5 45.77(44.12) | 110.5(109.49) 170.9.44(174.76) | 262.82(397.54)
(3.61%) (0.92%) (-2.26%) (-51.26%)

Tab. 3.11: Relative Error of Approximation based on a Gram Charlier series(based on 3

moments) for K =

Kparum
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Mat. Tenor

T |1 3 5 10

1 21.18(21.07) | 64.09(63.95) 126.23(129.46) | 217.72(225.84)
(0.47%) (0.21%) (-2.56%) (-3.72%)

3 | 31.30(31.96) | 127.98(127.86) | 185.5(185.87) | 321.50(355.26)
(-2.09%) (0.09%) (-0.20%) (-10.5%)

5 51.94(50.44) | 125.27(124.64) | 195.84(200.52) | 351.45(489.76)
(2.89%) (0.50%) (-2.39%) (-39.35%)

Tab. 3.12: Relative Error of Approximation based on a Gram Charlier series(based on 3

moments)for K = 0.85 x Kprrp

Mat. Tenor

T |1 3 5 10

1 14.4(14.26) | 40.69(40.40) 70.25(71.95) 104.99(112.43)
(0.93%) (0.69%) (-2.42%) (-7.08%)

3 24.44(24.97) | 90.94(90.42) 131.38(131.06) | 201.22(232.28)
(-2.19%) (0.57%) (0.24%) (-15.43%)

5 40.34(38.70) | 97.59(96.60) 149.24(153.05) | 196.07(323.62)
(4.08%) (1.02%) (-2.55%) (-65.05%)

Tab. 3.13: Relative Error of Approximation based on a Gram Charlier series(based on 3
moments) for K = 1.15 x Kporum



4. A TWO-COUNTRY REDUCED FORM MODEL

There is some work in the pricing of default free bond options in a two country
setting or more generally in an international economy. The treatment of options
under an international setting was first formalized in Amin and Jarrow (1991) and
Amin and Jarrow (1992). Since then, there has been some work on the valua-
tion of options whose underlying is a foreign default free bond (see for example
Andreasen (1995), Bensaid and Bottazzi (2001), Cherif and El Karoui (1993), Fra-
chot (1995), Frey and Sommer (1996), Jamshidian (1993) and Mellios and Poncet
(2001)). While there is also a lot of literature that considers the pricing of credit
default swaps in a single economy(see for example Brigo and Alfonsi (2004) and
Schénbucher (2000)), the literature on the valuation of a quanto credit default
swap or more generally credit sensitive securities involving currency risk is rare.
Using hedging arguments Vaillant (2001) considers the valuation of a foreign de-
faultable bond. A numeraire independent framework for the valuation of credit
derivatives is provided in Jamshidian (2004) and subsequently used to value credit
default swaptions. The most relevant work on default in a two country setting! has
been Levy and Levin (2002), Finkelstein (2000), Anderson (2003) and Ehlers and
Schonbucher (2006). In this chapter we consider a two country model of default
which accounts for currency risk. In the first section, we consider a default model
involving a single corporation which has issued defaultable bonds in both the do-
mestic and foreign country. Assuming cross default?, we show how the domestic
forward credit spread and the foreign credit spread are related with each other.
We also derive a quanto adjustment formula that can be used to determine the
probability of default of the corporation in the foreign economy from the proba-
bility of default of the corporation in the domestic economy or vice versa. This
generalizes the quanto adjustment formula given in Finkelstein (2000) and Vail-

11 would like to thank Dr. Leif Anderson for the private communication regarding quanto

adjustments to probabilities of default.
2 Cross default means here that the default of the corporation in one economy triggers its

default in the other economy.
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lant (2001) for the case of an intensity of default that is of the Gaussian type. In
subsequent sections we assume no cross default and give an extension of an HIM
drift condition for the forward credit spread in a contagion model of default. We
also discuss how we can tractably value a quanto default swap under a contagion
model of default assuming a quadratic Gaussian factor model.

4.1 'The Framework

We assume that we have a filtered probability space (Q, F,P%) where P? is the
risk-neutral measure for the domestic economy. Thus ¢ is a measure under which
any domestic tradeable security which does not pay coupons or dividends follows
an F-martingale process. We assume the filtration F = (F;)(0<t<r*) is generated
by n independent Brownian motions W2 = Wg,i = 1,...,n and satisfies the usual
conditions. The time horizon is assumed to be finite so that T* > 0 is some
finite number. We now assume that there is a corporate that has issued debt in
the form of zero coupon defaultable bonds in the domestic and foreign economy.
Let 7 denote the default time of the corporate defined on a probability space
(2, G, Q%) where Q? denotes the domestic risk neutral measure for the extended
domestic market which now includes defaultable securities. Let H; = 1,« and
H = (H;)o<t<r* be the filtration generated by H i.e. H, = o(H, : v < t) which is
completed by the null sets of (Q?,G). We assume that G; = H; v F;. For a specific
construction of filtered probability space satisfying this property see chapter 13,
section 13.1.5 of Bielecki and Rutkowski (2002). We denote by P?(¢,T) the price
of a domestic default free zero coupon bond and by Pf(t,T) the price of a foreign
default free zero coupon bond. We denote by 1,.,P%(t,T) the price of a domestic
defaultable zero coupon bond and by 1,-.P”/(t, T) the price of a foreign defaultable
zero coupon bond. The values Pi(t,T) are referred to as the predefault values of
the i* economy defaultable zero coupon bond where 7 = d (f) corresponds to the
domestic (foreign) economy. We define the domestic continuously compounded

default free instantaneous forward rates f(¢,T) by

FULT) = —%mge P, T). (4.1)
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Similarly we define the foreign continuously compounded default free instantaneous
forward rates ff(¢,T) by

FtT) = —% log, P! (t,T). ' (4.2)

The domestic continuously compounded instantaneous defaultable forward rates
Fe(t, T) are defined by

fd(taT) = _% loge Pd(t,T)’ (43)

while the foreign continuously compounded instantaneous defaultable forward rates
Ff(t, T) are defined by

— d _
A, T) .= —=1log, P/(¢,T). (4.4)
dT
Given the default free and defaultable forward rates we define the domestic con-
tinuously compounded instantaneous forward credit spread s%(t,T) by

s4t,T) == Fo@,T) — f4¢, T), (4.5)

and the foreign continuously compounded instantaneous forward credit spread
sf(t,T) by
Sf(t:T) = ff(t7 T) - ff(tv T)' (46)

The G,-intensity of H, in the i* economy is denoted by i and has the property
that

tAT
H, — f A du (4.7)
]

is a G-martingale under Q¢ for i = d(f) corresponding to the domestic (foreign)
economy. Again we refer the reader to p.394 of Bielecki and Rutkowski (2002) for a
specific construction of a default time 7 in an HIM model of default such that (4.7)
holds for i = d i.e. the domestic economy. An alternative construction of 7 such
that (4.7) is true can be based on a Cox process approach (see chapter 8, section
8.6.1 of Bielecki and Rutkowski (2002)). We now assume that F; martingales
are also G, martingales. This is known as the martingale invariance property or
the H hypothesis (see chapters 6 and 8 of Bielecki and Rutkowski (2002)). We
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also assume that the intensity ), is an F- measurable process. Thus the (F, Q%)

martingale hazard process in the ith economy (see Chapter 6,6.1 of Bielecki and
Rutkowski (2002)) which is given by

t
A = J X du (4.8)
0

is absolutely continuous. The F-hazard process of 7 under Q which is denoted by
I'; satisfies the following equality

Q{r > t| 7} = exp(-T) (4.9)

and is useful in calculating expectations involving H;. Thus it is important to
identify this process whenever possible. Using the H hypothesis and the fact that
the filtration F supports only continuous martingales, we have by Proposition 6.2.2
of Bielecki and Rutkowski (2002) that the hazard process is equal to the martingale

hazard process i.e I' = A. For brevity of notation we will use the following:
EMY|F7] = E'[Y]

for any G measurable random variable Y and M in EM is the measure under which
we are calculating the expectation. Using the fact that I' = A we have the following
valuation formula (see Bielecki and Rutkowski (2002), p. 230).

Proposition 4.1. Let Y be an F measurable random variable, then we have:
) T ; T
EY [exp ( — f Tu du)L>TY gt] = 1,.,EQ [exp ( — I Tu + Au du)Y'f}].
t t

(4.10)
Thus calculations involving 1,7 can be reduced to one involving

T
exp (—fkudu).
t

Assume that the foreign exchange rate S; which is the value of one unit of foreign

currency in terms of the domestic currency is an F;-measurable continuous process
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which solves the following SDE
dS; = Se(rd — ]y dt + o5 aW? (4.11)

where of is bounded and adapted to the filtration F:. In our discussions in
this chapter we assume that we are given the domestic filtered probability space
(2, F,PY). We obtain the foreign filtered probability space ({2, F,P/) using a
change of measure technique. We define the foreign risk neutral measure Qf by

T*

Tt
W ( J o) We — f ||aS(u)||2ds). (4.12)
G+ 0 0

dQ?

Applying Proposition 5.3.1 of Bielecki and Rutkowski (2002) we get

t
W =wg - f o5 du (4.13)
0

is a standard Brownian motion under the foreign risk neutral measure Q/ and

tAT

H, — f A du (4.14)

0
is a G;-martingale under Q. But we also have by the property of the intensity )\{ :
H, - J M du (4.15)

0

is a G,-martingale under Q. Now by the uniqueness of the predictable versions of
the G-compensator, we must have M = )¢ and thus we drop the exponent® and

write simply A..

Definition 4.2. The forward exchange rate which is denoted by X(t,T) is the
forward price in domestic currency of one unit of foreign currency in a forward
contract with maturity T which is initiated at timet. Using a replication argument
one can show that X(t,T) is given by the following formula (see Musiela and

3 Note here we have a single default time 7 and hence we are assuming that default in one
economy implies default in the other economy.
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Rutkowski (2005) or Schisgl (2002)):

S, P/(t,T)

X(6T) = Zge s

(4.16)

The change of measure between the domestic forward measure T¢ and the
foreign forward measure T/ (see Schlégl (2002)) is given by

dar/
dTe

_ X(@,T)
¢ X(0,T)

(4.17)

Thus given a G measurable random variable Y, we have by the Bayes formula

X(T,T)
EY[Y|G] = E™| 2 22Ly|G,|.
Let T denote the defaultable forward measure for the it economy (see Schonbucher
(2000) and Bielecki and Rutkowski (2002), p. 471).

