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Abstract  
This thesis presents the investigation into a roll-plane hydraulically interconnected 

suspension (HIS), which is safety-oriented and designed for the vehicle with a high centre 

of gravity (CG) and a low rollover threshold.  

As a potential replacement of anti-roll bars, the HIS possesses the ability to resist the roll 

motion of the vehicle body during cornering or sharp turning by improving the vehicle roll 

stiffness. The previous research has concluded that the HIS is superior to the anti-roll bars in 

terms of the anti-roll performance, but its road holding performance has not been thoroughly 

studied. In this research, the modelling, modal analysis and simulations are conducted to 

compare the road holding ability of the HIS and anti-roll bars. A multi-function HIS test rig 

is developed and mounted on a typical Sports Utility Vehicle (SUV). The related 

experiments are implemented on a four-post test rig. Both the simulation and experiment 

results confirmed that the HIS is better than anti-roll bars from the perspective of the road 

holding performance. 

To overcome the drawback of the HIS that it is unable to handle the large roll motion and 

the vehicle roll caused by uneven roads, the HIS is then developed to be actively controlled 

by a control unit. Only one servo valve is included in the control unit of the active HIS so 

that the system’s cost and energy consumption are much lower in comparison with the 

conventional active suspensions with four independent motor-actuators. An output feedback 

H∞ controller is developed based on an empirically estimated active HIS model at a half-car 

level. The active HIS controlled by the designed H∞ controller is experimentally validated 

on the test rig with considerable roll angle reductions.  
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For further verifying the controllability of the active HIS and also comparing the effect of 

different categories of control methods on the active HIS, other three representative control 

algorithms are also applied to the active HIS equipped vehicle. They are the classic control 

methods: proportional-integral-derivative (PID) control, the optimal control algorithm: 

linear-quadratic regulator (LQR) control and the intelligent control algorithm: fuzzy logic 

control. The obtained fuzzy, fuzzy-PID and LQR controllers are implemented in simulations. 

The experiments of the fuzzy and fuzzy-PID controllers are also conducted. The fuzzy-PID 

controller presents the most promising and stable control performance among these three 

controllers. 

After that, an attempt is made to improve the control performance of the model-based 

controllers to enhance the roll resistance ability of the active HIS further. A nine-degrees-of-

freedom (nine-DOF) model that can capture the physical characteristics of the active HIS 

more accurately is developed. The new system model that addresses the relation between 

the flow change and pressure variation of the hydraulic system, and the viscous resistance of 

the fluid is also included. Then an H∞ controller and an LQR controller are designed based 

on the new model and validated in simulations. The experiment of the H∞ controller is also 

performed on the test rig and the H∞ controller derived from the new model is compared 

with the H∞ controller derived from the old model. The results show that the H∞ controller 

based on the new model improves the control performance slightly.  

Lastly, an effort is made to reduce the effects of the time delay caused by the fluid system 

by considering the system time delay when developing the controller. Delay-independent 

and delay-dependent H∞ state feedback controllers are designed and applied to the half car 
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model. The simulation validations of the obtained controllers are carried out in MATLAB. 

It is found that the developed delay-dependent H∞ controller can provide stable and 

acceptably good control performance even with system time delay. 

 

Keywords: Interconnected suspension, active suspension, vehicle handling, warp mode, 

roll mode, H∞ control.  
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 Introduction 1

 1.1 Overview of the research 
Traffic safety is a worldwide problem that concerns public health and safety. Only about 3% 

of all crashes are rollovers, but they account for 33% of crash-related deaths [1]. There are 

340 deaths, 6000 injuries caused directly by rollover accidents annually in Australia and 

many times those numbers internationally [2]. Generally, the vehicle roll stability can be 

improved by increasing the suspension roll stiffness and damping. 

The vehicle suspension connecting the wheels of a vehicle to its body is pivotal to the 

isolation of ground excitations, prevention of vehicle roll, and maintenance of tire/ground 

contact. Conventional passive vehicle suspensions achieve the road-induced vibration 

isolation through passive means such as springs and dampers or shock absorbers. The 

parameters of passive suspensions are fixed and generally non-adjustable after production. 

Vehicle handling and ride comfort commonly have conflicting requirements on the 

suspension system design. For example, a stiffer suspension improves handling, whereas a 

softer suspension enhances ride comfort [3]. Therefore, a compromise is required for 

conventional passive suspensions.  

One solution to overcoming the ride-handling compromise is the passive interconnected 

suspension, in which a displacement at one wheel station can produce forces at other wheel 

stations [4]. The hydraulically interconnected suspension (HIS) has been investigated 

intensively recently, and has been verified to be superior to anti-roll bars in the anti-roll 
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performance during cornering and sharp turning. However, by means of adding roll stiffness 

to the vehicle, neither the HIS nor anti-roll bars can handle the vehicle roll motion caused 

by ground excitations.  

Active suspensions, typically with four independently controlled linear motors and 

numerous control objectives, can govern the vehicle body roll motion caused by both lateral 

accelerations and road excitations. However, although several active suspension systems are 

available in the market [5, 6], their applications are strictly limited to luxury vehicles, owing 

to high manufacturing cost and excessive energy consumption. Thus, an active suspension 

with low cost and energy consumption is required for vulnerable vehicles in rollover 

accidents. 

In recent years, an active HIS, which evolved from the HIS system, possessing the 

advantages of low cost and low energy consumption, has been proposed by Zhang [7].  This 

thesis focuses on the HIS and active HIS systems. The investigation into the road holding 

ability of the HIS as a complement to the previous studies is presented firstly.  Then the 

focus is concentrated on realising and improving the vehicle roll motion control with the 

active HIS. 

 1.2 Research objectives and contribution to knowledge 
The specific objectives and contributions of this research are as follows. 

1. To review the literature regarding various categories of vehicle suspension systems 

to show their advantages and disadvantages and the gaps in current knowledge; to 

introduce the HIS and active HIS; to briefly review the history of the control theories. 
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2. To validate that the HIS equipped vehicle performs better than the anti-roll bars 

equipped vehicle in the field of road holding ability through modal analysis, 

simulations and experiments.  

3. To experimentally validate the feasibility of the proposed novel active HIS at the 

full-car level and apply different categories of control methods to the active HIS to 

improve the performance of the roll motion control. 

4. To develop a more sophisticated system model including the pressure and flow of 

the hydraulic system for (1) more accurate description of the whole system of the 

active HIS equipped vehicle; (2) more reliable simulation study; (3) better roll 

control performance with the model-based control algorithms. 

5. To validate the new model and the performance of the controller based on the new 

model. 

6. To apply the delay-dependent control algorithm to reduce the negative effects of the 

system time delay. 

 1.3 Scope of thesis 

 1.3.1 Areas that are addressed 
The following areas are within the scope of this thesis:  

 the investigation into the road holding performance of the HIS 

 the experimental validation of the active HIS in a real car application 

 the application of control algorithms in the active HIS 
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 detailed modelling and the experimentation of model verification 

 the application of model-based control methods in the new model 

 delay-dependent state feedback  H∞ control 

 1.3.2 Areas that are not addressed 
The following areas are beyond the scope of this thesis:  

 vehicle lateral dynamics  

 the bounce and pitch motion control  

 delay-dependent output feedback  H∞ control 

 a real car application of  the delay-dependent control 

 1.4 Outline of thesis 
The thesis will consist of eight chapters, organised as follows: 

Chapter 2: some background information and a literature review on conventional 

suspensions and interconnected suspensions are presented in Chapter 2. The emphasis is 

laid on the hydraulic interconnection, active suspensions and control theories. The gaps in 

the current knowledge are revealed. The chapter also produces the conceptions of the HIS 

and active HIS.  

Chapter 3: the road holding ability of the HIS and anti-roll bars are compared in Chapter 3. 

A full car vertical-dynamics vehicle model is provided. The anti-roll bar model and the HIS 

model are integrated with the vehicle model. The details of the modal analysis are presented. 

The simulations and experiments with warp and bump road excitations are conducted. 
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Chapter 4: the experimental validation of the active HIS is carried out in Chapter 4. A half 

car model is integrated with a simple active HIS model obtained in a previous study. 

Because of the use of a simple half-car model, both the mechanical and the fluid system 

models are linear. An output feedback H∞ controller is designed based on the obtained 

system model and applied on the active HIS. The experiments of the vehicle roll motion 

control are implemented on a four-post test rig. 

Chapter 5: different categories of control methods are applied to the active HIS in Chapter 

5. Fuzzy, fuzzy-PID and LQR controllers are developed. The simulations and their 

experimental verifications of the fuzzy and fuzzy-PID controllers are also conducted. 

Chapter 6: a detailed modelling of the active HIS including pressure, flow and the fluid 

system damping are presented in Chapter 6 to improve the model accuracy. A series of 

simulations and tests are carried out for model verification. The responses of the old and 

new models in simulations are compared with the test results. Then the H∞ control is 

applied in the new model. 

Chapter 7: an attempt is made to reduce the effects of the fluid system time delay in the 

vehicle roll motion control by the active HIS in Chapter 7. The delay-dependent H∞ control 

algorithm is applied. A state feedback controller is designed, and the simulations are carried 

out. 

Chapter 8: this thesis is concluded in Chapter 8. The recommendations for further work are 

given, and the contributions are summarised. 
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 Background and Literature Review 2

 2.1 Introduction and rationale 
This chapter introduces the background knowledge of the research in this thesis such as the 

development of vehicle suspensions and control theory. It begins with brief background 

information on vehicle suspensions. More detailed review of vehicle suspensions goes in 

two paths. The development history of interconnected suspensions gives rise to an 

introduction to the HIS system, and the summary of active suspensions brings on an 

introduction to the active HIS system. A brief literature review on the control theory and its 

applications to the active suspensions is then provided.    

 2.2 Vehicle suspension systems 
The advent of suspension systems that are employed in horse-drawn vehicles in the form of 

leaf springs is far earlier than the appearance of the automobiles by 1886 [8]. After more 

than one century development, the most basic form of the most widely used modern 

suspensions comprises three fundamental elements, restoring and damping media and 

location of the wheels [9]. In general, this is realised by springs, which act against any 

relative displacement between the vehicle body and road wheels from some neutral position, 

and shock absorbers, which are used to dissipate the vibrational energy [10].  

For a road vehicle, the suspension system serves mainly two purposes. One is to isolate the 

occupants or cargoes from severe levels of shock and vibration induced by the road surface. 

The other is to enable the wheels to maintain contact with the ground, assuring the stability 
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of the vehicle. However, apart from the basic requirements of the ride and handling 

performance, there are more factors that need to be considered by designers, such as the 

manufacturing cost, energy consumption, reliability, space and weight, noise generation and 

transmission [11].  

The efforts made for achieving the complex objectives brought about the advancement of 

vehicle suspension systems in the last century. The earliest vehicle dynamics studies of 

suspension systems [12, 13] laid emphasis mainly on providing adequate ride performance, 

that is, the isolation of the vehicle body from excitation sources. After the 1950s, with 

growing attention to dynamic performance and safety, the handling and stability became 

major topics of investigation [14, 15]. However, the vehicle ride and handling performance 

commonly have conflicting requirements for suspension system design, so if one of them is 

improved, the other would be compromised.   

For understanding the reason of the conflict between the ride and handling performance, the 

vehicle motion modes need to be investigated. There are seven main motion modes for the 

vibration of a four-wheel vehicle, and they can be divided into two categories. The one is 

the rigid body vehicle modes, which describes the motions of the vehicle body (sprung mass) 

relative to the ground, namely the body-dominated bounce, pitch and roll modes. The other 

category is called suspension modes, which describes the vertical motions of the road 

wheels (unsprung masses) relative to the sprung mass [16]. They are the wheel-dominated 

bounce, pitch, roll and warp modes.  
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Four of these motion modes, the body-dominated bounce, pitch and roll and the wheel-

dominated warp, are the main concern of the vehicle ride and handling performance. It is 

noted that they are simply called bounce, roll, pitch and warp in this thesis. Bounce, pitch 

and roll are body-dominated motion modes that can be excited by steering, accelerating or 

braking, and ground disturbances, respectively. Warp occurs when only diagonally-opposed 

wheels move in phase relative to the vehicle body. However, different modes do not share 

the same preference concerning suspension stiffness and damping. For instance, relatively 

large roll and pitch stiffness is desired for inhibiting vehicle attitude during steering, braking, 

and acceleration, while relatively small bounce stiffness is beneficial for ride comfort. A 

soft warp mode is preferred to enhance vehicle road holding performance [9].  

The parameters of the conventional passive suspensions are fixed and generally non-

adjustable after production, and therefore a compromise has to be made. The conflicting 

requirements between the ride and handling have become the main challenge in the 

suspension design, and the two main trends to break this compromise are interconnected 

suspensions and active suspensions. 

 2.3 Interconnected Suspensions 
An interconnected suspension system is one in which the force generated by the motion of 

one wheel station can be transmitted to the other stations. For a two-axle vehicle, the 

suspension interconnection can be realised by two-wheel interconnection or four-wheel 

interconnection. Interconnected suspensions can decouple different vehicle vibration modes 

easily in a passive manner through a wide variety of means, such as mechanical, hydraulic 

and pneumatic, or hydro-pneumatic.  
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 2.3.1 Development of interconnected suspensions 
The anti-roll bar is a most widely used interconnected mechanism currently, which 

increases vehicle roll stability by additional roll stiffness through connecting left and right 

wheel pairs mechanically. However, along with the increased roll stability, the warp mode is 

also unfavourably stiffened, and the ride performance is also compromised by the increased 

stiffness in single-wheel [17].  

More sophisticated interconnected suspensions with good comprehensive performance have 

been pursued for almost a century since the early proposed concept [18]. In the 1920s, 

conceptions of roll- and pitch-plane hydraulic interconnection arrangements were proposed, 

but fluid system transmission characteristics were not considered in the research. In 1949, a 

pitch-plane interconnected arrangement was realised on the Citroën 2CV [19], which is the 

first application of mechanically interconnected suspension in the mass production of a 

vehicle. 

In the 1950s to 1970s, the Hydragas system introduced by Moulton [20, 21] attracted 

researchers’ attention because compact vehicles that have higher pitch frequencies were 

increasingly used. An experimental study was done by Moulton. In his study, a simplified 

model was provided, but no model validation and simulation were given. A passive 

hydraulically interconnected suspension system for increasing roll stiffness was studied by 

simulations in the middle 1990s [22, 23]. The results suggested that the roll-plane 

interconnected suspension can increase the roll stiffness and improve the ride performance 

of the vehicle simultaneously. 
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However, the above-presented interconnected suspensions were based on two-wheel 

interconnections, and they inevitably increased the stiffness of two suspension modes. 

Hence, to fully decouple the vehicle motion modes, some efforts were made for the 

interconnection suspensions with four wheel stations interconnected recently [24, 25]. 

A four-wheel interconnection arrangement was presented for full modal decoupling in the 

late 1990s [26], but it was only on the conceptual level, and there was no theoretical or 

experimental study provided. Another interconnected suspension that achieved full modal 

decoupling with springing was proposed by the year 2000 [27, 28], but the damping 

decoupling was not discussed. Smith [4] studied a new concept for complete modal 

decoupling, but the actual vehicle system dynamics was not investigated. Mavroudakis [29] 

proposed a four-wheel  interconnection based hydraulic scheme what is fully decoupled and 

controlled by a central unit. The simulation illustrated the interconnected suspension out-

performed the conventional suspension easily. An experimental investigation of a novel 

four-wheel interconnection arrangement was published in 2002. Even though promising 

results were provided, no theoretical model was included in the research. 

 In recent years, Cao [30-35] investigated the dynamics of interconnected hydro-pneumatic 

suspensions at a full car level, particularly heavy vehicle applications. The fluidic couplings 

are realised through hydro-pneumatic struts [36], which have a compact design and are 

claimed to have larger effective working area than normal hydraulic cylinders. The struts 

provide considerable flexibility for various interconnection configurations among the 

hydraulic and pneumatic chambers, either hydraulically or pneumatically. A general 
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framework for the model designing and tuning is included. The simulation results confirmed 

the general benefits of having the freedom to independently specify modal characteristics.  

 2.3.2 Hydraulically interconnected suspension 
An Australian company, Kinetic Pty Ltd., developed a series of hydraulically interconnected 

suspensions such as the RFS, H2 and X systems and achieved commercial success. Some of 

their products have been applied in Lexus GX 470 and 200 Series Toyota Land Cruiser. One 

of the focuses of this research will be on the H2 system, which is a roll-plane hydraulically 

interconnected suspension, and it is often referred to as HIS in the thesis. 

The HIS system is right-left symmetry in structure, as shown in Figure 2.1. In the fluid 

system, it includes four double-acting hydraulic cylinders, two nitrogen-filled diaphragm-

type accumulators, interconnecting pipelines, fittings and flexible hoses. The HIS system 

includes two identical fluid circuits, denoted as A and B respectively in the figure. In the 

HIS system, the main function of the accumulators is providing roll stiffness through their 

‘air spring’ effect. Two interconnecting fluid circuits are pre-charged with a certain pressure. 

The piston rods are fixed to the wheel stations, with the cylinder bodies being mounted to 

the vehicle chassis. They couple the mechanical and hydraulic subsystems, ensuring that a 

specific suspension motion creates a desirable flow into the HIS pipelines [16]. When the 

vehicle is equipped with the HIS, the vehicles existing springs and shock absorbers are 

retained, but its front and rear anti-roll bars were removed. 
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Figure 2.1 Schematic diagram of the roll-plane HIS system 

 

In the roll mode, one hydraulic circuit is compressed, and the other is extended. In the 

compressed hydraulic circuit, the fluid is flowing from its cylinder chambers to its 

accumulators, and vice versa. Thus, the pressure in the compressed circuit increases while 

the pressure in the extended circuit decreases. The generated hydraulic forces from the 

pressure difference are acting against the vehicle body roll motion.  

In the warp mode, two diagonally-opposed cylinders are in compression, and the other two 

are in extension. Fluid goes out of the upper chamber of the compressed cylinder, which can 

properly compensate the bottom chamber of the expanded cylinder on the same side, and 

vice versa. So theoretically there is no fluid flow into or out of the accumulators, and the 

HIS should have no effect on the warp mode. 
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In the bounce and pitch modes, there is a small amount or even no fluid flow into or out of 

the accumulators, so effects on those modes by the HIS are negligible. Therefore, the HIS 

has the capability to decouple the four vehicle motion modes. 

The handling performance of the  HIS equipped vehicles was investigated very recently by 

simulations with the software of ADAMS [37] and experiments with fishhook manoeuvre 

[38, 39]. The studies verified that the HIS with relatively high additional roll stiffness 

provided better rollover resistance, and the HIS did not change the roll moment distribution 

on the vehicle body, which is different from anti-roll bars. 

Zhang & Smith [10, 16, 40] recently studied the modelling and dynamics of vehicles fitted 

with the HIS system with a focus on the roll stability and fluid circuit dynamics. In [41], 

ride comfort of the vehicle with the HIS system is analysed. Experimental studies also 

confirmed the roll resistance performance of the HIS system in [24, 42]. The results 

demonstrated the HIS is superior to anti-roll bars on anti-roll capacity. Theoretically, the 

HIS system can decouple roll mode from all other modes and enhance vehicle roll stability 

without compromising road holding ability. However, the road holding performance of the 

HIS system as a major advantage has not been thoroughly investigated. 

