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Abstract

This work examines in depth a collection of related scheduling problems. The prob-
lems considered all relate to the processing of tasks on machines over time, with the
goal of minimising some function of the tasks’ completion times. The tasks being
scheduled are subject to preemptions, that is they may be interrupted during their
processing and resumed later on the same or a different set of machines. The tasks
are subject to precedence constraints, meaning some tasks cannot be processed un-
til others have been completed. The machines on which the tasks are processed
are identical, meaning they have the same speed and functionality, and parallel, in
contrast to scheduling models where tasks must be processed on multiple machines
sequentially. This is a thoroughly investigated area of research in the literature.

Due to the computational complexity of the problems considered, approximation
algorithms for these problems are presented and are analysed in several ways. Several
well known results are expanded to apply to more general scheduling problems, and a
completely new class of results is described. In particular, the solvable cases of some
approximation algorithms — i.e. the situations under which the algorithms provide
an optimal solution to the considered problem — are examined in more detail than
heretofore. Bounds on the worst case of the considered algorithms are also presented,
as are results regarding the computational complexity of certain subproblems.

The goal of this work is to advance the understanding of this focused but signif-

icant area of research, and present a wide variety of results relating to it.
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Chapter 1
Introduction

This thesis examines a collection of related problems from the field of scheduling
theory: the processing of a number of jobs on machines over time. More specifically,
there is a set IV of jobs / tasks that must be processed over time, each with a specific
target of processing time required for completion. These tasks may be, for example,
units of parallel processing on a supercomputer or different jobs on a construction
site. There are a number of machines that can process these tasks over time, limited
to processing only one task at any given point in time. Real world examples of
these include teams of labourers and threads in a CPU. In some cases, the goal is
simply to find a feasible schedule that results in the completion of all tasks in /V;
more commonly the goal is to minimise some function of the completion times of
the individual tasks, known as the objective function.

A schedule is an assignment of tasks to machines over time: in particular each
assignment of a task to a set of machines takes place for an interval of non-zero
length, and there is a finite number of such assignments made in the course of a
schedule. Schedules generally begin at time 0, with tasks being scheduled only for
non-negative times.

Scheduling theory encompasses many different scheduling problems, only a few
of which are considered in this thesis. A scheduling problem specifies the general
rules by which schedules are constructed and compared, e.g. the types of constraints
under which tasks are processed and the objective function which is to be minimised.
For each scheduling problem, there are (usually) infinitely many instances of that
problem. Each instance is a specific realisation of the parameters of the problem: it
includes all information required to schedule the tasks and measure the quality of
the resulting schedule via the objective function. For each instance of a problem,
there are (usually) infinitely many valid schedules; the goal is generally to produce a
schedule which minimises the objective function for the given instance of the given

problem. This delineation of problems, instances and schedules is particularly im-
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portant in this thesis: unlike many other works on this subject, it is often necessary
in this thesis to compare and contrast schedules for different instances of the same

problem.

1.1 Scheduling Theory

Since there are many different scheduling models propounded within scheduling
theory, a system of notation, known as three-field notation, has been developed to
specify scheduling problems. In particular, the problem is represented as «|f3|7,
where «, § and ~ take on different values depending on the problem.

The first field, «, describes the machines used to process the tasks. The problems
considered in this thesis relate to identical parallel machines, denoted o = P. This
means that there is some number m of machines, and tasks may be processed on any
one of them (or, in some scheduling problems, more than one), without it mattering
precisely which.

Sometimes P appears on its own, indicating there is some specific number of
machines that is part of the description of each instance of the problem — different
instances can have different values of m. Other times P appears with a number,
indicating that the considered problem is for a specific number of machines, e.g. the
much investigated case of P2: two identical parallel machines. Sometimes, there
may be an essentially unlimited number of parallel machines, which is indicated by
Poo. The cases of P|5|y and Pm|B|y for specific m are examined in this thesis.

A generalisation of this machine environment is @ = @ (or a = Qm for some
m). This refers to uniform machines: the machines differ only by their speed, with
each machine ¢ having a speed s;, and each machine processing tasks at a rate
proportional to its speed. Although this thesis does not consider uniform machines,
some results derived for uniform machines are relevant to this thesis, and appear in
the literature survey.

If there is only one machine it is not necessary to specify “P” or “Q” in the «

field: in this case v = 1.

The second field, 3, describes the nature of the tasks that must be processed.
It may contain any number of elements describing how the tasks are defined and
constrained. It may be empty, indicating the default assumptions are in place. The
default assumptions are that each task must be processed for an amount of time
particular to that task in order to be completed, may be processed on any machine

at any time until completion, may only be processed on one machine at a time and
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may not be interrupted while being processed. Values of 5 considered in this thesis

are:

e pmitn: Preemptions are available, that is the processing of tasks may be in-
terrupted, and they may be resumed later on the same or a different set of

machines. This is sometimes represented as prmp in the literature.

e int—pmin: Preemptions are available, but only at integer points in time. This

notation is unique to this thesis.

e r;: The problem involves release dates, that is that each task j can only begin
processing at time r;. When all release dates are zero, this reduces to the

problem with no release dates.

e prec: This indicates that precedence constraints are in effect. This means
that a binary relation — on the set of tasks N exists which is irreflexive,
antisymmetric and transitive, that it is, in other words, a strict (or irreflexive)
partial order. For two tasks j and g, if j — ¢ this means that task g cannot
begin processing until task j has been completed. If neither j — ¢ nor g —
j then j and g are said to be independent. It will often be convenient to
consider sets of tasks in which all tasks are pairwise independent: for the sake
of simplicity, the term “pairwise” will be omitted when referring to such sets.
To use the terminology of order theory, a partial order in which all elements

(tasks) are independent will be referred to as an antichain.

e p,; = 1: The case of unit execution times (UET). While normally the amount of
time a task j must be processed until it is completed, p;, may be any positive
real number, in this case it is constrained to be one for all tasks. This is the
case used to represent all situations where the tasks have equal processing

times, as they may be assumed to be one without loss of generality.

e c,: The problem is subject to communication delays, i.e. if there are two tasks
j and g such that j — g, and they are processed on different machines, task g

cannot begin processing until ¢;, time units after the completion of task j.

e cj, = 1: All communication delays (between pairs of tasks that are not inde-

pendent) are equal to one.

e u;: Tasks may be processed on multiple machines up to a given limit for each
task. This notation is unique to this thesis. The combination of pmtn and u;

has been denoted by var, d; in [78] but is not used in this thesis for the sake
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of consistency of notation. Tasks that may be processed on multiple machines

subject to preemptions at any time are referred to as “malleable tasks.”

This thesis focuses primarily on scheduling models with preemptions and prece-
dence constraints, with or without malleable tasks, i.e. § = prec,pmtn or § =
prec, pmtn,u;, or integer preemptions and precedence constraints, i.e. § = prec,

int — pmin.

The last field, ~, specifies the objective function of the problem; it will usually
contain only one entry. For the most part, this thesis is concerned with v = L4,
the maximum lateness. The maximum lateness is the largest amount by which the
completion time of a task exceeds that task’s due date. This value may be negative.
Also considered is the problem where v = C),4,: the makespan. The makespan is
simply the largest completion time among all tasks. Note that if all due dates are
zero, the maximum lateness reduces to the makespan criterion.

Subsection 7.1.1 considers the objective of total weighted tardiness: the weighted
sum of the tardiness of all tasks (denoted v = ) w,T;), where the tardiness of a
task is zero if it is completed before its due date and is otherwise equal to the
difference between the task’s completion time and its due date. This has received
some attention in the literature — see [2], [6], [38] and [81]. If all due dates are
equal to zero, this reduces to the total weighted completion time criterion (denoted
v = > w;C;). If all weights are equal, these objective functions are denoted ) 7
and ) C}.

Finally, let U; be equal to zero if task j is completed on time, and one otherwise.
The criterion ) U; is the total number of tardy jobs, and ) w;U; is the total
weighted number of tardy jobs.

One case addressed by this thesis is the P|prec, pmtn|L,,., problem. This is
the problem of scheduling tasks with preemptions and precedence constraints on
identical parallel machines with the goal of minimising the maximum lateness. This
problem has received significant attention in the literature, for example [55], [71]
and [105].

Another case addressed by this thesis is a generalisation of the P|prec, pmtn|Lq.
problem. Specifically, malleable tasks have been given significant attention in recent
years — see [24], [26], [42], [51], [52], [56], [61], [80], [93], [97], [98] and [99] for recent
work in this area — largely due to their application to the field of parallel processing.

As stated earlier, malleable tasks are tasks which may be processed on more than

14



one machine at a time, where the rate of processing is some function of the number
of machines on which the task is being processed. The specific model of malleable
tasks considered in this thesis defines the rate of processing of a task in an interval of
time as proportional to the number of machines on which it is processed. In order to
study the effect of this parallelism on the scheduling problem, this problem defines,
for each task j, a value 1 < u; < m such that j may be processed on no more than
u; machines simultaneously. This problem will be denoted P|prec, pmin, w;|Lia,

and reduces to the P|prec, pmtn|Ly,q,, problem when all u; = 1.

1.2 Problems Considered

For the sake of rigour and clarity, a formal definition of the P|prec, pmin, w;| Ly
problem follows. There is a set of tasks IV, where each task is denoted by a natural
number hereafter referred to as its task index, and where |[N| = n. There exists a

number of identical parallel machines m. For each task j, there is

e a positive real number p; that specifies the amount of processing required by

j in order to be completed,

e a real number d; (which can be positive, negative or zero) specifying the due

date of j and

e a natural number u; € {1,2,...,m} specifying the degree of parallelism al-

lowed for the task j.

There is also a partial order — on N specifying the precedence constraints.
In summary, an instance of the considered problem may be represented by a
tuple
(m, =, {(p;): J€ NEL{(dj): 5 NEL{G u): j €N} (1.1)

which encodes all of the information specific to that instance of the general problem.

A valid schedule ¢ is a vector function o(t) specifying the number of machines
on which task j is processed at time ¢. It is defined for all j € N and t € R.
This function can take on only non-negative integer values, is piecewise constant

on closed intervals, and has only a finite number of points of discontinuity.” Each

*This definition neatly sidesteps a technical difficulty: if a schedule was defined as an assignment
of tasks to machines, a collection of problem instances could be imagined in which m and u; are
exponential in n. If specifying a schedule required each machine be considered separately, a schedule
could not be constructed in polynomial time even in the absence of precedence constraints. Since
all practical problem instances have reasonably small values of m, the avoidance of this issue using
the definition of a schedule above has no practical consequences.

15



machine can process at most one task at a time, meaning » . 0;(t) < m for all
t > 0, and similarly each task j can be processed on at most u; machines at a time,
so 0;(t) < w; for all t > 0. For the sake of simplicity of notation, these constraints
are not applied at the points of discontinuity of ¢.* Each task j must receive p;

processing time in the schedule, i.e.

/ o;(t)dt = p;.
0

A final constraint on a valid schedule is defined by the precedence constraints:
for two tasks j and g such that j — ¢, if 0;(¢) > 0 for any time ¢t > 0 then oy(¢') =0
for all ¢/ < t.

The completion time of a task j in schedule o is the supremum of all ¢ for which
o;(t) > 0, and is denoted C}(0), i.e.

Cilo) = igﬂg{t to;(t) # 0},

A task j is said to be available at time ¢ in schedule o if Cj(0) > ¢ and Cy(o) < ¢
for all g € N such that g — j. The lateness L;(o) of a task j in schedule o may be
defined as L;(0) = Cj(0) — d;. Let

Chnaz(0) = max C; and Lz = max L

(0) = max (o) (o) = max L;(o)

denote the makespan and maximum lateness respectively. The goal of the problem
is to find, for a given instance, a schedule o such that L,,., (o) is minimised. Such
a schedule is known as an optimal schedule for that instance. For the sake of
consistency, this thesis will generally use the following notation to denote different

kinds of schedules:

e optimal schedules, i.e. schedules which minimise the maximum lateness for a

given problem instance, will be denoted w,

e schedules that are derived from some given approximation algorithm will be

denoted n, and
e arbitrary schedules with no particular properties or origins will be denoted o.

Thus is the P|prec, pmtn, u;|Lyq, problem defined. The special case where u; =

1 for all j € N is denoted P|prec, pmtn|L,., and is also considered in this thesis.

*This exception is intended to simplify the notation used to represent intervals in time during
which tasks are processed — it can now be said that tasks are processed during closed intervals
without the need to consider the finitely many points in time where these intervals overlap.
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Figure 1.1: The precedence constraints of an example instance.

Several terms that are in common usage, and which will be used throughout
this work, will now be defined. Task j is said to be a predecessor of task g, and
to precede task g, if and only if 7 — g¢; g is said to be a successor of j. Because
— is irreflexive, j /4 j. Within this work the set of successors of a task j will be
denoted Kj, and the set of predecessors will be denoted J;. Task g may be said to
be an immediate successor of j, and j and immediate predecessor of g, if and only
if g € K; and there does not exist ¢ € K; N J,. The set of immediate successors and
predecessors of a task j will be known as K ; and jj respectively. Any of these sets
may be empty. For the sake of simplicity of notation, for any set S C NN, the union
UjesK; will be denoted by K () and the union UjcgJ; will be denoted by J(.5).

An instance of problem P|prec, pmtn, u;j| Ly, is defined below. This example
will be used throughout the remainder of this thesis to illustrate different algorithms

and issues.

Example 1.1 Consider an instance of the problem P|prec, pmtn, w;|Ly,q, for which
m =3 and N ={1,2,--- ,15}; hence, n = 15. Figure 1.1 is a graphical representa-
tion of the partial order of the considered problem instance, specifically the transitive
reduction of —. FEach task is labelled with its task index. Table 1.1 specifies the
values of p;, u; and d; for all of the tasks.

As a matter of practicality, it is often not possible to divide the processing
of a task arbitrarily — often tasks can only be divided at certain regular points.
Without loss of generality it may be assumed that these regular points are integers.
These integer preemptions have been considered in a number of papers, for example
[109] and [6]. A modification of the problem P|prec, pmitn|L., to include integer
preemptions — denoted P|prec,int — pmtn|L,,., — is considered in Chapter 8 of this

thesis.
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Tasks pj | uj | d;
1,9 6 2|6
2,10 6 | 1 11

8 3.3 |7
3,4,12,13 1 2 | 1 | 15
5,11 202 11
6,7,14,15| 6 | 2 | 15

Table 1.1: The parameters of an example instance.

1.3 Contributions of this Thesis

This thesis presents a number of new results, all of which are related to the scheduling
of tasks subject to precedence constraints and preemptions on parallel machines with
the goal of minimising the maximum lateness.

Chapter 3 deals with the computational complexity of a number of different
scheduling problems. Although the general problems considered in this thesis are
NP-hard, the examination of the computational complexity of subproblems has been
an area of considerable research — see Sections 2.1 and 2.2 for an overview. Chapter
3 is partly a very focused literature review and partly a summary of results obtained
in this thesis.

Eight different subproblems, each characterised by a special structure of prece-
dence constraints, i.e. the precedence constraints come from a particular class of
partial orders, and each of which has received some attention in the literature,
are considered. The centrepiece of this chapter is Table 3.2 which provides, where

known,

e the computational complexity of the P|prec, pmin|y problem for the given

class of precedence constraints, where v € {C,0z, Linaz }; and

e two measurements of the rate of growth, in terms of n, of the number of partial

orders of the given class on n elements.

While many of the results in Table 3.2 originate from the scheduling theory
and order theory literature, some were derived by the author in completion of this
thesis. Of these, some follow from results derived later in this thesis, while others

are presented in Section 3.3. Specifically,

e Theorem 3.1 establishes a fairly simple result about the rate of growth, in

terms of n, of a particular class of partial orders on n elements; and

18



e Theorem 3.2 establishes the NP-hardness of a particular subproblem, using
a non-trivial adaptation to the problem with preemptions and arbitrary pro-

cessing times of a result presented in [118].

Although no broad conclusion is drawn, this chapter is a step along the road

to discovering what specific structures of precedence constraints make a scheduling
problem NP-hard.

Given that the general problems considered in this thesis are NP-hard, the study
of approximation algorithms makes up a large portion of the results. Chapter 4

presents the basis for many of the results to follow. In particular,

e Section 4.1 presents three families B, § C P and & C P of approximation
algorithms for the P|prec, pmtn|L,,., problem and its generalisation P|prec,
pmitn, uj| Lyq,, all of which include adaptations of the algorithms described in
[105], [55] and [120] to the case of malleable tasks, along with infinitely many

as yet undiscovered algorithms;
e Section 4.2 describes the logic common to all algorithms in family 3;

e Section 4.3 describes four specific approximation algorithms (the Brucker-
Garey-Johnson Algorithm, the Garey-Johnson Algorithm, the Zinder-Roper
Algorithm and the Optimal Recursive Algorithm) that have received atten-
tion in the literature, all of which are in family § NG, also establishing certain

simple properties that they have; and

e Section 4.4 establishes a common structure of the schedules produced by these

algorithms.

Although much of Chapter 4 is merely establishing a basis for further study in
later chapters, there is one result original to this author that establishes a generali-
sation of a common result proven for individual algorithms covered in many different
papers. Specifically, [105], [55] and [120] introduce, in different forms, some kind of
modification of the due dates d; and then subsequently prove that these modifica-
tions leave the maximum lateness unaffected. Lemma 4.1 in Section 4.2 provides
a general criterion for how the due dates can be modified without changing the
maximum lateness of any schedule. This generalisation provides much insight into
results established in a wide selection of papers. Much of the material of this chap-
ter was presented at the 9th Workshop on Models and Algorithms for Planning and
Scheduling Problems [124], in collaboration with Yakov Zinder.
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Chapter 5 concerns the examination of bounds on the performance, also called
performance guarantees, of the approximation algorithms described in the previous
chapter. Specifically, the goal is to find an upper bound on L,,..(n), where 7 is
a schedule produced by the considered algorithm, in terms of some parameters of
the problem instance and L,,q,(w), where w is an optimal schedule for the problem
instance. Results of this kind have been the subject of a great deal of study (see
Section 2.3 for more information) due to their utility when the algorithms are put
to use: they guarantee certain limits on how badly the algorithms can perform so
that it is known how closely the resulting schedules approximate optimal schedules.

Theorem 5.2 proves a bound on the performance of the Brucker-Garey-Johnson
Algorithm, which is proven tight in Theorem 5.6. These results, originally presented
in [124], are a generalisation to the problem with malleable tasks of one of the main
results of [105]. While [105] proves the tightness of the bound only in certain places,
Theorem 5.2 provides a slight improvement in this bound which allows it to be
proven tight everywhere in Theorem 5.6.

Corollary 5.3 provides a bound corresponding to that obtained in [120] for the
Brucker-Garey-Johnson Algorithm, but generalised to the case of malleable tasks.

Theorem 5.14 proves a bound on the performance of the Garey-Johnson Algo-
rithm that is similar in form to the bound proved in Theorem 5.2 for the Brucker-
Garey-Johnson Algorithm. Although the two bounds appear similar, Theorem 5.14
uses techniques similar to those found in [55]; these techniques are not used in the
proof of Theorem 5.2.

The bound established in Theorem 5.14 is proven tight in Theorem 5.28, which is
the centrepiece of the chapter. Specifically, Theorem 5.28 proves that no algorithm
from family §N G can have a better performance guarantee, proving the tightness of
the bound. This result has strong implications for the future of research into approx-
imation algorithms for the P|prec, pmtn|L,,.,; and P|prec, pmin, w;|Lyq, problems:
if a better performance guarantee than that established in Theorem 5.14 is desired
then an algorithm outside family § must be sought. In essence this demonstrates
the limitations of this much studies class of approximation algorithms. A corollary
of this result, Corollary 5.30, demonstrates that no algorithm in § can solve the
much studied three machine problem, P3|prec, pmtn, w;|Lyq,. This work was orig-
inally presented in the 11th Workshop on Models and Algorithms for Planning and
Scheduling Problems [116], in collaboration with Yakov Zinder and Claire Hanen.

Theorem 5.32 is a similar result for the family & of algorithms, although no
algorithm is known that achieves the bound provided. Similarly to Theorem 5.28,
Corollary 5.33 demonstrates that no algorithm from & can solve even the makespan

problem on three machines. Again, this has important implications for the direction
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of future research.

Corollary 5.16 establishes a bound for the Garey-Johnson Algorithm that is
analogous to that established for the Brucker-Garey-Johnson Algorithm in Corollary
5.3.

Finally, Theorem 5.49 establishes a bound on the performance of the Zinder-
Roper Algorithm that is a generalisation — with a slight improvement — of the bound
proved in [120] to the case of malleable tasks. It is similar in form to the bounds
established in Corollary 5.3 and Corollary 5.16. This result was originally presented
by the author in the 8th International Conference on Optimization: Techniques and

Applications [122] in collaboration with Yakov Zinder.

Chapter 6 is concerned with a completely unprecedented concept: the domain
of an algorithm. There has been much research on the subject of the solvable cases
of approximation algorithms, see Section 2.2 for a survey. One thing that has never
been done, to the knowledge of the author, is to specify precisely which partial
orders will and will not guarantee optimality for an approximation algorithms.

Formally stated, the domain D of an approximation algorithm & is the class

of all partial orders S such that,

1. if S € D all problem instances with precedence constraints S will be solved
by &/ and

2. if S ¢ D there exists a problem instance with precedence constraints S that
is not solved by o7

As an example, it has long been known that the Brucker-Garey-Johnson Algorithm
solves all problem instances where the precedence constraints take the form of an
in-tree, but it was not known for which other partial orders this is true. This
thesis not only describes a broader class of partial orders within the domain of the
Brucker-Garey-Johnson Algorithm, it further demonstrates that no other partial
orders are in this domain. This complete description of the domain of an algorithm
has implications for the future of research: not only does it describe a broad class
of solvable cases, it also demonstrates that no further solvable cases exist, aiding
researchers in their search for further results.

The first major result of Chapter 6 is a complete description of the domain D#%
of the Brucker-Garey-Johnson Algorithm for the P|prec, pmitn|L,,q, problem. The
class of partial orders is simple enough to be described in terms of thirty prohibited
subgraphs depicted in Figure 6.2 and Figure 6.3. That this condition is sufficient to

guarantee optimality is proven in Theorem 6.6, while necessity is proven in Theorem
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6.16. No equivalent finding is known to the author, excepting two more results also
presented in this chapter. These results were originally published by the author,
in collaboration with Yakov Zinder, in Algorithms and Computation [114], after

presentation at the 24th International Symposium on Algorithms and Computation.

The second major result of this chapter is even more surprising. The domain D?%
of the Zinder-Roper Algorithm for the P|prec, pmtn| L., problem is described, and
sufficiency is proven in Theorem 6.23. However, Theorem 6.75 proves that having
precedence constraints in the domain of the Zinder-Roper Algorithm is not merely
a necessary condition of optimality for the Zinder-Roper Algorithm itself, but it is
also a necessary condition for optimality for all algorithms in the family § mentioned

earlier. Another way of saying this is that, for every partial order P ¢ D?%#

, every
algorithm in § will produce a non-optimal schedule for some instance of P|prec,

pmitn|Ly,.. where P specifies the precedence constraints.

This result in some ways resembles Theorem 5.28: rather than analysing a single
algorithm, the limits of a broad family of algorithms is discovered. Again, this has
important implications for future research. It is often desired to find new classes
of precedence constraints for which an algorithm can be guaranteed to produce an
optimal schedule. Theorem 6.23 finds such a class, much broader than anything
already known. Lest researchers expend fruitless effort searching for more solvable
cases, Theorem 6.75 demonstrates that no more exist. Furthermore, researchers have
often sought new algorithms, more powerful than those already known. Theorem
6.75 demonstrates that a broad family of algorithms can yield no more solvable
cases, and that the search for better algorithms must be directed beyond the scope

of this family.
Finally, the domain D% of the Garey-Johnson Algorithm for the P|prec, pmitn

| Lnae problem is described. Sufficiency for optimality is proven in Theorem 6.80

and necessity is proven in Theorem 6.105. It is shown that

DY <« DY < D7,

Chapter 7 focuses on an algorithm for solving the P|prec, pmtn, w;| Lyq, problem,
with the goal of obtaining insight into what makes a problem easy or difficult to
solve. The overall problem is decomposed into a (generally non-polynomial) number
of linear programs. Theorem 7.2 demonstrates that the linear program is valid
while Theorem 7.5 proves the validity of a certain kind of simplification of the linear

program. As noted in Subsection 7.1.1, the approach considered in this chapter
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can be adapted to the objective of minimising total weighted tardiness, instead of
the maximum lateness. This suggests a new family of approximation algorithms
not bound by the limitations on §, & or § N & proved earlier in this thesis. This
approach was presented at the ASOR Recent Advances 2015 [113], and was prepared

in collaboration with Yakov Zinder.

Finally, Chapter 8 works to reproduce some of the preceding results for the case
of integer preemptions, i.e. the P|prec,int — pmitn| L4, problem. Despite how simi-
lar this problem is to the P|prec, pmtn| L., problem this generalisation is decidedly
non-trivial, requiring a novel adaptation of Algorithm P to the field of integer pre-
emptions, which allows the insights of previous chapters to be adapted for this case.

In particular, performance guarantees are established for
e the Brucker-Garey-Johnson Algorithm, in Theorem 8.16 and Corollary 8.17;
e the Garey-Johnson Algorithm, in Theorem 8.18 and Corollary 8.19; and
e the Zinder-Roper Algorithm, in Theorem 8.20.

The results in this chapter, developed in collaboration with Yakov Zinder, were
presented at the 25th conference of the European Chapter on Combinatorial Opti-
mization, and have been accepted for publication in Discrete Applied Mathematics
[123].

The peer-reviewed papers published in the course of this thesis are:
e Scheduling Flexible Multiprocessor Tasks on Parallel Machines [124];
e The Solvable Cases of a Scheduling Algorithm [114]; and

e Algorithms for Scheduling with Integer Preemptions on Parallel Machines to

Minimize the Maximum Lateness [123].
The presentations given in the course of this thesis are:

e [124] was originally presented at the 9th Workshop on Models and Algorithms
for Planning and Scheduling Problems;

e [114] was originally presented at the 24th International Symposium on Algo-

rithms and Computation;
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[123] was originally presented at the 25th conference of the European Chapter

on Combinatorial Optimization;
[113] was presented at the ASOR Recent Advances 2015 conference;

[116] was presented at the 11th Workshop on Models and Algorithms for Plan-
ning and Scheduling Problems; and

[122] was presented at the 8th International Conference on Optimization:

Techniques and Applications.
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Chapter 2
Literature Review

Several books ([20], [78] and [89]) are recommended to gain a general understanding
of the subject of scheduling theory, and they are cited in this work from time to
time. For more specific information, the literature review is divided into separate

sections based on the subject areas:
e Section 2.1 deals with proofs of NP-hardness,

e Section 2.2 is concerned with subproblems that are amenable to a polynomial-

time solution,

e Section 2.3 studies the establishment of bounds on the performance of approx-

imation algorithms

e Section 2.4 examines the usage of Branch and Bound techniques in scheduling,

and

e Section 2.5 examines the theoretical background of partial orders and relates

this to the precedence constraints of scheduling problems.

Each section begins with a general summary of the literature in this area, which
is followed by an in-depth examination of certain papers of particular relevance to
this thesis.

2.1 NP-Hardness

A general overview of computational complexity results is given by [22], a website
set up by Peter Brucker and Sigrid Knust to amalgamate existing results about the
computational complexity of scheduling problems. It contains reduction graphs for
the different scheduling problems, along with lists of maximal polynomially solvable,

minimal NP-hard and minimal and maximal open problems. Of particular use to this

25



thesis is the page on identical parallel machines with preemptions. A more detailed
survey of the complexity of scheduling problems can be found in [50], and another in
[77]. Two useful references for complexity theory in general are [48] and [64], which
prove the NP-hardness of a number of problems by describing polynomial reductions
from other NP-hard problems. Some early parallel processing complexity results can
be found in [37], although these are not, strictly speaking, malleable tasks.

Two important kinds of NP-hard problems exist: weakly and strongly NP-hard.
The distinction is that strongly NP-hard problems remain NP-hard even when their
numerical parameters are bounded above by a polynomial in the length of the input,
while weakly NP-hard problems can be solved in polynomial time if such a limit
is imposed. Another way of putting it is that weakly NP-hard problems become
polynomial when the numerical parameters in their input are given in unary rather
than binary — see [47] for more information. Unless stated otherwise, all NP-hard
problems considered in this thesis are strongly NP-hard.

Most of the problems considered in this thesis are NP-hard, see [110] and [22] for
example. Indeed, [110] demonstrated that the P|prec, pmtn,p; = 1|Cpqp problem
is NP-hard. Chapter 3 examines the computational complexity of a number of
scheduling problems, with particular attention to the structure of the precedence

constraints. For a good resource on this subject, see [94].

Many results have established that the complexity of a scheduling problem is
sensitive to the number of machines available for processing. Several examples are
given below.

A flowshop consists of a series of stages, and each task must be processed on the
first stage, then on the second stage then on the third stage and so on. For the case
where there are two stages, each consisting of a single machine, [62] demonstrated
that minimising the makespan can be achieved in polynomial time in the absence of
precedence constraints, regardless of whether preemptions are allowed. In contrast,
if at least one stage has more than one machine was proven in [58] to be strongly
NP-Hard, again regardless of whether preemptions are allowed.

In [5] and [12] it was proven that 1|prec, pmin,r;j|Lyq, can be solved in poly-
nomial time. However, in [110] it was demonstrated that the problem P|prec,
pmin, p; = 1|Cye, is strongly NP-Hard, ie. that allowing an arbitrary number
of machines makes the polynomially solvable problem 1|prec, pmtn,r;|Ly., non-
polynomial, even if the input is restricted so that all 7; = d; = 0 and all p; = 1.

Similarly, in [4] it was established that 1|pmtn,r;| > C; can be solved in polyno-
mial time, while in [39] it was established that P2|pmtn,r;| Y C; is weakly NP-Hard.
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Even the addition of a single machine converts a polynomially solvable problem into
an NP-Hard problem.

The paper [21] considers the problem of P|prec, p; = 1|Lpqq, 1. the problem of
scheduling unit execution time tasks subject to precedence constraints on identical
parallel machines with the goal of minimising the maximum lateness.

The specific kinds of precedence constraints considered are in-trees and out-trees
— as is noted in [71] these problems are essentially the same as the problem of
scheduling tasks constrained by in-forests and out-forests. This latter formulation
provides a somewhat simpler definition: an in-forest (respectively out-forest) is a
partial order in which no task has more than one successor (respectively predecessor).
An in-tree is an in-forest with a single element with no successor, and an out-tree is
defined analogously

First is considered the case of in-trees. An algorithm is described that provides
an optimal solution to any instance of P|prec,p; = 1|Lq, where the precedence
constraints take the form of an in-tree. See Section 2.2 for more information.

Second is considered the case of out-trees. The problem P|out — tree,p; =1
| Linaz, 1-6. where the precedence constraints are in the form of an out-tree, is proven
to be NP-complete by a reduction from the well known decision problem NODE
COVER. In this problem an undirected graph G and a natural number k are supplied
as input; the required output is “true” if there exists a set 1% composed of k vertices
of G such that every edge of G has at least one endpoint in V, and “false” otherwise.

For any given instance of NODE COVER an instance of Plout — tree,p; =1
| Linas is created according to a procedure which guarantees that, if and only if there
is a node cover V of k vertices of G, a schedule exists for the instance of Plout — tree,
Pj = 1|Lyqs such that all tasks are completed on time.*

A similar result for Plout — tree, pmtn|L.. was proven by J. K. Lenstra, but

remains unpublished (see [22]).

In [118] another complexity result for the P|prec,p; = 1|Cinq, problem is pre-
sented: specifically, if the precedence constraints have the form of a bipartite order,
the scheduling problem is NP-hard. This is achieved by a reduction of the problem
from the clique problem, extending work originally found in [76].

The general idea behind the proof is, given an undirected graph G and a natural

number k, an instance of P|prec, p; = 1|Cq, will be defined such that the optimal

*A precise description of the problem is too complicated for inclusion in a survey of the liter-
ature. A summary is included here to give the general idea.
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makespan C,..(w) is equal to three if there exists a clique (a complete subgraph) of
k nodes in GG, and is strictly greater than three otherwise. A task is introduced for
each node of G and each edge of G. All “node” tasks are independent of one another,
as are all “edge” tasks; however, each node task precedes precisely those edge tasks
that correspond to the edges to which the node is connected in G. Additional tasks
are introduced which, as a consequence of the precedence constraints between them,
are forced to have specific completion times in any schedule o such that C,..(0) = 3.
These tasks constrain when the node and edge tasks can be processed.

There are only enough free machines during the time interval [0, 1] to process

k
2

become available upon the completion of the £ node tasks. If they do not correspond

precisely k tasks. If these tasks correspond to a clique in G, ( ) edge tasks will
to a clique, fewer edge tasks will become available, forcing more edge tasks to be
processed at a later time; not all of these tasks can be completed early enough to
allow Ci,.(0) = 3. Hence, if the problem instance generated from G and k can be
solved so can the clique problem, which is known to be NP-hard.

See Section 3.3 for more information, where this proof is adapted to the problem

P|bipartite, pmtn|C oz

The paper [40] addresses the complexity of minimising the makespan and “mean
flow time” — another term for the total completion time — under a particular class

of precedence constraints known as chains. There are three key results.

e It is proven that, for each fixed m > 1, the problem Pm|chains|C,,q, is NP-
hard. This is accomplished by a reduction from the 3-PARTITION problem.

e It is proven that, for each fixed m > 1, the problem Pm/|chains|)_ C; is NP-
hard. This also employs a reduction from the 3-PARTITION problem. This

result extends several existing results established in [101].

e [t is proven that preemptions do not allow a smaller total weighted completion
time ) w;C; when the precedence constraints take the form of chains. In
other words, an optimal schedule for the Pm|chains| ) w;C; problem is also
an optimal schedule for the Pm/|chains, pmtn| ) w;C; problem. This extends
a result in [81] which proved the same result in the case without precedence

constraints — a special case of the problem with chains.

When the latter two results are combined, they show that the Pm/|chains, pmin
| >~ C; problem is also NP-hard.
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2.2 Polynomially Solvable Cases

As has been stated in the previous section, most of the problems considered in this
thesis are NP-hard. However, the discovery of subproblems of interest that are
amenable to a polynomial solution is an area of continuing research. See [67] for
a survey of simple polynomial algorithms for scheduling problems in the general
area of research of this thesis. Results of this sort are relevant to Chapter 3, which
examines the computational complexity of a number of scheduling problems, and
Chapter 6, which examines in detail the solvable cases of certain polynomial-time

algorithms.

In [81] several simple scheduling problems are considered, but the most impor-
tant for subsequent work is P|pmitn|C),.., that is the problem of scheduling tasks
subject to preemptions on identical parallel machines with the goal of minimising
the makespan.

This problem has a very simple solution: the optimal makespan is
Cras(w) = A = D>
maz\W) = = max I]Ileé}\}[(pja m < pj .
JEN
It is simple to see that this is a lower bound on the makespan.
This paper presents a straightforward algorithm for constructing such a schedule,
known as McNaughton’s Algorithm.
McNaughton’s Algorithm

1. Set 7 := 0. Select an arbitrary machine on which to process tasks.

2. If all tasks in IV have been considered, terminate the algorithm. Otherwise,
select any 7 € N that has not already been considered.

3. If 7+ p; < A, process j continuously during the time interval [, 7 + p;| on
the currently selected machine, set 7 := 7 + p; and go to Step 2. Otherwise,
process j continuously during the time interval [r, A] and continue to Step 4.

4. Select an arbitrary machine (which has not already been used) on which to
process tasks. Process j continuously during the time interval [0, p; — (A —7)]
on the newly selected machine, set

T:=p;—(A—1)

and go to Step 2.
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Note that, in Step 4 of this algorithm it may be the case that p; = A — 7. If so,
the interval [0, p; — (A — 7)] has zero length.

This algorithm is used as a subroutine in other scheduling algorithms, see for
example [71] and [105]. Given its importance it is useful to note the algorithm’s low
computational complexity: the tasks and machines may be selected arbitrarily, so
the only processing this algorithm performs is the computation to schedule the one
(in Step 3) or two (in Step 3 and Step 4) segments of each task; since there is only
simple arithmetic used to schedule these segments the algorithm takes O(n) time to

complete.

As stated in Section 2.1, [21] describes a polynomial algorithm that solves the
Plin — tree,p; = 1| Lyq, problem. It builds on work in a previous paper [60] that
examined the corresponding makespan problem using the so-called “critical path
method.” This is the origin of the Brucker-Garey-Johnson Algorithm, which is
examined in several other papers considered in this literature review. Derivatives of
this algorithm have been employed to solve other problems, and they have continued
to be a subject of research in recent decades — see for example [103] and [104].

The algorithm is based on the observation that the processing of a task is con-
strained not just by its own due date but also by the due dates of any tasks it
precedes. Consequently, the due dates are modified for all tasks j (as is the case for

several other papers considered here) by setting d; = d; if K; = () and

d; = min {dj,;’rel}? dy, — 1}
otherwise. Since this recalculation depends on the modified due dates of the suc-
cessors it must be completed in a particular order, specifically the reverse of any
linear extension of the precedence constraints. It is simple to prove that, for all
schedules o, L. (0) is unchanged by the replacement of the original due dates by
these modified due dates.

Once this is done the tasks are scheduled by the well known list scheduling
algorithm. This algorithm constructs a list of tasks in ascending order of their
modified due dates and iterates over integer points in time in ascending order, at
each point scheduling the earliest tasks on the list that can be scheduled during that
time.

The optimality of the resultant schedule 7 is established as follows. Select among
all tasks j such that

03(77) - d; = Lmax(n)
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a task x with the smallest completion time.

Firstly, suppose that
e all tasks j with Cj(n) < Cy(n) have d; < d, and
e there are no idle machines during the time interval [0, C,(n) — 1].

By this assumption, and because the modified due dates do not change the maximum

lateness, the schedule must be optimal.

On the other hand, if there is an idle machine or a task j with d; > d;, processed
during [0, C,(n) — 1], select the smallest ¢ such that there is no idle machine and no
task j with d > d], processed during [t, C;(n) — 1]. By the list scheduling algorithm
and the fact that d; < d if j — g, there must be some tasks 21,. .., z, with

and task x and all tasks j such that ¢t < C;(n) < Cy(n) are each preceded by at least
one of z1,...,2z,. Since k < m, by the definition of in-trees, there must be fewer
than m tasks processed at any one time during [¢, C,(n) — 1], and so the definition

of t implies t = C,(n) — 1. Hence, for any i for which z; — =,

Limaz(n) = C,(n) — d/zi > C,(n) — d/m +1=0Cu(n) — d/m = Limaz(n)

which contradicts the selection of task .

Similarly, [45] considers the problem P2|prec,p; = 1|Lyas, i.€. the problem of
scheduling precedence constrained unit execution time tasks on two parallel ma-
chines with the goal of minimising the maximum lateness. This is the origin of the
Garey-Johnson Algorithm, which is examined in several other papers described in
this thesis. Derivatives of this algorithm for use with other problems are still an

active area of research, see [112] and [10] for example.

This paper proceeds in much the same manner as [21], in that it describes an
algorithm that modifies the due dates of the tasks in such a way that the maximum
lateness remains unchanged. While in [21] the modified due dates took into account
only the due date of each task’s most urgent successor, the algorithm described in
this paper considers the total processing time of all successors, as well as all of their

due dates. Specifically, the modified due dates are defined for all tasks j by setting
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d, = d; if K; =0 and

1
d, = min{dj,;gg (d; - [5 [{g:q€ K;nd, < d;HD}- (2.1)

As before, these values must be assigned according the reverse order of any linear
extension of the precedence constraints. Also as before, L,,..(0) is unchanged by the
replacement of the original due dates by these modified due dates for all schedules o.
The list scheduling algorithm from [21] is then used to schedule all tasks according
to these modified due dates.

The optimality of the resultant schedule 7 is established as follows. Select task
x as before, and if 1 is not optimal, select time ¢ as before as well. By the list
scheduling algorithm and the fact that d; < d;, if j — g, there must be a task z with
C.(n) =t that precedes task = and all tasks j such that t < C;(n) < Cy(n). In this

case (2.1) implies

1
Laclt) 2 o)~ .2 o)~ + 3 [{asa € Ko ndy < }

> CLn) — .+ 14 2Ca0) = 1= C) | = Cola) = &, = L)

which contradicts the selection of task z.

As a consequence of this, any problem instance where the precedence constraints
are such that there are at most three independent tasks can be solved in polynomial
time: if m < 2 the Garey-Johnson Algorithm will construct an optimal schedule,
and if m > 3 all tasks can be processed as soon as they become available, meaning

any list schedule will be optimal.

It is also proven that the problem of minimising the number of tasks completed af-

ter their due dates when processed on a single machine, denoted 1|prec,p; = 1> U;,
is NP-hard.

In a similar manner to [45], [46] deals with the P2|prec,p; = 1, 7| Lya, problem,
i.e. the problem of scheduling precedence constrained unit execution time tasks with
release dates on two parallel machines with the goal of minimising the maximum

lateness.
The algorithm modifies the due dates of the tasks using the fact that, for any
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schedule ¢ in which no tasks are tardy,

Co) < d= |5 g #ind, <dnlge K vr, = )|

forall r; <r <d; <d.
This result is the origin of a new algorithm, the optimality of which is demon-

strated using reasoning similar to [21] and [45].

The chapter [71] of Deterministic and Stochastic Scheduling is devoted to solving
three problems involving the preemptive scheduling of precedence constrained jobs
on (not necessarily identical) parallel machines with the goal of minimising the

maximum lateness:

e the in-tree problem, denoted Plin — tree, pmin|L,.,* and which is equiva-
lent to Plout — tree, pmtn, r;|Cpqz, the preemptive analog of the problem ad-
dressed in [21];

e the two machine problem with equal release dates, denoted Q2|prec,pmtn
| Limaz and which is equivalent to Q2|prec, pmtn, rj|Cyqz, the preemptive ana-

log of the problem addressed in [45]; and

e the general two machine problem, denoted Q2|prec, pmtn,r;|Lyqz, involving

release dates, the preemptive analog of the problem addressed in [46].

As such it uses techniques very similar to those in the above cited papers to
achieve these ends: tasks are given modified due dates d’; and, defining p;(t) to be
the processing time of task j remaining at time ¢, a greedy algorithm is developed
to process tasks j with the highest value of p;(t) — d} first. This can be viewed
as a preemptive version of the list scheduling algorithm used in [21], [45] and [46]
to schedule unit execution time non-preemptive tasks. It is also a more complex
algorithm to achieve the same purpose as the algorithm in [105].

The due date modifications used are also analogs of those found in [21], [45] and
[46]. In essence, this chapter translates several well known results for unit execution
time tasks to tasks with arbitrary processing times subject to preemptions. It is

observed that there are many similarities between these two scheduling problems.

What will be termed the Zinder-Roper Algorithm is introduced in [119]. The

*Technically this paper considers the precedence constraints to be in the form of an in-forest,
but this is an unimportant distinction.
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algorithm is designed for the P|prec, p; = 1|Ly,q, problem, although derivatives have

been used for other problems, see [9] and [11] for example.

Its mechanism is very similar to [21] and [45]. Rather than modify the due dates
of the tasks, however, it computes p; for each task j. It then uses the list scheduling
algorithm — with the tasks in the list in descending order of 1; rather than ascending
order of d; — to construct the schedule. This superficial difference does not change

the nature of the algorithm: each p; can be viewed as d;q0 — d;», where

Aoz = IJHEE}\}[{ d;. (2.2)
This means that all ;1; are non-negative, which is useful for the purposes of illustra-
tion as these values can be viewed as “delivery times” or “tails,” but they otherwise

may be viewed as another representation of modified due dates.

For all tasks j for which K; # ), define an auxiliary problem instance ¢; which
consists only of the tasks in K;. The number of machines in problem instance ¢;
is the same as in the primary problem instance considered for scheduling, as are all
due dates of the tasks in K;. The precedence constraints between all tasks in K

are preserved in ¢;.

The calculation of 1 recursively invokes the scheduling algorithm itself: for each
J € N such that K; =0, pi; = dnas — dj, otherwise

pj = max {dmaz — d;, Gy (1) }

where

Gu(o) = max (Cj(a) + 1)

and 7’ is the schedule constructed by applying the list scheduling algorithm to the

auxiliary problem instance ;.

Analogously, values A; are calculated for each j € N such that K; = 0, \; =
ez — dj, otherwise
Aj = max {dmaw —d;, Gy (wj)}

where

Gi(o) = max (Cj(o) + Aj)

JEN
and w’ is an optimal schedule for the auxiliary problem instance ;. Since finding
these optimal solutions is NP-hard, this is not a practical algorithm. It is simply
designed to aid the analysis of the schedule produced using the p algorithm. In this
thesis, this algorithm will be known as the Optimal Recursive Algorithm.
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It is proven that G\(0) = Ljee(0) + dpee for all schedules o, using similar
reasoning to the proofs that the due date modification procedures in [21] and [45]
leave the maximum lateness unchanged. However, it may be the case that G, (o) >
Linaz(0) + dmae: the potential for non-optimal schedules 77 creates this possibility.

It is proven that the p algorithm produces an optimal schedule for the P2|prec,
Pj = 1|Lyq, problem using induction on the number of tasks n. Specifically it is
trivially true in the case of n = 1. It is then assumed true for all n < k. Then it is
noted that, in the case where n = k + 1, |K;| < k implying p; = A; for all j € N.
The optimality of the schedule is then proven in a similar manner to the proof of
the optimality of the Garey-Johnson Algorithm in [45].

This paper also presents a performance guarantee for this algorithm, see Section
2.3 for further details.

A version of the Zinder-Roper Algorithm (originally specified in [119] for the
Plprec,pj = 1|Lyqq problem) as applied to the P|prec, pmtn|L,q, problem is con-
sidered in [120]. Specifically, this paper adapts the p assignment algorithm from
[119] to the case of tasks with preemptions and arbitrary processing times, and uses
the scheduling algorithm from [105] to construct a schedule on this basis.

It is then proven that the resulting algorithm is optimal for the case of two
machines as well as the case where the precedence constraints are in the form of
in-trees, using reasoning similar to that used in [45] and [21] respectively.

A performance guarantee for this algorithm is also presented, see Section 2.3 for
further details.

The paper [100] is rather short, and is based on existing work in [88] for the case
of unit execution time, non-preemptive tasks, and similar to a later paper [3] on
unit execution time, non-preemptive tasks with unit communication delays. It has
been generalised somewhat in [13], [86] and [35].

Considered is the problem P|prec, pmitn|C,,q, with the additional restriction
that the precedence constraints must take the form of an interval order, a particular
class of partial orders. The paper describes an algorithm for solving this problem in
polynomial time.

First a set is defined:

[N]=" ={B: B C N A|B| <mA B antichain}.

This is the set of all antichains (sets of task that do not precede one another)
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with cardinality not greater than m. A partial order < is defined on [N]=™ for
B, B" € [N]=™ such that B < B’ if and only if there exists b € B and V/ € B’ such
that b — o'. The existence of this partial order is a consequence of the definition of

an interval order. Once this has been done, Linear Program 2.1 is solved.

min E TR

Beg[N]=m

s.t. Z TB = Dj Vje N
jEBE[N]=m
B Z 0 \V/B € [N]Sm

Linear Program 2.1: The linear program used to determine the length of individual
intervals while scheduling interval ordered tasks.

The variables zp indicate how long an interval the tasks in B are processed on.
These intervals may be arranged according to any linear extension of <. This method
of using a linear program to solve a simple (but non-trivial) scheduling problem is
similar to the method found in [73], which solves the problem of scheduling pre-
emptive tasks without precedence constraints on any fixed number m of machines,
where each task j has a different processing time p;; on each machine ¢, with the

goal of minimising the maximum lateness.

Both upper and lower bounds on the optimal makespan for the P|prec, pmitn
|Cnaz problem are presented in [35]. However, what is most relevant to this thesis
is that, in the process of providing these bounds, an optimal algorithm for interval
orders is presented, and unlike the formulation in [100] it is polynomial even when
m is not fixed.

The method used is similar in concept to that employed in [100]: the tasks are
broken up into antichains and then scheduled in intervals determined by a linear
program. There are two key differences. The first is that only maximal antichains,
i.e. antichains to which no additional independent task can be added, are considered.
The second is that the tasks might be scheduled for different amounts of time in a

given interval, requiring that McNaughton’s algorithm be used.

In [70] another class of precedence constraints, known as series-parallel, is con-
sidered. It is proven that although 1|prec|)  w;C; is (weakly) NP-Hard, it can be
solved in polynomial time if the precedence constraints take the form of a series-
parallel partial order. The problem P2|| ) w,;C; is known to be (weakly) NP-Hard
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(see [48]), and the P2|prec|y  w;C; problem has been addressed using integer pro-
gramming (see [95] for example). For more information on scheduling in the presence
of series-parallel precedence constraints, see [43], [115], [1], [83] and [102]. A more

general problem is analysed in [59)].

2.3 Performance Guarantees

As stated in Section 2.1, most of the problems considered in this thesis are NP-
hard. However, approximation algorithms are an area of considerable study; [44]
and [68] are two well-known early examples. This section is devoted to the estab-
lishment of bounds on the performance of approximation algorithms, in particular
approximation algorithms for minimising the makespan or maximum lateness. These
results take the form of upper bounds on the objective function (maximum lateness,
makespan etc.) of a schedule n — produced by a particular approximation algorithm
— in terms of the optimal value of the objective function, and perhaps some other

parameters of the problem instance.

Two kinds of bounds appear most often: ratio bounds and difference bounds.

Ratio bounds are upper bounds on

Cmaa} (77) or Lmax (77) + dmaa}

Cma:v (w) Lma:v (w) + dmam
where d,,,, is defined as in (2.2). Some of the earliest performance guarantees are of
this type. For example, it was proven in [49] (published in 1969) that % < 2—%

for a simple list scheduling algorithm applied to the problem P|prec|Ci,qa:. When

éL’”((Z)) because the maximum late-

ness can be negative or zero. Since ratio bounds only makes sense if the numerator

considering the maximum lateness, the criterion

and denominator are both guaranteed to be positive, the largest due date is added

to both terms. This kind of criterion has been used, for example, in [119].

Because it is often difficult to prove the tightness of such bounds, ratio bounds

may take the form
Cma:v(ﬁ) S 5ICmam(w) + 52 or Lmam(ﬁ) S 51Lmax(w) + (51 - 1)dmam + 52

for various values of d; and d5.

A bound of this form for was obtained in [27] and [28] for the algorithm described
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in [60] and was proven to be asymptotically tight; specifically

Cmam(n) <{

Crnaz (W) —

ifm=2

— 1 ifm>3

m—1

In [26] a new algorithm is presented for the minimisation of the makespan for a more
general model of malleable tasks than is considered in this thesis. The upper bound
% obtained is 3.42 in general and 2.96 given certain assumptions. For a

similar problem, [42] provides an approximation algorithm where the upper bound

on

is 2 in general, but less for any specific value of m.

Difference bounds are upper bounds on

Cinaz(1) = Crnaz (W) or Limaz(N) = Limaz (W),

where 7 is the schedule produced by the approximation algorithm and w is an optimal
schedule. These bounds are often given in terms of the number of machines m and
the length [ of the longest chain of tasks in the problem instance. For the purposes
of this definition, a chain is defined as a set of tasks S C N such that, for all j € S
and g € S\ {j}, either j — g or ¢ — j. The length of a chain S for the P|prec,
pmitn, w;| Lyq, problem is defined to be

>

jes Wi
For the P|prec, pmtn|L,,q, problem, i.e. the problem with non-malleable tasks, this
reduces to the sum of processing times for all tasks in the chain. Difference bounds
are generally easier to prove tight than ratio bounds, which is one reason for their
use. Additionally, as will be seen in Chapter 5 of this thesis, it is simple to transform

a difference bound into a ratio bound, so it may be that difference bounds are in

some sense more appropriate measures of an approximation algorithm’s quality.

A bound of this form the algorithm described in [60] for the P|prec, p; = 1|Cpas
problem was obtained in [106] and proven to be tight; specifically

n I(m —3)
m(m—l)Jr m—1

Cmax(n) - Cmaa:(w) S

In [75] a linear programming method for determining a difference bound for the

problem P|prec, r;j|Lyq, is described.

Both ratio and difference bounds are derived in Chapter 5 of this thesis. One ad-

ditional fact should be noted: often approximation algorithms for NP-hard problems
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arise from polynomial algorithms designed to optimally solve certain subproblem.
This is the case with many of the algorithms referenced in this section. Recent work

on performance guarantees includes [29], [57], [30], [8] and [96].

The paper [105] presents two difference-type worst case performance guaran-
tees, one for the Brucker-Garey-Johnson Algorithm (originally specified in [21] for
a special case of the P|prec, p; = 1|Lyq, problem) and the other for its preemptive

counterpart (described in [71] for the P|prec, pmtn|Lyq, problem).

Once these modified due dates have been computed, they are supplied to an
algorithm which will construct a schedule. For the P|prec, p; = 1|L,,4, problem this
algorithm is the list scheduling algorithm used in [21], as described previously. For
the P|prec, pmtn| L., problem a greedy algorithm, similar to but simpler than that
described in [71], schedules tasks in intervals, giving priority to tasks with the largest
value of p;(t,0) — d;, where p;(t,0) is the remaining processing time of task j at

time t in schedule o.

Both bounds are very similar, and the proof of both rely on a similar procedure.
In particular, an important task, denoted x in the preemptive case, is selected such
that

Cx(n) - d/m = Lmaa:(n)

After the selection of this task, all tasks less urgent, i.e. all tasks j such that for all
times 0 <t < Cj(n)
t+p]<t7 77) - d; < Lmam(ﬁ)

may be disregarded. Intervals in time are divided into complete (wherein all ma-
chines process “important” tasks at all times) and incomplete. It follows from the
manner in which the due dates are modified that a lower bound on L4, (w) is given
by the sum of all important processing divided by m, plus a term for the priority of

task .

Another lemma establishes the existence of a chain of important tasks extending

through the length of all incomplete intervals. Combining these observations gives

-1
Lmax(n) - Lmam(w) S m

— (2.3)

for the case of non-preemptive unit execution time tasks and

Linaz(n) = Linaz (w) < (I = Prin) (2.4)



for the case of preemptive tasks, where

Pmin = mlnp
jen !

Both (2.3) and (2.4) are proven to be tight, although the latter is proven tight
only for integer values of pr and in fact is not tight for [ < 2p,,in.
An additional bound for the case of non-preemptive unit execution time tasks is

presented:

Lma:v (77) - Lmam <w>

IA

{ min{"! — 1,11} ifp — [ >m

0 otherwise

Presented in [55] are two ratio-type performance guarantees for the preemptive
counterpart of Garey-Johnson Algorithm, originally specified in [45] for the P2|prec,
p;j = 1|Lypae problem, adapted to the Q2|prec, pmin|Ly,q, problem in [71]. The
problem considered is P|prec, pmtn|Lqz.

The notation for the algorithm differs from that in [45] and [71] because, rather
than modifying the due dates, it introduces values p; for each task j, a notation also
used in [119]. Nonetheless, the algorithm does not differ is any essential way from
that described in [71]: the constant term d,,,, is simply added to all modified due
dates. The notation Q.. (0) = max;en(C;(0)+pu;) is defined to simplify exposition,

and it is then demonstrated that

@mas(0) = max(Cj(o) + 1) = max(C5(0) — d;) + dimar = Linaa(0) + o

for all schedules o, where d,,,, is defined as in (2.2). This implies that minimising
Qmaz Will also minimise the maximum lateness, and indeed that these two criteria
are equivalent. The algorithm used to construct the schedule once these values have
been computed is equivalent to that in [105].

The construction of the bounds is achieved in a similar manner to that in [105],
i.e. an important task x is selected and then all processing that is at least as urgent
is considered, dividing time intervals into complete and incomplete as before.

Two key results are used in the construction of the bounds:

e a lower bound on an optimal schedule is obtained from the total time taken

up by “important” processing as in [105] and
e a similar form of lower bound is obtained from the amount by which the u’s
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of tasks are affected by their successors.

A linear combination of these two bounds eliminates all extraneous variables, giving

Lmax (77) + dmaa} 2 Kmaa} —m
<1 1—— ) ——
Lmaa: (CU) + dmaa} o < * < m) Kmax -2 )

where K, is the maximum between m and the largest number of tasks scheduled
in a single iteration by the schedule construction algorithm. Further reasoning leads
to

Lmax (CU) + dmaa} - m+1 .
Neither of these bounds is proven to be tight, but it is proven that there exist

problem instances for which

Lmam (n) + dmam > 9 2

Lmax<w) + dmax o a \/ﬁ + 1 .

As stated in the previous section, [119] describes an algorithm for scheduling
nonpreemptive unit execution time tasks on the basis of recursively calculated values
p; for all j € N.

Similarly to [105], a task x is selected such that

Co(n) + o = Gpu(n)

and this task is used as a cutoff for the priority of “important” tasks. Time intervals
are again divided into complete and incomplete, but for the Zinder-Roper Algorithm
it is possible to prove that at least two important tasks are processed during every

interval.

It is then demonstrated that

L) = (2 2) L)+ (1= 2 ) = 1)

m

where

3

=3 if m odd,
r(m) =
S if m even.

This bound is proven tight. This result is similar to that proven in [54] for the

|

3
b

Garey-Johnson Algorithm. It is remarked that, for the case where all d; = 0, i.e.

the makespan, this bound reduces to a well known bound, derived in [68] and [14],
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for another algorithm, originally presented in [32].

As stated in the Section 2.2, [120] describes an algorithm for the P|prec, pmin

| Lynaz problem on the basis of recursively calculated values p; for all j € N.

Using a procedure similar to [119] it is proven that at least two “important”

tasks are processed in each interval, and consequently it is proven that

L) < (2= 2 ) Lucle) 4 (1= 2) .

Examined in [117] is the P|prec, p; = 1| Lyq, problem, i.e. the problem of schedul-
ing nonpreemptive unit execution time tasks, subject to precedence constraints, on
parallel machines with the goal of minimising the maximum lateness. Considered is
a general family Q of algorithms, based on the list scheduling algorithm described

earlier.

Algorithms in 9 generate a partial order on the set IV of all tasks. The list which
is used to create the schedule is any linear extension of this partial order. This is sig-
nificantly more general than previously considered applications of the list scheduling
algorithm, accepts not a partial order but rather a list of real numbers, one for each
task, and sorts the tasks in order of the values.* There is one further requirement
for the membership of a given algorithm in the considered family, although it is too

technical to give rigorously in a survey of the literature.f

With the definition of this family of algorithms, two interesting results are de-
rived. The first is that, for every algorithm &7 € 9, there exists a constant  such

that the performance guarantee
Lma:v (nQ{) S fYLma:v (w) + (’V - 1)dmam

holds, where ¥ is the schedule generated by the algorithm .7 and w is an optimal
schedule. Defining v(.27) to be the smallest value of « for which this performance
guarantee holds, it is then proven that the Zinder-Roper Algorithm, as defined in

*Tasks ordered in this manner can be said to be subject to a “weak order,” defined in Section
3.1.

"It can be summarised as the requirement that an algorithm will produce consistent partial
orders when applied to certain subinstances of the original problem instance.
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[119], has the smallest value of v(.2/) among all & € Q, specifically

2
WZR) =2 - —
m

as obtained in [119].

2.4 Branch and Bound

The general technique known as branch and bound, first proposed in [69], is widely
regarded (see [74], [79] and [31]) as one of the most effective methods for solving NP-
Hard problems. Although this thesis does not directly address branch and bound
methods for solving the various NP-Hard problems considered, it does make a sub-
stantial contribution that in the future could be used in such methods — see Chapter
7. The purpose of this section of the literature review it to provide an overview of the
kinds of methods recently examined in the literature, for the purpose of providing
a better idea of the state of the art.

For the most part, recent results in this area have dealt with non-preemptive
scheduling, and that is what this section of the literature review will focus on.
Chapter 7 describes a process by which a problem with preemptive tasks can be
transformed into a combinatorial optimisation over a set of linear programs, ex-

pressing the problem in a form suited to a branch and bound algorithm.

In two well known papers, [90] and [91], the notion of dominance of one segment
of the search space over another. More specifically, it is often possible to prove
that there always exists an optimal schedule with a particular property, allowing
the search space to be reduced substantially. In [108] a generalised concept based
on these two papers, known as the dynamic programming dominance property, is
described. The paper considers three related non-preemptive scheduling problems,
in which the branch and bound search space is based on the order in which tasks
are processed. It is noted that, given a subset S C N of tasks, and given two partial

schedules ¢! and o2 of the tasks in S, if

e the total contribution to the objective function from o; does not exceed that

of o9, and

e the total processing time used on each machine for o; does not exceed the

corresponding value for o5, then
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the node in the branch and bound scheme represented by o is dominated by oy, and
need not be considered. Essentially, if an optimal schedule can be constructed out
of 02 then one can also be constructed out of ;. This reduction of the search space

can dramatically improve the performance of the branch and bound procedure.

It is then demonstrated that in many cases only a small subset of pairs of nodes
need to be checked for dominance. Computational experiments are performed which
demonstrate a large performance boost from the application of these results, al-
though the amount is dependent on both the search strategy employed and the

problem considered.

The problem 1|r;| > U; is studied in [34]. The addition of preemptions makes
this problem polynomial (see [72]) as does the removal of release times (see [84]) but

the problem considered in this paper is NP-Hard (see [77]).

The branch and bound process employed in [34] adapts a concept introduced
in [33]: the master sequence. Using an analysis of dominance similar to what is
found in [108], the possible orderings of tasks are limited substantially while still
guaranteeing that an optimal schedule can be found. The results are then encoded
(in polynomial time) in a “master sequence” of tasks, with length at most @; this
sequence has the property that at least one optimal ordering of tasks is contained
in it.

The master sequence is used as the basis for the branch and bound procedure,
and allows quick computation of several dominance rules established in the pa-
per. Computational experiments are then performed and the results are compared

(favourably) to those obtained by a different branch and bound approach in [7].

An interesting hybrid approach was developed in [121]. In this paper the search
space over which the branch and bound algorithm operates is not the entire set of
feasible schedules; rather, it is the set of task priorities used in an approximation
algorithm akin to those proposed in [21], [45] and [119].