Definition 4.3. The defaultable forward measure T¢ is given by the following
Radon-Nikodym density

dT* Pi(0,T)PH(T, T)

dT|g , — T T T B0, T

(4.19)

Definition 4.4. The defaultable forward exchange rate which is denoted by X (t, T)
is the forward price in domestic currency of one unit of foreign currency in a
defaultable forward contract with maturity T which is initiated at time t. Using a
replication argument involving only defaultable bonds, one can show that X(t,T)

is given by the following formula:

S, PI(t,T)

X(@¢,7T):= PG, T)

(4.20)
Using (4.19) and (4.17) we can show that the change of measure between the
domestic and foreign defaultable forward measures is given by the following Radon-

Nikodym density

dT/ dT/| dTY| dT¢ X(T,T) '
|, " avl, ae, el T rxen 4
dTd|g,., e TG, dT¢g | (0,T)
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We first state a result on the dynamics of s'(t,T) which is similar to the drift
condition for default free forward rates (see Heath et al. (1992)). Assume that the
dynamics of the forward credit spread s'(t, T) under Q for i = d, f is given by the
following SDE:

ds'(t,T) = oi(t,T) dt + o (t, T) dW;. (4.22)

The following proposition can be found in Bielecki and Rutkowski (2002) (see
Proposition 13.1.1) and Schénbucher (2000).

Proposition 4.5. Under the risk neutral measure for the i economy, the drift
term of the forward credit spread s'(t,T) in the SDE (4.22) satisfies the following
equality:

ai(t,T) = oi(t, T)o™* (t, T) + (o(t, T) + o*(t, T))o*(t, T) (4.23)

where o*(t, T) denotes the volatility of fi(¢,T), oi(t,T) denotes the volatility
of si(t, T),

T T
o*(t,T) := f o'(t,u)du, and o}(t,T):= f oi(t,u)du fori=d,f.
t ¢

We shall refer to the drift condition for s*(t, T') given in (4.23) as the HIM condition
when it is clear from the context that we are referring to the forward credit spread.
For computational tractability or empirical work, it is sometimes convenient to
have an HJM model of default where the default free forward rates and forward
credit spreads satisfy the default free HIM drift condition and the HJM condition
(4.23) respectively under the corresponding risk neutral measure of the economy to
which the rates belong-to. However we will see in the following that we are not free
to specify the different forward rates and the foreign exchange rate independently
from each other. We now consider the relationship between the forward credit
spreads s4(¢,T) and sf(t,T) for the special case s¥(t,t) = A and s/(t,t) = A/
to show the link between the volatilities. To simplify the discussion, we assume
that the short term interest rates r¢ and r{ are independent of A,. Under this

assumption we have
ET[r7IG] = ET [l 7] = £, T). (4.29)

Under the assumption of independence between the default free forward rates
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fi(t,T) and the forward credit spreads s (¢,T), the HIM condition given by (4.23)
simplifies to

T
&4, T) = o' (¢, T) J ol (¢, 1) du.
t

Therefore assuming independence (4.22) is given by
T
dsi(t, T) = o(¢, T) f o (¢, ) du + o' (¢, T) dW; (4.25)
t

for i = d (f) corresponding to the domestic (foreign) economy. Under the measure
Q* we have

t t

o (u, 1) (u, £) du + f oi(u,t)dWE  (4.26)
0

X = it ) = 50, 1) +f
0

for i = d, f. Now using dW¢ = dW{ + o5(t) dt we get from (4.26) for i = d the
- following

¢
¢ ¢
A = sd(O,t)+fag(u, t)o’ (u) du+f od(u, t)or(u,t) du-i-j o(u,t) dWS. (4.27)
0 0
0

Under the assumption that the foreign exchange rate S; is a diffusion we have
Ae = A% = A/ (see equation (5.39) of Bielecki and Rutkowski (2002)). Therefore we
can equate (4.27) to the equation we get from (4.26) for ¢ = f to get the following
equality

t £ £
sd(O,t)+f 0w, )05 (u) du + J o, )02 (u, £) du + j 0w, t) AW/
0 0 1]
t t
_ s7(0,8) + J of (u, )0 (u, £) du + J of (u, £) dWJ. (4.28)
0 0

Now we can collect the terms involving the Brownian motion on one side of the
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equation to get

s40,8)— /(0 t)+Jt(a.‘f(u, B0 (u, £) — of (u, )02 (x, t))du+f o¢(u,£)0° () du
0 0 ’
- [0 - ot awy. 429)
0

Now the on the left side of the above equation we have predictable terms while the
right hand side is a martingale. The only predictable martingales are constants.
As the martingale on the right hand side of (4.29) has value zero at time ¢ = 0,
the constant in question must be equal to zero. This implies that the quadratic
variation of the term on the right hand side of the equality in (4.29) is zero:

[t~ ot 0@ =0.
0

This in turn implies that
of(u,t) = 0%(u, t).

Therefore (4.29) can be simplified to the following condition:
1
s£(0,£) — 5%(0,1) + f o (u, )05 (u) du = 0. (4.30)
0

Hence we see that volatilities for the instantaneous forward rate spreads s*(¢,T) in
the domestic and foreign market and the exchange rate volatility ¢°(t) cannot be
chosen independently from each other.

In the following discussion we assume that we have a zero rate of recovery. Let
the probability of survival of the obligor in the ith market under T* be defined by

.1 - [ot)]

- '}T(};T)E?i [exp ( _ jr:; + A d-u)] - ig g (4.31)

For most corporations who are operating in both the domestic and foreign ecorjomies,

it is usually the case that liquid quotes of CDS rates are not available in both
economies. Hence if we extract the default probabilities in the economy with the
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more liquid quotes, it is useful to know how to modify these default probabilities
in order to find the default probabilities in the other economy. Such an adjust-
ment factor is known as a quanto adjustment. In the context of a Gaussian factor
model, these adjustments can be derived in analytically closed form (see Anderson
(2003}, Vaillant (2001) and Finkelstein (2000)). We assume without loss of gen-
erality that the domestic economy has CDS quotes that are liquid. Hence using
the method described in Chapter 3, we can extract the term structure of default
probabilities G%(¢,T) in a model independent way. Hence we are looking for a
quanto adjustment of G¢(t, T) which would give us G/ (¢, T).

Theorem 4.6. Assume we can calculate or approrimate the following covariances:

1. C'ov?d [L,>7ST, Ar] which represents the covariance between the value of a
defaultable foreign zero coupon bond at time T measured in domestic currency
i.e. 1,-1Sr and the intensity of default Ar .

2. CovF [exp(—Ar), %] which represents covariance between the F-survival pro-
cess of T
Gt := Q%r > T|Fr} = exp(—Ar) (4.32)

and the domestic(foreign) short term interest rate under the domestic(foreign)
forward measure fori = d(i = f).

Then
1

G (t,T)
is the ezact solution of the following Bernoulli ODE:

i (im) - e (own)*

1 a 1
* GET) exp(As) Cov/” [exp(—Ar), 7] (@—,(fﬁ) =
exp(e) Conl” [expl—Ae). I gt
G4(t, T)exp(A¢) ~ 74 1
X(t,TI)) Couv} [exp(—Ar)Sr, )\T]m‘ (4.33)

4 Note that the covariance is calculated under the domestic defaultable forward measure which
is denoted by T?.



4. A Two-Country Reduced Form Model

142

Proof. First note that using (4.19) we have for ¢ = d, f

_ 1 '
Ef [rr) =—Fan Bt et gy )
T eggR T T PED

1 BT, T) | s
=P {]”T PzET T;]Etr [rz]

1”'>tP'(tT)
Pit, T) Ti{ P{(T,T) ,.}
L PEDC " T ET Ty T

gl Pi(t: T) 'r"[ i]
_f (t, T) + IT‘__—""""->t}—)i(t, T) CO’Ut 17->T, TT .

PYT,T) ,

From
T
EF[L,-77%] = 1,5EF [exp ( - JA,, du) r}]
¢

T
]EF [L>T] = 11->t]E'gri [eXP ( - JAu du) ]
t

and

we can get

T
Covf o1, 7] = L=iCovy” [exp ( ~ J,\,, du),r"T].
t

Using (4.37), we can write (4.34) as

181 = Py + 2D o[ (- ). 1]

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)
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The expectation of A; under T/ can be calculated using (4.21) as follows

1
]'r>tX(t’ T)
= ]E?d [)\T] -+

EF [\r] = Er [L>rX (T, T)A]

1 oo

mcm)t [L>rX(T,T), Ar]
id Td 1 Fd =

= ]E;r [Tg- + AT] - ]E;r [T’g—v] + m(?m;f [11->TX(T, T), /\T]

d 1 od .

= fd(t, T) =+ Sd(t, T) - ]E’tr [T'g-] <+ mCov;r [],,->TX(T, T), )\T]

= f4t,T) + (¢, T) — EF[r]+

X(wtl, T) Covy” [ P ( - f/\u dU) X(T,7), /\T] (4.39)

where the equality
T
Cov™ 1,7 X (T, T), Az] = 1, Covf™ [eXp ( - du) X(T.T), ,\T]
t

can be obtained using the arguments used to show (4.37). Using (4.38) for i = d,
(4.39) can be simplified to

T
]EtTf [Ar] = s¥(t, T) — II—:—EZ’;%COUF [exp ( — fAu d-u) , rf‘,{] +
’ :
T

ry (tl, T)covf“’[exp (— ! e du)X(T,T),,\T]. (4.40)

Another way of calculating ET’ [Ar] is to use the following equation:
FT) + (¢, T) = EY [} + X1].

Therefore
EY ] = (¢, T) + (¢, T) —EV [4]. (4.41)

5 This equation can be shown to be true using similar arguments that were used to obtain
(1.50) in Musiela and Rutkowski (2005).
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Now using (4.38) for i = f, (4.41) can be written as

EM ] = s/ (¢, T) - ;;g: ;i Co'v;”[exp ( — f)\,, du),rf_{w]. (4.42)

Using the equality X (T, T) = St and equating (4.42) to (4.40), we get

T
Pf(t,T)
f _ ! T/ f
s'(t,T) Pf(t,T)COU‘ [exp(—f)\udu),rT]
t

T
Pt
=sit,T) — = (’T)wad[em(—fAudu),r%]+
t

Pe(t,T)

X(tl 73) Cov! [exp ( - f)\u du) Sr, )\T] (4.43)
From (4.2), (4.4) and (4.6), we get

s/ (¢, T) =—(;iTloge (%%%)
Pf(t,T)
PI(t, T))
=G/ (t,T) dT( el é T))  (4.44)

Substituting (4.44) in (4.43) and using (4.31), we now have

_&i(t, T)i(

r
&1 (ar5m) ~ TamC o= (- f ).
_ U, T) - —GTiTtl,—ﬂCov;rd[exp (— j)\u du),rg]+

oot o (- )] ao
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Dividing (4.45) by Gf (¢, T), we get
d 1 r
C(_L Y_cor _ rl__1
dT(Gf(t, T)) con [e"p( J A"‘“‘)”‘T] G/, T)
t

=0 (g5m) - gmeet = (- f wan)ort (G )

T

1 1 ]
TG T) XGT) Cov;’” [e"p (‘ J’\u d“) St /\T]~ (4.46)

Using (4.20) and (4.16), we get

o~

1 1 1
GI,T) X T)  GI,T)

éd(t,T)ﬁ. (4.47)

Substituting (4.47) in (4.46) and using the definition for A, gives the result of the
theorem. O

Theorem 4.6 provides us a method of getting the probability of survival G/ (¢, T)
from the extracted survival probability given by G%(t, T') and the forward exchange
rate provided we can get the covariances given by the theorem. Therefore we can
interpret the covariances as the quanto adjustments.