The limitations are also clear that the HIS is not compatible to cope with large vehicle roll 

motions that exceed its limitation. Moreover, the HIS cannot handle the roll caused by the   

road excitations. When the road-excited roll motion is at a high frequency level, the HIS 

compromises the ride comfort slightly the same as anti-roll bars; and when the roll motion is 

at a low frequency level, the HIS can do little. It is because the passive HIS only responds to 
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the relative displacement between sprung and unsprung mass, but the vehicle body’s roll 

motion is not necessarily associated with this relative displacement. When a scenario is 

without much relative suspension travel, the HIS cannot provide enough force to stabilise 

the vehicle roll. For example, if the sprung mass and unsprung mass move in phase with 

similar speed, such as low frequency roll caused by uneven or left-right leaning road 

surfaces, larger roll angle over critical point is likely to cause rollover. This kind of situation 

is beyond the capability of the HIS system.  

 2.4 Active suspension system 

 2.4.1 Conventional active suspension 
Apart from the interconnected suspensions, active suspension is also an effective method to 

eliminate the compromise of the conventional passive suspensions. Furthermore, the active 

suspension is potential to deal with the vehicle roll motions caused by both the lateral 

accelerations and road excitations. Conventional active suspensions can be grouped into two 

classifications, semi-active suspensions and active suspensions. Semi-active suspensions 

usually have variable or adjustable parameters, such as stiffness and damping. Active 

suspensions require an external power source to provide external forces directly. The active 

suspensions have been widely studied in the last decades due to their viability in enhancing 

the conflicting performance objectives (such as ride comfort and drive handling) 

simultaneously. 

After the first semi-active concept’s appearance in the 1970s [43, 44], semi-active 

suspensions started to gain popularity [45-47]. In the proposed semi-active suspensions, 
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passive dampers are mostly replaced with variable dampers, such as dampers with 

controllable orifices, dampers with controllable damping, or magnetorheological dampers. 

The advantages of semi-actives are that the vehicle suspension damping can be changed 

quickly with a very limited energy input. Thus, the simple structure and fast reaction 

characters enable the semi-active suspensions to be integrated with other vehicle systems 

such as Electronic Stability Program (ESP) to improve the whole vehicle performance. The 

limitations are also clear that semi-actives are not suitable to cope with larger vehicle 

motions. It is because the semi-active suspensions are similar to the passive suspensions that 

only respond to the relative velocity between sprung and unsprung mass. Their adjustable 

dampers only change the energy dissipation efficiency of suspensions, but cannot provide 

the control force to the vehicle. Obviously, the widely researched and applied semi-active 

suspensions that win their popularity are not because of their super function or performance 

but owing to their low initial cost and power consumption. 

Active suspensions directly supply forces to the vehicle chassis, different from semi-active 

suspensions that only vary the viscous damping coefficient of the shock absorber to 

consume the vehicle vibration energy passively. If at least a portion of suspension force 

generation is provided through active power sources, the suspension is called active 

suspension [48].  

To trace the origins of the development of the active suspensions, it is necessary to go back 

to 1950s and 1960s. They were applied in the aerospace industry, and the optimal control 

algorithms were also applied to the research of active suspensions [49]. The study of active 
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suspensions started from one degree of freedom (DOF), quarter car models [50, 51]. 

Although the earliest investigations were simple, they had profound effects on the practical 

implementation ten to twenty years later. After this, the studies of the active suspensions 

were developed into two-dimension, half car models [52] and they were followed by their 

three-dimension, full car counterparts [53-55]. 

With the advent and advancement of the electronics and microprocessors, the design and 

manufacturing techniques of the actuator and the sensor obtained significant progress, 

which enabled the practical application of the active suspensions. As a result, the active 

suspensions attracted increasing attention in the mid-1980s with the Lotus Esprit 

experimental vehicle. The vehicle obtained a substantial improvement in handling under 

customised and severe manoeuvres but the ride comfort was not demonstrated [48]. 

In 2004, Bose exhibited a prototype application of the technology that ideally eliminated the 

compromise between ride and handling performance after more than twenty years of 

research. Some related investigations of this active suspension were carried out in the 1990s 

[56, 57]. The system uses electromagnetic linear motors to replace the conventional 

automotive suspension system, as show in Figure 2.2, which can raise or lower the wheels 

in response to uneven bumps or potholes in the road. This active suspension adopts 

independently controlled actuators to control vehicle motions, so the system is able to 

provide an ideal control solution to a vehicle, adapting to various driving situations (e.g. 

braking, accelerating and cornering), and continuously compensating for road roughness. 

However, such a controlled actuator has to be a servo-valve driven, precision-made, super-

clean, energy-hungry hydraulic strut, which brought about high cost in manufacturing and 
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maintaining [58]. Even after three decades development and a large amount of cost, it is 

suitable only for use in a luxury vehicle.  

 
Figure 2.2 Bose Suspension Front Module [59] 

 

Due to the demerits of the existing active suspensions (e.g. high manufacturing cost, 

uncertain reliability, excessive power consumption and inherent complexity), the 

development of the active suspension is following two trends.  

The one is the frequency-based active suspensions with low-bandwidth or limited-

bandwidth active systems [60, 61]. Due to narrowing down the control tasks assigned to 

active suspensions with vehicle motions at a certain frequency range, less energy will be 

consumed. One commonly used method is the slow-active suspensions, which only focus on 

suspension vibrations in the lower frequency range [62, 63], wherein the actuators only 

operate in a limited low bandwidth.  
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The other trend is to focus on the vehicle body main mode to narrow down control 

objectives. For example, the interconnected suspension schemes are applied to decouple the 

vehicle motion modes and concentrate the control objective on certain a motion mode. The 

benefits of this method are even lower power requirements than the frequency-based active 

suspensions, much lower cost and less control effort than the full-mode control by the 

independently controlled actuators, and also increased reliability [64, 65]. 

 2.4.2 Active interconnected suspensions  
The semi-active and active features are applied to interconnected suspensions in the last few 

decades. A semi-active pneumatically interconnected suspension with variable pressure was 

proposed in 2004 [66]. In 2010, the H2 system has been further developed by Tenneco 

Automotive with semi-active damping control. Investigation with modelling and simulation 

were carried out [67]. Hydraulic Body Motion Control Suspension (HBMC), a further 

development of the Kinetic’s hydraulic suspension, was equipped in Nissan Patrol [68]. 

The increasing need for vehicle roll control brought about the appearance of the active 

interconnected suspensions [69]. In 1982, an active Hydragas system was introduced by 

Rideout [70]. The study concluded that even the more sophisticated model could not be 

accurately applied under the excitation with a frequency of 1-8 Hz. In the late 1990s, Rosam 

and Darling [64] developed the existing Hydragas system to a sealed low bandwidth 

suspension to actively control the roll motion. The results showed the active interconnected 

suspension had superior performance than the passive one.  
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In the 1980s and 90s, Nissan and Toyota developed hydraulic and pneumatic 

interconnections based active suspensions respectively [6, 71]. Their researches focused on 

control system development and experimentation, but the fluid system modelling was not 

given in detail. In the industry practice, interconnected active suspension technology 

through pure hydraulic means, which possesses faster response and powerful force, was also 

employed. Diagonally interconnected active suspensions, called Dynamic Ride Control 

(DRC) suspension, were applied on the Audi RS6. In this system, shock absorbers are 

diagonally linked and a pump was used to provide additional pressure to counteract rolling 

and pitching [72]. 

Active anti-roll bars can be treated as one of the active controlled mechanically 

interconnected suspensions for vehicle roll control. Active anti-roll bar system for large 

trucks has been developed in the 1990s [73-77]. The active interconnected suspension only 

for pitch control can also be found in [78, 79]. 

However, the aforementioned active interconnected suspensions were based on two-wheel 

interconnections, so the vehicle motion modes were not fully decoupled and negatively 

affected the control efficiency. Hence, a four-wheel interconnection based active suspension 

is necessary for better control performance and efficiency. 

 2.4.3 Active hydraulically interconnected suspension (active 
HIS) 

In recent years, the concept of reconfigurable hydraulically interconnected suspensions has 

been proposed by Zhang [11] for the first time. The developed novel active interconnected 
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suspension is called Demand Dependent Active Suspension (DDAS), from which the 

interconnected circuits are reconfigurable in real time according to the motion the vehicle is 

experiencing. The particular focus of this research is on the roll-plane branch of the DDAS 

and referred to as active HIS in the thesis. A schematic drawing of Figure 2.3 shows that the 

active HIS, evolving from the HIS, also includes four hydraulic actuators that are 

interconnected to form two hydraulic circuits, denoted as A and B in the figure. The 

pressures in the two circuits are then controlled by a pressure control unit comprising a tank, 

a pressure pump, an accumulator, and a servo-valve. This way, the whole active suspension 

can be controlled by only one servo valve, which brings about substantial cost reduction 

compared to conventional active suspensions that use four valves for individual cylinder 

control.  

                         
Figure 2.3 Diagram of the active HIS in roll configuration 
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The CAD model of the power unit is shown in Figure 2.4. The cylinders are mounted 

between the wheels and chassis. The vehicles’ original springs and shock absorbers are 

retained when the vehicle is equipped with active HIS. 

       
                            

 

 

 

 

 

 

 

 

Figure 2.4 Designed pressure control unit of the active HIS suspension 

                  
The controller acquires data from the sensors to measure the roll angle of the vehicle body 

and sends a pressure command to the active HIS. In the roll control, one side (e.g., left) of 

the suspension needs to extend while another side (e.g., right) needs to compress to maintain 

the levelling of the vehicle body. In this circumstance, the pressure control unit pumps oil 

into circuit A to increase its pressure, while reducing the pressure (if not tank pressure) in 

circuit B, as shown in Figure 2.3.  

The pressure difference between circuits A and B forms an anti-roll moment on the vehicle 

body through four cylinders. The control forces and moment are presented in Equation (2.1), 

(2.2) and (2.3).  

Tank 

Accumulator 

Servo-valve 

Pump 
Motor 

Accumulator 



Background and Literature Review 
 

22 
 

 2 ( )l A BF a P P   (2.1) 

 2 ( )r A BF a P P   (2.2)                            

 / 2 / 2l rM F l F l   (2.3) 

where Fl and Fr are the forces acting on the vehicle body through the left and right actuators, 

respectively; PA and PB are the pressures inside the two hydraulic circuits; a is the piston 

area; M is the anti-roll moment and l is the distance between the left and right actuators. 

 2.5 Control theory 
Control systems have been known and used for more than 2000 years. Bennett divided the 

history of automatic control into four main periods: Early Control (to 1900), the Pre-

Classical Period (1900-1940), the Classical Period (1935-1960) and Modern Control (post-

1955) [80]. 

The most significant control development in the 18th century was the steam engine 

governor. It was developed by James Watt for the need of governing the speed of the rotary 

steam engine. In the early 20th century, the feedback control developed rapidly. In 1922, 

Minorsky presented a very clear analysis of the PID control [81]. In the early 1920s, Black 

began to realise the significance of the negative feedback and work on it. The electronic 

negative feedback amplifier was the outcome of work on industrial problems. Nyquist 

proposed the Nyquist analysis that was published in 1932 [82]. 

In the 1940s and 1950s, the advent and growing availability of digital computers brought 

the control theory into a new era, and Athans placed the origin of the modern control theory 
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in 1956 [83]. The Moscow Conference held in 1960 was an important symbol of the 

establishment of the modern control theory, where Kalman presented a new treatment of the 

optimal control problem [84]. After the conference, the state-space approach dominated the 

subject for almost two decades [80]. Researchers rapidly realised that the powerful optimal 

control methods could hardly be used in general industrial practice for the reason that 

accurate plant models were not available and generally not achievable. This realistic 

problem has led to the development of  parameter estimation and related techniques [85].  

From the mid-1950s to mid-1960s, the adaptive control developed rapidly. A number of 

useful ideas on adaptive control were proposed: the model reference adaptive system, the 

self-tuning regulator, external control, dual control, and neural networks [86]. In the 1980s 

research began, and continues today, with making optimal feedback logic more robust to 

variations in the plant and disturbance models. One element of this research is worst-case 

and H∞ control, which developed out of differential game theory [87]. 

The investigation of intelligent control theory commenced from the 1960s while the 

automatic control was well established as a discipline. Fu [88-90] introduced the heuristic 

inference rules of the artificial intelligence into the learning control system. As a widely 

studied intelligent control algorithm, neural networks theory attempted to simulate the 

human brain function in many ways and did not rely on precise mathematical models, thus 

showing an adaptive and self-learning function. A number of achievements in robotics 

studies showed its broad application prospects. Fuzzy control is another representative 

intelligent control form. The fuzzy set theory proposed by Zadeh [91] in 1965 laid a solid 
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foundation for fuzzy control. In the subsequent twenty years, it has been successfully 

applied in practice [92]. 

In the recent half century, various control theories were applied to improve active 

suspension performance, including root locus [93], linear and fuzzy control [94], neural 

networks [95], LQG and LQR [96], H∞ control [97], skyhook, learning automata [98], non-

linear control [99], and preview control [100]. Some of them are briefly introduced below. 

The reader is referred to the literature [9, 48, 101] for a more detailed review. 

By 1974, skyhook control was proposed for semi-active suspensions [102]. Initially the 

absolute velocity of the sprung mass and the relative velocity between the sprung and 

unsprung mass were used to determine the control force in the skyhook control. Many years 

later, other system states, such as the displacement [103], and even other sensory inputs , 

such as the steering input [104], were also used to make the skyhook control more adaptable. 

Similar to other control methods (e.g. PID control, LQR control), one of the challenges for 

the skyhook control to be implemented successfully is the controller tuning. In addition, the 

clipped semi-active control and adaptation of semi-active control method were also applied 

to semi-active suspension systems [9]. 

As a typical optimal control method, the LQR control is for a linear plant with a quadratic 

cost function to be minimised by the control. The state of the plant must be available for 

feedback, the optimal control being in full-state-feedback form, and cost function terms may 

be frequency weighted [105]. Automotive applications usually presume time-invariance and 

white-noise excitation with the optimisation extending over infinite time and concerning 
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expected values. LQR solutions automatically produce controllers that are stable and 

somewhat robust, and they can be utilised straightforwardly.  

Robust control is a form of optimal control prioritising low sensitivities to variations in the 

controlled plant and any disturbances. It applies to linear uncertain systems and involves 

minimising the maximum gain of the closed-loop system. Frequency response functions 

relate inputs to outputs. Plant modelling errors are addressed directly and worst-case 

conditions are presumed in the control design [58]. Recognised as one of the most robust 

and effective optimal control strategies, H∞ has long been employed in active suspension 

control, but the majority of the studies are based on quarter-car models [106, 107]. Several 

active H∞ control studies based on half-car [108] or full-car models [3, 109] showed 

promising results but require four independent actuators on each wheel station. The studies 

mentioned above were predominately conducted in a computer-based simulation 

environment [97, 110].  

However, because the active HIS system is a newly developed suspension system, the 

above-mentioned control algorithms have not been applied to it yet. With the consideration 

of experimental implementation, several widely applied control methods are adopted in this 

study and realised in relatively basic forms. The optimal and robust H∞ control is adopted 

as the main control algorithm of this thesis. In addition, the representative classic control 

algorithm (PID control), optimal control algorithm (LQR control) and intelligent control 

algorithms (fuzzy logic control) are also applied to the active HIS. 
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 The Investigation into the Road Holding 3
Ability of the HIS 

 3.1 Introduction and rationale 
This chapter focuses on comparing the road holding ability of anti-roll bars and the HIS. 

Vehicle dynamic analysis is carried out with three different configurations:  

 vehicle with spring-damper only as a benchmark  

 vehicle with spring-damper in conjunction with anti-roll bars  

 vehicle with spring-damper in conjunction with the roll-plane HIS.  

The models of the vehicle with the three different suspension configurations are developed. 

The modal analysis is conducted to investigate the effects of the stiffness change on 

different vehicle motion modes. The tyre loads of the anti-roll bars equipped vehicle and the 

HIS equipped vehicle are then compared in simulations. Three sets of different sinusoidal 

warp excitations and one set of single bump excitation are used to stimulate the vehicle 

motion. A typical sports utility vehicle (SUV) is tested on a full-scale, 4-post test rig that is 

able to provide the ground excitations to represent an uneven road surface. Experiments are 

implemented under the same ground excitations as the simulations. 

The test setup used in this study, specially designed at the University of Technology Sydney 

(UTS), includes the interactions between multiple wheel stations in a simple manner. To the 

author’s knowledge, it is the only known experimental facilities with the specific purpose of 

testing both the HIS and active HIS systems installed on an actual vehicle.  
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 3.2 Background 
Warp is also known as the articulation in which wheels diagonally-opposed move in phase 

while vehicle body motion is negligible. For two factors, the warp mode is quite distinct 

from the other three wheel dominant motion modes. Firstly, warp is the only non-planar 

mode, allowing the vehicle to travel on spatial surfaces. Furthermore, it is controlled 

entirely by surface geometry, with no sprung mass inertial component. It means the pure 

warp excitation by the road surface would not directly affect sprung mass stability, but 

rather influences handling performance through its effect on the tyre-ground contact force 

[16]. The tyre-ground load variation is therefore essential in off-road driving, where the 

warp mode is most obvious and inescapable. Under extreme circumstances, excessive tyre 

load transfer would lead to wheel-spin when tyres lose contact with the ground, which 

directly affects the trafficability and stability of the vehicle. However, such a motion mode 

has, until quite recently, received little attention in the academic literature. 

Anti-roll bar system is one of the typical examples of mechanical interconnection that is 

able to decouple the roll mode from bounce and pitch [111]. Anti-roll bars have been widely 

adopted as standard configurations for increasing roll stiffness in road vehicles, but the 

disadvantage is that they cannot decouple the warp mode from other modes. That is, they 

can stiffen the roll mode without affecting bounce and pitch mode, but the warp mode is 

stiffened unfavourably. Consequently, the variations of tyre-ground contact forces are 

increased in the warp mode. Under some circumstances, it is necessary to disengage anti-

roll bars from vehicles before the off-road driving. Active suspensions have been 

investigated intensively recently, but passive suspensions remain dominant in the vehicles 
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on the market because of their reliability and low cost. Although road holding performance 

improvements can be realised by adopting certain active suspensions [112] or some other 

active anti-roll equipment [113, 114], the associated structure complexity, high developing 

cost and energy consumption hampered their wider applications. Theoretically, the HIS 

system has the capability to decouple the roll mode from all other modes, so that it not only 

can overcome the compromise brought about by anti-roll bars but eliminates the high cost of 

the active equipment. 

As mentioned in Chapter 2, the system modelling, ride dynamics and the roll resistance 

performance of the HIS equipped vehicles have been investigated intensively, but there is a 

lack of literature about the road holding ability study. This chapter focuses on the 

investigation into the road holding performance of the HIS system in comparison with anti-

roll bars. 