More specifically, the problem considered is a modification of the P|prec,p; =1
| Limae problem to include release times (lower limits on the time at which tasks
can begin processing) and unit communication delays (when a task j is completed
its successors must wait an additional unit of time if they are processed on any
machine other than the one on which j was processed). This problem is known
as Plprec,rj,p; =1, ¢jy = 1|Lyq,. BEach task j is given a priority y;, and then the

tasks are scheduled using a simple list scheduling algorithm. Once this has been
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done, the schedule produced is used to select a set of tasks on which to branch —
it is proven that at least one task in the selected set can be given a larger value
of p without worsening the objective function — and then different subproblems are
considered based on the selection of which task in the set will have an increased value
of u. Each subproblem results in a new schedule generated by the approximation
algorithm. It is proven that there is some possible selection of i’s that results in an
optimal schedule, demonstrating that the branch and bound method will eventually
minimise the objective function if executed to completion.

This method benefits from the power of a customised approximation algorithm
to help select initial solutions and to determine key tasks on which to branch, and

demonstrates a useful new direction for new research.

2.5 Order Theory

Order theory is the study of partial orders and related structures. Two common
subjects of study in this field, both of which are relevant to this thesis, are the
properties of specific classes of partial orders, and the enumeration of the number
of elements in such classes. These subjects are relevant because the precedence
constraints of a problem instance can be represented as a partial order. Indeed,
some classes of partial orders have arisen naturally from the study of scheduling
problems. Several of the polynomially solvable special cases of NP-hard scheduling
problems are defined in terms of a particular class of precedence constraints, e.g.
in-trees in [21] and interval orders in [35]. In [85], the class of quasi-interval orders
was defined and characterised, and an algorithm was presented to solve the P|prec,
p; = 1|Cinap in polynomial time in the case where the precedence constraints take
the form of a quasi-interval order. In [25] it was proven that the Coffman-Graham
Algorithm (see [32]) optimally solves a related problem for an even broader class of
precedence constraints they termed overinterval orders.

The intersection between order theory and scheduling theory is explored in depth
in Chapter 3, and can be seen throughout this thesis. Two general works covering
the enumeration of partial orders are [41] and [87]. For more information on different

classes of partial orders, see [82].

The paper [92] examines the relationship between binary relations on labelled
and unlabelled elements.
It is often desired to find an asymptotic formula for the number A,, of some class

of binary relation on n unlabelled elements. Usually it is easier to find a formula for
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the number B,, of the structure on n labelled elements. In situations such as this a
common solution is to transform the asymptotic formula for B,, into a formula for
A,, by proving bounds on the number of automorphisms of the labelled structures.
Usually this is done on a case-by-case basis, but this paper provides a general result

for a broad class of problems.

The main lemma, on which the entire paper is based, states that if there is an

infinite class of finite labelled structures defined by a binary relation which
1. is closed under substructures and isomorphisms and

2. for some ¢ > 0, arbitrary d and two functions ((n) € o(n) and &(n) € o(n)

cn® +dn + ((n) < logy B, < en® +dn + £(n),

then there exists some constant s such that

An§&(1+ 3).

n! cn

This result may be used to prove several existing results (on the number of graphs
for example) as well as some previously unknown results. One result original to this

paper is that,

i=1 j=1

where A,, is the number of partial orders on n unlabelled elements. This follows
from the main lemma and the well known Kleitman-Rothschild Theorem, originally

proven in [66].

The Kleitman-Rothschild Theorem provided an asymptotic formula for the num-
ber B, of partial orders on n labelled elements. The paper [18] sets out to prove
the same result in a much simpler way while also providing an asymptotic formula

for the number of linear extensions FE,, of partial orders on n labelled elements.

The first theorem states that for some constant ¢ > 1

B, = (1+0(c™) zn: (”) o(s+1)(n—s)

S
s=0
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The second theorem is a rather technical result but leads to the corollary that
En = C(n mod 2) LQJ ! ’73—‘ '772_% 14+ 0 l
21712 n))’

Cp ~ 5.041445 and Ch ~ 5.041419.

where

That is, F, is asymptotic to a slightly different function depending on whether n is

even or odd.

In [19] a new method for enumerating partially ordered sets (posets) is described,
and then applied to the enumeration of isomorphically distinct partial orders on up

to sixteen elements, as well as of partial orders on up to eighteen labelled elements.

Previously, attempts at the enumeration of partial orders proceeded by generat-
ing many partial orders on labelled elements, and then testing them for isomorphism.
Since this testing is very time consuming, a different method was used in this paper:
canonical construction paths, which guarantee that precisely one partial order will
be generated for each isomorphism class. The concept had been invented previously

but had not yet been applied to the enumeration of partial orders.

The idea is to construct posets on n elements from posets on n — 1 elements by
adding a single element in a canonical way. More specifically, a collection of labelled
posets, called candidates, containing at least one element from each isomorphism
class of posets is created by the addition of this single element. For each candidate
a “canonical orbit” of elements under the automorphism group of the candidate is
selected and the candidate is accepted if and only if the candidate was constructed

by the addition of an element in the canonical orbit.

After describing the algorithm, the paper presents a large number of tables,
containing counts of isomorphically distinct and labelled posets on different numbers

of elements with a number of different properties.

The paper [16] provides asymptotic results on the number of partial orders that
have an upper bound on their width. The details defy summary here, but there are
three key results. Firstly it is proven that the number of labelled partial orders of
width at most two is .

n!%i(l +o(1)).
n2

25/

Of interest for this thesis is the second result, that the number of unlabelled partial
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orders of width at most two is

47 4(2 —/3)
nl—g =
nz 3ﬁ

Together the above results are curious, as described in the quote below.

(1+ o(1)).

Combining the two results, we see that the mean number of auto-

morphisms of a labelled width 2 partial order [on n elements] tends to

25
E(Q —V/3) = 1.11645, as n — co.

This is perhaps a little surprising at first sight, since the most familiar
random structures either have a trivial automorphism group, or have

very many automorphisms, almost surely.

The third result is that the number B¥ of labelled partial orders of width at most

k on n elements obeys
Dy (k)nl4™®=Dp=Ck* < Bl < D, (k)nlanh=1y,~Cak*

for some positive constants C; and Cy and some functions D;(k) and Dy (k).

Given an initial collection S of finite posets, consider the class of posets that can
be built from them using the operations of series composition (ordinal sum) and
parallel composition (disjoint union). These posets are known as series-parallel. In
[111] a method is described for recognising them in linear time.

If S contains a partial order on only one element then the resultant class is
known as series-parallel. The goal of [107] is to present an asymptotic formula
for the number A,, of unlabelled posets of this type of class of partial orders on n
elements.

A formula for the generating function

F(z) = i Apx”
n=0

is presented, and the particular case of series parallel posets is analysed. It is

discovered that A, ~ Cn~2a~" where « is the unique positive root of

1++5
2

F(x) —
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and

1 e! — w11
=N\ GV s) 1—a+kz;O‘F(o‘><1 F(ak)2>]'

This asymptotic formula has the same form as that for in-trees derived in [87].
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Chapter 3
Computational Complexity

It is well known that P|prec, pmtn|Ci,q, and P|prec, pmtn|L,,,, are both NP-hard
— see for example [110]. However, there are some subproblems, noted in [71] for
example, that are amenable to solution by polynomial algorithms. This chapter
considers the computational complexity of particular kinds of subproblems: those
with restricted classes of precedence constraints that can be described by prohibited
subgraphs. It is in part a very specific survey of the literature, but it also includes

results derived in this thesis. For a survey of the existing state of the art, see [94].

3.1 Classes of Partial Orders

A partial order (also known as a partially ordered set or poset) P can be rigorously
defined as a binary relation over a set N(P)* that is irreflexive, antisymmetric and
transitive. The elements of N(P) will also be referred to as the elements of the
partial order P. Sometimes partial orders are said to be reflexive but this issue does
not change their fundamental structure. They may also be considered to be specific
kinds of digraphs, and will often be illustrated as such in this thesis.

It is important to distinguish between partial orders on labelled and unlabelled
elements. As defined above, the elements of N(P) are part of the definition of a
partial order P. A new partial order may be derived from P simply by changing
the elements of the set N(P), i.e. by changing the “labels” of the elements. This
renumbering of elements does not change the underlying structure of the partial
order, with which this thesis is concerned. Hence the notion of poset isomorphism
is introduced: two partial orders P and () are isomorphic if and only if there ex-
ists a bijection f from N(P) to N(Q) with the property that x Py if and only if

f(z)Q f(y). Poset isomorphism is an equivalence relation; hence the isomorphism

*It can be assumed that this is a set of natural numbers, but the specific elements of N(P) are
unimportant for the purposes of this thesis.
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class of a partial order P can be defined as the class of all partial orders isomorphic
to P. Such an isomorphism class can be viewed as a poset on unlabelled elements,
in comparison to the earlier definition of a poset on labelled elements. Unless other-
wise noted, all partial orders considered in this thesis are partial orders on labelled
elements.

An induced suborder @ of P is defined as a partial order such that N(Q) C N(P)
and, for all z € N(Q) and y € N(Q), x Qy if and only if 2 Py; @ is said to be the
suborder of P induced by N(Q). No other kind of suborder will be considered in
this thesis so, to simplify notation, all suborders referred to in this work are induced
suborders. For any two partial orders P and (), P may be said to be Q-free if P
does not contain any subgraph that is isomorphic to (). The classes of precedence
constraints examined in this chapter are classes of )-free partial orders for different
values of Q).

If @ is a partial order on zero, one or two elements the class of )-free graphs is

rather trivial:
e if () is the unique partial order on zero elements, no partial orders are Q-free;

e if () is a partial order on a single element, only the partial order on zero

elements is QQ-free;

e if () is a partial order on two elements = and y, for each n > 0 there is only

one poset on n unlabelled elements that is Q-free:

—if @y and y @z then the class of Q-free partial orders is the class of

chains,

—if xQy or y@Qx then the class of Q-free partial orders is the class of

antichains.

As a consequence of the uninteresting nature of these classes of partial orders, only
posets on three or more elements will be considered. There are five posets on three

unlabelled elements, as depicted in Figure 3.1.

e The width of a partial order P is the largest cardinality |S| among sets S C
N(P) such that z Py for all {z,y} C S, i.e. among sets S C N(P) for which
the corresponding subgraph of P is an antichain. The class of A-free partial

orders is the class of partial orders with width at most two.

e The height of a partial order P is the largest cardinality |S| among sets S C
N(P) such that x Py or y Pz for all {z,y} C S, i.e. among sets S C N(P) for

which the corresponding suborder of P is a chain. The class of B-free partial
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Figure 3.1: Partial orders on three elements.

orders is the class of partial orders with height at most two. Such partial
orders P are also known as bipartite orders, because N(P) may be partitioned
into two sets S; and Sy such that if x Py then x € S; and y € Ss.

e Partial orders that are C-free are known as out-forests, composed of one or

more out-trees.

e Partial orders that are D-free are known as in-forests, composed of one or

more in-trees.

e Partial orders P that are E-free are known as weak orders. This means that
N(P) may be partitioned into one or more sets Si,Ss, - -+ such that, for any

x €S, and y € Sy,
— a < b implies z Py and

— a = b implies z Py.

There are sixteen posets on four unlabelled elements. Only some of them are
referred to in this chapter, and the prohibited subgraphs defining these classes of

interest appear in Figure 3.2.

e Partial orders that are F-free have width at most three.
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Figure 3.2: Partial orders on four elements.

e Partial orders that are G-free are known as series-parallel orders. These may
be defined recursively, as noted in Section 2.5. Suppose there are two partial
orders: Py and P, where N(P;) N N(P;) = (. Define the series composition of
Py onto P, as being the poset P with N(P) = N(P;) U N(F;) such that

— x € N(Py) and y € N(P,) implies x Py if and only if z P, y,

— x € N(P) and y € N(P,) implies x Py if and only if z P,y and

— x € N(P)) and y € N(P,) implies z P y.
Define the parallel composition of P; and P, as being the poset P with N(P) =
N(Py) U N(Py) such that

— x € N(P,) and y € N(P,) implies x Py if and only if z P, y,

— x € N(P,) and y € N(P,) implies x Py if and only if 2 P,y and

—x € N(P) and y € N(P) implies z P y.
A poset on one element is defined to be series-parallel. A series composition of

one series-parallel poset onto another is series-parallel. A parallel composition

of two series-parallel posets is series-parallel.

e Partial orders that are H-free are known as interval orders. These are so
named because they arise from a particular ordering of open intervals on the

real number line. Suppose there is a set of intervals

S ={(li,r1), (la,72),--- }.

An interval order P is constructed from this by defining N(P) with a one-
to-one correspondence with the intervals in S so that, for x € N(P) and
y e N(P),
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— if r, <1, then z Py,
— if r, < I, then y Px and

— x Py and y P x otherwise.

These eight classes of partial orders will be examined in the following section.

3.2 Results

To the author’s knowledge, no previous research has attempted, in an organised

fashion, to compare

e the computational complexity of a scheduling problem subject to a particular

class of precedence constraints to

e the number of partial orders in the given class.

Since the eight considered classes of partial orders are infinite, they will be considered
on the basis of how rapidly the number of partial orders on a given number of
elements grows.

Enumerating partial orders is well known to be difficult: [19], for example, de-
scribes the significant effort expended in enumerating all isomorphism classes of
partial orders on up to sixteen elements. Random generation of partial orders is
also difficult: see [15]. However, there are asymptotic results regarding the number
of partial orders on a given number of elements in a particular class.

An asymptotic formula for the total number of partial orders on a given number
of elements is known. In [18] an asymptotic formula for the number of posets on
n labelled elements is given. This result is used in [92] to give a figure for the
number of posets on n unlabelled elements, i.e. the number of isomorphism classes
of partial orders on n elements. A somewhat simplified version of this formula for

the approximate number A, of posets over n unlabelled elements is

n! 3] nly/n

2

where
Po ~ 2.1289312 and 01 ~ 2.1289368

and ¥, = ¢, \/% . Notice that there is a very slightly different constant coefficient
for odd and even n.
Similar results are available for some of the classes considered, but in other

cases more crude measurements are necessary. In particular, [17] separates classes
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Family | Asymptotic Number

| B,, = n!(c+ o(1))" for some constant ¢
I1 n" < B, < n®" for some ¢y > ¢; > 1
111 B, = n“™ and B, = 2°0"")

v B, — 2% to(?)

Table 3.1: The four poset class families.

of posets into different families based on the rate of growth of the number B, of
labelled posets on n elements as n increases. The families are described in Table 3.1.
Rather surprisingly, all classes of posets defined by the exclusion of a given suborder
are members of one of these four families as long as the prohibited suborder is on
at least three elements. Note that the w(n) notation in this context indicates that

if f(n) =w(g(n)) then
lim w =0.
n—oo f(n)
Table 3.2 is the centrepiece of this chapter, summarising the body of existing
knowledge, along with some new results original to this thesis. The scheduling

problems considered take the form of P|Q, pmtn|y, where

e O indicates the presence of a particular class Q of precedence constraints, each

of which is considered in a row of Table 3.2, and

e v is either C),,; or L4, considered in the second and third columns of Table

3.2 respectively.

Of the sixteen scheduling problems examined in this chapter, the computational
complexity of all except P|series — parallel, pmtn|Ci,q, and Plinterval order, pmin
| Linasz are known. Some of the results follow directly from the fact that P|Q, pmitn
|Cinaz is a particular case of P|Q, pmin|Ly... Others are well known results, re-
viewed in Section 2.1 and Section 2.2 of this thesis. Three complexity results in
Table 3.2 are original to this thesis. All results marked “NP-hard” are in fact
strongly NP-hard.

The fourth column from the left gives an estimate of the number A,, of partial
orders of the given class Q on n unlabelled elements, or equivalently, the number of
isomorphism classes of partial orders in @ on n labelled elements. The rightmost
column delineates which family (as defined in Table 3.1) of partial order classes Q

belongs to.
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Class (Q) Complexity | Complexity | Asymptotic Family [17]
(Crnaz) (Lmaz) Number
Weak Order | P* Pt on-1i I
In-Forest p P [71] 1.300 x n~2 I
%2.956" [87]
Out-Forest P [71] NP-hard [22] | 1.300 x n"2 I
%2.956" [87]
Width At p P [71] 0.202 x n"2 I
Most Two x4™ [16]
Series-Parallel | Unknown NP-hard® 0.229 x n~2 I
x4.621" [107]
Width At P P [71] 1 I
Most Three
Interval Order | P [35] Unknown * IT
Bipartite NP-hard'" | NP-hard Yuztrmamgtian | Ty
(18] [92]

Table 3.2: Computational complexity for P|Q, pmin|y with v € {Chaz, Limas }-

*Follows from the fact that the problem P|weak order,pmtn|L,q, is in P, and the fact that
P|Q, pmin|Caz is a special case of P|Q, pmin|Lyq. for any class Q of partial orders. Citations
of this kind are omitted from the remainder of this table.

tFollows from Corollary 6.19 and Theorem 6.23 later in this thesis.

tProved in Theorem 3.1.

$Follows from the fact that every out-forest is also series-parallel.

9To the author’s knowledge there is no good estimate of this asymptotic growth rate. In [16] it
is established that the number B,, of labelled posets on n elements with width at most three obeys
Cinl16"n~% < B, < Csnl16™n~C* for some positive constants C;, Co, Cs and Cy. This makes it
easily the fastest growing class in family I among the eight classes examined in this chapter.

**To the author’s knowledge the best estimate of this growth rate is given in [41]. Taking A,, as
the number of unlabelled interval orders on n elements, it is proven that (n!)1=¢ < A, < (n!)!*¢
for arbitrary € > 0 and adequately large n.

tTProved in Theorem 3.2.
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Intuitively one might expect that classes with slower asymptotic growth would
be more amenable to polynomial solution and this indeed appears to be the case for
the C,,42 objective function, but surprisingly this is not the case for L,,,,. Strangely,
the class of out-forests, one of the slower growing classes, is NP-hard while the class
of partial orders with width at most three is polynomially solvable. At this point,
lacking any unifying theory to explain these results, the reason for this may only be
speculated upon.

The author speculates that the problematic structure is D from Figure 3.1, i.e.
the possibility that one task might be completed and “reveal” multiple successors
that must be processed. Out-forests are composed of this structure, and the class of
out-forests is a subclass of series-parallel posets — these are both NP-hard. Bipartite
orders are numerous enough that they have many instances of D as a subgraph.
A further examination of the reasons for these results is attempted in Section 7.2.
Unfortunately, due to the limited number of results of this type, broader inferences

cannot be made.

3.3 Proofs

Although some of the results in Table 3.2 that originate in this thesis follow from
proofs in later chapters, others were derived solely for the purpose of this Chapter,
and so are presented here. A precise formula for the number of isomorphically

distinct weak orders follows.

Theorem 3.1 The number A,, of isomorphically distinct weak orders onn elements
is 2" for allm > 1.

Proof. Consider a poset P with at least two maximal elements j and g, i.e.
there exists no ¢ for which either j P g or g P q. Further suppose that there is some
q for which ¢ P 7 but ¢ /” g. This implies that j, g and ¢ form an induced subgraph
isomorphic to F from Figure 3.1, and consequently P cannot be a weak order.

The above implies that, given any weak order () on n elements, all maximal
elements have the same predecessors, and hence all posets produced by the removal
of a single maximal element from () are isomorphic. The definition of a weak order
in terms of an excluded subgraph implies that all such resultant posets are also weak
orders.

Given a weak order P, consider all of the ways that an element x may be added
to P to produce P’ such that

o P’ is a weak order and
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e 1 is a maximal element of P’.

Suppose there exists y such that y P’z and y is a maximal element of P. If 2
is another maximal element of P for which z 7’z then z, y and z form an induced
subgraph isomorphic to F from Figure 3.1, and consequently P’ cannot be a weak
order. Therefore, if there is any maximal element y of P for which y P’z then
for each maximal element z of P it follows that z P’ z; this implies that x is the
unique maximal element of P’. In this case there can be no induced subgraph of P’
isomorphic to F from Figure 3.1.

On the other hand, suppose there does not exist any y such that y P’z and y is
a maximal element of P. If there exists any non-maximal element z of P such that
z I7” x then (because z is non-maximal) there must be some maximal element y of P
for which z Py. In this case x, y and 2z form an induced subgraph isomorphic to F
from Figure 3.1, so P’ cannot be a weak order. Hence, each non-maximal element z
of P has z P'x. As stated before, all maximal elements of P’ have the same set of
predecessors, and so all weak orders produced in this way are members of the same
isomorphism class. All of these weak orders have at least two maximal elements.

The two ways of producing a new weak order as described above result is iso-
morphically distinct weak orders, which can be seen from the fact that they have
different numbers of maximal elements. Thus, each weak order on n elements maps
to two weak orders on n + 1 elements, so A, 1 = 24, for all n > 1. This theorem
follows from the fact that A; = 1. =

The reasoning above implies a very simple method for randomly generating iso-
morphically distinct weak orders over a given number of elements with equal prob-

ability.

In [118] it is proven that P|prec, p; = 1|Cpqs is NP-hard, even in the case where
the precedence constraints are in the form of a bipartite order. Below, the result
is adapted to the P|prec, pmitn|Cpq, problem. The fundamental idea is to reduce
the considered scheduling problem to the clique problem, a well known graph theory
problem proven in [64] to be NP-hard. A clique is defined to be a complete subgraph
of an undirected graph, and the goal of the clique problem (when expressed as a
decision problem) is to determine if a given graph G contains a clique of given
number £ of elements. Each different (G, k) defines a distinct instance of the clique

problem.

Theorem 3.2 The P|bipartite, pmin|Ci,q,. problem is strongly NP-hard.
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Proof. The NP-hardness of the P|bipartite, pmitn|Cl,q, problem will be proven
by reduction from the clique problem. The fact that it is strongly NP-hard follows
from the fact that the specific reduction used has m < 3n and all p; < 2, meaning
all numerical values are bounded above by a polynomial in the length of the input

(see [47] for more details).

If £ < 3 the problem may be solved in polynomial time by brute force: all
combinations of k elements are tested to see if they are a clique. From this point
on, it will be assumed that k£ > 4.

Let V' be the set of vertices and E be the set of edges of G. Naturally if

k
V| <k or |E| < (2)

no clique of k elements exists, and if |V| = k the instance of the clique problem is

trivial. Assume that none of these are the case.

Now an instance ¢ of P|bipartite, pmitn|Cy.. will be considered. It will be
defined so that an optimal schedule w for ¢ will allow the solution to the clique
problem to be determined in polynomial time. By the assumption at the beginning
of this proof, an optimal schedule can be obtained in polynomial time; hence, the
assumption that the P|bipartite, pmtn|Cy,q. problem is polynomially solvable leads
to the conclusion that the clique problem is polynomially solvable, and consequently

the P|bipartite, pmin|C,,q, problem is NP-hard.

Let the instance ¢ of P|bipartite, pmtn|Cy.. be defined as follows. Let

e (5 e ke ()

and note that, as a consequence of the assumption that |V| > k > 4,

Ak — 1)

2>
ez 2

Kk — 1
ijl- v2=2%>k+4 (3.1

k
mz<2)+IV\—k+1Z

Let there be a set T} of tasks where each task corresponds to a member of V. Let
there be another set T5 of tasks where each task corresponds to a member of E. For
j €Ty and g € Ty, j — g if and only if the vertex corresponding to j is an endpoint
of the edge corresponding to g; otherwise they are independent (i.e. neither j — ¢
nor g — j).

Let there be a set S of m — k tasks, all of which are independent of the tasks in
Ty and T,. Note that (3.1) demonstrates the validity of this definition by showing
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that |S1| > 0. Let there be a set Sy of

k
m—<2)—|V|+k3—1

tasks, all of which are independent of the tasks in T} and 75 and preceded by all
tasks in S;. Let there be a set S of

k
m—|E|+<2)—1

tasks, all of which are preceded by all the tasks in S; and 77, and all of which are
independent of the tasks in 75 and Ss. The fact that |Sz| > 0 and |S5| > 0 follows
directly from the definition of m, although note that at least one of these two sets
will be empty. Finally, let there be a set S containing a single task preceded by all
tasks in S; and independent of all other tasks. All tasks j ¢ Sy have p; = 1, while
pg = 2 for the task g € Sy.

The tasks in 77 U T; are the “graph tasks” that are the subjects of the optimi-
sation: their position in the optimal schedule w for ¢ will determine whether or not
there is a clique of the desired size. The tasks in S; U Sy US3U Sy are the “structure

tasks” that exist to force the graph tasks to be scheduled in a certain way.

The problem instance ¢ described above can be derived from (G, k) in polynomial
time. Observe that the precedence constraints of ¢ take the form of a bipartite order,
where all tasks that have successors are in T7US; and all tasks that have predecessors
are in 15, U Sy U S3 U S;.

As a consequence of the fact that

> pj=|Ta| + | T + [S1| + | So| + [S5] + 2|8

JEN

k k
:|V|+|E|+m—k+m—(2)—|V|+k—1+m—|E|+(2)—1+2:3m

it can be seen that C,,..(c) > 3 for all schedules o for the problem instance . In

order for this to be an equality there can be no idle machines during the interval

0, 3].

If Craz(0) =3, Cj(0) =1 for all j € Sy so that C,(0) = 3 for g € S;. Now
consider what tasks are available for processing at time 1. By the assumption that
V] >k,

iU Si| = |V[+m—Fk>m,
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and hence Cj(0) > 1 for at least one task j € T;. Consequently, no task in S;
is available for processing at time 1. If x tasks j € T) have Cj(0) = 1 then at
most (g) tasks in Ty are made available, and strictly less than this if the vertices
corresponding to the x tasks completed do not form a clique. Since at most £ tasks
j € T} have Cj(0) =1 there are at most (g) tasks in 75 are available at time 1.
Supposing there are x tasks in 7} completed at time 1, the number of tasks

available at time 1 is at most

T k x? — 3z k2 — 3k
|V|—x+(2>+m—(2>—|V|+k:m+ 5 —( 5 ) (3.2)

As a consequence of the assumption that & > 4, (3.2) means that there are

m available tasks only when z = k, and fewer otherwise. Thus the only way for
there not to be any idle machines during the interval [0, 3], and consequently the
only way in which C,..(c) = 3, is if there exists a clique of k£ nodes in G and the
corresponding tasks in 7T are completed at time 1.

If there exists a clique of k nodes in G, Cy,..(0) = 3 may be ensured in the

following way:

e all tasks in S; and k tasks in T} corresponding to a clique of k£ nodes in G are

processed to completion at time 1, taking up (m — k) + k = m machines;

e all tasks in Sy, the remaining |V| — k tasks in 7} and the (%) tasks in Tp
corresponding to the edges of the clique of £ nodes in GG are processed to

completion at time 2, while the task in Sy is processed for one unit, taking up

<m—<I;)—|V|+k—1)+(|V|—k)+(§)+1:m

machines; and

e all tasks in S3 and Sy and the remaining |F| — (’;) in Ty are processed to

completion at time 3, taking up
k k
<m—|E|+ (2) —1) +14+ (|E|— (2)) =m

This means that construction of an optimal schedule w for the instance ¢ of

machines.

the scheduling problem P|bipartite, pmin|C,,q. will provide a solution to the clique
problem: if C,4.(w) = 3 then there exists a clique of size k corresponding to the
tasks j € Ty for which Cj(w) = 1, if Cpez(w) > 3 there is no such clique. The
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fact that this is a polynomial reduction demonstrates that the P|bipartite, pmin
|Cinaz problem is NP-hard. The fact that this reduction has m < 3n and all p; < 2
demonstrates that the problem is strongly NP-hard. m

Notice that in the preceding proof only one task j has p; # 1. It is a curious fact
that the problem P|bipartite, p; = 1pmitn|Ci,q, can be trivially solved in polynomial
time using McNaughton’s Algorithm. Thus, even a single task with processing time

not equal to one means the difference between P and NP-hard.
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Chapter 4
Approximation Algorithms

Since the general problem P|prec, pmtn,u;| L., is NP-hard, a great deal of effort
has been expended to create and analyse approximation algorithms. This chapter
presents the approximation algorithms considered in this thesis, and provides some
analysis of the schedules they construct. The text of this section is derived, with
substantial modification, from material presented at the 9th Workshop on Models
and Algorithms for Planning and Scheduling Problems [124], in collaboration with
Yakov Zinder.

There is a relationship between the well known problem P|prec, pmtn| L., (that
is, without u;) and the other classical scheduling problem denoted by P|prec,p; =1
| Linaz. The latter differs from the P|prec, pmtn|Li,,q, problem by two assumptions:

1. no preemptions (interruptions of task processing) are allowed, and

2. the machine time required for the task completion is the same for all tasks and

is equal to one time unit.

The problem P|prec,p; = 1|Ly., frequently serves as a testing ground for new
scheduling ideas, and many known polynomial-time approximation algorithms for
P|prec, pmtn|Ly,q, are modifications of the algorithms for P|prec, p; = 1| Lyq,. Thus,
the polynomial-time algorithms for P|prec, pmtn|L,,.., presented in [105], [55] and
[120], are modifications of the algorithms in, respectively, [21], [45] and [119] for the
Plprec, p; = 1| Lyqy problem.

More specifically, algorithms developed for P|prec, p; = 1|Lyq, including [21],
[45] and [119], can be viewed as two-phase procedures, where the first phase assigns
to each task j a number, say p;, — the task’s priority (urgency), and then the second
phase constructs a schedule using the rule that if two tasks compete for a machine,
preference is given to the task with a higher priority. Without loss of generality, in

what follows it will be assumed that the larger y; indicates a higher priority. Hence,
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the second phase of an algorithm for P|prec, p; = 1|L,q, can be viewed as a greedy
algorithm choosing a task with the largest ;1 among all available for scheduling.

A modification of such two-phase heuristic procedure is achieved by

e borrowing the method for computing p’s (with all necessary adjustments ac-

counting for preemptions and arbitrary processing times),

e introducing the notion of priorities (this new definition of priority must take

into account preemptions and differences in processing times), and

e constructing a schedule using an algorithm scheduling tasks according to their

priorities.

The method of transforming a two-phase heuristic procedure for P|prec, p; = 1| Ly
into an algorithm for the P|prec, pmtn|L,,q, problem, outlined above, remains valid
for the P|prec,pmtn,u;|Lyq, problem as well. Now, however, this modification
should address not only the fact that different tasks may have different processing
times and the possibility of preemptions, but also the possibility of processing a task

concurrently on several machines.

4.1 Families of Algorithms

It is reasonable to design algorithms for the P|prec, pmtn, u;|Lyq, problem as two-
phase heuristic procedures, where the first phase specifies p; for each task j and the
second phase constructs a schedule by scheduling tasks according to their priorities
— as stated earlier, unlike the P|prec,p; = 1|Lyq, problem, a task’s p and its pri-
ority are not synonymous. The algorithm used in the second phase will be denoted
Algorithm P, to be described later, and it is a modification for the problem P|prec,
pmitn, ;| Lyq, of the algorithm presented in [105]. Thus, the approximation algo-
rithms considered in this thesis for the problem P|prec, pmin, w;| L., differ only in
their method of calculation of p’s; more precisely let each algorithm o7 define some
function p” (4, ) such that when given a problem instance ¢ as defined in (1.1), &/
sets p; = u? (4, ) for all j € N. Let 8 denote the family of algorithms that function
as described above, i.e. 8 contains all algorithms & that define 1; = u(j, ¢) and
then call Algorithm P to construct the schedule using these p’s. It is convenient to
subdivide family 3 on the basis of how the algorithms calculate the u’s.

Let two problem instances be termed isomorphic if one may be converted to the
other by renumbering the tasks. Note that such a renumbering of the tasks in N
produces a different tuple as specified in (1.1). In general, an algorithm might gen-

erate completely different p’s for two isomorphic problem instances. No algorithms
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in family 8 that are known to this author use this functionality — on the surface
it seems to be of marginal utility for a task’s p to be determined randomly or to
be dependent on an arbitrary index.* Consequently, an algorithm <7 will be called
“stable” if renumbering of tasks will not change the u’s generated, and a function

o
e
all scheduling algorithms &7 such that

J, ) will be defined as stable in an analogous fashion. Let & be the family of

1. there is a stable function p“ that accepts as its first argument a task index

and as its second argument a problem instance,
2. algorithm & sets p1; equal to u(j,¢) for all j € N, then
3. algorithm &7 calls Algorithm P to construct a schedule based on these pu’s.

Observe that this definition implies that & C 3.

The algorithms in [21], [45] and [119] for the much studied P|prec, p; = 1|Lyqqx
problem (adapted in this thesis to the problem P|prec, pmtn, w;|Ly,.,) are based on
the following two observations. First, if several tasks are available for processing
at some point in time, then in order to minimise L., it is reasonable to give
preference, i.e. to schedule first, a task j for which due date d; is the smallest among
all due dates of the tasks available for processing at the considered point in time.
Hence, for each task j it is reasonable to set p1; = —d;.

Second, as defined in Chapter 1, for any task j denote the set of its successors
by K, i.e. K; is the set of all g such that j — ¢. If K; contains an urgent task, that
is there exists ¢ € K; with a very large p, (or equivalently, a very small d,), this
may require j to be completed earlier than might be suggested by d; and therefore
p; should be larger than —d;.

Based on the above two observations, the algorithms in [21], [45] and [119] first
recalculate the original priority p; = —d; of each task j. This recalculation may
affect only the priority of tasks j with K; # (). The original priority of each j with
K; = ) remain unchanged. The recalculation for each j is based on d; and the

following data:
Yi = (m7 —j (gadg) ge Kj})7 (41)

where —; is the partially ordered set of the successors of j, i.e. the set K; with
the precedence constraints that exist between the tasks in K;. So, the algorithms
in [21], [45] and [119] recalculate p; for each task j (or equivalently, recalculate the
due date d; of each task j) using a certain function p(d;, ;) and then schedule the

tasks, giving preference to tasks with higher priorities among all tasks available for

*It is proven in Theorem 5.32 that not being able to do this is actually a significant limitation.
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processing. The algorithms in [21], [45] and [119] differ from each other only in the
function p(d;, ¢;).

For the P|prec,pmtn,u;|Lyq, problem, the remaining processing time of any
task j at time point ¢ in schedule o will be denoted by p; (¢, o). If, starting at ¢, this
task is processed until its completion by the largest possible number of machines,
i.e. u;, then the task’s lateness will be

Dj (tv O')

¢ PR ),

uj

Therefore, if several tasks are available for processing in schedule ¢ at point in time
t, in order to minimise L,,,,, it is reasonable to give preference, i.e. to allocate

machine time first, to a task 7 which has the largest value of

b (t7 U)
T+, (4.2)
uj
where p; = —d;, among all the tasks competing for machine time at ¢. This will

hereafter be known as the priority of a task, and will be denoted (;(¢,0). Let the

priority of a task j at time zero be denoted ;.

Moreover, as discussed above, in (4.2) it is reasonable to replace each p; =
—d; with its recalculated value that takes into account the urgency of the tasks’
successors. In other words, the resultant schedule n should be constructed using

(4.2) as the priority of task j in schedule 7 at any point in time ¢, where

i = p(dj, @5); (4.3)

here, ;v is a function which specifies how the successors of a task are taken into

account in computing the task’s priority and

p; = (m, =5, {(9:09) - 9 € K;},{(9,dy) : g€ K}, {(g:u9) : g€ Ky}).  (44)

Observe that, in contrast to (4.1), ¢; incorporates for each successor of j not only
its due date but also its processing time and the maximum permissible number of
machines which can process this successor simultaneously. Further observe that
if K; # 0, ¢; is another instance of the general problem P|prec, pmin, uj|Lmas,
as defined in (1.1). This problem instance is produced from the original problem

instance simply by discarding all tasks which are not in K.

The above discussion leads to the following definition of a family § of successor-

based scheduling algorithms: § consists of all algorithms .2/ such that
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1. there is a function p that accepts as its first argument a real number and as

its second argument a problem instance,
2. algorithm & sets p1; equal to u?(d;, ;) for all j € N, then
3. algorithm &7 calls Algorithm P to construct a schedule based on these u’s.

In contrast to the definition of the family 3, algorithms in § only have access to a
task’s due date and successors when defining its u; hence § C 3. Note that not all
successor-based algorithms are stable, and not all stable algorithms are successor-
based.

Each algorithm &7 € § N & differs only by which function it employs to
determine the p’s that will be used in Algorithm P. This is a very broad class of
algorithms, encompassing many existing approximation algorithms and infinitely
many as-yet undiscovered algorithms. All approximation algorithms considered in

this section are members of the family §N &

4.2 Scheduling Using Priorities

This section describes Algorithm P and investigates the properties of schedules con-
structed by algorithms from family 8. To aid the analysis of these algorithms, an

alternate criterion
G(o) = max{Cj(0) + p;},
JEN

is defined. This can be considered to be an alternative to L,,,, that simplifies the
analysis of schedules produced by Algorithm P.

Any numbers p; such that p; > —d; for all j € N, and p; = —d, for each j which
satisfies K; = ), will be referred to as modified due dates. Modified due dates will
be called preserving if, for any schedule o, G(0) = L. (0).* Hence, in the case of
preserving p’s, the problems P|prec, pmin|L,,.. and P|prec, pmtn|G are equivalent.
It is important to emphasise that family 8 includes algorithms for which p’s are not
modified due dates.

For any j such that K; # 0, let w’ be an optimal schedule for ¢;. The following
lemma, original to this thesis, provides a general condition which guarantees that
W's are preserving. In previous works where results regarding preserving p’s are
introduced, it is only proven that the specific u’s produced by the algorithm under

consideration are preserving: no general conditions are presented.

*Tt is also important to note that, in [119] and most other papers where they are used, the p’s
are defined so that G(0) = Liaz(0) + dimaxz, where dp,q, is defined as in (2.2). This thesis does
not define tasks’ u’s in this way because doing so would conflict with the definition of family F.
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Lemma 4.1 If modified due dates satisfy the condition that, for each j € N such
that K; # 0,
122 < max {Lmam (wj) ) _d]} )

then these modified due dates are preserving.

Proof. Let o be an arbitrary schedule and let j be a task satisfying
Cjlo) + pj = max{Cy(0) 4 pg}.
geN
If 1; = —d;, then taking into account that —d, < i, for all tasks,
max{Cy (o) — dy} < max{Cy(0) + g} = Cy(0) + gy
geN geEN

— Cy(0) — d; < max{C,(0) — d,}.
geN
Hence, the equality p; = —d; implies Lyq.(0) = G(0).
Suppose that p; > —d;, then

max{Cy(0) — dg} < max{Cy(o) + g} = Cj(0) + 14

< G5(0) + Linas (o) = Cj(0) + max{Cy () — dy}
< Cj(o) + gggj{[%(a) — Cj(0)] = dg}
= 225}();{09(0) — dg} < rgne%({Cg(a) — dg}

which again gives Ly, (0) = G(0). ®

Since p’s together with the remaining processing times specify tasks’ priorities
and because the idea is to schedule tasks according to their priorities which change
with the processing of tasks, the scheduling algorithm (referred to as Algorithm P)
schedules tasks in several stages. Each stage corresponds to a point in time that
will be referred to as a point of allocation (or allocation point). The terminology
indicates that at each point of allocation except the last, each task which is available
for processing at this point in time is assigned the machine time which this task will
receive between the current and the next point of allocation. Of course, some low-
priority tasks may be allocated zero processing time between these two successive

points of allocation. Algorithm P is based on three simple principles:

(a) for any two tasks available at a point of allocation, if the priority of one task
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is greater than or equal to the priority of the second task, then at the next
point of allocation, the priority of the first cannot be less than the priority of

the second;

(b) a machine can be idle between two consecutive allocation points only if the
sum of u; of all tasks available for processing is less that m and each such task
J is continuously processed on u; machines in the time interval between these

points; and

(c) a task can receive some machine time between two consecutive points of allo-
cation only if each task j which is available for processing at the first of these
points and which has at this point a higher priority, is continuously processed

on u; machines between these two points.
At each point of allocation Algorithm P specifies

e the tasks that should be processed continuously between this and the next

point of allocation,

e the tasks which will not be processed at all between these consecutive points

of allocation, and

e the remaining available tasks which are allocated an intermediate quantity of

machine time.

Algorithm P computes the next point of allocation as the latest point in time until
which this pattern of machine time allocation does not violate one of the above
principles (a), (b) and (c). In other words, points of allocation are points in time
where the pattern of tasks’ processing is changed in order to satisfy these principles.
Once the amount of processing time for each task j has been determined, Algorithm
P will call the Modified McNaughton Algorithm to schedule this processing.

4.2.1 The Modified McNaughton Algorithm

The goal of the Modified McNaughton Algorithm is to construct an optimal sched-
ule for the problem P|pmtn,u;|C,qes, that is the problem of scheduling tasks with
preemptions, with the goal of minimising the makespan. The original version of
this algorithm, described in [81], dealt only with the problem P|pmtn|C,,. but the
modification considered here is well known, e.g. Chapter 25 of [78]. Although it will
be used throughout this thesis to schedule fractions of tasks on arbitrary intervals,
for the sake of simplicity it will be described in its original form, where whole tasks

are scheduled on an interval beginning at time 0.
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First, A is selected as the smallest value such that

ij < mA and max 22 < A. (4.5)

N JEN Uj -
It is easy to see that (4.5) are necessary conditions for the feasibility of this allo-
cation. The Modified McNaughton Algorithm shows that these two conditions are

also sufficient.

The Modified McNaughton Algorithm schedules tasks in the time interval [0, A
machine by machine and task by task. The order in which the machines and tasks
are considered is not important. Each task is scheduled on a machine, either until
it is completed or until time A. In the latter case the processing of the task “wraps

around” and continues on subsequent machines.

The Modified McNaughton Algorithm
1. Set 7:=0.

2. If all tasks in N have been considered, terminate the algorithm. Otherwise,
select any 7 € N that has not already been considered.

3. If 7+ p; < A, process j continuously during the time interval [, 7 + p;], set
T := 7 + p; and go to Step 2. Otherwise, process j continuously during the
time interval [, A] and continue to Step 4.

4. Compute
T+p —A

4 = LTJ (4.6)

and process j continuously during the time interval [0, A] on ¢; machines.
5. Process j continuously during the time interval [0, p; — (A — 7) — Ag,], set
T:=p; — (A —7)— Ag,

and go to Step 2.

This algorithm is useful as a subroutine in algorithms for more complex problems:
if a schedule can be broken up into intervals of time, and each interval has assigned to
it a given quantity of processing for each task that is available during the interval,
the Modified McNaughton Algorithm can be used to construct a schedule tasks

during each interval.
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4.2.2 Algorithm P

The schedule constructed by Algorithm P will be denoted 7. In the description of
Algorithm P below, 0 =ty < t; < --- < tg are the points of allocation and A;

denotes the set of all tasks available for processing at t;, that is
A ={j:je NApjti,n) >0AVg € J;:p,(ti;,n) = 0}.

For the purpose of scheduling using the Modified McNaughton Algorithm, the length
of the time interval between two consecutive points of allocation ¢; and t;,; is A,
ie. A=t —t;.

According to the three principles mentioned earlier, when determining how much
of each task will be processed in the interval between two allocation points, Algo-
rithm P partitions each A; into three sets N1, Ny, and N3. Define U, = ZjeNa uj, i.e.
the maximum number of machines that may process all tasks in the corresponding
set simultaneously. The first set, Ny, is the largest possible subset of A; such that
U; < m and the priority of each task in Ny at ¢; is strictly greater than the priorities
at t; of all remaining tasks in A;. If Uy = m or A; = Ny, set Ny = (). Otherwise,
N5 is comprised of tasks which have the same priority at ¢;. This common priority
is strictly less than the priority at t; of any task in Ny but is strictly greater than
that of any task in A; which is not in N; and N,. The tasks in A; which are not in
Np or N, form the set N3. Any of the sets Ny, Ny or N3 can be empty.

Let the quantity of processing a task j receives during the time interval currently
under consideration be denoted v;.

If Ny is not empty, in order to satisfy principles (b) and (c), each task j € Ny

should be continuously processed on u; machines between ¢; and ¢, that is,
v; = u;A for each j € N;. (4.7)

If Ny is not empty, according to the principle (a), all tasks in Ny should receive the
same amount of processing time. The total processing time allocated to N, can not
exceed A(m — Uy), because only mA units of processing time are available between
t; and t;;1; and U;A units have been allocated to N;. On the other hand, by the
definition of Ny and Ny, if N, # () then

Uy >m — Uj.

Therefore, the processing time allocated to each task in Ny must be less than A. By

virtue of the principle (b), this implies that all machines should be busy between t;
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and t;,1. In other words, in the case of N, # (), the total processing time allocated
to Ny must be A(m — Uy) > 0 and

‘m - U1
J U2

A for each j € Ns. (4.8)

=u
The tasks in N3 do not receive any processing time between ¢; and ¢;,1, i.e.
v; =0 for each j € NVs. (4.9)

Observe that the above allocation satisfies (4.5), and therefore, using the allocated
processing times, the Modified McNaughton Algorithm is able to schedule the tasks
which constitute Ny U Ny between ¢; and ¢;.

The next point of allocation t;,; is defined by A. Algorithm P chooses for A the
largest value which guarantees the principle (a) and the condition v; < p;(t;,n) for

all 7 € A;. The latter imposes the following constraints on A:

win 201 A (4.10)

JENT Uj

min & (i] s m (;QUIA. (4.11)
The next three constraints are imposed by the principle (a). Each of these con-
straints is used by Algorithm P in calculating A only if the sets involved in the
constraint are nonempty. According to the principle (a), the minimal priority at
t;+1 among all tasks in N; should be not less than the priority at ¢;,; of tasks in
Ny (all tasks in Ny have at ¢;,1 the same priority) and should not be less than the
maximum priority at ¢;,1 among all tasks in N3 (since tasks in N3 are not processed
between t; and ¢;,1, their priorities do not change between ¢; and ¢;,1). Denoting

the priority of task j at time ¢ in schedule o by (;(¢;,n), the preceding requirements

give
. m — Uy
(Em) — A > Co(tn) — A 412
]nel]l\% Gitim) > Coltism) Uy ( )
for g € Ny, and
nCilt:n) — A > (t: m). )
min Gt 1) — A = max ¢, (ti, 1) (4.13)
Similarly, the principle (a) requires that
m — U
Coltin) = = A > max ;(ti, 1) (4.14)
2 JEN3

for ¢ € Ny, which guarantees that the priority at ¢;,1 of tasks in N, (all tasks in
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Ny have the same priority at ¢;,1) is not less than the maximum priority among all
tasks in N3 at t;41 (since tasks in N3 are not processed between ¢; and ¢;,1, there
priorities do not change between ¢; and ¢;,1). These definitions allow Algorithm P
to be defined.

Algorithm P
1. Set i =0 and t; = 0.
2. Partition A; into the sets Ny, Ny, and Ns.

3. Calculate A as the largest value satisfying (4.10), (4.11), (4.12), (4.13), and
(4.14).

4. Using (4.7) and (4.8), assign to each j € N; U Ny the processing time v.

5. Set t;11 = t; + A and, using the Modified McNaughton Algorithm, schedule
the tasks which constitute Ny U Ny during the time interval [t;, ;1]

6. If all tasks have been completed, then stop. Otherwise, set i = ¢+ 1 and go
to Step 2.

As has been described above, in constructing n, Algorithm P generates an in-
creasing sequence of points of allocation tg,ty,...,t,. At each ¢; but the last, Al-
gorithm P partitions the set A; — the set of all tasks available for processing at t;,
into three subsets Ni, Ny and N3. In order to be able to refer to the subsets of the
same type but specified for different points of allocation, the sets Ni, Ny and N3
associated with ¢; will be denoted N}, Ni and Ni. Hence, A; = Nj U NjU N3.

Several properties of Algorithm P will now be established, in order to facilitate
its analysis. The lemma below establishes the fact that each interval between con-
secutive points of allocation has non-zero length. Recall that s is the index of the

last point of allocation in the considered schedule.
Lemma 4.2 For each i such that 0 <1 < s, t;11 > t;.

Proof. Recall that t;,; —t; = A is determined as the smallest non-negative
value such that at least one of (4.10), (4.11), (4.12), (4.13) and (4.14) is an equality,
and suppose that A = 0. If (4.10) or (4.11) is an equality, this implies that some
j € N{UN! has p;(t;,nm) = 0, contradicting the fact that (NJUN3) C A;. On the other
hand, if (4.12), (4.13) or (4.14) is an equality, there exists j € N! and g € N, for
some e € {1,2,3} and f € {1,2,3}\ {e}, such that (;(t;,n) = (,(t;,n), contradicting
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the construction of Ni, Ny and Nj3. Since both cases result in contradictions, A > 0

and the lemma is proven. m

If at least two of Ni, Ni and N: are non-empty, define

gi = min ( min (Cj(tian) - gg(tiﬂ?))> >

e,f:e<fANIADANE£D \ jENi,gEN}

i.e. & is the smallest difference in priorities between any two tasks in different sets
N and N}. The lemma below establishes, under certain conditions, an upper bound

on the length of an interval between allocation points.

Lemma 4.3 For each i such that 0 < i < s, if at least two of N{, Ni and Ni are

non-empty, t; 1 —t; < mné;.

Proof. Select e € {1,2} and f € {2,3} for which e < f and such that there
exist tasks j € N} and g € N} for which

Three cases are now considered.

e If j € N} and g € N: then, from (4.12) and the fact that U; + Us > m when
N; #0,

U ‘
tig1 —t 2 & < Updy < m|Ny|& < mng;.
m

i S T
“ U+ U, — o
e If j € Nj and g € N} then, from (4.13) and the fact that j # g implies n > 2,
tiv:i — 1 < fz < mnﬁl
e If j € N and g € N: then, from (4.14) and the fact that U; < m when N4 # (),

Us
tiv1 —t; <

U & < Un&i < m|Njl& < mné;.
1

Thus the lemma holds in all three cases. m

The lemma below justifies (4.12), (4.13) and (4.14).

Lemma 4.4 For each i such that 0 <i < s, any e € {1,2} for which N} # 0 and
any f € {2,3} for which e < f and N} # 0, (i(tiy1,m) > Co(tivr,n) for all j € N
and g € N}.
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Proof. For all ¢ € N}, (4.7) implies

Coltirrm) = Cqlti,n) — (tiva — o).
Likewise, for all ¢ € Ni, (4.8) implies

m—U1

C(H—lv ) §Q( ir 1] )_ U2

(ti—l—l — tz)
Finally, for all ¢ € Ni, (4.9) implies

g ( i+1,7] ) CQ( i T )
As in the previous lemma, three cases are considered.

e If j € N{ and g € N} then (4.12) implies

g(H—la ) gj(lv )_(ti-i-l t)>£gqu( ir 7] )_(ti—l—l_ti)
m—U1

> Cg(tiu n) — U,

(tis1 —t;) = Cg( it1,1).

e If j € N{ and g € Nj then (4.13) implies
Gi(tiv1,m) = G(ts,n) — (tigr — 1) > ;2}\171 Coltiv1,m) — (tiyr —ts)

> ma (1) 2 Gy ltim) = Gt )

e Finally, if j € N} and g € N then (4.14) implies

m—U1
Us

Gi(tiv1,m) = G(ts,m) — (tiv1 —t:)

> ma Gt m) = Gotom) = Gyt )

Thus the lemma holds in all three cases. =

Corollary 4.5 For each i such that 0 < i < s and any j € A; and g € A;,
Gi(ti,n) = Colts,m) implies Ci(tiv1,m) 2> Co(tivr, )

Proof. Consider any j € A; and g € A; for which ¢;(t;,n) > (,(t;,n). If j € N}
and g € N} for e # f then the corollary follows directly from Lemma 4.4. On the
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other hand, if {j,g} C N! for some e € {1,2,3} then the corollary follows from
(4.7), (4.8) and (4.9). m

The lemma below demonstrates that, if no task is completed in (¢;, ¢;11] then two

tasks become equal in priority at time ;.

Lemma 4.6 For each i such that 0 <i < s, if no task is completed in (t;,t;11], then
there exists e € {1,2} for which N} # 0, f € {2,3} for which e < f and N} # 0,
and j(tiv1,m) = (4(tiy1,n) for some j € Nt and g € N}.

Proof. Recall that the point of allocation ¢;,; is determined such that at least
one of (4.10), (4.11), (4.12), (4.13), and (4.14) is an equality. These five cases are

considered below.

e If (4.10) is an equality then there exists a task j € Nj for which

piltin) _ . Pa(ti )

Uj g€N]  Uqg

=tiy1 — b

Consequently, by (4.7), v; = p;(t;,n) and C;(n) € (t;, tit1].

e If (4.11) is an equality then, by similar reasoning, there exists a task j € NJ

for which

j tiu . ti7 - U

u;j geENi  Ug Us

Consequently, by (4.8), v; = p;(t;,n) and C;(n) € (t;,ti+1] as in the previous

case.
e If (4.12) is an equality then, for some j € N} and g € NJ,

Gi(tivr,m) = Gti,m) — (tin — 1) = ;161]151 Co(tism) — (tign — 1)

-U
= Gyltim) = gt — 1) = Gt ).

e If (4.13) is an equality, then, for some j € N{ and g € N3,

G(tiv1,m) = G(ts,n) — (tiy1 — ;) = fel]lél Coltism) = (tiqn — t;)

= (I]Ié?dv}l{ Cq(t“n) = gg(tia 77) = gg(ti-i-la 77)

76



e Finally, if (4.14) is an equality then, for some j € Ni and g € Ni,

m—U1
Uz

Gi(tip1,m) = (s, n) — (tis1 —ti)

= Eléé}v}f Cq(t“n) = gg(tia 77) = Cg(ti-i-l)n)'

Thus the lemma holds in all five cases. =

The lemma below demonstrates that, in the absence of task completion, the set

N5 is absorbing, i.e. once tasks enter set Ny they will not leave.

Lemma 4.7 For each i such that 0 < i < s, if no task is completed in (t;, t;y1],
N+ C Ni, Ni*' C Ni and Nj C Nitl,

Proof. Suppose Ni # (0, and define ¥; 1 = (,(t;41,n) and 1; = (,(t;,n) for any
q € Ni. Let U, = > jeni uj for all a € {1,2,3}. By Lemma 4.4,

Z uj > Uy +U;>m  and Z u; <Up <m.

JEA;:C (tit1,m)2Pit1 JEA:C (tit1,m)>Pit1
Hence, if no task is completed in (¢;, t;11],
N ={j:j € AinG(tiva,n) > i} C{j 1 j € Ai AG(tin) > i} = N

and
Nyt ={j:j€ AinGtig1,n) < Wi} C{j:J € AiA((tim) < i} = N
Lemma 4.4 and Lemma 4.6 together demonstrate that
Nt ={j € A : ¢(tiv1,m) = Yira} D {j € Ai: (tisn) = i} = N3

so the lemma is proven for the the case where N # ().

On the other hand, suppose Ni = () and observe that (4.13) must be an equality
if no task is completed in (¢;,¢;11]. Lemma 4.6 implies that (;(tit1,7) = ((tit1,7)
for some j € Nj and g € Ni. Define ) = (,(t;+1,7) and note that, by Lemma 4.4,

Z u; > U =m and Z u; < Up = m.

JEA;:C (tiy1,m)>0 J:G (tip1,m)>

Hence,
Ni*U={j:j € A A¢(tigr,m) >} C N}
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and

Nyt ={j 7 € AinGtivin) <¥} C{j:j € AinG(tin) < ¢} = Ny

Finally,
Ny*t = {j:j € A A¢(tip,m) =} D0 = Nj.

Corollary 4.8 The index s of the final point of allocation obeys s < n?.

Proof. Define i5 = 0, and for all ¢ > 1, if i._; < s, further define i. to be the
smallest ¢ > i._; such that A; # A;__,, i.e. a task ¢ € A;,_, has C,(n) € (t;.—1,1:.].
Let b be such that i, = s. Observe that b < n. Further observe that, by Lemma
4.7, |Ni| < |[Natt <nforalli.  <i<i.andall 1 <c<b m

The lemma below demonstrates that the priorities of available tasks do not grow

further apart from one point of allocation to the next.

Lemma 4.9 For each i such that 0 < i < s and |A;| > 2, and for any two tasks
jeA andge A\ {j},

|G (tism) — ot )| = |G (ti, m) — Co(tiva, m)] -

Proof. Suppose, without loss of generality, that (;(¢;, 1) > (,(t;,n). Three cases

are considered.
o Ifj € N,
G (i1 m) = Coltivr, m)| = Giti,m) — (tiva — ti) — Go(tiva, )
< G(tim) = (v — i) — (Golti,m) — (tis — 1))
= Gj(ts,m) — Coltisn) = |G (ti,m) — Go(ts,m)| -
e If j € N}, then g € Ni U Ni and

m—U1
Uz

G (ti1,m) — Coltivr,m)| = G(ts,m) — (tigr —ts) — Cg(tir1,m)

m—U1 m—U1

5 Mt =10 = (Glt) = 5 P i 1)
= Gi(ti,n) — Coltism) = |Gt m) — Co(ts,m)] -

< ¢(ti,m) —
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e Finally, if j € Ni, then g € N} and
1Gi(ti1sm) = Co(tivr, )| = [G(ti, 1) — (i, m)| -

Thus the lemma holds in all three cases. m

Defining

Upnar = MAX U
jeNn 7

the lemma below provides a bound on the time gap between two consecutive points

of allocation.
Lemma 4.10 For any 0 <i < s and any j € Ni U Nj,

bj
ti—l—l - tz S —NUmaz-
Uj

Proof. If j € Ni, according to (4.7) and (4.10)

- pylt, py(ts,
_>M2mmwztm_tiz

j Uj gEN? Ug NUmax

(tiv1 —ti).

On the other hand, if j € Ni then U; < m, Uy < |N&|thmae < MUppee and

L 0 (tiyn — to).
Uj Uj geEN; Ug 2 NUmax

4.3 Mu Assignment Algorithms

As stated earlier, there are many ways to assign u’s to tasks. Four well known

algorithms are described in this section.

4.3.1 The Brucker-Garey-Johnson Algorithm

The concept of the Brucker-Garey-Johnson Algorithm, #%¢ for short, originated
in [21]. It is based on the simple idea that z1; should be at least equal to the priority
of any task g € Kj, i.e.

[ > fg + p—g, for all pairs j — g¢. (4.15)
Ug
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The Brucker-Garey-Johnson Algorithm
1. For every task j such that K; = 0, set u; := —d;.

2. If all tasks j € N are assigned j1;, then execute Algorithm P. Otherwise, select
J € N such that

2.1. p; has not been specified and
2.2. for each g € K, i1y has already been specified.

3. Set
[tj = max {—dj, max <p_g + ,ug) } (4.16)

gEKj ug

and go to Step 2.

It can be seen that Y7 € § N &: the value of p; is based only on d; and the
properties of the tasks in K;, and renumbering the tasks does not affect the value
of p;.

One very useful property of this algorithm (as opposed to the one proposed in

[119] for example) is that it produces p’s that are preserving.

Lemma 4.11 The p’s produced by the Brucker-Garey-Johnson Algorithm are pre-

SErvIng.

Proof. Step 1 sets p; = —d; for all j such that K; = (), and (4.16) implies that
p; > —d; for all other j. Thus these p’s fit the definition of modified due dates.

Furthermore, consider any task jo € N such that K; # (. Suppose that, for
some a > 0, task j, has already been selected but task j,+1 has not. If u;, > —d,,,
select jo11 € K, such that

pja+1

s (2 0)

Ujo i1 9€K a \ Ug

Otherwise set b = a.
If b =0 then
i, = —dj, < max {me (wjo) 7_dj0} .

On the other hand, if b > 0,

b

p' p‘a 1

Hjo = 2+ = Zu —dj, < Cj, (W) = &,
J1 a=1 J

< Linag (0%°) < max { Lz (@), —d;} -
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Hence, in either case the lemma follows from Lemma 4.1. m

To illustrate this algorithm, an example has been provided below.

Example 4.12 When the Brucker-Garey-Johnson Algorithm is applied to the prob-

lem instance defined in Example 1.1 on page 17, the computations are as follows.

o Tasks 5, 6, 7, 11, 14 and 15 are the only tasks with no successors, so
pe = 7 = 14 = f15 = —15 and ps = g = —11.

e Since tasks 3, 4, 12 and 13 have only successors for which p’s have been

determined, their p’s may be calculated as
6
M3 = fta = (12 = fi13 = max 4 —19, 5 15 = —12.
o Now tasks 2, 8§ and 10 may have a value of y calculated. This calculation gives

2 2
M2 = 10 = maX{—ll, 5 — 11, I — 12} = —10

and

= -7 —2 —11 —2 —12, =—-7
m )
s ax '3 ']

o Finally, only tasks 1 and 9 remain, with
6
W1 = g = max{—fi, 1~ 10} = —4.

When these 1’s are supplied to Algorithm P the schedule depicted in Figure 4.1
1s produced.

This schedule is elaborated on below.

o At the beginning of execution, Ay = {1,8,9} and since

—7=-6

€(0,m) =¢(0,n) =5 —4=-1 and  ((0,n) =

[\l e
Wl w

it follows from the fact that u; +ug = 4 > 3 = m that Ny = {1,9}, Ny = ()
and N3 = {8}. The next point of allocation is t; = 4, with both tasks processed

to completion.
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Figure 4.1: Gantt chart of the schedule produced by the Brucker-Garey-Johnson
Algorithm when applied to Example 1.1.

e Now Ay = {2,8,10} and since

Ga(t1,m) = Cuo(t1,m) = ? —10=—4

it can be seen that Ny = {2,10}, Ny = {8} and N3 = 0. The next point
of allocation is to = 7, and all three tasks have received an equal amount of

processing, i.e. 3 units.

o Since task 8 has been completed, Ay = {2,10}, both of which are now in Ns.
The next point of allocation is ts3 = 10, at which point both tasks are completed.