We now give another method for calculating a quanto adjustment formula which
can be used to calculate the survival probability of the obligor in the foreign market.
Let us assume that we have a model where the default free short term rates, the
foreign exchange rate and the intensity of default are F; measurable i.e. continuous
stochastic processes. Using the fact that the price of securities discounted by the
savings account are martingales under @, it follows that the dynamics of P(t,T)
is given by

dPi(t,T) = ridt +7'(t, T) dW}

where 7'(t, T) denotes the instantaneous volatility of P*(¢,T). Similarly the price
of defaultable securities discounted by the defaultable savings account:

¢
exp (J- 4+ Ay du)
0
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is a martingale under Q* so that we have
dP(t,T) = (ri + \,) dt + 7 (t, T) dW}

where 77°(t,T) denote the instantaneous volatility of Pi(¢,T). Let < F > denote
the quadratic variation process of a stochastic process F' then the Doléans-Dade
exponential of F' is denoted by &,(F) and defined by

St(F)=exp(Ft——%<F>t>.

Theorem 4.7. The following quanto adjustment of G3(t, T):

ES* [exp (f o(u, T)op (u, T) du) .7-}] (4.48)

can be used to obtain G/(t,T) i.e.

G/ (t,T) = E* [ exp (jr od(u, T)op (u, T) du) f,] G4, T)

where
Ug(u) T) = "_71('“’ T) - ?Ti(u; T)

and op(t, T) is the volatility of the forward exchange rate and G*? is a measure with
the following Radon-Nikodym density with respect to the foreign forward measure

T
=&, (f ol(u,T) dwf’). (4.49)
Grs

0

Proof. Since ni(t,T) is the volatility of P*(t,T) and 7(¢,T) is the volatility of
Pi(t,T), we can use Ito’s formula to show that the volatility of Gi(t, T) which is
denoted by ot (t, T) satisfies the following equality:

dG*
dTf

ait, T) = '(t, T) —n'(t, T). (4.50)

T
N} = ET [exp ( - f Au du)
0

We now consider

}1] (4.51)
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which is shown to be a martingale under T¢ by the following argument. Let s > ¢

then using the property of expectations, we have

.7-}] | (4.52)

_ T
ET[Ni|F,] = ET E’"’[exp — J' Au du)
) 0

) T
=ET exp(— f Audu)
) 0

-7:t] = Nj. (4.53)

We can express the martingale N} by

t
} = exp ( J Au du)c”:"(t, T). (4.54)
0
Now using Girsanov’s theorem
t
WT = Wi — J n'(u, T) du (4.55)

0

is a standard Brownian motion under the T* measure. Hence using (4.50) the

following can pe shown:
dN; = N} ai(t, T)dw} (4.56)

The solution to (4.56) is the Doléans-Dade exponential which is given for
T
Ni = exp ( — f/\udu)
0

by .
N; = N;‘&( f o3 (u, T) dW}").
t
Therefore we have

o (- ) = o - [

ft]& ( £ ok (u, T) de‘) : (4.57)




4. A Two-Country Reduced Form Model 148

We can now show the relationship between

T T
]ETd[exp ( - fAu du) f’t] and ET [exp ( - j)\u du)
t t

by using the above and (4.17) which gives us that

g

AW = dWTX — oy (¢, T) dt
is a standard Brownian motion under T/ where
om(t,T) ==’ (t, T) — n*(t,T) + o°(¢)

is the volatility of the forward exchange rate process. Therefore we have
T
EY [exp ( — J/\u du) .7-}]
t
T i
- EVY [ET" [ exp (— f Au du) .7-1] &, (J ol(u,T) dt-v;f")
t t

= GY(¢, T)ETf :gz ( L . ag(u, T) (dWJ’ +opm(u,T) dt) Ift]

.7-}] (4.58)

g

ﬂ] . (4.59)

t

= Gi(t, T)EY :gt ( f o5(u,T) dwjf) exp (f o3(u, T) onr(u,T) du)

T
= G4(t, T)]Ef;d exp ( J ag(u, T)on(u,T) du)
) t

O

In a Gaussian setting where the volatilities ag(t, T) and are deterministic func-

tions, it is clear that we have a deterministic quanto adjustment as

T T
ES* [exp ( f o%(u, T) o2 (u, T) du) f}] — exp ( J o%(w, T) o (u, T) du).

In a more general setting, the values o%(t,T) and o (u, T) are stochastic. Suppose
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we have a multi-factor model based on a n-dimensional continuous stochastic pro-
cess Zy = (Zy,...,2n) and the volatilities ag(t,T) and ops(u,T) are continuous
stochastic processes such that

dod(t,T) = u1(Z, t) dt + 01(Zs, t) AW’ (4.60)
doy(t, T) = pa(Zy, t) dt + 02(Z,, t) dWF. (4.61)

Then the quanto adjustment

E@“[exp (T o(u,T) om(u, T) du)

;

is similar to the formula for a default free bond price where
—ag(u, T) 0'}1,1(’11,, T)

can be seen as an equivalent interest rate. We can now use approximation schemes
that have been suggested in the context of valuation of interest rate contingent
claims such the asymptotic expansion approach of Kunitomo and Takahashi (2001}
to approximate the quanto adjustment provided that p;, us, 01 and o, are measur-
able, bounded and smooth functions. Another approximation is to consider the
process g; with the dynamics

dg. = g:02(t, T) on (t, T)AWT (4.62)

and the orthogonal projection in the least squares sense onto the closed subspace
of all square integrable martingales with deterministic covariation as described in
Jamshidian (2004). We therefore have to make some assumptions with regard to
the dynamics of default free and defaultable bonds as well as the foreign exchange
rate process in order to obtain a quanto adjustment. If we are only interested in a
quanto adjustment of default probabilities, it is convenient to assume a multi-factor
model which leads to a tractable approximation of the quanto adjustment.

4.2 Valuation of Quanto Default Swaps

We now consider a two country defaultable market model based on state variables
that follow a Gaussian Ornstein-Uhlenbeck process as in Chapter 3. Let Y; be a
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multivariate Ornstein-Uhlenbeck process such that

dY; =AY, + ZdW? (4.63)

where
]/t‘_‘(),lt;-":}/;zt).r) Y0=(03"'10)

and «(t) is a vector time dependent function used to calibrate to the default free
and defaultable term structures.

We assume that r¢, r{ , A¢ are quadratic forms in Y,

g =(Y: + a(t)) 1Y, + a(t))
rh =(Y: + a(t)) (Y, + a(t)
A =(Y: + a(t))TIMY; + alt)). (4.64)

The matrices I¢, I and I* are taken to be diagonal matrices with 1 or 0 along the
diagonal depending on which factors or coordinates of Y; are used to model the
process. The foreign exchange rate S; is assumed to be a log-quadratic process as
in Chapter 1. Thus S; is the solution of the following SDE:

dS

K—t = (- )dt + (2C5(t) Y, + (BS(t)) T dW?
Under this assumption Y; remains an Ornstein-Uhlenbeck process under the foreign
risk neutral measure Qf. Therefore using the results of Cherif et al. (1994), the
defaultable bonds Pi(t,T) for i = d, f are log-quadratic Gaussian. The default
free bonds P(t,T) for ¢ = d, f are also log-quadratic Gaussian.

Definition 4.8. A domestic quanto credit default swap (QCDS) is a security that
guarantees the payment of a deterministic amount Z in foreign currency to the
payer from the receiver at default time T of a corporate if default occurs after
T.. > 0 and before or at maturity T = Ty > T,. This is called the default leg
of the QCDS . In return for the default leg the payer pays a constant premium
K in domestic currency at specified dates T = T,41,...,Tn if default has not
occurred by time T; fori =n+1,...,N. Assume ((7) is chosen from the indez
set {n +1,...,N — 1} such that Ty(;) is the premium payment date immediately
preceding T < T. Then if there is a default at time T before the maturity T of the
contract, then the contract is terminated after an accrued payment of (1 — Ty (7)) K
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is made in domestic currency by the payer. We call this the premium leg of the
QCDS .

In practice defaultable bonds do not have a value of zero upon default of the
corporate. The value of the defaultable bond upon default will be assumed to
be a fraction § of the par value. The value § is called the recovery rate of the
defaultable bond and the deterministic amount Z in QCDS is generally assumed
to be equal to 1 — § where § is the recovery rate of the foreign defaultable bond.
Let ((7) =max[i : n+1<i< N,T; < 7] and §; = T; — T;—;. Then the value of a
domestic quanto QCDS at time t < T, to the payer is given by the following

QCDS(t,T,T,K,Z) = S,EY [(exp ( - f s ds) Z g <rer f,]
t

— E¢ [exp ( — J" Tg ds) ((T — Te(r)) K 11, <7<ty
¢t

N T
— Z exp(——f rgds)ﬁ,: Kl,,>n)
Th

i=n+1

7

As in the case of standard credit default swaps the value of K in QCDS is chosen
in such a way that QCDS(0,7,T, K, Z) is equal to zero. This is because there are
no payments exchanged at the initiation or start of the swap. Even though there
are quanto credit default swaps that are traded at time ¢ = 0 in some markets,
these trades are not liquid enough to be quoted on Bloomberg or Reuters. Under
the assumptions of this section we can use the martingale hazard process of T

which is equal to the hazard process of 7 i.e.

t
At=F¢=em(—JAudu)
s
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to give the value of QCDS:

TN 3
QCDS(t,T,T,K,2) =1...52 | EY [exp ( _ J 4+ M dk))\s

Tn t

TN 8
-1 K f ]EQd[exp ( - fr,‘f + Ak dk))\,,
T, t

N i
~LK Y, ,Bi]EQd[exp(—J r,‘f-i—)\kdk)
t

i=n+1

.7-',] ds

Ft] (s — Te(s)) ds

7

Using the defaultable forward measure T corresponding to using the defaultable

f,,]

as the numeraire, the price of a domestic quanto CDS is given by

bond of the ith economy

—_— . “ T -
Pi(s,T) = 1,5,E? [exp (— j T + Ak dk)

s

Tn
QCDS(t,T,T,R,Z) = 1,5:5: Z f PI(t,s) E¥ [\ ] ds

T

Tn
~ 1K [ Pt 9) ERAIF] (= Teo)ds
Th

N
~1,5.K > B P4, To). (4.65)

i=n+1l

Under the assumption made in this section where we model rd,rf, A\ and S; using
quadratic Gaussian and log-quadratic Gaussian processes respectively, we can get
Pi(t,T) and ET:[\,|F] in closed form. Since X, is a quadratic form in Gaussian
random variables, we can use the fact that we can calculate the mean and variance-
covariance matrix of A, under T/ using (1.118) and (1.119) from Chapter 1. The
value of ET?[\,| ;] can be obtained using the closed form formulas given by (1.40)

and (1.41).
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4.3 A Two-Country Contagion-Type Reduced Form Model

We now consider a reduced form model of credit risk where corporations operat-
ing in the domestic and foreign economy might default in one economy but not
necessarily in the other economy. We assume that a single corporation has issued
defaultable bonds in the domestic economy and in the foreign economy and that the
defaultable bonds issued by the corporation do not have a cross default provision.
Hence we have two default times 73,7 = d, f representing the default of the corpo-
ration in the domestic economy for i = d and the default of the corporation in the
foreign economy for ¢ = f. Once again we postulate the existence of a background
filtration F such that F = (F;)o<i<r*) is generated by n independent Brownian
motions W4(t) = W;(t),i = 1,...,n and satisfies the usual conditions. The initial
filtration Fp is taken to be trivial and the time horizon is assumed to be finite so
that 7* > 0 is some finite number. In the following statements involving subscripts
or superscripts which are represented by i apply to both economies and we some-
times omit saying "for i = d(f) corresponding to the domestic(foreign) economy”
when it is clear that this is the intended implication. Let Hf = 1,,<;,% = d, f and
H:=o(H.:u<t),i=d,f. Let G, denote the enlarged filtration such that

gt—“-f;:VHfV'H{.

The filtration G; consists of the default free market information and whether the
corporate has defaulted in one or both of the economies. The intensities of H;
which we denote by X;(t),i = d, f which are G, adapted have the property that

tAT;
m=m—f&@ (4.66)
0

is a G,-martingale under Q* for ¢ = d, f. We assume that the intensities have the

following form:
A} = n; + L,«o', fori=d, f (4.67)

where 7 is an F; adapted process. The quantity ot is a constant representing the
jump of the intensity nd upon the default of the corporation in the forelgn economy.
Similarly the constant quantity af represent the jump of the intensity nt upop the
default of the corporation in the domestic economy. Hence this is similar to a



4. A Two-Country Reduced Form Model 154

contagion model® of default for two obligors. The construction of default times
7, for i = d, f such that (4.66) is true can be achieved using the method specified
in Yu (2004). We assume that o' are positive numbers and hence default of the
corporation in one economy will lead to an increased intensity of default in the
other economy. The foreign exchange rate S, is assumed to be a diffusion process
that is F; measurable as in the previous section (see equation 4.11). Also as in the
previous section, the change of measure between the domestic risk neutral measure
Q? and the foreign risk neutral measure Q is once again given by

T* T*
1
— exp ( [ wi-1 | ||a5(u)u2ds).
Gr* 0 0

We use the same notation used in the previous section for the price of default
free and defaultable bonds. Under the 'no jump condition at 7%’ of Duffie et al.
(1996)(see also Jeanblanc & Rutkowski (2000)) we can use the intensity i for
valuation purposes. In fact we have under the risk neutral measure @

X T ) T
E® [ exp ( - f Tu du) 1,,->TY[gt] =1.,,E® [ exp ( - f Ty + Ay d‘u.) Y[gt]
¢ ¢

(4.68)
where Y is a G integrable random variable and i = d(f) corresponding to the

dQf
dQ?

domestic(foreign) economy. If the 'no jump condition at 7°’ does not hold there
is a more general valuation formula given in Duffie et al. (1996) and Jeanblanc &
Rutkowski (2000). Under the assumptions of this section the 'no jump condition
at 7*' is not satisfied. However we can still use the formula given in (4.68) provided
we use a different probability measure than the risk neutral measure Q' as shown
in Collin-Dufresne et al. (2004). We denote once again by Y a G integrable random
variable representing the payoff of a defaultable security at time T provided the
obligor has not defaulted by time T'. Let

¢
Al := exp (J A du) (4.69)
0

6 The phrase contagion model is used here to describe the model of default where a default of
an obligor will lead to an increase in the intensity of default of the other obligor (see for example

Jarrow and Yu (2001)).
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and Q¥ the absolutely continuous measure defined by the following Radon-Nikodym
density
| _
dQt |,
for i = d, f. Furthermore let G¥ := (gg’)go be the augmentation of G by the null
sets of Q°. Then the following result is established in Collin-Dufresne et al. (2004)

Zg = l—r‘)tATAtAT (470)

Proposition 4.9. The exdividend price of a security that pays Y at time T pro-
vided there is no default by time T in the it* economy which is denoted by V; is

given by
T

V, = 1¢<T1,.->t]EQ"’ [exp ( — J rt o+ /\i du)Y
t

QJ. (4.71)

Moreover any local G martingale under Q* that does not jump at 7 remains a
G! local martingale under Q7. In particular W} remains a Brownian motion under
Q" according to the Lenglart-Girsanov absolutely continuous change of measure
theorem 7. Using the property that appropriately discounted values of tradeable
securities are martingales under the risk neutral measure, the price of default free
zero coupon bonds are now given by

7 T . . & T .
Pi(t,T) =E¥ [exp(—-—J r;du) g’ t} =E? [exp(——f r;du)
4 t

and the price of defaultable zero coupon bonds are given by

¢J (4.72)

T .
L. Pi(t,T) = ].,s>t]EQi’ [exp ( — J o+ A du) g*"t] . (4.73)
t
Instead of specifying the short term rate of interest rate and the intensity of default,
we can also start from the specification of the default free forward rates and the
forward credit spreads. However if we want to consider an HJIM model of default
we need to find the HIM condition that has to be satisfied by the forward credit
spread process. In the following we derive the HIM condition for the forward
credit process in a contagion model based on the work of Elouerkhaoui (2002).
Let Gi(t,T) be the probability of survival under T¢ which is represented by the
following formula

ET [Li57|G.]-

7 See Collin-Dufresne et al. (2004) for more detail where exact conditions are given.
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In order to calculate G*(¢,T") using the intensity A}, we define the absolutely con-
tinuous measure T? through the Radon-Nikodym density

!

ar.
dT?

= Zt = 115>tATAtAT' (4.74)
Gt

Furthermore let G¥ := (G,);>0 be the augmentation of G by the null sets of T*.
Then using the result of Collin-Dufresne et al. (2004), we have

. ; . T
Gn(t,T) = IET' [1,.1‘>T|gt] = 1,-1‘>¢]ET' [exp ( -—J- /\:" du)

t

g;] : (4.75)

In Elouerkhaoui (2002) the quantity considered is the probability of survival under
the risk neutral measure Q* which is given by the formula

E%[L:>7|G]. (4.76)

Moreover Elouerkhaoui (2002) considers the forward intensity associated with the

probability of survival under the risk neutral measure which is given by

B(t,T) = — B L1716 (4.77)

Here we consider the forward credit process s'(t,T’) similar to the one in the pre-

vious section.
Definition 4.10. If 7 > t, the forward credit spread process s'(t,T) is a bounded
process which is defined by

St T) = —%loge(G'i(t,T)).

If % < t we set s'(t,T) = o so that G*(t,T) = 0.

We have on the set 7° > ¢

)
(4.78)
Since G¢(t,T) jumps if 7/ < t the dynamics of s'(¢, T) should have a jump com-

. d : d ’ T .
s(t,T) = ——-(ﬁ;loge(G’(t,T)) = —ﬁloge (]ET' [exp ( - .[ A, du)
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ponent®. Hence the dynamics of s'(¢,T) for 7 > t is assumed to be
ds'(t,T) = oi(t,T) dt + o' (¢, T) dW? + (1 — Hi)ni;(t, T)d M. (4.79)

If 7* < t we do not need to consider the dynamics as we can assume that s*(t,T) =
co. Thus the forward credit spread s*(t,T’) jumps by a quantity 7;;(¢,T) at time
73,(7 # i) which is the time of default of the corporation in the j** economy. We
assume that 7;;(¢,T) are positive deterministic functions. We now assume that
at, of,m;; and A satisfy conditions that allow measurability, integrability, and the
interchangeability of the order of integration (see Elouerkhaoui (2002) for more
detail). Using the dynamics of s*(¢,T) given in (4.79) the following can be shown
to be true by the derivation given in Elouerkhaoui (2002)

T T
d( — J si(t, u) du) = s'(t,t) — f ds*(t,u) du (4.80)
t t
= Xdt — oi*(t, T) dt — oi* (¢, T) dW; (4.81)
= > — Hi ()¢, T)dM] (4.82)
J#i
where
T
o' (6,7 = [ it u)d (4.83)
. |
T
o, T) = f o (¢, u) du. (4.84)
t
and .
n5(t,T) = J 7% (t,u) du. (4.85)
t

As in the previous section let fi(¢,T) denote the default free forward rate of
the it economy for maturity 7. We assume that f(t,T) is a diffusion process
and hence according to (Heath et al. 1992) the dynamics of fi(t, T) under the risk

neutral measure Q* is given by

dfit, T) = o' (¢, T) o™ (¢, T) dt — o™ (¢, T) dWW¢ (4.86)

8 Similarly G/ (¢, T) jumps if 7¢ < £.
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where
T
o, T) = f o't u) du. (4.87)
4
and we assume certain measurability, integrability conditions are satisfied by o*(t,T")

that also allow interchangeability of the order of integration(see Heath et al. (1992)
for more detail). Moreover similar to (4.80) we have

T T
d( — J fit,w) du) =ri-— J ol (t,u) "o (t,u) dudt — o**(t,u) dW;. (4.88)
t t
First note that
d | d T
ETG(t,T)—-]E [ﬁ,exp(—i Audu)

4 - ”T .
=ET [— X(T) exp (- ,\;du)

JE

g't] (4.89)

g’t] (4.90)

and therefore

d _.
=Gt T)

- EF [ - )\i(t)lg:: = —X(1).