 3.3 Model description 
Models of the vehicle with three different suspension configurations have been drawn from 

multi-body vibration theory and fluid dynamics. The test vehicle is treated as a lumped-

mass multi-body system and a seven degrees-of-freedom (DOF) model has been developed. 

The anti-roll bars are treated as massless torsional springs, and the HIS is simplified and 

linearized. Then the obtained subsystem models of the HIS and anti-roll bars are integrated 

with the vehicle model respectively. 
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 3.3.1 Seven degrees-of-freedom model of full vehicle 
A two-axle vehicle can be modelled as a system with seven DOFs as shown in Figure 3.1. It 

consists of a rigid sprung mass supported by four independent suspensions, which includes 

wheel assemblies as four unsprung masses. 

tf tf

tr tr

a

b

Zw2

Zw1

Zw3Zw4

X

Y

φV

θV

C.G.
Ms

Ixx

Iyy
mu1

mu3mu4

ksf
csf

ksf
csf

ksr csrksr csr

mu2

forward direction

Zv0

 

Figure 3.1 Seven-DOFs vehicle model 

The sprung mass has inertial properties of mass (Ms), roll moment of inertia Ixx, and pitch 

moment of inertia Iyy. The roll and pitch rotations are restricted only to the sprung mass. The 

seven DOFs of the vehicle model includes sprung mass vertical centre-of-mass movement 

Zv0, pitch angle  and roll angle , four vertical centre-of-mass movements of unsprung 

masses:ZW1 ZW2 ZW3 ZW4. The origin of coordinates is fixed in the CG of the sprung mass. It 

is assumed in this section linear behaviour of the suspension springs and shock absorbers. 

The parameters of the vehicle model are presented in Table 3.1. 
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Table 3.1 Vehicle parameters 

Parameters Character Value 

Sprung mass Ms 1800  

Unsprung masses mu 42  

Spring stiffness of the front suspension Ksf 40   

Spring stiffness of the rear suspension Ksr 46.5  

Damping coefficient of front and rear suspension Csf, Csr 2000  

Vertical stiffness of tyres Kt 200  

Front anti-roll bar stiffness Kaf 35  

Rear anti-roll bar stiffness Kar 6  

Pitch moment inertia of the sprung mass Iyy 3700  

Roll moment inertia of the sprung mass Ixx 870  

Distance from the sprung mass CG to the front axle a 1.37  

Distance from the sprung mass CG to the rear axle b 1.48   

Half width of the front axle tf 0.575  

Half width of the rear axle tr 0.575  

Front anti-roll bar length  lf 1.25  

Rear anti-roll bar length lr 0.65  

By applying Newton’s second law, the full vehicle suspension equations of motion are 

derived and written in the matrix form 

 MZ CZ KZ FZ CZ KZ , (3.1)    

where M, C, K  are the mass, damping and stiffness matrices; Z is the displacement 

vector at continuous time t; F is the road input matrix.  

Equation (3.1) can be converted to a continuous-time state space model as 
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 exTX SX FX SX F , or (3.2) 

 
7 7

ex

0I 0 0 I ZZ
F0 M K C ZZ ex

. (3.3) 

The state vector describing the motion of the sprung and unsprung lumped suspension 

system is defined as  

 
T

MX Z Z
T

, (3.4) 

where the displacement vector is 1 2 3 4 0W W W W V V VZ Z Z Z ZZ  and the 

velocity vector is  1 2 3 4 0W W W W V V VZ Z Z Z ZZ Z Z Z ZW W W V2 3 4 02 02 3 4 02 3Z Z Z Z2 3 42 3 42 3 42 3 42 3 4 VVVV VVZZZ ZW1W1Z 1W1 .       

 3.3.2 Anti-roll bars model 
Anti-roll bars connecting the left and right wheels are commonly used components to 

increase a vehicle’s roll stiffness. Anti-roll bars may have simple or complicated irregular 

shapes for convenient packaging on the vehicle chassis. The anti-roll bars are modelled as 

massless torsional springs and integrated into the seven-DOF vehicle model.  

There are generally two anti-roll bars on the two-axle vehicle. The torsional stiffness of the 

front and rear anti-roll bars is represented as kaf and kar, and the length of the front and rear 

anti-roll bars are lf and lr respectively. Due to the anti-roll bar only working when the 

suspension travel between the left and right is different, the additional stiffness KA caused 

by anti-roll bars is therefore calculated in the matrix form as 
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If the stiffness coefficient matrix of the original springs is denoted as KS, then in Equation 

(3.1) the stiffness coefficient matrix K is replaced as                                                            

 S AK K K . (3.6) 

 3.3.3 Vehicle fitted with HIS 

 3.3.3.1 Mechanical system equations 
The model of the vehicle fitted with the roll-plane HIS system includes two subsystems. 

One is hydraulic and one is mechanical. The equation of motion for the vehicle of the 

integrated HIS-vehicle system can be written in the form as 

 1 extMZ CZ KZ D AP FZ CZ KZ , [40] (3.7) 

where the mass matrix M, damping matrix C, stiffness matrix K, displacement vector Z, 

and excitation forces Fext are as defined previously; 1D AP  represents the forces of the 
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hydraulic actuators caused by the hydraulic pressure; D1 is linear transformation matrix. The 

pressure vector P and area matrix A, related to the corresponding cylinder chambers (T-top, 

B-bottom), are defined as 

 1 1 2 2 3 3 4 4 T

T B T B T B T BP P P P P P P P P , and (3.8) 

 1 1 2 2 3 3 4 4
T B T B T B T BdiagA A A A A A A A A .  (3.9) 

 3.3.3.2 Fluidic equations 
As in developing the model of the hydraulic system, some assumptions are made in this 

section: (a) piston friction is not considered; (b) the fluid is incompressible compared with 

nitrogen gas in the accumulator; (c) the oil density is constant; (d) the viscous resistance of 

the fluid in the whole system is simplified as a linear damping, which is used to represent 

the damping effects of the fluid system. The fluidic parameters of the HIS are shown in 

Table 3.2. The method in [40] is used for the fluid system modelling. 

Table 3.2 Hydraulic parameters of the HIS 

Parameters Character Value 

Hydraulic fluid density ρ 870  

Bulk modulus β 1400  

Accumulator pre-charge gas volume   

Accumulator pre-charge pressure  1  

Diameter of cylinder piston  0.032  

Diameter of cylinder piston  rod  
 

 0.016  

Mean system pressure  3  
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As shown in Figure 2.1, the cylinder chambers form the boundary between the mechanical 

and hydraulic subsystems. The compressibility of the hydraulic fluid in each of the cylinder 

chambers is shown as  

 comp
V dPQ

dt
, (3.10)  

where V  and  are the volume and effective bulk modulus of the cylinder chamber, P is 

the pressure. Thus, the fluid compressibility in the cylinder chamber is given by  

 0 ( )( ) ( ) ( )s u
comp s u

V Z t AQ Z t A Q t P t( )( ) ( ) ( )V Z t A0 ( )0 ( )( ) ( )s uZ ( ) ( ) () ( ) (0 ( )
s u

0 ( )Z ( ) ( )) (( ) , (3.11) 

where ( )Q t  denotes the volume flow rate where the pipeline meets the cylinder chamber; 

PP is the rate of the change of in-chamber pressure; 0V  is the initial volume of the cylinder 

chamber; and s uZ is the relative displacement between the unsprung mass and the point of 

strut contact at the corner of the sprung mass.  

When applied to all eight chambers in the fluid system in Figure 2.1, Equation (3.11) can be 

re-written as 

 1( ) ( ) ( ) ( )Tt t t tQ A D Z V P( ) ( ) ( )(( ) ( )( ) ( )( ) ( )) (( ) ( )( ) ( )) (( )( ) , (3.12) 

in which Q  is the flow vector as 1 1 2 2 3 3 4 4 T

T B T B T B T BQ Q Q Q Q Q Q QQ ; ( )tV  is a 

time-variant matrix of the cylinder volume and bulk modulus terms, and 1
TD  is a constant 

linear transformation matrix. 
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The accumulators are modelled by assuming an adiabatic process. The pressure and volume 

at any time in the accumulator aP  and aV  are related to the pre-charged values, pP  and pV   , 

as follows 

 ,a a p pPV P V cons   (3.13) 

where   is the ratio of the specific heats for the gas. The adiabatic gas law is used to model 

the accumulator pressure as a function of gas volume at the pre-charged pressure. Taking 

the partial time derivative of Equation (3.13), and noting that the flow into the accumulator 

is given by /a aQ V t , the pressure gradient of the accumulator is written as a nonlinear 

function of the pressure, i.e. 

 
1/

a a a
a

p p

Q P PP
V P

a a
a

Q Pa aP
V

. (3.14) 

By assuming no fluid resistance in the pipelines, by the arrangement of the interconnection, 

we have         

 1 1
T A C TP P R Q  , 2 2

B A C BP P R Q , 3 3
B A C BP P R Q , 4 4

T A C TP P R Q , (3.15) 

 1 1
B B C BP P R Q  , 2 2

T B C TP P R Q , 3 3
T B C TP P R Q , 4 4

B B C BP P R Q , (3.16)   

 1 2 3 4
A T B B TQ Q Q Q Q  , 1 2 3 4

B B T T BQ Q Q Q Q , (3.17) 

where CR  is the damping coefficient; AP , AQ are the pressure and flow rate of the 

accumulator in the hydraulic circuit A; BP , BQ  are the pressure and the flow rate of the 
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accumulator in the hydraulic circuit B; 1
TQ  and 1

TP  are the flow and pressure of the top 

chamber of the cylinder one; 2
BQ  and 2

BP  are the flow and pressure of the bottom chamber of 

the cylinder two and so on. Cylinders one to four are on the front-left, front-right, rear right, 

rear left respectively as show in Figure 2.1. 

The fluid subsystem equations are in the following form:   

 H H H H HT X S X FH HX S XH HH HH , (3.18) 

where the hydraulic subsystem state vector XH includes the two pressure terms PA and PB; 

FH  refers to the forces exerted on the fluid subsystem. 

 3.3.3.3 Integrated system equations 
The state vector describing the dynamic states of the hydraulic subsystem is defined as  

 T
H A BP PX . (3.19) 

Through integrating the Equation (3.7) and Equation (3.20), the state vector of the full 

vehicle fitted with a roll-plane HIS is obtained  

 
TT T

M HX X X  (14+2=16 elements). (3.21) 

By combining Equation (3.7) and Equation (3.12) - (3.18), the full vehicle system state 

space equation is derived as  

 TX SX FX SX F , or (3.22) 
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7

7 1 2

2 12 16 16 16 16

H M
T T

H H H H H

7I 0 0 Z 0 I 0 Z 0
0 M 0 Z K C C D AD Z F
0 0 T X K D AD S X 0

1 2 M1 2 M1 21 211 21

HHH HHH

, (3.23) 

where KH is the stiffness matrix of the hydraulic system; CH is the coefficient matrix of the 

fluid subsystem; D2 is a linear transformation matrix. 

 3.4 Modal analysis 
To perform the modal analysis using the vehicle model derived before, equation (3.22) need 

to be written as the following standard state space equation 

 X AX BFX AX B , (3.24) 

where A and X represent the system matrix and the state variable vector respectively. With 

solving the eigen problem of the system matrix A, seven pairs of conjugate eigenvalues and 

eigenvectors of the structural system can be obtained.  

Table 3.3 shows the natural frequencies and modal shapes of the vehicle without anti-roll 

bars. From the table, it can be seen that the first three columns are body predominant modes: 

body roll, body bounce and body pitch. The last four columns are wheel predominant modes: 

wheel pitch, wheel roll, wheel bounce and warp. Bounce and pitch modes both involve body 

vertical movement and pitch angular movement that illustrates the deep coupling between 

these two modes.  In warp mode, the vehicle body motion is very small compared to wheel 

motions. As the inertia properties of the vehicle are kept the same, so the natural frequency 

indicates the overall stiffness of each motion mode.  The increased natural frequency means 

increased stiffness of this mode.  
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Table 3.3 Modal analysis of vehicle with spring-damper only 

Modes 
1st 2nd 3rd 4th 5th 6th 7th 

Body 
roll 

Body 
bounce 

Body 
pitch 

Wheel 
pitch 

Wheel 
roll 

Wheel 
bounce Warp 

Natural Frequency 
(Hz) 1.27 1.38 1.53 13.09 13.16 13.23 13.33 

Damping ratio 0.156 0.186 0.174 0.296 0.292 0.294 0.285 
Modal shapes 

Wheel 1 (front left) 1 1 1 1 1 1 1 
Wheel 2 (front right) -1 1 1 1 -1 1 -1 
Wheel 3 (rear right) -0.811 0.081 -10.29 -0.025 -0.911 40.588 1.087 
Wheel 4 (rear left) 0.811 0.081 -10.29 -0.025 0.911 40.588 -1.087 

CG vertical 
displacement 0 -3.23 32.29 0.062 0 2.44 0 

Pitch angle 0 -2.191 -24.16 0.043 0 -1.798 0 
Roll angle -10.20 0 0 0 0.099 0 -0.067 

 

Table 3.4 is the summary of the natural frequencies of three different vehicle configurations. 

They are 1) vehicle with spring-damper only, 2) vehicle with anti-roll bars, and 3) vehicle 

with roll-plane HIS. From the comparison it can be seen that the vehicle roll mode natural 

frequency increases from 1.27 Hz to 1.56 Hz with the anti-roll bars and to 1.82 Hz with the 

roll-plane HIS. The warp mode natural frequency with anti-roll bars rises from 13.33 Hz to 

14.18 Hz, but the roll-plane HIS system remained with almost no change. The results 

illustrate that anti-roll bars can improve the roll stiffness while bounce mode maintained the 

same, but the effect on warp mode is negative. The stiffened warp mode implies decreases 

in road holding ability. The roll-plane HIS can provide even stiffer roll mode than anti-roll 

bars, which agrees well with the testing results in the reference [42]. More important is that 

both bounce and warp modes are kept very much the same. It clearly demonstrated the 

advantage of the mode decoupling property of the HIS system over anti-roll bars. 
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Table 3.4 Natural frequency comparisons of three configurations 

Natural Frequency 
(Hz) 

Body 
roll 

Body 
bounce 

Body 
pitch 

Wheel 
pitch 

Wheel 
roll 

Wheel 
bounce Warp 

Without anti-roll 
bars 1.27 1.38 1.53 13.09 13.16 13.23 13.33 

anti-roll bars 1.56 1.38 1.53 13.09 13.97 13.23 14.18 
Roll-plane HIS 1.68 1.39 1.53 13.10 14.04 13.24 13.30 

3.5 Simulations 

 3.5.1 Simulation conditions 
Tyre force variation is also called load transfer, and it is studied here to understand how the 

road holding ability is affected. The aforementioned three different vehicle configurations 

are compared. The vehicle with spring-damper only is used as a benchmark. To compare the 

effects of anti-roll bars and the HIS on the road holding ability under different road 

conditions, three sets of warp excitations and a set of single wheel hop excitations are 

adopted in both simulations and experiments. For simplifying and normalizing the test 

conditions, the excitations for warp motion mode are chosen to be sinusoidal. An example 

of the warp excitations with 50 mm amplitude and 0.2 Hz frequency are presented. As 

shown in Figure 3.2, two in-phase ground inputs act on the front left and rear left wheels 

and two out-of-phase ground inputs act on the front right and rear right wheels. The other 

two sets of road excitations are similar but with 10 mm and 3 mm amplitude, and 1 Hz and 

10 Hz frequencies respectively. As shown in Figure 3.3, the ground input of the single 

wheel hop is used to simulate a 50 mm bump on the road. These test scenarios represent 

typical driving conditions, although larger displacement would be experienced during 

extreme off-road driving. 
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Figure 3.2 Excitation signal example (50 mm amplitude and 0.2 Hz frequency) 

 
Figure 3.3 Single wheel hop 

 3.5.2 Simulation results 

 3.5.2.1 Sinusoidal warp road excitations with 50 mm amplitude 
and 0.2 Hz frequency 

Since the effects of the warp motion mode on vehicle handling are more pronounced at 

lower frequencies, for instance when the vehicle is running on an uneven surface at 
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relatively low speed, the frequency of the road excitations is chosen as 0.2 Hz in agreement 

with the signal in Figure 3.4. The ground excitations simulate the vehicle running on a 

sinusoidal road surface with left and right track 180 degrees of phase shift. The frequency of 

0.2 Hz is equivalent to a speed of 5 kilometres per hour if the wavelength of the road 

surface is 6 metres and the wheelbase of the vehicle is 3 metres. 

Due to the system symmetry, only the force variations of the front right and rear left tyres 

are presented here in Figure 3.4 and Figure 3.5. From the results, a larger force variation is 

observed for the anti-roll bars, but that of the conventional suspension and HIS are almost 

the same. It seems that the change of the warp mode natural frequency from 13.33 Hz to 

14.18 Hz by the anti-roll bars is not significant, but the tyre force variations have increased 

substantially by 56% at the front and 57% at the rear.  

 

Figure 3.4 Tyre force at front right in simulation under 50 mm and 0.2 Hz road input 
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Figure 3.5 Tyre force at rear left in simulation under 50 mm and 0.2 Hz road input 

 

Figure 3.4 and Figure 3.5 indicate that when the vehicle speed is low, the vehicle with anti-

roll bars shows much worse road holding performance than the other two configurations. 

The roll and pitch angular velocities at the CG of the vehicle body are shown in Figure 3.6 

and Figure 3.7. In Figure 3.6, the employment of the roll-plane HIS reduces the roll angular 

velocity of the vehicle by 68%, while the anti-roll bars causes an increase of 35%. It is 

noticed that the roll angular velocity of the vehicle with anti-roll bars is out of phase with 

the other two curves, which is induced by the anti-roll bars adding more roll stiffness at the 

front of the vehicle and less at the rear. The distributions of the roll stiffness of the vehicle 

body have been changed. Thus, roll motions of front and rear of the vehicle body are 

different with anti-roll bars.  
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Figure 3.6 Roll angular velocity at centre of gravity in simulation  

 

Figure 3.7 Pitch angular velocity at centre of gravity in simulation  
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It can be seen from Figure 3.6 that the anti-roll bars do not reduce the roll angular velocity. 

It is because that under the warp mode, the vehicle body can only move slightly and the 

motion of the vehicle body is not a standard roll motion. Furthermore, as mentioned in 

Chapter2, both the anti-roll bars and the passive HIS can reduce the roll angle of the vehicle 

by adding roll stiffness to the vehicle, so they are able to handle the roll motion caused by 

lateral excitations but cannot deal with the roll motion caused by ground excitations. The 

roll and pitch angular velocities are adopted here to compare the effect of the anti-roll bars 

and the HIS on the ride comfort of the vehicle. The obtained different roll angular velocities 

are mainly caused by the different structures, mass and stiffness distributions of the anti-

rollbars and the HIS as well as the additional damping introduced by the HIS. 

The pitch angular velocities reduce to 66% and 45% of the benchmark with the mounting of 

the HIS and anti-roll bars in simulations as shown in Figure 3.7. However, in consideration 

of the order of magnitude, the pitch rates are much smaller than the roll rates. Hence, they 

are insignificant when considering the ride comfort. As indicated in Figure 3.6 and Figure 

3.7, the HIS improves the ride comfort but anti-roll bars worsen it. 