During the interval [to, t3], one machine is left idle.

o Now Az = {3,4,5,11,12,13}, and since

G(t3,m) = Glts,n) = Cialts, ) = Cus(ts, m) = % —12=-10

and ,
C5(t3777) = Cn(tsﬂl) = 5~ 11 = -10

it follows that Ny = N3 = () and Ny = As. The next point of allocation is
ty = 122, and during [t3, 4] each of tasks 3, 4, 12 and 13 receives 1 unit of
processing while each of tasks 5 and 11 receives 2 units of processing. The
latter two tasks are completed, while the former are processed during the next

interval.

e As a consequence, Ay = Ny = {3,4,12,13} and the next point of allocation is
ts = 14. During [ty,t5] all four of the aforementioned tasks receive 1 unit of

processing. All are completed.
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Task | Cj(o) | Lj(o) || Task | Cj(o) | L;(o)
1 4 —2 9 4 —2
2 10 -1 | 10 | 10 | -1
3 | 132 | —13 | 11 | 122 | 12
4 4 | -1 | 12 | 14 | -1
5 | 122 | 12 13 | 14 @ -1
6 20 5 14 | 22 7
7 22 7 15 | 22 7
8 7 0 max | 22 7

Table 4.1: Table of completion times and latenesses produced by the Brucker-Garey-
Johnson Algorithm when applied to Example 1.1.

e Finally, As = {6,7,14,15} remain, and all have equal priority, meaning Ny =
As. The final point of allocation is tg = 22, and the remaining four tasks are

processed for their entire 6 units of processing time and are completed.

Table 4.1 specifies the values of Cj(o) and Lj(o) for all of the tasks.

4.3.2 The Garey-Johnson Algorithm

The concept of the Garey-Johnson Algorithm (¢¢ for short) originates from [45].
In order to describe the method of calculating p’s it is convenient to introduce the

following notation:

. Dy
a; = min and b; = max [ — . 4.17
J gEKng 1T ek, (ug+ﬂg) ( )
In other words a; and b; are the minimum and maximum priorities of successors of
j which can occur during the construction of schedule 7.

In computing p;, the Garey-Johnson Algorithm examines all a; < p < b;. Con-
sider an arbitrary task g € K;. If p; < p then the minimum amount of processing

time which task g must receive in order to have priority not greater than p is

max {0, pg — ug(p — fig)} -

If every uncompleted successor of j has priority not greater than p and p < p1, then
g is not one of these uncompleted tasks. In other words, g has already received p,

units of processing time. By combining these two observations for each a; < p <b;
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define
By(p) = min [py, max {0, py — ug(p — p14)}] - (4.18)

Given this definition of 3,(p),

Z By(p)

gEKj
is the minimum machine time that must be allocated to tasks in K in order to ensure

that the maximum priority among all incomplete tasks in K; does not exceed p.

The Garey-Johnson Algorithm
1. For every task j such that K; = 0, set u; := —d;.

2. If all tasks j € N are assigned j1;, then execute Algorithm P. Otherwise, select
J € N such that

2.1. p; has not been specified and
2.2. for each g € K, 1y has been already specified.

3. Set

1
pj = max < —d;, max |p+ — Z By(p) : (4.19)

a; <p<b;
I=P= gEKj

and go to Step 2.

Note that the expression in the inner maximum of (4.19) is piecewise linear in p.
The maximum must occur either at one of the end points of the interval [a;, b;] or at
one of the points where the slope changes. The number of these points is O(n), so
the maximum may be found in linear time. The lemma below describes a property

of the u’s produced by this algorithm.

Lemma 4.13 FEquation (4.15) holds for the p’s produced by the Garey-Johnson Al-

gorithm.

Proof. Consider any task j for which K; # (. From (4.17), (4.18) and (4.19),

1 1 P
o> —_ > b4 — b.) > 29
pj > max | p+ E By(p) | > b; + E Bg(b;) > max < + ,ug)

a; <p<b; geEK; \ U
J J 9eK; geK; J g

and the lemma is proven. m

The Garey-Johnson Algorithm can be viewed as being able to “see” more infor-

mation about a task: the Brucker-Garey-Johnson Algorithm is only able to see a
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task’s most urgent successor, while the Garey-Johnson Algorithm is able to see the
priorities and processing times of all successors.

It can be seen that ¢¢ € § N &: the value of y; is based only on d;, m and the
properties of the tasks in K;, and renumbering the tasks does not affect the value
of p;.

Like the Brucker-Garey-Johnson Algorithm, this algorithm produces p’s that are

preserving.
Lemma 4.14 The i’s produced by the Garey-Johnson Algorithm are preserving.

Proof. Step 1 of the Garey-Johnson Algorithm sets p; = —d; for all j such that
K; = 0. On the other hand, (4.19) implies that p; > —d; for all other j. Thus the
w's, produced by the Garey-Johnson Algorithm, fit the definition of modified due
dates.

The rest of the lemma will be proven by induction. Note that if n = 1, only one
1 is produced by the Garey-Johnson Algorithm and, by Lemma 4.1, it is preserving.
Now, assume that the p’s produced by the Garey-Johnson Algorithm are preserving
if n < k for some k£ > 1 and consider the case where n = k + 1. It will now be

proven that
M < max {Lmax (wj) ) _d]}

for all j € N, which, as a consequence of Lemma 4.1, will prove the lemma.
First note that either p; > —d; or

M = _dj < max {Lmax (wj) ) _dﬂ} ’

Observe that when j; > —d;, there exists some p such that a; < p <b; and

p=pt 5" Byl (4.20)

geK;
and, by the definition (4.17) of b;, there exists a task ¢ € K; such that

By =2 p. (4.21)

q

Define the set

p
Qz{g:geKj/\u—g+ugZp}
g

and for all r € ) define

eT:maX{t:Cr (wj) >t A, (t,wj) Zp},
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i.e. the point in time during schedule w’ at which either task r is completed or the

priority of task r becomes equal to p, whichever comes first.

Z By(p)

gEKj

Since at least

units of processing time are required to make the priority of all uncompleted suc-

cessors of j at most p, (4.21) implies the existence of a task r € () such that

> 15 40

gEKj
further implying
1 J
DPr E Z Bg(p)vw
. 1 geK;
Co (@)= — 3 Bylo) + - (4.22)
gEKj r
and
1
m Z By(p),w ,
gEKj .
" geK;

From the inductive assumption, |K;| < n — 1 = k implies that the Garey-
Johnson Algorithm produces preserving u’s when applied to the problem instance
defined by ¢;. Consequently it follows from (4.20), (4.22), (4.23) and the definition
of preserving u’s that

% > Bylp),w?

9ekK;

p;=p—+— Zﬁg ) <p+Cp (W) -
gEK Uy
< Cu(w) 4 ptyr € G(W) = Lipaa(w?) < maX{Lmaw (wj) , —dj} )

For n = k 4+ 1 the lemma follows from Lemma 4.1, and has thus been proven by

induction on n. =

To illustrate this algorithm, an example has been provided below.

Example 4.15 When the Garey-Johnson Algorithm is applied to the problem in-
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Figure 4.2: Gantt chart of the schedule produced by the Garey-Johnson Algorithm
when applied to Example 1.1.

stance defined in FExample 1.1 on page 17, the computations are as follows.

o Tasks 5, 6, 7, 11, 14 and 15 are the only tasks with no successors, so

fe = 7 = 14 = f15 = —15 and ps = pqp = —11.

e Since tasks 3, 4, 12 and 13 have only successors for which p’s have been

determined, their p’s may be calculated as
6 0
P = fa = f12 = 13 = max 4 —19, 37 15, 3 120 = —12.

o As a consequence of this,

18 6 4 0
— fiy0 = 11,22 15,2 12, — 11, - — 108 = —
M2 1o maX{ 73 573 73 73 O} 97

and 36 12 8 0
,ngzmaX{—’?,?—lE),?—12,5—11,§—10}:—3
o Finally,
24 12 10 6 6 0
= = -6, ——-15, ——-12,— —-11,-—-10,- -9, - -3, = —3.
H1 Ha maX{ 73 a3 73 73 73 a3 }

When these 1’s are supplied to Algorithm P the schedule depicted in Figure 4.2
1s produced.

This schedule is elaborated on below.
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Task | Cj(o) | Lj(o) || Task | Cj(o) | Li(o)
2 1
1 4z —13 9 5 -1
2 11 0 10 11 0
2 1 2 2
3 143 —3 11 133 23
4 15 0 12 15 0
5 | 132 | 22 13 | 15 0
6 21 6 14 23 8
7 23 8 15 23 8
8 S -2 max | 23 8

Table 4.2: Table of completion times and latenesses produced by the Garey-Johnson
Algorithm when applied to Example 1.1.

2

o The first point of allocation is t; = 23,

and 4 units each of tasks 1 and 9 are

processed during the interval [to, t1].

o At this point, the two aforementioned tasks become equal in priority to task
8, so the remaining 2 units of processing for tasks 1 and 9, along with all 3
units of task 8, are processed during [ty,ts], with to = 5. All three tasks are

completed.

e Now, only tasks 2 and 10 are available for processing. Both are processed until

completion at time t3 = 11, with a single machine idle during this time.

o At this point, tasks 3, 4, 5, 11, 12 and 18 become available, and all have
equal priority so ty = 13% and during [ts,t4] tasks 3, 4, 12 and 13 receive 1
unit of processing each while tasks 5 and 11 receive 2 units of proceeding each,

completing the latter pair of tasks.

e The next point of allocation is ts = 15, and during [t4,ts] each of 3, 4, 12 and
18 receive 1 unit of processing and are completed. Tasks 6, 7, 14 and 15 are

now available.

e The final point of allocation is tg = 23, with all tasks being processed to com-

pletion during [ts, tg].

The table below specifies the values of Cj(o) and Lj(o) for all of the tasks.

It is worth noting that, even though the Garey-Johnson Algorithm takes more
information into account than the Brucker-Garey-Johnson Algorithm, it produces

a worse schedule for the problem instance defined in Example 1.1. It is important
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to keep this in mind, as it will likely be beneficial in practice to employ several

approximation algorithms, selecting the best output in each case.

4.3.3 The Zinder-Roper Algorithm

The concept of the Zinder-Roper Algorithm (2% for short) originates from [119].
Each p; as computed by the Brucker-Garey-Johnson Algorithm and the Garey-
Johnson Algorithm, can be viewed as a lower estimate of the urgency of successors
of j. In contrast, the algorithm below can be viewed as one that “communicates”
to 7 an upper estimate of this urgency. It achieves this by considering the problem
instance ¢; (see (4.4) on page 66 for the full definition) defined on the set K of

successors of 7, and using the Zinder-Roper Algorithm itself to determine the value

of p;.
The Zinder-Roper Algorithm
1. For every task j such that K; = (), set u; := —d,;.

2. If all tasks 7 € N are assigned p;, then execute Algorithm P. Otherwise, select
j € N such that
2.1. p; has not been specified and
2.2. for each g € Kj, puy has been already specified.

3. Using Algorithm P and the u’s already generated, construct a schedule 7’ for
the problem instance ¢;, set

[tj = max {—dj, G (nj)} , (4.24)

and go to Step 2.

The algorithm above is conceptually simple: when determining how urgent a
task j is, it constructs a schedule using only tasks in K;. This has the benefit of
being able to use the entire structure of precedence constraints on K in determining
;. It is not necessarily the case that G(0) = Lye(0) when p's are determined by
the Zinder-Roper Algorithm, i.e. the u’s are not necessarily preserving. However,
F% € FN G and property (4.15) does apply to the u’s generated by the Zinder-

Roper Algorithm, as proven in the lemma below.

Lemma 4.16 FEquation (4.15) holds for the u’s produced by the Zinder-Roper Al-

gorithm.
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Proof. Consider any task j for which K; = (). From (4.24),

wi > G (’f]j) = max (C’g (nj) + ,Ug) > max (p_g + ,Ug)

geK; geK; ug

and the lemma is proven. m

To illustrate this algorithm, an example has been provided below.

Example 4.17 When the Zinder-Roper Algorithm is applied to the problem instance

defined in Example 1.1 on page 17, the computations are as follows.

o Tasks 5, 6, 7, 11, 14 and 15 are the only tasks with no successors, so pg =
pr = p1a = pas = —15 and ps = pp = —11.

e Problem subinstances 3, p4, @12 and @13 are isomorphic and d3 = dy = d15 =
di3 so all four tasks must have the same value of p. Scheduling the single
successor g of task j results in C, () = 3, giving pi3 = pa = f12 = fl13 =
max{—15, —12} = —12.

e Problem subinstances py and @io are isomorphic and dy = diy so these two
tasks must have the same value of . Note that
1 2
Doy = 1= o=, =P (4.25)
Us 1 1 us Uy
Consequently, schedule n* setst; = 1% and schedules 1 unit each of tasks 3 and
4, and 2 units of task 5 during the interval [to, t1]. The next point of allocation
is ty = 2%, and during the interval [ti,t5], 1 unit each of tasks 3 and 4 is
processed, with a single machine left idle for the duration. The final point of
allocation is t3 = 6%. There are 6 units each of tasks 6 and 7 processed during

the interval [ty t3], resulting in their completion. Hence,
11 82 82
—= — Imax — —0— = ——.

M2 = 10 703 3

2
37

3, 4, 12 and 13 and 2 units each of tasks 5 and 11 being processed during the

interval [to,t1]. The latter two tasks are completed in this interval. The next

o As a consequence of (4.25), schedule n® sets t; = 22, with 1 unit each of tasks

point of allocation is ty = 4, and during the interval [tq,ts] tasks 3, 4, 12 and

13 each receive 1 unit of processing, and are completed. The final point of
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Figure 4.3: Gantt chart of the schedule produced by the Zinder-Roper Algorithm
when applied to Example 1.1.

allocation is t3 = 12 with 6 units each of tasks 6, 7, 14 and 15 being processed
during the interval [to, t3]. This results in pug = max{—7,—3} = —3.

e Finally, the schedules n' and n° are simply the schedules n* and n*° with an
additional task beforehand. Thus,

6 22 22
= g = maxs —6, —2- > = —2—.
M1 9 ) 3 3
Once all of the u’s have been calculated they are supplied as arguments to Algo-
rithm P, which produces the schedule depicted below.

This schedule is elaborated on below.

o Firstly, t; = 3% and tasks 1 and 9 each receive 4% units of processing during
the interval [to,t1]. At time ty the tasks 1, 8 and 9 have equal priority, but
because they have unequal u; they are processed for different amounts until
ty =42

o Tasks 1 and 9 are processed for 1% units of time during [t1, ty] while task 8 is
processed for 2 units of time. Tasks 1 and 9 are completed. Task 8 now has

the same priority as the newly available tasks 2 and 10.

2
9’

of processing each, and task 8 receiving 1 unit of processing during [ts,ts], at

e The next point of allocation is t3 = 5%, with tasks 2 and 9 receiving % units

which point it is complete.

o This is followed by the point of allocation t, = 10%. During [ts, ts] one ma-
chine 1s idle while tasks 2 and 10 receive 5% units of processing, and both are

completed.
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Task | Cj(o) | Lj(o) || Task | Cj(o) | Li(o)
1 43 | -12 9 42 | -1z
2 | 108 | -3 | 10 | 10§ | —3
3 | 142 ) -5 | 11 | 132 | 22
4 | 14 -5 12 | 14d | -4
5 | 135 | 22 13 | 148 | —3
6 | 20§ | 5% 14 | 228 | 78
7 | 228 | 7% 15 | 228 | 75
8 52 | -1 || max | 225 | 7%

Table 4.3: Table of completion times and latenesses produced by the Zinder-Roper
Algorithm when applied to Example 1.1.

o Subsequently ts = 13% and during [ty,ts] tasks 3, 4, 12 and 13 receive 1 unit
of processing each while tasks 5 and 11 receive 2 units of processing each. The
latter two tasks are completed, while the former are processed during the next

interval.

e The next point of allocation is tg = 148 and during [ts,te] each of the four
aforementioned tasks receives 1 unit of processing. All are completed. Finally,

only the tasks 6, 7, 14 and 15 remain, and all have equal priority.

8
9’

processed for their entire 6 units of processing time and are completed.

e The final point of allocation is t; = 222, and the remaining four tasks are

The table below specifies the values of Cj(o) and Lj(o) for all of the tasks.

4.3.4 The Optimal Recursive Algorithm

The idea of the Optimal Recursive Algorithm (&% for short) originates in [119].
While all of the previous algorithms could be implemented in polynomial time, this
algorithm requires a recursive solution of the general problem P|prec, pmtn|L,qz,
which is NP-hard. This algorithm is not itself the subject of direct study, but
rather exists for the purpose of comparison with other algorithms, particularly the
Zinder-Roper Algorithm which it resembles.

The only difference between the Optimal Recursive Algorithm and the Zinder-
Roper Algorithm is that the former uses an optimal schedule on the set of successors
of a task, while the latter uses a (potentially non-optimal) schedule generated by
Algorithm P and the existing values of the u’s. Similar to the previous scheduling
algorithms described in this section, 0% € § N & and (4.15) holds for the u’s
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The Optimal-Recursive Algorithm
1. For every task j such that K; = 0, set u; := —d,;.

2. If all tasks 7 € N are assigned j;, then execute Algorithm P. Otherwise, select
j € N such that

2.1. p; has not been specified and
2.2. for each g € Kj, nuy has been already specified.

3. Construct an optimal schedule schedule w? for the problem instance ¢;, set
pj = max {—d;, G (W)}, (4.26)

and go to Step 2.

generated by the Optimal Recursive Algorithm, the latter of which is proven in the

lemma below.

Lemma 4.18 FEquation (4.15) holds for the u’s produced by the Optimal Recursive
Algorithm.

Proof. Consider any task j for which K; = (. From (4.26),

Hi = G (&) = max (Cy () + pg) = max (IZ + ug)

and the lemma is proven. m

Unlike the Zinder-Roper Algorithm, the Optimal Recursive Algorithm produces

[’s that are preserving.
Lemma 4.19 The p’s produced by the Optimal-Recursive Algorithm are preserving.

Proof. Step 1 sets p1; = —d; for all j such that K; = (), and (4.26) implies that
p; > —d; for all other j. Thus these p’s fit the definition of modified due dates.

The remainder of the lemma will be proven by induction on n, in a similar
manner to Lemma 4.14. First note that if n = 1, the u produced by the Optimal
Recursive Algorithm is preserving. Now assume that the p’s produced by the Op-
timal Recursive Algorithm are preserving if n < k for some k£ > 1 and consider the
case where n = k + 1.

For any task j for which p; = —d;, it follows directly that

;< max {Lmax (wj) , —dj} )

93



On the other hand, suppose p; = G (w?). Since |K;| < n —1 =k, the definition of

preserving p’s implies
i =G (wj) = Lpaz (wj) < maX{LmM (wj) ,—dj} .

Consequently, Lemma 4.1 implies that the lemma holds for n = k + 1, and thus it

has thus been proven by induction on n. m

To illustrate this algorithm, an example has been provided below.

Example 4.20 When the Optimal Recursive Algorithm is applied to the problem

instance defined in Example 1.1 on page 17, the computations are as follows.

o Tasks 5, 6, 7, 11, 14 and 15 are the only tasks with no successors, so pg =
Wy = H14 = H15 = —15 and M5 = U111 = —11.

e Problem subinstances p3, p4, @12 and @13 are isomorphic and d3 = dy = d15 =
di3 so all four tasks must have the same value of u. Scheduling the single
successor g of task j results in C, () = 3, giving pi3 = pa = f12 = fl13 =
max{—15, —12} = —12.

e Problem subinstances py and @io are isomorphic and dy = diy so these two
tasks must have the same value of 1. One example of an optimal schedule w?
processes tasks 3, 4 and 5 to completion during the time interval [0,2], and

schedules tasks 6 and 7 to completion during [2,6]. Hence,
Mo = [10 = Max {_d2> Cs (WQ) + p3, Cs (WQ) + 5, Cg (WQ) + ,MG}
= max{—11,—-10,—-9, -9} = —9.

o As a consequence of (4.25), one example of an optimal schedule w® processes
tasks 3, 4, 5, 11, 12 and 13 to completion during the time interval [0, 4], and
schedules tasks 6, 7, 14 and 15 to completion during [4,12]. Hence,

Mg = Inax {_d8> max (Cj (WS) + uj)} = max{—?, —3} = 3.

JEK;

o Finally, the schedulesn' andn® are simply the schedules n? and n'° respectively,
with an additional task beforehand. Thus,

p1 = jtg = max{—6,—3} = —3.
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These values are identical to those produced by the Garey-Johnson Algorithm, and

consequently the schedule depicted in Figure 4.2 is produced by Algorithm P.

Note that the pu’s produced by the Optimal Recursive Algorithm for tasks 2 and
10 is —9, slightly smaller than the —8% produced by the Zinder-Roper Algorithm;
this can be viewed as the Zinder-Roper Algorithm in some sense “overestimating”
the urgency of the completion of tasks 2 and 10. Also note that, in spite of the
fact that the Optimal Recursive Algorithm uses more information, and has a far
greater computational complexity, than the Brucker-Garey-Johnson Algorithm, the

schedule it produces for the problem instance defined in Example 1.1 is worse.

4.4 Schedule Structure

Before any theorems can be proven, it is necessary to describe the structure of
a schedule produced by Algorithm P, i.e. a schedule produced by any algorithms
in family 8. This is common to many examinations of the theoretical properties
of scheduling algorithms in the literature — analogous statements to many of the
following lemmas can be found, for example, in [105].

The following lemma allows a simplification of the reasoning about schedules
constructed by Algorithm P. It permits the analysis of schedules solely by the pri-
orities of tasks at points of allocation, rather than having to examine the priorities

at arbitrary points in time.
Lemma 4.21 There exist a point of allocation t; and a task j such that

Ci(n) >t and  t;+ (ti,n) = G(n).

Proof. Observe that
Cyn) =t and ¢+ (y(t,n) =G(n)
holds for t = Cy(n) and any ¢ such that
Co(n) + pg = G(n).

Hence, if Cy(n) coincides with a point of allocation, the lemma holds.

Suppose for a task g selected as above that ¢,y < C,(n) < t;, where t;,_; and
t; are consecutive points of allocation. Then, g € Ni~! and the total machine time
that Algorithm P allocates at ¢;_; to the tasks in Ni"'UN: ' is m(t; —t;_,). Hence,
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by the Modified McNaughton Algorithm, there exists j € N3 ' such that C;(n) > t;.

Therefore,

Gn) = Cyn) + 11y = b+ G 1) = b+ Gyltem) > Cyln) + 1y = Gl)

which contradicts the selection of g, and thus the lemma is proven. m

Let t;+ be the smallest value of ¢ that is a point of allocation satisfying Lemma

4.21, and denote by x a corresponding task 7, i.e.
Cu(n) = ti- and tie + Gt m) = G(n).

Define

p* = C(ti=,m). (4.27)
In much of the analysis contained in this thesis, these values are used as points of
reference. Processing that occurs after time t;« can be ignored, as can processing
that is less urgent that p*, greatly simplifying this analysis.

The value of ¢* can have significant implications for the nature of the schedule,

as demonstrated by the following lemma.
Lemma 4.22 Ifi* = 0 the schedule n minimises the criterion G.

Proof. If i* = 0, there is some task x for which

T

By the definition of u,, for any schedule o
Colo) > 22,

and hence
Glo) > Colo) + po > 22 4, = G ().

€T

Since all schedules ¢ have G(0) > G(n), n minimises the criterion G. m

Since the time point t;+ is important to the analysis of schedules produced by
Algorithm P, the next lemma is introduced in order to understand the processing of

tasks immediately prior to this time.

Lemma 4.23 Ifi* > 0, then N' =1 = ().
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Proof. Suppose that Ni ~* # (). Then, by Corollary 4.5, there exists g € N¥

which may coincide with x, such that

tie 4 Co(ti,m) > tie + Go(ti=,m) = tie + p* = G(n).

Then, by (4.7),

te s,
tim1 + Co(tino1,m) = tis1 + M + 11
Ug
=1t pg<ti*77]) B
=ty + =+ (b — tie—1) + pg = L + Gyt m) = G(n)

Ug

which contradicts the selection of ¢;+. Hence, the lemma is proven. m

For all 0 <7 < s, define the set

Hi(p) ={j:j€ A N(tigr,m) > p}.

In essence, this represents the set of all important tasks (with priority not less than
p at time t;,1) that are available at ¢;. This is used to avoid the consideration of the

processing of all tasks, focusing only on those which have a sufficiently high priority.

For a given value of p, an interval [t;, ;1] will be called p-complete if

and p-incomplete otherwise. This idea of p-complete and p-incomplete intervals is
introduced for the purpose of further simplifying the analysis of schedules: often,
the precise scheduling of tasks during an interval can be ignored, with attention
given only to whether the interval is p-complete and p-incomplete.

The following lemma demonstrates that, during p-complete intervals, only tasks

with priority not less than p are processed.

Lemma 4.24 For any p-complete interval [t;, t;11], (N{ U Ni) C H;(p).

Proof. Suppose that there exists j € (Ni U Ni) \ H;(p). By the definition of
H;(p), it follows that (;(tir1,m) < (y(tit1,n) for all g € H;(p). By Lemma 4.5, it
follows that ;(t;,n) < (,(t;,n) for all g € H;(p).
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By the definition of a p-complete interval,

Zug > m, where L={g:9¢€ A N((ti,n) < (ti,n)}.

geL

This implies that j ¢ Ni U Ni, and the lemma is proven. m

Corollary 4.25 For any p-complete interval [t;,t;11],

> it n) = piltiyr,m)] = mltiy — t).

JEH;(p)

One of the conditions in the statement of the following lemma is that the p’s obey
(4.15), and therefore this lemma holds for all four scheduling algorithms described in
this chapter. This lemma will be used, along with Lemma 4.29 and Corollary 4.28,
to demonstrate the existence of a chain of “high priority” tasks of a given length.
This in turn will be used to establish several performance guarantees in terms of the
length of the longest chain of tasks in the considered problem instance, in a similar

manner to [105].

Lemma 4.26 If all 1’s obey (4.15), for any 0 < i’ < s, any p, any j € Ay for
which (;(ty,m) > p, and any i such that 0 <1i <i', either j € H;(p) or there exists
a task g € Hi(p) such that g — j.

Proof. Consider any p, i, i' and j as specified in the statement of the lemma.
If j € A; then let g = j and observe that

tl 5 ’ti’a
p]( +1 n)"‘ﬂjzpj( ‘77)

j U

Co(tivs,n) = G(tiv1,m) = + p; = G(ti,m) = p.

On the other hand, if j ¢ A;, the fact that C;(n) > t; > t; implies the existence of
some task g € J; N A;. In this case (4.15) implies

py(tiv1,m) Dj
Cg(tz‘+1a77) =Y + g = pg = — + [y
g Uy
pi(ti,m)
> sy = (i) = p.

U

Thus in either case (,(t;+1,m) > p and g € A;, implying g € H;(p). =

The lemma below is presented in order to obtain Corollary 4.28. It estab-

lishes a link between p-incompleteness and the processing of high priority tasks
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during an interval. Note that the lemma also applies to p-complete intervals where

D jeH(p) Ui = M-

Lemma 4.27 For any p, any 0 < i < s such that ZjeHi(p) u; < m, and for any
j € Hi(p), it follows that j € Ni.

Proof. Consider any p, ¢ and j as in the statement of the lemma, and note that,
for any g € A; \ Hi(p), it follows that

Coltiv1,n) < G(tiv1,m).

By Lemma 4.9 it follows that

Cg(tiv 77) < Cj(ti7 7])

and hence
{a:G(ti,n) = Gtin)} € Hi(p).

Finally, since > < m it follows that

jeH(p) Wi

q:Cq(ti,m)>¢5(tim)

and thus
{q: ¢(tm) > Gt} C N,

implying j € Ni. m

The corollary below follows from Lemma 4.26 and Lemma 4.27. As stated earlier,
it will be used to prove the existence of a chain of high priority tasks. It is quite

similar to reasoning found in [105].

Corollary 4.28 If all pu’s obey (4.15), for any 0 < i’ <'s, any p, any j € Hy(p)
and any i such that 0 < i < i’ and [t;,t;11] is p-incomplete, either j € H;(p) N N or
there exists a task g € H;(p) N N{ such that g — j.

Repeated application of the preceding corollary demonstrates the existence of
a chain of tasks being processed in N; throughout all p-incomplete intervals. Ad-
ditionally, if p < p*, Lemma 4.29 implies that task z must be preceded by such a

chain.
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To simplify the notation where possible, let H; = H; (p*), i.e. if the argument p
of H;(p) it not included it is assumed that p = p*. Define

-1

H=|JH.
1=0

The following lemma demonstrates the existence of at least one task in H;«_;

that is not in any earlier p*-incomplete interval.

Lemma 4.29 Ifi* > 0 there exists a task q € Hy«_1 such that, for all p*-incomplete
intervals [t;, t;v1] for which i <i*, q ¢ H;.

Proof. Consider the largest ¢ < ¢* for which [t;, ¢;41] is rho*-incomplete, and

observe that, by Lemma 4.23,
Z u; <m while Z u; > m. (4.28)

JEH; JEH x4

Since p;(t;,n) > p;(tit1,n) for all j and 4, it follows that (A; N H«_1) € H;. Hence,
(4.28) implies the existence of a task ¢ € H;«_1 \ H;, and hence there is some g € J,
for which Cy(n) > t;. =

The corollary below follows from Lemma 4.26 and Lemma 4.29.
Corollary 4.30 If all u’s obey (4.15), |H;| > 1 for all 0 < i < i*.
The corollary below follows from Lemma 4.23 and Lemma 4.29.

Corollary 4.31 If* > 0,

Z uj>m.

JEH;« 4

With the definitions and results given in this chapter, it is now possible to analyse
the approximation algorithms A9 ¢ , 9¢ and Z%. This will be done in the following
two chapters, Chapter 5 presenting several performance guarantees and Chapter 6

examining the solvable cases.

100



Chapter 5
Performance Guarantees

Since the P|prec, pmin, w;|Lyq, problem considered in this thesis is NP-hard, ap-
proximation algorithms are a much studied area of research. It is the aspiration when
using approximation algorithms, that the algorithm selected will produce schedules
that, while not necessarily optimal, are “close” to optimal in some sense. One way of
demonstrating this is to provide some bound on the relationship between L,,q.(7),
the maximum lateness of the schedule generated by the approximation algorithm,
and L., (w), the maximum lateness of an optimal schedule.

Generally in the literature there have been two kinds of bounds:

e difference bounds, i.e. upper bounds on L;u4:(7) — Linas(w), seen for example
in [105]; and

e ratio bound, i.e. upper bounds on

Lmax (77) _'_ dmax _
Lmam ((,U) + dmam Where dmax B Iﬂneé}\}fi dj’

often expressed in the form
Lmam(n) S aLmaa}(w) + (a - ]-)dmaaza
as seen for example in [120].

One desirable property of either kind of bound is that of being tight, i.e. no
smaller bound exists. Tightness has generally been much easier to prove for dif-
ference bounds than for ratio bounds. The goal of this chapter is to provide new
bounds, often based on existing bounds for other problems, for the considered ap-
proximation algorithms. A completely new result, presented in Section 5.3, demon-

strates that bounds on the worst case performance of algorithms in family § N &
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cannot have performance guarantees arbitrarily close to optimal. Even more sur-
prisingly, the Garey-Johnson Algorithm is in some sense the “dominant” algorithm
of family § N &, with a performance guarantee that cannot be improved upon by

any algorithm in §N S.

Several definitions are required before the bounds may be described. Firstly

Upnin, = I;Iélj{fl U
is the maximum parallelism allowed for a given problem instance. This is a pa-
rameter that appears in all bounds in this section. Indeed, one of the motivating
factors in considering the P|prec, pmtn, w;|Ly,q, problem is to investigate the effect
that parallelism has on the performance of approximation algorithms. The problem
instance specified in Example 1.1 on page 17 has t,;,, = us = 1.
Another useful definition is

. Dy
r = min ~Z,
JEN U

the minimum ratio of processing time to parallelism and the least amount of time
in which a task may be completed. This may be viewed as analogous to pmin,
the minimum processing time, which appeared in a bound in [105]. The problem
instance specified in Example 1.1 has r = Z—Z =1.

Finally, the length of the longest chain must be defined. A chain is a totally
ordered set of tasks j; = jo — - -+ — jn. The length of a chain C' may be defined as

b
2w

jec Y

Let [ be the length of the longest chain. The problem instance specified in Example
1.1 has [ = 14, arising from a chain 1 — 2 — 3 — 6.

All of the above values differ depending on the problem instance considered.
Bounds on the performance of given algorithms involve these values, indicating that

some problem instances are more amenable to solution than others.

5.1 The Brucker-Garey-Johnson Algorithm

The performance guarantee established by Theorem 5.2 is a generalisation to the
Plprec, pmtn, uj|Lyq, problem of the bound for P|prec, pmtn|L,,., presented in

[105]. It is an improvement over [105], not just because it is for a more general
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problem, but also because the bound below is tight for all m > u,,;,, and [ > r: the
bound presented in [105] was only proven tight for integer values of % Additionally,
the bound applies in general to any p assignment algorithm for which the u’s are
preserving and obey (4.15). However, it will be proven tight in the specific case of
the Brucker-Garey-Johnson Algorithm only. These results were originally presented
n [124].

The two criteria, that the u’s be preserving, and that they obey (4.15), do not
seem very stringent. It is noteworthy that these are the only criteria necessary to

guarantee a bound of reasonable quality.

5.1.1 Proving the Bound

Let ¢ be the total length of all p*-complete intervals in [0, ;<] and let w be the
total length of all p*-incomplete intervals in [0, ¢;]. These definitions will be used

throughout this section.

Lemma 5.1 For any schedule n produced by Algorithm P using preserving pu’s which
obey (4.15), and any optimal schedule w,

m — Umin

Lmaa: - Lmaa: S
(1) = Lina () < "=

Proof. First suppose that i* = 0, and note that in this case w = 0. Additionally,
Lemma 4.22 implies that n minimises (G, and so the lemma follows from the definition
of preserving u’s.

On the other hand, suppose that i* > 0, and hence Lemma 4.29 applies. By the
definition of #;«,

Lipae(n) =t +p" =c+w+ p". (5.1)

By (4.15), Corollary 4.28 applies — Lemma 4.29 implies H;« 1 # () and hence Corol-
lary 4.28 implies that |H;| > 1 for all 0 < ¢ < i*. Define

5 m if [t;, ;1] is p*-complete
' Upnin if [t;, t;11] is p*-incomplete

for all 0 < i < ¢*. The definition of preserving u’s, along with Corollary 4.25 and

Lemma 4.27, implies

L) = Gl 2 7+ 25 ~ by (ts1,1)

1=0 jeH,;(
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*—1

1
ZP*‘FE;@(QH—U):/)*‘FC‘F

Umin

w.

The bound in the statement of the lemma is obtained by substituting (5.1) into the

inequality above. m

The bound that is the central result of this section is presented in the theorem

below. Note that it holds for every possible combination of m, ., [ and 7.

Theorem 5.2 For any schedule n produced by Algorithm P using preserving p’s
which obey (4.15), and any optimal schedule w,

0 if 1 < 2r

Lmam _Lmax w S — ; 5.2
() @) N = Umin T:mm(l—'r) otherwise (5:2)

for all combinations of [ > r >0 and m > Uy > 1.

Proof. Note that, by (4.15), Corollary 4.28 applies and observe that, if i* = 0,
Lemma 4.22 and the definition of preserving p’s together imply that L,..(n) —
Linar(w) <0, and therefore the theorem holds in this case. For the remainder of the
proof, assume that i* > 0.

Consider the case where [ < 2r. According to Corollary 4.28, for all p*-incomplete
intervals [t;,t;11] for which ¢ < i*, each task in H;_; is either in H; or has a
predecessor in H;. The condition that [ < 2r implies that there are no precedence

constraints — if there was any pair of tasks j and g for which j — g,

1>P Do g
uj  Ug

By Corollary 4.31,
> uy>m.
JEH -1
Since there are no precedence constraints, A;,1 C A;, and since p;(tiy1,1) < p;j(ti,n)
for all j and i, it follows that [t;, t;41] is p-complete for all 0 < i < i*, and therefore
w = 0. Hence, Lemma 5.1 implies that L,,.:(7) — Liae(w) < 0 and the theorem
holds.

On the other hand, suppose [ > 2r. Notice that Corollary 4.28 and Lemma
4.29 imply the existence of a chain of tasks. Specifically, construct a chain C' =
{Jjo, j1, - - } using the Brucker-Garey-Johnson Chain Algorithm.

Since Step 2 of the algorithm above always selects a smaller value of i, this

algorithm always terminates. Lemma 4.29 guarantees the existence of task jy as

104



The Brucker-Garey-Johnson Chain Algorithm

1. Initialise e := 1 and ¢ := ¢* — 1. Select jo such that j, € H;«_1 and, for all
p*-incomplete intervals [t;, t;,1] for which ¢ < *, jo & H;.

2. If there exists an i’ such that 0 <4’ < i and [ty ty41] is p*-incomplete, update
i to be the largest such /. If no such i’ exists, terminate the algorithm.

3. If je_1 ¢ A, select as j. any task in J;, , N H; and increment e.

4. Go to Step 2.

specified in Step 1. Corollary 4.28, and the fact that j._; € H every time Step 3 is
executed, imply that either j._; € H; or J;,_, N H; # (. Consequently, the selection
of j. in Step 3 of the above algorithm is valid.

The length of chain C provides a lower bound on [, and since each task j € C\{jo}
was selected from H; for some p*-incomplete interval [t;, t;11], Lemma 4.27 implies

that j € Ni. Furthermore, since r is a lower bound on the length of jo,
DA S )
jec I jec\(joy Y

The theorem is proven by combining the above bound on [ —r with Lemma 5.1. =

Corollary 5.3 For any schedule n produced by Algorithm P using preserving ji’s
which obey (4.15), and any optimal schedule w,

Lmas (1) < (2 _ “;”n”) Lmas (W) + (1 _ “;”n") (Ao — 7).

Proof. This corollary follows from the substitution of L, (w) > | — dpee into
(5.2). m

5.1.2 Proving Tightness

The tightness of (5.2) for the Brucker-Garey-Johnson Algorithm is proven below,
by specifying a problem instance for which the Brucker-Garey-Johnson Algorithm
precisely meets (5.2). Lemma 5.4 establishes the maximum lateness of the schedule
n”?? produced by the application of the Brucker-Garey-Johnson Algorithm to this
problem instance, Lemma 5.5 establishes a bound on the optimal maximum lateness
of the problem instance, and they are combined in Theorem 5.6.

For any combination of [ > 2r > 0 and m > wu,,;, > 1, consider an instance ¢

of the P|prec, pmin,u;| L., problem, where the tasks form three sets: X, Y and
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{
[—-‘ m tasks
r

Figure 5.1: Precedence graph of ¢.

Z. The set X is comprised of (q m identical tasks. The set Y is comprised of only

T

one task, and the set Z is comprised of WW m identical tasks. The sole task in Y

r
precedes all tasks in Z. No other precedence constraints exist between the tasks.
The processing times, the permissible parallelisms of tasks” processing, and the due

dates are as follows:
® Dj = TUmin, Uj = Upmip and d; = r for all j € X;
o p; = (I — 7)Upin, Uj = Upin and d; = [ for j € Y; and
® Dj = TUnin, Uj = Upn and dj =1+ for all j € Z.

Figure 5.1 depicts the partially ordered set of tasks in . In this figure, each task is
labelled with the name of the set to which it belongs.
Observe that

e the longest chain is composed of the task constituting ¥ and any task in 7,

and has a length of [;
o all tasks j have u; = Upn; and

e all tasks j have % > r, with % =rforall j € XUZ.
J J

Lemma 5.4 When the Brucker-Garey-Johnson Algorithm is applied to ¢ as defined

above,

Lma:v (77@%]) =2 lré-‘ TUpin — 2r

for any combination of [l > 2r > 0 and m > Uy, > 1.
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Proof. From (4.16), the values of y; assigned by the Brucker-Garey-Johnson
Algorithm are

o forallje Z, pj=—d; = -l —r;

e for the sole task j € Y,

= e { =y (22, ) b (1,1} = =1

geK; Ugqg
and
o forall j€ X, uj =—d; = —r.

These values produce a schedule n?% as follows.

At time £y = 0, the tasks in X UY are available while the tasks in Z are not, i.e.
Ap=XUY. Forall j € X, ( (to,n‘@gy) =r —r = 0 and for the sole task j € Y,
G (to, nf%{g) =1l —1r — 1= —r. Since the tasks in X have the highest priority, and

since [ > 2r implies
l
E U; = ’V——‘ MUpin > T,
r

jeX
NY =0, Ny = X and NJ =Y. Recall that, when Algorithm P calculates the length
A of the interval between the current and next points of allocation, A is constrained
by some (possibly strict) subset of the inequalities (4.10), (4.11), (4.12), (4.13) and
(4.14). Since NY = 0, only (4.11) and (4.14) are used in the determination of ;.
Since (4.11) gives

th =A< min =

- m—=0 jeny? uj
and (4.14) gives, for any g € N,

L MUmin BT g l
=A< Ljni_o (Cg (to,n”?") — %%}ggj (to,n‘%f)) = [;W Ui,

tl = | = | TUmin-
T

For all j € X, (4.8) implies that v; = r, and thus all tasks in X are completed by

it follows that

time ¢;. This gives

- I
Cy (W) —d; < H Plin — 7 for all j € X. (5:3)

r
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Similarly, for the sole task j € Y, (4.9) implies v; = 0, i.e. j is not processed at all
before time t;.

All of this implies that, at time 1, only the sole task in Y is available, i.e. A; =Y.

E Uj = Umin < m,

jey
N! =Y, N} =0 and N = (), and only (4.10) is used in the determination of ¢;.
Hence, (4.10) determines the length of the interval as

(tq, BYGI
bty — A — i 2T
JEN] Uj

Since

=l—r.
From (4.7), it follows that the sole task j € Y is completed, giving
BG7 l
C; (n‘ﬂgy) —dj=t,—1l= [——‘ TUpin — T for the sole task j € Y. (5.4)
r

Now the only tasks available are the tasks from 7, i.e. Ay = Z. Since | > 2r

ZU]' = ’V%-‘ MUpin > M,

i€z
N =0, N = Z and N3 = (), and only (4.11) is used in the determination of ¢,

giving

implies

3 —tho=A= min =

At g 1 7)1,
m—0 jeNn2 Uj e

By (4.8), all tasks in Z are completed by t3, giving
2 l
C;(n"7) —d;j=ty—1l—r=2 H Plpin, — 2 for all j € Z. (5.5)
r

The lemma follows from (5.3), (5.4) and (5.5), along with the fact that (5.5) is
an equality for some j € Z, and the fact that

) ) r )
21— | rUpin — 2r > | = | "Upin — T + [—-‘ r—r=|—|"Unyn — T
r r r r

Lemma 5.5 For any optimal schedule w for p,

m_umina_r)

r

[
Loz (w) <2 {——‘ TUpin — 27 —
m
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for any combination of | > 2r > 0 and m > Uy, > 1.
Proof. Consider the schedule o defined as follows. Since

D) l ) Upnin 1
max 2= i v <i< | < |2 v+ Ty = =Y
ax r< _[-‘7’<L’-‘TU + (=) Dj

JEXUY 1, T m ,
JEXUY

use the Modified McNaughton Algorithm to schedule all 7 € X UY during
[ Umin
[O, {——‘ TUmin + (I — 7’)} ,
r m

Cj(o)—d; < [[‘ TUpin + Umm(l —r)—r forall je X (5.6)
r m

giving

and

Cj(o)—d; < [[‘ TUnin + Urmin (l—r)—1 for the sole task j € Y. (5.7)
r m

Finally, use the Modified McNaughton Algorithm to schedule all tasks in Z

during

l Ui ) Ui
- . mwn l _ 2 - ) mwn l _
Hrr—‘ T"Umin + ( T), ’Vr—‘ TUmin + ( T) )

m m
giving

l
Cj(o)—d; <2 {——‘ TUpin, — 27 —

r

m(l —r) for all j € Z. (5.8)
m

Combining (5.6), (5.7) and (5.8), along with the fact that the maximum lateness
of any feasible schedule is an upper bound of the maximum lateness of an optimal
schedule, gives

m — Umin

l
Linaz(w) < Lipgz(0) <2 {——‘ TUpin, — 27 — (l—r).
r

m

Theorem 5.6 For the Brucker-Garey-Johnson Algorithm the bound (5.2) is tight

for all combinations of [ > r >0 and m > Uy > 1.

Proof. Let n”% be a schedule produced by the Brucker-Garey-Johnson Algo-
rithm. When [ < 2r, (5.2) is zero and thus the bound must be tight. On the other
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hand, if [ > 2r, combining Theorem 5.2, Lemma 5.4 and Lemma 5.5 gives

m — Umin m — Umin

l—r)>1L PYY L > M
m (I =7) > Linax (Tl ) maz (W) > m (I =),

and the theorem is proven. m

This section has established a performance guarantee under very broad condi-
tions, and has proven that it is met for the Brucker-Garey-Johnson Algorithm for all
possible combinations of m, ,,;,, [ and r. This expands on what is already known
by adding variable task parallelisms, providing a comprehensive proof of tightness,

and establishing broad conditions under which the bound holds.

5.2 The Garey-Johnson Algorithm

The bound on L.z (Tfff ) proven in this section is a non-trivial adaptation to the
Plprec, pmtn, u;|Ly,q, problem of the bound for Plprec,p; = 1|L,., presented in
[36]. It is a tighter bound than any known to the author. The results of this section
and the next section were originally presented in [116] in collaboration with Yakov
Zinder and Claire Hanen.

For the purposes of this section, let i = ¢*. If 7o = 0, Lemma 4.22 demonstrates
that the schedule ¥ is optimal. Therefore, for the purposes of the following con-
struction, assume that 7o > 0. Define xy to be any task such that xy € H;+_; and,
for all p*-incomplete intervals [¢;,t;11] for which i < i*, zy ¢ H;. The existence of

xq follows from Lemma 4.29. Starting with the pair (ig, zo), consider a sequence

(0, o), (i1, 21), . .. generated as follows. Suppose task z, has been defined and z,4q
has not. Let
pg = Cay (tisn?") . (5.9)

As a consequence of this, p* = py. Tasks x, will be defined so that
Ty € Aiq—l U Aiq- (510)

Note that (5.10) holds for ¢ = 0.

By (5.9), (5.10) and Lemma 4.26, if i, > 0 there exists some g € H;, _1(pq)
for which either ¢ = z, or ¢ — x,. Hence, Lemma 4.13 and Lemma 4.26 imply
Hi(pg) # 0 for all i < i,.

If, for all ¢ < i, |Hi(py)| > 1, define k = ¢ and let (ix,x) be the last pair
in the considered sequence. Otherwise, let ¢,1; be the largest among all ¢ such
that i < i, and |H;(pg)] = 1. Let z,41 be the sole member of H;_  (p,). This
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construction process guarantees that (5.10) remains valid for all 0 < ¢ < k. Observe

that, although the points of allocation t; are numbered in increasing order of t;,

ie. ty < t; < ---, the points t;, are numbered in decreasing order of ¢; , that is
Lig >ty > -+ -.
In order to simplify notation, define i¢x.; = —1. For the specified sequence

of pairs (ig, o), (i1, 21), - . ., (i, k), ¢, is defined to be the total length of all p,-
complete intervals in schedule n% during the time interval [tis1+1,ti,). Likewise,
w, is defined to be the total length of all p,-incomplete intervals in schedule n?
during the time interval [t; , 41,%;,]. For 1 < ¢ <k, let

Zq = tqurl — tiq- (511)

The complicated set of definitions above is required to examine the structure of
n? in much greater detail than the analysis of 1 in Subsection 5.1.1. In particular,
intervals [t;,,t;,+1] will undergo significant analysis in order to demonstrate that
they make no net contribution to the bound (5.16) established in Theorem 5.14. In
order to accomplish this, the following lemma establishes the completion times of
some z, — although sometimes z, = x,_1, if 4,1 # 7, + 1 it can be demonstrated

that x, # x,_1, allowing the completion time to be established.
Lemma 5.7 Forall1 < q <k, if iy #iq+ 1 then Cy, (ng/) = ti,41-

Proof. If ¢y # 7,01 — 1 then, by the definition of ¢, 7, + 2 < 4,4 and
|H;,+1(pg—1)| = 2. By Corollary 4.28, all tasks j € H; y1(ps—1) have either z, = j
or r; — j. Since H; 41(pg—1) € A;+1 and since A; 4 is a set of independent
tasks, the former case is ruled out and thus H; 41(pg—1) € K,,. This implies that
Cs, (Tff/) <ti,+1. By Lemma 4.27, z, € Nli“, so (4.7) implies C, ('r]%’) > ti,41 and

the lemma is proven. m

Corollary 5.8 For all1 < q <k, if v, # w41 then C,, (Tfff) =i 41-

Proof. If iy_1 # i, + 1, this follows directly from Lemma 5.7. If ¢,y = i, + 1,
the fact that x4y € H; +1(pq—1) and Corollary 4.28 imply that x, € Nli“. As
a consequence of x, # x,; it follows that C,, (Tff] ) < ti,41, so (4.7) implies
Ce, (ng/) > t;,+1 and the corollary follows. m

Recall that, in the definition of the Garey-Johnson Algorithm, for each task j
with K; # 0, two values a; and b;, as defined in (4.18), are used to bound the
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priority p in (4.19) when calculating the value of ;. The lemma below is the first

step towards the establishment of a relationship between successive values of p,.

Lemma 5.9 Foralll1 <q <k, ifi,1 #i,+1,
a:vq S Pqg—1 S b:vq-

Proof. If i,_; # i, + 1, Lemma 5.7 implies x, # z,_1 so Corollary 4.28 implies
xy — T4—1. As a consequence of (4.15) and (5.9),

g, = N [y < Mgy < §$q71 (tiqflanf) = Pq—1
gequ

Pzq_4 Py
< 4+, < max [ =2+ =b,,
= g1 lu q—1 — gerq <Ug IU/Q) q

and the lemma is proven. m

The lemma below examines the relationship between u,,;,, a parameter of the

bound (5.16), and w,, an important parameter used in the establishment of that

bound.
Lemma 5.10 For all 0 < g <k, if m < 2y, wy = 0.

Proof. If m < 2un, |Hi(p,)| > 2 implies

Z u]2m7

JE€EH;(pq)

meaning [t;,t;+1] is p,-complete. By the definition of i, |H;(p,)| > 2 for all 4,41 <

t < iy and consequently w, = 0. m

The lemma below further advances the understanding of the relationship between

)

Pq S-

Lemma 5.11 Forall1 < q <k, if i,1 # 14+ 1,

Umnin
Mz, > Pg—1+ 1+ Wg—-1-
Proof. As a consequence of Corollary 4.28,
Hi(pg—1) € ({wq} U K,,) for all 4, <@ <i,;. (5.12)

112



If iy # ig+ 1, Lemma 5.7 implies x, ¢ H;(pg—1) for any i > i, and thus V C K, ,

where
ig_1—1

V= J Hipe-).

i=ig+1
For all j € V, define

t(j)=14+max{i: i, +1<i<iz1ANj€ Hi(ps-1)},

i.e. ¢(j) is the latest point of allocation in the currently considered interval [i;+1, ;1]

that task 7 has a high priority. This definition implies, for all j € V,

49 bj tL j 777%
G (tL(j)77f§¢) = % + i 2 pg-1;
j
rearranging gives
pi (tuiy»n™) = uj (g1 — h5) - (5.13)
Define
5 m if [t;, ti41] 18 py—1-complete
' 2QUnin if [t;, tit1] is pg—1-incomplete

for all i, < i < i,—;. It follows from (4.18), (4.19), (5.12), (5.13) and Lemma 5.9,
that

1 1
Hag 2 Pg-1+ — Y Bilpg1) Z pr + - Y = (pgr — 1)

JEKzq JE€Kag

1 ;
> Pg—1+ - Z (Pj —Pj (tL(j), 77%))

JEV

ig—1—1

1 ’ ;
> pPg-1+ - Z Z (pj (tiangj) —Dj (tz‘+1,77g/))

i=ig+1 jEH;(pg—1)

ig_1—1
> Pg—1+ - izzq;l Oi(tipr — ;).
If m > 2uy;, + 1, this gives
iy 2Umin
Pzg = Pg—1+ - “Zq;l i(tis1 — i) = pg—1 + cg1 + Wq—1-

If, on the other hand, m < 2u,,, Lemma 5.10 states that w,_; = 0, and thus
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Cq—1 = ti,_, —ti,41. Consequently, the preceding reasoning leads to
ig—1—1

Hay = Pg—1 + p— .Z+15i<ti+1 —t;) = pg-1 +ti,_, —ti;11 = Pg-1+ Cq1 +
i=iq

Umin

Wy-1

and the lemma is proven. m

The lemma below is the culmination of the preceding reasoning. It establishes
the desired relationship between successive values of p,. Specifically they are related
in terms of m and u,,;,, parameters of the problem that appear in the performance
guarantee (5.16), and z,, ¢,—1 and w,_1, which are used in Theorem 5.14 to derive
this bound.

Lemma 5.12 Forall1 < g <k,

2umin

pq Z Zq + Cq—l + qu—l + pq—l'

Proof. By Lemma 4.27, z, € N{*. Consequently, by (4.7), (5.9) and (5.11),

- % gy = 24+ Paq (tz;+1777 ) + L, - (5.14)

Pq

q q

If v, = v4_1, Lemma 5.7 implies ¢;,_; = ¢, + 1 and thus ¢,_1 = w,—1 = 0. Hence,
(5.14) implies

%
Pz tz +1777J”j 2umzn
Pq = Zq + q(q )+qu:zq+/)q1:zq+pql+cql+

Ug,

Wq—1-

Suppose, on the other hand, that z, # z,_,. In this case, Corollary 5.8 and Lemma
5.11 imply

q( ot 7 ) + fay = 2 + o, = Zq T Pg—1 + Cq—1 +

Pq = 2+ Wq—1-

Uy,
Consequently, the lemma is proven in both cases. =

Having gained an understanding of the structure of schedule %, it now remains
to use this knowledge to derive the desired bound. The lemma below is analogous
to Lemma 5.1 in Subsection 5.1.1 — it establishes a bound on the performance of the
Garey-Johnson Algorithm, but not in the desired terms. It will be used to derive
(5.16) in Theorem 5.14.
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Lemma 5.13 For any schedule 7 produced by the Garey-Johnson Algorithm and

any optimal schedule w,

Loz (77%]) — Linas (w) < T Z Wg-

k>q>0
Proof. By the definition of ¢;,,
Linas (%) = tig + po = cr+wi+ Y (2401 + ¢+ wg) + po. (5.15)

k>q>0

Lemma 4.14 and Lemma 5.12 together imply, similar to the proof of Lemma 5.11,

ip—1

Limas (W) = G(w) 2 pr+ % Z Z (ps (t5:0”") = pj (tis,n?))

=0 jeH;(pr)

2umin 2umzn 2umin
> c + W+ pp = ¢+ wy, + g Zg+1 + g+ wy | + po-
m m m
k>q>0
The bound in the statement of the lemma is obtained by substituting (5.15) into

the inequality above. m

The theorem below is very similar to Theorem 5.2 — the primary difference is in

the consideration of the additional case where m < 2u,,;,.

Theorem 5.14 For any schedule 7 produced by the Garey-Johnson Algorithm

and any optimal schedule w,

0 if m < 2Upin or 1 < 21

b9
s (77 f) e ()= = i QUme —r) otherwise (5.16)
m

for all combinations of [ > r >0 and m > wy;, > 1.

Proof. If m < 2u,,;,, Lemma 5.10 implies

> w,=0. (5.17)

k>q>0
Hence, Lemma 5.13 gives L,,qz (ng/) — Lpaz (w) <0, and the theorem holds.
The consideration of the case where [ < 2r is analogous to the proof of Theorem
5.2 — as before [ < 2r implies there are no precedence constraints, which implies there

are no po-incomplete intervals, and hence Lemma 5.13 implies that L,,q. (ngf/ ) —
Linae (w) <0 and the theorem holds.

115



Finally, assume that m > 2u,,;, + 1 and [ > 2r. Notice that Corollary 4.28 and
Lemma 4.29 imply the existence of a chain of tasks. Specifically, construct a chain

C = {Jo, 71, - - } using the Garey-Johnson Chain Algorithm.
The Garey-Johnson Chain Algorithm

1. Initialise e :=1,7:=19 — 1 and ¢ := 0. Set jy = xo.

2. If there exists an ¢’ such that 1 < ¢ < i and [ty,ty41] Is p,-incomplete, update
1 to be the largest such 4'. If no such i’ exists, terminate the algorithm.

3. If je_1 ¢ A, select as j. any task in J;, , N H;(p,) and increment e.
4. If jo_1 = w441, increment q.

5. Go to Step 2.

Since Step 2 of the algorithm above always selects a smaller value of i, this
algorithm always terminates. At Step 3, either ¢ was incremented in Step 4 after
the selection of task j._; or it was not. In the former case, j._1 = x4, and Lemma
4.26 demonstrates that there exists g € H;(p,) such that either g = j._1 or g — je_1.
On the other hand, if ¢ was not incremented in Step 4 after the selection of task
Je—1, let g = je_1. In all cases, Corollary 4.28 implies that g, and thus j._;, has
a predecessor in H;(p,). Consequently, the selection of j. in Step 3 of the above
algorithm is valid.

The length of chain C provides a lower bound on [, and since each task j €
C\ {zo} was selected from H;(p,) for some p,-incomplete interval [t;,t;1], Lemma

4.27 implies that j € Ni. Furthermore, since r is a lower bound on the length of x,

l>zpj px“ Z p]>r+2wq

jec ]EC\{JJO} Uy k>q>0

The theorem is proven by combining the above bound on [ — r with Lemma 5.13.

In the next section, the bound (5.16) established above will be demonstrated to
be tight for all m > wu,,, > 1 and [ > r > 0, a comprehensive demonstration of
tightness not found in [105], which provided a similar, but weaker, bound for the
Brucker-Garey-Johnson Algorithm.

The corollary below is a generalisation of the well known result that the Garey-

Johnson Algorithm solves the P2|prec, pmtn|L,,., problem.

Corollary 5.15 The Garey-Johnson Algorithm solves the P2|prec, pmtn, uj| Ly

problem.
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The corollary below provides a ratio bound for the Garey-Johnson Algorithm
that has a similar form to the bound provided by Corollary 5.3 for the Brucker-
Garey-Johnson Algorithm.

Corollary 5.16 For any schedule n? produced by the Garey-Johnson Algorithm

and any optimal schedule w,

Lmaa: (CU) me S 2umin
Lmae (N7 < I DI .
(77 ) a <2 — Umm) Liar (W) + <1 — Umm) (dmaz — 1) Otherwise
m m

Proof. As before, this corollary follows from the substitution of L. (w) >
| — dpae into (5.16). m

5.3 Dominance of Performance Guarantee

This section shows that no algorithm in family § N & can have a better perfor-
mance guarantee than (5.16). To make this statement more rigorous, the following
definitions are required.

Let ®(m, wpmin, ,7) be the set of all instances of the problem P|prec, pmin,u;
| Linae With the same values of m, wy,, [ and r. Observe that, for any combination
of L > 7 >0 and m > Uy > 1, ®(m, upmin,l,7) is comprised of infinitely many
such instances which differ from each other by the number of tasks, their processing
times, permissible parallelisms, due dates and precedence constraints. For any al-
gorithm &7 € FN S, let I' (M, Upin, [, 7) be the least upper bound on the difference
Lo (n“ ) — Lyas (w) over all instances in ®(m, wyin, [, 7). In other words, for all

schedules 7, created by algorithm &7 for instances in ®(m, tmn, 1, 7),
Loz (n“{) — Linas (W) < T (M, Ui, 1, 1),
and for any € > 0, there exists an instance in ®(m, wmn, [, ) for which
Loz (77‘”) — Linas (W) > T (M, Upin, 1,7) — €.

It will be shown that, for any algorithm &/ € § N & and any combination of
[>7r>0and m > Upin > 1, (M, Upin, [, 7) is not less than the right hand side of
(5.16). Since the Garey-Johnson Algorithm is a member of family §FN &, this result
implies that (5.16) is tight for this algorithm.
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This can be viewed as a vast improvement on the result given in [117], where it
is proven that one already known algorithm within an infinite family of algorithms,
specifically the nonpreemptive version of the Zinder-Roper Algorithm, has a better
performance guarantee than all other algorithms in that family. What differs in
[117] is that

e the problem considered in [117] is the P|prec, p; = 1|Lyq, problem;
e the bound examined in [117] is a ratio bound, rather than a difference bound;

e in [117] the value that the Zinder-Roper Algorithm minimises is a function
only of the number of machines m, in contrast to the four parameters of '

and
e the bound considered in [117] is only asymptotically tight.

The last point is the most important. A tight bound of the form considered in
[117] is derived in [119], but includes a constant term that is not accounted for in
[117]. Consequently, it may be the case that another algorithm has a better perfor-
mance guarantee than the Zinder-Roper Algorithm by improving on this constant
term. It might also be the case that the Zinder-Roper Algorithm has the best per-
formance guarantee for some values of m, but not for others. In contrast to this,
it is demonstrated in this section that the Garey-Johnson Algorithm has the best
performance guarantee, of the form appearing in (5.16), for every combination of
the four parameters [ > r > 0 and m > u,,;,, > 1. Hence, this section significantly

advances the body of knowledge in this area of research.

Consider all instances of the P|prec, pmtn, u;| Ly, problem with the same num-
ber of machines m. Recall that, by the definition of family § N &, all algorithms
2/ € FN G determine the values of p’s by a stable function p. Observe that for
any algorithm 7 € § NG and any two tasks ¢ and ¢ such that K, = K, = (),

Hg = Mﬂ(dg, (m,®,®,®,®)) and Mg = Mﬂ(dqa (m7®7®7®7®))' (518)

This method of computing p, and p, remains the same regardless of whether this
computation occurs in the construction of a schedule for one problem instance or
in the construction of two schedules for two different problem instances. In other
words, (5.18) does not depend on whether tasks g and ¢ are in the same instance
or in different instances. Furthermore, if for these two tasks, dy = dg, then p, = 14

regardless of whether this computation occurs in the construction of a schedule
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for one problem instance or in the construction of two schedules for two different
problem instances. This observation is particularly important to understand when
considering the proofs in this section. Specifically, three different problem instances
are considered, and schedules produced by an arbitrary algorithm from family §NG&
are compared. It is demonstrated that it is impossible for any single algorithm from

this family to improve on the performance guarantee (5.14) in all three cases.