T=t
On the other hand

%G"(t,T) _ -(—id?exp ( _ f ) du) — _s(t,T) exp ( _ L "t ) du)

4

(4.91)
is true so that J
—Gi(¢, T = —s'(t,1 4.92
FOCD| =50 (4.92)
is true. Therefore
Ai(t) = 5'(¢,t). (4.93)

In the following we derive the HIM condition for the forward credit spread
s'(t, T) which is similar to the HIM condition for the forward credit spread given
in Schoénbucher (2000) and Proposition 13.1.1 of Bielecki and Rutkowski (2002)
except for an additional term depending on the default behavior of the corporation
in the j** economy where j # i. In Elouerkhaoui (2002) the HJM condition for
the dynamics of Ri(t,T) (see equation (4.77)) is derived. Here based on some of
the results in Elouerkhaoui (2002), we derive the HIM condition for st(t,T). In

case of independence between the short term interest rate 7 and the intensity of
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default A\; the quantities h*(t,T) and s*(t,T) are equal while in the case of non
zero correlation between r; and A, they are different from each other. Note that
we consider the more general case of a time and maturity dependent jump size
which is equal to 7;;(¢,T) instead of just a constant jump size one as in (4.67).
Hence the forward credit spread in the #** economy jumps by #7;;(t,T) upon the
default of the corporation in the j** economy.

Theorem 4.11. Under Q*, we have

ix 1 ix 2 T
o' (t,T) = 3llo (¢, DIP -

+0™(t,T) ol (6, T) + ) (1 — H) (¢, T) + exp(—nj;(¢, T)) — 1]M.  (4.99)

J#i

0" (1) o™ (t,u) du + 3™ (&, TP

We can differentiate the above with respect to T to get

oi(t,T) = o*(t, T) o3 (t, T) + (03¢, T) +0*(, T)) 05 (£, T)

+ (1 — HY)[ny(t, TY(A — exp(—n35 (&, THIN.  (4.95)
J#i

Proof. First note that the appropriately discounted price of the defaultable bond:
i

exp ( — jr:, + A du) Pi(t,T) (4.96)
0

is a G martingale under @ and therefore the drift term in the SDE of Pi(t,T)

must be equal to

(ri + \}) dt.
We have
i
Pit, T) =E¥ [ exp ( — Jri du) Lisr gt] (4.97)
0
— Pi(t, T)ET [Lwlgt] (4.98)
= P, T)G'(t,T) (4.99)

T _
= exp ( - ff(t, u) + s*(t, u) du). (4.1Q0)
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Using (4.80), (4.88) and applying the multivariate version of Ito’s formula for
jump diffusions, we can give the SDE that is satisfied by Pi(t,T).

T
dP'(t,T) = Pi(t,T) [(rz + At —a*(t,T) — fa(t, u)o®™ (t,u) du + -;—llai*(t, )2
¢

1 i% ix ix 1 i i i
+ o DI + 0 (. T o2 (0. T) ) de = 0, T) W — ot T) aW;

+ (1 — Hi)(exp(—n3(t, T)) — 1)(dH — N dt)
J#i
+ Y (1= HY)(exp(—u55(t, T)) — 1 + n3y(t, T dt. (4.101)

J#i

Since we know the the drift of P(t,T) is equal to i + X}, it follows from (4.101)
that

T
(1 ix 1 is 1 ix i% i 3
—a (6 T)~ [ ot )0 (b, w) dut 1 lo™ (6 TP L1040 (4, T) o2 (0, T
t

+ (1 — H)(exp(—nj(t, T)) — 1+ n3(t, T))M dt = 0. (4.102)

j#i
Solving for a%*(t,T) gives the result of the theorem. O

The drift condition for ai*(¢,T’) given in (4.95) of Theorem (4.11) is similar
to the one derived in Proposition 13.1.1 of Bielecki and Rutkowski (2002) and
Schénbucher (2000), the only difference being the existence of an additional term
that depends on on the default behavior of the corporation in the other economy
where 7 # i in H] represents the default indicator function of the corporation in

the other economy.

4.4 Pricing Quanto Default Swaps in a Contagion-Type Model

We now consider the price of a domestic quanto default swap(see definition 4.8)
assuming no cross default holds. Without loss of generality we assume that the
notional on which the payments are made is equal to one. Hence if the corporation
defaults in the foreign economy an amount equal to Z units of foreign currency is
paid to the payer from the receiver in return for premium payments in domestic
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currency at times 7 = {T,41,...,Tn} provided the corporation has not defaulted
in the foreign economy i.e. 7/ > T;. Under the assumption of zero recovery on
defaultable bonds Z is equal to one unit of foreign currency. We denote by S;
the value of one unit of foreign currency in terms of domestic currency consistent
with notation used in previous sections. Therefore Z = S, which is the value
of S; at the time of default of the corporation in the foreign economy. A quanto
default swap is useful for an investor holding the foreign defaultable bond of the
corporation whereby the investor’s income is denominated in domestic economy.
Therefore the default leg of the domestic quanto CDS has the following value

ot

S, ZE¥ [exp ( - j v du)1t<,,g”|gt] (4.103)
t

in terms of domestic currency. The intensities of default of the corporation are
assumed to be as in (4.67) which is given at the beginning of this section. Hence
the intensity 7/ jumps by a constant amount o/ upon the default of the corporation
in the domestic economy.

The value of the default leg can be decomposed into two parts depending on
whether the corporation has not defaulted in the domestic economy by time T or
the corporation has defaulted in the domestic economy by time T

+f
Sg ZEQ! [exp ( — fr;f dU) lt<1‘f$T g{l = St VA (‘/;, + “ft) (4.104)
t
where
+1
t
and

-

H/t = EQI [lt<TdSTN €exp ( — fT!{ dU) lt<'r-f$TN gt] . (4.106)

Recall that Q" denote the measure that is absolutely continuous with respect to
Q/ and §*' = (G )iz0 is the augmentation of G by the null sets of @ (see (4.70)).
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To calculate V; in (4.105) we use Proposition 4.9 to get

Tn u
Vi =1,4,,EY [1,¢>TN f exp ( - Jr{ +nf ds) n! du g{’] (4.107)
t t
_ Tn Tn u
=11 nrasBEQ | exp ( - j ne ds) f exp ( - frf +nf ds) nf du _C/'{'] (4.108)
) ¢ t t

TN u Tn

=11 pyaEY J exp ( - JT{ +nfds— J n? dS) nf du
- t ¢

t

g{'] (4.109)

The equality (4.107) follows from the assumption L4, 7, which implies that the
intensity of 7/ does not jump up to time Ty while the equality (4.108) is obtained
using the fact that under Qf" we can consider the intensity of ¢ to be ¢ since
under this measure the set 7/ < Ty is a set of measure zero. To calculate (4.109)
we use Fubini’s theorem to exchange the integral and expectation signs since the
integrand in (4.109) is positive. Let

[N Tn
Pt u, Ty) := EQ” [exp ( - fr{ +nfds — J-nf ds)
t t

g{'] (4.110)

which can be viewed as the predefault value of a defaultable bond where the short
term rate of interest rf is equal to zero after time u and the intensity up to time u is
n! +n? but after time u it is equal to 5?. Let T/ denote the absolutely continuous
measure with respect to Qf with the following Radon-Nikodym density

1,451, €XP ( —§rf+nf ds)
]

Sy EQ [],dﬂN exp ( - Srsf +nf ds)]
0

itk

o (4.111)

Using the abstract Bayes theorem we can write for any Q'TN measurable and Q'

integrable random variable Y’
EQ” [lrd>TN exp ( ~§rf+nf ds)Ylg;]

2 (4.112)
EY [11,,>TN exp ( - Sr{ +nf ds) Q’;]
0

EM[YIG] =
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Hence using (4.112) and Fubini’s theorem we have

N
Vi =Lssoas, I PV (t,u, Ty)E™ [m{ g{'] du. (4.113)
t

We can calculate W} in a similar way:

Tn

u
.f,
W =1,,E® [1t<rd<TN f exp (—- J rf+nf +af1,ag, ds) (nf +aLag,) du
t

gt’]

Tn TN

=15 ppasEQ [ f f exp ( J-Tf +7f + o'l ds) (f + o'lu<u) du

exp ( - jnfds) 173, dwlgtf'] = ]T,Md>tIEQf’[ ( €xp (
t

T,

fexp (~furf+nfds— af (u— w))(nu—i-af)du) exp(

The first equality in (4.114) follows from Proposition 4.9. Similarly the second
equality in (4.114) follows from the fact that under Qf', we can consider the in-
tensity of 7¢ to be 7 since under this measure the set 74 < Ty is a set of measure

%:

o ds) n! dut

nids )b dulo/ |

(4.114)

“;"ﬁﬂ -

zero and this implies there is no jump in the intensity of 7¢. We now use again
Fubini’s theorem to exchange the expectation and integral sign in (4.114) since the

integrand is positive:

Tn

W, = lfm.bt( f JEQII[GXP( frf +17’ds—f )nunw
t t

Tn TN

f J Eﬂf'[exp( fmnfds— of (u—w)— f dS)(n£+af)nw

Gl ] du dw+

Qt ] du dw).

(4.115)
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Let
P?(w, u) := E¥ [exp (— f rf +nf ds) g{']. (4.116)
We now can write (4.115) as |
Tn w u w
Lma»( f IIEQ [ ( Jr’ +nf ds - f'n;‘ dS)nunw Gl ] du dw+
Tn T’)‘v w t w
' [
] EY [exp ( - Irf +nfds —of(u—w)— nfds)
t w .t‘
]EQJ exp ( fr +17 ds) gf](nu + af)pd gt dudw)
J _
TN w w
= ]‘rfATd>t( J]EQI [e ( rf +nfds — fnfds)n{ni g{'] du dw+
t
Tn Tn

f J- exp(—a (u — w))]EQ" [exp ( - T ! 4+ nf ds — fn? ds)

PP (w,w)(nf + o )n? g{'] du dw). (4.117)

We now use the following notations:

u

P (t, u,w) .=E®" exp ( - frf +nfds— ngds) Qt' foru<w (4.118)

t t

pi (¢, w,w) =E®" exp ( - frf +nfds — n‘: ds) {' forw<wu. (4.119)
L J
t

Note that (4.118) is the predefault value of the defaultable bond of maturity w
which was introduced in (4.110). The value (4.119) is also the predefault value
of the defaultable bond of shorter maturity which was introduced in (4.110) but
here w < u and hence the maturity is w and to avoid confusion we used a different
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notation. We define T/! and T similar to (4.111) by:

u
Lods,, €Xp ( —§rf+qf ds)
0

dTf!
o= - for u < w (4.120)
d j ’ '] u
Q Sw EQ [lf">w exp ( - Sr;,f + n{ ds)]
0
Ji7 145, €Xp ( —§\ri+nf ds)
| = 2 for w < u (4.121)
d f/ , , w .
Q 9. EY [l_,a>w exp (- Sr{ +nf ds)]
0

Therefore we can claim
Tn w

e R = 6/ | dudw
t t

InTwn _
+ j j exp(—ad (u — w)) P (t, w, w)E™ | B2(w, u)(nf + of né
t w -

Gl ] du dw)