It can be seen form Figure 3.7 that the anti-roll bars reduce the pitch angular velocity more 

than the HIS. The reason is that in the warp mode, the pitch angular velocity is even smaller 

than the roll angular velocity on the centre of gravity. As same as the roll motion, the pitch 

motion is influenced by the different structures, mass and stiffness distributions of the anti-

rollbars and the HIS.  
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 3.5.2.2 Sinusoidal warp road excitations with 10 mm amplitude 
and 1 Hz frequency 

For investigating the effects of anti-roll bars and the HIS on the tyre force variations at 

relatively high frequencies and small amplitudes, the warp excitations with 10 mm and 1 Hz, 

3 mm and 10 Hz are adopted. In this simulation, the amplitude of the excitations is 10 mm, 

and the frequency is 1 Hz.  

 

Figure 3.8 Tyre force at front right in simulation under 10 mm and 1 Hz road input 
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Figure 3.9 Tyre force at rear left in simulation under 10 mm and 1 Hz road input 

The frequency of 1 Hz is equivalent to a speed of 22 kilometres per hour if the wavelength 

of the road surface is 6 metres and the wheelbase of the vehicle is 3 metres. The front right 

and rear left tyre forces are shown in Figure 3.8 and Figure 3.9, from which it can be seen 

that the tyre load variations of the test vehicle are also in coincidence with the modal 

analysis results, but the data with the HIS increase slightly by 26% at the rear and 18% at 

the front due to the system damping of the HIS. However, they are still better than that of 

the anti-roll bars (increase by 67% at the front and 36% at the rear). 

 3.5.2.3 Sinusoidal warp road excitations with 3 mm amplitude 
and 10 Hz frequency 

With the frequency of road excitations increasing to 10 Hz, the results describe a different 

tendency in Figure 3.10 and Figure 3.11.  
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Figure 3.10 Tyre force at front right in simulation under 3 mm and 10 Hz road input 

 

Figure 3.11 Tyre force at rear left in simulation under 3 mm and 10 Hz road input 
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The frequency of 10 Hz is equivalent to a speed of 43 kilometres per hour if the wavelength 

of the road surface is 1.2 metres and the wheelbase of the vehicle is 3 metres. When 

equipped with anti-roll bars, the tyre force variations decrease by 26% at the front and 12% 

at the rear. The tyre force variations of the test vehicle with the HIS are similar with the 

benchmark, with reductions of 5% and 1% at the front and rear respectively.  As can be seen 

from the simulation results, when the vehicle speed is relatively high, the vehicle with anti-

roll bars shows slightly better road holding performance than the other two configurations. 

 3.5.2.4 Single wheel hop with a 50 mm bump 
In the simulation of the single wheel hop, the front left wheel is forced to move up and 

down with a 50 mm bump, as shown in Figure 3.3.  

 

Figure 3.12 Bump response of the tyre force at the front left in the simulation  
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Figure 3.13 Bump response of the tyre force at the front right in the simulation 
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 3.6 Experiments 

 3.6.1 Test conditions and setup 
For the validation of the simulation results, a set of tests has been done on a four-post test 

rig with a typical SUV. Experimental implementations need to remove the anti-roll bars 

from the vehicle and then install the specifically designed HIS system on the SUV. The 

hydraulic accumulators of the HIS system need to be pre-charged with nitrogen to a specific 

working pressure. The higher the pre-charged pressure, the greater the roll stiffness induced 

by the HIS system, and vice versa. In this test, the accumulators are pre-charged with 1 Mpa 

pressure and the system working pressure is set as 3 Mpa when carrying out the test. 

The vehicle responses have been obtained under four sets of different road excitations, 

which are in agreement with the road excitations in the simulations. Tyre loads are 

measured by the four load cells mounted on the four wheel plates of the four-post test rig. 

Moreover, a two-axis gyroscope is installed at the vehicle’s CG between the two front seats 

to measure roll and pitch angular velocity. The data from sensors are logged by a National 

Instruments acquisition system (USB-6343 X-series) in conjunction with LABView. 

 3.6.2 Test rig 
The suspension test rig consists of four independently controlled servo actuators powered by 

a large hydraulic power unit. The photo of the 4-post test rig with the testing vehicle is 

shown in Figure 3.14 and the motor-pump power unit of the test rig is shown in Figure 3.15. 

The actuators are positioned and fixed according to the vehicle’s wheelbase and track. Each 

wheel sits on a suitable wheel plate that is mounted to the actuator’s piston rod. The wheel 
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plates feature guard rails to restrain the wheels laterally, but the wheels are not restrained in 

the vertical direction. These constraint conditions are suitable for the data logging of the 

tyre load variations.  

        
Figure 3.14 Four-post test rig and test vehicle 

 

 

Figure 3.15 Motor-pump power unit of the test rig        
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The four-post system’s operating limitations are as follows: 

Table 3.5 Four-post test rig specifications 

Vehicle weight (max.) 3000kg 
Wheel base adjustment range 2450 - 2890 mm 
Tack width adjustment range 1460 – 1720 mm 
Actuator:  
Amplitude (max.)  80 mm 
Frequency (max.) 35 Hz 
Force (rated max.)  40 kN 
Acceleration (max.) 20 g 
Velocity (max.) 0.8 m/s 
Typical unsprung mass(per 
actuator) 

75kg 

Base mount independent x-y positioning mechanism for easy 
adjustment of track width and wheel base 

Wheel pan rectangular design for easy roll-on; safety skirt to 
prevent vehicle roll-off; provision for load cell 

Control system:  
Servo controller Roll and bounce modes; independent excitation 

 

 3.6.3 HIS mounting 
Both the HIS and the active HIS systems are mounted on the test vehicle for this research. 

The details of the HIS mounting are shown in Figure 3.16, where Figure 3.16(a)-(d) 

illustrated the mounted front and rear hydraulic cylinders, left and right accumulators 

respectively. The active HIS mounting and the details of the control unit will be introduced 

in Chapter 4. The hydraulic cylinders of the HIS are mounted between the wheels and 

chassis of the test vehicle, and they are parallel with the original coil springs. At the front 

wheel stations, the cylinder bodies are mounted to the vehicle chassis at the top and hinge 

jointed to the control arm at the bottom, as shown in Figure 3.16(a). The overall stroke of 
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the cylinders matches the suspension travel, and the mounting location of the cylinder does 

not affect the wheel turning. At the rear wheel stations, the cylinders pivot the vehicle body, 

while the cylinder rod ends hinge joint to the lower control arm of the wishbone suspension, 

as shown in Figure 3.16(b).  

                
(a) Front wheel hydraulic cylinder                                           (b) Rear wheel hydraulic cylinder 

               
 (c) Left accumulator                                           (d) Right accumulator 

Figure 3.16 HIS installation 

Flexible hoses are used to connect the inlets/outlets of the four cylinders to the rigid piping 

system to allow free movement of the cylinders. The hydraulic piping system is placed 

underneath the vehicle chassis, interconnecting the hydraulic cylinders into two circuits 

according to the schematic diagram in Figure 2.1. Each circuit employs a hydraulic 
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accumulator for adjusting the roll stiffness [115]. Two hydraulic accumulators are placed at 

the left and right side underneath the vehicle body and supported by brackets, as show in 

Figure 3.16(c) and Figure 3.16(d). As can been seen from Figure 3.16(c) and Figure 3.16(d), 

two three-way ball valves are employed in the test rig, which enable the switching between 

the HIS and the active HIS. When the hydraulic circuits are connected to the accumulators, 

the HIS is ready for working. While they are connected to the control unit, the active HIS is 

ready to run.  

 3.6.4 Sensors and data acquisition system 
The data are acquired from 14 mounted sensors that can cover most aspects of the vehicle 

dynamics. Low-cost load cells are adopted in this experiment. As mentioned before, they 

are mounted on the wheel plates of the four-post test rig, as shown in Figure 3.17.  

 

Figure 3.17 Mounted load cells 

Load cells 
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The specifications of all the mounted sensors are shown in Table 3.6. NI data acquisition 

system and Labview are used to log the data. The sensor power board is able to power up to 

20 sensors, and the NI data acquisition board can host 32 analogy input channels.  

Table 3.6 Specifications of the mounted sensors 

Code Category Mounted position Quantity 
500Kg*4 Load cell Test rig plates 4 

HP_24DCTC LVDT Rear wheels  2 
HP_7DCTC LVDT Front wheels 2 
AST4000C Pressure transducer Inside cylinders 2 

MMA7361L Acceleration sensor Mass center 2 
LPY503AL Two-axis Gyrometer Mass center 2 

 
 

 3.6.5 Experimental results 

 3.6.5.1 Sinusoidal warp road excitations with 50 mm amplitude 
and 0.2 Hz frequency 

The experimental results in the first set of tests agree well with the simulation results. As 

illustrated in Figure 3.18 and Figure 3.19, the tyre-ground forces of the conventional spring-

damper suspension and the HIS are almost the same. The amplitude is around 4 kN at the 

front and 3 kN at the rear. The difference between the front and rear tyre force variations is 

mainly due to the difference of the spring stiffness and load distributions at the front and 

rear of the vehicle. Normally the front coil spring is softer than the rear spring, and the CG 

of the vehicle is closer to the front axle. When the car is installed with anti-roll bars and 

tested with the same ground input, the variations of the tire forces are raised by 49% and 50% 

compared to those of the vehicle with spring-damper only at the front and rear respectively. 
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Figure 3.18 Measured tyre force at front right under 50mm and 0.2Hz road input 

 

Figure 3.19 Measured tyre force at rear left under 50mm and 0.2Hz road input 
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From the well-matched simulation and experiment results in the first set of tests, it is 

demonstrated that under ground excitations with low frequency, the anti-roll bars weaken 

the road holding ability of the vehicle, but the HIS has almost no influence. It can be also 

seen that when the vehicle speed is low, the damping effect of the HIS is almost negligible, 

so the vehicle with the HIS behaves almost the same as the vehicle without additional roll 

stiffness, i.e. with neither anti-roll bars nor the HIS. 

The test results of the roll and pitch angular velocities of the vehicle body are shown in 

Figure 3.20 and Figure 3.21. It can be seen from Figure 3.20 that the tendency of the roll 

rate is similar to the simulation results, the curve of the HIS is in phase with that of the 

conventional suspension, but the curve of the anti-roll bars is out of phase with them.  

 

Figure 3.20 Measured roll angular velocity at centre of gravity 
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Figure 3.21 Measured pitch angular velocity at CG 
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was equipped with anti-roll bars, the roll rate also decreases by 21%. The pitch rates of the 

three configurations are similar as shown in Figure 3.21. As discussed before, the pitch rates 

are ignorable because their amplitudes are much smaller than those of the roll rates when 

considering the ride comfort. From both the simulation and experiment results, it can be 

seen that the HIS does not worsen the ride comfort of the test vehicle.       

 3.6.5.2 Sinusoidal warp road excitations with 10 mm amplitude 
and 1 Hz frequency 

The comparison of the tyre loads under the warp with 10 mm amplitude and 1 Hz frequency 

are presented in Figure 3.22 and Figure 3.23. It can be seen that the test results are similar to 

the simulation results. With the anti-roll bars, the tyre forces increase by 63% and 30% at 

the front and rear wheels respectively, but the employment of the roll-plan HIS does not 

affect the tire variations much, with 35% and 17% increase at the front and rear. From the 

simulation and experiment results, it can be seen that as the frequency of the road 

excitations rise to 1 Hz, the road holding ability of the test vehicle with the HIS is still better 

than that of the vehicle with anti-roll bars. When the vehicle speed is not low, the damping 

effect of the HIS is obvious. It brings negative impact to the vehicle’s road holding ability 

although less than that brought by the anti-roll bars. However, since the inlets/outlets of the 

hydraulic cylinders are designed with a very small size (with a diameter of 8 mm only), 

which bring about the majority of the damping effect, the performance of the HIS can be 

improved by redesigning the inlets/outlets of the hydraulic cylinders. 
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Figure 3.22 Measured tyre force at front right under 10 mm and 1Hz road input 

 
Figure 3.23 Measured tyre force at rear left under 10 mm and 1Hz road input 

0 1 2 3 4 5 6
4

4.5

5

5.5

6

6.5

Time/s

Ty
re

 g
ro

un
d 

fo
rc

e/
kN

 

 
Spring-damper
HIS
Anti-roll bars

0 1 2 3 4 5 6
4

4.5

5

5.5

6

6.5

Time/s

Ty
re

 g
ro

un
d 

fo
rc

e/
kN

 

 
Spring-damper
HIS
Anti-roll bars



An Investigation into the Road Holding Ability of the HIS 
 

61 
 

 3.6.5.3 Sinusoidal warp road excitations with 3 mm amplitude 
and 10 Hz frequency 

The experimental comparison of the tyre forces under 10 Hz and 3 mm warp excitations are 

shown in Figure 3.24 and Figure 3.25. It can be seen that the responses of the anti-roll bars 

are similar to the simulation, with 15% and 9% reductions compared to the vehicle with 

spring-damper only at the front and rear respectively. However, the responses of the HIS are 

different from the simulation, with an increase of 34% at the front but with a decrease of 9% 

at the rear compared with the benchmark. This difference is mainly induced by the 

linearized HIS system model, which is not able to accurately describe the nonlinear factors 

of the hydraulic system, such as piston frictions and nonlinear damping. When the vehicle 

speed is relatively high, the damping effect of the HIS is very obvious.  

 
Figure 3.24 Measured tyre force at front right with 3mm and 10Hz road input 
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Figure 3.25 Measured tyre force at rear left with 3mm and 10Hz road input 
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road driving is always along with a relatively low speed. Hence, the influence of the roll-

plan HIS at high frequency is ignorable when considering the road holding ability of the 

vehicle. 

 3.6.5.4 Single wheel hop with a 50mm bump 
The experimental bump responses of the front left and front right tyres are compared in 

Figure 24 and Figure 25. It can be seen that the HIS raises the tyre load variations gently 

with 23% and 22% at the front left and front right tyres respectively. However, in 

comparison with the benchmark, the tyre forces of the vehicle with anti-roll bars increase 

significantly by 115% and 85% at the front left and front right.  

 

Figure 3.26 Measured tyre force at the front left with a bump road input 
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Figure 3.27 Measured tyre force at the front right with a bump road input   
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3.7 Summary 
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0 1 2 3 4 5 6 7 8

4.6

4.8

5

5.2

5.4

Time/s

Ty
re

 g
ro

un
d 

fo
rc

e/
kN

 

 
Spring-damper
HIS
Anti-roll bars



An Investigation into the Road Holding Ability of the HIS 
 

65 
 

HIS and anti-roll bars on different motion modes. The simulations of vehicles with the HIS 

and anti-roll bars are implemented under four specific sets of ground excitations. Their 

experimental validations are implemented on a four-post test rig. 

Both the simulation and experiment results show that when the car is running under warp 

ground excitations with a low frequency and a large amplitude (e.g. 0.2 Hz and 50 mm), 

which is the usual situation of off-road driving, anti-roll bars significantly weaken the road 

holding ability of the vehicle. By contrast, the HIS system has a negligible effect on the road 

holding ability of the vehicle. From the comparison of the roll and pitch rates, it can be seen 

that the roll-plane HIS does not worsen the ride comfort of the vehicle. When the frequency 

of the road excitations is not very low (e.g. 1 Hz), anti-roll bars have an even large negative 

effect on the vehicle’s road holding ability and the HIS also has an obvious negative 

damping effect on the vehicle’s road holding ability, but the road holding performance of 

the test vehicle with the HIS is still better than that with the anti-roll bars. Although under 

warp excitations with a high frequency and a small amplitude (e.g. 10 Hz and 3 mm), the 

road holding performance of the HIS is not as good as anti-roll bars, it is not a typical off-

road driving and the tyre load variations are small, so that the negative damping effect of the 

HIS at high frequency is negligible. Furthermore, the inlets/outlets of the hydraulic 

cylinders can be redesigned to be larger to reduce the damping effect. Under a ground 

excitation with complex motion modes, single wheel hop, the additional stiffness of the HIS 

has a small negative effect on the road holding performance, but it is much better than the 

anti-roll bars.  
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In summary, for vehicles in need of an enhanced roll stability to compensate for the high 

CG, as well as a strong off-road passage capability (e.g. military vehicle, large commercial 

vehicles, off-road vehicles, SUV and so forth), the roll-plane HIS system, as a potential 

replacement of anti-roll bars, is a very promising option. 
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 The Study of the Active HIS with H∞ 4
Control 

 4.1 Introduction and rationale 
The ride and roll resistance performance of the HIS has been studied in previous research 

found in the literature and the road holding performance of the HIS has also been presented 

in Chapter 3. For further investigating the HIS system, development has advanced in this 

study to the active HIS system with a control unit added. The exploration of the active HIS 

for better anti-roll performance is presented in subsequent chapters. In this chapter, an 

attempt is made to validate the active HIS with an output feedback H∞ Controller 

experimentally. 

As the H∞ control is a model-based control method, this chapter begins with system 

modelling. An empirical model of the active HIS equipped vehicle is adopted for the 

development of the H∞ controller. Then the designed controller is validated on a real car. 

The SUV that appeared in Chapter 3 is also used as the test vehicle and assembled with the 

developed active HIS system. Based on a real-time communication board, the control force 

is applied through the active HIS to stabilise the roll motion of the test vehicle. The test is 

performed on the full-scale 4-post test rig introduced in Chapter 3. Ground roll excitation is 

described as two out-of-phase displacement inputs acting on the left and right wheels. In 

this Chapter, three sets of ground excitations are used to stimulate the roll motion of the 

vehicle body. 
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 4.2 Background 
The active HIS, evolved from passive HIS systems, directly supplies restoring forces to the 

vehicle chassis. It differs itself from semi-active suspension, which can only consume the 

vehicle vibration energy passively by adjusting the viscous damping coefficient of the shock 

absorbers.  

To counteract the vehicle body’s roll motion induced by cornering, the active HIS needs to 

provide sufficient forces to the vehicle body, in order to negate the roll moment generated 

by the centrifugal force. From a mechanical point of view, the control to minimise roll angle 

during cornering (e.g., roll-free cornering) does not consume much energy of the active HIS, 

because only vertical forces vary while suspension deflection remains unchanged [116] and 

not much work has been done during this process.  

The passive HIS system or anti-roll bars are also adequate in reducing vehicle roll angle 

during cornering. However, due to the increased roll stiffness, a vehicle’s ride comfort is 

slightly compromised under ground excitations, in particular, the coherence of the 

excitations along the left and right tracks. In contrast, the active HIS is able to compensate 

for the road unevenness and minimise the vehicle body roll angle in a way that is superior to 

passive HIS. For the vehicle body levelling control under ground excitation, since the active 

HIS needs to do work to expand or compress actuators to achieve the desired suspension 

deflection, there will be energy consumption from its operation.  

From the above discussion of the two control scenarios, the active suspension system can be 

very energy efficient in achieving the handling and safety-related objectives, but for 
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achieving a better ride performance (body levelling control), a certain amount of energy is 

required. So the overall energy management strategy for active suspension depends on how 

to balance ride comfort and handling related control objectives.  