Consider any specific values of m, U, [ and r, such that [ > 2r and m >
2Upmin + 1. For these values, consider a problem instance o' € ®(m, Upmin, [, 7) which

has no precedence constraints and has the parameters

o[}

po=1Im—1),up=m—1and forall j € {1,...,n—1}, p; = rtbmin, Uj = Upin, and
d; = dy —[. The due date dy can take any value.
Observe that, for !,

e the longest chain is composed solely of task 0, and has a length of [;
e all tasks j have u; > Uy and wuy;, is achievable, for example u; = Upp; and
e all tasks j have % > r and r is achievable, for example Z—ll =r.

J

As was the case with the proof of tightness for the Brucker-Garey-Johnson Al-
gorithm, an upper bound on the optimal maximum lateness is compared with the
maximum lateness produced by the algorithm under consideration. The lemma

below considers the optimal maximum lateness.

Lemma 5.17 For any optimal schedule w for ¢!,

[
Lmax(w) S ’V_—‘ TUmin + l - dO
r
for any combination of | > 2r > 0 and m > 2u,, > 2.

Proof. Consider a schedule o' that has all of tasks j € N\ {0} processed during

b

That means that all m machines are busy during this interval, processing the tasks

the interval

in N\ {0}. It is easy to see that this fragment of the considered schedule can be
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obtained using the Modified McNaughton Algorithm. Suppose also that task 0 is

processed in o during the interval

[ ]

The maximum lateness of this schedule provides an upper bound on the optimal

schedule and so

Lmax(w) S Lmaa: (Ul) - ’V%—‘ T"Umin + l— do,

and the lemma is proven. m

In order to understand the behaviour of an arbitrary algorithm &/ € F§N &, the

lemma below addresses the manner in which the tasks are partitioned into N?, NJ
and NY.

Lemma 5.18 When any algorithm o/ € NG is applied to @', for any combination
of L > 2r >0 and m > 22Uy, > 2,

(N\{0}) € V.

Proof. According to (4.3) and (4.4), for any j € N, u; = p“(d;, ;), where p
is a function, specifying the algorithm 7. For the problem instance ¢* and for all
tasks j € N, p; = (m,0,0,0,0). Since all j € N\ {0} have equal d;, they also have
equal fi;, i.e.

H1 = M2 == Up—1-

Consequently;,

[
Z u; = [—-‘ MUin = 2M
JENN(0) g

implies (N \ {0}) C NY. =

Let T be the point at which the last of the tasks in N \ {0} is completed in 7,
le.

_ (o
7= o, O ().

The lemma below examines the consequences of a large value of g relative to the
values of the other u’s, as stated in (5.19). This will be expanded upon in Lemma
5.20, and it will then be demonstrated that these consequences are incompatible

with a value of T (m, U, [, ) that improves upon the bound specified in (5.16).
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Lemma 5.19 For any algorithm </ € §NS, when < is applied to o', if

2umin -

R (5.19)
m— 1 M1 = pf2 = = Hn-1, .

Ho +
then either Cy (7)“{) < T or Ni= N for some point of allocation t;.

Proof. Recall that, when Algorithm P calculates the length A of the interval
between the current point of allocation and the next, A is constrained by some
(possibly strict) subset of the inequalities (4.10), (4.11), (4.12), (4.13) and (4.14).
Three cases will be considered below, based on which set — N?, N or NY — contains
task 0.

e Suppose 0 € NY. Let U; and U, be as specified at the introduction of (4.10) —

(4.14). In the considered case, Lemma 5.18 implies
0 [
Ui=u=m-—1 and U, = ‘NQ ‘ Umin = | = | MUpmin.-
r

Consequently, taking into account (4.10),

(to, n” l l
Us min P ( 0,7 ) =Uyr = {——‘ M Upnin, > {——‘ TUmin
T T

m — Uy jen? u;j

> Upin > | = min
JENY Uj
where A = t; — t5. So, when Algorithm P computes A, (4.11) is not an
equality, i.e.
j ti7 “ -
min p]( il ) > m— Ui
JEN2 U U,

A. (5.20)

In words, this means that no task in N?, i.e. no task in N \ {0}, can be
completed at or before time ¢; because the completion of a task in N, in this

case task 0, constrains t; to be too small.

According to the description of Algorithm P, at least one of (4.10) — (4.14)
must be an equality. Since NY = (), (4.13) and (4.14), the conditions that a
task in NY or N respectively become equal in priority to a task in NY, cannot
be considered. Consequently, the fact that (4.11) is not an equality implies
that either (4.10) or (4.12) is an equality — respectively, that either a task in
NY (in this case task 0) is completed, or a task in N{ (again, this must be
task 0) becomes equal in priority to the common priority of the tasks in NJ.

These two sub-cases are considered below.
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— Recall that the value of T" must be at least equal to the total processing

of all tasks that came before it divided by m, i.e.

T> %Z (pj = p; (T:n)) = % (po = o (")) + H Pitmin- (5.21)

JEN

Consequently, if (4.10) is an equality,

Co (77%) =t =1< [[‘ TUpin < 1.

r

— If (4.10) is not an equality, then

Do (tl, 77‘%)
Ug

po (t1,n?) > >0
and hence task 0 is available for processing at time ¢;. Furthermore,
(4.12) is an equality, i.e. the common priority of the tasks in NY (in this
case the tasks constituting N \ {0}) is equal to the priority of a task in
N} (which in this case is task 0). Consequently py (T, n? ) > 0 and, for
all j € N\ {0},

p; (t1,n) po (t1,77)

= 7 ) 5.22
u, + 1 %0 + Mo ( )

This implies Ny = N.
o If 0 € N, then NY = N.

e Suppose that 0 € NY. The inequality m > 2w, +1 and (5.19) together imply

m— 2
[ < po +

p < g+ ——— I < po+1L.
m J—

1 m—1

Hence, 111 — I — pp is negative. Then, applying (4.14),

p; (to,n”) _n (to,n?) - p1 (to,n?)

min + 1 — L — o
JENY U Uy U1
t , o . t , o . U
:M+Nl—mm{{m+ﬂ]}zm N
Uy JEND u; Us

Consequently, when Algorithm P computes A, (4.11) is not an equality, i.e.
(5.20) holds in this case as well.
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According to the description of Algorithm P, at least one of (4.10) — (4.14)
must be an equality. Since N{ = 0, (4.10), (4.12) and (4.13), respectively the
conditions that a task in N{ is complete, that a task in N{ becomes equal in
priority to a task in NY and that a task in NY becomes equal in priority to a
task in NY, cannot be considered. Consequently, the fact that (4.11) is not an
equality implies that (4.14) is an equality, i.e. that the common priority of the
tasks in VY (in this case the tasks constituting N\ {0}) is equal to the priority
of a task in NY (which in in this case is task 0). In other words, (5.22) holds
for all tasks 7 € N \ {0}. As before, this and the inequality pg (T, n? ) > 0
imply Nj = N.

Hence, the lemma holds in all cases. m

Lemma 5.20 For any algorithm o/ € § NS, when & is applied to ©*, if (5.19)
holds, then either

Po (T7 nﬂ)

. 5.23
" + o = p1 = e Hn—1 ( )

or Cy (77“7) <T.

Proof. As has been shown by Lemma 5.19, at least one of two conditions
must hold: either C (77“7 ) < T or Ni = N for some point of allocation ¢;. If the
latter condition holds, when determining the point of allocation t¢;,1, the fact that
Ni = Ni = implies that (4.11) is an equality, i.e. a task in NY is completed.

Since all tasks j € N \ {0} have the same p;, u; and p;, (4.7), (4.8) and (4.9)
imply they receive the same processing time between any two points of allocation.
Since (4.11) is an equality, this indicates that one of the tasks in N is completed in
the time interval [t;,t;,1]. Given the above, the completed tasks form one of three

possible sets:
e all tasks in NV \ {0}, in which case T'=t;41 < Co (n7);
e the task 0, in which case Cj (7)“{) <tiy1 <Tjor
e all tasks in N, in which case Cj (n”) <tig1=T.

If T =t;11, then p; (T,n”) =0 for all j € N\ {0}. Therefore, by the definition
of NQ,
pi (T,n”)

1 =G (T7 77%) = Co (Tv nﬂ) = 1

+ Mo,
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s0 (5.23) holds. Since t;41 < T implies Cy (n”) < T, either (5.23) holds or Cy (n”) <
T, or both. m

The following lemma uses all of the preceding results to establish limits on the u’s
an algorithm .o can create if I' (m, Uyin, [, 7) improves upon the bound specified in
(5.16). As stated earlier, the definition of family §N& means that the p’s produced
depend only on the each task’s due date, it’s successors, and the number of machines
— the rest of the problem instance does not affect these values. This property is used

in the subsequent Corollary 5.22 and Corollary 5.23.

Lemma 5.21 For anyl > 2r > 0, m > 2uy, > 2, and any algorithm of € NS
for which

m — 2Umin

T (M, Unin, [, ) < (l—r), (5.24)

m

when < is applied to o', the 1’s generated by this algorithm are subject to

2umm -1

Ho + l<pr=po=""=pin1.

m—1

Proof. Assume that this is not the case, i.e. assume that (5.19) holds. In this
case, Lemma 5.20 demonstrates that either (5.23) holds, or Cy (77”) <T.

Suppose (5.23) holds. Therefore, taking into account (5.19) and (5.21),
Lmam (nQ{) >T— (dO - l)
[ 1 o

l —1
= [—-‘ Tumin+L(l—M1+No)—do+l
r m

[ —1 2Upmin — 1
>[—wmmm+m (l— Y l)—d0+l
T m m— 1

m — 2Umin

[
= ’V_—‘ Tumzn+l_d0+ l.
r

Consequently, Lemma 5.17 implies

m — 2Umin m — 2Umin

[ >

x4 _
Lma:v (77 ) Lmax<w) > m m

(I —r), (5.25)
which contradicts (5.24).
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On the other hand, if Cy (n”) < T, then
o ! m—1
r m

> ’V——‘ TUpmin + 1 — do + ul,
r m
which, as had been shown above, implies (5.25), which in turn contradicts (5.24).

Corollary 5.22 Consider any algorithm o/ € FN S and any specific values of m,
Umin, | and r, such that | > 2r > 0, m > 2uu;, > 2 and (5.24) holds. Then, for
any two tasks g and q such that K, = K, = 0 and d, — d, = 1, the corresponding
1w’s computed by the algorithm <f , satisfy

2umm -1

fg > pg + 2 (5.26)

m—1

Proof. This follows due to the definition of family § N &. Consider two tasks,
not necessarily in the same problem instance, g and ¢ such that K, = K, = () and
d, —d, = l. Lemma 5.21 demonstrates that tasks 0 and 1 of ¢* obey dy — dy =1
and

P12 po+ ————
m—1

Since all algorithms &7 € NG determine the p’s used by Algorithm P by a function

l.

w, for any two tasks where the arguments of this function are identical for both
tasks, these tasks will receive the same value of u. Again, this does not even require
the tasks to be in the same problem instance. Consequently, p, = o and pg =

and the corollary is proven. m

Corollary 5.23 Consider any algorithm of € NS and some values of m, U, [
and r, such thatl > 2r >0, m > 22Uy, > 2 and (5.24) holds. Then, for any positive
integer k and any two tasks g and q such that K, = K, =0 and d;, — d, = kl, the
corresponding j1’s computed by the algorithm <7 , satisfy

Note that Corollary 5.22 and Corollary 5.23 establish a relation between due
dates and p’s for any algorithm 7 € FNG for which (5.24) holds, and for a particular

quartet of values m, U, [ and r, regardless of the behaviour of the algorithm .o
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Figure 5.2: Precedence graph of 2.

for any other values of these parameters. This concludes the examination of the

problem instance ¢!.

For any combination of [ > 2r and m > 2u,,;, + 1, consider a problem instance
©* € ®(m, Upin, [, 7) where the tasks form three sets: X, Y and Z. The set X is
comprised of { W m identical tasks. The set Y is comprised of two identical tasks.

The set Z is comprised of 2(k + 1) { W m identical tasks, where

k= [Llﬂ . (5.28)

2umin -

Each task in Y precedes (k + 1) [L] m tasks in Z and none of the tasks in Z is
preceded by both tasks in Y. No other precedence constraints exist between the
tasks in addition to those already mentioned. Figure 5.2 depicts the partially ordered
set of tasks in 2. In this figure, each task is labelled with the name of the set to
which it belongs.

The parameters of the tasks are

® Dj = TUmin, Uj = Upmip and d; = r for all j € X;

e p;j = (Il — 7)Umin, Uj = Upin, and d; = (k + 1){ for both j € Y; and

® Dj = MUmin, Uj = Unip, and dj = (£ + 1) ([L] rumen + 1) for all j € Z.

Observe that

e cither j € Y and any of its successors g € Z form a chain of maximal length,
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with a length of
uj Uy

® Uj = Upy forall j € X UY U Z; and

. p—?:rforalljEXUZandZ—;:l—'r’zrforbothjEY.

Uj

As with the examination of ¢!, a bound on the optimal maximum lateness is

established in the lemma below.

Lemma 5.24 For any optimal schedule w for ©?,

2umin

L (W) < (k+2) [é-‘ TUnin + (l—r)—(k+ 1)l

m

for any combination of l > 2r > 0 and m > 2u,, > 2.

Proof. Consider a schedule o2 defined as follows. Since, for all j € X UY,

; l l 22Uy
& << [——‘ r< {—-‘ TUpnin + umm(l —7),

U; r T

use the Modified McNaughton Algorithm to schedule all j € X UY to be processed

to completion during

giving

YT
C; (n“{) —d; < ﬁ—‘ T Upin + Umin (l—r)—r for all j € X (5.29)

[ 2 min .
Cy(n”) —d; < H Pl + (1 ) — (k+1)]  for both j €Y. (5.30)
T
Similarly, for any tasks j € Z,

; l l
& <Il< [——‘ r<(2k+2) [;—‘ T Upnin-

Uj r

Therefore, use the Modified McNaughton Algorithm to schedule all tasks in Z to be

processed to completion during

l QU l QU
H——‘ TUpmin + Umin (I—7), (26 + 3) {——‘ TUpin, + Umin (I—r)
r r

m
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giving

l .
C; (nﬂ) —d; < (k+2) [;-‘ TUmin + = (l—r)—(k+1)I for all j € Z. (5.31)

Combining (5.29), (5.30) and (5.31), along with the fact that

gives

and the lemma is proven. m

Let j and g be the tasks constituting the set Y. Observe that all tasks in Z are
identical in terms of their required processing times, the permissible parallelism in
their processing, and their due dates. Therefore, the tuple ¢, describing the partially
ordered set of the successors of j and the tuple ¢, describing the partially ordered
set of the successors of ¢ differ only in the names of the successors of j and g. Hence,
taking into account the fact that d; = d,, and the stability property of the function
w? which specifies any algorithm 7 € FNGS, y; = 1,. In what follows, the common
value of p; and p, for algorithm &7 will be denoted a. Similarly, since all tasks in X
are identical in terms of their required processing times, the permissible parallelism
in their processing, and their due dates, all tasks in X have the same p’s. In what
follows, the common value of all these u’s for algorithm .o/ will be denoted 5. The
following lemma establishes a relation (5.32) between the priorities  and [ that
any algorithm must have if I'’ (m, Ui, [, 7) improves upon the bound specified in
(5.16). It will later be demonstrated that (5.32) constrains the algorithm to produce
a schedule for a third problem instance, defined later, with a maximum lateness that

deviates greatly from the optimal.

Lemma 5.25 Consider any algorithm o/ € § N & and any specific values of m,
Umin, | and r, such that | > 2r > 0, m > 2uy, > 2 and (5.24) holds. When < is
applied to ©?, the u’s generated by this algorithm are subject to

l—r+4+a>p. (5.32)

Proof. Suppose that the lemma is not true, i.e. suppose | —r + a < 3. This
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implies that, for all ¢ € X and both ¢ € Y,

Gq (Oaﬁﬂ) =l—=r4pg < pg=2G (0,77&7) - (5.33)

Consequently, since the tasks in Z are not available at time t; = 0 and since

l
ZU]' = ’V—-‘ MUpin > T
jex "
NY =0, N} = X and NJ =Y. Furthermore N} = () means that (4.10), (4.12), and

(4.13) are not considered when determining the second point of allocation ¢;. An
additional consequence of (5.33) is that, from (4.11),

U. o ops (i, U. U.
2 mmpj( il ): 2 < —2U1 (Cg (Oan‘”)—éq (Oa"]%))'

m — Uj jen? u; m — Uy m

A<

This implies that (4.14) can only be an equality if (4.11) is also an equality, i.e. all

tasks in X are processed to completion during

RRE
0, | = | "Umin| -
LT

[
C; (77%) —d; < ;—‘ TUpmin — T for all j € X, (5.34)

This gives

and this is an equality for at least one task.
At time t1, only the tasks in Y are available, i.e. Ay = Y. Consequently, the
next point of allocation ¢y is determined by (4.10), meaning both tasks in Y are

processed concurrently and completed during the interval

g |
— | "Umin, | — | TUmin + l -7,
T r

[
Ci(n”) —d; = [;w TFUmin — kL —r  for both j € Y. (5.35)

giving

Finally, all tasks in Z are processed to completion during the interval

H[‘ TUmin + 1 — 7, (2K + 3) [[‘ TUpin + 1 — r] :
r r

giving

l
C; (?7»@7) —d;j=(k+2) [;—‘ TUpin — KL — T for all j € Z. (5.36)
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As in the case of (5.34), this is an equality for at least one task.
Combining (5.34), (5.35) and (5.36), by (5.28) the maximum lateness of n is

Linas (77%) =(k+2) %—‘ TUpnin — KL — 7.

As a consequence of Lemma 5.24,

m — 2Umin

Linaz (1) = Linaz(w) > (=)

m

contradicting (5.24). m

This concludes the consideration of the problem instance ¢?.

For any combination of [ > 2r and m > 2u,,;, + 1, consider another problem
instance ©® € ®(Mm, Upin, [, 7) where the tasks form three sets: X', Y’ and Z’. The
set X' is comprised of (ﬂ m identical tasks. The set Y is comprised of only one task,
and the set Z’ is comprised of (k + 1) {H m identical tasks, where x is specified by
(5.28). The sole task in Y’ precedes all tasks in Z’. No other precedence constraints
exist between the tasks. Observe that the precedence constraints of ¢* can be
obtained from those of ©? by eliminating one of the tasks in Y together with all its
successors. Figure 5.3 depicts the partially ordered set of tasks in the considered
instance of P|prec, pmtn, uj| Ly, In this figure, each task is labelled with the name

of the set to which it belongs.

The parameters of the tasks are
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® Dj = I'llyin, Uj = Upn and d; = kl +r for all j € X,
° pj:<l—'r)m7 uj:mand d]:<,‘i—|—1)l fOI‘j EY’; and
® D = Tlmin, Uj = Upip and dj = (k + 1) ([£] rumin + 1) for all j € Z'.

Note that the only changes to the parameters above from those of ? is that the

tasks in X’ have a different due date than those in X and the task in Y’ has a

different processing time and permissible parallelism than the two tasks in Y.
Observe that

e the longest chain is composed of the task constituting Y’ and any task in Z’,

and has a length of [;
o all tasks j have u; > U, With u; = uy,, for any j € X' U Z’; and
e all tasks j have 22 > r with 2 = for all j € X' U Z.
J J

Since all tasks in X’ have the same due dates and no successors, they have the
same p’s. For algorithm &/ € §N &, let v be the common value of all these u’s,
i.e. v = p; for any j € X'. Since the due date and the successors of the tasks in Y’
are the same as those of the task in Y’ the u of the task in Y’ is equal to «. This
allows a constraint to be placed on the relationship between o and ~ in the lemma
below. It will be combined with Corollary 5.23 and Lemma 5.25 to demonstrate
that, if an algorithm 7 € § N & produces good schedules for instances ¢! and ¢?,

it will produce a bad schedule for 3.

Lemma 5.26 Consider any algorithm o/ € § NS and any specific values of m,
Umin, | and r, such that I > 2r > 0, m > 2up;, > 2 and (5.24) holds. When < is
applied to @3, the u’s generated by this algorithm are subject to

a>r—+.
Proof. Let ¢ be any task in X and g be any task in X'. Since d, — d, = &,

according to Corollary 5.23,

/{/7
Nq — Mg m— 1

l.
Therefore, applying (5.28) and Lemma 5.25,
2 min 1
l—7’+a>627+/<;u7121+7
m—1
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and the lemma holds. =

As with Lemma 5.17 and Lemma 5.24, the lemma below establishes an upper
bound on the optimal maximum lateness for ¢®. Along with Lemma 5.26, this will

be used in Theorem 5.28 to establish the main result of this section.

Lemma 5.27 For any optimal schedule w for @3,

l
Loz (w) < [;—‘ TUpin, — KL — T

for any combination of | > 2r > 0 and m > 2, > 2.

Proof. Consider a schedule o2 defined as follows. Use the Modified McNaughton

Algorithm to process all tasks in X’ to completion during the interval
[
|:07 ’V_—‘ Tumin:| )
r

l
G (") —d; < {;w Plmin — 6l =7 forall j € X', (5.37)

giving

This is tight for at least one task.

Process the task comprising Y’ to completion during the interval

[ roe [F] |
— | "Umin, | — | "Umin + [—r )
T T

giving

C;(n”) —d; = H—‘ Plimin — kI — 1 for the sole task j € Y. (5.38)

Note that the right hand side of the equation above is the same as that of (5.37).
Use the Modified McNaughton Algorithm to process all tasks in Z’ to completion

during the interval

[ l
H——‘ TUmin + 1 — 1, (K + 2) [——‘ TUmin + 1 — 'r’] )
T T
giving
l
C; (n”) —d; < [——‘ TUppin — KL — T for all j € Z'. (5.39)
r
Again, the right hand side of the equation above matches that of (5.37) and (5.38).
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Together, (5.37), (5.38) and (5.39) give

[

Lmax(w) S Lmaa: (03) = ’7;—‘ TUpnin — Kl — r,

and the lemma is proven. m

Theorem 5.28 For any algorithm o7 € NG and anyl > 1r > 0 and m > Upin > 1,

0 for m < 2unorl < 2r
T (1m0, Upin, 1,7) > — 2Unin

(l—r) otherwise
m

Proof. By definition, I'’(m, tmin, [,7) > 0. Therefore, the theorem holds for
m < 2Up:, and [ < 2r. Hence, in what follows, it is assumed that [ > 2r and
m > 2Upm, + 1. Consider any specific values of m, u,;n, [ and r, and suppose that
the theorem is not true for those values, i.e. suppose (5.24) holds.

Consider two tasks, g € Y and ¢ € Y'. For any h € Z and any h' € 7/,
Pn = pu, up, = up and dp, = dj. The tasks in Z and the tasks in Z’ have no
successors in their respective instances of P|prec, pmtn, u;j|Lyq,. Furthermore, g and
¢’ have the same number of successors in the set Z and Z’, respectively. Therefore,
there exists a one-to-one mapping between tasks in K; and K which preserves the
precedence constraints, the tasks’ processing times, the permissible parallelism in
tasks’ processing, and the tasks’ due dates. Then, taking into account that d, = d
and that the function p is stable, p, = pu,.

Since p, = a, Lemma 5.26 implies that, for all ¢ € X’

G (0,07) =7+ pg < pg = (0,07) = (L =7). (5.40)

Consequently, since the tasks in Z are not available at time ¢y = 0 and since
S =m
Jjey’

NY =Y’ NY =0 and NY = X’. Furthermore, Ny = () means that (4.11), (4.12),
and (4.14) are not considered when determining the second point of allocation ¢;.
An additional consequence of (5.40) is that, from (4.10),
j ti7 o
A < min Pittom ) ( il )
JEN? U4

=l—r<(y (0777%) — g (Ovnﬂ) :

This implies that (4.12) cannot be an equality and hence (4.10) is an equality, i.e.
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task ¢’ is processed to completion during
0,0 —7].
This gives
C; (n”) —dj=—kl—r  for the sole task j € Y. (5.41)

At time t; = [ — r, all tasks from sets X’ and Z’ are available, i.e. Ay = X' UZ".

This implies that there is at least one task from X'’ still being processed at time
|
L—r+ | = rmin
r

and consequently

l
C; (7)“2{) —d; > [;—‘ TUmin — (K — 1)l — 2r for at least one j € X. (5.42)

Combining (5.41) and (5.42) gives

Lmax (77,;27) > lré—‘ TUpnin — (K’ - 1)l —2r.

With Lemma 5.27, the above inequality gives

Lmam (77&7) - Lmam (w) > [—r> meln

(l—T'),

m

contradicting (5.24). For any [ > 2r > 0 and m > 2u,,;,, > 2, the negation of (5.24)

gives the bound in the statement of the theorem, and so the theorem holds. =

Corollary 5.29

0 if m < 2Upin or 1 < 2r
1—\%/ (ma Umin, la T) = m — 2umm

(l—r) otherwise
m

foralll >r >0 and m > Uy > 1.

Corollary 5.30 The three machine problem P3|prec, pmin, w;|Lyq. cannot be solved

by any algorithm in §NG.

The above results cannot be directly applied to the P|prec, pmtn|L,,q, problem,
that is the problem where all u; = 1, because it might be supposed that the flexibility

of arbitrary w; is required to prove this kind of result. However, the proofs above can
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Figure 5.4: Precedence graph of ¢°.

be easily adapted by setting u,,;, = 1 and replacing the task task in Y’ of problem
instance ©® with m tasks, each of length [ — r. This demonstrates that the much

studied P3|prec, pmtn|Ly,q, problem cannot be solved by any algorithm in §N &.

It should be noted that the three problem instances used to prove this result,
o', % and 3, all have bipartite precedence constraints. This means that bipartite
precedence constraints alone are sufficient to prevent any algorithm in § N & from
approaching the optimal maximum lateness more closely than I'? (m, tmn, [, 7).
Combined with Theorem 3.2 — proof of the NP-hardness of P|bipartite, pmtn|Lq. —
this strongly suggests that little can be gained by limiting the precedence constraints

to bipartite orders.

A similar result for the family & of stable algorithms is supplied below. Unfor-

tunately it is unknown if any stable algorithm achieves this bound.

For any combination of [ > 3r and m > 2u,,;,, + 1, consider another problem
instance ¢ € ®(m, Upin, [, 7) where the tasks form six sets: X1, X, Y1, Y5, Z; and
Zy. The sets X; and X, are each comprised of (H m identical tasks. The sets Y;
and Y5 are each comprised of only one task, each of which is identical to the other.
Finally, the sets Z; and Z5 are each comprised of {H m identical tasks. For both
a € {1,2}, the sole task in Y, is preceded by all tasks in X, and precedes all tasks in
Z,. No other precedence constraints exist between the tasks. Figure 5.4 depicts the
partially ordered set of tasks in the considered instance of P|prec, pmtn, u;|Lyqz-

In this figure, each task is labelled with the name of the set to which it belongs.

The parameters of the tasks are
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® Dj = IUmin, Uj = Upmin and d;j = 0 for all j € X; U Xo;
o p; = (I — 2r)Umin, Uj = Upin, and d; = 0 for all j € Y7 UY5s; and
® Dj = IUmin, Uj = Umin and d; =0 for all j € Z; U Z5.

Note that all due dates are zero, so this is an instance of the makespan problem
Plprec, pmtn, u;|Cas-
Observe that

e the longest chain is composed of any task from Y; UY5 along with any successor

of this task and any predecessor of this task, and has a length of [;
e all tasks have u; = U, and

e all tasks have % > r, with % =rforall j € X;UXoUZ UZ;.

Lemma 5.31 For any optimal schedule w for o°,

Cmax(w) S 4 ’Vl—‘ T"Umin +

,
for any combination of | > 3r and m > 2w, > 2.
Proof. Consider a schedule o constructed as follows. Process all tasks in X; to

b ]

and then process all tasks in Xo U Y] to completion during

l l ;
HV_-‘ TUmin, 2 ’V_—‘ TUmin + Hmin (l - 2T):| .
T T m

Subsequently, process all tasks in Y5 U Z; to completion during

completion during

m

{2 [;—‘ TUpmin + Y (l—2r),3 [;—‘ TUpmin, + Y (I — 27’)]

and process all tasks in Z5 to completion during

m m

Ui Ui
[3 [i-‘ TUpnin + Umin (l—2r),4 [l-‘ TUpnin + Umin (I — 27“)]
r r

and the lemma is proven. m
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Theorem 5.32 Forall o/ € &, alll >1r >0 and all m > Uy, > 1,

0 if m < 2Upn or 1 < 3r
Pﬂ(ma Umin, la ’I°) Z m — Qumln

(I —2r) otherwise
m

in the special case when all d; = 0.

Proof. As noted before, when all d; = 0, Ly,0p = Cprz-

The theorem holds in the cases of m < 2u,,;, and | < 3r because the definition
of T (M, Upnin, [, 7) precludes negative values. Therefore, only cases where [ > 3r
and m > 2u,,;, + 1 need to be considered.

Consider a schedule 7 produced by any stable algorithm &/ € &. At time
to = 0, only tasks from X; U X5 are available, i.e. Ag = X; U X5. By the stable
property all j € Ay have the same p;. Consequently, all stable algorithms will

process all tasks in X; U X5 to completion during

poft] o]

Subsequently, both tasks in Y; U Y5 will be processed to completion during

[2 [[‘ T Upin s 2 [[‘ TUpin + 1 — 27“]
r r

and then all tasks in Z will, because they must also have identical u’s, be processed

to completion during

[2 F—‘ TUpin + [ — 21,4 F—‘ TUpin + 1 — 27’} .
r r

The makespan of this schedule is
o [
Cmam (77 ) =4 |- Tumin+l—27’.
r

Combined with Lemma 5.31, this gives

m — 2Umin

Cmaa} (nQ{) - Cmaa} (w) Z

and the theorem is proven. m

Corollary 5.33 The three machine problem P3|prec, pmtn, u;|Cyar cannot be solved

by any algorithm in &.
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This demonstrates that even the broad family of stable algorithms cannot provide
a great improvement over the existing bound for the Garey-Johnson Algorithm, even
in the restricted case of the makespan problem. Note that, again, the proof above
may be transformed into a proof for the P3|prec, pmitn|Ci,q, problem by setting
Upin = L.

All of the results in this section are of a completely unprecedented nature. They
provide guidance to researchers who are searching for algorithms with good perfor-
mance guarantees, or with the goal of solving the three machine problem. It is now
known that the family § N & of scheduling algorithms is completely dominated, in
terms of performance guarantees of the type examined in this section, by a well

known and much studied polynomial time algorithm.

5.4 The Zinder-Roper Algorithm

The bound for the Zinder-Roper Algorithm proven below is analogous to that proven
in [119] for the equivalent algorithm for the P|prec,p; = 1|Ly., problem, and in
[120] for the P|prec, pmtn|Lq. problem. It was originally presented by the author
in [122] in collaboration with Yakov Zinder.

First, a result similar to that in [120] will be proven: that, for any 0 < i < *—1,
no task in H; precedes all tasks in H;y;. The proof below is significantly simpler
than the proof for the corresponding lemma in [120]; nonetheless it is quite involved,

and so will be relegated to a separate subsection.

5.4.1 Analysis of Successors

Suppose there exists a value of 7 for which 0 < 7 < ¢* and there exists a task z € A; 4
such that H; C K,. Note that the definition of z implies the lemma stated below.

Lemma 5.34 If z exists, H; C K, for allv <1 < *.

Proof. The lemma follows from the definition of z if ¢ = 7. On the other hand,
if ©+ > 7, consider any task j € H;. Lemma 4.26 implies that either j € H;, in which
case 7 € K, or there exists a task g € H; such that ¢ — j, in which case g € K,
and hence j € K,. m

In order to prove that no task z can exist, it will be demonstrated that any such
task contradicts the selection of i* as the smallest ¢ for which there exists a task j
such that

C; (77’@%) >t and ti + ¢ (ti,n"%?) = (77’@%) )
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Specifically, the definition of ¢* implies an upper bound on the value of u., stated

in the lemma below.

Lemma 5.35 If z exists,

*

Py <tix —tz; +p.
Proof. By the definition of z, C, (n*#) < t;, and hence z € N{"' U N;~' and
¢ (tn™) = pe (5.43)
If z € Ni~! then Lemma 4.25 implies the existence of a task g € Ni~* for which
Cy (n"gf‘%) >t and ¢ (tz, 77’%7) = (t;, 77’%7) ) (5.44)

If z € N{', then C., (n?#) = t; and hence (5.44) holds for g = 2.
By the definition of *, it must be the case that

ti + Cg (tia 772%7) <G (nffﬁ) =tli- +p"

for any ¢ for which (5.44) holds. As a consequence, the lemma follows from (5.44)
and (5.43). m

The reasoning in this subsection will demonstrate that p, = ¢;« —t; + p*, contra-
dicting Lemma 5.35, and hence demonstrating that no task z exists. Consequently,
the value of p, will be examined in detail, and particular attention will be given
to the schedule n* used by the Zinder-Roper Algorithm in the determination of the
value of u,. Note that, since K, # (), the formula (4.24) involving this schedule will
always be used in calculating ..

The next lemma demonstrates that there is a correspondence between the re-

maining processing times of successors of z in schedule 7% and schedule 7.

Lemma 5.36 For all g € K,

py (t: ™) = py (0,1°) = p,.

Proof. As a consequence of H; C K, and z € A;_, it follows that p, (tg, 'rrm’) =
pg for all ¢ € K, Combining this with the fact that p, (0,7%) = p, completes the

proof. m
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For schedule n?, let the points of allocation be denoted ¢;, the sets of available
tasks be 121@-, the sets N! partitioning A; in Algorithm P be N; and the index of the
largest point of allocation be 5. For all 0 < i < s and 0 <7 < § define

Q(i,0) ={g: g€ K. A (¢ (ti,n™”) 2 p" V¢ (ln7) =07},

i.e. Q(i,7) is the set of all successors of z with priority not less than p* at either ¢;
in schedule n%” or at t; in schedule 7.

It will be proven that, in some sense, the “structure” of the processing of high
priority tasks is identical during time interval [t;, ¢;-] of schedule n?# and time inter-
val [0, — t;] of schedule n*. For this purpose, the two lemmas below demonstrate
that, if they are identical during time intervals [t;,¢;] and [0,¢; — t;] respectively,
for some point of allocation t; such that [¢;,t;11] is p*-complete, they will also be

identical during [t7, t;41] and [0, ¢;11 — ;] respectively.

Lemma 5.37 If there exists 1 < i < s such that the interval [t;,t;11] in schedule

n?# is p*-complete and there exists 0 < i < § for which

Co (™) = (bn®)  forall g€ Qi,0), (5.45)
it follows that
N =N CQii), Nj=NjCQ(i,2) and NiNQ(i,i) = NjnQ(i,i).

(5.46)

Proof. Define
p= min Cg (tlu nff%) )

gEN}UNS
and note that, since (N U Ni) C H;, for some j € Nj U N&
p =G (tun™) > ¢ (tigr,n”") = p*.
Lemma 5.34 and the fact that [t;, ¢;,1] is p*-complete imply that
NiUN;={g:g€ AN (tin"") > p} CQi,2).
By (5.45) and Lemma 5.34 it follows that
{9:9€ AnG (tin™) = p} = {g:g € A NG (i) 2/)}-
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Hence, it follows from (5.45) that

Z Ug > m and Z Ug < M.

g:9€Aingy (fm7) 2p g:9€AinGe (Him7 ) >p

Consequently (5.46) holds and the lemma is proven. m

Lemma 5.38 If there exists 1 < i < s such that the interval [t;,t;11] in schedule
0?7 is p*-complete and there exists 0 < i < & for which (5.45) holds, it follows that

o tiy —t; =t — 1 and
o (o (tig1,n™) =g (tipr,n7) Jorall g€ Qi+ 1,0+ 1).

Proof. Recall that Algorithm P determines the length of each interval by select-
ing the largest value A that satisfies some (possibly strict) subset of the inequalities
(4.10), (4.11), (4.12), (4.13) and (4.14). Specifically, of those inequalities that apply
to the particular point of allocation under consideration, at least one is an equality,
while the rest are strict inequalities. It will be demonstrated below that these in-
equalities result in ¢;,1 — t; = t}H — t}, i.e. the same interval length is determined
when scheduling time interval [¢;,¢;11] in schedule n?” and time interval [t},le}
in schedule n*. This, combined with the equations (4.7), (4.8) and (4.9) which
determine the amount of processing allocated to each available task between two
consecutive points of allocation, along with Lemma 5.37, proves the lemma. The

five inequalities which determine A are considered case by case below.

e Suppose that Ni # 0 and that (4.10) is an equality when determining the
value of ;41 — t;.* Since N = N C Q(i,1), (5.45) implies that
Pj (ti, 77%?) Dj (@ﬂ?z) ;

th'Jrl - tz = I’Illl’l = Hllp Z tiJrl — 1;.
JENT Uj JENT Uj

e Suppose that Ni # () and that (4.11) is an equality when determining the
value of ¢, — t;. Since NI = Ni C Q(i,i) and Ni = Ni C Q(i,i), (5.45)
implies that

ZjENg uj _pj (ti,n?”)

min

- ZjeNli Uj jEN uj

tiy1 —ti =

*The constraint that N{ # () is required, since without it (4.10) is undefined, and is thus not
used in the calculation of the length of the interval [¢;,¢;4+1]. This is the reason behind the similar
constraints on the non-emptiness of sets N! in the four subsequent cases.
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~

Zjefvg U rnin 2 (tm?) _ ;

M= DN Uj jeNy  Uj

v
S
AN

|

e Suppose that N} # (), Ni # () and that (4.12) is an equality when determining
the value of ¢;,11 — ;. Since N/ = N! C Q(i,7) and Ni = Ni C Q(i, 1), (5.45)
implies that, for any g € N,

> jeni Ui . ” 9}
tiy1 — 1 = e (mm G (tz‘a'ffm)) — Gy (thnj%))
ZjeN{uN,g Uj — M \jeN;
Eje]\?g Uj

= (mlﬂ G () — ¢ (fa,nz)) > ti1 — .

Zjefv;’uzvg Uj — M\ jenNi

e Suppose that Ni # 0, Ni # () and that (4.13) is an equality when determining
the value of ¢, — ¢;. If

max G; (ti,1°") 2 ¢, (5.47)
]EN§

it follows from N = N C Q(i,%), Ni N Q(i,i) = Ni N Q(i, ) and (5.45) that

tiy1 —t; = ]1’211% G (tz‘y'f]g)%) — ETEH}VE( G (tiu nm)

= min ¢ (fianz) —max ¢ (&,77) = fiy1 — &
JENT JEN;

On the other hand, if (5.47) does not hold, the p*-completeness of [t;,t;1]

implies

bipn =i = ]Hel]l\% G (tin™) - ]Heljl\% ¢ (tis,n™")
< ]12]1% G (tan™) —p" < ]Heljlvr: G (tin™) — max G (ti,n™”).

This contradicts the assumption that (4.13) is an equality when determining

the value of ¢, — ;.

e Finally, suppose that N # 0 N: # () and that (4.14) is an equality when
determining the value of ¢;,1 — t;. If (5.47) holds, it follows from NQZ = NiC
Qi,7), NiNQ(i,7) = NinQ(i,?) and (5.45) that, for any g € Ni,

ZjENi Uj 7 G
tig1 —t = —="—— (C ti,n?”) — max¢; (¢, n*” )
m— ZjeN{' u; ( ) eNi ( )

J
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O Djens U <

m— ZjeNli Uj

(o (t3,m7) — max ¢ (&, 772)> >t — b
jENE
On the other hand, if (5.47) does not hold, for any g € Ni, the p*-completeness

of [t;,t;11] implies

EjeN;’ Uj

— D jeni U (Cg (t’" ng%) — Gy (ti+1,77%7))
JENI

tis1 —t; =

EjeN;’ Uj

M= YN Uy

m— Zje]\q' Uj JENG

(G (tm™) = ")

This contradicts the assumption that (4.14) is an equality when determining

the value of ¢, — ;.

As a consequence of the above five cases, whichever of (4.10), (4.11), (4.12),
(4.13) and (4.14) is an equality when determining the value of t;,1 — t;,

ti+1 —t; > 1?@4.1 — 7?5 (548)

Now a similar, although much abbreviated, analysis will be performed on the deter-

mination of ;41 — t;.

e Suppose that Ni # 0, Ni = (), that (4.13) is an equality when determining the
value of tAHl — {;, and that

max (; ({3, 7%) < p*. (5.49)

JENG

As a consequence of NT = N/ C Q(i,7), (5.45) and (5.48), it follows from the

p*-completeness of [t;,t;11] that

tiy1—t; = min ¢; (£, 7°) —min ¢ (fi41,7°) < min ¢ (&, 7°) —12]1\2 G (tivam
1

ff%’)
JEN? JEN} JEN? J

< min ¢ (f,7°) — p* < min ¢ (f,7°) — max¢; (f,7°) .
jENI jENI jENI

This contradicts the assumption that (4.13) is an equality when determining

the value of fi+1 —t;.
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e Suppose that Ni £ (), Ni = (), that (4.14) is an equality when determining the
value of ;41 —1;, and that (5.49) holds. As a consequence of Ng = Ni C Q(i,1),
(5.45) and (5.48), it follows from the p*-completeness of [t;, t;11] that, for any
g € N3,

» » ZjeNQi Uj
tij1 — = ———=———
M=) e U

(Cg (giu nz) - Cg (£i+17 7]2))
2jex Ui 2 b7
— = t5,n°) = Cg (Livr, ™
= m_ZjeNliuj (Cg( 77) Cg( +1,7] ))
D jens Ui
m— ZjeNf U
D et Ui <

M= e U

<

(Cg (tAia 77Z) - P*)
Cy (tz,nz) - gré?v}; Gj (t%nz)) :

This contradicts the assumption that (4.14) is an equality when determining

the value of t}+1 —t;.

e Finally, in all other cases, identical reasoning to the consideration of ¢;,1 — ¢;
demonstrates that
tivn — t; < o1 — &,

and hence

tiv1 — b = lp1 — b

Since the resulting intervals are the same length, since every task in ((i,%) is in

the same set, N7, Ny or N3, for both schedules, and as a consequence of (5.45),

py (tin™”) = py (ti,n™") = ¢ (") forall g€ Q(i,9).
The lemma follows from the fact that Qi + 1,7+ 1) C Q(i,7). =

The following corollary is simply a restatement of Lemma 5.38 with the schedules

n?” and n* swapped, and can be derived in precisely the same way.*

Corollary 5.39 If there exists 0 < i < § such that the interval [t;, t;41] in schedule
n? is p*-complete and there exists 1 < i < s for which (5.45) holds, it follows that

o tiy1 —t; =ty — 4 and

*Although it is somewhat infelicitous to state Lemma 5.38 and Corollary 5.39 separately when
they could have been proven in a single lemma, the cost that making Lemma 5.38 agnostic with
respect to the schedules n%% and 7% would have incurred, in terms of complexity of notation and
exposition, is quite significant, and this genericity is needed only here.
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o {y (tiv1,n?”) = ¢, (t}H,nz) forallge Qi+ 1,2+ 1).

The lemma below derives a similar result for p*-incomplete intervals. Note,
however, that while Lemma 5.38 considered only the next point of allocation in
both schedules, Lemma 5.40 considers unspecified points of allocation potentially

much later in each schedule.

Lemma 5.40 If there exists © < i < i* such that the interval [t;, t;11] in schedule
0?7 is p*-incomplete and there exists 0 < 7 < § for which (5.45) holds, it follows
that

o there exist i < i <i* andi < i < § for which ty —t; =ty —t;, and
o G (tu,n™) = (Ew,n7) for all g € Q(i,7).

Proof. For any i” > i such that [t;s, t;»,1] is p*-complete, Lemma 4.26 demon-
strates that, for each j” € H,», either j” € H; or ¢ — j” for some g € H;. If

Hy C H;,
m > Zuqz Zqum,

qEH; q€EH ;1

a contradiction. Hence, by Corollary 4.31, there must be at least one g € H; C
(A; N Q(i,)) such that Cy (n?”) < t;» and

pj//
Uj//

g = —— +p; > p

Among all g € A, NQ(4,7) with p, > p*, select as ¢’ a task with the smallest
value of C, (nf%). Note that ¢" € Ni. By Lemma 4.27, C, (nf‘@) coincides with a
point of allocation; select i’ such that t; = Cy (7733)%). For each task j € A;,NQ(1,1),
Lemma 4.27 and the fact that all time intervals comprising [t;, ;] are p*-incomplete

imply that either
o G (t0.17) < " o
o p; (tin?”) — pj (tv,n*”) = w;(ty — t;).
As a consequence of this, for each j € A, N Q(7,1) with p; > p*,
Dj (tz‘,ﬂff%) > u;(ty —t;)

and hence (5.45) implies
Cj (T]Z) Z 1+ ti/ — ti.

145



Thus, for any ?” such that

(4.15) implies
{j L j € A NG (Er, ) > p*} C (A, NQ>,1)).

Corollary 5.39 demonstrates that the interval [fi,fiﬂ} in schedule n* is not

p*-complete, because if it was, the interval [t;,t;,1] in schedule n*# would be p*-

Z u; < m,

j:jEAAi///\Cj (Ei” ,T]z)zp*

complete. Hence,

and thus Lemma 4.27 implies that ¢’ € N".

This in turn implies the existence of a point of allocation ¢y such that
Cg/ (T}Z) = f;g +ty—1; = fi/.

Consequently, at time £ in schedule n?, every task j € A;NQ(4,1) is either processed
on u; machines continuously during [f;, ], or has ¢; ({#,n*) < p*. This precisely

replicates the processing during [t;, ] in schedule n?#, so the lemma is proven. m

The lemma below uses the preceding working to demonstrate that there is no
task z, as defined earlier in this subsection. This result will be used to derive several
properties of 777 that will be used in Subsection 5.4.2 to establish a performance
guarantee for the Zinder-Roper Algorithm. It will also be used in Section 6.3 to
determine the class of precedence constraints for which the Zinder-Roper Algorithm
is guaranteed to produce an optimal schedule, known as the “domain” of the algo-

rithm.
Lemma 5.41 There exists no 1 <7 < ¢* and no task z € Hy;_y such that H; C K.

Proof. If such a task z does exist, Lemma 5.36, Lemma 5.38 and Lemma 5.40
demonstrate that (5.45) holds for i = * and #; = t;» — t;. Hence (4.24) implies

> G () > b+ G (G,07) =t — o+ p,

contradicting Lemma 5.35. =
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Corollary 5.42 In schedule n?” produced by the Zinder-Roper Algorithm, |H;| > 2
for all 0 <@ < 2*.

Proof. By Corollary 4.28 if there exists any 7 and j such that H; = {j}, Hy C K;

for all ¢/ > i, contradicting Lemma 5.41. =

Corollary 5.43 The schedule n?” produced by the Zinder-Roper Algorithm is op-
timal for Plprec, pmin,u;|G if 2Upn > m.

Proof. This follows from the previous corollary, since there can be no p*-

incomplete intervals when 2u,,,;, > m. =

Corollary 5.44 If the u’s produced by the Zinder-Roper Algorithm are preserving,
schedule n?7 produced by the Zinder-Roper Algorithm is optimal for P|prec, pmin,

uj|LmaJ: Zf 2umin Z m.

The lemma below is a generalisation to the case of malleable tasks of a key result
from [120], specifically that the Zinder-Roper Algorithm solves the P2|prec, pmin

| Loz problem.

Lemma 5.45 The schedule n*” produced by the Zinder-Roper Algorithm is optimal
for Plprec, pmin, w;|Lyas if 2Umin > m.

Proof. Suppose this is not the case, i.e. that n%?” does not minimise the max-
imum lateness for a given problem instance. Corollary 5.44 then implies that the
w's produced by the Zinder-Roper Algorithm are not preserving. Since the Zinder-
Roper Algorithm assigns p; = —d; if K; = (), by Lemma 4.1 it follows that, for at
least one task j with K; # 0,

pj > max { Lyae (W), —d;} . (5.50)

Without loss of generality, let j have the smallest value of | K;| among all such tasks.
Recall that, by (4.24), either u; = —d; or p; = G (7). If p; = —d;,

= _dj < max {Lmax (wj) ) _d]} ’

contradicting (5.50).

On the other hand suppose p; = G (1). Note that, for all g € Kj, |K,| <
|K; \ {g}] = k, so by the selection of j, the u’s of all tasks in K, are preserving.
Thus, Corollary 5.44 implies

3= G () = Lunas (7) = Lunse (&) < max { L () .~}
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which also contradicts (5.50). Hence, either case leads to a contradiction, and the

lemma holds. =

Corollary 5.46 The Zinder-Roper algorithm optimally solves the problem P2|prec,

pmitn, Uj| Linag -

It now remains to establish the performance guarantee.

5.4.2 The Remainder of the Proof

The bound for the Zinder-Roper Algorithm proven below is analogous to that proven
in [119] for the equivalent algorithm for the P|prec, p; = 1| Ly, problem and in [120]
for the P|prec,pmin|Ly,., problem. Lemma 5.47 below establishes a relationship
between p’s produced by the Zinder-Roper Algorithm, and those produced by the
Optimal Recursive Algorithm; specifically it establishes the unsurprising result that
the Zinder-Roper Algorithm generates larger p’s than the Optimal Recursive Algo-
rithm. This will be used in the proof of Lemma 5.48 which establishes a bound on
the difference between these values. Indeed, it is for this purpose that the Optimal
Recursive Algorithm was introduced — the Zinder-Roper Algorithm is difficult to
analyse directly because the u’s it produces are not necessarily preserving, while the
Optimal Recursive Algorithm, which closely resembles the Zinder-Roper Algorithm,
is guaranteed to produce preserving pu’s.

Throughout the rest of this thesis, schedules produced by particular algorithms
are given superscripts to indicate their origin; analogously, in this subsection ,u;ﬂf%
and u?’” represent the value of p; produced by the Zinder-Roper Algorithm and
the Optimal Recursive Algorithm respectively, likewise G?# and G?Z represent the
corresponding function G and Cf‘@ and C]fﬁ% represent the corresponding function
¢;- Because this is the only portion of this thesis where p’s produced by different
algorithms for the same problem instance are compared, this notation is not used
outside this subsection. Finally, let 1/ be the schedule generated by the Zinder-
Roper Algorithm when calculating ,uff% and w’ be the schedule generated by the

Optimal Recursive Algorithm when calculating p%.
Lemma 5.47 For all j € N, p7” > pf”.

Proof. This lemma will be proven by induction on |Kj|. First note that, if
| K] =0, 7 7
pir = pi” = —d,
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and the lemma holds. Now assume that, for some & > 0, the lemma holds for all
|K;| < k, and consider the case where |K;| =k + 1.

Note that, for all g € Kj, |K,4| < |K; \ {g}| = k which, when combined with
the inductive assumption, implies that ,uf@ > ugﬁ% . Consequently, (4.24) and (4.26)
imply that

py " =max {~d;, G** (i) } > max {~d;, G (i) }

> max{—dj,GMj (wj)} = ,ujmj.

Hence, the lemma holds true when |K;| = k + 1, and thus it has been proven by

induction. =

Lemma 5.48 For any j € N, K; =0 implies uif% = u9? and K; # 0 implies

J

pl” = pd? <GP () = GO (W) . (5.51)

Proof. If K; = (), the lemma follows directly from the definitions of the algo-
rithms. Suppose now that Kj; # 0. If u?” = —d;, Lemma 5.47 and (4.26) imply

,u;”f% — _dj < max{—dj,ij (w])} Mﬁ/ < f/.
This in turn implies
= = 0= G () - GO (W)

< 67 (1) - GO () < G7 () — G (),

and the lemma is proven in the case where Mf‘% = —d;.
On the other hand, if 7% # —d;, (4.24) and (4.26) imply

pEF = G () — max {~d,,G7 (u)} < G (o) - G7 (o)

and the lemma is proven in this case as well. m

Having established a relationship between the p’s generated by the Zinder-Roper
Algorithm and the Optimal Recursive Algorithm, a relationship between the criteria
G*7 ('rrm’) and G?”(w) will now be derived, where n%” is a schedule generated

by the Zinder-Roper Algorithm and w is an optimal schedule for P|prec, pmtn,u,;
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| Linaz.* Since the schedule 177 generated by the Optimal Recursive Algorithm is
not used in this analysis, ¢*, x, p* and H; will all refer to these values produced by
the Zinder-Roper Algorithm for schedule %%,

Theorem 5.49 For any schedule n?” produced by the Zinder-Roper Algorithm, and

any schedule w which is optimal for Plprec, pmtn, w;|Lyqq,

Lmax (w) me S 2umin
Linaz (n77) < Qi Ny :
(71 ) o (2 — Umm) Loz (W) + (1 — Umm) (dmae — 1) otherwise
m m

Proof. In the case of m < 2u,,;,, the theorem follows directly from Lemma

5.45. For the remainder of this proof it will be assumed that m > 2u,,;,.

It

m m

G27 (327 < <2 _ %ﬂ) GO%(w) + <1 _ 2“””'”) (dmae —T) (5.52)

then the theorem follows because (4.24) implies G?% (n?#) > Lya (n?%) and
Lemma 4.19 demonstrates that G?%(w) = Lyae(w). The remainder of the theorem

will be devoted to proving (5.52) by induction on the number of tasks n.

First note that
Gﬁ%(w) = Lmax(w) > 7 — dmag- (5.53)

If n =1 this implies

fo% (nffﬂ) — Gﬁﬂ@}) — (2 _ %ﬂ) Gﬁ%(w) + (1 — 2Umm) (dma:v - T)

m m
and (5.52) holds. Now, as the inductive assumption, suppose there is some k£ > 1
such that (5.52) holds for all n < k and consider the case of n = k + 1.

Note that for any task j , either p/* = G*# (/)" or p?# = —d; (or both). In

e case where p?% = G?7 (1?), the inductive assumption, together wi 1<k,
th here p2# = G## (1)7), the induct ption, togeth th |K;| < k

implies that

,u;-mf% =G (nj) < <2 — %ﬂ) Go” (wj) + (1 — 2umm) <maxdg — min &)

m m geK; 9eK; Uy

*In much of this thesis it is not specified whether w minimises G or L;,.,. This distinction
only matters when the p’s are not preserving, i.e. for the Zinder-Roper Algorithm alone.
"Note that if K; = ) the schedule 7/ is not defined.
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and as a consequence of (4.26),

U , 2
IR mn OR min
H < <2 - T) o + (1 - m ) (dmam - T)' (554)
On the other hand, if u/# = —d;, Lemma 5.47 implies uf*# = —d; and as a
consequence of
M?ﬂ = _dj Z _dmax
it follows that
7 2 min 2 min
M?j < <2 - u—) lujﬁ% + (1 - . ) dmam- (555)
m m
Note that (5.54) implies (5.55).
If 2* = 0, there exists a task z such that
G¥ (%) =4y 2% and GO () > Bl (556)
X ul‘

If p?” = G?7 (1’), combining (5.56) with (5.54) gives
H; n

v y z 2umzn 2umin
GJ% (nfj) < p_ + <2 — T) Mfﬁ + (1 — ) (dmam - T)

Uy

2 man T % 2 man
S (2 — u ) (p_ —+ quj) —+ (1 — u ) (dmam — 7’)-
m Uy m

< (2 - %ﬂ) GO% () + (1 - 2“”“‘") (s — 7).

m m

On the other hand, if p/* = —d;, Lemma 5.47 implies u¢* = —d; and hence (5.56)
and (5.53) give
2% (nff%’) _ Py uo% < GO% ()

€T

< (2 - 2“—’”) G (w) + (1 - 2“—”) (dmaz — 1)

m
Thus, if i* = 0, (5.52) holds and hence the lemma follows. From this point on, it
will be assumed that * > 0.

Define
fi(o) =max {t: (77 (t,0) > p* ANt < Cy(0)}

for all j € H = U_;'H;, i.e. f;(0) is the largest point in time in schedule o where
task j is not complete and has high priority, according to the u’s generated by the
Zinder-Roper Algorithm. Lemma 4.29 demonstrates that H is not empty.
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Denote the total length in schedule n%” of all p*-complete intervals as ¢ and all

p*-incomplete intervals as w. Since G?% (nf‘@) = c+ w + p*, by Corollary 5.42

Umin
mex f; (w) 2 o

and by Corollary 4.28 and Lemma 4.29,

. > .
r]ng}(f](w)_w—i-r

Combining both of these relations with GZ?%# (nfﬁ) =c+ w+ p* gives

g ¥4 2Umin 2Umin *
ij(njj)§<2— “ )maxfj(w)—(l— ¢ )r+,0
m

m JjeEH

5 5 (5.57)
Umin | N Umin
B R
From the definition of f;(o), (5.57) and Lemma 4.29 imply that
) ) Rty (f: (n2%) 2% )
G2 (nffj) < max <2 _Lu ) Fi(w) + pi (fi (0*7) ;™) Jr'u;fm
Jet m Y (5.58)

2 man
—(1— Y )r
m

pj (fi (01) ,01) = p; (fj (02) , 02)

for any j € H and any two schedules o, and 09, and from (5.55), (5.58) implies

From the fact that

G227 (nffﬁ) < <2 _ 2“min) max [fj (w) + pj (fj (w),w) i Mf%
J (5.59)

Finally, since Cj(w) > f;(w) and thus

for all j € H, (5.59) implies

G*” (nyﬁ) < (2 — 2umm) max (Cj<w) + Nj‘ﬁ%) + (1 - 2umm) (dmaz — 1)

m JjeEH
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which in turn implies (5.52).
Consequently (5.52) holds in the case where n = k+ 1 and the theorem is proven

by induction. m

Note that, for the P|prec,pmitn|L,,., problem, [120] proved that the Zinder-
Roper Algorithm has a bound

X% _ 3 _ 3

m

i.e. dper — 7 is replaced by d,,.. in the bound established above. Thus, Theorem
5.49 above provides a slight improvement on what was already known for the case
of non-malleable tasks, as well as extending the proof to malleable tasks. This
improvement arises from a more careful examination of the case where i* = 0.
Unfortunately, this ratio bound is derived directly, rather that as a consequence of
a difference bound as in Corollary 5.3 and Corollary 5.16. To the author’s knowledge

it is unknown whether
Fff%(ma Umin, la T) = ng (m7 Umin, l7 T)a

where T'’ (M, Upin, [, 7) is defined as in Section 5.3. This is an area for future re-

search.
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Chapter 6
The Domain of an Algorithm

Since approximation algorithms are generally used to solve the scheduling problems
described in this thesis, it is often useful to know something about the relationship
between the obtained schedule and an optimal schedule for the same problem in-
stance. The previous chapter dealt with one aspect of this issue: it provided various
upper bounds on L., (n) in terms of some parameters of the considered problem
instance, including L,,..(w). Another aspect to study is the conditions under which
the schedules generated are optimal, which is the subject of this chapter for the
Plprec, pmitn| L., problem, i.e. the problem with non-malleable tasks.

Several well known results have been obtained in this area: from [71] the Brucker-
Garey-Johnson Algorithm is known to produce an optimal schedule whenever the
partial orders are in the form of an in-tree (or an in-forest); from [71] and [120]
respectively it can be seen that the Garey-Johnson and Zinder-Roper Algorithms
produce an optimal schedule whenever m < 2, and consequently, whenever the
precedence constraint graph has width at most three.

None of the algorithms developed for the considered problems have an exhaustive
description of all solvable precedence constraints, here known as the domain of an
algorithm. The domain D of an algorithm .27 is defined as the class of unlabelled

partial orders such that

1. if <€ D, for each problem instance ¢ with precedence constraints isomorphic
to < the schedule , produced by applying algorithm .27 to ¢, minimises the

maximum lateness; and

2. if <¢ D, there exists at least one problem instance ¢ with precedence con-
straints isomorphic to < such that the schedule n“, produced by applying

algorithm o7 to ¢, does not minimise the maximum lateness.

In this chapter, the domain of the Brucker-Garey-Johnson, Garey-Johnson and
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Zinder-Roper Algorithms for the P|prec, pmin|L, 4, problem will be derived. To

the author’s knowledge, these results are the first of their kind ever to be derived.

6.1 Schedule Structure

For the purpose of this chapter, it is convenient to use the notation H; introduced
in Section 4.4. As before, it will be assumed that (4.15) holds for all algorithms
considered.

The lemma below is a simple modification of Lemma 4.26, hence the proof is

omitted. The differences are that
e an arbitrary priority p is not considered; and

e it is supposed that j has a high priority at ¢, rather than at ¢;.

Lemma 6.1 If all p’s obey (4.15), for any 0 < i < ¢ < s and any j € Hy, it
follows that either 7 € H; or there exists a task g € H; such that g — j.