(4.122)

as by an application of the abstract Bayes theorem (4.122) is equivalent to (4.115).
We now consider the calculation of the premium leg of the quanto default swap.
Ignoring the accrued premium, the premium leg consists of payments of 3; K in

domestic currency at times
T= T’n+11' --:TN

provided the corporation has not defaulted by time 7; for i =n+ 1..., N where
B; = T;41— T, and K is a constant premium amount set at time T,, = T". We value
the premium leg in the foreign economy using the foreign exchange to convert
the premium payments and finally converting the total value of the premium leg
into domestic currency using the foreign exchange. The value of the premium leg
can be decomposed into two parts depending on whether the corporation has not
defaulted in the domestic economy by time T or the corporation has defaulted in

the domestic economy by time T:

i=n+1 i

N T .
S Z ]EQI[exp (—- fr,{ du)l,;ﬂ;.ﬁg K S}-]gt] = SV, + W) (4.123)
t
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where
N T
V,= S, K EY — [+ 1
i =S K Y, BEY L, exp rfdu JLssn oG, (4.124)
i=n+1 T;
t
and
W = EY f 1
t = St K Z /B,E 1t<‘rd$TN €Xp _ Ty du ]Tj')T'.—lgt . (4.125)
i=n+1 p ST'
To calculate
T .
Vi, .= EY [1-,4>TN exp (— IT ! du)lrf>n§;|gt] (4.126)
¢ i

we proceed in a similar fashion to the calculation of V; in (4.107) by using once
again Proposition 4.9 to obtain the following

T;
— v 1 "
Vi =1,.,EY [1,,,>TN exp (— I rf+nf ds) < lgt } (4.127)
T
t
T; Tn 1
= 1,/ nrasEY [exp ( - fr.f +nf - j n? ds) S [g] (4.128)
T:
t 14

Let

i

g{'] (4.129)

and let the measure T{s which is absolutely continuous with respect to Q’ be
defined by the following Radon-Nikod’ym density

T;
Losmexp (= §rf+nfds)
0

dT/?
= T" .
9"1: Qr []1-4>T; exp ( - S T:.f + nsf ds)]
0

dQ/’

(4.130)
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Furthermore let

Tn

G3(T;, Ty) = EQ” [exp (— Jnf ds)

T;

g%] (4.131)
We can now claim that

i

S W, [exp ( - JT;' +nf +n¢ dS)

s 1 r
gn]s:f]gt ]

= 11-!/\1-4>t13f3(t, T,) IET.-I3 [Gf?’(Ti, TN)-;—,gt '] .
T;

Tn

EQ’ [exp (— J nfds)
T

i

(4.132)
To calculate
— : 1

I/Vit = ]EQ! [lt<Td<TN exp ( —_ fr{ d’u)L;>T.S—lgt] (4133)

T

we proceed similar to (4.114) using Proposition 4.9. Thus

i T .
Wi = 11f>tqu’ L. d<Ty €XP (— rf+qf + allag, ds) Elg, ] (4.134)

L J i

= ]'Tf>t]'EQI L

-, B ]

1, < ;icTy €XP ( — |l +nfds— of (Tn — frd)) _S_T_lgtf'] (4.135)
J i

t
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T

! 1
= l’rf/\Td>t]EQ! [exp ( - J'f{ + 7]{ dS) ——
ST,
t

TN

J exp(—af (T — u)) exp ( - J.nf ds) nd du
t t

G ]

Tn

s f exp(—a (Ty — )
t

T; u
EY [gl- exp (—— J'r",j,r +nlds— Jnfds)nff g{'] du
T; . y
T
= Lprine( [ exp=a’ (T =)
t
T; u
EQ” [S’l exp ( — Jr{ +nl ds — fnfds)nﬁ g{'] du+
T
t t

Tn

+ J exp(—a (Tn — u))

T:

T:

EQ” [gl—exp<— Jrf +nj ds — Jﬂfds)ﬂz
T

t 1]

7o)

T;
L ( [ ep-at (T —w)
t

u
EQ [-S,Lexp (— Jrsf +nf +77§ids)
T t

T

]EQ!’ [exp (— Jri + nf ds) gf]nﬁ g{'] du

Tn T;
1
+ J exp(-—-af(TN — u))]EQ! [ST exp ( — Jr_{ + n{ + ng ds)
T ' t

g{’] du) (4.136)

Gl ] UM

EQ” [exp ( - Jnf ds)

i
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Let

_ 7 i r ’
PH(t,u) :=E¥ | exp (— (1{ +nl +9¢ ds) g{] where u < T; (4.137)
- ¥
T,
¢

P(u,T;) :=EY" | exp (-. rf +nf ds) g,{’] (4.138)
3 J

(4.139)

GI%(T;, u) :=EQ” [exp (_ J e ds) GL ] (4.140)

i

and let the measures T/* and ’J—I'éf which are absolutely continuous with respect to
Q' be defined by the following Radon-Nikod’ym density

u
La.,exp ( - ST‘{ + ?7‘{ ds)
0

dT/4
0|, = _ : (4.141)
0, Qf [1,4>u exp ( —§rf+9f ds)]
0
We can now claim that
T;
W =1yt [ exploo? (T — )PP 0B [ PG Ty |
y F
Tn
+ [ expload @y — )P BT | S GroTupntle! | au) (@142
T
7 _

as an application of the abstract Bayes theorem to (4.142) gives us (4.136). Note
W, in (4.115) requires the evaluation of a double integral with an integrand term

containing ET" | nind|G] "| which is the expectation of a nonlinear function of M

for varying t. In Kwok and Leung (2005) the valuation of a similar problem as the
one considered here is shown to be possible with closed form formulas for the credit
default swap premium under the assumption of constant rf, A/ and A%. However
as can be seen here when we assume that 77, Af and )\? are stochastic, obtaining a
closed form formula requires that we are to calculate the expectations involved in
calculating V, and especially W, which is generally difficult to do. In the following
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we will show that the calculation of the expectations in V;, W,,V,, and W can

be accomplished in analytically closed form where by closed form we mean up to
numerical integration.

Let Y; be a multivariate Ornstein-Uhlenbeck process such that
dY; = AY, + Sdw/ (4.143)

where
Y, =Yy,..., Yo, Yo =(0,...,0)

and af(t) is a vector time dependent function used to calibrate to the default free
and defaultable term structures. Note unlike previous sections, we use constant
parameters to specify the dynamics of the underlying Gaussian factor in the foreign
economy but specifying constant parameters for the factor Y; in the domestic
economy can also be done with the same degree of tractability. We assume that
rd,rf 24 \f are quadratic forms in Y}

rg =(Y: + a(t)) "I4(Y, + a(t))

ry =Y+ a(t) P (Y, + a(t)

M =Y, + o)) (Y, + a(t))

M =(Y: + a(t))TIY (Y + a2)). (4.144)

The matrices I¢, I7, I** and I» are taken to be diagonal matrices with 1 or 0 along
the diagonal depending on which factors or coordinates of Y; are used to model
the process. The foreign exchange rate 5; is assumed to be a log-quadratic process
as in Chapter 1. Thus S; is the solution of the following SDE:

dS,

= = rd —r)dt + (2C5(8) i + (BS(t)) T dW{
4

Under this assumption Y; remains an Ornstein-Uhlenbeck process under the foreign

risk neutral measure Qf. We will first discuss how to calculate

Ty

Bt u,Ty) = E2” [exp ( - frsf +nf +nids— fn;’dS)
t ; u

g{']. (4.145)

Note that P/}(t,u,Tn) can be regarded as the predefault value of a zero coupon
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defaultable bond in the foreign economy where the short term interest rate is equal
to zero after u and the intensity of default is equal to

wanifort<s<u

and is equal to

nsforu s<Ty.

Therefore even though we started out by specifying constant parameters for the
matrix defining the quadratic form for the short term rate of interest

r{ = (Y; + @) I/ (Y, + a(t))
and the intensities of default
= (Y +a(®) IV (Y + aft)),

we now have to regard a piecewise constant matrix defined as follows

I t<s<u
I(s) := = .
7 () { 0 u<s<Tn (4.146)
M+1¥® t<s<u
(s = 4.147
x (3) {I"d u<s<Ty ( )

Thus for calculating Pf1(t,u,Tn) we can assume the short term interest rate is
given by
(Ys + a(s)TIf (5)(Ya + a(s)) (4.148)

and the intensity of default is equal to
(¥, + a(s)) "I () (Yz + (s)) (4.149)

in order to calculate P1(t,u, Ty). We can still calculate the value Pt u,Ty)
in analytically closed form using the results of Theorem 1.20 in Chapter 1 but
this would require more computation than the constant parmeter case where I

and I; 1 are not time dependent. In the following we will see that we can av01d
computing P’!(¢,u,Tn) and therefore we start with a discussion of defaultable
forward measures. So far we have considered the defaultable zero coupon bond
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of maturity T, in the following we need to introduce additional notations for
defaultable zero coupon bonds of shorter maturity and the associated measures
corresponding to using the bond values as the numeraire. Let

L4, exp ( Srf +nf ds) 1,45, €xp ( Sr’ +nf ds)

Cu ]EQI’ [lrd>u €Xp ( S'rs + 773 )] Pr (0, W 'lL)
(4.150)

From the definition of the Radon Nikodym density which is given by (4.111) we
have

JT]
dQf’

u
L4571, €XP ( —§rf+nf ds)
_ 0

JTN
aQr |, P70, u, Tw)
and hence we can get the following
di/t  dT/1 dQF P10, u,u)
it S, TSI \oc o S’ B (4.151)
dTf!  dQF dTf! ¥ PA(0,u, Tn)
Moreover we have
It o,
q1’ ET [L PR uw) |g ] Lo i (4.152)
-7 == u d T I t " . -
4t lor PO, Ti) PG

Therefore for any G measurable random variable Y we can use the abstract Bayes

theorem to get the following equality

[ ]1"‘>TN
PIY(tu,Tw)
l'r’i>t pj1(tuu$
el 1
Pt u,T )
Ll1-">i: P_ff(tyu,::;
. _Ld>upf;1!u,u,ij! ,
_ g PP () Ylg‘ ] (4.155)
Pr(tu,TN)
L, PI(tuu)

ET[v|¢{]=E™

g{'] (4.153)

ET4 [Last, 1G]] Ylg{ ] (4.154)
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whereby we have used