As discussed in Chapter 2, various control approaches have been applied to improve the 

performance of active suspensions.  H∞ is recognised as one of the most robust and 

effective optimal control strategies. It was employed in active suspension control from the 

quarter-car model based, half-car based to full-car model based applications, but most of 

them were only studied by simulations. The experimental H∞ control implementation on a 

full-car level with a practical active suspension system is of great interest to extend the 

research on active suspensions into engineering practice. For the implementation of the 

controller on the real SUV, a primary H∞ output feedback controller is designed in this 

chapter. 

 4.3 Model description  
The effectiveness and performance of the H∞ controller are largely determined by the 

mathematical modelling of the physical plant; thus an appropriate model and correct 

parameters of the active suspension (mainly the pressure control unit) are essential for this 

model-based optimal controller. The modelling has to be simple enough for the controller 

design and also has to capture the system dynamic characteristics. 

 4.3.1 Model estimation of active HIS  
The pressure control unit includes a motor-pump set, an accumulator and a pressure control 

servo-valve, as well as a tank, a filter and other hydraulic fittings. The modelling and 
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parameter estimation of the active system are vital to the control performance of the model-

based controllers, e.g., LQR and H∞ in this case. The way of individually modelling each 

element could be theoretically accurate and ideal, but nevertheless, the parameter values for 

this ideal model are very hard to be derived and the estimation method for these physical 

parameters is very much limited by available testing methods. 

Without correct parameters, a complex model with a larger number of degrees of freedom 

makes less sense. Hence, an empirical modelling method [117] is used to estimate the 

hydraulic model and corresponding parameter values by testing the assembled active 

pressure control unit separately from the vehicle system. The setup for the testing is 

illustrated in Figure 4.1 and described as follows.  

M
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Motor-pump

Tank
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Figure 4.1 Schematic drawing of the testing setup 

 

The output ports of the pressure control unit are connected to a double acting cylinder that is 

locked in a middle position. A pressure transducer is located at the port of the upper 
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cylinder chamber. The pressure command signal sent to the servo-valve is a sinusoidal 

signal at different frequencies, and the actual pressure measured at the cylinder port is 

acquired for comparison. 

Both the command and measured signals are collected by a National Instruments data 

acquisition board. The differences between these signals regarding the magnitude and phase 

delay are calculated from the obtained results and plotted against the frequency, shown in 

Figure 4.2.  

 

Figure 4.2  Empirical model estimation in Bode graph 
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 2 2

( ) 1
( ) 1 (2 / ) /n n

P s
I s w s s w

, (4.1) 

where P(s) represents the measured pressure signal, and I(s) is the input command signal. wn 

is the natural frequency, ξ is the damping ratio; by curve fitting, the optimised value of wn 

and ξ  are estimated as 68 Hz, and 0.57,respectively. The estimated system frequency 

response is also shown by the solid line in Figure 4.2.  

To be consistent with the vehicle modelling from previous work [118],  the hydraulic 

system’s transfer function needs to be converted into state-space form. The resulting state-

space equation and system matrices are presented as    

 p p p p

p p p p

X A X B inp

Y C X D inp
p pX A Xp pp , (4.2) 

where  

 
487.1 356.5 16
512 0 0

0 22.28 0

p p

p p

A B

C D
; (4.3) 

inp is the pressure signal command to the pressure control unit; and YP is the actual 

pressure in the actuator. 

 4.3.2 Model integration 
A model of smaller dimensions is preferable in the designing of advanced controllers, so the 

obtained hydraulic model is combined with a 4-DOF half-car model shown in Figure 4.3. 
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Figure 4.3 Half-car model integrated with active HIS 

By defining the vehicle state vector 1 2 1 2

T

c s u u s u uz z z z z zX z u s2222 z22z 2s u1s u11s u1z z 1  and force 

vector 1 2 1 2
Tw w f fF , where w1, 2  are the road input, and  f1,2  are the control forces 

applied by the two actuators shown in the half-car model, we have system equations of the 

half-car model in the state-space form                            

 c c c cX A X B Fc c cX A X , (4.4) 

and the system matrices are defined as 

 1 1
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c c
road contr

0 I
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B BM K M C
, (4.5) 

where                                     
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Now we can integrate the derived hydraulic model with this half-car model and derive the 

combined system model in state-space by defining the state vector as

1 2 1 2 1 2

T

s u u s u u p pz z z z z z x xX zs u u s1 2222 z2z 22s u1s u1s u1z z 1s u1  , and input vector as 1 2
Tw w pu ,                   

 X AX BuX AX B . (4.7) 

The system metrics are defined as follow   

 

1 1

10 3

10 10

0
0 0
0

p
contr

p road

p p

a
a

C
M C M K B

C B
A I 0 0 B

0 0 A B
, (4.8) 

Bp is the excitation form the bump, please refers to Equation (4.9); Broad is the excitation 

from ground; a is the piston area with the assumption that the cylinder has equal piston area 

in both chambers to simplify the system model.   
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 4.4 Output feedback H∞ controller design 
A basic H∞ controller is designed based on the combined system model that contains the 

dynamics of the active suspension. The sprung mass roll angle is set as the feedback signal 

and also the control target. As shown in the control diagram in Figure 4.4, road excitation d 

is the external input to the vehicle fitted with the active suspension; body roll angle y is the 

feedback signal for the H∞ controller; and pressure control command signal Pa is the output 

signal from the controller.  

 

Figure 4.4 Block diagram of the designed H∞ control 

 

The objective of the H∞ algorithm is to minimise the roll angle of the vehicle body e. If V 

represents the system matrix of the integrated model and K represents the controller, the 

system can be expressed as         
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The H∞ controller can minimise the H∞ norm of the transfer function matrix Hed to stabilise 

the system,                             

 min
S

edK K
H . (4.12) 

From Equations (4.10) and (4.11), we obtain         

 ( , )ede dH V K , (4.13) 

where [119]    

 1( , ) ( )ed ed eF yF ydH V K V V K I V K V . (4.14) 

In H∞ derivation, weighting functions are necessary to be employed to optimise the 

distribution of the control resource over the excitations. Wd1 and Wd2 are weighting 

functions of the ground excitation to the left and right wheels. The low-frequency contents 

are more significant than the high-frequency signals. In this design, a 10Hz low-pass filter is 

obtained and tuned from the model-based simulation in MATLAB and is verified in 

experiments.  It is described by Equation (4.15) and (4.16), and its Bode graph is shown in 

Figure 4.5.                               

 1
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s

  (4.15)                            
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Figure 4.5 Weighting functions of the ground excitation Wd1 and Wd2 

 

Wy is the measured output weighting function determined by the control strategy that 

highlights the controlled frequency range of the vehicle motions. Since the active HIS is 

targeting the large motions associated with the vehicle body that are in the low-frequency 

range, the Wy in Equation (4.18) is applied to roll angle measurement. The Bode graph of 

the Wy is presented in Figure 4.6.  
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Figure 4.6 Weighting functions of measurement output Wy 

 

Wact is the measured output weighting function, which is related to actuator response 

frequency. Due to the electrohydraulic system employed in the active suspension, the 

expected working frequency band is limited by the servo-valve response frequency, which 

is approximately 80Hz in this case. Command signal in higher frequency range will induce 

larger phases shift and may cause oscillation or even instability. Hence, the control forces 

have to be decreased in the higher frequency range. Wact in Equation (4.19) can reduce the 

effect of the control force in a high-frequency domain, and is derived in simulation, tuned 

and verified in testing.  The Bode graph of the Wact is presented in Figure 4.7.                
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  (4.19) 

 

Figure 4.7 Variation of weighting functions of the actuator control force Wact 
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The pressure control unit mentioned in Chapter 2 is assembled and mounted underneath the 

vehicle chassis, as shown in Figure 4.8. The obtained H∞ controller in MATLAB is applied 
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and the hardware of the test rig. This setup saves the time of controller tuning and 

accelerates the controller development cycle. The experiments are also conducted on the 

full-scale 4-post test rig, which is shown in Figure 3.14(a).  

             

(a) Assembled                                                                    (b) Mounted 

Figure 4.8 Assembled and mounted pressure control unit of the active HIS 

 

 
Figure 4.9 Simulink-based real-time implement board      

 

The obtained experimental results are presented to compare the vehicle’s roll angle and 

suspension deflection before and after control. Three sets of tests with different ground 

excitations are implemented. The ‘Benchmark’ and the ‘Active’ in the figures represent the 
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test results with and without active HIS system respectively. When the right side of the 

vehicle body is higher than the left side, the roll angle is defined as positive roll angle, and 

when it is lower, the roll angle is defined as negative roll angle.  

 4.5.2 Experimental results 

 4.5.2.1 Continuously sinusoidal road input 
The obtained results from the first set of tests are presented in Figure 4.10. The ground 

excitation signal is described as two out-of-phase 0.01 m, 0.5 Hz sinusoidal waves to the 

left- and right-side wheels, shown in Figure 4.10(a). The restoring roll moment supplied by 

active HIS is shown in Figure 4.10(b). The vehicle body roll angle and roll rate before and 

after active control are measured and compared in Figure 4.10(c) and Figure 4.10(d) 

respectively. Benchmark data is collected using the same test procedure but with active 

suspension disabled. The result shows the roll angle has been significantly reduced by the 

active HIS with 37.5%.  
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 (c) Roll angle                                                                  (d) Roll rate                             

 
(e) Left suspension deflection                                         (f) Right suspension deflection 

Figure 4.10 Experimental result of the continuously sinusoidal input 

 

Figure 4.10(e) and Figure 4.10(f) compare the suspension deflections at rear-left and rear-

right wheel stations. It can be seen that before control suspension deflections almost 
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 4.5.2.2 Half sinusoidal road input 
Figure 4.11 depicts the results of the second set of tests. The ground excitation to the 

experimental car is a couple of oppositional half sinusoidal waves, with the amplitude of 

0.02 m and frequency of 0.5 Hz, which is shown in Figure 4.11(a). The anti-roll moment 

input by the active HIS is presented in Figure 4.11(b).  

The comparison of vehicle body roll angle from the tests with/without active HIS control is 

presented in Figure 4.11(c). The obtained results show that there is 44.5% reduction in the 

peak roll angle from the active HIS test. However, it takes slightly longer for the system to 

come back to still. The corresponding roll rate is described in Figure 4.11(d). 

The suspension deflections at rear-left and rear-right wheel stations are compared in Figure 

4.11(e) and Figure 4.11(f).  In the benchmark test, the active HIS is turned off, and there is 

very limited suspension deflection. When the active HIS is turned on, it is noticed that the 

left suspension is considerably extended by the hydraulic actuator to compensate for the 

vehicle body’s motion, reducing body roll angle. 
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(c) Roll angle                                                                  (d) Roll rate                 

 
     (e) Left suspension deflection                                       (f) Right suspension deflection 

Figure 4.11 Experimental result of the half sinusoidal road input 

 

 4.5.2.3 Single sinusoidal input 
In the third set of tests, the ground excitations to left and right wheels are two out-of-phase 

sine waves (one cycle only), at 0.5Hz with the amplitude of 0.02m, as shown in Figure 

4.12(a). The results are described in Figure 4.12(b - f). The anti-roll moment generated by 

the hydraulic actuators is illustrated in Figure 4.12 (b). The roll angle and roll rate response 

before and after using active HIS are compared in Figure 4.12(c) and Figure 4.12(d), 
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                           (a) Ground excitation                            (b) The restoring roll moment supplied by active HIS 

 

                                  (c) Roll angle                                                                  (d) Roll rate           

 

                      (e) Left suspension deflection                                      (f) Right suspension deflection                             

Figure 4.12 Experimental result of the single sinusoidal road input 
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From Figure 4.12(c) it can be seen that the roll angle decreases by 37.2% on the positive 

peak and 18.9% on the negative peak. The rear-left and rear-right suspension deflections are 

shown in Figure 4.12(e) and Figure 4.12(f), respectively.  It is clear that both left and right 

suspensions in the active case have larger motions than the benchmark, thanks to the active 

suspension system, which compensates the vehicle body’s motion by varying suspension 

travel. 

 4.6 Discussions 
The measured results of the suspension deflection demonstrate that under low-frequency 

ground excitations (e.g. 0.5Hz), the vehicle's wheels and body tend to roll together as a rigid 

body, and conventional suspensions do little in regards to vehicle body position control. In 

contrast, to maintain the vehicle body's neutral level, active HIS can change suspension 

deflection by using hydraulic actuators to minimise vehicle body roll according to its roll 

angle control strategy. 

From the obtained control results, it can be seen that some response curves are not as 

smooth as those before control, e.g., roll rate in Figure 10(d). This phenomenon may 

suggest that, by applying active HIS, the vehicle’s ride comfort is slightly compromised. It 

is mainly because of three reasons. The first one is the noise contained in the sensor 

measurement and generated from the signal process. The accumulated noise certainly has a 

negative effect on the vehicle responses. The second reason is the nonlinear friction factor. 

Specifically, it is because of the difference between the static friction coefficient and the 

dynamic friction coefficient on the contact face of the piston and the cylinder. The last 

reason is the high-order dynamics of the actual hydraulic system.   
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Conventional active suspensions consume a considerable amount of energy. ZF Lemförder 

developed a novel active suspension system named ASCA (Active suspension via control 

arm). The maximum power consumption of the ASCA is claimed to be only 1.2 kW per 

wheel because of “the combination of a parallel spring/actuator configuration”, and this 

makes to a total of 4.8kW for four wheels [120].  It is reported that the active suspension 

developed by Bose can exert energy with the shocks working like generators and ends up 

consuming two horsepower (1.5kW) of energy [121].  By contrast, the proposed active HIS 

system, only has a motor rated 1kW. The reason is that in the design, a 2L accumulator is 

employed and pre-charged with a high pressure (commonly 90bar~100bar) to satisfy the 

flow requirement, and thus the motor can be made smaller.  In addition, the active HIS 

system only responds when it is demanded which reduces the energy consumption further.   

 4.7 Summary 
In this chapter, the modelling of active HIS system is presented. The pressure control unit 

has been isolated from the rest of the system and tested in the frequency domain to eliminate 

the interference from other sub-systems. The experimental result has been provided in the 

Bode graph, from which a second-order transfer function model has been estimated for the 

hydraulic pressure control unit. Then the transfer function of the modelling has been 

converted into the state-space form to be compatible with the existing mechanical model. 

After the assembly of the mechanical and hydraulic sub-systems, a basic H∞ controller has 

been designed based on the integrated vehicle-HIS model. The weighting functions for the 

H∞ controller have been provided, and the implementation of the controller to the test 

vehicle fitted with active HIS system has been presented. 
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The controller’s performance has been validated in three sets of tests under different road 

excitations. The preliminary experimental results on the active HIS show the applicability of 

the novel active HIS mechanism and its controller. The tests verify the designed controller 

in continuous excitation test and impulsive test in the first two experiments, with 

considerable roll angle reduction of 37.5% and 44.5%, respectively, compared to the 

benchmark result. In the third test with a full cycle of sinusoidal road inputs, the controller 

also gave consistent, effective and stable control performance.    
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 Design and Implementation of Fuzzy, 5
Fuzzy-PID and LQR Controllers for 
Active HIS 

 5.1 Introduction and rationale 
The active HIS was validated experimentally in Chapter 4. In this chapter, three 

representatively classical, optimal and intelligent control methods, namely the fuzzy, PID 

and LQR control methods, are used with the vehicle roll control with the active HIS. 

However, when the basic PID controllers are applied to the active HIS in the experimental 

implementation, they can hardly provide stable control performance. Therefore, a self-

tuning fuzzy-PID controller is developed. 

This chapter begins with the fuzzy, LQR and fuzzy-PID controllers design. The fuzzy rules 

of the fuzzy controller and the weighting matrices of the LQR controller are provided. In the 

proposed fuzzy-PID controller, the fuzzy control method is applied to adjust the 

proportional, integral and derivative parameters in real time to make the controller more 

adaptive to the system. 

Then the designed LQR, Fuzzy and Fuzzy-PID controller are validated by simulations in 

MATLAB and experiments on the 4-post test rig under different ground excitations. As in 

the H∞ controller tests in Chapter 4, the control objective is to minimise the roll angle of the 

vehicle’s body to reduce the possibility of rollover.  The results are discussed to compare 

the performances of the obtained controllers.  
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 5.2 Controller design 
The PID control is a widely used classical control algorithm. When developing a PID 

controller, the mathematic model of the system to be controlled is not necessary. Generally, 

the parameters of PID controllers are tuned manually by users based on their experiences. 

Similar to H∞ controllers, LQR controllers can generate optimal control signals efficiently. 

However, the optimal LQR control is different from the PID control in that it significantly 

depends on the system model. The more accurate the system model is, the better 

performance the LQR controller can produce. Fuzzy logic control is capable of handling 

nonlinear systems [122]. In the fuzzy control, control inputs are converted from linguistic 

descriptions to desirable outputs by using fuzzy logic. As in the PID control, developing 

fuzzy controllers does not need system models. The dynamic ranges of the input and output 

of the controller are determined by the users’ knowledge.  

 5.2.1 Fuzzy controller design 
Active HIS is a complicated system that contains nonlinearities, which made it difficult to 

model the system accurately for the model-based control algorithms. However, the fuzzy 

control can handle the nonlinearity effects of the system without a system model but 

through estimating the dynamic operating ranges of the system. In this section, the 

development of a fuzzy controller is presented. 

The first step is to define the inputs and outputs of the controller and then map the inputs 

and outputs by membership functions. As the control target is to stabilise the vehicle roll 

motion under road excitations, the roll angular displacement of the vehicle body  is 

adopted as the primary input. In addition, to ensure the control performance, the angular 
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acceleration of the sprung mass  is also added as a secondary input. The active control 

forces are the control output of this controller, but due to the control forces at the left and 

right side of the active HIS are the same in terms of the magnitude with opposite signs, they 

can be represented by f .  

There are in total three categories of membership functions that are used in the design of 

this controller. The triangle membership function (trimf), Pi membership function (pimf) 

and Gauss membership function (gaussmf) represent the inputs of roll angle, roll 

acceleration and the outputs of active control forces respectively. They are shown as follows   

 

( ) ( , , , )

( ) ( , , , )

( ) ( , , )

,
i i i i ii

j j j j j jj

k k kk

A

B

C

x trimf x a b c

x pimf x a b c d

x gaussmf x c

  (5.1) 

The second step is to apply fuzzy logic to design the fuzzy controller. In general, the 

development of a basic fuzzy controller includes three main stages. They are the 

fuzzification, inference engine and defuzzification. 

In the fuzzification stage, the crisp input values are converted to fuzzy values under an 

association of membership functions [123]. The arrangement of the input membership 

functions and the estimated dynamic input ranges are shown in Figure 5.1. It can be seen 

from Figure 5.1(a) that the roll angle range is estimated from -6 degree to 6 degree, where 

nine membership functions are applied, namely the negative very large (NVL), negative 

large (NL), negative medium (NM), negative small (NS), zero (ZS), positive small (PS), 

positive medium (PM), positive large (PL) and positive very large (PVL). 