Suppose there is some problem instance for which the considered algorithm does
not provide the optimal solution for the alternate criterion GG. The two lemmas
below provide an insight into the structure of the resulting schedule. Specifically,
they demonstrate that any schedule n produced by Algorithm P and which is not
optimal for G must have |H,| > m, |H,| <m and |H.| >m for 0 <a <b<c <i*.
Without loss of generality, let |H;| > m for all b < i < ¢* and let |H;| < m for all
a < 1 < c. These constraints imply that

e b is the largest ¢ < i* for which |H;| < m,
e cis the smallest ¢ > b for which |H;| > m and

e q is the largest i < b for which |H;| > m.
Lemma 6.2 For some integer i € [0,7*), if |H;| > m for all integers i € [i',i*),
and if there exists some schedule o such that

*—1

pj(ty, o) = pi(ti,n) forall j € U H; (6.1)

it follows that G(o) > G(n).
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Proof. Suppose there exist i and o as defined in the statement of the lemma.
By Corollary 4.25, the total amount of processing time allocated to the tasks in
Uﬁ;;,lHi in schedule n during the time interval [t;, t;] is m(t; — i), or equivalently

> vl = Y pilte,n) =mlte —t). (6.2)

jeUr T H,; jeu! :1H

i=14/

Combining (6.2) with (6.1) gives

Yo opiltno) = D> piltem) = D piltan) = Y piltie,n)

jeu! le jeu! le jeUr ~ H; jeUr T H;

i=q/ i=1/

=m(ts —ty) > > pilteo)— Y pilti,0)

]EUZ —IH jEUl —IH

i=1/ i=q/

Z pi(ti, o) > Z p;(tie, m). (6.3)

. ik — . ik
jeVl_ ) H; jeu_ H;

and hence

If there exists a task g € U'_'H; such that py(ty,0) > p,(ti-,n), it follows
that Cy(0) > t. On the other hand, if no such task exists, (6.3) implies that
pj(tie, o) = pj(ti,n) for all j € U'_'H;. Hence, in either case there exists a task
q € U 1H such that

Cy(0) > tix + py(ti=, 0) and P(tic, ) > py(ti=, m). (6.4)

Let 7" be the largest value of ¢ < i* such that ¢ € H;. With this definition, (6.2)

implies that ¢ is not processed during [t;»,1, t;+]. Thus,

P(tic;n) + pg = py(tivi1,n) + prg = Gotiny1,m) > p*
As a consequence, (6.4) implies
G(0) > Cy(0) + p1qg > tie + pg(ti=, 0) + 1
> tie + pg(tie,n) + g 2 tie + 9" = G(n),

and the lemma is proven. m

Lemma 6.3 If all pu’s obey (4.15), and if there exists an integer i € [0,7*) such
that |H;| < m for all integers i € [0,i') and |H;| > m for all integers i € [i',i*), n

mainimises the criterion G.
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Proof. Lemma 4.27 implies that H; C N7 for all 7 < ¢. From (4.7) the tasks in
Ni are processed continuously during the entire interval [t;, ;1]

The lemma will now be proven by induction on ¢. First note that the relation
p; (0,m7) < p;(0,0) holds for all tasks j € N and all schedules 0. Now assume that,
for some i < i’, p; (t;,n) < pj (t;,0) holds for all tasks j € U'_;* H, and all schedules
o. For any j € H;, the fact that j € N? implies that

pj (tix1,m) < pj (tiy1,0) for all schedules o. (6.5)

By (4.15) and Lemma 6.1, the set U:_; !, H, can be partitioned into two (possibly
empty) subsets: tasks in H; and successors of tasks in H;. For any j € H;, (6.5)
holds. For any g € K; for some j € H;, (6.5) demonstrates that p, (t;4+1,0) = p, for
all schedules o.

As a consequence, p; (tis,n) < pj (ty,0) for all j € U'_,'H, and all schedules o.

The lemma now follows from Lemma 6.2. =

The corollary below follows from the lemma above and Corollary 4.30.
Corollary 6.4 If all ii’s obey (4.15) and if m = 1, n minimises the criterion G.

All of the reasoning above, along with Corollary 4.31, combines to demonstrate

the existence of the indices a, b and ¢ as defined earlier.

Lemma 6.5 If all pn’s obey (4.15), either n minimises the criterion G, or there exist

0<a<b<c<i* such that |H,| >m, |Hy| <m and |H.| > m.

Proof. If n does not minimise G, Lemma 4.22 implies * > 0 and therefore
Corollary 4.31 implies |H;«_1| > m. By Lemma 6.3, if there exists an integer i’ €
[0,7*) such that |H;| < m for i € [0,7) and |H;| > m for i € [¢/,i*), n minimises G.

Hence, the lemma is proven. m

As stated earlier, these values may be selected, without loss of generality, such
that b is the largest ¢ < ¢* for which |H;| < m, ¢ is the smallest i > b for which
|H;| > m and a is the largest i < b for which |H;| > m. The purpose of this reasoning
is to understand the nature of a non-optimal schedule. The composition of the sets
H; in such a schedule will be shown to imply a certain structure of precedence

constraints; thus, if this structure is absent, the schedule n must be optimal.

6.2 The Brucker-Garey-Johnson Algorithm

In [71] it was demonstrated that the Brucker-Garey-Johnson Algorithm will op-

timally schedule all problem instances where the precedence constraints take the
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OO0 TUJ00
Figure 6.1: The two classes of prohibited subgraphs for D#% .

form of an in-tree (or in-forest). This implies that all in-forests are in the domain of
the Brucker-Garey-Johnson Algorithm. However, until now it was not known what
other partial orders are in this domain. The domain D#% of the Brucker-Garey-
Johnson Algorithm for the P|prec, pmtn|L,,.. problem is presented in this section.
To the knowledge of the author this is the first result of this kind ever discovered
or published. The material of this section was originally published in [114], and has

been expanded upon in this thesis.

6.2.1 The Class of Partial Orders

It will now be proved that the domain of the Brucker-Garey-Johnson Algorithm is
the set of all partial orders not containing a subgraph isomorphic to any member
of either one of two classes of prohibited subgraph, described below. Using the
terminology introduced in Section 3.1, D#% can be viewed as the class of all partial
orders that are P-free for all partial orders P in the two classes described below.
The first class is that of graphs with six nodes, divided into two sets A; and By,
each containing three independent nodes. One node in A, which will be called the
key node, precedes all three nodes in By. Any precedence constraints between the
other two nodes in A; and the three nodes in B; are allowed in this class of graphs.
The second class is that of graphs with eight nodes, divided into two sets A, and
B,, each containing four independent nodes. Two nodes in A,, which will be called
the key nodes, precede disjoint sets, each of two nodes, in By in such a way that
each precedes only one of these two sets. Any precedence constraints between the
other two nodes in A, and the four nodes in By are allowed in this class of graphs.
These classes of prohibited subgraphs are represented in Figure 6.1, with the
mandatory precedence constraints as solid lines and the optional constraints as
dashed lines. The key nodes are shaded.
There are thirteen isomorphically distinct (i.e. unlabelled) prohibited subgraphs
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Figure 6.2: The thirteen prohibited subgraphs of the first kind.

in the first class, shown in Figure 6.2. Some graphs in the second class contain a
graph from the first class as a subgraph, leaving seventeen isomorphically distinct
graphs in the second class that do not contain a subgraph isomorphic to any member
of the first class. These are represented in Figure 6.3. Consequently, thirty prohib-
ited subgraphs are needed to specify the domain of the Brucker-Garey-Johnson
Algorithm.

The first thing to note is that each prohibited subgraph itself contains a subgraph
consisting of three nodes 71, jo and j3 with two order relations j; — 75 and j; — 3.
This is the prohibited graph which defines the class of in-forests. Consequently
all in-forests are in the domain of the Brucker-Garey-Johnson Algorithm, as was
proven in [71]. Note, however, that many graphs that are not in-forests are also in
the domain of the considered algorithm, indicating a broadening of the well known
classical result. Additionally, to the author’s knowledge this is the first time the

domain of an algorithm has been completely specified.

6.2.2 Proving Sufficiency

The theorem below uses the results of Section 6.1 to demonstrate that a lack of
the two prohibited subgraphs described in Subsection 6.2.1 is sufficient to guarantee

that the Brucker-Garey-Johnson Algorithm will produce an optimal schedule.

Theorem 6.6 For any instance of the P|prec, pmtn| Ly, problem where the prece-
dence constraints do not contain a prohibited subgraph of the first or second kind,

the Brucker-Garey-Johnson Algorithm produces an optimal schedule.
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Figure 6.3: The seventeen prohibited subgraphs of the second kind that do not
contain an induced subgraph of the first kind.
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Proof. By Lemma 6.5 the non-optimal schedule must have some 0 < a < b <
¢ < i* such that |H,| < m, |H,| > m and |H.| > m.
Of all tasks j € H, select as j a task that precedes the largest number of tasks
from H.. Since
|Ho| >m+ 1> |Hy| + 2, (6.6)

it follows from Lemma 6.1 that |K; N H.| > 2. Lemma 6.1 also implies that either
j=jorj— jforsome j € H,, so at least one task j € H, has |[K;NH | > 2. Select
as k1 € H, the task with the largest |K%, N H.|. From Lemma 4.11 and Corollary
6.4 a problem instance creating a non-optimal schedule must have m > 2, which
implies |H.| > 3 and |H,| > 3. Consequently, if |Ky, N H.| > 3 then the problem
instance contains a prohibited subgraph of the first kind, with k; as the key task.

On the other hand, if |Kj, N H, = 2 this implies that |K; N H.| = 2. As
a consequence of (6.6) there must exist g € Hy \ {j} that precedes two tasks in
H.\ Kj. This implies that

|Ha| > m > [Hy| > |{], 9} = 2

and thus |H,| > 4 and m > 3. Again from Lemma 6.1 either j = g or j — ¢ for some
j € Hy \ {ki}. Let ko € H, \ {k1} be such a task. Since |H,| > 4, |Ky, N H.| = 2,
|Ky, "H,| =2 and K, N Ky, N H, = (, this problem instance contains a prohibited
subgraph of the second kind, with £y and ks as the key tasks. m

6.2.3 Proving Necessity

This subsection takes an arbitrary partial order containing a subgraph from one of
the two prohibited classes and uses it to construct a problem instance for which the
Brucker-Garey-Johnson Algorithm will not minimise the maximum lateness. It is
able to do this by “removing” certain inconvenient tasks by allocating a large due
date and a small processing time to them, leaving only the prohibited subgraph.
Consider any partial order P containing a subgraph () isomorphic to a prohibited
subgraph of either the first or the second kind, and select as X the set of nodes of
Q. Select as B the corresponding set of key nodes. If () is a prohibited subgraph of
the first kind | X| = 6 and |B| = 1; if it is a prohibited subgraph of the second kind
|X| =8 and |B| = 2. Partition X into two sets: X; is composed of the successors
of the key nodes, while X is composed of the key nodes and all elements of X that
are independent of the key nodes. By these definitions, X, corresponds to the “top

row” of nodes depicted in Figure 6.1, X; corresponds to the “bottom row” of nodes,
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and B corresponds to the shaded nodes. Note that | X, \ B| = 2, regardless of the
prohibited subgraph () under consideration.

Consider a problem instance ¢ defined as follows.
e The precedence constraints of ¢ are given by the partial order P;
e m = |B|+1;

e all tasks j € N \ X have p; = ¢ and d; = 3+ 2ne, where ¢ > 0 is a constant

that can be arbitrarily small;
e all tasks j € X \ B have p; = 1;
o all tasks j € B have p; = d; = 2;
e all tasks j € X, \ B have d; = 1; and

e all tasks j € X, have d; = 3 + ne.

Since all but the tasks in X, i.e. the tasks corresponding to the prohibited subgraph
(), have been given an arbitrarily small processing time, schedules for the problem
instance ¢ will be dominated by the processing of the tasks corresponding to the

prohibited subgraph.

In the remainder of this subsection, bounds will be established on L,,q. (n‘@g/)
and L., (w), demonstrating that n”?? is not an optimal schedule. This will be

described using the notation

K(S)=JK;, and J(S)=|]J;

jes jes
for any set of tasks S.

Lemma 6.7 For an optimal schedule w for the problem instance ¢ as defined above,

Proof. Construct the schedule o defined as follows. Schedule all tasks in J(X))
arbitrarily during the time interval [0, ne]. Use the Modified McNaughton Algorithm
to process to completion both tasks in X, \ B, and to process 1% units of each task

in B, during the time interval

2m — 1
2 b

ne,ne+ 1+
m
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giving

2m —
Ci(o) —dj <ne+ —

for both j € Xy \ B.

Schedule the remaining mT_l units of processing time of each task in B during the

time interval

2m —1 m—1
ne+1l+——5—ne+2+ 5| 5
m m

giving
—1
Cj(o) —d; §n5+m72 for each j € B.
m
Schedule all tasks in J(X7) \ (Xo U J(Xo)) arbitrarily during the time interval

—1 -1
|:n5+2+m72,2n5+2+m2 ]
m m

Use the Modified McNaughton Algorithm to process to completion all tasks in

X; during the time interval

m—1 2m —1
2ne +2+ ———,2ne + 3+ 5 ,
m m
giving
2m —1
Ci(o) —d; <ne+ m 5 for each j € Xj.
m

Finally, schedule all tasks in N \ (X U J(X)) arbitrarily during the time interval

2m — 1 2m — 1
2n€+3+m72,3n5+3+ m2
m m
giving
2m — 1
Ci(o) —d; <ne+ m2 for each j € Xj.
m

Since the maximum lateness of ¢ is an upper bound on the optimal maximum
lateness,
Linaz (W) < Lingz (0) < ne +

and the lemma is proven. m

It now remains to establish a lower bound on L4, (n‘@g?]), the maximum lateness
of the schedule produced by the Brucker-Garey-Johnson Algorithm when it is applied
to the problem instance . In order to do this it is necessary to study the values of

w's computed by the Brucker-Garey-Johnson Algorithm.
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Recall that a chain of tasks is a set S C N such that no two elements of S are
independent. Define /; to be the length of the longest chain that is a subset of K,

1.e.

max E .
SCK;:S is a chain Py
ges

The following lemma, used in subsequent corollaries to derive bounds for many of
the p’s computed by the Brucker-Garey-Johnson Algorithm, expresses a bound on

; in terms of [;.

Lemma 6.8 For any task j, either u; = —d; or

i <l — ;rel}g dy.

Proof. The lemma will be proven by induction on |K;|. If |K;| =0, p; = —d;
and the lemma holds. Now suppose that there is some k& > 0 for which the lemma
holds when |K;| < k, and consider the case where |K;| = k + 1. Since the lemma
holds if y; = —d;, (4.16) implies that only the case where p; = p, + p, for some
g € K remains to be considered; for the remainder of the proof it will be assumed
that this is the case.

The remainder of the proof involves the consideration of two cases, based on the

value of .

o If g =—d

g

Hj = Dg + pg = pg — dg < I; — min dg,
qEKj

and the lemma holds.
e On the other hand, if 1, # —d, it follows that that p, > —d,. By the inductive

assumption and the fact that K, C K, this means

Hj = Pg + [g Spy+lg_§g}gdq§lj_§2%dq’

and the lemma holds in this case as well.

In both cases the assumption that the lemma holds for |K;| < k is sufficient to prove
that the lemma also holds for |K;| = k + 1. Since the lemma holds for |K;| = 0, it

has been proven by induction. m
Corollary 6.9 For any tasks j for which K; N X =0, either p; = —d; or
p < —3 —ne.
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Corollary 6.10 For all j € Xy, p; = —d;.

Corollary 6.11 For any tasks j for which (K; N X) C Xy, either p; = —d; or
i < —2 —ne.

Corollary 6.12 For both j € Xy, p; = —d;.

Notice that Corollary 6.12 implies that all tasks in X, have the same priority
at time 0. However, the tasks in J(Xy) can disrupt the processing of the tasks in
X, causing their priorities to diverge. Lemma 6.13 examines the processing of the
tasks in J(Xp), and Lemma 6.14 investigates the effect this has on the priorities of
the tasks in Xj.

Lemma 6.13 If J(X,) # 0, there exists a point of allocation t; such that

(g%)ﬂn ) <n

Proof. Consider any j € J(X)), any g € K; N X, and any 4 for which j € A,.
Corollary 6.12 and (4.15) imply

G (tan”™ ) =p; (™) + 1y > p1j > py + p1g = 0.

All the corollaries preceding this lemma demonstrate that, for any ¢ € N\ J(Xy),
G (t,n”?) <.

If | J(Xo)NA;| < m, Lemma 4.27 implies (J(Xo)NA;) € Ni and Cj (n77) > ti41.
On the other hand, if | J(Xo)NA;| > m, Lemma 4.24 implies (N{UN3) C (J(X)NA;)
and there exists a task j' € J(X,)NA; such that C;/ (779255]) > t;y1. In either case, at
least one task from J(Xj) is being processed at every point in time during [t;, t;11],
and at least one task from J(Xj) is completed no earlier than ¢;,1. Applying this
to all ¢ for which J(Xy) N Ay # () proves the lemma. =

Lemma 6.14 If € is sufficiently small, there exists a point of allocation t; such that

for all 3 € Xy.

Proof. If J(X;,) = ), the lemma holds because NY = X,. If J(X,) # 0, Lemma
6.13 implies that

p; —ne < pj (t,n”?) < p; for all j € X. (6.7)
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For a sufficiently small value of ¢, this implies Xy C A;.
For any 7 for which Xy, C A; and

p; (t,n”?) >p;—1  forall j € X, (6.8)

the corollaries of Lemma 6.8 imply that, for sufficiently small ¢, and for all j € X
and g < N \ (XQ U J(XQ) U K(Xo)),

G tan™) > —1>e—2—ne> ¢ (t,n"7).

Hence, Lemma 4.24, (6.8) and the fact that | X,| > m imply (N; UN3) C X, i.e. all
tasks that are independent of those in Xy, and thus might compete for processing
time, always have strictly lower priority than all tasks in Xj.

By Lemma 4.7, for all ¢ > 7 for which (6.8) holds,

|N: N Xo| > | N3N Xo| +i — 1.

Hence, there exists some integer i € [z7,7+ | Xo|] such that either (6.8) does not hold,
or Ni = Xy. In the latter case, the lemma is proven, so now the former case will be
addressed.

Recall that Lemma 4.3 establishes an upper bound on the distance between
consecutive points of allocation ¢; and ¢;,,1 in terms of §;, the smallest difference in
priority between tasks in different sets Ni, Ni and N:. In this case, (6.7), (6.8) and
Lemma 4.9 imply that & < & < ne, so Lemma 4.3 implies

tiv1 —t; <mné&; < mn’e.
If ¢; <1, (6.8) holds. Hence, for a sufficiently small value of ¢, (6.8) holds for all ¢

until Vi = X, and the lemma is proven. =

Lemma 6.14 will now be used to establish a lower bound on the maximum lateness
of the schedule produced by the Brucker-Garey-Johnson Algorithm when it is applies

to the problem instance .
Lemma 6.15 For a sufficiently small value of ¢,

2

A
Linaz (n*7') 2 — = ne.

Proof. Lemma 6.14 implies
by (ton”) =1
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for all j € B, and also that

Together, these imply that
BYY 1 ‘
C'j(n f)22+E for all j € B.
Since every g € X7 is preceded by some j € B, this implies that
BYy 2
Cq(n «’)23+— for some ¢q € Xj.
m

As a consequence of
Lmax (n@%f) > Cq (n%’%]) - dq7

the lemma is proven. m

Finally, the theorem giving the necessary conditions for a partial order’s inclusion
in D7% can be stated.

Theorem 6.16 For any partial order that contains a prohibited subgraph of the first
or second kind there exists an assignment of m, p; and d; such that the Brucker-

Garey-Johnson Algorithm produces a non-optimal schedule.

Proof. By Lemma 6.7 and Lemma 6.15, for a sufficiently small value of ¢,

2 2m — 1
— —ne >ne+ 7
m m

Lmam (n%%ﬁ) Z Z Lma:v (w) .

Hence, n”% is not an optimal schedule, and the theorem is proven. m

Theorem 6.6 and Theorem 6.16 combine to demonstrate that D#% | the domain
of the Brucker-Garey-Johnson Algorithm, is precisely the class of partial orders that
do not include a prohibited subgraph of the first or second kind.

6.3 The Zinder-Roper Algorithm

This section analyses the domain of the Zinder-Roper Algorithm for the P|prec,
pmitn| Ly, problem. An additional result is also obtained: recall that in Section
5.3 it was demonstrated that the Garey-Johnson Algorithm in a sense “dominates”
the family § N & of algorithms, as defined in Section 4.1, in terms of a particular
measure of worst case performance. An analogous result is presented in this section,
in which it is demonstrated that D C D?” for all algorithms .« € §. In other
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words, this means that every precedence constraint graph for which any algorithm
in § guarantees an optimal solution is also guaranteed an optimal solution by the
Zinder-Roper Algorithm. Unlike the analysis in Section 5.3, the requirement that
the algorithm be stable, i.e. that it be a member of the family &, is not required.
As in the case of performance guarantee dominance, this is an unprecedented
result which has important implications for the future of research. The combina-
tion of these two results in some sense implies that the family of algorithms § N &
that is investigated in this thesis can yield no further improvements: the best pos-
sible algorithms, in terms of solvable cases and worst case performance, are already
known. Consequently, future research into improved algorithms must search outside

this family.

6.3.1 The Class of Partial Orders

A description of the domain of the Zinder-Roper Algorithm involves the notion of a
singular quartet, which is a set of tasks defined in terms of the precedence constraints
—. The definition of a singular quartet requires several concepts defined as follows.

A subset S C N is splittable if the corresponding subgraph, i.e. the subgraph
of — composed only of tasks from S, can be expressed as the series composition of
two nonempty partial orders. In other words, it is splittable if S can be expressed
as the union S; U Sy where S} # 0, Sy # 0, and j — g for all 7 € S; and g € Ss.

A set of tasks Y C N will be known as a “transitive set” if and only if, for any
g €Y any ¢ € Y and any j € N, the relation ¢ — 7 — ¢ implies 7 € Y. Any
transitive set Y will be said to be “covered by” a set X, and X will be said to

“cover” Y, if and only if
e the tasks in X are independent,
e X CY, and
e Y C (XUK(X)),

i.e. Y is covered by the set of minimal elements of Y.

An “adequate transitive set” is defined to be any transitive set Y such that
e Y is not splittable and

e the width of Y is at least four.*

*This is a slight abuse of terminology, as a transitive set is simply a set of tasks, while the term
“width” is properly applied only to partial orders. In order to simplify the exposition, the width
of a set of tasks Y should be interpreted as the width of the suborder of — induced by Y.
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A set X of two independent tasks will be known as a “singular pair” if and only
if it covers at least one adequate transitive set. A set Z of four independent tasks
will be known as a “singular quartet” if and only if there exists a singular pair X
such that X C Z. In this section, the domain D% of the Zinder-Roper Algorithm
will be proven to be the class of all partial orders that do not contain a singular

quartet.

Example 6.17 Recall the problem instance defined in Example 1.1 on page 17, and
note in particular the precedence graph (i.e. partial order) depicted in Figure 1.1.*
Define the set of tasks

Y ={2,3,4,5,7,10,11, 12, 14}.

The set Y is a transitive set, while {2,3,5,7} is not, because 2 — 4 — 7. The set
{2,10} covers Y. Set {1,10} does not coverY because 1 ¢ Y. Set {3,4,5,10} does

not cover Y bGCCLUSG
2 ¢ ({3,4,5,10} UK({3,4,5,10})).

Set {2, 3,10} does not cover Y because 2 and 3 are not independent.

Set 'Y is not splittable, which can be seen with the following reasoning. Suppose
Y can be expressed as the union S; U Sy where S1 # (0, Sy # 0, and j — g for all
jEST  and g € Sy. If2 € Sy, 7 — 2 for all j € S1. Since no task in'Y precedes
2, this would imply that S; = 0, contradicting the definition of splittability. Hence,
2 € 51, and since 2 4 14, 14 € Sy. Since no task in'Y is preceded by both 2 and 14,
Sy = 0, again contradicting the definition of splittability, and proving that'Y is not
splittable.

In contrast, the set {2,3,4,5,7} is splittable; specifically, {2,3,4,5,7} can be
partitioned into the sets S; = {2} and Sy = {3,4,5,7}. It can be seen that Ky C Ss.

The width of set'Y is 6, corresponding to the independent tasks 3, 4, 5, 11 and
12. This means that {2,10} is singular because

e {2,10} coversY; and
e Y is neither splittable, nor does it have width at most three.

One interesting observation is that the version of the Zinder-Roper Algorithm

used for the non-preemptive, UET task problem P|prec, p; = 1| L4, will solve all

*Note that, although this is an instance of P|prec, pmin, u;| Lz, i-6. u; > 1 for some tasks j,
the properties described above are properties of a partial order only — they do not depend on any
other parameters of a problem instance.
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problems where the precedence constraints are in the form of an interval order, while
it can be seen that not all interval orders are in D% as defined above. This is a
consequence of the additional freedom in the P|prec, pmtn|L,,., problem to change
the processing times of tasks in order to create a problem instance that the algorithm

will not solve.

6.3.2 Recognising the Prohibited Substructure

Although it is not a major focus of this thesis, it is useful to briefly consider how to
determine if a given partial order < is an element of D?”. A list of all sets of four
independent tasks can be constructed in polynomial time by exhaustively testing all
sets of four tasks. Once this has been done, each pair X of tasks within each set Y
of four independent tasks can be examined to determine if there exists another set
Z of four independent tasks where each task in Z \ X is preceded by a task in X.
This can also be done in polynomial time — specifically there are O(n*) sets of four
independent tasks and thus O(n®) possible selections of X, Y and Z.
If sets X, Y and Z defined as above are found, the set

S=XUKX))N(ZUJ(Z))

is a transitive set; if no such X, Y and Z are found, <€ D?”. If any S defined
above is not splittable, it follows that X and Y are singular sets, and thus <¢ D?%.
If every set S defined above is splittable, <€ D?%.

Testing if S is splittable into S; and S5 can be accomplished by considering the
following observations. Firstly, if S is splittable, X € S} and Z € S,, implying that
all tasks in X must precede all tasks in Z. If if this is the case, the set S may or
may not be splittable, and further testing is required. If it is not the case, set S can
instantly be seen to be not splittable, and hence <¢ D?7.

If there exists no task j € S\ X for which |J; N X| = 1, the set S is splittable
into X and S\ X, and the testing of S is completed. On the other hand, suppose

there is such a task j and define
X' = (X\ ) U{i}.
If S is splittable, it follows that j € S;. Hence, S is splittable if and only if
S'=X'UKX"))N(ZuJ(Z))
is also splittable.
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Figure 6.4: A partial order on four elements, describing a new class of partial orders.

The test that was just applied to S can now be applied to the new set S’. Since
|S7] < |S|, repeated application of this test will reveal whether or not S is splittable

after a finite (and indeed polynomial in n) number of iterations.

The reasoning above also leads to the following theorem, relating to the com-
putational complexity of different classes of precedence constraints, as considered
in Chapter 3.1. Specifically, the class of M-free partial orders, where the partial
order M is depicted in Figure 6.4, is considered, and it is demonstrated that it is a
subclass of the domain D?* of the Zinder-Roper Algorithm. According to [17], the

class of M-free partial orders is in asymptotic growth family I — the slowest.
Theorem 6.18 There exists no singular pair in any M -free partial order.

Proof. Suppose there exists a singular pair X in the precedence constraints, and
further suppose that Z is defined as above, i.e. Z is a set of four independent tasks,
all of which are in X or preceded by at least one task in X. Consider the subgraph
of the precedence constraints corresponding to X U Z and note that there are nine
isomorphically distinct possibilities, represented in Figure 6.5. Also in Figure 6.5,
the nodes corresponding to a subgraph isomorphic to M are shaded in all graphs
but the last.

In the final case, the algorithm described in this subsection will, after a finite
number of iterations, find one of the other eight substructures somewhere within the
subgraph induced by

S=(XUKX)N(ZuJ(2)).

As a consequence, if there exists a singular pair of tasks there also exists a subgraph

isomorphic to M, and the theorem is proven. m

The following corollary is derived from the theorem above and from the fact
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Figure 6.5: Possible subgraphs induced by a singular pair and four independent
tasks.

that the partial order M has a subgraph isomorphic to the prohibited subgraph F

describing the class of weak orders.

Corollary 6.19 There exists no singular pair in any weak order.

6.3.3 Proving Sufficiency

The aim of this subsection is to prove that the Zinder-Roper Algorithm is guaranteed
to find an optimal schedule for P|prec, pmtn|L,,,, if the partially ordered set of tasks
does not contain a singular quartet. It will be accomplished in two stages. The first
stage is a proof that if n?” does not minimise the criterion G, then the partially
ordered set of tasks has a singular quartet. The second stage is a proof that if the
Zinder-Roper Algorithm produces optimal schedules for all ¢; with criterion G, then
the resultant schedule is also optimal for the instance of P|prec, pmtn|Lq..

The introduction of the sets H; in Section 4.4 gives rise to a binary relation =
which can be described as follows: g = j if and only if there exist 0 < ¢/ <" < i*

and a sequence ¢y, ..., ¢;» such that
e the first element of this sequence is g and the last is j, i.e. ¢ = ¢ and j = g»;
e for each i’ <i<1i" ¢ € H;
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e for each i’ < i <" either ¢;_1 = ¢; or ¢;_1 — ¢;.

The properties of the binary relation = are examined in Lemma 6.20 and Lemma
6.21 below. In particular, Lemma 6.20 may be viewed as an extension of Corollary

4.28 and Lemma 6.1 to the new binary relation =.

Lemma 6.20 For any schedule n?” produced by the Zinder-Roper Algorithm and
which does mot minimise the criterion G, for each 0 < i < i" < i* and for any
Jj € H», there exists g € Hy such that g = j.

Proof. This will be proven true by induction on ¢ — 4. If i — i = 1, the
lemma follows directly from Lemma 6.1. Suppose that the lemma holds true for
i" —i' = k for some k > 1, and consider the case where i" —i’ = k+1. The inductive
assumption means that ¢ = j for some ¢ € Hy 4.

If g € Ay then

Co (b1, ™) 2 G (trs ™) = p°

and so ¢ € Hy and the lemma is proven for ¢ = g.
On the other hand, if ¢ ¢ Ay then Lemma 6.1 implies the existence of a task
g € Ay such that g — ¢. Consequently (4.15) implies

Co (b, ™) > 1y > 1y + ptg > G, (tiren ™) > p*
and the lemma holds in this case as well. =

The next lemma establishes an important property of the binary relation =. It
is similar to Lemma 5.41: it proves a much stronger kind of non-precedence, but
only for a restricted set of tasks. The statement of this lemma requires the following
notation. For any j € H, the set of all g such that j = ¢ will be denoted by U(j).
The lemma below demonstrates that, for all j € H,, there exists a task g € H. such
that j # ¢g. This is proven by demonstrating that the rigid structure implied by the
binary relation = and the fact that |H;| < m for all a < i < ¢ constrains the value

of p; in a way that contradicts the definition of ¢* and =.

Lemma 6.21 For any schedule n%” produced by the Zinder-Roper Algorithm and

which does not minimise the criterion G,

HA\UG) #0
for any 5 € H,.
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Proof. Suppose that H. C U(j) for some j € H,. Then, by the definition of =,
for any g € H,, there exits a sequence ¢,(9), ¢ar1(9), ---, g.(g) such that

e the first element of this sequence is j and the last is g, i.e. j = ¢,(g) and
9 =4c(9);

e for each a <i <¢, ¢;(g9) € H;;
e for each a < i < c either ¢;—1(9) = ¢:(g) or ¢;—1(9) — ¢ (9).

Hence, H, C K;. Furthermore, by Lemma 6.20, for any h € H;, where ¢ <1 < ¢*,
there exists ¢’ € H, such that ¢’ = h. Therefore

=1
(LJ&)Q}Q and  t, <C;(n?”) <t

i=c

On the other hand, the inequality |H;| < m, which holds for all i such that
a < i < c, implies that, for any g € H., each ¢(g) € Ni. Therefore, either
C; (nff‘%) < tgt1, or Cj (77%7) = t; for some a < i < c. Let

c=min{i:i e NAO<i<sAjé¢ A}

ie. t, = max [C’j (77%7) ,taﬂ}. If C; (nfﬁ) < tgt1, then ¢t = a+1 and j € NJ.
Hence, there exists a task j/ € N&~' such that

If, on the other hand, C} (nfé@) > tqy1, it follows that C; (nyﬁ) = t,. Hence, (6.9)
holds for ' = j. For the remainder of the proof, let j' be defined such that ;' € A,_;
and (6.9) holds.

Recall that, when determining p; for a task j with K; # (), a schedule 7/ on the
tasks in K is constructed by the Zinder-Roper Algorithm. As a consequence of the
fact that ¢;(g) € Nj for any g € H, and any a < i < c, if ¢;(g) # j it follows that

Pato) (tivr: 1) < Py (tin —7.77)

As a consequence of this, and the fact that (Uizzl Hi> C Kj, there exists a task
q € J_." H; such that

Cy (nj) >t — 1, and Cq (ti* - t“nj) =
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This, combined with (6.9), leads to
G ™) =t +C (™) =t +p; > t,+ G ()

>t At =t G (te =t ) >t + 0" =G (07,

which contradicts the choice of x and ¢;«. m

Lemma 6.20 and Lemma 6.21 state important properties of =. Specifically

e Lemma 6.20 demonstrated that every task 7 € H has a chain of high priority

tasks leading to it through all earlier intervals; and

e Lemma 6.21 demonstrated that no task j € H, has chains of high priority

tasks leading, through all intervening intervals, to every task in H..

These properties will be used in Lemma 6.22 below to demonstrate that, if the
Zinder-Roper Algorithm produces a schedule n?”# that does not minimise the cri-
terion GG, then the precedence constraints of the corresponding problem instance
contain a singular quartet. This lemma will then be used in Theorem 6.23 to es-
tablish a sufficient condition for the optimality of schedule n?#. Specifically, if the
precedence constraints do not contain a singular quartet, 7?7 is guaranteed to be

optimal.

Lemma 6.22 For any instance of the P|prec, pmtn| L. problem where the prece-
dence constraints do not contain a singular quartet, the Zinder-Roper Algorithm

produces a schedule which minimises the criterion G.

Proof. By Lemma 6.5 the non-optimal schedule must have some 0 < a < b <
¢ < i* such that |Hy| < m, |H,| > m and |H. > m. Of all tasks j € H, select as j a
task with the largest cardinality |H. N U(j)|. The choice of ), Lemma 6.20 and the
inequalities |Hy| < m — 1 and |H.| > m + 1 imply

\H.NU())| > 2.

On the other hand, according to Lemma 6.20, there exists j € H, such that j = )
and therefore
|H.NU@G)] = 2.
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Among all j € H,, select as k; a task with the largest cardinality |H.NU(j)|. Then,

taking into account Lemma 6.21,
2 <|H.NU(k1)| < |He|. (6.10)

Two cases will now be considered, based on the value of |H. N U(k;y)|. The
reasoning in both cases, involving the definition of another task ky € H,, guarantees

certain properties, (6.11) and (6.12), which will be used later in the proof.

e Suppose that |[H. N U(ky)| > 3. Then, denote by ko any j € H, such that
(H \U(k1)) NU(G) # 0;

such a task j exists by virtue of (6.10) and Lemma 6.20.

e Suppose, on the other hand, that |H. N U(k;)| = 2. By Lemma 6.20, for any
q € H.\ U(ky), there exists g € H, such that ¢ = ¢q. Among all tasks g € H,,
select as ¢ a task with the largest cardinality |(H,.\ U(k1))NU(g)|. The choice
of g, Lemma 6.20 and the inequalities |H,| < m — 1 and |H.| > m + 1 imply

(H\ U(k1)) N U (9)] = 2.

According to Lemma 6.20, there exists j € H, such that j = §. Denote this
task ks.

Note that, in either case, the definitions of k; and ks imply
(HN\U(k) NU(k2) #0,  (He\ U(k2)) NU (k1) # 0 (6.11)

and
|H.N (U(k1) UU(k2))| > 4. (6.12)

It will now be proven that {k;, k2} is a singular pair, as a preliminary step to demon-
strating the existence of a singular quartet whenever the Zinder-Roper Algorithm
fails to minimise G.
Define
B = {kq, ko} and W =H.N(U(k)UU(ks))

and consider the set
S=BUWU[K(B)NnJ(W)],
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i.e. S that is comprised of the union

{ki, ko} U (HeNU(ky)) U (He N U (k2))
and all tasks g € Kj, U K}, such that

(HeNU (k1)) U (He OV U (k2))] N Ky # 0.

By virtue of (4.15), S C U;_, H;. Furthermore, S is a transitive set and {ki, ko}

covers S.

Suppose that S = S; U Sy where S; # (), Sy # ), and j — ¢ for any j € S; and
g € Sy, i.e. suppose S is splittable.

Since each H;, with a < i < ¢, is comprised of independent tasks, each H; has
nonempty intersection with exactly one of the two sets S; and S5. The definition of
S1 and Sy implies that

BCS and W C Ss.
Hence, for some i such that a < i < ¢,

(Hz N S) Q Sl and (Hi—I—l N S) Q SQ.

Consider arbitrary
¢ € HNU(k:)  and g € (Ho\U(k1)) NU(k2); (6.13)

such tasks’ existence is implied by (6.11). Then, by the definition of =, there exist
g1 € H; and g € H; 1 such that

k?l =01 = and k’g = (g9 = (2.
On the other hand, by the choice of H; and H; 1, g1 — go, and therefore
k1= 91= 92 = ¢

which, by the transitivity of the relation =, contradicts the fact that go ¢ U(ky),
which follows from the definition (6.13). Hence, S is not splittable. As a consequence
of (6.12) it follows that S has a width of at least four, and hence {k1, k2} is a singular
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pair. Since H, is comprised of independent tasks, Corollary 5.46 implies
|Hy| >m+1>4,

and this singular pair can be complemented by another two independent tasks which
yields a singular quartet. Thus, if the Zinder-Roper Algorithm fails to minimise the

criterion GG, there must be a singular quartet. m

Theorem 6.23 For any instance of the P|prec, pmtn|L,q. problem where the prece-
dence constraints do not contain a singular quartet, the Zinder-Roper Algorithm

produces an optimal schedule.

Proof. In the light of Lemma 6.22, in order to prove the theorem, it suffices
to show that if the precedence constraints of an instance of the P|prec, pmtn|L, .
problem do not contain a singular quartet then G(0) = Ly, (o) for any schedule o,
i.e. the u’s are preserving. This property will be proven by induction on n.

It is obvious that the u’s are preserving when n = 1. Assume that, for some
positive integer k, the p’s are preserving whenever n < k and consider an arbitrary
instance ¢ of P|prec, pmitn| L. with n = k+1. Since ¢ does not contain a singular
quartet, all ¢;, i.e. all problem instances corresponding to the set of successors K
of a task j as defined in (4.4), do not contain a singular quartet either. Taking into
account the inductive assumption, Lemma 6.22 and the fact that all |K;| < k, for
any j € N such that K; # 0,

Wy = max{—dj,G (nj)} = max {—dj, Lz (nj)} = max {Lmax (wj) ,—dj} )

Hence Lemma 4.1 implies that the u’s are preserving whenever n = k + 1, and thus

the lemma follows from Lemma 6.22. =

Thus has a condition sufficient to ensure the optimality of n%# been established.
Note the similarity to Theorem 6.6, where sufficient conditions for the optimality of
n?? were established.

6.3.4 Analysis of the Prohibited Substructure

In the beginning of this section it was stated that the domain D?? of the Zinder-
Roper Algorithm is a superclass of the domain D of every algorithm & € §, and
that D?7 is the class of all partial orders which do not contain a singular quartet.
Put another way, it will be demonstrated in Subsection 6.3.5 that if the partially

ordered set of tasks contains a singular quartet then, for any algorithm & € §,
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there exist processing times p;, due dates d; and a number of machines m such that
algorithm .o/ fails to construct an optimal schedule for the corresponding instance
of P|prec, pmtn|Ly,... In order to prove this, the class of partial orders that contain
a singular quartet, i.e. the class of partial orders that will be proven to lie outside
the domain of every algorithm in §, will be examined in detail in this subsection.
These results will then be employed in the following subsection to construct, for each
algorithm o/ € § and each partial order < which contains a singular quartet, several
instances of the P|prec, pmin|L., problem; in each of these problem instances the
precedence constraints are isomorphic to <, and it will then be proven that algorithm
</ must produce a non-optimal schedule for at least one of these instances.

This will be accomplished in a manner analogous to the proof, in Subsection 6.2.3,
of the necessary conditions for optimality of the Brucker-Garey-Johnson Algorithm.
Specifically, a prohibited substructure of the considered class of partial orders will
be selected. In the case of the Brucker-Garey-Johnson Algorithm, this prohibited
substructure is a prohibited subgraph of the first or second kind, as described in
Subsection 6.2.1 and depicted in Figure 6.1, Figure 6.2 and Figure 6.3. In this

section the structure selected is

e a singular quartet @ (including some singular pair B C ) and
e a transitive set I such that

— B covers 1,
— I has a width of at least four, and

— [ is splittable.

As in the case of the Brucker-Garey-Johnson Algorithm, all tasks outside this
prohibited structure will be, in some sense, “eliminated” from consideration by
assigning them arbitrarily small processing times ¢ and sufficiently large due dates.
Tasks in the prohibited structure will then be given certain specific values of p;
and d; which allow the non-optimality of any algorithm in § to be demonstrated.
Interestingly, this non-optimality will be demonstrated for m = 3, proving that the
three machine problem P3|prec, pmin|Ly,q., and hence also P3|prec, pmtn, ;| Lyqz,
cannot be solved by any algorithm in §. This is reminiscent of Corollary 5.33,
which states that no algorithm in & can solve the P3|prec, pmin, u;|Cyq, problem.
As stated in Section 5.3, this result can be easily adapted to demonstrate that no
algorithm in & can solve the P3|prec, pmtn|C,,.. problem, i.e. the problem without
malleable tasks. Together, these results demonstrate that no algorithm in the very
broad family § U & is able to solve the much-studied three machine problem, and

directs future research away from all such algorithms.
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Unlike the treatment of the Brucker-Garey-Johnson Algorithm, however, the
selection of an arbitrary prohibited substructure is inadequate. It is necessary to
constrain the selection of (), the singular quartet under consideration. In particular,
a partial order — will be defined on singular quartets, and only such sets that are
minimal in — will be considered. To facilitate analysis of the precedence constraints
between the tasks in QUI, it is demonstrated that every singular pair B covers what
is termed a “canonical transitive set”, a transitive set with certain properties which
will be exploited in subsequent proofs. Finally, the structure of a canonical transitive
subset will be analysed. This analysis will proceed by defining an algorithm, called
the Z-Algorithm, which accepts as an argument a canonical transitive set I, and
produces a number of sets Z; and Y,* of the tasks which comprise I. After the
validity of the Z-Algorithm is demonstrated, several properties of the sets Z; and
Y® that it gives as output are established. These sets, which in a sense characterise
the structure of the precedence constraints, are subsequently used in Subsection
6.3.5 to specify the problem instances mentioned earlier. These problem instance
will be used in Subsection 6.3.5 to demonstrate that, for any algorithm < € § and

any partial order < which contains a singular quartet, <¢ D“.

In this subsection the precedence constraints — common to the problem in-
stances that will be defined in Subsection 6.3.5 are analysed, without reference to
the values of p;, d; and m which are required to fully specify an instance of the
Plprec, pmtn| L4 problem. Only one property of — is assumed: — contains a
singular quartet. Note that there may be many singular quartets defined by —.
Hence, let T be the set of all singular quartets for the precedence constraints under
consideration. Several proofs appearing in Subsection 6.3.5 rely on properties which
hold for some, but not all, singular quartets. In order to describe and analyse these
sets, a binary relation — will be defined on T as follows. Forany R € T and S € T,
R — S if R # S and, for each j € R, either j € S or K; NS # (. Otherwise,
R4S

Lemma 6.24 The binary relation — s a partial order.

Proof. In order to prove that +— is a partial order, it is necessary to prove
that it is irreflexive, antisymmetric and transitive. Since R +4& S if R = 5, — is
irreflexive. If R — S, the fact that R # S implies the existence of tasks j € R and
g € S such that j — ¢. Since all singular quartets are composed of independent
tasks, j — ¢ implies g ¢ R and K, N R = (), and hence S +» R. Consequently — is

antisymmetric.
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Finally, suppose R +— S and S — T'. Since + is antisymmetric, T' # R. Consider
any task j € R, and note that R — S implies the existence of g € S such that either
j =g or j — g. Similarly, S + T implies the existence of ¢ € T such that either
g = q or g — q. Hence, the transitivity of — demonstrates that either j = ¢ or
J — q, and since j is an arbitrary element of R, it follows that R +— T'. Hence — is

transitive, and the lemma is proven. m

As a consequence of this, there exists () € T such that there exists no R € T
satisfying R — @, i.e. () is a minimal element of Y. Such a set ) will be termed a
“minimal singular quartet.” The lemma below states a property of minimal singular

quartets; in fact it is the sole reason this concept was introduced.
Lemma 6.25 If () is a minimal singular quartet, |K; N Q| # 1 for each j € N.

Proof. Suppose that there exists a task j such that
K0Q =1, (6.14)

and note that this implies that j ¢ @ UI. Consider the set R = (Q \ K;)U{j} and
note that |R| = 4. Consider any singular pair B C Q. If K; N B =, then B C R
and hence R is a singular quartet, i.e. R € Y. By virtue of (6.14) and the fact that
(R\{j}) C Q, it follows that R — @, contradicting the definition of ) as minimal.

On the other hand, suppose that K; N B # () and let I be an adequate transitive
set covered by B. Define the set

P={j}u{g:9e K;NK,NI#0Ng¢ I}, (6.15)
the set S =1 U P, and the set
C = (B\K;)U{j}.

It will now be proven that S is an adequate transitive subset, implying that C' is a
singular pair, further implying that R is a singular quartet.

First it will be proven that S is a transitive set. Consider any two tasks g; € S
and go € SN K, . Consider any ¢ such that g; — ¢ — ¢». By considering the two
cases g2 € I and g € P below, it will be proven that K, NI # .

e ltgre I, (K,01) 2 {ga} £0.
e If g, € P, by the definition (6.15) of the set P, (K,N1I) D (K, NI)#0.
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Two more cases, g; € I and g; € P, are considered below, demonstrating that S is

a transitive set.

e If g, € I, the fact that [ is a transitive set, along with K, NI # (), implies
gelCSs.

o If gy € P, (6.15) implies that ¢ € K,, C K,. Either ¢ € I C S or (6.15)
implies g € P C S.

Suppose that S is splittable, i.e. S = S;US, where S} # (0, Sy # () and g — ¢ for
all g € 51 and g € Sy. Let j' be the sole member of B\ K;. If j/ € S, there exists
a task g € S; and hence g — j'. In the two cases below, it will be proven that this

leads to a contradiction.

e If g € I, j/ is not a minimal element of I, which contradicts the fact that B

covers I.

o If g € P, either j — g — j' or j = g — j'. Both cases contradict the fact that
Jj € B\ K;.

Hence j° € S;. Since the tasks in B are independent, this implies that B C Sj.
Since BN K; # 0, it follows that j € S;.

If SoN I # 0, the fact that (S; N I) 2 B # 0 implies that I is splittable,
contradicting the fact that it is an adequate transitive set. Hence, I C S;. This,
combined with (6.15), implies that P C S;. Since S = (I U P) C Sy, it follows that
Sy = ), a contradiction. Hence S is not splittable.

Since I C S, the fact that I is an adequate transitive set implies that the width
of S is at least four. Combining this with the results above demonstrates that S is
an adequate transitive subset. Since C' covers S, C is a singular pair. Since C' C R
and |R| = 4, R is a singular quartet, i.e. R € T. By virtue of (6.14) and the fact
that (R\ {j}) C @, it follows that R — @, contradicting the definition of @ as

minimal. =

The concept of a minimal singular quartet is not used in the remainder of this

subsection, but is used in the proof of Lemma 6.45 in Subection 6.3.5.

By definition, a singular pair covers at least one adequate transitive set. This
set may not be unique. In order to examine certain kinds of transitive sets which
have properties employed in subsequent analysis, some some new terminology will
be introduced. A transitive set I will be called a “canonical transitive set” if and

only if

182



e [ is an adequate transitive set,
e [ is covered by a singular pair B, and

e for each adequate transitive set S covered by B, |I]| < |S].

In other words, for any singular pair B there exist one or more adequate transitive
sets covered by B. The number of elements in these sets may vary from one to the
other; all those with the fewest elements are termed canonical transitive sets. Note
that there may be more than one canonical transitive set for any given singular pair.

For any canonical transitive set I, define an “adequate subset of I” to be any
set W such that

e W CI,

e the tasks in W are independent,

o |W|>4, and

e there exists no task j € I \ W such that j is independent of all tasks in WW.

A number of lemmas will now establish certain properties of canonical transitive

sets and their adequate subsets.

Lemma 6.26 For any canonical transitive set I and any adequate subset W of I,
INK(W)=40.

Proof. If I N K(W) # 0, then consider S = I\ K(W). Suppose that S is
splittable, i.e. S = S; U Sy, S1 # 0, S # 0 and g — j for all g € S; and j € Ss.
Since the tasks in W are maximal elements of the set S, and since Sy # (), W C Ss.
This implies that ¢ — j for all g € S} and j € Sy U (I N K(W)), contradicting
the definition of I as a canonical transitive set. Hence, S is not splittable. Since
[W| >4, W C S and |S| < |I|, the assumption that I N K (W) # 0 contradicts the
definition of 1. m

Lemma 6.27 For each canonical transitive set I there exists one adequate subset

of 1.

Proof. By the definition of a canonical transitive subset, the width of I is at
least four. By the definition of width, there exists a set W C I of independent tasks,
where || is equal to the width of I. The existence of a task j € I \ W that is
independent of all tasks in W contradicts the definition of width. Hence, W is an
adequate subset of I.

Suppose that there exists W’ such that

183



e 1V’ is an adequate subset of I, and
o W AW

By Lemma 6.26 I N K(W) =0 = I N K(W’'), and hence the tasks in W U W' are
independent. Consequently, since W # W’ it follows that either W \ W’ 2 () or
W'\ W # (). Both cases contradict the definitions of W and W’ as adequate subsets
of I. m

Lemma 6.28 For each canonical transitive set I the sole adequate subset W of 1

has cardinality four.

Proof. Suppose that |W| > 5. If W C K for each j € I\ W, it follows that /
is splittable, contradicting the definition of I. Hence, there exists at least one task
j € I'\ W such that W\ K; # 0.

If W\ Kj;| > 3, define the set Wy = {j} U (W \ Kj). A sequence of sets
Wo, W1, ..., W, will now be defined one by one. Suppose the set W}, has been defined
but Wy, has not. If there exists any task g € I\ W}, such that ¢ is independent
of all tasks in Wy, define Wy = {g} U Wj. If no such g exists, set v = k and
terminate the procedure; note that this is guaranteed to happen since |N| is finite.
These sets are all composed of independent tasks and have cardinality at least four.
Hence W, is an adequate subset of I, which contradicts Lemma 6.27.

If 2> |W\ Kj| > 1, consider S = I\ {g}, where g is an arbitrary element of
W N K. By the assumption that |[W| > 5, the width of S is at least four. Lemma
6.26 implies I N K, = (), so the fact that [ is a transitive set implies that S is also
a transitive set.

Suppose that S is splittable, i.e. S = S; U S, Sy # 0, Sy # 0 and ¢ — ¢ for
all ¢ € S; and ¢ € S3. Since I N K(W) = 0 as a consequence of Lemma 6.26,
this implies (W \ {g}) € S2. On the other hand, since W \ K; # 0, j € S,. Since
j — g, it follows that ¢ — ¢o for all ¢; € S; and ¢ € Sy U {g}, I is splittable, a
contradiction. Hence, S is not splittable.

Let B be the singular pair that covers I. Since j — ¢, g ¢ B and hence B also
covers S. Hence, S is an adequate transitive set covered by B, and the fact that

S C I contradicts the definition of I as a canonical transitive set. ®

The precedence structure between tasks in a canonical transitive set will now be

analysed.

As stated earlier, this subsection demonstrates that if the partially ordered set of

tasks contains a singular quartet then, for any algorithm in the considered family § of
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algorithms, there exist processing times p;, due dates d; and a number of machines m
such that this algorithm fails to construct an optimal schedule for the corresponding
instance of P|prec, pmin|L... For any partial order < which contains a singular
quartet, this will be proven by constructing three problem instances with precedence
constraints — isomorphic to <, and then demonstrating that no algorithm in § can
generate an optimal schedule for all of them. This thesis introduces the Z-Algorithm
which plays an important role in the assignment of processing times p; and due dates
d; to the tasks in these problem instances. This algorithm is applied to a canonical
transitive set I covered by a singular pair B. It begins with some initial index h, to
be specified later.

The output of the algorithm is a sequence of sets of tasks, Z, Zp41, ..., Z; for
some index h > h. The value of h — h depends on the precise structure of the
precedence constraints between the tasks in I. Each Z; is a subset of I, and each
is composed of independent tasks. Each Z; is partitioned by the Z-Algorithm into
two nonempty sets, ¥? and Y;!. An outline of the algorithm is given below, and it
is specified rigorously on page 187.

The algorithm construct the sets Z; one at a time, in increasing order of :. When
each Z; is defined, the sets Y;” and Y;! are also defined. Step 1 computes 7. Each
subsequent set Z;.1 is the result of a modification of Z;. The modification that
derives Z;,, from Z; takes one of two forms, specified in Step 2 and Step 3.

In order to describe these steps more fully, a definition is needed. For each index

¢ and each task j € Z;, a set R, ;, defined as

Ry =10 (K \ K(Z\ 7)), (6.16)

is computed. In words, this is the set of immediate successors of 7 which are in [
and which are not successors of any other task in Z;. In the case where R, ; = () the

lemma below provides insight into the set Kj.

Lemma 6.29 For any i and any two tasks jo # j1 such that Z; = {jo, j1},
Rijy=0=R;;, implies INK; =INKj.
Proof. For either a € {0,1}* the definition (6.16) gives

0 C (Iﬁ Kja> \ (Iijlfa) =1In (Kj‘l\Kﬁ*“)

*In much of the rest of this chapter it is convenient to refer to two mathematical objects
with indices 0 and 1. In order to refer to them generically, an arbitrary index a € {0,1} can be
considered, and the objects referenced with indices a and 1 —a. In particular, this lemma considers

tasks j, and ji_q; in later reasoning the sets Y,* and Yil_a are considered.
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= 10 (K3 \ K(Z\ {5a}) = Ris, = 0.

Consequently

(fﬁ f%) \(INK;_,)=0

and hence
INK; CINKj,_,. (6.17)

For any task g € /N Kj, the fact that j, € I and that I is a transitive set implies
that either g € I N f(ja or ¢ — g for some ¢ € I N f(ja. In either case g € IN K;

Jl—a

as a consequence of (6.17), implying
INK;, CINK; . (6.18)

Since (6.18) holds for both a € {0, 1} the lemma is proven. =

In each iteration of the Z-Algorithm, Step 3 derives Z;,; from Z; by replacing
a task z € Z; with all tasks in R, ,. By this process, each task in I will become a
member of at least one set Z;; this will be proven after the algorithm is rigorously
specified. It will also be proven that when Step 3 is executed z will be selected so
that R; , # (.

Sometimes it is necessary for an additional step to take place before such a task
z can be selected. If this is the case, Z; 1 will be derived in a different way, specified
by Step 2. If Step 2 determines Z, 1, it does so by removing a task y in a manner
that guarantees that Step 3 can then select some z € Z;;; such that Ry, # 0.
Hence, during some iterations of the Z-Algorithm Step 2 determines Z;,; and Step
3 determines Z;; during others, Step 2 does nothing while Step 3 determines 7, ;.

After the execution of Step 3, Step 4 will terminate the algorithm if |Z;| = 4,
setting h = i; otherwise it will initiate another iteration of Step 2 and Step 3. Since [
is a canonical transitive set, Lemma 6.27 demonstrates that Z; is the only adequate
subset of I.

Note that for some steps of the Z-Algorithm it is not obvious that the opera-
tions they describe are valid. Before the Z-Algorithm can be analysed it must be
demonstrated that it produces well-defined output after a finite number of steps.

Specifically, the issues below must be addressed.

e [t is not obvious that y can be selected as in Step 2.2 because Y;* might be

empty. See Lemma 6.32 for the proof that this never happens.
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The Z-Algorithm
1. Let the tasks in B be denoted arbitrarily as yy and gy, then:

1.1. set

111 Y9 = {y},
1.12. Y} == {y} and
1.1.3. Z) = Y£ U Yﬁl;

1.2. set ¢ := h.
2. If RZ,] = @ for allj € Zz

2.1. select a € {0,1} such that [Y*| > |Y;'7|;
2.2. select y € Y such that |[I N K,| >[I N K| for all j € Y%
2.3. set

231, Y, = Yo\ {u),

2.3.2. Y *:=Y,"" and

2.3.3. Ziyy =Y UYL,;

2.4. increment 1.

3. Regardless of whether Step 2 resulted in a new value of i:

3.1. select z € Z; such that R;, # 0;
3.2. select a € {0, 1} such that z € Y,
3.3. set
3.3.1. Y% = (Y "\ {z}) UR; .,
3.3.2. Yii“ = Y,'"" and

3.4. increment .

4. If |Z;| = 4 set h := i and terminate; otherwise go to Step 2.
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e It is not obvious that z can be selected as in Step 3.1 because it might be the
case that R; ; = () for all j € Z;. See Lemma 6.33 for the proof that this never
happens.

e [t is not obvious that the algorithm terminates as in Step 4. See Lemma 6.39

for the proof that this always happens.

The proof of validity proceeds by induction. Since several lemmas are required,
the inductive assumptions will be stated here and the lemmas will demonstrate that,
if these assumptions hold for some ¢ = 7, then either the algorithm terminates with
h =7+ 1 or the assumptions hold for i = 7+ 1. The inductive assumptions are that,

for some integer 7 > h and each integer i € [h,1]:
2. Y0 A0 £V

3. if Y2, V! and Z; were defined according to Step 2.3 there exists at least one

(2

J € Z; for which R;; # 0;

4. if Y2 V' and Z; were not defined according to Step 2.3* there exists no task

7

j € I'\ Z; such that j is independent of every task in Z;;
5. Y2NY!=0; and
6. the tasks in Z; are independent.

Note that Assumption 1 implies that the algorithm has not terminated, and hence
that Y%, i1, and Z;; are also defined by the Z-Algorithm. Also note that As-
sumption 2 implies that it is possible to select a task y as in Step 2.2, and that
Assumption 3 implies that it is possible to select a task z as in Step 3.1. Hence
these two inductive assumptions imply that no invalid operation is executed during
the computation of Y%, Y;}; and Z; ;.

The case of 7 = h is rather trivial; consequently the proof in this case is not made

explicit.
Lemma 6.30 The inductive assumptions hold for 1 = h.

Proof. Since 7 = h, h is the only value of 7 for which the inductive assumptions
must be proven to hold. The lemma follows from Step 1 of the Z-Algorithm, and
the fact that B is a singular pair. m

*This means that either Y,?, ;' and Z; were defined according to Step 3.3 or i = h, in which

2

case Y, Y;! and Z; were defined according to Step 1.1.

2
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The proof that the inductive assumptions propagate to subsequent values of 4
is divided into several lemmas below. Lemma 6.31 and Lemma 6.34 are of general
utility, addressing the precedence constraints of tasks in Z;. Aside from these two

lemmas, the inductive assumptions are considered one by one:

e Lemma 6.32 considers Assumption 2;

Lemma 6.33 considers Assumption 3;

Lemma 6.35 considers Assumption 4;

Lemma 6.36 considers Assumption 5; and

Lemma 6.37 considers Assumption 6.

There is no lemma considering Assumption 1 because this is the assumption that
the algorithm has not terminated for any ¢+ < 7; on the contrary, Lemma 6.39
demonstrates that the Z-Algorithm will always terminate after a finite number of

steps.

Lemma 6.31 If the inductive assumptions hold for some integer 1 > h, and if Y,
Y and Z; are not defined according to Step 2.3,

INK(Z) # 0.

Proof. Suppose the inductive assumptions hold for some integer z > h, and that
Y, V! and Z; are not defined according to Step 2.3. Lemma 6.26, Lemma 6.27 and

Lemma 6.28 demonstrate the existence of a set W C [ such that
W|l=4 and INKW)=0.

The fact that I N K(W) = 0 implies that W N J(Z;) = 0, and since Assumption 1
gives

it follows that
WA\ (Z: U J(Z)) # 0.

By Assumption 4
W CICJ(Z)UZ;UK(Z).

Consequently
0 CcWNK(Z)CINK(Z),
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and the lemma is proven. m

Lemma 6.32 If the inductive assumptions hold for some integer 1 > h,

z—l—l 7£ @7£ z+1

Proof. Suppose the inductive assumptions hold for some integer = > h. By
Assumption 1, sets Y%, ;1| and Z;;, are defined. Two cases will be considered
based on how they differ from Y, ¥;! and Z,.

)

e Suppose Y. 1) )& 11 and Z; 1 are defined according to Step 2.3, i.e. there exists
a task y € Z; such that Z;.; = Z; \ {y}. Select a € {0,1} such that y € Y.
Step 2.3.2 and Assumption 2 together imply that

it =y,

It will now be proven by contradiction that Y%, # 0. If Y;%, = ), Step 2.3.1
implies that Y.* = {y}. By Step 2.1 and Assumption 2, it follows that

1<y <y =1

Let j be the sole task in Y;'®. Since the task y was selected, it follows from
Step 2 that R; ; = 0 = R;,, and hence Lemma 6.29 gives

INK,=INK;. (6.19)

Define

Since the fact that task y was selected when defining Y ,, Y;}, and Z;,
implies that Y;°, V! and Z; were not defined according to Step 2.3, Assumption
4 implies that I = S;US5 and Lemma 6.31 implies that Sy # (). Consequently,
it is possible to select two tasks g1 € S; and gy € Sy. From (6.19) it follows
that g1 — g2, and so [ is splittable, a contradiction. Hence, {y} C ¥.* and as

a consequence

Vi =Y \{y} #0.

Thus, the lemma has been proven in the case where a task y is selected as in
Step 2.3.
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e On the other hand, suppose Y;},, Y;}; and Z;,; are not defined according to
Step 2.3, i.e. there exists a task z € Z; such that Z; 11 = (Z; \ {#}) U R; ., as
in Step 3.3. Select a € {0,1} such that z € Y. Step 3.3.2 and Assumption 2
together imply that

Y=Y 40

Two cases are now considered, based on how Y;?, Y;! and Z; were defined. In
both cases it is demonstrated that R;. # 0, and

0chR.CYi

— It Y V! and Z; were defined according to Step 2.3, Assumption 3 and
Step 3.1 imply R; ., # 0.
— On the other hand, if ¥;°, ;! and Z; were not defined according to Step

)

2.3, Step 2 and Step 3.1 imply R;, # 0.

Hence, the lemma holds in both cases. m

Lemma 6.33 If the inductive assumptions hold for some integer @ > h, and if Yy,

YL, and Zzq are defined according to Step 2.3, there exists at least one j € Zpyy

T

for which Ryq1; # 0.

Proof. Suppose the inductive assumptions hold for some integer 7 > h, and that
Vi, YLy and Z;1 are defined according to Step 2.3, i.e. there exists a task y € Z;
such that Z;;1 = Z; \ {y}. Select a € {0,1} such that y € Y,*.