T,’:l / ' 1 ( 4
E [l‘rd>TN |g£] = E° [mhbu €Xp ( = JT.{ + ns’ ds)lfd>T~ g«{]
u
1 v pi1
=1EQ"[?-—..__ _J 2gs\1g#' | =1 B u, Ti)
Pfl (u, u, u) exp T’s ds lg’u 1r>u Pfl (u, u, u) (4'156)
to get the last line (4.155). Note that we have
5 P (u,u, Tn)| L p Pt u, Ty)
]ET'!‘I [ _ y Uy LN . _ y Uy LN
Tri> Pl (u, u,u) |7 P, u, u) (4.157)
so that the Radon-Nikodym density in (4.155) can be written as
lfd>upfl (u,u,TN)
fi{u,uu
sl T . (4.158)
ET [l,anPf*(u,um f’]
PI(uuu) t
Therefore we have
!dzu}_’f uu,Tn)
5 d Tf1 1 (u,u,u /
E™ [mf g{] = E™ [ () -l |G] ] (4.159)
Ei [yzuPﬂmu,Tn) f’}
Pfl(uu,u) t

which has the same structure as the change of measure in the default free case.
We have just demonstrated how to change measures between the defaultable for-
ward measures of different maturities. The first step is to calculate the mean and
variance-covariance matrix of Y, under T!. We can calculate the mean and vari-
ance of Y, under the the default free forward measure of maturity u i.e. the measure
corresponding to using the default free bond of maturity v as the numeraire using
lemma 1.3 from chapter 1 but this lemma is not immediately applicable to find-
ing the mean and variance-covariance matrix of Y, under the defaultable forward
measure for maturity TZ!. However we can still apply lemma 1.3 by changing to a
different measure as follows. We define a measure that is equivalent to @ by the
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following Radon-Nikodym density

exp (— §rf+qf + nfds)
_ 0

I - ’ u N
% E¥ [exp(—5r5+nsf+n§d3)]
0

4!
aQ”’

(4.160)

Therefore for any G measurable and Q' integrable random variable W, we can
apply the abstract Bayes formula to get the following equality

i'-{l 4 Y 1 r '
E™ [W|Gl] = E®/ [m exp ( - Jrf +nf + 2 ds) ng{ ] (4.161)

We now apply the definition of T{! to change measure back to @/ and then to TS
which gives us the following:

1

wf1 t 4 I-
ET& [yu|g{] = E¥ [E‘l(t_,u,?)lfbu exp ( — Jr{ +nf ds)Y,, G! (4.162)
t

= /|1 e f s
t
=1,..E¥ [, 6" (4.164)

From Collin-Dufresne et al. (2004) we know that W/ in (4.63) remains a Brownian
motion under Q" and therefore the dynamics of Y, under 'i’;fl can be determined
similar to the default free case by use of Girsanov’s theorem. Therefore finding the
mean of Y, under Tf? can be accomplished by finding the mean of ¥, under T,
To find the mean and the variance-covariance matrix of ¥;, under 'TI"{‘ we can apply
lemma 1.3 from chapter 1. Now we can calculate the mean and variance-covariance
matrix of Y, under T/! by substituting ¥, for 7, in (4.159) to get

Pf(u,u,TN)

n‘rd>u

G ,] _ ]Eﬂl[ P (uuu) Y,
t a pf1 vy 7
]E'l‘£l I:nrd>;ﬁ (u,u,TN) gif

{u,u,u)

ET? [Y,,

{’] (4.165)

Pt u,u)
= _— [t
]'rd>t Pfl(t, u, TN)

I:l‘rd>u13f1(u:u:TN)Y;4 G{'] (4.166)



4. A Two-Country Reduced Form Model 175

g]

u
_ — $f f
PIl(t,u,u) _or {Ld» =P ( yri+mds

= —_ t ) Hf1
‘>t Pfl (t, u, TN) Pfl (t, u, u) P (ur u, TN)Y;; gt

and changing measure to T/! as follows

PI(t,u,u)

. i
Ld>tmET“ [11'4>upf1(u’uaTN)Yu

4

u

_ ex —\rf +pf +nid
— le __Pfl (ty u, u) EQII p ( -51‘3 ns 77'9 s) Pfl( T Y fl
>t Pfl (t, u, TN) Pfl (t, u, u) u,u, N) u|t

Pfl t,u,u =f ’
( ) ]ET“ g{]-

= d B e
]‘" >tPf1(t;u7 TN)
We now can show that we can calculate V in closed form avoiding the calculation

[Pfl (U, u, TN)Yu

(4.167)

of the more computationally intensive Pf(¢,u,Tw). Specifically

Ty
Vem s | PP T [0l | du (4.168)
t
i PIi(t,u,u)
_— t,u,u) 71 = ’ )
_ 1 PG wu) o3| pn flaf
Lo | P i) g L | P, il | e (4160
t
T
e | PP w)ER [ﬁf‘ (4,0, T |93” ] du (4.170)

t

Therefore since we know the mean and variance-covariance matrix of Y, under
T/ and P/!(u,u,Tw) is log-quadratic Gaussian, we can apply lemma 1.14 from

chapter 1 directly to the last line of (4.167). Note the calculation of Pf(¢,u,u)

can be done easily since now the short term interest rate rf is

(Y; + o)) P (Y: + a(t)
and the intensity of default n,f + nd is given by
(¥ +a(®) (" + ™) (Ve +al?)

and we can see that the matrices / I 7 and I"® are now constant matrices. The
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calculation of P/1(u,u, Ty) also involves constant parameters as

gt’]

and we can see only the intensity ¢ is used. We could have also established (4.170)
from

Ty

Tn

1,4, EY [exp (— Jr{ +nf ds — fnf ds)Yu
t t

through the following calculations

u Twn
1,4.,EY [exp (— jr{ +nfds - fngds)Yu {']
t t
Tn

= ],4>,]EQ! [exp ( — frf: +nf + ¢ ds) EY exp ( — I n? ds)
t N u

g{']

/ ] (4.172)

g{'] (4.171)

95'] nl

gt’]

= 1,4,,E?" [GXP ( - Jrﬁ +n] +nf dS) P (u,u,Tn)Y,

=1,4.,P(t,u, u)IET‘f" {Pﬂ (u,u, TN)Y,

but this does not make it clear how to change measure between the defaultable
forward measure of different maturities. In general it is useful to establish how to
change measures between defaultable forward measures of different maturities as
this can be useful to simplify valuation. By introducing the defaultable forward
measures T/! and the change of measure from TS' to T/! we have shown that the
formula is an exact analog of the change of measure for forward measures in the
default free case (see Cherif et al. (1994) for the default free case). For the purposes
of calculating expectations of random variables W which are G/ measurable and
Q” integrable we can then use the measure T/! which is absolutely equivalent
to Q' and hence we can apply the results established in Cherif et al. (1994) for
calculating the mean and variance-covariance matrix in the defaultable case. It is

now clear how to calculate
- ,
E™ [nf16]]
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as 7] is a quadratic Gaussian random variable and therefore can be determined
from the variance-covariance matrix of Y,.. The calculation of W in (4.122) involves
the expectation

E™ [n/n2|6!]. (4.173)

We now discuss how to calculate (4.173). First similar to (4.163) we can calculate
E™ 731611 = E™ [12I6/] (4.174)

in analytically closed form. Since n¢ is a quadratic form in Gaussian random
variable under T 1, we can obtain (4.174) from the variance-covariance matrix
of Y, (see lemma 1.3 in chapter 1). Thus (4.174) consists of a part which is a
quadratic function of Y,, and another part which is a deterministic function of w.
Since (4.173) can be written as

E™ [/ E™ [n16111611, (4.175)

it is clear that to calculate (4.173), we need to calculate not only first and second
order moments of Y,, but also higher order moments of Y, under T£!. This can be
achieved by first noting that we can calculate the mean and the variance-covariance
matrix of Y, = (Yia, ..., Yau) under T£! by changing measure to T/! and using T4?
similar to what we did in (4.159). Hence it is sufficient to discuss how to calculate

g
HY;TJ forj=1,...,nandm+...+1r,=k

under Tf!. Thus we need to calculate

14 wpfl(u,u,w)

Tll Pfi(uu,u) YT,
] []ET.{‘ [nzdz Pl ] H

ET [ ﬂ Yi|G ] (4.176)

PiY(u,u,u)

P (t,u,u) g0 a, H rilg .
= PA(t,u, w) E* [IT >w Pl ww) | Y5 ] (4.177)
P/ (t,u,u) g0 H "G
m = [Pﬂ(u )] 1 ] (4.178)

First note that we can find the mean and the variance-covariance matrix of Y, under
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the measure corresponding to using P/(u,u,w) as the numeraire by applying
lemma 1.3. Calculating

ET [Pf N, u, w) H Y;iG

j=1

} | (4.179)

involves finding higher moments of a multidimensional Gaussian random variable
under the measure corresponding to using Pf!(u,u,w) as the numeraire. The
higher order central moments of a multidimensional Gaussian random variable(or
a multidimensional Gaussian random variable with zero mean vector) can be found
in closed form in an efficient manner as shown in Triantafyllopoulos (2003). Hence
we can find higher order moments of

Y, — X [P (u,, TN)mg{’]

and therefore we can also find the noncentral higher order moments of Y;, which
means we can calculate

E™ [Pﬂ(u u, w)nind f:l. (4.180)

We now discuss how to calculate the expectation in (4.122) given by

ET [Pﬂ('w, u)(nl + af)n? g{']. (4.181)
Let w
_Cef o nf +ndds
~ 1 exp( Srs+173+173 )
%f.,. ¢ (4.182)

gf EQ!’[exp(_ Sr{ +773 + ¢ ds)]
0

where w < u. We can now change measure back to Q' in (4.181) and apply the
abstract Bayes formula (see for example (4.163)) to get the following equality,

g{']

E™ [Pf?(w W)nl +al )

= 1,4>t1EH [sz(w w)(nf + al)n? Qtf’] (4.183)

Moreover we can use the tower property of expectations (see, e.g., Karatzas
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g{’]

ed ] (4.184)

and Shreve (1991)) to rewrite (4.183) in the following form

E [P%, W) (! + o)

g{'] _ B [z‘ﬁ(w, W) (nfnt + afnd)

- 5% | PP, ) B G + ')

Once again
E™ [0 (4.185)

consists of a part that is a quadratic function of Y,, and a part that is a deterministic
function of w. Therefore we need to calculate higher order moments of Y,, but we
have already discussed how to perform this calculation in the context of how to
calculate (4.173).