Design and Implementation of Fuzzy, Fuzzy PID and LQR Controllers for Active HIS   
 

  92 
 

 
(a) Roll angle 

 
(b) Roll angular acceleration 

Figure 5.1 Membership functions of the inputs 
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From Figure 5.1(b) the roll acceleration range is estimated from -1 degree per second 

squared to 1 degree per second squared. Three membership functions, negative (N), zero (Z) 

and positive (P) are used.  

In the stage of the inference engine, the obtained fuzzy values of the inputs are converted to 

the fuzzy values of the output according to the defined rule based system or database. In this 

session, the Mamdani method is adopted to build the rule base, which can be expressed as  

Rule i: IF xi = Ai AND xj = Bj THEN xk = Ck .  

Table 5.1 shows the rule base of this controller. There are 27 rules in total.  

Table 5.1 Rule base of the fuzzy controller 

  f    f    f  
NVL N NVL NVL ZE NVL NVL P NL 
NL N NNL NL ZE NL NL P NM 
NM N NL NM ZE NM NM P NS 
NS N NM NS ZE NS NS P NS 
ZE N ZE ZE ZE ZE ZE P ZE 
PS N PM PS ZE PS PS P PS 
PM N PL PM ZE PM PM P PS 
PL N PVL PL ZE PL PL P PM 

PVL N PVL PVL ZE PVL PVL P PL 
 
For example:  

Rule 3: IF ( ) = NM AND ( ) = N THEN ( f ) = NL 

Rule 27: IF ( ) = PVL AND ( ) = P THEN ( f ) = PL 

In the stage of the defuzzification, the fuzzy output values are converted to the crisp values 

to control the roll motion of the active HIS equipped vehicle. The setting of output 

membership functions and the 3-D output surface are shown in Figure 5.2.                                    
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(a)  Membership function 

 
(b) 3-D output surface 

Figure 5.2 Membership functions of the outputs and their 3D output surface 
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The output range of the active control force is estimated as from -4000 N to 4000 N and 

there are nine membership functions which are used, the same as the roll angle. In this 

controller, the defuzzification is carried out through the centroid of gravity method. The 

output of the controller can be yielded by the equation 

 
( )

( )
( )

k k k

k k

x dx
f x

x dx

x
. (5.2) 

 5.2.2 LQR controller design 
Considering the active HIS equipped vehicle system, developing an LQR controller is to 

find an optimal matrix gain that enables the stabilising of the vehicle roll motion under road 

excitations. Figure 5.3 shows the controller with the plant. As shown in Figure 5.3, ground 

excitations are the external disturbances; the active control forces are the control inputs; the 

roll angle is the measured output and also the controlled output. The control strategy of this 

LQR controller is to stabilise the vehicle roll motion through minimising the roll angle by 

minimal control forces.  

 

 
 

  

 

 

Figure 5.3 Schematic diagram of the LQR controller with the plant 
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In the LQR controller design, the controller synthesis is done in MATLAB. In general, the 

development of an LQR controller has the following steps. 

Firstly, to derive the system equations and convert these equations to the state space from  

 
( ) ( ) ( )

( ) ( )
t t t

t t
x Ax Bu

y Cx D
( ) (( ) (x( ) () ((

 ; (5.3) 

Secondly, to identify the observability and controllability of the system and define the cost 

function of the system 

 ( )T T

0

dtJ x Qx u Ru ; (5.4) 

Thirdly, to identify the matrix Q and R and then find the solution P in the algebraic Riccati 

equation  

 -T 1 TA P PA PBR B P Q 0 ; (5.5) 

Fourthly, according to the obtained value of P, to calculate the optimal gain matrix K by 

using the formula  

 1 TK R B P ; (5.6) 

Finally, to tune the controller by adjusting the coefficient matrixes Q and R until a 

satisfactory control performance is achieved. In this section, the system model obtained in 

Chapter 4 is used to derive the LQR controller. 
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In the process of tuning the coefficient matrices Q and R, it is noticeable that adjusting the 

element of matrix Q leads to the changes in the response of the system, and adjusting the 

element of matrix R leads to the changes in the overshoot of the responses. The obtained 

gain matrix K, and coefficient matrices Q, R are presented  

 

4[-1.8382    0    0.9073   -0.9073   -0.2918    0   -0.0029 0.0029    0   0]x10

.
.

.
.

.
.

.
.

.
.

.

66 10
0 1 0

0 1
0 1

0 1
0 1

0 1
0 1

0 0 1
0 1

0 005

K

Q

R

 . (5.7) 

 5.2.3 Fuzzy-PID controller design 
As mentioned earlier, it is hard to achieve a stable control performance by the primary form 

of PID controller, so a self-tuning fuzzy-PID controller is designed in this section. The ‘self-

tuning’ means it is able to tune its parameters automatically according to the change of 

system properties or presence of disturbances.  

Figure 5.4 provides a visual aid for the fuzzy-PID controller with the controlled plant. In 

Figure 5.4, the conventional PID controller is taken as a foundation of the controller and the 

PID parameters are regulated by a pre-set fuzzy logic block. The fuzzy logic control is 

integrated into the PID controller for better tuning the PID parameters and therefore better 
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controlling the system. Specifically, the change and rate of change of the measured output in 

errors are employed as the inputs of the fuzzy logic control. The crisp values of the outputs 

from the fuzzy controller are the current parameters of the PID controller, and they change 

continuously when the controller system is running. Therefore, the fuzzy-PID can provide 

better and more stable performance than conventional PID controllers.  

 

  

 

 
 
 
 

 
 

Figure 5.4 Schematic diagram of the Fuzzy-PID controller with the plant 

 

In the development of the PID controller base, the Ziegler-Nichols rule is used to determine 

the controller parameters. The fuzzy logic part design for the fuzzy-PID controller is similar 

to the previously designed fuzzy controller. With considering e(t) and de/dt as the fuzzy 

inputs and Kp, Ki, Kd as the fuzzy outputs, the fuzzy logic is applied to develop the fuzzy 

control part of the fuzzy-PID controller.  

The interval changes of the PID parameters are estimated as  

Kp : [700 - 900]   Ki : [5 - 15]  Kd : [55 - 65].   

PID Base 
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The interval changes of the output error and the rate of the error are estimated as 

e(t) : [-6 – 6]    de/dt : [-5 – 5]. 

After obtaining the fuzzy-PID controller, the fuzzy part of the controller needs to be tuned 

to optimise the response of the system. The final obtained rule base between the fuzzy 

inputs and fuzzy outputs of the fuzzy-PID controller are shown in Table 5.2.  

Table 5.2 Fuzzy-PID controller rule base 

   

There are nine rules for each output because there are three membership functions that are 

applied to the fuzzy inputs of both the error and error rate. They are corresponding to the 

linguistic variables of N (negative), ZE (zeros), and P (positive) as shown in the table. For 

the fuzzy outputs of Kp, Ki, Kd, there are also three membership functions that are applied, 

corresponding to S (small), MD (medium) and L (large), respectively. For example, 

Rule 5 of Ki: IF e = ZE AND de/dt = ZE THEN Ki = MD; 

Rule 2 of Kd: IF e = N AND de/dt = ZE THEN Ki = S;  

Rule 9 of Kp: IF e = P AND de/dt = P THEN Kp = S. 

With the obtained rule base, the results of the outputs Kp, Ki, Kd are represented in the 3-D 

output surfaces, as shown in Figure 5.5. In this section, the centroid of gravity method is 

also used for the defuzzification.  

Ki 
de/dt 

N ZE P 

e  

N L MD S 

ZE L MD S 

P MD MD MD 

Kd 
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N ZE P 

 e 
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(a)  Kp 
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(c)  Kd 

Figure 5.5 3-D output surface of the PID parameters 

 

 5.5 Simulations 
The feasibilities of the obtained LQR, fuzzy and fuzzy-PID controllers are verified through 

simulations in MATLAB. Having these three controllers implemented on the system model 

introduced in Chapter 4, the vehicle responses regarding the roll angle and suspension 

deflection are compared. The responses of the vehicle without active HIS are used as 

benchmarks for the comparisons and labelled ‘Passive’ in the presented figures. Three 

groups of out-of-phase road excitations with the fishhook, slalom and half-sine shapes of 

road surfaces are used in the simulations. 

The summary of the simulation results of the roll angle reduction and suspension deflection 

are presented in Table 5.3. As shown in the table, the roll angle reductions compared with 
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the roll angle response of the passive system are used to compare the roll resistance 

performance. The suspension deflections on the left and right sides, namely the relative 

displacements between the sprung mass and the unsprung masses, are similar, so only one 

of them is presented to evaluate the control stability. It can be seen from Table 5.3 that the 

fuzzy-PID controller performs the best with larger roll angle reductions than the PID 

controller and more stable control performance than the fuzzy controller. 

Table 5.3 The summary and comparison of the simulation results 

Signal Roll angle Reduction Suspension Deflection 
 LQR Fuzzy F-PID LQR Fuzzy F-PID 

Fishhook 50% 70% 60% Unstable Unstable Stable 
Slalom 40% 80% 70% Unstable Unstable Stable 

Half sine 50% 70% 70% Stable Stable Stable  

 5.5.1 Fishhook road input 
The simulation results under fishhook ground inputs are shown in Figure 5.6, where Figure 

5.6 (a)-(c) present the road input signals, the roll angle and suspension deflection responses, 

respectively. As illustrated in Figure 5.6 (b), the fuzzy-PID has the best performance with a 

reduction of 60% in the roll angle. Figure 5.6 (c) shows that under the active controls, the 

suspension deflections are much larger than those in the passive system. It is because the 

controllers generate control forces to tilt the vehicle body against the roll motion. Even if 

the LQR and fuzzy controller also decrease the roll angle significantly, some oscillations 

can be observed from the results, which lead to the instability of the system and affect the 

ride performance of the vehicle. In Figure 5.6 (c), the suspension deflection response of the 

LQR Controller is the smallest, which indicated that the LQR controller consumes the least 

energy than other controllers. 



Design and Implementation of Fuzzy, Fuzzy PID and LQR Controllers for Active HIS   
 

  103 
 

(a) Road input signals 

 

(b)  Roll angle  
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(c)  Suspension deflection on the left          

Figure 5.6 Simulation responses under fishhook ground excitations 

 

 5.5.2 Slalom road input 
Figure 5.7 presents the slalom road input signals and the corresponding simulation results. 

The roll angle responses are compared in Figure 5.7 (b), from where it can be seen that the 

roll angle is significantly decreased by the fuzzy, fuzzy PID and LQR controllers with 80%, 

70% and 40% reductions respectively. The fuzzy controller produces the largest roll angle 

reduction, but similar to the previous simulation, the results show some oscillations, while 

the fuzzy-PID controller achieves the control target of reducing the roll angle with stable 

performance. In Figure 5.7 (c), the LQR Controller also produces the smallest suspension 

deflection, which confirms the advantage of the LQR controller in the energy consumption. 
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             (a)  Road input signals 
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0 1 2 3 4 5 6 7 8 9
-25

-20

-15

-10

-5

0

5

10

15

20

25

Time/s

Di
sp

la
ce

m
en

t/m
m

 

 
Left wheel
Right wheel

0 1 2 3 4 5 6 7 8
-4

-3

-2

-1

0

1

2

3

4

Time/s

A
ng

le
/D

eg
re

e 

Roll Angle

0  

 

Passive
LQR
Fuzzy
Fuzzy-PID



Design and Implementation of Fuzzy, Fuzzy PID and LQR Controllers for Active HIS   
 

  106 
 

 
(c) Suspension deflection on the left       

Figure 5.7 Simulation responses under slalom ground excitations 
 

5.5.3 Half sine road input 
For the simulation under 1/3 Hz half sine road excitations, the system responses with the 

proposed controllers are compared in Figure 5.8. It is can be seen from Figure 5.8 (b) that 

the LQR’s controller decreases approximately 50% of the roll angle while the fuzzy and 

fuzzy-PID controller show more significant improvement with more than 70% roll angle 

reductions. However, considering the oscillations brought about by the fuzzy controller, the 

fuzzy-PID controller shows better control performance. In Figure 5.8 (c), large suspension 

deflections caused by the fuzzy and fuzzy-PID controllers can be observed, while the LQR 

controller produces a smaller suspension deflection that indicates its advantage in energy 

consumption, but it is also the reason for the compromised performance. 
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         (a) Road input signals 
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(c) Suspension deflection on the left        

Figure 5.8 Simulation responses under half sine ground excitations 

 

 5.6 Experiments 
The fuzzy and fuzzy-PID controllers are also tested on the real system. Three experiments 

are conducted on the 4-post test rig with three sets of ground roll excitations namely the 

half-sine, single-sine and sinusoidal road input. The vehicle responses without active control 

are also used as benchmarks. The vehicle responses under the fuzzy control and fuzzy-PID 

control are compared with the vehicle without control. The reductions in the roll angle and 

the suspension deflections are compared to show the control performance and the stability 

of the fuzzy and fuzzy-PID controllers.  
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5.6.1 Half sine road input 
The experimental results under the half sine road excitations are shown in Figure 5.9, where 

Figure 5.9 (a) presents the half sine road inputs with 20 mm amplitude and 1/3 Hz 

frequency. The blue dotted curve represents the road excitation acting on the left wheels 

while the red curve represents the out-of-phase road input acting on the right wheels. The 

roll angles are compared in Figure 5.9 (b), from where we can see that the fuzzy controller 

reduces the roll angle by about 30%, but noticeable overshoot can be observed from the 

results. The fuzzy-PID controller shows better control performance than the fuzzy controller 

not only in terms of the roll resistant performance (with a 35% roll angle reduction) but also 

with less overshoot in the response.  
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(b) Roll angle 

 

 
(c)   Suspension deflection on the left 
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(d)   Suspension deflection on the right  

Figure 5.9 Experimental results under half sine road inputs 

 

Figure 5.9 (c) and Figure 5.9 (d) provide the comparisons of the suspension deflection 

responses on the left and right respectively. It also can be seen that the suspension 

deflections on the left and right sides of the fuzzy-PID controller are similar but out of phase, 

which matched well with the simulation results. The suspension deflection on the left side 

of the fuzzy controller shows apparent oscillations that lead to the overshoot in the roll 

angle. It is also noticed that the controlled systems produce large suspension deflections 

while the suspension deflection of the passive system is quite small. As discussed in the 

simulation results, it is because of the high stiffness of the original passive suspension and 

the contributions of the active control forces.  
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 5.6.2 Single sine road input 
Figure 5.10 shows the experimental results under the single sine road excitations with 20 

mm amplitude and 0.5 Hz frequency. The road inputs exerted on the left and right wheels 

are out of phase for generating the roll motion of the vehicle body as shown in Figure 5.10  

(a). Figure 5.10 (b) plots the comparison of the roll angles of the passive and controlled 

systems. A 50% roll angle decrease indicates the good performances of the fuzzy controller. 

Compared with the fuzzy controller, the fuzzy-PID controller still performs better with an 

approximately 55% reduction in the roll angle. 
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(b) Roll angle 

 
(c) Suspension deflection on the right 

Figure 5.10 Experimental results under single sine road inputs 
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In Figure 5.10 (c), an error between the 3th and 4th seconds can be observed from the 

suspension deflection response of the passive system. These inaccurate results are caused by 

the sensor errors. Moreover, the difference between the passive case and the two controlled 

cases are similar to the previous test, which is brought about by the active control forces. 

 5.6.3 Sinusoidal road input 
The experimental results under the sinusoidal ground input are given in Figure 5.11. Figure 

5.11 (a) presents the out-of-phase road excitations with 5 mm amplitude and 0.5 Hz 

frequency for the left and right wheel. The results the roll angle responses are compared in 

Figure 5.11 (b), where the fuzzy controller leads to a 30% roll angle reduction compared to 

the benchmark and the fuzzy-PID control also performs slightly better with a smaller peak 

value in the roll angle. 
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    (b) Roll angle  

Figure 5.11 Experimental results under sinusoidal road inputs 

 

 5.7 Summary 
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active HIS to improve its control performance. The fuzzy, LQR and fuzzy-PID controllers 

were designed and validated by the simulations under a set of road excitations. The 

significant reductions in the roll angle presented in the results verified the controllability of 

the obtained controllers. The simulation results indicated that the fuzzy-PID controllers 
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advantage of energy consumption, but it is also the reason for the compromised control 

performance. 

The fuzzy and fuzzy-PID controllers were also verified on the real system. A group of tests 

under road excitations were conducted on the four-post test rig introduced in Chapter 4. The 

results showed the fuzzy controller was able to decrease the vehicle roll angle significantly, 

but the fuzzy-PID controller performed better with larger roll angle reductions and less 

overshoot.  
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 A New Model for the Active HIS and its 6
Control Implementations 

 6.1 Introduction and rationale 
In the initial investigation of the active HIS, noticeable progress was made. However, due to 

the nonlinearities of the fluid system, further performance improvements were unreachable. 

By looking at the root of the problem, it was found that because some physical variables 

(e.g. fluid flow,  pipe friction) are not included in the mathematical model of the active HIS 

used in previous chapters, it is not sophisticated enough to describe the characteristics of the 

system. That is, the old model of the active HIS is so simple that it yields inaccurate 

estimations of the system’s states. As the foundation of the model-based controllers, the 

system model needs to be rebuilt. 

In this Chapter, an attempt is made to develop a new mathematical model of the active HIS 

system that includes the fluid flow and viscous friction. It is followed by the model 

parameter tuning, in which some data obtained from the tests for developing the old model 

are used to tune the new model. Then the model validation is carried out through 

simulations and tests. The tests are conducted on the aforementioned active HIS equipped 

SUV. The responses of the old mathematical model in the simulations are also compared 

with those of the new model to compare the accuracy of the two system models. Based on 

the new mathematical model, the model-based control theories are applied. An H∞ 

controller and an LQR controller are developed and implemented in simulations. The H∞ 
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controller is also implemented on the test vehicle, and the test result is compared with its 

counterpart of the H∞ controller in Chapter 4. 

 6.2 Active HIS system model development 

 6.2.1 Active HIS modelling 
The new system model is remaining a linear model so that the advanced linear control 

algorithms can be applied to the active HIS system. To simplify the development of the new 

model, the new model is developed at half car level and the half car model introduced in 

Section 4.3.2 is used. The dynamics of the accumulator and motor-pump setup are not 

considered. They are replaced by the pressures P2 and P4 as shown in Figure 6.1.  

 
Figure 6.1 Transmission process of the control signals in the active HIS 

 

In Figure 6.1, P1, P3, P5, P7, P2, P4 represent pressures at different positions of the system; 

q1, q3, q5, q7, q2, q4 are flows; Pc1 and Pc2 are the controlled pressures that are directly 

controlled by the active HIS; Apu and Apd are the upside and downside areas of the pistons 

respectively; x1, x2 are the displacements of the pistons; q2 and q4  are the flows from the 



A New Model for the Active HIS and its Control Implementations     
 

119 
 

control unit. An assumption is made that they are solely controlled by the servo valve, and 

the effect of the accumulator is neglected. 