Lemma 6.32 and Step 2.3.1 together imply

0 cYi, =Y \{y}.
If |Y*| > 3 or ’Yil’a} > 2 then, by Assumption 2 and Assumption 5,
|Z: = |V + Y770 > 4,

contradicting Assumption 1. Hence |Y*| = 2 and }Y}l’“’ = 1. Let j be the sole
task in ¥;'~* and let g be the sole task in Y;%,. This implies that Z; = {y, j, g} and

Zi—‘,—l = {]7 g}
Suppose that Ry ; = 0 = Rz, i.e. suppose that the lemma does not hold. As

a consequence, Lemma 6.29 gives
INK; =1NK,. (6.20)
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Since Y, Y;}; and Z;, are defined according to Step 2.3, Step 2 implies that
R;, =0, so by (6.20) it follows that

INK,CINK,;=INK,

and by Step 2.2
INK,=INK; =1NK,. (6.21)

Since Y%, Y;1 | and Z;,; are defined according to Step 2.3, Y}, ¥;' and Z; were not
defined according to Step 2.3, and Lemma 6.31 implies that I N K(Z;) # (). This,
combined with (6.21) demonstrates that I can be partitioned into two nonempty
sets

Sl =1InN (J(Z{) U Z{) and SQ =1InN K(Zg),

and every task in S precedes every task in S5, i.e. [ is splittable. This contradicts

the definition of I as a canonical transitive set and so the lemma is proven. m

Lemma 6.34 For any i such that Y, |, Y.\, and Z;;1 are defined according to Step
2.3,
INK, C K(Zi1)

where y € Z; \ Ziy1.

Proof. Suppose that Y%, Y;}; and Z;;, are defined according to Step 2.3, i.e.
there exists a task y € Z; such that 7,11 = Z; \ {y}. Hence

0= Riy =10 (BN KZA D) = (10F,) \ K(Zi),
and consequently
INK, C K(Zi). (6.22)

For any task g € I N K, the fact that y € I and that [ is a transitive set implies
that either g € I N I?y or ¢ — g for some g € I'N [}'y. In either case g € K(Z;11) as

a consequence of (6.22), and the lemma is proven. =

Lemma 6.35 If the inductive assumptions hold for some integer© > h, and if Y;\,,
Y1, and Zzyy are not defined according to Step 2.3, there exists no task j € I\ Zz4

such that j is independent of every task in Z;, 1.

Proof. Suppose the inductive assumptions hold for some integer 7 > h, and that

Y%, Yl and Z;;; are not defined according to Step 2.3. Since 7 > h, this implies
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that they are defined according to Step 3.3, i.e. Z;,1 is formed by replacing a task
z € Z; with the tasks in R; .. Consider any task j € I. Several cases will now be

considered, based on the relationship between j and the tasks in Z;.

o Ifj € J(Z:\{z}), 7 € Z:\{z}orj € K(Z;\{z}), the fact that (Z;\{z}) C Z14
implies j € J(Zz41), j € Zzyq1 or j € K(Z71) respectively.

o If j € J, U{z}, the fact that R;, C I N K, and R;, # 0 (by Assumption 3
and Step 2) implies j € J(Z;11).

e Suppose that j € K, \ K(Z;\ {z}) and consider the following two cases.
— If j € K, the definition (6.16) of R;. and the fact that j ¢ K(Z;\ {z})
together imply that j € R;, C Z;,;.
— If j ¢ K, it follows that

jEINK (K.) CIN(K (R UK (Z:\{2}) = 10 K(Zess).

e Finally, suppose that
j ¢ J(Z) U Z:UK(Z), (6.23)

i.e. suppose that j is not in Z; and is independent of every task in Z;. This

supposition, combined with Assumption 4, implies that Y,°, V! and Z; were

defined according to Step 2.3, i.e. Z; = Z; 1 \ {y} for some task y € Z; 1. As a
consequence 7 > h and the sets Y,? |, ¥.!'; and Z;_; were not defined according

to Step 2.3. By Assumption 4, this observation implies
Jj € J(Zi)UZi 1 UK(Z ). (6.24)
Combining (6.23) and (6.24) leads to the following cases.

—Iftje J(Zii\{y}), j € Zi.1 \{y} or j € K(Z;_1 \ {y}), the fact that
Zy = Zz 1 \ {y} implies j € J(Z;), j € Z; or j € K(Z;) respectively,
contradicting (6.23).

— Suppose that j € J, U {y}. Note that z € Z;_; \ {y} and, because Y;°,
Y.l and Z; were defined according to Step 2.3, Step 2 implies that

0= Rir =10 (K K(Zea \ {) = IN (KA K((Z:U )\ {=))

=10 (KA K(Z\ D)\ K, = B\ K,
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and hence R;, C K. Because this, Assumption 3 and Step 3 together
imply that
0 C R, C ZyNK,,

it follows that
je JyU{y} CJ(ZianNKy) C J(Zipa).
— Finally, suppose that j € K. From Lemma 6.34 it follows that
jelInNK,CK(Z),

again contradicting (6.23).

Hence, in all cases j € I implies j € J(Z;11), J € Zzp1 or j € K(Zz41). ™

Lemma 6.36 If the inductive assumptions hold for some integer 1 > h,

Yi(-)u N Y;’}i—l =0.

Proof. Suppose the inductive assumptions hold for some integer = > h. By
Assumption 1, sets Y}, Y, and Z;;; are defined. Two cases will be considered
based on how they differ from Y;°, ;! and Z,.

)

e Suppose Y, V1| and Z;;; are defined according to Step 2.3, i.e. there exists
a task y € Z; such that Z;,1 = Z; \ {y}. By Assumption 5, Step 2.3.1 and
Step 2.3.2

Y;’E)l—lmy;’}l-l gyzomyil =0

so the lemma holds in this case.

e On the other hand, suppose Y;},, Y;}; and Z;;; are not defined according to
Step 2.3, i.e. there exists a task z € Z; such that Z; 11 = (Z; \ {#}) U R; ., as
in Step 3.3. Select a € {0, 1} such that z € Y;*. By Step 3.3.1,

Vi, =\ {z) UR. CYUK.. (6.25)
By Assumption 5 and Step 3.3.2
YeNYt = Yoy =0, (6.26)
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By Assumption 6, Step 3.3.2 and the fact that z € Y,*
K.NY =K nY'*=0. (6.27)

Combining (6.25), (6.26) and (6.27) demonstrates that the lemma holds in this

case as well.

Hence the lemma holds in both cases. m

Lemma 6.37 If the inductive assumptions hold for some integer © > h, the tasks

in Zyy1 are independent.

Proof. Suppose the inductive assumptions hold for some integer = > h. By
Assumption 1, sets Y%, Y2, and Z;;; are defined. Two cases will be considered
based on how they differ from Y;?, V! and Z,.

e Suppose Y%, Y2 | and Z;;; are defined according to Step 2.3, i.e. there exists
a task y € Z; such that Z; 1, = Z; \ {y}. Since Z;,; C Z; the lemma holds in

this case as a consequence of Assumption 6.

e On the other hand, suppose Y;},, Y;}; and Z;,; are not defined according to
Step 2.3, i.e. there exists a task z € Z; such that Z; 11 = (Z; \ {#}) U R; ., as
in Step 3.3. Select a € {0,1} such that z € Y.*. By Assumption 6 the tasks in
Z; \ {z} are independent. Since R;, C K, the tasks in R; ., are independent,
and Assumption 6 implies that

(Z\{zHNK(R.) C(Z:\{}) N K. =0.
Finally, by the definition (6.16) of R; . it follows that
(Z:\{z}) N J(Ri.) =0,

so the lemma holds in this case as well.
Hence the lemma holds in both cases. =

The following corollary combines the results of Lemma 6.30, Lemma 6.32, Lemma
6.33, Lemma 6.35, Lemma 6.36 and Lemma 6.37. It demonstrates that the Z-
Algorithm can always select a task y as in Step 2.2, and a task z as in Step 3.1.

Corollary 6.38 The inductive assumptions hold for every integer © > h such that
| Z] < 3.
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Lemma 6.39 The Z-Algorithm terminates after a finite number of iterations.

Proof. For each integer ¢ > h for which the sets Y%, Y;}, and Z;;; are defined,
either Y2, Y1, and Z;;, are defined according to Step 2.3, in which Z; 11 = Z;\ {y}

for some y € Z; and hence
INK(Z) 2 INK(Zi\{y}) = K(Zit1);

or Y;SLl, Y;}H and Z;,1 are defined according to Step 3.3, in which case Z;;; =
(Z; \ {#}) UR,_, for some z € Z; and hence

INK(Z)DINK{(Z\{2})UR;.) =INK(Zi1).

Thus, in either case, I N K(Z;41) C I N K(Z;). Furthermore, the latter case gives
INK(Z;iy1) C INK(Z;), and this holds for at least half of the sets Z;,1. Since ||
is finite there exists some finite integer ¢ > h for which I N K(Z;) = 0.
Lemma 6.26, Lemma 6.27 and Lemma 6.28 demonstrate the existence of a set
W C I such that
W|=4 and INKW)=0.

By Corollary 6.38 and Lemma 6.35, Assumption 4 holds for all i. Consequently

whenever Y |, Y| and Z;;; are defined according to Step 3.3,
W C Zi UK (Ziyn). (6.28)

By Lemma 6.34, (6.28) also holds whenever Y, |, Y}, and Z;;; are defined according
to Step 2.3. Since there exists some finite integer ¢ > h for which I N K(Z;) = 0,
Z; = W and the Z-Algorithm terminates. m

This completes the proof of the validity of the Z-Algorithm.

The lemmas below describe important properties of the Z-Algorithm. These
properties are used in the construction of schedules in Lemma 6.63 and Theorem
6.75.

Lemma 6.40 All j € I have j € Z; for some integer i € [ﬁ, E}.

Proof. Suppose there exists a task j € I such that j ¢ Z; for all h < i < h.
Select the largest 7 such that j € K(Z;) — it is possible to make such a selection due
to Lemma 6.30 and Lemma 6.39. Since j ¢ K(Z;41), there exists some g € Z; \ Z; 11
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such that ¢ — j. Two cases will now be considered based on how Z;,; differs from
Z;.

e Suppose Yﬁrl, Ylfrl and Z;,, are defined according to Step 2.3, i.e. there exists
a task y € Z; such that Z;.; = Z; \ {y} and hence g = y. However, Lemma
6.34 implies

jelINK, CK(Z),

contradicting the definition of j.

7

3.3, i.e. there exists a task z € Z; such that Z,;; = (Z;\ {#}) UR, , and hence
g = z. The fact that j ¢ K(Z; \ {z}) and j € K, implies that either j € R, .,
in which case j € Z; 41, or j € K(R;.), in which case j € K(Z;11). Both of

e On the other hand, suppose Y%, Y;}; and Z;;; are defined according to Step

these cases contradict the selection of j.

Consequently, the lemma holds in both cases. ®

Lemma 6.41 For every integer i € [ﬁJr 1,7@, for each a € {0,1} and for each
Jjevyy,
JEYL UKL

Proof. Consider any ¢, a and j as defined in the statement of the lemma. If

j € Y;*, the lemma holds, so suppose j ¢ Y;*,. Two cases will now be considered
based on how Z; differs from Z;_;.

e Suppose Y, Y and Z; are defined according to Step 2.3, i.e. there exists a

task y € Z;_1 such that Z; = Z; 1 \ {y}. Since Z; C Z;_; this contradicts the

selection of j.

e On the other hand, suppose Y, Y;! and Z; are defined according to Step 3.3,

i.e. there exists a task z € Z;_y such that Z; = (Z;_1 \ {#}) U R;_1 . and hence
JeER_1.CK,.

Consequently, the lemma holds. =

Lemma 6.42 For every integer i € [ﬁJr 1,7@, for each a € {0,1} and for each
JeYs,
JEYSTUK (V).
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Proof. Consider any i, a and j as defined in the statement of the lemma. If
j € Y, the lemma holds as a consequence of Corollary 6.38 and Lemma 6.32, so
suppose j ¢ Y.*,. Two cases will now be considered based on how Z; differs from
Zifl.

Y} and Z; are defined according to Step 2.3, i.e. there exists a

(2

e Suppose Y,

task y € Z;_; such that Z; = Z; 1 \ {y}. Since Z; C Z,;_; this contradicts the

selection of j.

e On the other hand, suppose Y, ;! and Z; are defined according to Step 3.3,
i.e. there exists a task z € Z;_4 such that Z; = (Z;_1 \ {#}) UR;_1 . and hence
(6.16) implies

JER_.=1nN (f(z \ K (Zi_1 \ {z}))
cIn (f(z \ K(Yil_;a)) - (1 N f(z) \ K (Y159).
Since z € Y;*, and z — j, Corollary 6.38 implies j ¢ Y;' %

Consequently, the lemma holds. =

Lemma 6.43 For every integer i € [ﬁ+ 1, }_L} and for each a € {0, 1}, the tasks in
V" UYS® are independent.

Proof. Consider any ¢ and a as defined in the statement of the lemma, and
consider any j € Y. Two cases will now be considered based on how Z; differs from
Zifl.

e Suppose Y, V! and Z; are defined according to Step 2.3, i.e. there exists a

task y € Z;_1 such that Z; = Z;, 1 \ {y}. Since Z; C Z;_; the lemma holds in

this case as a consequence of
YOIUY YUY =2, (6.29)

and Corollary 6.38.

e On the other hand, suppose Y, ;! and Z; are defined according to Step 3.3,
i.e. there exists a task z € Z;_; such that Z; = (Z;_;\{z})UR;_1.. If z € ;' %,
(6.29) holds and the lemma follows from Corollary 6.38. On the other hand,
if z€Y?

VStuYe = Yoy =7,

and the lemma follows from Corollary 6.38 and Lemma 6.37.
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Consequently, the lemma holds in both cases. =

Lemma 6.44 For every integer i € [ﬁ+ 1,h— 1] and for each a € {0,1},
vioruye| <s.

Proof. As a consequence of Lemma 6.43, Y;' ;*UY;% is a set of independent tasks,
and is a subset of I. Since [ is a canonical transitive set, Lemma 6.26, Lemma 6.27

and Lemma 6.28 imply that
o ‘Yil:la U YZ“‘ <4 and
o if |[Y'*UY?| =4 it follows that Y;'[“ U Y = Zj.

Suppose }Y;l_’l“ U Yﬂ} =4. Forall j € Z;, INK; =0 and hence Y, *UY" = Z;

implies ;' ,* = Y;'~*. Consequently i = h, and the lemma follows. m

Now that some properties of minimal singular quartets, canonical transitive sets
and the Z-Algorithm have been established, they will be used in the construction

of three problem instances in the following subsection.

6.3.5 Dominance of Solvable Cases

Consider an arbitrary algorithm o7 € §, and suppose that the domain of this algo-
rithm contains some particular partial order < containing a singular quartet — it will
later be proven that no such algorithm exists as this would lead to a contradiction.
From this point, it will be assumed that algorithm .7 is being used to assign all
values of p, and that the precedence constraints of all considered problem instances
are isomorphic to <.

By Lemma 6.24 the poset < contains at least one minimal singular quartet,
and by definition there is at least one corresponding canonical transitive set. The
Z-Algorithm will now be applied to some canonical transitive set given by < to
construct several problem instances, ¢!, ©? and . It will then be demonstrated
that algorithm &7 cannot minimise the maximum lateness for all three instances.
Since the only properties of &/ and < that are used to prove this are that o € §
and that < contains a singular quartet, it follows that D C D% The considered
instances have much in common, described below.

Select as Z; some minimal singular quartet, and let B C Z; be a singular pair.
Select a canonical transitive set I covered by B, and apply the Z-Algorithm to I,
with the initial index A = 1. Note that this generates sets 2, Zs, ..., Z3, and results
in Z; = B and |Z;| = 4.
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Denoting

h
Z=\Jz=20U1I

=0
the values of processing times and due dates common to ¢!, ©? and ©?® will now be
specified. For all tasks j € N\ Z, d; = 5h + 1 and p; = €, where € > 0 may be
made arbitrarily small. The purpose of this is to eliminate all tasks not in Z, i.e. not
in the prohibited structure being examined. In order to avoid tedious repetition of
the phrase “for sufficiently small € > 0” in the statements of the dozens of lemmas
and corollaries in this subsection it will hereafter be assumed that ¢ is “sufficiently
small” for every desired purpose. It will only be stated when the fact that € can be

made arbitrarily small is used explicitly in a proof.
For all tasks j € Z\ Zp, let

dj:4ﬁ+max{i:1 Sigﬁ/\jGZi},
i.e. 4h plus the index of the last Z; of which j is an element; and

Y

pi={i:1<i<hnjez}

i.e. the number of sets Z; of which j is an element. For both j € Zy\ Zy, p; = d; = 1.
In all problem instances m = 3. As a consequence of these assignments, the only
difference between the problems will be the processing time and due date of the two

tasks composing Z;.

Several definitions are required before any specific problem instances are pre-
sented. For any o € {1,2,3}, denote by n the schedule produced by the applica-
tion of algorithm .o to the problem instance ¢®. Note that the assumption that
< is in the domain of & implies that 7 is an optimal schedule for the problem
instance p®. If J(Zy) # 0, define

t, = max C; (n7),

(¢4 jeJ(Zo) J (na )

otherwise f, = 0. In words, #, is the earliest point in time during schedule 77 at
which no predecessor of any task in the minimal singular quartet Z; is available.
Further define

po_ (o
lo= max C; ().

In words, {, is the earliest point in time during schedule 7 at which no task that
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is both
e in the minimal singular quartet 7, and
e not in the singular pair 7;

is available.

Consider the points of allocation tg, 1, ... of schedule 77 and define
Ro={i:ie NNty <t; <la}.
This is the set of every index ¢ for which, at the corresponding point of allocation ¢;
in the schedule n7,
e 1o task in J(Zp) is available and

e at least one task in Z; \ Z; is available.

Select

1, — min R, and 1o = max R,,

ie. ty € (ti,, ti,41] and either £, =ty = 0 = t;, or to € (t;._1,t;,]. Corollary 6.46
establishes that R, # (), and hence 7, and i, are well defined. The examination
of these indices of points of allocation facilitates subsequent reasoning about the
processing of the tasks in J(Zy) and the tasks in Zy \ Z;. This is particularly useful
since each considered task has equal processing times and due dates in the three

problem instances ¢!, ¢? and 3.

Lemma 6.45 For any « € {1,2,3}, there exists a point of allocation t; € [t,,ne)

for schedule n .

Proof. If t, = 0 then
tia — .Ea — 0 < ne

and the lemma holds.

Now consider the case where ¢, > 0 and define
i=min{i: i e NAt; >1,}.

For any time ¢ in schedule n, if any task j € J(Z) has C; (ng"f) > t, the selection
of Zy as a minimal singular quartet, along with Lemma 6.25, implies that at least

two tasks in Z, are not yet available for processing. Since
|Zo| —2=2<3=m,
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the definition of Algorithm P implies that there is at least one task from N\ Z being

processed at time ¢, implying

ti1 < Z (pj —Dj (tiﬂ,ﬁf)) . (6.30)

JEN\Z
Note that the definition of ¢, implies that it is possible to select a task
g€ (NTTUNTY) N J(Z).
Two cases are now considered.

e If g € N{7!, it follows from (6.30) that

ti=tin+py (i) <pg+ Y, (p—pi (i)
JEN\(ZU{g})

< Z p; =N\ Z|e < ne.

JEN\Z

e On the other hand, if g € N3, it follows from (6.30) that

ti <l + Z (pj (tic ) = pj (ti )

jeN;
<ti1+ Z min {Pg (tz‘—la 772{) y Pj (tz‘—laﬁf)}
jeNIT?
< Z p; + Z pg(ti,l,nf)g Z € < ne.
JEN\Z JEZ\K, JEN\(ZNK,)

Hence the lemma holds in both cases. m

Corollary 6.46 It holds that R, # ().

Proof. This follows from the preceding lemma and the fact that t, > 1. m
Corollary 6.47 For any schedule o for problem instance ¢%, and all j € Zy,
pj —ne < pj (tza,nf) < pj-
For the points of allocation t; for n, define the set
Se={i: i€ Ry N(NJUNH\ Z #0},
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i.e. S, is a set of indices of points of allocation for the schedule 7, specifically the
subset of R, for which a task not in Z is processed. This definition will be used in

the lemma below.

Lemma 6.48 For the points of allocation t; for n?,

Z(tH_l — tz) < ’I’L3€.

1€Sy

Proof. Note that, for any i € S,, there exists a task g € (Ni U N&) \ Z. Hence,
by Lemma 4.10,

liv1 — t; < npy = ne.

As a consequence, Corollary 4.8 implies

Z(tiﬂ —t;) < |Salne < sne < n’e
i€Sqa

and the lemma follows. =

The preceding results provide insight into the processing of tasks in the early
intervals of 7. They will be used throughout the rest of this subsection when

analysing these schedules.

The first problem instance considered is !. Recall that, for all three considered
problem instances the only values not already specified are the processing times and
due dates of the tasks in Z;. Let ¢! be defined such that they have a value of one,
i.e. both j € Z; have p; = d; = 1. Until stated otherwise, points of allocation ¢;,
sets of available tasks A; and sets of tasks receiving equal processing time N¢ will be
considered to be those values associated with schedule 7. The following lemmas
establish the fact that any algorithm that produces an optimal schedule for ¢! must
assign at least three of the four tasks in Z; an equal value of p;.

Lemma 6.49 demonstrates that all tasks in Z \ Z; are unimportant to the max-
imum lateness — that, in effect, it is trivial to schedule them so that they do not
increase the maximum lateness beyond what is obtained by consideration of only
the tasks in Zy. Lemma 6.50 uses this result to establish the existence of a schedule
o! with a particular maximum lateness. Since it is assumed that 77 is an optimal
schedule for ¢!, Lemma 6.50 establishes an upper bound on L, ('r]ff ) This is used
in Lemma 6.51 to determine how the tasks in Zj are scheduled in 7{. Finally, this

result is used in Lemma 6.53 to derive properties of the u’s assigned by algorithm
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2/ to the tasks in Zy. These properties are used in the analysis of ¢?.

Lemma 6.49 For any schedule o for o' such that, at all times in

[o, max cj(a)}

jEN
at least one machine is processing a task,

Lppaz(0) = max Ci(o) — 1.

Proof. Since d; =1 for all j € Z,

max Cj(0) — 1 < Lyyaq(0).

J€Zo
For adequately small ¢,

max (Cj(0) —d;) <maxCj(o) + Z p; — min d;

JEN\Zo J€Zo ) JEN\Zo
\ JEN\Zp \

< Ijréz}%((?j(a) + Z | Z;| + ne — (4h + 2)

1<i<h

< maXCj<O') + 477/ + ne — (4}_7/ + 2) < maXCj(O') -1< Lmam<a>-
J€Zo j€Zo

Consequently, L,q,(0) = Cj(0) — d; for some j € Z;, and the lemma is proven. m

Define .
t/l = tﬁ + g Zpg (tilunf{) :

9g€Zo

Lemma 6.50 There exists a schedule o' for problem instance @' for which
Lo (0) = 8 — 1.
Proof. If € > 0 is adequately small, by Corollary 6.47,

max [p, (t,,n7)] <1< =(1—ne) <t —t,,.

g<Zo

Q| W~

Hence, McNaughton’s Algorithm can create a schedule ¢! that is identical to 7{ on
the interval [0, ¢7,], and which schedules the remaining processing time of all tasks

J € Zy during [t;,,1}]. By Lemma 6.49, the remaining tasks may be scheduled in o*

so that
Lyas (0') =] — 1,
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and the lemma is proven. m

Lemma 6.51 In schedule n{, all machines at all times in [t;l,tﬂ are processing
tasks from Zy, and C; (nfj) <t forall j € Zy.

Proof. If, for any j € Z,, C} (77{37) > t), it follows from Lemma 6.50 that

L (Thﬂ) > tll — 1= L (01) )

contradicting the assumption that n{’ is optimal. Hence, in schedule ¢, there is at
least one task from Z; \ Z; completed at time #| and thus ¢ = #,. Consequently, in

schedule n{’, all machines at all times in [tzl,fl] are processing tasks from Z;. m

Corollary 6.52 [t holds that

4 . p 4 4
ggtlzljré%}oicj(ﬁl)§t11+§<n5+§

Lemma 6.53 When applied to ©*, algorithm </ assigns

i = min p
J g<Zo g

for at least three tasks j € Zy.

Proof. Recall that #; € (t;,,t;,41] and consider sets Ni*, Ni* and N2'. Two
cases will now be considered: either there is a task g € Z for which C, (77{2‘7 ) < i,

or there is no such task.

e Suppose that no task ¢ € Z;, has C, (?7{%) < ty, i.e. Zy C A;,. Two sub-cases
will now be considered: that of a task in ZoﬂNlil, and that of a task in ZoﬁNgl.

— Consider a task j € N{'. Lemma 6.51 implies that g € Niforallg € A\Z
and all 7 € Ry\{%1}. Hence no task is completed during (¢;,, ¢;,], so Lemma
4.7 implies that j € Ni for all i € R;. Thus, by (4.7), Lemma 6.45 and
Corollary 6.52,

- 4
pj = Z (tiv1 — i) >ty — by, >t — by > 3 e

Z]EN{

For a small enough value of € > 0, this is a contradiction of the definition

of ¢!, for which p; = 1.
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— If, on the other hand, j € Ngl, j € Ni for alli € Ry by the same reasoning
as the previous sub-case. Thus, by (4.9) and Corollary 6.47, for a small

enough value of € > 0,

0 < p; —ne <p; (ta, 1) = pj (tis1,mY) -

This implies C} (nff) > t;,+1, contradicting Lemma 6.51.

As a consequence of the two sub-cases above, Z, C Ni'. Hence, Corollary 6.52
and the definition of Ny together imply, for all j € Z, and g € Z,

15 = p; (ta, 1) + 115 — (pj (ta,177) = i (b1, 7))

= Py (tinnfﬂ) + g — (pg (tiw "ﬁ{) — Py (tir‘rlv "ﬁ{)) = Ug-

Thus, the lemma is proven in the case where there is no task ¢ € Z, such that
Cy (77{%) < t;.

On the other hand, suppose C, (n‘ff ) < t;, for some ¢ € Zy and select ¢’ such
that C (nff ) € (ty,tyi1]. Now consider sets Ni', Ni and Ni, and observe
that either ¢ € NI or ¢ € Ni . Since Lemma 6.51 implies

Cy (") = max C; (")

for three g € Zy, no task is completed during (¢;,,t#], and thus Z, C Ay.
Consequently, because |Zy| = 4 > 3 = m, there exists a task v € Zy \ {¢} such
that v € Ni U Ni'. Hence, by Lemma, 4.4,

11g = pq (tov, 7)) + g = Do (L1, nt) + to > fro. (6.31)

As before, Lemma 6.51 implies that g € Nj for all g € A;\ Z and all i € R; \
{i1}. Consequently, no task is completed during (¢;,,t#], and (Zo \ {q}) C N}
for all i <i < 7;. Again, two sub-cases will be considered: that of a task in
(Zo \ {¢}) N N, and that of a task in (Zy \ {q}) N Ni'.

— For any j € Zy\ {¢}, if j € N{', Lemma 4.7 implies that j € N? for all i
for which 7; <7 <i’. As a consequence of Lemma 6.51, the three tasks in

Zo\ {q} are all processed continuously during [ty.1,%1]. Hence, by (4.7),
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Lemma 6.45 and Corollary 6.52,

Dj > Z (tix1 —ti) +p; (tz"+1, ni‘{)

7<i<d!

R R 4
>t —ty il —typ1 =1 — 15 > 37 ne,

a contradiction for sufficiently small £ as in the previous case.

— If j € N, Lemma 4.7 implies j € N: for all i such that 7; <i <. Since
tis1 > Cy (7)) > pg = 1,

it follows that, by Corollary 6.52, t; — tiy1 < ne + é Consequently, for

a small enough value of ¢ > 0,

1

1
0 < pj (tn,n7) —ne — 3= P (tis1,mi") —ne — 3

. . 1 .
= Dj (th"]i@%) + 11 —tig1 —ne — 3 <pj (th"]f%) ;
contradicting Corollary 6.52 as in the previous case.

Therefore (Zy \ {q}) € N and, for all j € Z, \ {¢} and g € Z,\ {q},

pj (tisa, ﬂid) + 1y =Py (ti’+1777ﬂ) + fg- (6.32)
By Lemma 6.51,

pj (tis1, 77107) = py (tir41, 'flﬂ) =t —tip

which implies, along with (6.32), p; = p,. All that is required is to prove that
Hg > i = fig, which follows directly from (6.31).

Thus, the lemma is proven in both cases. m

The value of min ez, i; produced when algorithm <7 is applied to ¢! will appear

in the other problem instances considered. Denote this value ji.
The preceding lemma may now be used in the examination of a different problem
instance, ¢?, where the tasks j € Z; have
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i.e. one for every Z; of which j is an element, except for Z;, which contributes 4h.
Note that the only differences between ! and ¢? are the due dates and processing
times of the two tasks in Z;. Hence, for all tasks j € Z \ Z3, d; and ¢, (see 4.4 on
page 66) remain unchanged between these two problem instances. By the definition
of the family §, the value of p; assigned by algorithm & € § will also not change
between these two problem instances.

Until stated otherwise, points of allocation ¢;, sets of available tasks A; and sets
of tasks receiving equal processing time N! will be considered to be those values
associated with schedule 75”. The lemmas below demonstrate that algorithm .o/
gives at most one of the two tasks j € Z; a value of p; which is, in a manner defined
rigorously below, close to 1 4 i — p;.

This result will then be used in the consideration of the third problem instance,
3, for which any algorithm in § can only produce an optimal schedule by assigning
a value of p; that is close to 1+ i — p;. This result demonstrates that the algorithm
&/ cannot produce an optimal schedule for all problem instances for which the
precedence constraints are isomorphic to <. Since < is an arbitrary partial order
containing a singular quartet it follows that a singular quartet is sufficient to ensure
that the partial order is not in the domain of any algorithm in §. Since Z% € §
this, combined with Theorem 6.23, demonstrates both that the D?% is precisely the
class of partial orders that do not contain singular quartets, and that D C D?%
for all & € §.

As before, the proof will proceed by first constructing a schedule (o2 in Lemma
6.54 below) and then comparing its maximum lateness to that of an optimal sched-
ule. By the assumption that <€ D the optimal maximum lateness is equal to
Lz (nf{ ), and thus gives information on the u’s generated by algorithm o7 for the

problem instance (2.
Lemma 6.54 There erists a schedule o? for ¢* such that
Lo (02) =ne+ —.

Proof. Construct o2 as follows. Schedule all tasks in J(Zy) arbitrarily during
the interval [0, ne]. Use the Modified McNaughton Algorithm to schedule % of a unit
of both tasks in Z; and 3 of a unit of both tasks in Z; \ Z; during the interval

L2
ne, ne = .
A

Again use the Modified McNaughton Algorithm to schedule % of a unit of processing
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from each of the four tasks in Z; during

+2 +14
ne+—,ne+—|.
3’ 9

This will complete both tasks in Z; \ Z;, and hence

D
Cj(0%) —dj < ne+ 9 for both j € Zy \ Z;. (6.33)

Schedule 4h — % units of both tasks in Z; during
14 - 11

— 4h + —| .
[ne + 9 ,ne +4nh + 9 }

By the definition of a transitive set, all j € J(Z;) \ Z for any 1 <i < h have

h

Jj N UZZ == (Z),
i=1

i.e. any task j which precedes a task in Z is not itself preceded by any task in
Z\ (Zy\ Z1). Thus, schedule all such tasks j during this interval as well. This will
complete the sole task in Z; \ Z,, giving

2
Cj(0®) —dj =ne+ g for the sole task j € Z; \ Zs. (6.34)

By Lemma 6.27 and the definition of a canonical transitive set, |Z;|] < 3 if

2<i<h. Hence, for each2§i<7z, schedule one unit of all j € Z; during
- .7 -2
n€+4h+z—§,n5+4h+z+§ )
Forall2<i<handall jeZ
_ 7 _
Thus, for any2§i<7l

2
Cj(0°) —d; =ne + 5 for the sole task j € Z; \ Zi11. (6.35)

Use the Modified McNaughton Algorithm to schedule all four tasks in Zj for one
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unit during

-7 1
n5+5h—§,n€+5h+§ ,

resulting in

5
Qﬂa%—w@§n€+§ for all j € Zj. (6.36)

Note that (6.36) is an equality for three of the tasks in Zj.
Finally, schedule all remaining tasks, i.e. all tasks that are not in Z and do not

precede any task in Z, arbitrarily during
) )

giving
4
Cj (0°) — d; < 2ne — 9 forall j € N\ Z. (6.37)

The lemma follows from (6.33), (6.34), (6.35), (6.36) and (6.37), and the fact that
(6.36) is an equality for three of the tasks in Z;. m

As stated earlier, for all tasks j € Z \ Z, d; and ¢;* are the same in problem
instance ¢! and ¢?, and hence the definition of family § implies that algorithm
</ € § will produce the same value of y; for both problem instances. Consequently,
Lemma 6.53 implies the existence of a task j € Z; \ Z; for which p; = i when
algorithm o7 is applied to 2.

Some definitions will now be introduced for use in the analysis of schedule 7y .
Select w € Zy \ Z; such that

P = =1 [1 — pu;

in subsequent lemmas, the processing of w will be compared to the processing of the
other three tasks in Z;. Task v is defined to be the remaining task in Z; \ Z1, i.e.
Zo \ Z1 = {v,w}. Note that Lemma 6.53 implies that p, > p, = . A set 2/ C Z,
will also be defined. Specifically, if

25n3

define Z' = Z, otherwise define Z' = Z \ {v}.
Lemma 6.55 below establishes that, if both tasks j € Z; have p; “close” to

*Recall that ¢; is a tuple containing all information about the successors of a task j, and if
K; # ( by definition ¢; is a problem instance. It is important to keep in mind the difference
between subinstances of a given problem instances, denoted by ¢ with a subscript, and specific
example problem instances used in the analysis in this section, denoted by ¢ with a superscript.
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1 + i — pj, then at the point of allocation t;,, i.e. the earliest point of allocation in
schedule 1 at which all predecessors of tasks in Z, have been completed, all tasks
in Z' will have priorities that are “close”. This result will then be used in Lemma
6.56 to demonstrate that, if both tasks j € Z; have p; “close” to 1 + i — p;, all
tasks in Z’ will converge in priority and eventually be united in some set Ni. Since
analysing the membership of tasks in the sets Ni, Ni and N} is a convenient way
to characterise their processing, this result is later used to establish relations on the

w's of the tasks in Z; which determine how they are processed in the schedule 737 .

Lemma 6.55 When algorithm </ is applied to ©?, if

_ 1
1+ a—pj—pyl < 2503 (6.39)

for both tasks j € Zy, for any g € Z' and q € Z',

[pg (15" + 19 = Py (b0 5") = 1o < 55

Proof. Note that (6.39) holds in the case of j € Zy \ Z; where p; = fi. If only
one task j € Zy \ Z; has pu; = i, Lemma 6.53 implies that p, > p,, = . Hence,
if v e 7, (6.38), (6.39), Corollary 6.47 and p, = 1 together imply that, for any
j € Z'\ {v}, and for a small enough value of ¢ > 0,

1

1 1
o
p; (tigﬂb)+Mj_TngSpj+ﬂj_ﬁ<pj+ﬂj_ﬁ_n5

1t fi—ne <py—net i <ot ny) + i ST+ f+ =

2 o 2 o
+M<pj (t227n2)+n€+ﬂj+w<pj (t127n2)+ﬂj+@'

On the other hand, regardless of whether v € Z', consider any g € Z’ \ {v} and

< pj+ 1y

q € Z'\ {v}. Similar to the previous case,

. 1 1 1
pa (ts ) Ha = 35 SPut b = T <Pat M T 35 " g
<1+ pu L 14 1 L <
< +u—24n3< +u—25n3—n€_pg—n5+ug
ﬂ _ 1
<Pl 11") + 11g Spg+p1g STH [t 5o SPy+f1g+ 2

2
< Py (b 15") + 18 + g + 5z < Py (tas ") + 11 +

Consequently the lemma is proven. m

12n3°
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Lemma 6.56 When algorithm o is applied to ©?, if (6.39) holds for both tasks
j € Zy, there exists i € Ry such that t; < i and Z' C Nj.

Proof. Select g € Z’ and q € Z’ such that
Py (te, 5" ) + pig = max [pj (te,157) + 115]

and

Pq (Tf@a??éa%) + g = ?EHZI} [pj (t@’néz{) —i—pg] )

Furthermore, select as i’ the smallest ¢ such that

Z' C N} for some a € {1,2} or min [C; (ny)] <t;. (6.40)

J€Zo
For i =25 + 1, (6.40) holds, so this selection is always possible. For any i € R such
that i < ¢’ it will now be proven that ¢;,, — t; < ﬁ by considering the two cases

below.

e If 7/ C N: then there exists a task j € N{ U Ni, and since 4; N Z = Z; it
follows that j ¢ Z. Hence, Lemma 4.10 implies that, for an adequately small

value of £ > 0,

1
ti+1—ti gnpj =ne < m

e On the other hand, if Z’\ Ni # () it follows from the definition of ¢’ that
Z'ON:#0 and  Z'NN;#0  fore# f.

In this case Corollary 4.5 implies g € N! and ¢ € N} for a # b. Hence, by

Lemma 4.3, Lemma 4.9 and Lemma 6.55,

tiv1 —t <mn& <mn (pg (ti,n5") + pg — pg (tssm5") — 11g)

mn 1

< mn (pg (t@ﬂ)f{) + g — Dq (t@’né@f) —Mq) < 55 = 1

1 . .
Thus, t;11 —#; < 55 in either case.

As a consequence of this, Corollary 4.8 implies

=1

.y 1
ty — th = Z(tiJrl — tz) < 2 2 Z

=12




For a small enough value of ¢ > 0 and any j € Z,, Lemma 6.45 implies

1 1
Cj(ﬁéﬂ)21>1+n€>1+t@2>ti/.

Therefore Zy C Ay and thus Z' C N! for some a € {1,2}. All that remains is to
prove that a = 2.

If 72" = 7y, |Z'| =4 > 3 = m demonstrates that Z’ cannot be a subset of any
Ny, and consequently Z' C NZ. On the other hand, if Z’' # Z,, (6.38) does not
hold. Thus, for all j € Z’,

1
Po (tr ") + o > 1 it g = 9 4y 2 p; (t 07 + 15

By Corollary 4.5, this implies

po (to,m3") + 1o = p; (tir,m57) + 1y

Since |Zy| = 4 > 3 = m, it follows that Z’ C Ni. m

Lemma 6.57 and Lemma 6.58 below are dedicated to establishing that certain
tasks are available at time ¢;, in schedule ny’. These results are then combined with
Lemma 6.56 and used to study the processing of the tasks in Z; in the schedule 75
by considering their membership in the sets N2, N22 and N§2, and thus establishing

relations on their u’s.
Lemma 6.57 It holds that Z1 C A;,.

Proof. By Corollary 6.46 all predecessors of the tasks in Z; are completed before
ti,. Hence, if j ¢ A;, for some task j € Z;, it follows that C} (7757) < t;,. In this
case, there exists a task g € Zy \ Z; such that, by Lemma 6.54 and for adequately
small € > 0,

Lmax(nif) ch(nf)_d9:£2_1>ti2_1

ZC](*{B‘{)—]_ij—124h28>n5+g:Lmam(UQ)a

contradicting the assumption that <€ D, i.e. that 5 is an optimal schedule. m

Lemma 6.58 When algorithm </ is applied to ©*, if (6.39) holds for both tasks
j S Zl, w € Aig-

Proof. Recall that w € Z, \ Z; is a task for which p,, = fi. Further recall that
there exists a task j € Z; \ Z; such that C; (775{) > t;,, and since Corollary 6.46
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demonstrates that the predecessors of j are all completed by time ¢;, it follows that
JjEeA,.
Select an index ¢ such that C, (7757) € (t,,t,41], L€
v =max{i:v € A;}.
If p., (tb, 77327 ) > 0 it follows that either
e Cy (n5) < t,41, in which case w € A, and hence 7 = ¢ and {v,w} C A;,; or

o (C, (ng‘{ ) > t,.1, in which case w € A,;; implying i, > ¢ and hence w € A;,.

Thus in order to prove the lemma it is sufficient to establish that p,, (tb,né‘” ) > 0.

This is accomplished by considering the following two cases.

e Suppose that (6.38) holds. In this case v € Z’ and by Lemma 6.56 there exists
1 € Ry such that t; < i and Z, = Z' C Ni. By the definition of No,

P (t05)) + 1 =Pw (ti,05) + ftw = po (t,057) + o > po (t1,m57) + i (6.41)

and hence p,, (t;,75”) > p, (t;,n5”). By Lemma 4.9 both tasks will receive the

same amount of processing in each interval until one is completed and hence
Pu (ton5") = P (tns’) = (0o (tis05") = po (L 157)) = Do (i m57) > 0.

e On the other hand, suppose that (6.38) does not hold. In this case

Po (ts 1) + 1o > L+ i+ 50— > Pu + pwo > Puo (tiyu05) + - (6.42)

1
25n3
Define the set

Given the above definition, Corollary 4.5 implies that for any i € R},

po (ti5") + to = P (L m3”) + po- (6.43)

If (6.43) is an equality for some i € R/, then (6.41) holds, and the same rea-

soning used in the previous case demonstrates that p,, (tig, s’ ) > Dy (tig, s’ )

Suppose, on the other hand, that (6.43) is not an equality for any ¢ € Rj.
In this case, for any i € R} either (Nj U Ni)\ Zy # 0 or v € Ni. Hence, by
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Lemma 6.45 and Lemma 6.48,

Co () <to,+po+ Y (tin—t) <1+ (n+n)e. (6.44)

1€Sy

By Lemma 6.56, Z' C N} for some i’ such that t; < 1. Consequently, for any
i € RYy such that ¢ > ¢ if (N] U Ni)\ Zy # 0 it follows from Lemma 4.9 that
Ni={v}and Ni = 7' = Zy\{v}. A lower bound on the remaining processing
time of w at time ¢, can be derived by noting that, during any interval [t;, ;1]
where Z' = N}, task w is processed for

m — |Nj| m — |{v}] 2

P iy — 1) = P (1 — 1) = 2 (b —

|N5‘ ( +1 ) |Z/‘ ( +1 ) 3( +1 )

units of time. With this insight, Lemma 6.48, (6.44) and the fact that t; < i
then imply that, for an adequately small value of € > 0,

2
Pw (tu 772(2{) Z Pw — ti/ - Z(ti+1 - tl) - g (tL - ti’ - Z(ti+1 - tl))

1€S2 1€8S2

1 1 2
=1 =ty — = (tig1 —t;) — =t,

1€S2
1 1 1 2

2
>1—E—§n35—§(1+(n+n3)6):Z—gns—n35>0.

Hence, p,, (tb, ns’ ) > ( in both cases, and the lemma holds. m

This information gleaned in the previous two lemmas regarding the elements
of A;, will now be employed. Combined with Lemma 6.56 these results are used
in the lemma below to derive a relationship between tasks’ priorities at time #;,41.
Subsequent lemmas will use this result to establish constraints on the p’s algorithm

&/ must compute in order for 75’ to be optimal.

Lemma 6.59 When algorithm < is applied to ©?, if (6.39) holds for both tasks
J € 21, pj (tbﬂ,ng‘{) + pj = i for both tasks j € Z;.

Proof. By Lemma 6.56, Z’ C Né’ for some ¢ such that t; < i. This ¢ will be
used throughout the rest of this proof.
By Lemma 4.9, for all i > ¢’ such that Z’ C A;, and all j € Z/ and g € 7,

Dj (tiv"ﬁ{) + [ = Dy (tianiof) + K-

215



By Lemma 6.58, w € A;,, so Lemma 6.57 implies

i (tir1:m5") + 115 = Do (i1, 757) + poo = i
for both j € Z;. m

Define

v = max (pj = pj (fas1,m5')) -

In words, 1 is the largest amount of any task j; € Z; that is processed before
ti,+1 in schedule n5”. This will be employed in the Lemma 6.60 and Lemma 6.62
which address how the tasks are processed, and Lemma 6.63 which establishes an

important property that the p’s must obey in order for 75’ to be optimal.

Lemma 6.60 When algorithm o/ is applied to ©?, if (6.39) holds for both tasks
j € Zv, for all integers v for which 1 < v < h and all g € Z,,

pg(t52+1+4il+L—¢,ﬁ£”) > Hz’:L<i§fL/\g€Z,~H

and
Cy (1) = tigsr + 40+ 0 — 0.

Proof. This lemma will be proven by induction on ¢. For both g € 77,

Py (tiys1,my’) =4h =14+ |{i: 0<i<hAge Zi}| — (py — g (L1 15))

>4h -1+ {i:0<i<hAgeZ}| -
=4h+1—-v+|[{i:1<i<hAgeZ}|.
Thus
Py (tipr +4h+1 =) > [{i:1<i<hAgeZ}

and
Cy (05) = tiyr1 +4h+1— .

Consequently the lemma has been proven in the case of « = 1.

Now suppose that the lemma has been proven for all ¢ < k for some k for which
2 < k < h and consider the case where ¢+ = k. Select any ¢ € Z;, and observe that,
by Lemma 6.41, either g € Z,_; or there exists a task ¢ € Z,_; N J,. These two

cases will be considered below.
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o If g € Z;_; the inductive assumption implies
Dy (tiysr +4h+k =, 05) > py (tiyr +4h+k—1—p,p5) — 1
>itk—1<i<hAgeZ}|-1=|{i:k<i<hAge Z}
and
Cy () > tiypr + 40+ k — 1=+ py (biysr + 40+ k — 1=, )

>t +4h+k—1—9p+|{i:k—1<i<hAgeZ}
=ty +4h+k—v+|{i:k<i<hAg€Z}| >ty +4h+k— .

Hence, the lemma holds for « = k in this case.

e On the other hand, if there exists a task ¢ € Z;_; N Jy, Lemma 6.37 implies
q ¢ Zy. Consequently, by the inductive assumption,

Co(n5) = tige1 +4h+k —1— .
Hence,
Py (g1 +4h+k =0y ) >p,—1=|{i:k<i<hAgeZ}
and
Cy(n5) = Cy(n5) +pg = Cy (157) + 1 > t3,41 +4h + k — 1),

Hence the lemma holds for ¢ = k£ in this case as well.

Thus, by induction on ¢, the lemma holds. m

Lemma 6.61 When algorithm < is applied to ©?, if (6.39) holds for both tasks

jezl;
4 2

g > = — .
2t = 37 753

Proof. Let the two tasks in Z; be g and ¢. By (6.39), Lemma 6.59 and the

definition of 25,

1
tig+1 = m Z (pj —Dj (ti2+17n§{))
JE€EZy
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1
= Z(pj—Pj (tiys1,m57)) + Z Pj

JE€EZ1 J€Zo\Z1

= E (pg — Dy (tinrlan;{) +Pg — Pq (ti2+1777§{) + 2)

ST

— (1 — pg) +pg — (B — pg) +2)

1

2 4 2
= — 4 = - — -,
3 25n3 3 753

and the lemma holds. =

Lemma 6.62 When algorithm o is applied to o2, if (6.39) holds for both tasks
j S Zl}

<1 .
Y=< +25n3

Proof. As a consequence of (6.39) and Lemma 6.59, there exists a task g € Z;

for which

IP =Pg — Dy (tizﬂﬁf?é@%) =Pg — (/]_:ug>

1 1
< p, — —1—-——1=1
=Pg <p g 25n3> T o5

and the lemma is proven. m

Lemma 6.63 When algorithm </ is applied to ©?*, (6.39) holds for at most one of
the two tasks j € Z;.

Proof. Suppose this is not the case, i.e. suppose that
1+ i —pj — ] < BTl

for both j € Z; and hence Lemma 6.60 applies. Select g € Z; such that p, —
Dy (t§2+1,7}§{ ) = 1 and select a € {0,1} such that ¢ € Y}* in the construction of
1, Loy ooy Ly

Since |Z3| = 4, Lemma 6.60 implies

_ 1 -
max C; (775‘27) Zt52+1+5h—1—w+Eij (t52+1+5h—1—1/1,77§{)

J€ZR jez
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- 4 - 1
Ztiz+1+5h—1—¢+§:tiz+1+5h—1/f+§

and hence
o - 1 - 1
Linas (157) Zti2+1+5h—1/1+§—5h2ti2+1—¢+§-

By Lemma 6.61 and Lemma 6.62, this gives, for adequately large ¢ > 0,

1_ 4 2 1 1 2 1
Linas (157) 2 iy =+ 5 > 2 = —<1+ )+§——

75n3 25n3 T3 153
219 2+5> +5
- =—=—+=->ne+ —.
3 15 15 45 ' 9 9

However, by Lemma 6.54 there exists a schedule o2 for ¢? for which

L (02) =ne+ g < Linae (775{) )

contradicting the assumption that 75" is an optimal schedule. m

The above lemma implies the existence of 7 € Z; such that

_ 1
|1+/~L—pj—/~tj\>w (6.45)

when algorithm .o is applied to ¢?. The establishment of this result is the reason
for the consideration of the problem instance ¢?. By the definition of the family §
it follows that algorithm & € § will produce the same value of ;; in any problem
instance for which d; and ; have the same values as in problem instance p?. Such a
problem instance, 3, will now be specified, and it will be proven that (6.45) results
in a non-optimal schedule 1y, contradicting the assumption that @/ produces an
optimal schedule for all problem instances with precedence constraints isomorphic
to <. Since & is an arbitrary algorithm in § and < is an arbitrary partial order
containing a singular quartet this serves to demonstrate that D C D?¥ for every
algorithm o7 € §.

Let problem instance ¢* have

pr=d;j=4h—1+|{i:0<i<hAjJ€E Z}

and p; = d; = 1 for j € Z; \ {7}. Note that the only differences between ¢? and

©3 are the due dates and processing times of one of the two tasks in Z;. Hence,
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for all tasks j € Z \ {J}, d; and ¢; remain unchanged between these two problem
instances. By the definition of the family §, the value of 11, assigned by algorithm
&/ € § will also not change between these two problem instances.

Until stated otherwise, points of allocation t;, sets of available tasks A; and sets
of tasks receiving equal processing time N! will be considered to be those values
associated with schedule 75”.

Define

1
Y PR S
9€Zo\{7}

i.e. t§ is a lower bound on the time at which all tasks j € Z; have been processed for
at least one unit of time. This value will be used in the lemma below to establish the
existence of a schedule with a specific maximum lateness. This will subsequently be
compared to L,,q. (77:?7 ) to establish the non-optimality of ng,ff )

In several subsequent proofs the processing of the tasks in Z \ Zj is considered.
Recall that, when the sets Z;, Zs, ..., Z; were specified by the Z-Algorithm, each
Z; for 1 < i < h was specified to be the union of two disjoint, non-empty sets Y,
and Y. From this point until the end of the section let a € {0,1} be defined such
that 7 € Y{* in the construction of 7, Z,,...,Z;. When examining the problem
instances ! and p? there was no need to consider the sets ;" and Y;! separately.
Now, however, task 7 has a very large processing time while the other task in Z; has
a processing time of one unit, which has important consequences for the processing
of subsequent tasks.

In particular, Lemma 6.41 implies that for each task g € Y,* there exists a chain
C of tasks such that {g,7} C C and C'NY;* # () for each integer ¢ € [1,4]. In words,
this means that there is a chain of tasks from j to ¢ which has an element in every
Y? between the two tasks. This limits when the tasks in ¥;* can be processed in any
schedule for problem instance ¢®. On the other hand, Lemma 6.42 demonstrates
that no such chain exists for any task in Y;'"®.* Consequently the processing of

tasks in Y7 is less restricted than the processing of tasks in Y;*. This fact will be

used throughout the remainder of this section.
Lemma 6.64 There exists a schedule o3 for problem instance > for which

Lo (0%) = £, — 1.

*It is important to recall that a task q € Y;l_“ may be preceded by 7. In fact, it may be the
case that J, N K;N Z; # () for each integer ¢’ € [1,4]. The key distinction is that there is no single
chain with an element in each Z;.
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Proof. The proof of this lemma is similar to that of Lemma 6.51. First, let o3
be identical to n5 on the interval [0,#;]. If ¢ > 0 is adequately small, by Corollary
6.47 and the fact that tj > 3,

4
,ax [Py (tzy,m3)] <1< 5(1 —ne) <ty — tz,.

Hence, use McNaughton’s Algorithm to schedule all j € Z; for
pj (twsns’) = (b — 1)

units of processing time during [t;,, t5]. This results in C; (¢®) < ¢4 for all j € Zp\{J},
and consequently
Cj (0’3) - dj S tg — 1.

Consider any i for which 1 <i < h — 1. By Lemma 6.43, all tasks in Y;* U Y;},*

i+1
are independent of one another. By Lemma 6.44, |Y* UY;'7%| < 3.

First considering ¢ = 1, schedule during the interval [tg, th + 43}, 4h units of 7,
one unit of each task in Y;~* and, as in Lemma 6.54, all remaining tasks j € N \ Z
such that K; N Z # (0. If j ¢ Z,, this results in

C;(0°) —dy=t5+4h — (4h+ 1) =ty — 1.
For 1 < i < h—1, schedule one unit of each task in Y;*UY,}7* during the interval
[ty +4h+i—2,t5+4h+i—1].
For all j € Y\ Y, this results in
Cj(0®) —dj=th+4h+i—1— (4h+i) =t — 1.
Similarly, for all j € ;17\ Y,15%,

Cj(0%) —dj=th+4h+i—1— (4dh+i+1) =15 —2.

Now two cases will be considered.

e First consider the case where [Y* | UY;'~| = 4. By the definition of a canonical
transitive set I there is only one subset of I containing four independent tasks.
Hence, |Y}* | U Yﬁl_“| = 4 implies Y;* | U Yﬁl_“ = Z5. By Lemma 6.37 all tasks
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in Z; are independent. Since, for all j € Z,
p; (ty+5h—3,0%) =[{i:h—1<i<hnjeZ},

it follows that
D) (tg+5ﬁ—3,03) <2

and by Lemma 6.36 and Lemma 6.32,

ij (ts +5h—3,0%) = |Yi" || + 1Z5| < |Z51| — 1+ |25 <6.
JjE€Z

Therefore, use McNaughton’s Algorithm to schedule the remaining processing

of all tasks in Z7 during the interval
[t +5h — 3,1y + 5h — 1] .
For all j € Zj, this gives
Cj(0°) —d; <ty +b5h—1—5h =1t — 1.

Alternatively, if [Y;* U th‘“| < 3, schedule one unit of each task j € ¥;* | U

1-a : :
Y; ™ during the interval
[t + 5h — 3,5 + 5h — 2] .
By Lemma 6.36 and Lemma 6.32,

> pi (P +5h—2,0% = V| < |Z;| - 1=3.

j€z
Therefore, schedule all tasks in Y} during the interval
[t +B5h — 2,15 + 5h — 1] .

This results in
Ci (o) —d; <ty —1

for all j € Y}* | U Z;.
Finally, schedule all remaining tasks in N \ Z arbitrarily during the interval
[ts +5h — 1,ne + t + 5h — 1] .
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Combining the results above, it follows that L., (0°) =t —1. =

The above lemma, combined with the assumption of the optimality of 1y, is
used in the lemma below to establish results regarding the processing of tasks in
ns . Tt will then be demonstrated that this in fact contradicts the assumption of the
optimality of ny.

Lemma 6.65 In schedule i, all machines at all times during [tﬁ, fg} are process-

ing tasks from Zy, and
pi (ts,ms’) =p; — 1

for all j € Zy.

Proof. If C; (ng’) >t} for any j € Zy \ {J}, it follows from Lemma 6.64 that
Lnas (773{7) > tg — 1= Lz (03) )

contradicting the assumption that 1y is optimal. Similarly, if Dj (tg, ny ) > p; — 1,

Lemma 6.41 implies the existence of a task ¢ € ¥ for which
Co (n5") = do 2ty +p; (ty, ) + [{i:2<i <hATE Zi}| - 5h

>th+p— 1+ {i:2<i<hAJ¢ Z}|—5h
=ty +4h =2+ [{i:0<i<hAnjeZ}|[+|[{i:0<i<hAj¢& Z}|—5h
=th+4h—2+h+1—5h =1ty — 1= Ly, (¢*),
also contradicting the assumption that 75" is optimal.
As a consequence, the definition of #; implies that, in schedule 75", all machines
at all times in [t;,, 5] are processing tasks from Z,. Since m = 3, at least two tasks
j € Zy\ {7} have C; (n5’) = t4, and at least one such task must be an element of

Zy \ Z;. By the definition of #5 as the largest completion time of the two tasks in
Zy\ Zy, th = t3 and the lemma follows. m

Corollary 6.66 [t holds that

[GURITN

. 4 4
<ty = Ci(n?) <t += <ne+—.
<ty = mmax C(0f) <t t g <netg

~

Corollary 6.67 At most one j € Zy has C} (ng,‘ff) < 3.
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Recall that 23 is defined such that

Corollary 6.67 will be used later to divide the analysis of the schedule 13’ into two

cases: either one task from Z, is completed no later than time t;,, or no task is.

i3
To facilitate the consideration of these two cases, select as i4 the largest ¢ such that
Zy C A;, ie. some task j € Z, has C} (ngf) € (tig,tigﬂ]. By Lemma 6.45 and
Corollary 6.66,

. 4
t§3 < tzg < t53 <tz < ne+ g (646)

The lemma below, demonstrating that no tasks are completed during (tgs, tié}, will
be used later in conjunction with Lemma 4.7, which establishes how tasks move

between sets Ny, Ny and N3 if no tasks are completed.
Lemma 6.68 No j € N has C} (ngf) € (t%,tl-é].

Proof. For all j € N\ Zj, Lemma 6.65 demonstrates that j is not processed
during (t;?), fg). From (6.46), t;;, < t3 and the lemma holds for tasks not in Z.
On the other hand, by the definition of ¢}, all j € Z; have C; (ngﬁf{) >ty so the

lemma holds for all tasks. =

By Lemma 6.65, all three tasks from Z; \ {7} are completed no later than time
t3. As a consequence, if 74 = i3 all three tasks from Z, \ {7} are completed during
(tig, tigr1] = (ti,ti41]. Lemma 6.69 below establishes that if i3 = i3 then ts is in
some sense “close” to #;,41. Since t;,41 is the earliest point in time at which any
tasks in Z \ Zy will be processed, this result is used to link Corollary 6.66, which
provides bounds on the value of 3, to the processing of the tasks in Z \ Z,. The
case of #4 < i3 is considered in Lemma 6.70, which establishes how the remaining

three tasks in 7, are processed after one has been completed.
Lemma 6.69 If iy = i3, t;,,1 — t3 < ne.

Proof. If iy, = i3, Zy C A;,. Since any j € Z \ Z is preceded by at least one
task in Z7, it follows that
Ay, TN\ 2)U Zy).

Lemma 6.65 implies that three tasks from Z, are processed at time 5, and conse-
quently
| Zo N (NP UNR)| > 3. (6.47)
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If (N123 U N§3) C Zy, (6.47) implies that some task j € Zy\ Z; has C; (ng‘{) =ty 11
and hence t; 11 = t3. On the other hand, if

(NP UNZ)\ Zo # 0,
there exists a task g € A;, \ Z. Lemma 4.10 then implies that
tigs1 — b3 < tigr1 — ti, < npy = ne.

Hence the lemma holds in both cases. m

Lemma 6.70 If iy < i3, |Ay 1 N Zo| = 3 and each task in Ay 1 N Zy is processed

at all times during [tigﬂ, fg] i schedule 773‘71.

Proof. If iy < i3, ty 11 <t < t3. Hence, Corollary 6.67 implies that | iz 41 N

Zy| = 3. Since m = 3, the lemma follows from Lemma 6.65. m

The consideration of 75" so far has focused on deriving results on the processing
of tasks in Zy and the arrangement of points of allocation from the assumption
that 0y’ is optimal. In order to more effectively reason about Algorithm P, several
lemmas below will address the membership of the sets NI/S, N;g’ and N;:S. Lemma
6.71 establishes an upper bound on the completion times of tasks in ZyN le‘g’ which
is used in Lemma 6.72 to establish that Nfé contains at most one task. Subsequently
Lemma 6.73 demonstrates that Z, N Néé = (), and Lemma 6.74 demonstrates that
JE Néé. Since the evolution of the membership of Ni, Ny and N3 as Algorithm P
progresses is well understood, these results are all used in Theorem 6.75 to prove
that 75" is not optimal, at long last establishing that, for any algorithm 7 € § and
any partial order < which contains a singular quartet, it is impossible to guarantee

optimality for all problem instances with precedence constraints isomorphic to <.
Lemma 6.71 For each task j € Zy N Nlig”, C; (ng’i) <tig1

Proof. Consider a task j € ZyN Nlié. By Lemma 6.68, no tasks are completed
during (th,tié] and hence, by Lemma 4.7, j € Nj for all i such that 73 < i < 7.
Thus, j is processed continuously during [tz, i 1].

From (6.46), either {3 < ty 1 or iy < 3. In the latter case, if Cj (ngﬁf{) > i1,
Lemma 6.70 states that j is processed continuously during [tiéﬂ, 153} . Hence, regard-
less of whether £5 < ty41 or iy < 13, if Cj (775‘,’7 ) > tiy1, J is processed continuously

during [th,t},}. Consequently, Lemma 6.45 and Corollary 6.66 imply that, for a
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small enough value of ¢ > 0,
Lo o £ 4
Dj (tg,’l’]3 ) =Dy (t53,7’]3 ) — (tg — tia) <pj— g +ne < p; — ]., (648)
contradicting Lemma 6.65. m

Lemma 6.72 If Ni* £, |Ni®

=1 and tié+1 < 1?3.

Proof. Consider any j € Nfé. By Lemma 6.65, j € Z,. If t5 < ti 41 then iy =13
and hence Lemma 4.7 and Lemma 6.68 imply that j is processed continuously during
[th, 7?3}. As in the previous lemma, this leads to (6.48), contradicting Lemma 6.65.

Consequently, by (6.46) and Lemma 6.71,

C; (n5) < tysr <ts.

The lemma then follows from Corollary 6.67. m

Lemma 6.73 Tt holds that Zo N\ Ni* = ().

Proof. Suppose that there exists a task j € ZoﬂNgé. Asin Lemma 6.71, Lemma
6.68 states that no tasks are completed during (th, tié} and thus Lemma 4.7 implies
J € Ni for all ¢ such that 73 < i < 44. If i = 43, Corollary 6.47 implies that, for a

small enough value of ¢ > 0,

p; (ts,n5) = p; (tzg,15") > pj — ne > p; — 1,

which contradicts Lemma 6.65.