The calculation of Vj; involves determining

o [Gf 3Ty, TN)L Ig{ ] : (4.186)
ST,
Let
T
i3 L 4,1, eXp ( —§ri+n]+n] dS)
—| = 9 (4.187)
dQf Gl I T f f d
o E¥|exp( — §ri+n +ndds
0
Then by an application of Bayes formula (4.185) is equal to
T3 3 1.y ‘
E™ | GP(T, To) 5|9 |- (4.188)
T;

Since we can use Lemma 1.3 in chapter 1 to calculate the mean and variance-
covariance matrix of Y, under T/® and G/3(T;, TN)gl;: is a product of log-quadratic
Gaussian terms and therefore log-quadratic Gaussian, we can use Lemma 1.14 to
calculate (4.188) in analytically closed form. The determination of W;; requires
the calculation of the following two expectations expectations:

ET' [-gl—-ﬁff’(u,:z;)ng g{'] (4.189)
E™ [—S%Gf“('r,-,u)nz G{']- (4.190)
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Let
u
exp (— §ri+nf+ nfds)
— 0

f’ iy ’ u 1
Gu E® [exp(—sf‘{+ng+n§’ds)]
0

Then changing measure to Q' and applying the abstract Bayes formula, we can
rewrite (4.189) and (4.190) into

st
aQ”’

(4.191)

~ 1 _
E™ [5-’3 7% (u, Tyl

Gf ] (4.192)

= 1
ET’ [gGﬂi (T;, u)n?

i

Gl ] (4.193)

Using lemma 1.3 from chapter 1 we can find the mean and variance-covariance
matrix of Y, under T/4(and also T/® as discussed in the valuation of (4.186)).
Since the foreign exchange rate —S—IT- is log-quadratic Gaussian as well as P/%(u, T})
and G/8(T;,u), the products gl;iﬁf 5(u,T;) and SlTin 8(T;,u) are also log-quadratic
Gaussian. We can use (1.149) from chapter 1 to find the mean and variance-
covariance matrix of Y, under T/* as well as T/3.

Therefore if we assume the quadratic Gaussian model given in (4.144), we
can calculate all expectations involved in the calculation of the default leg and
the premium leg of a quanto default swap in analytically closed form even if we
assume a contagion model of default. The determination of the default leg involves
a double integral as well as well as a single integral with the expectations as the
integrands(see (4.122)). These integrals can be discretized and converted into
sums. The determination of the premium leg involves only single integrals with
the expectations as integrands and therefore can also be converted into sums.
Though we have considered a single obligor, these calculations indicate what type
of calculations are necessary in a contagion model of default where we have two
different obligors. If we increase the number of obligors in a contagion model of
default, then calculating the value of credit sensitive securities involves considering

all permutations of the possible default sequences
To(1)s - -+ 2 Ta(n)

where o is an element of the permutaion group of order n. Thus we have to
consider n! default sequences and for each such sequence, we will generally have to
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consider n-dimensional integrals whose integrands are higher order expectations of
the factor Y, under some defaultable forward measure. It seems that calculations
for the different default sequences is a bigger challenge as we have to consider n!
such sequences.



APPENDIX



A. MATRIX RICCATI EQUATIONS

In this appendix we provide two theorems which are given in the survey article
of Freiling (2002) (Theorem 3.1 and Theorem 3.5 of this reference). For more

detail regarding matrix Riccati differential equations (RDE), we refer the reader
to Freiling (2002).

Definition A.1. Let My;(t), Mi2(t), Moy (t) and Mas(t) be piecewise continuous(or
locally integrable), time-dependent real or complex square matrices of dimensions
nXn,nxm,mxn and m x m respectively. Furthermore we make the assumption

that the matriz initial value differential equation which is given by
W = Mu(t) + My (&)W — WMy (t) — WMo ()W (A1)

is known as a matriz Riccati equations(RDE).
My M,

M= n M

My Mz

Y(t) = ( ig; ) (A2)

Let

and

where @ and P are real or complex matrices with dimensions n x n and m x n
respectively. With (A.1), we associate the following linear ODE:

Y = M(t)Y. (A.3)

According to Freiling (2002), the solution of (A.1) was first given in Radon (1927)
and Radon (1928).

Theorem A.2 (Radon’s lemma—version 1). (i) Let I be the nxn identity ma-
triz and let W be on some interval J = R a solution of (A.1) with W(to) =
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Wo. If Q is for some t € J the unique solution of the initial value problem

Q = (Mu(®) + Mo@)W()Q, Q(to) = I, (A4)
and P(t) := W(8)Q(t), then Y (t) = ( ggg ) defines for t ¢ 7 the solution
of (A.3) with ¥ (to) = ( uI/O

(i) FY(t) = ( gég is on some interval J < R the solution of (A.3) such

that the determinant of Q(t) # 0 for t € J, then
W:J—>C™", tw PH)Q(E)!=:W()

is a solution of (A.1); in particular W(ty) = P(tp)Q(t0)!.

Radon’s lemma which is given above by Theorem A.2 is for the solution of initial
value RDE. We can adapt Theorem A.2 to solve terminal value RDE. A terminal
value RDE is a matrix Riccati differential equation where as in Definition A.1, we

have
W = My () + M ()W — WM (8) - WMu@)W, Wi(t;) =W (A.5)

for some value ¢y representing the terminal end point of an interval J < R. In this
case we are looking for a solution of (A.5) over an infinite interval (—co,ty) or a
finite interval [to, ;] for some finite o € R. Provided a solution exists, we can also
solve (A.5) by considering the associated terminal value linear ODE which is given

by

y I
Y =M@Y, Y(;)= (A.6)
W,
where M(t) and Y (t) are defined as in (A.2).
(e, | . )
Theorem A.3. If Y (t) = P(1) is on some interval J = [to,t;] or J =

(—o0,t5), the solution of (A.6) such that the determinant of Q(t) # 0 forte J,

then
W(t) == P)Q()™!
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is a solution of (A.5); in particular W(ts) = P(t;)Q(t;) L.

Proof. Differentiating W(t) = P(t)Q(t)~! with respect to ¢ shows that it is the
solution of (A.5). O

Sufficient conditions on the initial value W (t,) guaranteeing the existence of
a solution of the initial value RDE given by (A.1) are not known in the general
case. For some particular cases, a summary of the results that have been obtained
so far is given in Freiling (2002). Here we consider a special case of RDE known
as hermitian (or symmetric) matrix Riccati differential equation where sufficient
conditions for the existence of a solution can be given. Let A* denote the conjugate
transpose of the matrix A. Consider the terminal value RDE given by

P = —A*({)P — PA(t) - Q(t) + PWS(t)P, P(t;) = P, (A7)

where Q,S and P; are hermitian (or real symmetric) matrices. The terminal
value RDE given by (A.7) is known as a hermitian (or symmetric) matrix Riccati
differential equation (HRDE). The following theorem which is given in Freiling
(2002) gives sufficient conditions for the existence of the solution of HRDE.

Theorem A.4. Assume that S(t), Q(t) and Py are positive semi-definite, piecewise
continuous and locally bounded for t < ty. Let A(t) be piecewise continuous and
locally bounded for t < t;. Then the (unique) solution P of (A.T) exists fort <ty
with

0 < P(t) < P(t) fort <ty,

where I~’(t) is the solution of the linear equation

P=—A"®)B - PA®) - Q(t), Plto) = Po. (A.8)



B. SOME RESULTS FOR MULTI-FACTOR QUADRATIC
GAUSSIAN MODELS

In this appendix we first provide the characteristic function of a quadratic form in
Gaussian random variables (see, e.g., Mathai and Provost (1992)). We then give
some of the results that are given in Cherif et al. (1994) regarding multi-factor
quadratic Gaussian factor models.

Lemma B.1. Given a quadratic form in Gaussian random variables,
Q=YJ¢YT+%TYT+2[

where € is a square symmetric matriz, ‘B 15 a vector and A is a constant, the
moment generating function of Q under the measure T and conditional on F; is

given by

®(Q,2) :=| I —22EV(t,T) | % exp ( - %(M(t,T)V(t, T)'M(t,T) — 2 290)+

%(M(t, TY+zV(t,T)B) (I-22z€V (¢, T)) V(T (M@ET)+2V(¢t,T) q;)) .
(B.1)

Proof. We assume that ¥ in (1.3) is positive definite and therefore V (¢, T) is pos-
itive definite for t # T. Then we can use Theorem 3.2a.1 given in Mathai and

Provost (1992) to find the moment generating function. O

Let r; denote the instantaneous rate of interest for an economy. Let D(t) denote
the savings account which is the value of investing one unit of currency at time

¢ = 0 and rolling over the account at the default free instantaneous rate of interest

() - exp( [ o ).
0

T
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Let Q@ denote the risk neutral measure which is the measure under which the value
of a default free security discounted by the savings account is a martingale. Let
W} denote an n-dimensional standard Brownian motion under Q. We now assume
that we have an Ornstein-Uhlenbeck Gaussian process Y; of dimension n which is
a solution of the following SDE under the risk neutral measure:

dY; = (u(t) + AQR)Y,) dt + £(t) dW.. (B.2)

Hence in this appendix Y, denotes a process with a non zero time dependent drift
function given by u(t). The matrices A and ¥ are assumed to be time dependent.
The first theorem gives the dynamics of a log quadratic Gaussian process.

Theorem B.2. Let E, be a stochastic process that is given by
E, = exp(-Y; CE(t)Y, — BE())TY: — AP(2)),

where CE(t) is a symmetric matriz, BE(¢) is a vector and AE(t) is a scalar that
are assumed to be differentiable with respect to t. Then E, is the solution of the
following SDE:

dE; _ YTEEWY; + BE@)TY, + AB() dt — (2Y,"CE(t) + BE(t)")Z dW; (B.3)

~

t

where
GE(t) = — A)TCE() - CE(A() — A.CE(¢) +2 CEQS@)=()TCER)  (B.4)
BE(t) = — 2CE(0)u(t) - AR)TBE () — a.BE () + 2CF()T@)TB5())  (B5)
AB(t) = — TrE(@)=®)TCE0)] - BE@)u(t) — A7) + %lz(t)TBE(t)P. (B.6)

Theorem B.2 is proved in Cherif et al. (1994) using Ito’s formula (Itd (1946)).
We now consider securities whose payoff at time T is log quadratic Gaussian. For
such payoffs, we have the following lemma that is given in Cherif et al. (1994) (see
also Cheng and Scaillet (2004).

Theorem B.3. Let the payoff a security be equal to

Ry = exp(YTCR(T)Yr + BR(T) Yy + AR(T))
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at time T, then the discounted price! of the domestic security which is denoted by
R; is log quadratic Gaussian and is given by

R, := exp(Y,' CR(t)Y; + BE(t)"Y; + AR(t)).

where CR(t) solves the following terminal value symmetric matriz Riccati differ-
ential equation:

-(%CR(t) = —ATCR(t) — CR(t)A + 2CR()ZZ"CR(t) - I, CH(T) = CH(T)
(B.7)
and BE(t) and AR(t) solve the following ordinary differential equations
%BR(t) = —ATBE(t) + 2CR()z=" BR(t) -
_2CR()ESTBE(t) — 2a(t), BR(T) = BX(T), (B.8)

% AR(t) = —Tr[S£TCR(t)] — BR(t) "= B (t)+

+ 1BR()TERTBRY) — a(Talt), AMT) = ARD). (B9)

1 Here when we say discounted, it means by the savings account of the economy.
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