P2 and P4 are the pressures at the outlets of the servo valve, which can be expressed by the 

equations
                

 2 2 1 7 1 2 1 7c
L L

E EP q q q GP GP q q
LA LA

 , (6.1) 

              4 4 3 5 2 4 3 5c
L L

E EP q q q GP GP q q
LA LA

 , (6.2) 

where E is the fluid bulk modulus; L and AL are the length and area of the hydraulic pipeline 

from the servo valve to the hydraulic actuators respectively; G is proportional coefficient of the 

controller of the servo valve; Pc1 is the reference pressure of the servo valve’s first control 

signal; Pc2 is the reference pressure of the servo valve’s second control signal. 

The equations of the fluid pressures inside the cylinder chambers are as follows 

 1 1 1 1 1Pd Pd s u
Pd Pd

E EP A x q A l Z Z q
sA sA

, (6.3) 

 3 1 3 1 3Pu Pu s u
Pu Pu

E EP A x q A l Z Z q
sA sA

, (6.4) 

 5 2 5 2 5Pd Pd s u
Pd Pd

E EP A x q A l Z Z q
sA sA

, (6.5)                      

 7 2 7 2 7Pu Pu s u
Pu Pu

E EP A x q A l Z Z q
sA sA

, (6.6) 
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where s represents the initial fluid height in the chambers;  1x  and 2x are the first order 

derivatives of the piston displacements; SZ is the first order derivative of the sprung mass 

displacement and the 1uZ  and 2uZ are the first order derivatives of the unsprung masses 

displacement in Figure 4.3. It is noted that S ux l Z Z  is the relative displacement of 

the sprung and unsprung mass, showing the effects of the vehicle motion onto the fluid 

system. 

Applying Newton’s second law to the fluid system, we have 

 1 1ReF Cq q ma , (6.7) 

where C is the fluid damping parameter; Re is the pipe friction parameter; is 

the density of the hydraulic oil.  

Substituting F, a and m into Equation (6.7), 

 2 1 1 11ReL LP P A Cq q LA q , (6.8) 

 1 2 11 ReL L Lq LA P A P A Cq . (6.9) 

Then the equation of the flow that goes into the bottom left fluid chamber can be 

obtained  

 1 2
11 Re Re ReL L L

P P Cq q
LA LA LA

. (6.10) 
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Similarly, the equations of the flows that go into other fluid chambers can be written as 

 3 4
33 Re Re ReL L L

P P Cq q
LA LA LA

, (6.11) 

             5 4
55 Re Re ReL L L

P P Cq q
LA LA LA

, (6.12) 

             7 2
77 Re Re ReL L L

P P Cq q
LA LA LA

. (6.13) 

 6.2.2 Model integration 
The coupling of the vehicle and the active HIS is achieved through the relationships of the 

active control forces by the hydraulic cylinders and the fluid pressures inside the hydraulic 

cylinders 

                                     1 1 3Pd PuF PA P A , (6.14) 

 2 5 7Pd PuF P A P A . (6.15) 

where, F1 and F2 are the forces effected on the vehicle body by the left and right actuators 

respectively; P1, P3, P5, P7 are the pressures inside the two hydraulic circuits; Apu and Apd are 

the piston area of the upside and downside of the actuators. 

Then the relationships between the vehicle dynamic variables and the pressures in the 

hydraulic actuators of the active HIS system can be derived by substituting F1 and F2 into 

the equations of motion of the half car model in Chapter 4. 
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The new mathematical model of the active HIS equipped vehicle can be derived by 

integrating the obtained equations of the state variables of the active HIS (i.e. equations of 

the pressures and flows) and the half car model.  The state vectors of the active HIS and the 

half car models are as follows, 

 1 3 5 7 1 3 5 7 2 4
T

HIS P P P P q q q q P Px   (6.16) 

 1 2 1 2

T

scar s u u u uZ Z Z Z Z Zx   (6.17) 

By combining the state vectors, the coefficient matrices of integrated system are obtained 

 T T
HIS car HIS carx x x u u u

  (6.18)
 

 HIS HIS car HIS

car HIS car car

A A B 0
A B

A A 0 B
  (6.19) 

Finally, the integrated system model can be obtained and expressed as  

 x Ax Bu   (6.20) 

 
HIS HIS HIS car HIS HIS HIS

car HIS car car car car
car

•

•

A A x B 0 ux
A A x 0 B ux

  (6.21) 

where HIS carA  represents the coupling matrix from the active HIS to the test vehicle and 

car HISA  represents the coupling matrix from the test vehicle to the active HIS. The reader is 

referred to Appendix A for more details of the system modelling. 
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 6.3 Active HIS model parameter tuning 
Some parameters of the active HIS equipped vehicle have been obtained from the 

specifications of the products and the parameter estimation in previous works. Nevertheless, 

it is still necessary to fine tune these parameters to achieve the desired behaviour to be 

consistent with the true physical system. 

This objective is achieved by the method of trial and error. The data obtained from previous 

works are used as the initial values of the parameters to be tuned. The simulation responses 

of the tuned system are compared with the test results for developing the old model in 

Section 4.3.1. The iterative process was used to refine the values until the responses of the 

new model and the real system are closely matched. To simulate the actuator locking in the 

mathematical model as the same as the real system test in Section 4.3.1, some state variables 

are set to zero to restrict the movement of the car body and therefore that of the cylinders.  

Figure 6.2 shows the simulation response of the pressure P1 in the fluid chamber of the new 

model when a control signal of 70 bar pressure is applied to the servo valve. The 

experimental data of the actuator-locked test are shown in Figure 6.3. It can be seen that 

from Figure 6.2, it takes approximately 15 ms for the active HIS to reach its transient state 

in the locked condition which is similar to the experimental response in Figure 6.3.  

However, it is noted that the real system does not exactly reach the target value 70 bar. This 

phenomenon cannot be observed in the simulation response. It is probably because of the 

limitation of the pressure control unit that is not included in the new system model. This 

phenomenon could be brought about by the power restriction in the motor-bump setup.  



A New Model for the Active HIS and its Control Implementations     
 

124 
 

 
Figure 6.2  Simulation response of the pressure P1 in the fluid chamber  

 

 

Figure 6.3 Experimental results of the locked-actuator test 

In the process of tuning parameters, to align the new model with the real system in their 

performances, particular emphasis was laid on the friction coefficients of the pipe wall and 

the viscous fluid damping. The fine-tuned parameter values and the corresponding reference 

values of the integrated system model are provided in Table 6.1. 
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Table 6.1 Tuned system's parameters compared to given ones 

Parameters Value Reference Value 
ms – Half sprung mass (kg) 950 900 
mu – Unsprung mass (kg) 41 42 

I – Half roll moment of inertia (kg*m2) 388 435 
kt - Tyre stiffness (N/m) 2.7 *105 2 *105 

ks – Suspension spring stiffness (N/s) 4.4 *104 4 *104 
Cs – Suspension damper coefficient (Ns/m) 2507 2 *103 
l - Distance from CG to a suspension (m) 0.5 0.575 

Apu – Upper piston cross-sectional area (m2) 5.1 *10-4 5.1*10-4 
Apd – Lower piston cross-sectional area (m2) 4.1 *10-4 4.1 *10-4 
E – Bulk modulus of the hydraulic oil (MPa) 1400 1400 

L – Pipe length from valve to actuator (m) 1.0 1.0 
G – Controller gain in the servo valve  1.5*10-9 Not given 

s – Initial fluid height in the chambers (m) 0.075 Stroke 0.15m 
Cp – Fluid viscous damping coefficient 5 *106 Not given 

Re – Pipe friction coefficient 1 *104 Not given 
ρ – Hydraulic oil density (kg/m3) 870 870 

 

 6.4 Model verification and characteristics study 
To validate the new active HIS model, two tests are implemented.  The test data of the real 

system are logged and compared with the simulation results of the new model. Moreover, 

the responses of the old model are also included in the comparison to illustrate the 

difference between the new and old models.  

The model validation tests are conducted on the active HIS equipped SUV test rig 

introduced in Chapter 4. In the tests, the hydraulic cylinders are charged with different 

pressures. The responses of the real system are compared with the results of the new model 

in simulations to validate the effectiveness and robustness of the new model. The 

comparisons of the pressures in the top and bottom chambers, roll angles and suspension 
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deflections at the left and right wheels are provided. The pressure responses are measured 

by the pressure sensor inside the cylinder chambers. The suspension deflection responses 

are obtained by the LVDTs between the sprung and unsprung mass. The data of the roll 

angles are calculated from the signals of the two LVDTs that are mounted between the left 

and right sides of the vehicle and the ground.  

It is noted that the test data presented in this section are not converted to their physical units 

but are still in volts that are the raw voltage signals logged from the sensors. It is applicable 

for the reason that the relation between the measured sensors’ signals and the variable 

values are linearly dependent. Thus, the waveform of the variables that is the primary focus 

of the experiment is retained.  

 6.4.1 25 and 50 bar control signals input at the same time 
In this test, a 25 bar and a 50 bar pressure control signals are send to the servo valve to 

increase the pressures in the upper and lower chambers of the hydraulic cylinders 

respectively. The two control signals are input to the servo valve controller simultaneously. 

The simulation and experiment results are shown as follows. 

 6.4.1.1 Pressure Response 
The pressure responses of the upper and lower chambers of a hydraulic actuator in the 

experiment and simulation are provided in Figure 6.4 and Figure 6.5 respectively. It can be 

seen that the simulation and experiment results presented very similar pressure responses in 

both upper and lower chambers. The results suggest that the pressure responses inside the 

fluid chambers can be estimated by the new model accurately.  
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Figure 6.4 Pressure responses of top and bottom chambers in experiment 

   
 

Figure 6.5 Pressure responses of top and bottom chambers in simulation 
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The top graphs in Figure 6.4 and Figure 6.5 show the top chamber pressure responses and 

the bottom graphs show the bottom chamber pressure responses. Both the simulation and 

experiment results show that when different pressure control signals are sent to the servo 

valve, the fluid pressures in the top and bottom chambers increase to similar pressures 

immediately, but it takes several seconds to reach the objective pressures. It is due to that 

when the pressure in one chamber of the hydraulic cylinder increases suddenly, it will push 

the piston to reach equilibrium immediately. The results demonstrate that the active HIS is 

able to provide control forces as soon as the control signals are applied, but there is a system 

time delay before generating desirable control forces to the vehicle body. 

 6.4.1.2 Roll Angle 
The experiment and simulation results of the roll angle responses under the condition that 

the two hydraulic circuits are charged with 25 and 50 bar at the same time are shown in 

Figure 6.6 and Figure 6.7, respectively. From the graphs, similar roll angle responses of the 

real system test and the model-based simulation can be observed, which indicate that the 

new model can describe the behaviour of the test vehicle accurately.  

Considering the rise time, it takes longer time for the mathematical model to reach steady 

state than the real system. It is because of the absence of the accumulator in the model. In 

the test, due to the limitation of the power provided by the hydraulic accumulator, the active 

HIS system cannot take the vehicle body to its target roll angle, so the rise time of the 

physical system is shorter for a smaller transient roll angle. However, as can be seen from 

Figure 6.7 it reaches 85% of the transient roll angle of the physical system in three seconds. 

Thus, the estimated roll angle by the system model is satisfactory. 
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Figure 6.6 Roll angle responses in experiment 

 

 
 

     Figure 6.7 Roll angle responses in simulation 

 

 6.4.1.3 Suspension deflection 
Figure 6.8 and Figure 6.9 show the experiments and simulations results of the wheel vertical 

displacements relative to the vehicle body, namely the suspension deflections. Similar to the 

fluid pressures and the roll angles, the suspension deflections also show similar responses in 
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the experiments and simulations. In Figure 6.8, it takes approximately four seconds to reach 

the steady state in the experiment that is similar to the simulation results in Figure 6.9. 

 
 

Figure 6.8 Suspension deflection responses in experiment  

 

 
 

Figure 6.9 Suspension deflection responses in simulation 
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 6.4.2 25 and 50 bar control signals input with 1 second delay 
In this test, a pressure control signal of 25 bar is sent to the servo valves for the one 

hydraulic circuit, and one second later, another pressure control signal of 50 bar is sent to 

the servo valve for the other hydraulic circuit. More complicated control signals than the 

previous test are used in this test, which takes the robustness and accuracy of the new model 

into consideration. The simulation and experiment results are shown as follows. 

 6.4.2.1 Pressure Response 
Figure 6.10 and Figure 6.11 show the pressure responses of the upper and lower chambers 

in the hydraulic actuators in the experiment and simulation. The plots at the top of Figure 

6.10 and Figure 6.11 show the pressure responses of the upper chamber and the bottom 

plots show the pressure responses of the lower chamber. It can be seen that the curve shapes 

in the simulation and test are well matched and the rise time is around 6 seconds. The results 

reconfirm the accuracy of the model. 

 
 

Figure 6.10 Pressure responses of top and bottom chambers in experiment 
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Figure 6.11 Pressure responses of top and bottom chambers in simulation 

 

 6.4.2.2 Roll Angle 
The experiment and simulation results of the roll angles are presented in Figure 6.12 and 

Figure 6.13. Similar to the first test, although the curve pattern of the results of the 

simulation is consistent with the experimental results, the rise time of the simulation and the 

experiment is not the same. It is 5 seconds in the experiment but 10 seconds in the 

simulation. As mentioned above, without considering the accumulator in the model 

development, the physical limitation cannot be described by the new system model. 

However, because the mathematical model can achieve 80% of the maximum roll angle in 

five seconds, its accuracy is satisfactory.  
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Figure 6.12 Roll angle responses in experiment 

 
 

Figure 6.13 Roll angle responses in simulation 

 

 6.4.2.3 Suspension deflection 
In Figure 6.14 and Figure 6.15, the suspension deflection of the left and right wheels in 

experiment and simulation are provided. It can be observed that the suspension deflections 

responses of the new model matched well with those of the real system. Thus, the accuracy 

of the developed new model can be validated by the results presented above. 
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Figure 6.14 Suspension deflection responses in experiment 

 

 
 

Figure 6.15 Suspension deflection responses in simulation 
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 6.4.3 Comparison with the old model 
After obtaining the accurate model and test data, the new model’s response is compared 

with the system response of the old model. Figure 6.16 shows the difference of the roll 

angle responses of the old model with the physical system response in Figure 6.6 and the 

new model response in Figure 6.7. As shown in Figure 6.16, apparent oscillation can be 

observed from the data curve of the roll angle response. It is due to the theoretical 

assumption in the development of the old model. Without considering the fluid flow and 

flow related factors (i.e. fluid damping and pipe friction), the system response of the old 

model is distinct from the behaviour of a general hydraulic system. Hence, it can be 

concluded that the new model is able to describe the real system better than the old model. 

 
 

Figure 6.16 Roll angle response of the old model under the control signals input 
simultaneously 
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 6.5 Controller design and implementation 

 6.5.1 Control method 

 6.5.1.1 H∞ Control Method 
The H∞ control algorithm can be used to develop H∞ output feedback controllers for the 

control problem with limited measurements, and can be also applied to design H∞ state 

feedback controllers that can address the control problem with multiple inputs, outputs and 

control criteria. Furthermore, for a particular model, the optimal control signals can be 

easily generated through the H∞ control method. The H∞ controller development can be 

done by the MATLAB toolbox.  

As mentioned in Section 6.1, understanding the dynamics of the active HIS thoroughly and 

developing an accurate system model are necessary for a successful application of the 

model-based control algorithm. One of the benefits of the H∞ control is that it is capable of 

generating a satisfactorily compensated response for the system resonance compensation 

and bandwidth limiting. 

Generally, the H∞ control problem is an optimisation control problem. However achieving 

optimal control signals raises the possibility of obtaining unstable controllers. Hence, it is 

pivotal to balance the two conflicting criteria between the system stability and optimal 

feedback. This objective can be achieved by applying the H∞ loop-shaping techniques. 

The advantages and disadvantages of applying the H∞ control algorithm to the active HIS 

are the focuses in this research. A similar method to Section 4.4 is used for an output 

feedback controller design. Figure 6.17 is the schematic diagram of the plant with the H∞ 
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output feedback controller, where d4 is the sensor noise and external disturbance during the 

measurement and Wn is the weighting function of d4; y is the measured output, namely the 

roll angle of the vehicle body in this study. In the test, the roll angle of the sprung mass is 

obtained by the two ground-connected LVDTs mentioned earlier.  

       

Figure 6.17 Schematic diagram of the plant with the H∞ output feedback controller 

 

 6.5.1.2 LQR Control Method 
The LQR control algorithm is used to deal with the optimal control problem by solving the 

Riccati equation for the minimum cost. For achieving this target, full state feedbacks of the 

to-be-controlled system are necessary. The LQR control algorithm can calculate the 

optimum control signals automatically for the plant based on a compensation matrix 

containing the weighting factors of each feedback state signal.  

Figure 6.18 shows the schematic of the controlled system, where K is the gain matrix of the 

LQR controller, r(t) is the external disturbance, x(t) is the full state feedback, u(t) is the 

control input, e is the controlled output. Commonly in designing an LQR controller it is 
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necessary to find a proper gain matrix K through tuning the weighting factors, which 

produces a control input u to stabilise the system.  

 
 

  

 

Figure 6.18 Schematic diagram of the plant controlled by a LQR controller  

 

The same as in the H∞ method, a balance between the optimum control signals and the 

stability of the active-HIS-vehicle-integrated system needs to be kept. When tuning the 

controller, the system instability is exaggerated by improper parameters. The weighting 

matrix inherited flexibility enables control engineers to adjust the behaviour of the system 

manually through control criteria set by them. In other words, tuning the weighting factor of 

a certain state variable would mitigate or magnify the effect of the state variable on the 

control signals.  

In this study, a set of appropriate weighting factors is obtained through the trial-error 

method. Therefore, it is possible for improving controller performance by further tuning the 

weighting coefficients. Because a full state feedback is required in the LQR controller 

implementations, but the measurement of some state variables in the system (e.g. the roll 

angle acceleration and speed of fluid flow) is not accessible in reality, the designed LQR 

controller is only implemented in the simulation but not in the test.  
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 6.5.2 Simulations 
The designed LQR and H∞ controllers are validated on the new system model in 

simulations with five sets of lateral excitations, namely the lateral excitation with impulse 

input, step input, fishhook input, slalom and sinusoidal input. The roll angle responses of the 

system controlled by the LQR and H∞ controllers are presented and compared with the 

vehicle response without control as follows.  

 6.5.2.1 Lateral excitation with impulse input 
Figure 6.19 shows the simulation results of the lateral impulse excitation. Figure 6.19(a) 

gives the input signal of the impulse excitations, which is equivalent to a lateral input of 

gravitational acceleration acting on the sprung mass. It can be seen from Figure 6.19(b) that 

both the controllers respond fast to a sudden disturbance. With the H∞ and LQR controllers 

conducted, the roll angle reduces approximately 40% and 50% respectively. Compared with 

the H∞ controller, the LQR controller shows faster response and less overshoot.  