On the other hand, if i3 # 3 it follows from (6.46) that t; ., < 3, < t5. In this
case, Corollary 6.47 and Corollary 6.66 together imply, for a small enough value of
e >0,

Dj (53, 775?) > Dj (ti/3+1a77§() — (53 — ti/3+1) =Dj (7%37 nf) —t3+ i1

4 4
> p; — e — 2 $minC, (n) > p; — 2ne — = + mi
pj — ne <ns+ 3>+ min 5 (n5) > p; — 2ne 5 T minp,

1
:pj—2n5—§>pj—1,

which contradicts Lemma 6.65. m

Lemma 6.74 [t holds that j € Néé.
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Proof. Lemma 6.73 demonstrates that 7 ¢ Ngg”. If 7€ Nlig, Lemma 6.72 implies
tir 41 < t3 and consequently, by Lemma 6.71 and Corollary 6.66,

_ - 4

a contradiction for a small enough value of € > 0. Hence the lemma is proven. m

Theorem 6.75 For each partial order < which contains a singular quartet, there
exists no algorithm o/ € § that can solve all problem instances where the precedence

constraints are isomorphic to <.

Proof. Recall that the definition of § implies that u; = u“(d;, ¢;) for all j € N,
where 1 is a function defining algorithm 7. For all j such that j # 7 and j 4 7,
dj and p; are the same in o' and ¢®, and consequently ¢, remains the same as well.
This implies that p; also remains the same between these two problem instances.
From Lemma 6.53 and the definition of §, at least two of the tasks j € Z,\ {7} have
p; = i and the third has p; > . Additionally, by (6.45) and the definition of %,

1
25n3

L+ p—p;—

> [y or ,u]—>1+/1—pj—|—25n3.

By Lemma 6.72 and Lemma 6.73, at least three of the tasks in Z;, are in Néé,
and consequently p, = fi for some g € Néf” \ {7}. Because g # 7, Lemma 6.65 implies

Dy (fg,nf) =p,—1=0. (6.49)
By Lemma 6.74 7 € Ngé. Hence, the definition of Ny implies
D5 (tig+1777§a7) + 3 =Dy (tig+1777§a7) + g =Dy (tig+1777§a7) + [ (6.50)

Two cases are now considered.

o If i, =13, it follows that t; 41 = t5,+1 > 3 and hence, by (6.49),

0=npy (537775,(4{) > Py (Uéﬂﬂ?{»f{) > 0.

Hence, by (6.50) and Lemma 6.65,

pr— 14y =p; (ts,n5) + 15 > 05 (b1, m5) + 1y = pg (tg41,m5) + i = [

227



and, taking into account Lemma 6.69,

py =1+ =p; (E3,05") + 1y < py (tiga,m5") +ne +

=Dy (tz"3+1,77§i)+ﬂ+n6:ﬂ+ne.

Rearranging the two inequalities above gives

1+ fi—p; < ps < 1+ i — p; + ne. (6.51)

e On the other hand, if i3 # i3 it follows from (6.46) that ¢ 1 <1, < t5. Since
at least two tasks ¢ € Z \ {j} have u, = i, Corollary 6.67 implies that task g
may be selected such that C ('r]éff ) >ty > bir 11

This implies {J, g} C Ay 41, so by Lemma 6.70,

~

py (tirn,ms’) — o7 (t3.05) = g (ti1,m5) — pg (B3,157) =13 — iy i1

Combining this with (6.49) and (6.50) gives
5 (3, m5) + 17 = 05 (Ligr, 157) + 115 — pg (tiye1.m57) + pg (I3, m5)

= py (ti1,m5) + i — py (tuys1.n5) +py (E5,15) = L.

Applying Lemma 6.65 gives
py =i —p; (s, ) = 1+ i — py. (6.52)

For a small enough value of ¢ > 0, both (6.51) and (6.52) contradict the defi-
nition of ¢3, which specifically selected 7 so that (6.45) holds. Since the Lemmas
guaranteeing the existance of such a task depended only on the assumption that the
partial order < is in the domain of algorithm .o/, it follows that this assumption
does not hold. Since < is an arbitrary partial order containing a singular quartet,

and & is an arbitrary member of the family §, the theorem is proven. m

A summary of the long chain of reasoning leading to this conclusion follows.

e First, the assumption was made that an arbitrary partial order < containing
a singular quartet is in the domain of an arbitrary algorithm &/ € §. Most

proofs throughout this subsection rely on this assumption.
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e Under the condition that all j € Z, have p; = d; = 1, Lemma 6.53 demon-
strates that at least three of these tasks have a common value of 1;, denoted

fi, and that this is the smallest ;1; among the four tasks in Zj.

e By the definition of the family §, the algorithm <7 cannot “see” the processing
times and due dates of the other three tasks in Zy when determining the value
of pu4 for some g € Z,. Consequently, for & to guarantee an optimal solution in
the event that p, = d, = 1, it must always assign a value to g asifp; = d; =1

for all j € Zy, regardless of whether this is actually the case.
e An alternative case is considered where

— pj =d; =1 for both j € Zy \ Z;; and
— the two tasks in Z; have processing times and due dates such that, if they

are given identical u’s, the processing of the tasks in each Z; will take

place in parallel.

The former condition ensures that the insight of Lemma 6.53 constrains the
values of p’s for both j € Zy \ Z;. The latter condition implies that, as
demonstrated in Lemma 6.63, if each of the two tasks j € Z; have p; which is
in some sense “close to” 1+ ji — p;, the four tasks in Zj will be processed in
parallel, ensuring a non-optimal schedule. Hence there exists some task 7 € 7,

with a value of ;17 that is not “close to” 1+ 1 — p;.

e As before, algorithm .7 must always assign the same value of p;, regardless of

the processing times and due dates of the other three tasks in Z,.
e A final case is considered where

— pj =d; =1 for all three j € Z; \ {j}; and

— 7 has the same processing time and due date as in the previous case.

These two conditions ensure that the insights of Lemma 6.53 and Lemma
6.63 apply in this final case, constraining the values of the p’s. It is then
demonstrated in Theorem 6.75 that an optimal schedule requires a value of p;
that is “close to” 14 ji — pj;, and hence that it is impossible for an algorithm
from § to guarantee optimality for all problem instances precedence constraints

isomorphic to <.

The domain of the Zinder-Roper Algorithm has now been established.

Corollary 6.76 The class D*” is composed of all partial orders that do not contain

a singular quartet.
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6.4 The Garey-Johnson Algorithm

Based on the work in the previous section, the reasoning below proves the domain
of the Garey-Johnson Algorithm is a subclass of the domain of the Zinder-Roper
Algorithm and a superclass of the domain of the Brucker-Garey-Johnson Algorithm.

6.4.1 The Class of Partial Orders

Using the definition of a singular pair from Section 6.3, the domain of the Garey-
Johnson Algorithm, denoted D%, can be defined as follows.

Recall that a pair of independent tasks is singular if and only if there exists
a subgraph corresponding to a transitive set of the original partially ordered set of
tasks, for which this pair is a cover, that has width at least four and is not splittable.
Further define a singular task as being a task j for which there exists a singular pair
S such that S C Kj;. Recall that a singular quartet is a set of four independent
tasks that contains a singular pair, and further recall that this is the prohibited
structure for D?”. Define a pseudo-singular set of tasks as being a set of at least
two independent tasks that does not contain a singular pair of tasks or a singular
task.

The domain of the Garey-Johnson Algorithm may then be defined to be the class
of all partial orders that do not contain any pseudo-singular quartets.

Notice that, since every singular quartet is also pseudo-singular, D% C D%7.

Additionally, consider the two classes of prohibited subgraphs for the Brucker-
Garey-Johnson Algorithm, defined in Subsection 6.2.1. Every singular task is a task
that precedes a set of three independent tasks. This means that every partial order
with a set of four indepedent tasks that contains a singular task also contains a
prohibited graph of the first kind (specified in Figure 6.2). For every singular pair
that does not contain a task that precedes a set of three independent tasks, both
tasks in this singular pair each precede a set of two independent tasks that are
independent of one another. Thus, every partial order with a set of four indepedent
tasks that contains a singular pair also contains a prohibited graph of the first kind
or the second kind (the latter of which is specified in Figure 6.3). Thus,

D*Y c DY c D,

establishing an ordering of the primary approximation algorithms considered in this
thesis.

Thus, Theorem 5.28 establishes the peculiar result that the Garey-Johnson Algo-
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rithm dominates the family § of algorithms in terms of performance guarantee, while
this algorithm’s domain is a strict subclass of the domain of the Zinder-Roper Algo-
rithm. It is not known if the Zinder-Roper Algorithm is also dominant in terms of
performance guarantee, but consider the algorithm that constructs % (the sched-
ule produced by the Garey-Johnson Algorithm) and n?# (the schedule produced
by the Zinder-Roper Algorithm), and selects the best of the two. Although this
algorithm may not be a member of § it does have both a performance guarantee
and a set of solvable precedence constraints that dominates all algorithms in §, and

it is polynomial. It is quite surprising that such an algorithm exists.

6.4.2 Proving Sufficiency

In this subsection it will be proven that a sufficient condition for the optimality of
the Garey-Johnson Algorithm is that the precedence constraints contain no pseudo-
singular quartets. Recall that b is the largest i < ¢* for which |H;| < m, ¢ is the
smallest ¢ > b for which |H;| > m and a is the largest ¢ < b for which |H;| > m. The

next lemma will prove a result about the successors of the tasks in Hp.

Lemma 6.77 For any non-optimal schedule n? created by the Garey-Johnson Al-
gorithm, for all j € H; and all b <17 < ¢,

=1

U Hi\K; #0.

1=1+1

Proof. Consider any task j € H; such that H; C K for all b <7 < i < 4" and
note that this implies that C; (y%) = t;41. Since « € H;+_y, from (4.17) and (4.27)

@) =T g < fo S P pa (tie,m )+/~L:v_£%5}<}j<ug+/ig> b

Since |H;| > m implies N U N& C H;,

*—1

py (ten?) + g > p* forall ge |J H.
i=1+1

Hence, it follows from (4.18), (4.19) and the definition of H; that

* 1 * >k 1 : *
Wiz p t— 3 B(p) = pt+— Y min[pg max{0,p, — p* + 1y}

eK -1 7.
geh; geL_Ji:i_H H;
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1 . /
> pf + ~ Z min [pg, max {O,pg - (pg (tz’*ﬂlgj) + :“g) + “g}]

geUi:;h H;
1 4 *
:p*—l—a Z (pg—pg (ti*,ngy)) =p +tir —tig1-
gEUZ*:;h H;

Consequently
Ci (17) + s 2t + (0 + i — tin) =t + 0" =G (V) ,

contradicting the selection of t;x. m

Corollary 6.78 For any non-optimal schedule "7 created by the Garey-Johnson
Algorithm, |Hy| > 2.

Proof. If |H,| = 1 then, for j € H, Lemma 6.1 implies H; C {j} U K for all
i > b and since Corollary 5.15 implies |Hpy1| > m > 3, it follows that C;(n) = tp41.
Consequently H; C K for all b <4 < ¢* and the result follows from Lemma 6.77. m

Lemma 6.79 For any non-optimal schedule ¥ constructed by the Garey-Johnson

Algorithm, there exists a singular pair B = {by, by} such that

B C O H;.
i=b

Proof. From Lemma 4.14, the u’s are preserving, and consequently if ¥ is not
optimal for the criterion L,,,, it is also not optimal for the criterion GG. Therefore,
a, b and ¢, as defined in Section 6.1, exist.

Among all j € H._; select as g the task with the largest value of |K; N H,|. Since
|H.| >m and |H._;| < m, it follows from Lemma 6.1 that |[K, N H | > 2.

First consider the case where | K, g N H.| > 3. By Lemma 6.77 there exists a task

q € H.\ K,. In a similar manner to the proof of Lemma 6.22, consider the set
S={g9,q} U(K,NH,).

Note that S is a non-splittable transitive set of N, with width at least four, for

which {g, ¢} is a cover, i.e. {g,q} is a singular pair.
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On the other hand, consider the case where |K, N H.| = 2. If there exists a task
J € H._q such that [(K; N H,)\ K,| = 2, select ¢ as such a task and consider the set

S={g9,q}U(K,NH,)U(K,NH,).

Note that, similar to the previous case, S is a non-splittable transitive set of IV,
with width four, for which {g, ¢} is a cover, i.e. {g, ¢} is a singular pair.

Alternatively, consider the case where |K, N H.| = 2 and there does not exist a
task j € H._y such that |(K; N H,) \ K,| = 2. In this case, |Hy| < m and |H.| > m
imply the existence of some ¢ such that b <7 < ¢— 1 and there exists a task j € H;
for which |K; N H;1] > 2. Select as @ the largest such ¢ and select as ¢ such a task
Jj.

Observe that, for all ¢ such that ¢ < ¢ < ¢—1, for each j € H; either j € H;y; or
|K; N Hiy1| = 1. Two cases will now be considered below: either ¢ — g or ¢ 4 g.
Further observe that, for each j € H._1\{g}, either j € H\ K, or (K;NH.)\ K, = 1.

In the case where ¢ — ¢, Lemma 6.77 implies the existance of a task v € H; 41\ K.

Now consider the set

S ={q¢v}U ((Kunv)m ( O HZ>>

1=1+1

Again S is a non-splittable transitive set of NV, with width at least four, for which
{q,v} is a cover, i.e. {q,v} is a singular pair.

Finally, consider the case where ¢ /4 ¢. In this case, consider the set

S={g,q}U(K,NH,)U (qu ( O Hl>>

i=it1
As before, S is a non-splittable transitive set of N, with width at least four, for

which {g, ¢} is a cover, i.e. {g,q} is a singular pair. =

The following theorem proves a sufficient condition for the optimality of the

Garey-Johnson Algorithm.

Theorem 6.80 For any instance of P|prec, pmin|Ly.. where the precedence con-
straints do not contain a pseudo-singular quartet, the Garey-Johnson Algorithm pro-

duces an optimal schedule.

Proof. Consider a singular pair B = {by,by} as defined in Lemma 6.79, and
consider any transitive non-splittable subset S, with width at least four, of N for

which B is a cover. If B C K for any j € H,, j is a singular task. Recall that
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Corollary 5.15 demonstrated that Garey-Johnson Algorithm produces an optimal

schedule when m = 2, and thus,
|H,| >m+1>4. (6.53)

Hence, this singular task 7 can be complemented by another three independent tasks,
yielding a pseudo-singular quartet.

On the other hand, if no such j exists, Lemma 6.1 implies the existence of j; € H,
and j, € H, such that

e cither j; — b or j; = by, and
e cither jg — b2 or j2 = bg.

Consider the set
T = {jlan} usu (Kjl N Jb1) U (Kj2 N Jb2)

and note that T is a transitive set of N, with width at least four, and {j;, 72} is a
cover of T.

Suppose that T'= S; U Sy where S; # 0, Sy # (), and j — ¢ for any j € S
and g € S5, i.e. suppose T is splittable. The non-splittability of S, along with the
definition of S; and S5, implies that

{j1,72} €S and S CS5,.

However, the fact that j; 4 by and jy /4 by contradicts the definition of S; and
Sa, so T is not splittable. Thus {ji, j2} is a singular pair, and (6.53) implies that
these tasks can be complemented by another two independent tasks which yields a

singular (and thus also pseudo-singular) set of cardinality four. m

6.4.3 Proving Necessity

This subsection is devoted to proving that, whenever a pseudo-singular quartet is
present, an optimal schedule from the Garey-Johnson Algorithm cannot be guaran-
teed. In the case where there exists a singular quartet, i.e. a set of four independent
tasks that contains, as a subset, a singular pair, then the non-optimality of the
Garey-Johnson Algorithm follows from Theorem 6.75.

This leaves only the case where there is a set of cardinality four containing a

singular task, but no singular pair. A problem instance ¢ will now be specified
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that demonstrates that optimality cannot be guaranteed when the Garey-Johnson
Algorithm schedules tasks with precedence constraints containing a pseudo-singular
quartet.

Consider an arbitrary partial order < that contains at least one pseudo-singular
quartet. Let @) be a pseudo-singular subset, let k; € @) be a singular task, let
B € K}, be a singular pair and let I be a canonical transitive set of N for which B
is a cover. For some h > 3, the definition of k; implies the existance of a chain of
tasks

ky — kg — - = kp_o

such that

o L € —f(ki_l for any ¢ for which 1 <7< h —1 and

Define Zy = Q, Z; = {k;} for all i such that 1 <1< h —1,let Z,_; = B and
use the Z-Algorithm to construct from I the sets Z; for all i such that h < i < h.
Note that this implies that Z;,_; = B = Zj,. Define H = NN [0, h] and Z = U;ey Z;.

Problem instance ¢ will now be defined as follows. The precedence contraints
are defined by the partial order <. As before, let all tasks j € N \ Z have p; = ¢
and d; = h 4 1. It will be shown that, for adequately small € > 0, these tasks will
have in some sense a negligible effect on the resulting schedule. Indeed, throughout
the reasoning below, it will be assumed that ¢ > 0 is adequately small, without
explicitly stating this assumption at every turn. Similar to before, for all j € N\ Z,
let

pj=Hi:ie HNj € Z;}| and dj=max{i:i€ HAje€ Z}.

Finally, let m = 3.

The following lemmas prove results regarding the u’s generated by the Garey-
Johnson Algorithm for the problem instance ¢. In particular, it will be proven
that p; = —d; for all j € Z. Throughout this section, it will be assumed that the
Garey-Johnson Algorithm is being applied to the problem instance .

Lemma 6.81 Forall j € N\ Z such that K;NZ =0, pi; < —h — %

Proof. This lemma will be proven by induction. For all j € N\ Z, if K; =
then

_ _9
pi=—-h—1<—-h—=.

w
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Now consider any j € N\ Z such that K; # () and K; N Z = (. For all g € K},

assume that

—h—1<p, <elK,| (1+|K;|TH> —h—1. (6.54)
Note that (6.54) holds for all g € N\ Z for which K, = 0.
Recall that the value of p; assigned by the Garey-Johnson algorithm depends on
a; and b; defined in equation (4.17). Given the inductive assumption (6.54), (4.17)
and the fact that |K,| < |Kj| for all g € K imply

_H—lggg}g#j:aj<bj:1;%%§j(pg+ﬂg)

LY A
< K;|-1)(1+——)—-h—-1.
<e+e(|K )< t 5
Recall that, according to (4.19), the u’s computed by the Garey-Johnson Al-
gorithm depend, in part, on the function f5,(p) as defined in (4.18). Hence, as a
consequence of the preceding bounds on a; and b;, (4.18) and (4.19) imply

B 1
—h—1= —dj < ;= max —dj, max P+ E Z ﬁg(p)

aj <p<b; geks
J

_ 1
= _— —1 —_— 1 _
max { —h ) I8 p+mg€§K'mm [pg, max{0, py + g — p}l
J

- 1
< max _h_l’bijE Zpg
9eK;

5 LA 1
<max{ —h—1e+e(|K;|—1) (1+% —h—1+EZpg

9eK;
K1\ | K|
= K|l—1)(1 —h—1+—
e+ (| K} )( + 5 + e
K.|1? — K. K. _
2m m

| K|+ 1 -
=K (1+—L— ) —h—1.

Consequently, (6.54) holds for all g € N \ Z such that K, N Z = (), and thus the

lemma holds for adequately small . =

236



Corollary 6.82 For all j € N\ Z such that K;NZ =0, and all p > —h — %,
Bi(p) = 0.

Proof. By Lemma 6.81 and (4.18), for an adequately small ¢ > 0,

i 2
Bj(p) = min [p;, max{0, p; + p; — p}] < min pj,maX{O,pj —h—g+h+ 5}]

~
= min {pj,max{(),pj — 6} = min [p;, 0] = 0,

and the corollary follows. m

Lemma 6.83 Forall j € Zy, p; = —d; = —h.

Proof. If K; = (), the Garey-Johnson Algorithm sets u; = —d;, so the lemma
holds. For the remainder of this proof it will be assumed that K; # (.
Note that, from (4.19) and Lemma 6.81,

\)

—h—1<minp;=a; <bj=max(py+pg) <e—h-z.

w

Therefore, for an adequately small value of € > 0, (4.18) and (4.19) imply

~ 1
—h = —d; < pj =max{ —d;, max | p+ - Z By(p)

a; <p<b;
J J QEKJ'

1 — _ 2 n _
< —d;, b, —E < —h,e—h— -+ — = —h.
< max P j+m Dy _max{ , € 3+m€}

QEKJ'

Hence, the lemma holds in this case as well. m

For all j € N such that j € Z or J; N Z # (), define
v(j)=max{i:i€c HAN(je€ Z;NV J,NZ; #0)}.

In words, ¢(j) is the index of the last Z; that contains either j or a predecessor of j.
Note that, for all j € Z, d; = «(j). Note that this implies that «(j) € H.
Define
X={j:,NnZ#0NK;NZ # 0},
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i.e. X is the set of all tasks in NV \ Z which both precede and succeed tasks in Z.
This set can be seen as the set of all tasks in NV \ Z that can affect the value of
for any j € Z, and which have not yet been considered in Lemma 6.81. This set of

tasks is the subject of several lemmas below.
Lemma 6.84 Foranyje€ X, «(j) <h—1.

Proof. Suppose this is not the case, i.e. suppose there exists some j € X such
that ¢(j) > h — 1. Recall that the sets Z,_1 = Zj, Z 41, . .., Z5, are constructed by
the Z-Algorithm from a canonical transitive set I of N. Recall also that Zy = @ is
a pseudo-singular set of four tasks. Consequently, the fact that ¢(j) > h — 1 implies
that there is some g € I for which g — j.

On the other hand, the definition of X implies that there is some ¢ € Z for which
Jj — q. By the definition of the problem instance ¢, the tasks comprising set Z \ I
are a chain of tasks ky — ko — -+ — kj_o and the three tasks in Zj \ {k;}. Since
I C Ky, , € Ky, it follows that j € K}, and hence q € Ky,. If g € Zy \ {k1} then
Zy = (@ is not a set of independent tasks, contradicting the initial selection of @) as
a pseudo-singular set.

As a consequence of the preceding reasoning, ¢ € I. Since g — j — ¢, by the
definition of a transitive set of N, j € [ and hence j € Z. This contradicts the

definition of X, and so the lemma is proven. m

Lemma 6.85 Forallj € X, K; N Z,;jy11 = 0.

Proof. As before, for all i € H such that 1 <i < h — 2, there exists a task k;
such that 7Z; = {k;} and Z;,; C f(ki, where f(q is the set of immediate successors
of task ¢. Additionally, recall that k1 € Z;. As a consequence of Lemma 6.84,

1(7) < h —2. Two cases are considered below.

o Ifu(j) > 1,j € Ky, and thus Z,(jy41 C Ky, ). If K;NZ,j)41 # 0, this implies
the existance of a task g € Z,(j41 such that k,;y — j — g, contradicting the

fact that g is an immediate successor of £,;).

o If 1(j) = 0, there exists some task g € Z, such that g — j. If K;NZ, 41 # 0,
this implies j — k;. This implies that ¢ — ki, contradicting the fact that
{g,k1} C Zy and that Z; is a set of independent tasks.

Hence, in both cases j precedes no tasks in Z,(;);1. ®
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Lemma 6.86 For any j € Z such that u(j) > h — 1, and any p such that 1(j) <

—p < h,
Zﬁg@) = Z By(p)-

geK; geEK;NZ

Proof. For any task g € K\ Z, the definition of X implies either g € X or
K,NZ = (). However,
ug) = uj) =2 h—1

implies, along with Lemma 6.84, that ¢ ¢ X and hence K, N Z = (). Hence the

lemma follows from Corollary 6.82. m

As has been stated earlier, it will be proven that yu; = —d; for all j € Z. The
proof will proceed by induction on «(7), in descending order. There are two inductive

assumptions: for some 7 € H,
pj = —u(j) for all j € Z such that ¢(j) > ¢ (6.55)
and 5
pi < —u(j) — 3 for all j € X such that «(j) > 1. (6.56)

Lemma 6.83 proves that (6.55) for 7 = h, and Lemma 6.84 demonstrates that (6.56)
holds vacuously for all 2 € H such that 2 > h — 1.
For all j € Z, define
P={i:ie HNj€e Z}

and note that

Define p = |—p], and for all : € H define

1 ifi<p
6(i) =9 —p—o ifi=o0+1 .
0 otherwise

Additionally, in order to avoid the consideration of unnecessary cases, let Z; ., = 0.

Lemma 6.87 For any j € Z and any p such that 0 < —p < h, if (6.55) holds for
i =u(j),
Bi(p) =Y 6(i).

iEPj
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Proof. For any j € Z, if 1 = +(j), the first inductive assumption (6.55) implies
(j) = d; = —p;. Hence, by the definition (4.18) of 3;(p),

B;(p) = min [p;, max {0, p; — d; — p}]. (6.58)

Two cases will now be considered based on the value of d;.

o If d; < —p, due to the integrality of d;, d; < p. Consequently, (6.57) implies
DC{i:iePAi>p} Cli:iePiANi>di}=10

and hence
{i:iePjNi> o} =0.

Additionally, since d; < —p,
pj—d;j—p=p;>0.
As a consequence of both of these facts, along with (6.58),
Bi(p) = min [pj, p; —d; — p| = p; = |Pj|

= > 1= ) )

ii€PjAi<p ii€PjNi<o
= > s+ > i)=Y ).
ii€PjAi<p 1HEPNi>0 i€Pj

e On the other hand, consider the case where d; > —p. It follows from this that
d; > p and
pj—dj —p <pj.

Hence, from (6.58),
B;(p) = max {0,p; — d; — p}. (6.59)

Two sub-cases are considered below, also based on the value of d;.
— If d; > p; — p, it follows that
pj —dj —p <0,
and thus (6.59) implies 3;(p) = 0. Additionally, from d; > p; — p and the
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integrality of d; — p;, it follows that
dj—p; > o+1
As a consequence of this and (6.57),
DC{iziePNi<o+1}C{i:ie P,ANi<d;—pj} =10

and hence
{i:z’er/\igngl}:(b.

It follows that

Bl =0= S s+ 3 60 =3).

iHEP i<+ iHEP; N> +1 i€P;
Finally, if p; — p > d; > —p, it follows from (6.59) that
Bi(p) = pj —dj = p.
Additionally, d; > —p and the integrality of d; and d; — p; imply
di—pj<dj—p;+1<p0+1<4d;.
Consequently, (6.57) implies
{iriePhNi<o+1}={iie HNd;—p;<i<d;Ni<o+1}

Hence, j € Z,41 and

Yo osiy= > l1=p—di+o

i€ PjNi<o i€ PjNi<o

As a consequence of (6.59) and the above reasoning,
Bi(p) =p; —dj—p=pj—dj+o+(=p—0)

— 3 s+ Y 8l =360,

i€ PjAiI<o i€ PjAi>o+1 iEP;

Thus the lemma is proven for all values of d;. m
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Corollary 6.88 For any j € X U Z and any p such that 0 < —p < h, if (6.55)
holds for i =(j) + 1,
0

Y Bylp)= > KN Zi| = (p+ 0)|K; N Zyal.

geK;NZ i=u(j)+1

Proof. Since all g € K;NZ have t(g) > ¢(j), when the first inductive assumption
(6.55) holds for ¢ = «(j) + 1, Lemma 6.87 applies for all tasks ¢ € K; N Z. Hence,

0
Do Bylo) =) SWIK;NZil = Y KN Z|+ (=p = 0)|K; N Zpia
geK;NZ icH i=u(j)+1

and the corollary is proven. m

Note that, by the definition of g, it follows that —1 < p+p < 0. This is important

to keep in mind when examining the following lemmas.

Lemma 6.89 For any j € Z such that «(j) > h — 1, and any p such that 1(j) <
—p < h, if (6.55) holds fori = 1(j) + 1,

D Belp) < —mlp +1(5)).

geEK;NZ

Proof. Recall that, by Lemma 6.32 and Lemma 6.42, any j € Z such that
t(j) > h—1has (K;NZ,;)41) C Zy)+1, i.e. no task j € Z\ Zj will precede all tasks
in the next set Z,(;);1," implying

1K N Zygyal < 1Zugyaal. (6.60)

Five cases are considered below based on the values of ¢(j) and p. When examining

these cases, n

e If 1(j) = —p = h then «(j) = o0 = h and therefore Corollary 6.88 implies

Y Bolp) = =(p+ )| K; N Zpa| = 0= —m(p+1(j)).

gEKjﬂZ

e On the other hand, if t(j)+1 = —p = h then 1(j) = 0—1 = h—1 and therefore

*Recall that Z;,; = (. This definition reduced the number of special cases that must be
considered.
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(6.60) and Corollary 6.88 imply

Z Be(p) = |K; N Zyjya| = [K; N Zg| <3 =—m(p+ (7))
geEK;NZ

e Alternatively, if +(j) +1 < —p = h then 1(j) +2 < o0 = h and therefore (6.60)
and Corollary 6.88 imply
h—1

Y Bolp) I N Zgyal+ D 1Zi]+1Zl

9eK;NZ i=u(j)+2
<24 m(h—uj)—2) +4=—m(p+(j))

e Additionally, if t(j) +1 < —p < h then ¢(j) < 0 < h — 1 and therefore (6.60)
and Corollary 6.88 imply

e
> Balp) 1K N Zigial + D 1Zil = (p+ 0)| Zos
9eK;NZ i=1(j)+2

<2+me—uj)—1) —4(p+o)

=@2-p—0)+m(e—(j)—1)—mp+o)
=@2=p=0+m(=p—1(j) = 1)

<mtm(—p—u(j) = 1) = —mip+1(5)).

e Finally, if t(j) < —p < «(j) + 1 < h then «(j) = o, and therefore (6.60) and
Corollary 6.88 imply

> Byp) = —(p+0)(|Zpa] — 1) < 3(—p —0) = —m(p +1()))-

geEK;NZ

Hence, in all five cases the lemma is proven. m

Corollary 6.90 For any j € Z such that 1(j) > h — 1, and any p such that 1(j) <
—p < h, if (6.55) holds for i = (j) + 1,

> Bylp) < —mlp +1(5)).

QEKJ'

Proof. This follows from the preceding lemma and Lemma 6.86. =
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Lemma 6.91 For any j € Z such that 1(j) < h—1, and any p such that 1(j)+
—p < h, if (6.55) holds fori = 1(j)+ 1,

1
3 <

S Byle) < —mlp+ 1)~ 5.

geEK;NZ

Proof. If (6.55) holds for ¢ = «(j) + 1, Corollary 6.88 applies. If «(j) < h—1

then the construction of Ky, Ki,..., K,_o in the problem instance ¢ implies
‘Kj N ZL(j)+1| = ‘ZL(j)+1| <m and ‘KJ N ZL(j)+2‘ = |ZL(]‘)+2‘ <m. (661)

This will be used in the four cases considered below.

o If p = —h then 1(j) +3 < o = —h and therefore (6.61) and Corollary 6.88

imply i
h—1
Z Be(p) <1 Zugyal + 1 Zuggys2l + Z |Zi| + | Z3)
geK;NZ i=1(j)+3

<2424 mlh —uj) =3) +4=—m(p+(j)) =1 < =mlp+(5)) -

N | —

e On the other hand, if 1(j) +2 < —p < h, then ¢(j) < o—2 and therefore (6.61)
and Corollary 6.88 imply

4
D Bolp) <N Zgyl + 1 Zigral + D 1Zil = (p+ 0)1 Zps]
geK;NZ i=u(j)+3
<2424 m(o—u(j) —2) —4(p+o)
. w1
=1-p—0o—mlp+u(j) +1) <—mlp+(j)) - 5

e Alternatively, if ¢(j) +1 < —p < «(j) + 2, then ¢(j) = o0 — 1 and therefore
(6.61) and Corollary 6.88 imply

> By(p) <1 Zigyal = (0 + 0) Zigy 42|

geEK;NZ

N | —

<2-2(p+0)=-2(p+(j)) <—mlp+(j)) —

e Finally, if «(j) + 2+ < —p < ¢(j) + 1 then «(j) = ¢ and therefore (6.61) and
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Corollary 6.88 imply

Y Bilo) < —(p+ I Zigiynl < =2(p + ()

geEK;NZ

3o+ i) + 4 10) < —mip+10)) ~

Hence, in all four cases the lemma is proven. m

Observe that both inductive assumptions are used in the following lemma.

Lemma 6.92 For any j € Z such that 1(j) < h — 1, and any p such that 1(j) <
—p < h, if (6.55) holds for i = 1(j) + 1 and (6.56) holds for i = 1(3),

> Byp) < —m(p +(4)).

geK;

Proof. In the case where () +% < —p < h Lemma 6.91 applies due to the first

inductive assumption (6.55). Hence, for a small enough value of € > 0,

Y Belp)= D Belp)+ D Bylp) < —mlp+(j) ——+ >

geK; geEK;NZ gEK;\Z gEK\Z

<ne—mlp+ (i)~ 5 < —mlp+ ).

On the other hand, if «(j) < —p < u(j) + 3, t(j) = 0. In this case, the second
inductive assumption (6.56) implies that, for all g € K; N X, and for a small enough
e >0,

59(P) = min [Pg, maX{O,pg —p+ Ng}]

< min [pg, max {Ovpg + (L(j) + %) a (L(g) * §> H

. [pg, max {0,pg +u(j) = ulg) — é}]

1
< min {pg,max {O,pg - EH = min [p,, 0] = 0.

This, combined with Corollary 6.82, implies that 3,(p) = 0 for all g € K;\ Z. Hence,
Corollary 6.88 implies

> Byp) = D Belp) < —(p+ )| Zpiil < —2(p +0)

geK; geEK;NZ
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= —2(p+(4)) < —m(p+1(5))

and the lemma is proven in this case as well. =

Corollary 6.93 For any j € Z, and any p such that 1(j) < —p < h, if (6.55) holds
fori=1u(j) +1 and (6.56) holds for i = (j),

> Bylp) < —mlp+1(j)).

9eK;

Proof. This follows from Corollary 6.90 and Lemma 6.92. =

Lemma 6.94 For any j € Z, if (6.55) holds for i = 1(j) + 1 and (6.56) holds for
1= 1()),

1
< —d. il
ppSmaxg—d; max | p+ o g}; By(p)
J

Proof. Recall that in the definition (4.19) of the u’s produced by the Garey-
Johnson Algorithm, the variable p in the inner maximum is constrained by a; and

b;, which are defined in (4.17). The two inductive assumptions, along with (4.19),
imply

a; = min g, > —maxd > _—h—1.
J gEKj g QEKJ' g

Additionally, observe that Lemma 6.81 and the second inductive assumption (6.56)
imply that, for all j € K;\ Z,

9
< —u(g) — =.
Ig 1(9) 3

As a consequence of this and the first inductive assumption (6.55),

bj = max(py + pg) = max{ max (pg + fig), max (pg + ﬂg)}

geK; geK;NZ geEK;\Z (6 62)
5 )

< — - -5 .

< max {gg}(%(z(pg L(g)),gg%iiz <pg 1(9) 3>}

For any g € K; N Z, (6.57) and the first inductive assumption (6.55) imply
pg—Ug)=py—dy={i:i€ HNg€ Z;}| —max{i:i€ HNg € Z;}
=-—max{i:i€c HANg¢ Z;} < —max{i:i € HAj € Z;} = —u(j).
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For any g € K, \ Z and adequately small ¢ > 0,

c—ilg) 2 <= ili) — 2 < ().

Combining the two relations above with (6.62) gives
—FL— 1< a; < bj < —L(])

The lemma then follows from this and the definition (4.19) of the u’s produced by
the Garey-Johnson Algorithm. m

Notice that the range of p in the statement of the preceding lemma is some-
what larger than that covered by Corollary 6.93: in particular the case where
p E [—f_z -1, —f_L) must be considered separately. The next lemma facilitates the

consideration of the case where p < —h using Corollary 6.93.

Lemma 6.95 For any j € X UZ, and any p < —h,

p+%26g(p)<p+% Y By(=h)+

QEKJ' gEKjﬂZ

n
—¢&.
m

Proof. For all g € Kj, the definition (4.18) of 5,(p) implies

Bg(p) = min[pg, maX{O,pg —p+ Ng}] < pg-

Consequently, for all g € K\ Z it follows that 5,(p) < p, = ¢, and for all g € K;NZ,
(4.18) and (4.19) imply

Bg(p) < pg = min [pg> max {O,pg +h— dgH

< min [pg, max {0,py + h+ g f] = B, (=h).

From this it can be seen that

S 80=Y B+ Y By < S By (~h) +ne

geK; geEK;NZ gEKj\Z geEK;NZ

and the lemma follows. =

Lemma 6.96 For any j € Z, if (6.55) holds for i = 1(j) + 1 and (6.56) holds for
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~>
I
~
S

1
pj < max ¢ —d;,  max | ,0+E25g(p)

S DS
h—5<p<—u(j 9eK;

Proof. If —h—1<p< —h— %, Corollary 6.93 and Lemma 6.95 imply that, for

a large enough value of ¢ > 0,

1 -1 1 - n
P+E259(P)<—h—§+a > 59(—h)+a5
geK; geEK;NZ
< B s (SR () e = e i) - 5 < —ld) = 4,
< 5 L(J —e=_—c—ulJ) — 5 uj) = —d;.
Consequently;,

1
max ¢ —d;, _ max ) ,0+E269(p)

—h—1<p<—u(j gek
J

1
= max —d], max ) P + E Z ﬁg(ﬂ)

S DS
h—5<p<—u(j 9eK;

and the lemma follows from Lemma 6.94. =

Lemma 6.97 Forallj € XUZ, if p < —h, Bj(p) = p;.

Proof. From the definition (4.19) of the p’s produced by the Garey-Johnson
Algorithm, if j € Z,
MjZ—de—}_lZP-

On the other hand, if j € X, (4.15) and the definition of X imply
fj > Mmax (g > — min d, > —h > p-

gEKj gEKj

Thus, in either case, the definition (4.18) of §;(p) implies

Bi(p) = min [p;, max{0, p; — p+ p;}] = min [p;, p; — p + pgl = pj,

and the lemma holds. m

Lemma 6.98 For any j € Z, if (6.55) holds for i = 1(j) + 1 and (6.56) holds for
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~>
I
~
<

1
pj < max ¢ —d;, max ) p+525g(p)

—h<p<—u(j ek,
Proof. If —h — % < p < —h, Corollary 6.82 and Lemma 6.97 imply

p+%26g(p)=p+% b

geK; geK;N(XUZ)

-1 - 1 -
<—h+g Z pg:—h‘i‘g Z Bg(_h)

geK;N(XUZ) geK;N(XUZ)

Consequently,

1
max —dj,;imax ‘ ,0+E269(p)

1
= max{ —d;, max : p+5269(p)

—h<p<—u(j ol
J

and the lemma follows from Lemma 6.96. =

Lemma 6.99 For any j € Z, if (6.55) holds for i = 1(j) + 1 and (6.56) holds for
1 =1(j), i = —(j)-

Proof. Mindful of the bound in the statement of Lemma 6.98, consider any p
such that —h < p < —u(j). From Corollary 6.93,

1 . .
pt— D Bylp) <p—(p+1)) = —1(j).
geK;
Consequently, Lemma 6.98 and the fact that d; = ¢(j) imply

) < py < maxd ), max {30 By(o) | b =—li)

—h<p<—u(j gek
J

and the lemma follows. =

The preceding lemma demonstrates that, for some k& > 0, if (6.55) holds for
? = k+ 1 and (6.56) holds for 7 = k, the first inductive assumption (6.55) holds
for 2 = k. The proof of this required the second inductive assumption (6.56), so it

remains to be proven that this assumption holds for ¢ = k — 1.
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Lemma 6.100 For any j € X and any p such that o(j) +1 < —p < h, if (6.55)
and (6.56) hold for i = 1(j) + 1,

> Belp) < —mlp+u(j) + 1).

geEK;NZ

Proof. Since (6.55) holds for i = «(j) + 1, Corollary 6.88 applies to all tasks

g € K; N Z with «(g) > «(j) + 1. Additionally, by Lemma 6.85, K; N Z,;)41 = 0.
Hence,

[KjNZygal =0 and K50 Zyg)ra| < [Zig)4e| <m. (6.63)

Since (6.63) implies (6.61) which was used in the proof of Lemma 6.91, and since
Corollary 6.88 applies to all tasks g € K; N Z as in the proof of Lemma 6.91, this

lemma may be proved in a similar manner, by considering the three cases below.

o If p = —h then 1(j) +3 < o = —h and therefore (6.63) and Corollary 6.88

imply i
h—1
> Bylp) < | Zugyeal + > 1Zil + 124
gekK;nZ i=u(j)+3

<2+ m(h—uj)—3)+4=—m(p+(j)+1).

e On the other hand, if 1(j) +2 < —p < h, then ¢(j) < o0—2 and therefore (6.61)
and Corollary 6.88 imply

o
Z Be(p) < | Z.jy 42l + Z | Zi| = (p+ 0)| Zg11|
geK;NZ i=u(j)+3
<2+mo—(j)—2)—4(p+o)
=2—p—o—mp+(j)+2) <—m(p+(j)+1)

e Finally, if 1(j) +1 < —p < 1(j) + 2, then ¢(j) = 0 — 1 and therefore (6.61) and
Corollary 6.88 imply

> By(p) < —(p+ o) Zijyse

< =2(p+o0)=-20p+(j)+1) <—mp+y)+ 1)

Hence, in all three cases the lemma is proven. m
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Lemma 6.101 For any j € X and any p such that 1(j) +1 < —p < h+1, if (6.55)
and (6.56) hold for i = 1(j) + 1,

Proof. If —h — 1 < p < —h, for a small enough value of £ > 0,

p+%269(p)§p+%ng=p+% S e+ D p

gEKj gEKj QEKJ'UZ gEKj\Z

h
|
< —h+ — :
+—| D 1%l +ne
i=u(j)+2
- 1 h—1
=—h+—1Zgl+ Y 1Z]+1Zi]+ne
i=u(j)+3
< B+1(2+ (h—u(j) = 3) + 4+ ne) Do 1(j) = 1< —u(j) ;
— — m(h — () — ne) =—e—1uy)— —u) ——.
< - J - J =7

On the other hand, if —h < p < —u(j) — 1, Lemma 6.100 implies, for a small

enough value of € > 0,

bt S =t X G+ Y Al

gEKj gEKjUZ QEKJ‘\Z

n 3
<p- 1)+ —e < —u(j) - =
Sp=(ptetl)+—e<—uj) -7

Hence, the lemma holds in both cases. =

Lemma 6.102 For any j € X for which all g € K; N X have «(g) > u(j), and

any p such that o(j) +1 < —p < h+ 1, if (6.55) and (6.56) hold for i = 1(j) + 1,

pi < —u(j) = §-

Proof. By the definition (4.17) of a; and b;,

a; = min p, > —maxd > _—h—1.
J QEKJ' g QEKJ' g

Furthermore, by Lemma 6.85 and the inductive assumptions, for an adequately small
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value of € > 0,

bj = max (pg + j1g) = max {ggg;gz (Pg + 1g), Jnax (pg + ug)}

gmax{ max_(((g) — 1(7) — 1) — 1(g)), max (e—b@—%)}

geK;NZ gEK;\Z
: : 2 .
< max{—e(]) —lLe—u(j)—1- g} =—u(j) — 1.

Consequently, by the definition (4.19) of the p’s produced by the Garey-Johnson
Algorithm, and by Lemma 6.101,

1
pi <max<{ —h—1,  max p+ — B, (p
! ~h—1<p<—(j)—1 mg%;j ol0)
= 3 3
< —h—1,—(j) =2 < —(j) ==
and the lemma holds. m

For each task j € X, define
Wi={g:9€ K;NXNug) =(j)}

Lemma 6.103 For any j € X, if (6.55) and (6.56) hold for i = u(j) + 1, p; <
—1(j) — 3.

Proof. This lemma will be proven in similar manner to Lemma 6.81, specifically
by induction. First consider a task j € X such that all g € K; N X have «(g) > ¢(j),
ie. W; = 0. By Lemma 6.102, p; < —u(j) — 3.

Now consider any j € X such that there exists a task g € K; N X for which

t(g) = ¢(j). For all g € K; assume that
N 3
1y < Wyl —o(j) — 1 (6.64)

Note that (6.64) holds for all g € X such that all W, = (.

Now consider a task j € X such that W; # ). Given the inductive assumption
(6.64), (4.17) and the fact that |[W,| < |W;| for all ¢ € W; imply

_H—lggg%gj:aj<bj:£%%}j(pg+ﬂg)
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3

= < =) ==,
;g%(pﬁﬂg)_e\wg\ L(7) 1

If —u(j) —1 < p < by, it follows from the bound on b; above that ¢(j) = o. From
this, Lemma 6.85 and Corollary 6.88 it follows that

p+%Zﬁg(p)=p§bj-

9€K;

If, on the other hand, —h — 1 < p < —(j) — 1, Lemma 6.101 states that

pt = S Bylo) < i)~ 5

9eK;

Thus, for all a; < p < b,

ot S Byle) < el Wil — 1) — 2

QEKJ'

Hence, for a small enough value of € > 0,

1
pj =max ¢ —d;, max | p+ p Z Bq(p)

a; <p<b;

geK;
_ ] 3
< max{—h — 1, e|W;| —u(j) — Z}
_ 3
= Wyl — o)~ 2.

Consequently, (6.54) holds for all ¢ € N \ Z such that K, N Z = (), and thus the

lemma holds for adequately small e > 0. =

Lemma 6.104 When the Garey-Johnson Algorithm is applied to the problem in-
stance @, pn; = —d; for all j € Z.

Proof. The lemma will be proved by induction. First note that, as stated earlier,
(6.55) and (6.56) hold for i = h. Consider the case where, for some k < h, (6.55)
and (6.56) hold for 7 = k. In this case, Lemma 6.103 demonstrates that (6.56) holds
fori =4k —1.

Now consider the case where, for some k < h, (6.55) holds for 2 = k and (6.56)
holds for ¢ = k — 1. In this case, Lemma 6.99 demonstrates that (6.55) holds for

? = k — 1. Hence, the lemma is proven by induction. m
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Theorem 6.105 For any partial order that does not contain a pseudo-singular

quartet there exists an assignment of m, p; and d; such that the Garey-Johnson

Algorithm produces a non-optimal schedule.

Proof. Consider the schedule o defined as follows:

all tasks in N\ (Q U K(Q)) are processed to completion during [0, nel;

one unit of each task in @\ {k}, and 3 units of task ki, are processed during
. 13
ne,ne + —|,
9

completing all tasks in @ \ {k1};

all tasks in K(Q) \ Ky, , as well as task k;, are processed to completion during

+13 +19
ne + —,ne + —
9’ 9]’

which is possible for adequately small ¢;
for all i such that 1 < ¢ < h— 1, all tasks in Ky, , \ Kj,, including task k;, are

processed to completion during

+'—|—1 +'—|—10
ne+i+—,ne+i+—
9’ 9|’

which again is possible for adequately small ¢;

each task in B = Z;_1 = Z}, is processed for two units during

1 10
ne+h—1+=ne+h+—|,
9 9
and all tasks in Ko\ K(B) are processed to completion during this interval,

which is possible for adequately small £ because |B| = 2 < m;

as a consequence of the fact that [ is a transitive set of IV, it follows that
K;NZ =0 forall j € K(Z,)\ Z, and since I is canonical it follows that for
all i such that h < i < h, |Z;] < 3 = m and consequently each task in Z; is

processed for one unit during

+'—|—1 +'—|—10
ne+i+—,ne+i+—|;
9’ 9’
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e since |Z;| = 4, all tasks in Zj, are processed for one unit during

- 1 - 13
[n€+h+§,n€+h+§},

completing them all;

e finally, all tasks in K (B) \ Z are processed to completion during

- 13 - 13

The maximum lateness of o may be calculated as follows:

e for a large enough value of ¢, all tasks j € N \ Z have Cj(0) — d; < ne + %;
e all tasks j € Q \ {k1} have Cj(0) — d; = C;(0) < ne +

e for all i such that 1 <i < hand all j € Z; \ Zi,1,

10 10
Cj(a)—dj:n5+i+§—i:ne+§;

e and finally, for all tasks 5 € Zj3,

-1 - 13
Cj(a)—djgna—l—h%—;—h:nez#—?,

and this is an equality for three such tasks.

Since the maximum lateness of ¢ provides an upper bound on the optimal maximum
lateness,
13

Linaz(w) < Lipaz(0) = ne + 3 (6.65)

On the other hand, consider the schedule n¥ produced by the Garey-Johnson
Algorithm. Lemma 6.104 demonstrates that p; = —d; for all 7 € Z. Consequently
(4.15) implies that p, > p;j + p; for all j € Z and g € J(Q). Thus,

t = max C; (7)) < ne
iel@ 7 () =

and the tasks in @ have priority at time ¢ differing by at most ne. Lemma 4.7 then
implies that, for an adequately small value of ¢ > 0, (Y, (77%) > 2%. Taking into
account Lemma 6.41, it follows that, for all 7 such that 1 <4 < hand all j € Z;\ Z; 4
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Finally, since |Z;| = 4, the above reasoning implies that

This gives

This concludes the analysis of the domains of approximation algorithms. The
concept of an algorithm’s domain is a powerful one, providing insight into the nature
and strength of an approximation algorithm. It is to be hoped that the techniques
developed for this chapter will be applied to other approximation algorithms in the

future.
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Chapter 7

An Optimal Algorithm

Although the scheduling problems considered in this thesis are known to be NP-
hard, it may be desired to find an optimal solution anyway. Some small problems
are easily solved in a fairly small amount of time, and others have special structure
that enables a quick solution. Considered in this chapter is a linear programming
method to solve the P|prec, pmin, w;| L., problem. This approach was presented
at the ASOR Recent Advances 2015 [113], and was prepared in collaboration with
Yakov Zinder. For much simpler, but somewhat similar, uses of a linear programs

to solve scheduling problems, see [73], [100] and particularly [35].

7.1 The Linear Program

The general idea behind the method described in this section is to suppose that some
oracle has granted, for some particular instance ¢ of the problem P|prec, pmtn, u,;
| Linaz, knowledge of the order in which tasks are completed in an optimal schedule
w for ¢. It turns out that this knowledge is sufficient to allow the determination of
an optimal schedule in polynomial time. Without loss of generality, suppose that
the tasks have been renumbered, from 1 to n, in order of their completion times
(with ties being broken arbitrarily), i.e.
Ci(w) < Cy(w) < -+ < Ch(w).

In order to simplify the exposition in this chapter, let Cy(o) = 0 for all schedules o.
Note that 0 is not a task in the considered instance of the problem P|prec, pmtn, u,;
| Loz, i-6. 0 ¢ N.

Once this renumbering has taken place, sets A; and B; are defined for all j € N

as follows:

e A; is the set of all tasks available for processing after C;_i(c) but before
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Ci(o),* ie.
Aj={g:9eNANg>jNNge Jy:q<j)}

e and B, is the set of all tasks g for which j is available during [C,_1(¢), Cy(0)),
le.
B;={g:9e NNje A}

The key to the process of transforming this ordering of tasks into an optimal
schedule is the Modified McNaughton Algorithm, as described in Subsection 4.2.1.

If the completion times are known, along with the amount

Pj(Cina (W), w) = p;(Ci(w), w) (7.1)

which each task j is processed in each interval [C;_1(w), C;(w)] between two consec-
utive completion times, a schedule can be easily constructed by applying the Mc-
Naughton Algorithm first to the interval [0, Cy(w)] (i-e. the interval [Cy(w), C1(w)]),
then to the interval [C(w), Ca(w)], and so on, until the entire schedule has been
constructed.

In order to bridge the gap between
e merely knowing the order of completion times, as supplied by the oracle, and

e knowing the values Cj(w) of these completion times and the amount (7.1)
of each task processed between them, as required to construct a schedule as

described above,

a linear program, Linear Program 7.1, can be used. This linear program is similar
to some existing publications, for example [53].
Analogous to the reasoning behind the notation Cy(o), the constant Cp = 0 is

defined for use in this linear program. The variables of Linear Program 7.1 are
® L., the maximum lateness,
e (; for all j € N, the completion time of task j, and

e p;; forall j € N and 7 € B;, the amount of task j which is processed during
[Ci1, Cil.

All variables are non-negative except for L,,,,. Note that L,,,, and C; are vari-

ables of the linear program, while L,,,,(c) and C;(o) are values associated with the

*For the sake of convenience of notation this is somewhat inconsistent with the usage in Chapter
4: there, A; was the set of tasks available during [t;, t;11), while here it is the set of tasks available
during [C;_1(0), Ci(a)).
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schedule o. Similarly, note that p;; is a variable of the linear program, while p; is a

parameter of a problem instance.

min Lmax (72&)

s.t. Lmax Z Cj - dj \V/] eEN (72b)
C];l < Cj VJ e N (72C)
Z pji <m(C; — Ciy) Vie N (7.2d)
JEA;
0 <pji <u(Ci = Ciy) Vj € N, Vi€ B; (7.2¢)
Z Pji = Dj Vi eN (7.2f)
iij

Linear Program 7.1: Linear program for solving the P|prec, pmtn, w;| L4, problem,
given an order of completion times.

It can be seen that there are O(n?) variables defined above, and a cursory exam-
ination of Linear Program 7.1 demonstrates that there are also O(n?) constraints.
Consequently (see [65] and [63]) this linear program may be solved in an amount of
time polynomial in the number of tasks n. It is also worth noting that this linear
program is quite sparse: only (7.2e) defines O(n?) constraints, while there are O(n)
constraints not defined by this inequality, and each constraint defined by (7.2¢) has
only three variables with non-zero coefficients: p;;, C; and C;_;.

A simple explanation of the linear program follows:

e the objective function (7.2a) simply minimises the maximum lateness, as is

the goal of the P|prec, pmin, u;|Lyq, problem;

e (7.2b) constrains the maximum lateness to be not less than the lateness of
any individual task, and since it is being minimised and there are no other

constraints involving L,,.., this leads to

Lmax - IJHEE}\}; (C] - dj)7

the traditional definition of maximum lateness;
e (7.2c) constrains the tasks to being completed in the specified order;

e the McNaughton constraints (4.5) are described by (7.2d) and (7.2e); and
finally

e (7.2f) specifies the constraint that tasks are completed only after they have

received enough processing.
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For the purpose of demonstrating that Linear Program 7.1 does indeed produce

an optimal schedule, a modified scheduling problem, here denoted P|prec, pmtn, u;,

ord| Lyq,, will be considered. Specifically, P|prec, pmtn,u;, ord|L., is defined to

be the original P|prec, pmtn,u;|Lyq, problem subject to the additional constraint
that

C1(0) < Co(0) < -+ < Col0), (7.3)

Let X" denote the set of all feasible schedules for the considered instance of the
Plprec, pmtn, u;, ord| Ly, problem, and similarly define 3 to be set of all feasible
schedules for the considered instance of the P|prec, pmtn, ;| Ly,q, problem. Using
these definitions, the following lemma is specified, and will be used in Theorem 7.2

to justify Linear Program 7.1.

Lemma 7.1 For each o € X, there exists a feasible solution to Linear Program
7.1 such that Lyae = Linaz(0).

Proof. Use the following process to turn any schedule o € X% into a feasible

solution to Linear Program 7.1:
o let Lyur = Linas(0),
o let C; =Cj(o) for all j € N, and
o let p;; = p;j(Ci_1(0),0) —p;(Ci(0),0) for all j € N and all i € B;.

The constraints of Linear Program 7.1 will now be considered in turn:

(7.2b) holds by the definition of maximum lateness,

(7.2¢) holds as a consequence of the additional constraint (7.3) imposed upon

the Plprec, pmtn,uj, ord|L,,,, problem for which o is a feasible schedule,

(7.2d) holds because each machine can process at most one task at a time,

(7.2e) holds because any task j can be processed on at most u; machines

simultaneously, and
e (7.2f) holds by the definition of completion time.

Consequently, any schedule o € £°¢ is transformed by the above process into a

feasible solution for Linear Program 7.1. m
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Theorem 7.2 An optimal solution of Linear Program 7.1 can be transformed in

polynomial time to a schedule w € ¥ for which

Linaz(w) < min Ly, (0).
O-ezo'rd

Proof. The following procedure creates a schedule @ from an optimal solution
to Linear Program 7.1. It is something like the reverse of the transformation used

in Lemma 7.1.*
1. Seti=1,

2. use the McNaughton Algorithm to schedule p;; units of task j during [C;_1, C;]
for all j,

3. if i« = n terminate the procedure, otherwise increment ¢ and go to Step 2.

The McNaughton Algorithm may be used here since (7.2d) and (7.2e) imply that
(4.5) holds each time it is called.

As a consequence of (7.2f), p;(C;, w) = 0 and thus Cj(w) < C;. This and (7.2b)
together imply Lyaz > Lmaz(@), and hence the theorem follows from Lemma 7.1.

Corollary 7.3 Given an oracle which specifies the order of completion times of
some optimal schedule w for the problem P|prec, pmtn, w;|Lyqz, this problem can be

solved in polynomial time.

The above corollary suggests an algorithm for deriving an optimal schedule for
any instance ¢ of the problem P|prec, pmtn,u;| Ly, the specification of which
requires the following definitions. A total order P on the set IV is a partial order for
which, given any pair of tasks j € N and g € N, precisely one of the three properties
below holds:

jPg, 9Py, o j=4g.

In other words, a total order is a partial order for which no two distinct tasks are
independent of one another. For any partial order P on the set of tasks IV, let I1(P)
denote the set of linear extensions of P, i.e. the set of all total orders < such that,
forall j € N and g € N, j < gif j P g. For any total order <, denote by ¢(=<)

the problem instance created by renumbering the tasks of ¢ from 1 to n according

*This procedure does not precisely reverse the transformation, as idle machines will be treated
differently by McNaughton’s Algorithm. In particular, (7.3) may not hold for 0 = w, and so it is
not necessarily true that w € 7.
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to their order in <. Given these definitions, an algorithm for finding an optimal
schedule for the problem instance ¢, with precedence constraints defined by the

partial order —, is described below.

Exhaustive Optimal Algorithm
1. for each total order <€ II(—):

1.1. apply Linear Program 7.1 to problem instance ¢(<) and determine the

optimal solution,

1.2. use the algorithm in the proof of Theorem 7.2 to construct a schedule

w(<) from this optimal solution,

2. select a total order <€ II(—) for which

Linaa(w(<)) = min Linaz(w(<))

and return the schedule w(=<).

A key insight derived from the algorithm above is that the P|prec, pmtn, u;|Lyqs
problem (and thus also the more frequently studied P|prec, pmtn|L,,.. and P|prec,

pmin|Ch,q, problems) may in some sense be decomposed into two parts:

e a “continuous” part amenable to linear programming and solvable in polyno-

mial time, and

e a “discrete” part involving a search for an optimal ordering of tasks, which is
NP-hard.

For any given order of completion times, an optimal schedule may be generated in
polynomial time. Unfortunately, the completion times may be ordered according
to any linear extension of the precedence constraints, and in general this is not
polynomial in n, see for example [18]. As is often the case, a similar result holds
for the P|prec, pj = 1|Lyq, problem: if the order of completion times in an optimal
schedule is known, a simple list scheduling algorithm will construct an optimal

schedule in polynomial time, while discovering such a list is NP-hard in general.

7.1.1 Total Weighted Tardiness

Another well known objective function, total weighted tardiness, can be minimised

using the same procedure. Suppose that, for each task j € N, a weight w; is given
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as part of the problem instance. The total weighted tardiness of a schedule o is then

defined as
> wTy(o)
JEN

where

Tj(0) = max{0, C;(0) — d;}

is the tardiness of task j in schedule o. Note that, as stated in the introduction,

when d; = 0 and w; = 1 for all j € N this reduces to the total completion time

> Cj(0).

JEN

This is an even more difficult problem than the maximum lateness problem. In [40]
it was demonstrated that the P2|chains, pmin, | C; problem is NP-hard — unlike
the maximum lateness problem the minimisation of the total completion time is NP-
hard even on two machines and with precedence constraints in the form of chains.*

Linear Program 7.1 may be adapted in a simple way in order to minimise the
total weighted tardiness, i.e. in order to solve the P|prec, pmtn, u;| > w;T; problem.

Specifically,
e new non-negative variables 7; > 0 for all j € N are introduced,

e the objective function (7.2a) is replaced with

> wT;,

jeN
e and the set of equations (7.2b) is replaced with

T; > C; —d, for all j € N, (7.4)

Since L,,q. is replaced with n new variables, and since the n constraints defined
by (7.2b) are replaced by n new constraints defined by (7.4), the resulting linear
program is still polynomial in n.

The proof of the validity of this linear program is substantially similar to Lemma
7.1 and Theorem 7.2. For the remainder of this chapter it will be assumed that the

objective function under consideration is the maximum lateness.

*A partial order is said to be composed of chains if and only if it is both an in-forest and an
out-forest.
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7.2 An Improvement

Linear Program 7.1 is simple to understand, but it is also quite inefficient if many
different task orderings are being searched. In order to reduce the number of cases,
some tasks may be combined.

One specific curiosity is the case where there are no precedence constraints.
Even though this is the simplest case, and is solved by even the Brucker-Garey-
Johnson Algorithm (see Theorem 6.6 or [71]), there is an intractably large number
(specifically n!) of linear extensions of —. A simplifying observation is to note that
there are only two reasons the completion time of a task j matters when constructing

a schedule o

e it may determine the maximum lateness, i.e. Ly, (0) = Cj(0) — d;, and

e it determines the time at which the immediate successors of j, the tasks com-

prising K ;, become available.

Consequently, if d; = d, and K; = K, tasks j and g can be given a single,
amalgamated completion time in the resulting modification of Linear Program 7.1.
Furthermore, in the more general case where d; > d, and K; C K, although the
tasks cannot be treated as having a single completion time, it can be demonstrated
that there is no benefit to considering the case where C; > Cj.

These observations can be used to demonstrate that not all linear extensions of
— need to be checked in order to find an optimal schedule. Denote by = the partial
order on N such that, for any 7 € N and g € N,

o j=ygifj—g;

o j = giftd, >d; and K, C Kj;

Jj—gifdy,>d; and K, = Kj;

Jj—gifd, =d;, K, = K; and j < g; and
e j 7% g otherwise.

Note that in the case where d, = d; and K, = K, the tasks are ordered according
to their indices in the original problem instance ¢. Since = is an extension of —,
it follows that |II(=)| < |II(—)|. It will be proven that only the linear extensions
of = need to be checked in order to find an optimal schedule.

For all 7 € N, define

\I/j:{ggEN/\dedg/\Kngg}
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and, for any schedule o € ¥, define

(o) = max C,(0o).

geY;

Note that j € U, and so ¢;(0) > Cj(c). The set ¥; can be viewed as the set of all
tasks which, in some sense, dominate task j. The desirable property of these values
is that at least one linear extension of = arranges tasks in non-decreasing order of

(o). This follows from the lemma below.
Lemma 7.4 If j = g, ¥;(0) < y(0) for any schedule o € 3.

Proof. This proof will be broken up into two cases, specifically if j = ¢ either
j—gordy,>d;and K, C Kj.

o If j — g, it follows that ¢ — ¢ for any ¢ € ¥;, and hence

U5(0) = max Cy(0) < max Cy(0) = Cy(0) < (o).

qE\I/j qE\I!j
o Ifd, > d; and K, C Kj, it follows that ¥; C ¥ , and hence

¥j(0) = max Cy(o) < max Cy(0) = 4y(0).

qE\I/J-

Consequently the lemma is proven in both cases. m

The proof of the theorem below is accomplished by transforming an arbitrary

schedule o € A into a feasible solution of Linear Program 7.1.

Theorem 7.5 For some <€ II(=), the schedule w(=<) is optimal for the Pl|prec,

pmitn, uj| Lyq, problem.

Proof. Consider any schedule ¢ € 3. Renumber the tasks according to any

linear extension of = such that, after the renumbering,

Y1(0) < Pafo) < - < Pp(o). (7.5)

Lemma 7.4 demonstrates that this is always possible.

Now apply the following process:
o let Lmax = Lmam(a)a
o let C; =1;(0) for all j € N, and
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o let pj; =p;j(Yi_1(0),0) —p;(¢i(o),0) for all j € N and all i € B,.
The constraints of Linear Program 7.1 will now be considered in turn:

e (7.2b) holds for all j € N because there exists a g € ¥; such that Cy(o) =
¥;(o), and hence

Lmax - Lmax(a) Z Cg(g) - dg Z Cg(g) - dj = ’QZ)j(CT) - dj = Cj - d]7

e (7.2¢) holds as a consequence of (7.5);

(7.2d) holds because each machine can process at most one task at a time;

(7.2e) holds because a task j can be processed on at most u; machines simul-

taneously; and

(7.2f) holds by the definition of completion time, the fact that
Cj =1;(0) = C(0),
and because, for all g € J; there exists a ¢ € J; such that

Cy = ty(0) = Cy(0).

Consequently, any feasible schedule for any instance of P|prec, pmtn, u;|Ly,q, cor-
responds to a feasible solution to Linear Program 7.1 where the tasks have been
renumbered according to a linear extension of =. Thus, the theorem follows from
Theorem 7.2 and the fact that L. = Lipas(0). ®

Example 7.6 Recall that Example 1.1 on page 17 introduced a problem instance

with fifteen tasks. The above reasoning allows several optimisations:*

o since K5 = K¢ = K7 = K1y = K1y = Ky5 =0, the variables C; corresponding

to all of these tasks can be ordered according to their due dates;

o since dg = dy = dyy = di5 = 15 all four tasks may be assumed to have equal

values of Cj;

e since ds = diy = 11 both tasks may be assumed to have equal values of C;, and
this combined value is not greater than the C; corresponding to tasks 6, 7, 14
and 15; and

*For the sake of simplicity, the tasks have not been renumbered in this exposition.
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Figure 7.1: The new partial order =, where A = {5,11} and B = {6, 7, 14, 15}.

o since Ky C Kg, K19 C Kg and dg =7 < 11 = dy = dyg 1t may be assumed that
the C; corresponding to task 8 is not greater than that corresponding to tasks
2 and 10.

The above constraints on the ordering of Cy,...,C,, combined with the con-
straints imposed directly by the precedence constraints, imply the partial order =
represented in Figure 7.1.

While there are 13,122,000 linear extensions of the precedence constraints —,

there are only 3168 linear extensions of —=.

The reasoning in this section provides fundamental insight into the reason for the
difficulty of scheduling in the presence of different kinds of precedence constraints. In
particular it helps explain Table 3.1, which catalogues the state of current knowledge
of computational complexity of different subproblems. In this authors opinion, the
key insight of this section is that independent tasks with same successors reduce
the complexity of solving the problem, at least using the methods laid out in this
chapter. As discussed earlier, weak orders are composed of “layers” of tasks, all
with the same successors; in-forests are constructed from multiple sets of tasks, each
with identical successors; partial orders with limited width have limited numbers
of independent tasks. All can be solved in polynomial time. Out-forests, series-
parallel orders and bipartite orders can all contain many independent tasks, each
with a different sets of successors.

All of this is speculation, and falls far short of a general theory of the computa-
tional complexity of subproblems of P|prec, pmtn, w;|Ly,q,. Nevertheless, it seems

likely to this author that a more general theory in this area awaits discovery.
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Chapter 8
Integer Preemptions

This chapter presents polynomial-time algorithms and analyses their worst-case
performance for the following scheduling problem, which will be denoted P|prec,
int — pmin|Ly... The results of this chapter were originally published in [123]
in collaboration with Yakov Zinder. A finite set of tasks (jobs, operations) N =
{1,2,...,n} is to be processed on m > 1 identical parallel machines (processors).
The processing of tasks begins at time ¢ = 0. Each machine can process only one
task at a time, and each task can be processed by only one machine at a time. Since
all machines are identical, it is not important what machine actually processes a
task, provided that the number of tasks, processed simultaneously, does not exceed
m.

The order in which tasks can be processed is restricted by precedence constraints
— an irreflexive, antisymmetric and transitive relation on N. If task j precedes task
g, denoted 7 — g, then task g cannot be processed until task j has been completed.
In this case, ¢ is called a successor of j and j is a predecessor of g. Task j is an
immediate predecessor of task g if j — ¢ and there isno ¢ € N such that j — ¢ — g¢.
Task ¢ is an immediate successor of j if j is an immediate predecessor of g.

The processing of a task can commence only at an integer point in time. At any
integer point in time, the processing of a task can be interrupted and resumed later
at another integer point in time. The processing time of j € N will be denoted
p; and is an integer. In other words, p; is the integer number of time units that j
should accumulate in order to be completed.

The constraints on the points in time where preemptions can occur permits more
accurate modeling of various practical situations. For example, it permits modeling
of the discrete nature of CPU clock cycles. More accurate models with limited
preemptions have been subject to increasing attention in recent years, for example
[23].

A schedule o specifies, for each task j, a sequence of time units where j is

268



processed. The right end of the last of these time units is denoted by C;(o) and is
referred to as the completion time of 7 in schedule o. The goal is to minimise the

maximum lateness

Loz (0) = max{C;(c) — d;},

JEN
where d; is the integer due time (due date) by which it is desired to complete j.

If all p; =1, then no preemptions are involved and the considered scheduling
problem becomes the classical maximum lateness problem with unit execution time
(UET) tasks. In the standard three-field notation (see for example [20] or [89])
the latter problem is denoted by P|prec,pj = 1|Lyeq- It is well-known that P|prec,
Pj = 1|Lynas is NP-hard in the strong sense, as proven in [109].

The problem with integer preemptions can be reduced to P|prec,p; = 1|Lyaz
by replacing each j € N by a chain of p; UET tasks. Unfortunately, this reduc-
tion cannot be accomplished in an amount of time polynomial in n. Therefore, the
known polynomial-time approximation algorithms for P|prec,p; = 1|L,q, are not
directly applicable. The relaxation of the restriction that tasks can commence pro-
cessing only at integer points in time and that the preemptions and resumptions of
processing can occur only at integer points in time gives the well-known maximum
lateness problem with preemptions, denoted P|prec, pmin| L., examined in earlier
chapters.

The problems P|prec,p; = 1|Lyq, and Plprec, pmtn|L,,,, are closely related.
Thus, the algorithms in [21], [45] and [119], which were developed for the P|prec,
Pj = 1|Lyqs problem, were modified in [71], [55] and [120] for the problem P|prec,
pmitn|Ly,q.. The core of all these modifications is an algorithm which schedules tasks
according to their priorities, whereas the idea of the method of calculating priorities
was borrowed from the algorithms for P|prec, pj = 1|Lyq,. Two version of this core
scheduling algorithm for P|prec, pmtn|L,,q., can be found in [71] and [105].

The chapter presents a new polynomial-time algorithm for P|prec, pmin|Lq.
which can be viewed as an amalgamation of the algorithms in [71] and [105]. This
new algorithm is an alternative to the algorithms in [71] and [105], although in this
chapter its role is limited to be a subroutine (first phase) in another polynomial-time
algorithm for the problem with integer preemptions, denoted P|prec,int — pmin
| Linaz- The latter algorithm will be referred to as Algorithm IP. The chapter also
presents modifications, for the case of integer preemptions, of the algorithms origi-
nally described in [21], [45] and [119] for P|prec, p; = 1| Ly, All three modifications
are based on Algorithm IP and are characterised by their worst-case performance
guarantees.

The structure of the chapter is as follows. Section 8.1 describes Algorithm IP,
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which constructs a schedule using the tasks’ priorities. The computation of tasks’
priorities requires that each task j should be assigned a certain parameter ;. Unlike
previous chapters, p; is, in this chapter, restricted to integer values only, for reasons
that are fundamental to the nature of Algorithm IP. This algorithm can be used with
the Brucker-Garey-Johnson, Garey-Johnson and Zinder-Roper Algorithms already
described.

Section 8.2 provides insight into the structure of these schedules and any other
schedules which may be constructed by algorithms with certain similar properties.
This in similar to Section 4.4 for the continuous case. Finally, Section 8.3 presents
a summary of the results. As these results and their derivations are similar to those

presented in Chapter 5, only the outlines are presented.

8.1 Algorithm IP

All considerd algorithms are comprised of two components — the method of calcu-
lating p’s and the method of constructing a schedule using p;(, o) + p1; as a priority
of task j in schedule o at time ¢. Algorithm IP, described in this section, sched-
ules tasks according to their priorities, where the tasks with higher priority have
preference over the tasks with lower priority in the allocation of machine times.

The allocation of machine times depends on the tasks which are simultaneously
available for processing, because these tasks compete for machine time. Therefore,
Algorithm IP constructs the resulting schedule, which will be denoted 7, section
by section, where each section is a partial schedule specifying processing between
two certain points in time. The end of each section is caused by the completion of
one of the tasks available for processing. Once the machine times allocated to the
tasks in a section are determined, the actual section (part of 7) is constructed by
the McNaughton’s Algorithm, originally presented in [81].

More specifically, let integers Ty < - -+ < T} be the points in time specifying the
sections of 1. The first point of the first section is 7Ty = 0 — the commencement of
the tasks’ processing. Denote by A; the set of all tasks available for processing at
time Tj, i.e. the set of all tasks that have not been completed by T; and which do not
have uncompleted predecessors at T;. The last point T} designates the completion
of all tasks, and therefore A, = (). Furthermore, Algorithm IP constructs sections

in such manner that, for each 0 <1i < k,
® Az 7& Ai—f—l and
e only tasks from A; are processed in the time interval [T}, T}, 1].
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Note that these T; differ from the points of allocation for Algorithm P, where the
set of available tasks does not necessarily change. Indeed, this is a key propety of
Algorithm IP that allows the easy scheduling of tasks subject to integer preemptions.
The point in time that corresponds to the end of a section is determined by the
event that the set of the tasks available for processing has changed as a result of the

completion of at least one task.

The allocation of machine times to the tasks in each A; (or equivalently, the con-
struction of each section) is a two-phase procedure. The first phase is the allocation
of machine times to the tasks in A; under the relaxation that the commencement of
processing of a task, preemptions of this processing and its resumptions, can occur
at any points in time which may not necessarily be integer. This process is similar to
one or more iterations of Algorithm P. The second phase is a transformation of the
machine times, assigned at the first phase, into integers. This allows the construc-
tion of a section of n by McNaughton’s Algorithm, where each task can commence
its processing only at an integer point in time and where the processing of any task
can be preempted and resumed only at integer points in time. After the conclusion
of the second phase, McNaughton’s Algorithm is executed, constructing this section
of the schedule 7.

Algorithm IP
1. Initialise 7 := 0 and Tj := 0.
2. Compute the set of available tasks A;, then:

2.1. perform the first phase, which relaxes the integrality constraints then
essentially performs iterations of Algorithm P until at least one task is
completed;

2.2. perform the second phase, which transforms the (potentially) non-integer
values produced by the first phase into integers; and

2.3. schedule the results using McNaughton’s Algorithm.

3. If all tasks have been completed, set k := i + 1 and terminate the algorithm.
Otherwise, increment ¢ and go to Step 2.

For each section, the allocation of machine times to the tasks in the corresponding
A; during the first phase is accomplished in several stages. Each stage is associated
with a point of allocation, each of which is determined in the same manner as the

points of allocation in Algorithm P.

271



8.1.1 The First Phase

Let ty < --- < t, be the points of allocation for the section of n that specifies the
processing in the time interval [T}, T;,1]. Hence, to = T; is an integer, whereas t,
is not necessarily equal to T;;, because ¢, may not be an integer. Let v} be the
amount of machine time allocated to j € A; at t,.. The allocation of machine times
v} at any point of allocation ¢, where 0 < r < u, is analogous to that of Algorithm

p.

The points of allocation are determined consecutively starting with t, = T;.
When the point of allocation ¢, is found, the total amount of machine time, allocated

to j € A; in the time interval [to, t,], is

0 ifr=20
Vi = 1 :
ZZ:O'U; ifl<r<u

The quantity p; (T;,n) + p; — V" is the priority that j would have at ¢, if, after the
point in time 7T;, the tasks in A; are processed under the relaxation allowing the
commencement, interruption and resumption of tasks’ processing at any points in
time, not only those which are integer. Since 7 is a result of the transformation of
all V' into integers, p; (T3, 1) + p; — V] is not the priority of j at ¢,. This quantity

will instead be referred to as the phase-one priority or simply pl-priority.

After finding the point of allocation t,, the next point of allocation ¢,y (or,
equivalently, the value of ¢,,1 — ¢,) and the amount of machine time vj allocated to
each task j € A; in the interval [t,,t, 1] are determined as follows. The set A; is
partitioned into three sets, N}, N? and N3. The set N} (which may be empty) is
chosen as the largest subset of A; with cardinality not greater than m such that, for

any j which is in this set and for any g € A; which is not in this set,

pi (Ti,n) + = Vi > pg (Tiym) + pg — V.

Then, the set N2 is the empty set if |N}| = m, and otherwise is the set of all tasks
j € (A; \ N}}), which have equal pl-priorities p; (T3, 1) + p; — V' and this collective
pl-priority is the largest among all tasks in A;\ N!. All tasks j € A;, which are not
in N! U N2, form N3. Therefore, N? also can be empty. It is easy to see that this
partition of A; is unique, that N} UN? # (), and that if N? # 0, then |[N}! U N?| > m.

Let A = t,,1 —t,. At the point of allocation t,, the tasks in N! have higher
pl-priorities than other tasks in A;. Therefore, each j € N! (if there are any) is

allocated the largest possible amount of machine time in the interval [¢,,¢,,1], that
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is vf = A. This imposes the following restriction on A:

min [p; (T3, 1) = Vj] > A (8.1)

JEN}

The tasks constituting N2 have lower pl-priorities than any other tasks in A;,

and therefore are not allocated any machine time at ¢,, i.e. vj =0 for all j € N3.

All tasks in N? have the same pl-priority, and therefore are allocated equal
machine time at ¢,. Since the total machine time available in the time interval
[t,,tr41] is mA, and since |N}|A units of this machine time have been allocated to
the tasks in N}, each task j € N? (if there are any) is allocated at ¢,

o = m — |N7}|
’ | N7

units of machine time. The allocation of machine time to the tasks in N?, assuming

this set is non-empty, imposes the following restriction on A:

m— N

A (8.2)

]Igjlvg [p; (Ti,m) = V] >

By virtue of |[N}!| < m and |N} U N?| > m, and the fact that N? # () implies
IN}| # m, for any j € N2 it follows that

0 <vf <A. (8.3)

In order to preserve the relationship between the pl-priorities of the tasks in
the sets N!, N? and N3, the pl-priority of any task in N? should not become at
t,+1 greater than the pl-priority of a task in N!. If N! # () # N? this imposes the
following restriction on A:

: r T m— |N7}|
min [pj<Tz'a77>+/~Lj_Vj]_Ang(Tian)_'_,ug_Vg_WAa (84)
where g is an arbitrary task from N2. Similarly, the pl-priority of any task in N?
should not become at ¢,;; greater than the pl-priority of a task in N! U N2, If

N3 = () this imposes the following restrictions on A:

m —|N,|

pg (Tism) + g — V' — N A> max [0 (Ti,m) + 1y =V} (8.5)
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in the case of N? # (), where g is an arbitrary task from N?, and
miy [P (Tom) + 5 — V7] — A > max [p; (Ti,m) + 5 — V] (8.6)

in the case of N} # ().
Algorithm IP computes the largest value of A that satisfies (8.1), (8.2), (8.4),
(8.5), and (8.6), and sets
try1 =t + A

If, for the chosen value of A, both (8.1) and (8.2) are strict inequalities, then
p; (Ti,m) = Vi — v >0, for all j € A,, (8.7)

i.e. the allocation at t, has not changed the set A;. In this case, Algorithm IP
commences the allocation of machine time at t,, 1, using exactly the same procedure
as for t,.. However, if, for the chosen value of A, at least one of these two inequalities
becomes an equality, the allocation at ¢, has changed the set A;. In this case, t,,1
becomes the last point of allocation (denoted ¢,) in the first phase, and Algorithm
IP proceeds to the second phase.

The values passed by the first phase to the second phase are:

e the final point of allocation t, for the section currently being considered and
e the total amount of processing V}* allocated to each task j € A;.

The second phase will then transform these values into integers. See Algorithm IP
— First Phase for a summary of the preceding description.

Before proceeding to a description of the second phase, several lemmas and
corollaries are necessary in order to understand the nature of the output of the
first phase. Due to their similarity to the results in Section 4.2, they are presented
without proofs. The role of these lemmas and corollaries is explained below. As was
stated earlier, a section is comprised of several points of allocation. At each point
of allocation ¢,, the set of all available tasks is partitioned into three sets N!, N?
and N3. Lemma 8.1 specifies how this partition of tasks evolves from one point of
allocation to another within each section. This lemma is of the greatest importance
and is used in the proofs of several subsequent lemmas, in particular Lemma 8.4
and Lemma 8.11.

Lemma 8.1 also leads directly to Corollary 8.2 and Corollary 8.3. As was de-
scribed earlier, the first phase calculates V* for all j € A;. These values may not

be integers, so the second phase of Algorithm IP transforms them into integers.
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Algorithm IP — First Phase

1. Begin the first phase by setting r, the index of the current point of allocation
t,, equal to zero.

2. Set tp, the first point of allocation for this section, equal to 7.

3. Set V[, the total machine time allocated to task j at all points of allocation
t, < t, in the current section, to zero.

4. Compute the pl-priorities p; (T;,n)+p; — V] of all tasks j € A;, and use these
values to determine the sets N, N? and N?.

5. Determine the next point of allocation t,,1 := t,. + A by selecting the largest
value of A such that (8.1), (8.2), (8.4), (8.5) and (8.6) are satisfied.

m—|Ny |
INZ]

6. Set V]”l =V +Aforall j€ N} set Vf“ =V +
and set V™ := VI for all j € N2,

A for all j € N?

7. If (8.1) or (8.2) is an equality, set u := r+1 and end the first phase; otherwise,
increment r and go to Step 5.

Corollary 8.2 provides insight into how this transformation is made for all tasks
j € N,_,. Corollary 8.3 demonstrates that, if N7 | # (), then the values V}* can be
transformed into integers in such a way that all machines are busy during the time
interval [T, T;41].

From any point in time, each task must be processed not more than its remaining
processing time. In order to ensure this, Lemma 8.4 establishes a bound on V', for
allr € {0,1,...,u—1} and j € A;, in terms of p; (T;,n). The subsequent Corollary
8.5 proves the relation ﬂfjﬂ <pj (T;,n) for all j € A;, and this is used in establishing
the validity of the second phase of Algorithm IP.

As described earlier, Algorithm IP processes tasks with high pl-priorities in
preference to tasks with low pl-priorities. The processing of each task reduces its
pl-priority, so the rate at which a task’s pl-priority decreases for tasks with higher
pl-priority is not less than the rate for tasks with lower pl-priority. Lemma 8.6
proves that the method of allocation of processing times adopted in the first phase
of Algorithm IP does not violate the relation between tasks in terms of their pl-
priorities. More specifically, if at some point of allocation one task has pl-priority
not less than that of another task, then this relation holds for all subsequent points

of allocation within the section.

The result, stated in Lemma 8.6, is used in the proof of Lemma 8.11. More

specifically, Lemma 8.11 is concerned with two points of allocation, ¢, and ¢, 1,
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which are the last and second last points of allocation in the considered section of
7, respectively. Lemma 8.11 uses an implication of Lemma 8.6 to the pl-priorities
which the tasks, constituting the sets N} |, N2 | and N2 |, have at the last point
of allocation t,. In order to facilitate reading, this implication is stated separately

as Corollary 8.7 of Lemma 8.6.

Lemma 8.1 Forany 0 <r < s < u,
e N! C N}

e N' C N!UNZ,

Corollary 8.2 For any j € N, |, Vi =t, —T;.

Corollary 8.3 If N2 | # 0, then

> Vi X Vi =mt =T,

JEN! | JEN?

u—1

Lemma 8.4 For all tasks j € A; and all v < u, v] < p; (T;,n) — Vi
Corollary 8.5 For all tasks j € A;, ﬁ/]ﬂ <p; (T;,7n).

Lemma 8.6 For any r € {0,...,u — 1} and any pair of tasks j € A; and g € A;
such that
pi (Tim) + p5 = Vi = pg (T, m) + pg =V,

it follows that
i (Tim) + py = VT > pg (Tiym) + pg — V.

Corollary 8.7 For any a € {1,2} and any b € {2,3} such that a < b, and for any
two tasks j € Nj_ and g € NJ_, it follows that

pi (Ti,m) + py = Vi* > pg (Ti,m) + pg — V'
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8.1.2 The Second Phase

As a consequence of the first phase, when r = u—1 the choice of A makes either (8.1)
or (8.2) an equality, and possibly makes both equalities. Since ¢ty = T}, the left end
point of the time interval [to, t,] is an integer. In contrast, the right end point ¢, and
all V" are not necessarily integer; hence, the second phase of the section construction
is a transformation of ¢, into an integer 7, and each V" into an integer v;. The
method of this transformation depends on what inequality, (8.1) or (8.2), becomes
an equality. The transformation deals only with the tasks that constitute the set
Jj € Nl | UNZ2 |, because Lemma 8.1 implies that, for any j € N3, Vit=0.

In both of the two cases considered below, there is some a € {1,2} for which V"
is an integer for all 7 € N?_,. Since the goal of the second phase of Algorithm IP
is to transform the (potentially) non-integer values of V;* into integers, the manner
in which the second phase proceeds is determined by which of the two cases holds,
i.e. which of the two inequalities (8.1) or (8.2) is an equality. The two cases are

summarised below.

e Lemma 8.8 addresses the case when (8.1) is an equality. This lemma proves
that, in the case when (8.1) is an equality, V;* is an integer for all j € Nl .
Lemma 8.8 justifies the following assignments made by Algorithm IP in the

case when (8.1) is an equality:

- E-}—l - tu7
— vy =V, for each g € N}, and
— either vy, = ﬁ/gﬂ or v, = LV;‘J for each g € N2_,.
e Lemma 8.9 addresses the case when (8.2) is an equality. This lemma proves
that, in the case when (8.2) is an equality, V}* is an integer for all j € N7 .

Lemma 8.9 justifies the following assignments made by Algorithm IP in the

case when (8.2) is an equality:

— Tip1 = [tul,

— Vg = LV;J for each g € N, and

— either v, = V' orv, = V'—11foreach g € N2_,. The determination of the
number of tasks for which v, = V* — 1 is based on Lemma 8.10. Lemma

8.10 shows how to compute the number of tasks for which v, =V — 1

in order to precisely fill the section between T; and T;,;.

If both (8.1) and (8.2) are equalities, Lemma 8.8 and Lemma 8.9 combine to demon-

strate that ¢, and all V* are integers. As a consequence, Algorithm IP assignes
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Tiy1 =t, and v, = V' for each g € N! [ UN2 |. These assignments are compatible
with both cases above, but in practice it is convenient to use the same assignments
for the case where (8.1) and (8.2) are equalities as is used in the case where only
(8.1) is an equality.

Note that Corollary 8.5 demonstrates that, for all j € N} | U N2,

< [V;*] <p; (Tim).

As a consequence of this, no task j will be assigned more than p; (7;,7n) units of
processing for this section of the schedule 1. The case where (8.1) is an equality will

be considered first.

Lemma 8.8 [f, when r = u — 1, the choice of A makes (8.1) an equality, then V}*

is an integer for all j € N} |, and t, is an integer also.
Proof. When (8.1) is an equality, there is a task j; € N} | such that
pjr (Tin) = Vit = A, (8.8)
Taking into account that, for A chosen at t, 1, v = A and that

u o u—1 u—1
V;i o ‘/}1 + vj1 )
(8.8) implies
Pijy <E77]> = V;zf

Hence, by virtue of Corollary 8.2, for any j € N} |
Dbj, (Tian) = V;f = V;u =t, —T;.

Since both T; and pj, (T;,n) are integer, ¢, is an integer, as is Vit for all tasks
JEN! | m

As a consequence of the above lemma, in the case where the choice of A makes
(8.1) an equality, Algorithm IP sets T,y = t, and v; = V}* for all j € N;_,

If N2 | = (), then according to Lemma 8.1 no tasks, except those that are in
N& 1

into integers is completed. If N2 | # () then, by Corollary 8.3,

Z Vi <mTin —T)— Y ver< S [vel.

jEN? JEN! | JEN2_,;

u—1

are allocated machine time at the first phase, and therefore the transformation
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Since v; =V}, for all j € N} |, Algorithm IP chooses

m(Ti—T)— Y v— > [V

JEN, 1 JENG 4

tasks j from N7, and for each of them sets v; = [V}*]. For each remaining j in
N2 |, Algorithm IP sets v; = [V;*]. There are many ways in which this selection
can be made, but for the purposes of this chapter let the tasks be selected such that
for any j € N2, that is selected and g € N2, that is not, j < g.

This concludes the transformation when the choice of A makes (8.1) an equality.
As a result of this transformation, ¢, is transformed into 7;y; and each V, j €
N! JUNZ_,, is transformed into v;, where T}, and all v; are integer. Taking into

account (8.3), which holds for any 0 < r < u, it is easy to see that

v; < Ty — Ty, forall j € N} UNZ2 |, and Z vy <m(Tiy —T;).  (8.9)

JEN}UN?
Lemma 8.9 If, when r = u — 1, the choice of A makes (8.2) an equality, then V}*

is an integer for all j € N2_,.

Proof. When (8.2) is an equality, there is some j» € N2_; such that, for A

chosen at t,_1,

u—1 __ m — |Nr1|
and consequently
u—1 __ m — |Nr1|
vy = 7‘]\[3‘ A.

Because

U u—1 u—1
‘/]'2 - ‘/]'2 + UjQ )

(8.10) gives
i (Tiym) = V. (8.11)

Since pj, (T;,7) is an integer, this implies V}* is an integer also. Since all j € N7
have the same pl-priority at time t,_;, and all have the same value of v;‘_l this
implies they have the same pl-priority at time ¢,. Since all ;1; are integers as well
this common pl-priority must be an integer, further implying that V" is an integer
forallj € N2_|. m

Task j5 in the preceding lemma is used in this portion of Algorithm IP — specifi-

cally, it is a task designated for completion in the current section. It may be selected
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in a number of different ways but for the purposes of this chapter, select js such
that (8.10) holds for j, and for no g € N2_| such that g < js.

If ¢, is an integer, then by Corollary 8.2, Vi* is an integer for all j € N},
Therefore, in the case of integer ¢,,, the transformation concludes by setting T; 1 = ¢,
and v; = Vi for all j € N} [ UNZ2 . It is obvious that Tj;; and all vj, j €
N! [ UN2 | obtained as a result of thls transformation, satisfy (8.9).

If ¢, is not an integer, then Algorithm IP sets T;,, = [t,] and v; = |V}*] for all
j € Nyy

Lemma 8.10 Ift, is not an integer, then

> V- D IGARY ORI

JENZ_, JENZ 4

Proof. By Corollary 8.2 and Corollary 8.3,

o V= (m = |NL) (b - T))

JENZ 4
which, by virtue of the 1nequahty} 1’ >m — }
D> (V== 3 VI INLf = (= [Nis]) (= T — [N
JENZ 4 JENZ 4
< (m—[Nyf) (b = T0) ( = [Nua]) = (m =[N, 1’)75—1—T‘)
< (m = [Nuaf) (L < (m =[N, } =2

2
JENZ 4

and the lemma is proven. m

So, if t, is not an integer, Algorithm IP chooses a subset of N2 |, which does

not contain j, and has cardinality

Z Vit = (m = [Ny ) ([tu] = T0),

ul

and sets v; = V* — 1 for every task in this subset. For each j € N; 2 that do not
belong to the selected subset, Algorithm IP sets v; = V. Again, this selection may
be made in a number of ways. For the purposes of this chapter let any task j € N2_

that is selected, and any task g € N2, that is not, have the relation j < g unless
g = jo. It is easy to see that Tj;; and all v, j € N}, UN2_,, obtained as a result

of this transformation, satisfy (8.9).
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A complete summary of the second phase is given in Algorithm IP — Second
Phase.

Algorithm IP — Second Phase
1. If (8.1) is an equality:
1.1. set Tiyq1 :=ty;
1.2. set vy := V" for all g € Nj_y;
1.3. set vy := (Vﬂ for

m(Ti1 — Z vj — Z v

JEN —1 J6N2 1

tasks g € N2_; and set v, := LV“J for the remaining tasks g € N2,
2. If (8.1) is not an equality:

2.1. set Tz‘+1 = LtuJ7
2.2. set vy 1= LV“J for all g € N}
2.3. set vy := V' — 1 for

D V= (m =N ) ([t = T)

2
JEN 1

tasks g € N2_; and set v, := V) for the remaining tasks g € N2,

3. Set v, := 0 for all tasks g € N3_,

After the execution of the second phase, McNaughton’s Algorithm is executed.

The priorities of tasks which are used in the first phase of Algorithm IP and
which are referred to as pl-priorities may differ from the priorities of tasks in the
schedule 1. According to Corollary 8.7, at the point of allocation t,, the pl-priority
of any task in N! | is not less than that of any task in N2 , U N2 | and the pl-
priority of any task in N2_; is not less than that of any task in N2_;. The following
Lemma 8.11 proves that, although the priorities of tasks in the schedule n at time
T;+1 may differ from the pl-priorities at point of allocation ¢,, the above relation
between the priorities of tasks from different sets remains unchanged.

Furthermore, according to Lemma 8.6, at the point of allocation t,, all tasks
in N2_, have the same pl-priorities. This property does not hold anymore after

the transformation into the schedule with integer preemptions. Lemma 8.12 proves
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that, although these new priorities may be different at the point in time 7}, for
different tasks in N2 |, this difference cannot be greater than one. This important

property is further used in Lemma 8.13.

Lemma 8.11 For any j; € N} ,, jo € N2, and js € N>_,,

Pj, (TiJrlu 77) + Mgy > Pjs (TiJrla 77) + Hs s (8'12>
Pja (Ti-l—lv 77) + Hjo > Pjs (Ti-i-lv 77) + Hjs s (813)
Pj (Ti-l—lv 77) + iy > Pjo (Ti-i-lv 77) + Hjs - (814)

Proof. By virtue of Lemma 8.1, V* = 0 for all j € N3 _|. Therefore,

p; (Ti,n) = p; (Tix1, 1)

for all j € N?_,.
If the choice of A when 7 is u — 1 makes (8.1) an equality, then, for all j € N!
V" is an integer. Hence, by Corollary 8.7, (8.12) is given by

Pir (Tiyam) + pg = pin (i) + pgy = vy = vy (T, n) + pjy — Vi
> P (Ti,m) + gy — Vi = pjs (Tiyn) + pgs = iy (Tig1, 1) + -
Furthermore, Corollary 8.7 demonstrates that
Py (Tism) + pjy = Vi 2 g (Tiym) + pjy — Vs,
and since pj, (T3,n), fjy; Pjs (Tism), s are integer and Vi = 0, it follows that
Pin (Tiyn) + pgo — Vi1 2 sy (Ti,m) + g5 — Viy = pjs (Tiga,m) + . (8.15)
Hence, by virtue of
Pis (Liv1,m) + pgo = pja (Tism) + 11y, — vjy

Z p_72 (CFZ, 77) + lujz - ’7‘/]1;1 Z p]s <Ti+1777) =+ :uj37

(8.15) gives (8.13).
Finally, Corollary 8.7 demonstrates that

piy (Tism) + pgy — Vi 2> piy (Tism) + g, — V3,
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and since V[,

pi (Tism), pjy (T, m), pj, and puj, are integer, it follows that

YZn <Ti777> =+ My — ‘/]1: > Dj, (Tivm + iy — LV]ZJ ) (816)

Hence, by virtue of
Pjy <ﬂ+17 7]) + Hi1 = Pjy (Crlv 77) + Hjy — V5 = Pjy <E7 7]) + Mgy — ‘/]1:

> Pj, <T27 77) + gy — U/;ZJ > Pj, (Tlv 77) + Hjy — Vjy = Djy (TiJrlv 77) + M,

(8.16) gives (8.14).
If on the other hand, the choice of A when r is v — 1 makes (8.2) an equality,
then, for all j € N2_,, Vi* is an integer and V;* — 1 < wv; < V}*. Hence, taking into

account that Vi =0,
P> (Tiy1,m) + gy = pjo (T 0) + 1y = 0o = i (T ) + p1g, = Vi,
> pjs (i) + s = Vig = pis (Tigr, ) + 1
which gives (8.13). Furthermore, V% = 0 implies that
P (Tivrsm) + gy = pjy (T, m) + w1y — v = pjy (Tiym) + iy — [V}

> pjy (Ti;m) + gy — Vil 2 pjs (Tim) + gy — Vi = pjs (Tiv1,m) + i

and therefore (8.12) .

Finally, since Vi, pj, (Ti,n), pjs (Tim), pj, and piy, are integer,

Dy, (Tu 77) + Mgy — V;f > Dj, (TZ, 77) + Mjs — V;Z
implies
Pj; (Tza 77) + Mgy — LV]?J > Pjo <Ti777> + Hjg — (V;Z - 1)
and consequently, by virtue of V* —1 <v; <V,

Piy (Tiv1,m) + w4, = pyy (Tiym) + pg, — vj,

=Pj (Th 77) =+ Mgy — U/J?J > DPjs <Ti777> + Mgy — (V]Z - 1)
> piy (Tiyn) + Wy — Vjy = iy (Ti1,m) + 1,
which gives (8.14). =
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Lemma 8.12 For any j € N2, and g € N?_,,

Ip; (Tix1,m) + 5 — pg (Tiv1,m) — gl <1, (8.17)

and the inequality
i (Tix1,m) + 15 > pg (Tig1, 1) + pig (8.18)

implies Cj (n) > Ti4q.

Proof. Let j and g be any two tasks in N2 ;. The proof is based on the equality

pi (Ti,m) + py = Vi* = pg (Ti,m) + pg — V' (8.19)

and the transformation conducted at the second phase of the construction of the

considered section of 7. If

pi (Tix1,m) + 15 = pg (Tig1,m) + g,

then the lemma holds. So, assume that j and g satisfy (8.18).

Assume that the choice of A when 7 is u — 1 makes (8.1) an equality. Then, by
virtue of the fact that u;, pg, p; (T3,n) and p, (75, 1) are integer, (8.18) and (8.19)
imply that both, V* and V, are not integer and that

v = [V}'] and vy = [V,

which in turn leads to C; (n) > T;41. Furthermore, once again taking into account

(8.19) and the fact that u;, ug, p; (13,1) and p, (13, 1) are integer,
i (T, m) + g = p; (Tin) + py = (Vi) = pg (T ) + g — | V')

=g (Ti,m) +pg — (V'] = 1) = pg (Tia.m) + p1g + 1

which gives (8.17).
Assume that the choice of A when r is u — 1 makes (8.2) an equality. Then, V"
and V' are integer and (8.19) implies that

v = V]“ —1 and Vg = V;“.

This again gives C; (n) > T;4;. Furthermore, taking into account (8.19),

pj (Tiv1,m) + py = p; (Tiym) + py — (Vju -1
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=pg (Tisn) + pg = V) + 1 =py (Tis1,m) + pg +1

which again gives (8.17). m

8.1.3 Methods for Assigning u’s

The methods of calculating p’s for the case of integer preemptions can be taken

from the continuous case (almost) without modification.

e The Brucker-Garey-Johnson Algorithm can use precisely the same p’s. Since
all due dates and processing times are integers, this results in all p’s being
integers as well. As before, these u’s are modified due dates (as defined in
Section 4.4), and (4.15) holds.

e Even with integer due dates and processing times, the p’s produced by the con-
tinuous version of the Garey-Johnson Algorithm may not be integers. Hence,
when scheduling tasks in the presence of integer preemptions, the u’s should

be rounded up to the nearest integer, i.e. (4.19) is replaced with

1
pji=max ¢ —d;, max |p+ — Z By(p)

a; <p<b;
J Jj geK;

Since tasks will only ever be completed at integer points in time, these rounded
p’s are modified due dates, and (4.15) holds.

e When calculating p’s according to the Zinder-Roper Algorithm, the only adap-
tation necessary is to use Algorithm IP, rather than Algorithm P, to produce
the schedule 7’ in (4.24). As with the continuous case, (4.15) holds but the

resulting p’s are not necessarily modified due dates.

These algorithms have many of the same properties as their continuous counter-
parts, and the proofs of these properties are similar, and hence have been omitted.
As a consequence of these similarities the results for integer preemptions are quite

similar to the results for arbitrary preemptions.

8.2 Schedule Structure

This section describes a structure found in the schedules produced by Algorithm IP
for a wide variety of p assignment algorithms. These results will be used to prove a

performance guarantee for the Zinder-Roper Algorithm.
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As has been described in Section 8.1, in constructing each section of the schedule
n, Algorithm IP uses as a subroutine an algorithm for the problem P|prec, pmitn
| Linaz, where preemptions are not limited to integer points in time. The analyses
of algorithms for this relaxed problem are based on certain properties of points of
allocation (see for example [120]). This section demonstrates that the points in time
specifying sections of 1 also permit a similar analysis.

As in Section 8.1, denote by A; the set of all tasks available for processing at
the beginning of the section, specified by the point in time 7; (the point in time
when the section starts) and the point in time 7;;; (the point in time when the
section ends). Consider the partition of A; into three disjoint sets A}, A? and A3,

obtained as follows. Each section of 7 is constructed using points of allocation

to < t; <---<t, Forany section [T}, T;,1], define
Azl = Nl—l? A22 = Ng—l and A? = N3—17

where ty < t; < --- < t, are the points of allocation of [T}, T;,1].

Consider all points in time ¢t such that there exists j for which
Citm =t and  t+p;(tn)+u =G0

As an example, one such t is the completion time of any task j € N which satisfies

Ci(n) +uj=G(n).

Among all ¢ with the above mentioned property, select the smallest and denote it
7. It is easy to see that if 7 = 0, then 7 is an optimal schedule. In what follows,
it is assumed that Tj« 1 < 7 < T+, where T;«_; and T}« are the endpoints of some

section of 7.
Lemma 8.13 The set Aj._, is empty and there exists x € AZ_, such that
Ty +po (Tiey ) + p1o = G ()

Proof. If 7 = T}« then the lemma is proven by the definition of 7.
Suppose this is not the case, i.e. suppose that 7 € (T;+_1,T;+). Consider j such
that

Cim)=7 and  7+p;(1,n)+u;=G(@n).

This implies
Gm)=7+pi(r,n)+u <C;j(n)+u; <G ),
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and hence p; (1,n) = Cj(n) — 7. As a consequence of this, by Lemma 8.1, j €
Al JUAZ . It j € AL _,, then, by Corollary 8.2,

Dj (7'7 77) =Dy (Tz‘*—h"]) - (T - Cri*71>

and therefore

712‘*,1 _'_p] (ﬂ*flan) +,uj =T +p] <T77]> +:uj = G(n)7

which contradicts the selection of 7. Hence, j € A% .

If C;(n) > T;«, the relation p; (7,m) = C; (n) — 7 implies the statement of the
lemma. Alternatively, suppose that this is not the case, i.e. suppose that C; (n) <

T;-. In this case, Lemma 8.12 implies the existence of some g € A%, for which

pg (Ti=,m) + pig > pj (Ti=,m) + 5.

For any such g, it follows that

G(n)=C;(n)+u; =C;(m)+p; (T, n) +

< C; () +pg (T, m) + g < T + pg (Ti,m) + g < G (1),

a contradiction. m

As in the case of arbitrary preemptions, select some task x as specified in the
statement of the above lemma. However, in contrast to consideration of arbitrary
preemptions, the priority of task x at time 7T}« will not always be used as the cutoff

for “high priority” tasks, the processing of which is examined in subsequent proofs;

rather, two cases are considered.

e In the first case, all tasks j € AZ_| have p; (T, n) + pj > pe (T, 1) + pz. In
this case, let
¢ = P (Ti, 1) + ha-

e Alternatively, if this is not the case, let

¢ = px (T, ) + pto — 1.

Note that the latter case implies, by Lemma 8.12; that C, (n) > T;+. Furthermore,
in either case Lemma 8.12 implies that all tasks j € A% _; have p; (Tj-,n) + pu; > ¢.
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For all 1 <14 <i*, define the set

M; ={j:p;(Ti,n) + p; = ¢ Apj (Ti,n) <pj (Tiz1,m)} -

In words, this means that the set M; contains all tasks processed during the section
[T;_1,T;] which also have priority at T; not less than ¢. If

Z (pj (Ti—1,m) — p; (T3, n)) = m(T; — Tj—1),

the section is said to be complete. Otherwise it is said to be incomplete. Observe
that the fact that AZ_; # () and that all tasks j € AZ_; have p; (T, n) + p; > ¢
implies that [Tj+_1,T;+] is complete and that | M

The inclusion in the definition of M; of the requirement that task j must be

>m.

processed during [T;_1,T;] is necessary to establish Lemma 8.14 below, the integer
preemptions equivalent of Corollary 4.28. The specification of a “high priority” task
as having a priority not less than ¢ is necessary to prove the subsequent Lemma

8.15, the integer preemptions equivalent of Lemma 4.27.

Lemma 8.14 If all p’s obey (4.15), for all 1 < ¢ < i < i* and all j € M,;, if
[Ty—1, Ty] is incomplete there exists a task g € My N A}, | such that either g = j or

g—7J.

Proof. For any 1 < ¢ < ¢*, consider a task j € M; and consider a section
[T 1, Ty] with 1 <4’ <. By the definition of the set A;_; of available tasks, there
exists some g € Ay such that either g = 7 or g — 7.

If g € A}, ,, the lemma follows from (4.15) and Corollary 8.2. Otherwise, either
g€ A2 or g€ A% . In either case, for all ¢ for which p, (Ty_1,1) > p, (Ti,n),
Lemma 8.11, Lemma 8.12, (4.15) and the fact that j € M; imply

P (Tir,m) + g = pg (Tirsm) + g — 1 > pi (Ti1,m) + py — 1 > p; (Ti,n) + py > ¢,

and thus [Ty _1, Ty] is complete. m

Lemma 8.15 If all u’s obey (4.15), for all 1 < i < ¢*, if [T;_1,T;] is incomplete

there exists a task in M; that is processed at all times during [T;_1,T;].

Proof. First consider the case where ¢ < ¢*. Since x € M;«, Lemma 8.14
establishes the existence of some g € M; N Al ;. By Corollary 8.2 this implies that

g is processed at all times during [T;_1, T;], so the lemma holds.
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On the other hand, suppose i = i*. For any g € A% _, the definition of ¢ implies
that p, (T;,n) + py > ¢. Hence, if AZ | # 0 all tasks that are processed during
[Ti_1,T;] are in M. By Corollary 8.3 and the definition of the second phase of
Algorithm TP, A% _, # () implies that all machines are busy at all times during
[Ti+_1, Ty]. Consequently [Tj-_1, Ti<] is complete if A% | # @) and hence the lemma
holds in this case.

If A% | = (it follows that AL | # 0 and thus z € AL _|. Since p, (Tj<,n) + piz >
¢, x € M N AL, and Corollary 8.2 implies that z is processed at all times during

[T« 1, Ti], so the lemma holds in all cases. m

The preceding reasoning demonstrates that many of the properties of a sched-
ule constructed by Algorithm P have rough equivalents for schedules constructed
by Algorithm IP. As established by Corollary 8.2, Corollary 8.3, Lemma 8.11 and
Lemma 8.12; each section [T}, T;y1] produced by Algorithm IP gives rise to three
sets of tasks, A}, A? and A2, with the following properties.

e Every task in A} is processed at all times during [T}, Tj41] and has priority at
time T} not less than that of all tasks in A? U A2.

e If A? # () all machines are busy at all times during [T}, Tj1].

e Every task in A? is not processed during [T}, T, ;] and has priority at time
T;+1 not more than that of all tasks in A} U AZ.

In these respects, A}, A? and A? correspond to the sets N{, Ni and Ni that arise
from a time interval [t;,¢;11] in a schedule produced by Algorithm P.

Furthermore, the priority ¢ introduced in the analysis of Algorithm IP corre-
sponds roughly to the priority p* introduced in the analysis of Algorithm P. In
addition, the set M;,; for Algorithm IP and the set H; for Algorithm P allow the
definition of complete and incomplete sections/intervals with the two properties

below.

e During a section/interval that is complete, all machines at all times process

“high priority” tasks.

e There is a chain of “high priority” tasks, which precedes task x, such that at
every time during any incomplete section/interval a task from that chain is

being processed.

There are two significant® differences as detailed below.

*The fact that M; is indexed by the rightmost point of the corresponding section, while H; is
indexed by the leftmost point of the corresponding interval, arises from historical convention and
ease of use.
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e Fach task in M; is processed during the corresponding section, because this
property is used in the proof of Lemma 8.14. In contrast it is not necessar-
ily true that each task in H; is processed during the corresponding interval,

because inclusion of these tasks is necessary to prove Lemma 6.3.

e As Lemma 8.12 established, the tasks in A? might have priorities at time
T;+1 that differ by one. This discrepancy, not present in the case of arbi-
trary preemptions, has a modest effect on the performance guarantees that

are established in this chapter.

8.3 Results

As the proofs of the performance guarantees of the considered algorithms are very
similar to the corresponding proofs in Chapter 5, the proof for the Brucker-Garey-
Johnson Algorithm will be outlined, while the Garey-Johnson and Zinder-Roper
Algorithms will not have proofs given. As specified earlier, pyi, = minjen p;, dmae =

max ey d; and [ is the length of the longest chain of tasks.

Theorem 8.16 Given an instance of the P|prec,int — pmtn|Ly,q, problem, for any
schedule n?% produced by the Brucker-Garey-Johnson Algorithm and any optimal

schedule w,

0 ifl =1

Lmaa: n@%f - Lmaa: (w) S — 1
( ) m7(l — Pmin + 1) otherwise
m

for all combinations of | > ppin > 1 and m > 1.

Proof. As in earlier proofs, let ¢ be the total length of complete sections and w
be the total length of incomplete sections, and observe that [ = 1 implies that there
are no precedence constraints, and hence w = 0 and 7% is optimal.

There are two cases to consider, based on the value of ¢. Since
Linas (077) = G (07Y) = T + pu (Ti-, 1) + bt
either
Lmax(n‘%ﬁ):c+w+¢ or Lmax(n%gj):c+w+l+¢.

Recall that, in the latter case, task x is processed for at least one time unit after

time T;«, meaning there is an extra unit of “high priority” processing, beyond what
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is implied by the complete and incomplete sections. A lower bound on L., (w) =
G (w) can be derived from a lower bound on the earliest that all “high priority”

processing can be finished. Hence,

1
Lmam(w)zc+ﬂ+¢ or Lmam(w)zc+$+¢
m m

and subtracting gives

or
m— 1

Lmax (n%%j) - Lmax (CU) S (U} + 1)

m

> m, this implies that either n”% is an optimal

Since, as stated earlier, |M;
schedule or the chain of “high priority” tasks, the existence of which is implied by
Lemma 8.14, precedes an additional task that is an element of the set M;«. As a

consequence of this,

substituting gives
PG m — ]_
Lmax ( ny) - Lmax (w) < m (l - pmzn)
or .
BT m
Lmax (nﬁ%j) - Lmax (CU) S m (l — Pmin + ]-)

and the theorem is proven. m

Corollary 8.17 Given an instance of the Plprec,int — pmtn|Lyq. problem, for any
schedule n”?% produced by the Brucker-Garey-Johnson Algorithm and any optimal

schedule w,
Lmax (n%%j) < 2 - i Lmax (w) + 1 - i (dmam — Pmin + 1)
- m m
for all combinations of dyaz, L > Pmin > 1 and m > 1.

The performance guarantees presented below can be derived in the same way as

the corresponding results for the case of arbitrary preemptions.

Theorem 8.18 Given an instance of the P|prec,int — pmin| Ly, problem, for any
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schedule n? produced by the Garey-Johnson Algorithm and any optimal schedule w,

0 ifm<2orl=1

Lma:v 7]% - Lmam w S —2
( ) () L(l — Pmin + 1) otherwise
m

for all combinations of | > ppin > 1 and m > 1.

Corollary 8.19 Given an instance of the P|prec,int — pmin|L,q. problem, for any

schedule n? produced by the Garey-Johnson Algorithm and any optimal schedule w,

0 ifm <2

Linaz (n?) < 2 1
(77 ) - <2 — —) Linaz (W) + <1 — —) (dmaz — Pmin + 1) otherwise

m

m

for all combinations of dpaz, | > Pmin > 1 and m > 1.

Theorem 8.20 Given an instance of the P|prec,int — pmin| L., problem, for any

schedule n?” produced by the Zinder-Roper Algorithm and any optimal schedule w,

0 if m <2

Lmax 2 < 2 1
(77 ) - <2 — —) Linaz (W) + (1 — —) (dmaz — Pmin + 1) otherwise
m m

for all combinations of dpaz, L > Pmin > 1 and m > 1.

If all p; = 1, the P|prec,int — pmtn|Ly,q, problem reduces to the much studied
Plprec,pj = 1|Lmq, problem, for which there exist many performance guarantees.
It is worth noting that, if p,,;, = 1, the performance guarantees established in this
chapter are in many cases quite close to existing results for the unit execution time

(UET) task versions of the considered scheduling algorithms.
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Conclusion

This thesis has examined, from a variety of perspectives, several related problems of
scheduling tasks with preemptions and precedence constraints on identical parallel
machines to minimise the maximum lateness. The limits of current knowledge in
this area have been significantly advanced, prompting new questions to be answered

in future research.

Summary

Chapter 3 considered the computational complexity of several subproblems defined
by precedence constraints limited to particular classes of partial orders, and attempts
were made to link these results with the asymptotic growth rates of these classes
as the number of nodes (tasks) increases. The complexity results expanded on
well known existing results from [71] and elsewhere, while the results regarding the
asymptotic growth rates of poset classes summarised some existing results from
order theory.

Chapter 4 considers several specific approximation algorithms and observes the
common elements between them, defining families of algorithms based on these
commonalities and elucidating some common properties of these algorithms. These
algorithms (and families of algorithms) are then examined in Chapter 5 and Chapter
6.

In Chapter 5, a number of performance guarantees are established, building on
several existing results. One contribution of this thesis is to examine the benefit of
parallelism: the amount by which a performance guarantee can be improved if tasks
can be processed on multiple machines simultaneously. All performance guarantees
established in this thesis include a parameter which specifies the minimum degree of
parallelism allowed. This thesis also establishes complete guarantees of achievability

for two bounds:

e Theorem 5.2 and Theorem 5.6 concern the Brucker-Garey-Johnson Algorithm,

improving on the best known result in [105]; and
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e Theorem 5.14 and Theorem 5.28 concern the Garey-Johnson Algorithm, estab-

lishing a completely new bound with a comprehensive proof of achievability.

Additionally, Theorem 5.49 establishes a performance guarantee for the Zinder-
Roper Algorithm, although achievability is not established in this case. Nonetheless,
this theorem improves on the best known result in [120]. Results of an unprecedented
nature are also established regarding the limitations of the considered families of
algorithms. Theorem 5.28 establishes a “best possible” performance guarantee for
a broad — indeed infinite — family of approximation algorithms, and demonstrates
that the Garey-Johnson Algorithm has precisely this performance guarantee. This
is a very surprising result — the Garey-Johnson Algorithm is well known, and was
not invented for the purpose of having a dominant performance guarantee. It is also
a very important result, since it guides future research. Any researcher who wants
to improve on the performance guarantee established in Theorem 5.14 and Theorem
5.28 must search outside the considered family of algorithms. Another result for an
even more general family of algorithms is established in Theorem 5.32; but it is as
yet unknown if any algorithm achieves this performance guarantee.

Chapter 6 presents results of a completely unprecedented nature. It is common
to establish that certain approximation algorithms provide optimal schedules under
certain circumstances. This chapter introduces the notion of an algorithms domain
— the class of all partial orders such that, if the precedence constraints are drawn
from this class, the algorithm produces an optimal solution. Three new classes of
partial orders are introduced, corresponding to the domains of the three considered

approximation algorithms:

e the domain D?% of the Brucker-Garey-Johnson Algorithm is established in
Theorem 6.6 and Theorem 6.16 as a class of partial orders defined by thirty
prohibited suborders,

e the domain D?# of the Zinder-Roper Algorithm is estabished in Theorem
6.23 and Theorem 6.75 as a class of partial orders defined by a prohibited

substructure termed a “singular quartet,” and

e the domain DY of the Garey-Johnson Algorithm is established in Theorem
6.80 and Theorem 6.105 as a class of partial orders defined by a prohibited

substructure termed a “pseudo-singular quartet.”

It is also established that D#% c D% C D?”. Partial orders of these classes
can be recognized in polynomial time. These results guide future researchers, since

they demonstrate that no improvements on the solvability results established in this
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thesis are possible. An area for future research is to establish the domains of other
approximation algorithms. It is also desirable to characterise these classes of partial
orders in terms of their asymptotic growth rates — such characterisations will provide
insight into the relative quality of the corresponding approximation algorithms. In
Chapter 5 it was established that the Garey-Johnson algorithm dominates a broad
family of algorithms in terms of (a specific kind of) performance guarantee. In
this chapter it is established, in Theorem 6.75, that the Zinder-Roper Algorithm
dominates a broad family of algorithms in terms of its domain, meaning its domain
is a superclass of the domain of every algorithm in the considered family. This is
another completely unprecedented result. It guides future research by establishing
that, if any additional solvable precedence constraints are desired, then an algorithm
outside the considered family must be used. All of the results in this chapter consider
the domain for non-malleable tasks (tasks which cannot be processed in parallel on
multiple machines) and the maximum lateness. Consideration of other task models
and other objective functions requires new analysis, and will likely lead to new
classes of partial orders.

Having established limitations on what can be achieved within the considered
family of approximation algorithms, Chapter 7 looks outside this family. In par-
ticular, this chapter defines a non-polynomial algorithm for obtaining an optimal
schedule. Combined with a branch-and-bound approach, possibly using some of
the approximation algorithms described in this thesis, this could be an effective ap-
proach for small- to mid-sized problems, but this is an area for future research. This
approach is similar to that used in [35] to solve interval ordered tasks. Since interval
orders are outside the domain of the Zinder-Roper Algorithm, this demonstrates
that it is necessary to search beyond the family § to find algorithms for all easily
solvable subproblems of P|prec, pmtn|Lyq, and Plprec, pmtn, u;|Lyqz-

Finally, in Chapter 8 a beginning was made on the project of producing equiv-
alent results for the problem with integer preemptions, denoted P|prec,int — pmin
| Linaz. Probably the most important contribution of this chapter is Algorithm IP,
which is able to perform much the same function for integer preemptions that Al-
gorithm P is for arbitrary preemptions. The schedules produced by this algorithm
were characterised and analysed, and from this analysis arose several performance
guarantees. The study of this algorithm is in its infancy at the moment, and much
work remains to be done. The effect of parallelism on the schedules produced by
Algorithm IP (or rather its equivalent for malleable tasks) appears to be rather
complex and warrants some study. Similarly, it is desirable to characterise the do-
mains of the Brucker-Garey-Johnson, Garey-Johnson and Zinder-Roper Algorithms

when used in conjunction with Algorithm IP, and to try to reproduce the dominance
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results of Chapter 5 and Chapter 6.

In conclusion, this thesis has produced substantial results, in some cases results
that are completely unprecedented in nature. It has contributed significantly to the
current state of the art, and it can be anticipated that it will prompt further study

into the new areas of research that it has pioneered.

Future Research

Chapter 3 focused on the relationship between computational complexity of certain
scheduling problems and the number (in asymptotic terms) of partial orders to which
their precedence constraints belong, as summarised in Table 3.2. One area of future

research is to complete Table 3.2, both by

e providing complexity results for the problem P|series — parallel, pmtn|Cyuqy

and Plintervalorder, pmtn|Ch,q., and by

e establishing more precise asymptotic growth rates for the classes of unlabelled

interval orders and posets with width at most three.

Table 3.2 could be expanded by considering additional classes of partial orders from
which precedence constraints are drawn and additional objective functions. Further
results in this area may provide great insight into what, precisely, makes a problem
difficult to solve.

Chapter 4 considers a variety of approximation algorithms, but there are more
that are worthy of consideration: see [46] for an example; there may also be more
families of approximation algorithms that merit further study. These constitute
areas for further research. Additionally, although this thesis considers worst-case
performance (Chapter 5) and circumstances of optimal performance (Chapter 6),
average performance is not considered. Since average performance is likely to be an
important consideration in practice, it is desirable that this be investigated, either
by theoretical means or by simulation.

The performance guarantees established in Chapter 5 introduce the parameter
Umin Of minimum parallelism. This examination of the effect of parallelism on certain

algorithms can be taken further, in several ways.

e Previously established performance guarantees can be re-examined with a view
to establishing how they are affected by parallelism. This can be applied to
approximation algorithms outside the framework of identical parallel machines

considered in this thesis.
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e The effect of parallelism on the optimal cases of an approximation algorithm

(see Chapter 6) can also be examined.

e The effect of parallelism on the computational complexity of certain scheduling

problems (see Chapter 3) can be investigated.

Additionally, some of the performance guarantees established in Chapter 5 have not
been proven tight, and this is an area for further research — perhaps they can be
substantially improved. Once this has been done, it may be possible to establish
the existence of a dominant algorithm for difference bounds, similar to the way
Theorem 5.28 established that the Garey-Johnson Algorithm is dominant in terms
of difference bounds. Furthermore, no particularly good bound on the difference
between the Zinder-Roper Algorithm’s maximum lateness and the optimal maximum
lateness has been found to date. It is worth investigating whether this is because it
is simply a difficult result to establish, or because the Zinder-Roper Algorithm has
relatively bad worst-case performance.

In Chapter 6 the solvable cases for three approximation algorithms were re-
viewed in a unprecedented detail. As can be seen from the length of this chapter
results of this kind require a great deal of work to establish. It would be very infor-
mative to examine other approximation algorithms, or other scheduling problems,
in the same manner — this would likely lead to the description of new classes of
partial orders. In particular, examining the domain of the Brucker-Garey-Johnson
Algorithm, Garey-Johnson Algorithm and Zinder-Roper Algorithm for the problems
Plprec, pmtn|Ciaw, Plprec, pmin, u;|Cypa, and Plprec, pmin, w;| Lyq,. Additionally,
it is to be noted that the Garey-Johnson Algorithm has a strictly smaller domain
than the dominant Zinder-Roper Algorithm, but it has not yet been proven whether
or not the Zinder-Roper Algorithm is dominant in the sense of performance guar-
antee, as was the Garey-Johnson Algorithm. An interesting area of future research
is to discover an algorithm from the family § N & that is dominant in both senses,
if such an algorithm exists.

The methods for optimally solving certain NP-hard scheduling problems de-
scribed in Chapter 7 require substantial further investigation. It was the goal of this
chapter to establish a framework for the optimal solution of modestly sized schedul-
ing problems, but no work has been done on how to use this in a practical setting.
Substantial investigation into lower bounds on an optimal objective function are
required before a branch-and-bound approach becomes feasible. However, once this
has been accomplished the resulting optimal algorithm can be used in computa-
tional experiments to examine how often (and how much) certain approximation

algorithms differ from an optimal algorithm.
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Finally, Chapter 8 begins applying some of the preceding analysis to the case of
integer preemptions. As can be seen, the additional constraint of integer preemptions
substantially complicates the design and analysis of algorithms for the problem. It
is worth examining how the rest of the results in this thesis can be adapted to the

case of integer preemptions. In particular, it would be useful to know whether

e integer preemptions change the computational complexity of any of the schedul-

ing problems examined in Chapter 3;

e algorithms and performance guarantees for integer preemptions can be gener-

alised to malleable tasks, as in Chapter 4 and Chapter 5;

e the domains established in Chapter 6 are the same for problems with integer

preemptions; and

e the algorithm described in Chapter 7 can be adapted to optimally solve schedul-

ing problems with integer preemptions.

A great deal of research is still required to put integer preemptions on as sound a
theoretical footing as more traditional preemption that can be applied at arbitrary
points in time.

In conclusion, the research presented in this thesis establishes a basis for much
future work. Indeed, some of the results are intended to guide future researchers
looking for more powerful approximation algorithms. The thesis also introduces
several new concepts that can be used in analysis of approximation algorithms for

other scheduling problems not considered here.
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