  
(a) Excitation signal 
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(b) Roll angle response 

Figure 6.19 Simulation roll angle response under impulse lateral excitation 

 

 6.5.2.2 Lateral excitation with fishhook input  
This simulation employs a fishhook excitation on the vehicle body. The excitation signal 

and the roll angle comparison are shown in Figure 6.20(a) and Figure 6.20(b). As shown in 

Figure 6.20(b), both H∞ and LQR controllers reduce the roll angle substantially, with 

around 90% decreases. In contrast with the H∞ controller, a smoother roll angle response 

can be observed from the curve of the LQR controller. However, the inherited drawback of 

the LQR control algorithm from the use of the weighting matrices is revealed. Under the 

LQR control, the transient state of the roll angle is not stabilised at 0 radians. On the other 

hand, the H∞ controller is found to be more effective with a more stable response, although 

its peak value is slightly larger.  
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(a) Excitation signal 

 
(b) Roll angle response 

Figure 6.20 Simulation roll angle response under fishhook lateral excitation 

 

 6.5.2.3 Lateral excitation with slalom and sinusoidal input 
The simulation results under the slalom and sinusoidal excitations are presented in Figure 
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slightly better than the H∞ controller with a larger roll angle reduction and smoother 

responses. However, the control performances in these two simulations are not as good as in 

the fishhook simulation. Only about 50%~70% roll angle reduction can be achieved. It is 

due to the controllers’ limitation in response time. Compared with previous simulations, it is 

found that the performance of the controller depends on the frequencies of the excitations. 

 
(a) Excitation signal 

  
(b) Roll angle response 

Figure 6.21 Simulation roll angle response under slalom lateral excitations 
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(a) Excitation signal  

 
(b) Roll angle response 

Figure 6.22 Simulation roll angle response under sinusoidal lateral excitations  

 

 6.5.3 Experimental validation 
As mentioned above, due to the lack of the measurement of some state variables, only the 

designed H∞ controller is validated in the experiment. As shown in Figure 6.23(a), a set of 
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test vehicle. The roll angle response in the H∞ control case is compared with its counterpart 

of the previously designed H∞ controller in Section 4.5.2.3. It can be seen from Figure 

6.23(b) that the H∞ controller derived from the new system model improves the control 

performance slightly with a small drop of roll angle and reduced oscillations. 

 
(a) Ground excitations                                                 

 
(b) Roll angle response 

Figure 6.23 Experimental roll angle responses under single sine road excitations 
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 6.5.4 Discussion 

 6.5.4.1 Mathematical model development 
The parameter tuning played a vital role in identifying the inconsistencies and errors within 

the model. While the performance of the mathematical model was tuned similarly to the 

performance of the physical system, the significant factors that affect the system’s 

behaviour were added or identified. For example, in the old model, because the rise time of 

pressures in the actuator chambers was almost instantaneous, the working fluid damping 

and pipe friction were added to combat the problem of the old model’s failure to produce a 

reasonable and realistic rise time. Adjusting these two coefficients changed the new model’s 

characteristics accordingly, such as the speed of the working fluid and pressure rise time. 

Other inconsistencies about the sign convention were also recognised because of some 

unrealistic results reflected in the responses of the incorrect model. 

However, the parameter tuning was only a small step towards producing a satisfactory 

system response. The new model developed in this chapter was tuned against the test data of 

a locked hydraulic actuator. However, the test with the locked actuator merely verified the 

pressure response of the hydraulic cylinder, while the flow in the system was not addressed. 

That is, the obtained system model would not necessarily estimate the flow of the working 

fluid in the system accurately even though the tuned performance matched well with the test 

data. More tests, particularly the tests about the fluid flow, need to be conducted to build a 

database on a large enough scale so that the mathematical model can be further tuned with 

other available experimental data, and thus a more accurate system model can be developed.  
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In the beginning, the system model was built as a complex, non-linear model. However, the 

model-base advanced controllers, such as H∞ and LQR controllers, cannot be derived based 

on a nonlinear model. Hence, the nonlinear model was linearized by the Taylor expansion 

technique. Unfortunately, the obtained model was too complicated to be well tuned. 

Specifically, the model tuning was a trial-error process, so it depended largely on luck and 

tuning such a complicated model would take an unacceptably long time. 

 6.5.4.2 Control methodologies 
In the simulations, the H∞ and LQR controllers had achieved satisfactory performance 

because the fluid flow and damping are added to the system model. However, because of 

the absence of the sensors on the test rig for measuring the flow rate in the fluid system, the 

LQR controller could not be experimentally implemented. For the future work, this problem 

can be addressed by the LQG control. A Kalman filter, which is used to estimate an 

adequately accurate full state from only a few available measurements of output signals, is 

needed to be added to the LQR controller for the LQG controller development. 

Figure 6.24 and Figure 6.25 exhibit the pressure responses in the hydraulic system under the 

H∞ control and the LQR control respectively. Both the two hydraulic circuits were pre-

charged with 20 bar pressure as the system initial pressure. In Figure 6.24, it can be seen 

that the H∞ controller charges both chambers to make the pressures larger than the initial 

value, but since the pressure in one chamber is higher than in the other, the hydraulic 

actuator still produces control force to the vehicle chassis. However, as shown in Figure 

6.25, the LQR controller presents a much more efficient behaviour with decreasing the 

pressure in the one chamber and increasing it in the other.  
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Figure 6.24 Simulation pressure responses inside the chambers under the H∞ control 

 
 

Figure 6.25 Simulation pressure responses inside the chambers under the LQR control 
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The LQR controller had greater flexibility regarding the control criteria adjustment and 

performance tuning due to the included weighting matrices. However, the presence of a 

large number of state variables made it a time-consuming process to find proper weighting 

matrices. The considerable decrease of the vehicle body roll angle when the LQR controller 

was applied in the simulations was enough to demonstrate the effectiveness of the controller.  

 6.5.4.3 Active HIS duty cycle limitation 
As produced in Chapter 2, an accumulator and a pump for powering the hydraulic circuits 

was included in the control unit of the active HIS. 

The accumulator provided a complement to the working fluid to shorten the response time 

of the system. However, since the volume of the hydraulic accumulator was limited, the 

accumulator was not able to maintain the flow compensation for a long time. Once the fluid 

pressure dropped to be equal with the outside, the accumulator had to be recharged before 

working by the motor-pump setup concluding a duty cycle in the system. This duty cycle in 

large motions was around five seconds. In other words, the active HIS system is not capable 

of maintaining or increasing the pressures in the hydraulic actuators for longer than five 

seconds in continuous large roll motion.  

However, in the real world, when the vehicle is under lateral excitations, the active HIS only 

needs to maintain the levelling of the vehicle body. In this situation, large flow is 

unnecessary. On the other hand, the vehicle under road excitations for roll motion over a 

long period rarely exists. Overall, the duty cycle of the system is also not a concern due to 

the capability of the active HIS for handling lateral excitations and sudden road excitations. 
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 6.5.4.3 The limitation of the test facility  
Because of the limitation of the test facility, the ground excitation results are used to verify 

those of the lateral excitation. Because for the active HIS, the control feedback signal is the 

roll angle. The ground excitation is used to stimulate the vehicle roll motion which is the 

same as the lateral excitation, so I think the experimental results can verify the lateral 

excitation well. 

 6.6 Summary  
In this chapter, a new mathematical model of the active HIS system was developed with the 

fluid flow, hydraulic system damping and their associated time delay included. This new 

model made it possible to study the characteristics of the active HIS further and, therefore, 

obtain more understanding regarding the system. The new state variable, namely the fluid 

flow, considered in the model development had given deeper insight into the behaviour of 

the system than the old model.  

The model validation was conducted by comparing the system response in the simulation 

and experiments with different pressure control signals sent to the servo valve. Even though 

there were some differences in the rise time of the roll angle since the accumulator and 

pump were not considered in the new model, the responses of the new model reflected the 

real system’s performance very well. The results demonstrated that the new model was able 

to produce a fairly accurate estimation of the system behaviour.  

Furthermore, the obtained new model provided a platform with strong compatibility, on 

which the onwards study could be carried out. The further investigation concerning the 
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effects of the pump and accumulator could be conducted and the relevant equations could be 

integrated into the obtained system model by replacing the pressure P2 and P4. 

Based on this new model, the designed LQR and H∞ controllers were validated in the 

simulations with different lateral excitation applied to the sprung mass. The roll angle 

responses of the active HIS equipped under the LQR and H∞ control were compared with 

their counterparts of the vehicle without the active HIS. The simulation results verified the 

effectiveness of the LQR and H∞ controllers with fast response time and the significant 

reductions in the roll angle. It was also noticed that the control performances were related to 

the frequencies of the excitations exerted on the vehicle body. The H∞ controller was also 

validated experimentally and compared with the old H∞ controller in Chapter 4. The new 

H∞ controller provided better control performance than the old one with a small further 

reduction in the roll angle and an apparent improvement in reducing the oscillations. 
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 Delay-Dependent H∞ Control 7

 7.1 Introduction and rationale 
In this section, an attempt is made to reduce the effects of the time delay caused by the 

system on the control performance. To do this, the four-DOF half-car mechanical system 

introduced in Chapter 4 is used to construct the H∞ control problem.  

A state feedback H∞ controller without time delay is designed first. The related H∞ control 

problem is solved by the linear matrix inequality (LMI) approach. The obtained H∞ 

controller is validated by simulations with step input and fishhook input from the round. 

The suspension deflection and roll angle with control and without control are compared. 

The delay-dependent state feedback H∞ controller is then also obtained with the LMI 

method. The simulation results of the vehicle under step input are presented. The control 

responses of the delay-dependent H∞ controller without time delay and with 15 ms time 

delay are compared with the results without active control. 

 7.2 Background 
Some works of analytic H∞ controller design methods were presented in the 1990s [124, 

125]. After this, the software toolbox was developed in 1995 [126]. As a result, a number of 

design methods of the state feedback controllers for time-delay systems were proposed in 

recent decades. A memory-less delay-independent H∞ controller for the state delayed 

system was designed in 1994 [127]. In 1995, the H∞ control with an α-stability constraint 
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for time-delays systems with LMI approach was presented [128]. The robust controller 

design method for uncertain systems with time delays using the LMI approach was studied 

in 1996 [129].  

The performance and stability of the systems with time delay were proposed by 

characteristic equation analysis in 1998 [130]. The delay-dependent and delay-independent 

robust H∞ control problem for uncertain linear systems with state and input delays were 

investigated in [131]. Recently, the time delay in active suspensions were also studied 

intensively [132, 133]. 

The H∞ control problem can be solved by the algebraic Riccati equation (ARE) approach 

and the LMI approach, and the computation is also quite easy using the existing software 

(e.g., Robust Control Toolbox & LMI Control Toolbox in MATLAB). This chapter attempts 

to apply the existing methods to the active HIS for the vehicle roll control. 

 7.3 State feedback H∞ controller without time delay 

 7.3.1 State feedback H∞ controller design with LMI method 
The four-DOF vehicle model in Chapter 4 is used for the controller design, where the active 

suspension system is represented by the control forces, as shown in Figure 4.3. The system 

equation of the half-car model is modelled as 

 1 2X AX B w B uX AX B , (7.1) 
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where the vehicle state vector 1 2 1 2

T

s u u s u uz z z z z zx z
T

2u2zs u111z z 1 , road disturbance 

input vector 1 2
Tw ww  and control force input vector 1 2

Tf fu , and the system 

matrices are defined as 
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8 8 8 2 8 2
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The roll angle, left and right suspension deflections are the three control objectives to be 

minimised in this controller design. It is assumed that the system is described by the block 

diagram that is shown in Figure 7.1. The corresponding state space formulation for the plant 

is given by 

 

1 2

1 12

2

: ( ) ( ) ( ) ( )

: ( ) ( ) ( )

: ( ) ( )

Plant t t t t

Output t t t

Measurement t t

x Ax B w B u

z C x D u

y C x

( ) (( ) (( ) (( ) ((

 , (7.2) 



Delay-Dependent H  Control 
 

154 
 

where ( ) nt Rx  is the state, ( ) mt Ru  is the control input, ( ) lt Rw  is the disturbance 

input, which belongs to 2[0, )L , ( ) pt Rz  is the controlled signal output, and the system 

matrices  

 1 1 2 12

2

1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 , ,
1 0 1 0 0 0 0

l
l

C C I D 0 . 

 
 

 

 

Figure 7.1 Plant with a state feedback controller 

 

For the design of an H∞ controller of the system as per Equation (7.2), this study proposes a 

continuous time state feedback law 

 ( ) ( )t tu Kx ,

 

(7.3) 

where K is the state feedback gain matrix to be designed, such that 

(1) the closed-loop system is asymptotically stable; 

(2) the closed-loop system guarantees, under zero initial condition, 
2 2

( ) ( )t tz w  for all 

non-zero 2( ) [0, )t Lw  and some prescribed constant 0 . 

When we apply control (7.3) to the system (7.2), the closed loop system from ( )tw to ( )tz  is 

given by 

Plant  
P 

Controller 
K 

w 
u y 

z 
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 1 2

12

( ) ( ) ( ) ( )
( ) ( ) ( )

K

K

t t t t
t t t

x A x B w B u
z C x D u

( ) K( )x( ))
 , (7.4) 

where 

 2

12

K

K

A A B K
C C D K

.

  

(7.5) 

Theorem 1. Consider the hydraulically interconnected suspension system. Given scalar

0 , the closed-loop system is asymptotically stable with H∞ performance index , if 

there exist matrices Q > 0, and a matrix M satisfying matrix inequality (7.6). Moreover, a 

desired H∞ state feedback control law is given by  

 
2 2 1 12

2
11* 0

* *

T T T T T T

T

QA AQ M B B M B QC M D
I D

I
. (7.6) 

Proof 1. Choose the Lyapunov function as  

 ( ( )) ( ) ( )TV t t tx x Px .  (7.7) 

Taking the derivative of the Lyapunov function (7.7) yields 

 ( ( )) ( ) ( ) ( ) ( )T TV t t t t tx x Px x Px( ( ))V ( ( ))( )) ( ) ( ) ( ) ( )T T( ) ( )( ) ( )( ) ( ) ( ) (( ) ( ) ( )) ( ) (( )( ) ( )( ) ( )) (( )( ) ( )) (( )( ) ( ) .  (7.8) 

Then assume the zero initial condition and we introduce 

 2

0

[ ( ) ( ) ( ) ( )]T TJ t t t t dtz z w w . (7.9) 

Substitute system (7.4) into Equation (7.8), then for any non-zero w(t) 
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 2

0 0

[ ( ) ( ) ( ) ( ) ( ( ))] ( ) ( )T T TJ t t t t V t dt t t dtz z w w x η Πη( ( ))]( ( ))]))]( ( ))]( ( ))]( ))]))]( ( ))]( ( ))]((( ,  (7.10) 

where  

 ( ) [ ( ) ( )]Tt t tη x w , 

and  

 1 11
2

11 11

0
*

T T T
K K K K K

T

A P PA C C PB C D
Π

I D D
. 

By Schur complement, 0Π  is equivalent to 

 
1

2
11* 0

* *

T T
K K K

T

A P PA PB C
I D

I
, (7.11) 

and then pre- and post-multiplying by 1( )Tdiag P Π and its transpose, respectively, gives

 

1 1 1
1
2

11* 0
* *

T T
K K K

T

P A A P B P C
I D

I
. (7.12) 

After substituting 1Q P , 1M KP , we can obtain Equation (7.6). Then minimise γ and 

subject it to LMI (7.6). This problem can be solved very efficiently by means of the 

MATLAB LMI Toolbox software. 
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 7.3.2 Simulations 
In this part, we will validate the state feedback H∞ suspension controller by simulations.  

The minimisation of γ can be realised as 1. Substituting the half-car model parameters, 

controller gain matrix can be obtained as 

K =106× [8.2602   1.2715   -6.7434   5.4673    1.5971   -0.2270    0.0768   -0.0728;   -3.2309    

0.7256    0.5496   -1.0848   -0.2194   -0.1333   -0.0181    0.0132]. 

The results of the actively controlled suspension are compared with vehicle response 

without control. Step road input and fishhook road input are used to stimulate the vehicle 

roll motion. 

 7.3.2.1 Step road excitation 
Considering the case of step ground disturbance in an otherwise smooth road surface, the 

corresponding ground displacements of the left and right wheels are 30 mm and -20 mm 

respectively, as shown in Figure 7.2 (a). The step responses of the open-loop system, 

namely the original vehicle system without control, and the closed-loop system that is 

controlled by the state feedback H∞ controller are compared in Figure 7.2 (b) - (d). It can be 

seen from Figure 7.2 (b) and (c) that the controlled close loop system shows much better 

step response of the roll angle and left suspension deflection than the original passive 

vehicle system. The left suspension is compressed by the active suspension to compensate 

for the vehicle roll caused by the uneven road. As shown in Figure 7.2 (d), the right 

suspension deflection is not significantly reduced to compress the suspension because the 
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direction of vehicle roll needs the suspension springs at the right wheel stations to be 

extended to stabilise the roll motion of the vehicle body. 

    

(a) Ground excitation                                                          (b) Roll angle 

  

         (c) Left suspension deflection                                      (d) Right suspension deflection      

Figure 7.2 Simulation results of step road input 
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 7.3.2.2 Fishhook road excitation 
More complex road inputs with fishhook shape surface are considered, as shown in Figure 

7.3 (a). The left and right wheel stations undergo a bump and a pothole but with reversed 

consequence. The out-of-phase road disturbance caused the vehicle roll. Figure 7.3 (b) 

shows that the vehicle controlled by the obtained H∞ controller also presents superior 

stability to the vehicle without control under fishhook road excitations, with substantial 

decreases in the roll angle and overshoot. The simulation results confirmed that good and 

fast response quantities for roll angle can be guaranteed by the designed H∞ controller. 

  

(a) Ground excitation                                                          (b) Roll angle 

Figure 7.3 Simulation results of fishhook road input 

 

 7.4 State feedback H∞ controller with time delay 

 7.4.1 Delay-dependent State feedback H∞ controller design 
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As per Equation  (7.1), the system with time delay can be modelled as 

 1 2 ( )tx Ax B w B ux Ax B . (7.13) 

The corresponding state space formulation for the plant is given by 

 
1 2

1 12

2

( )
( )

( ) ( )

t
t

t t

x Ax B w B u
z C x D u
y C x

x Ax B
  (7.14) 

As per Equation (7.14), a continuous time state feedback law is proposed as 

 ( ) ( )t tu Kx   (7.15) 

Theorem 2. Consider the suspension system (7.14). Given scalar , the closed-loop 

system of (7.14) is asymptotically stable with H∞ performance index γ for any constant 

time-delay satisfying , if there exist matrices L > 0; R > 0, W > 0 and also M, N, 

satisfy matrix inequalities (7.16) and (7.17). Moreover, a desired H∞ state feedback control 

law is given by 1( ) ( )t tu VL x  [132].  

 

2 1 1

2 12
2

1

* 0
0* * 0

* * * 0
* * * *

T T T T
V

T T T T

T

LA AL M N N W B N B LA LC
W V B V D

I B
R

I

 (7.16) 

 1 0T

M N
N LR L

  (7.17) 

0

0
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The reader is referred to the literature [132] for the details of the proof of the Theorem 2. 

Minimising γ and subjecting it to LMIs (7.16) and (7.17), this H∞ control problem can be 

solved by the MATLAB LMI Toolbox. 

 7.4.2 Simulations 
The γ can be minimised as 1. Then the controller gain matrix can be obtained in MATLAB: 

K =104× [1.4466   0.4934   -1.1177   1.4174    0.2160   0.0194    -0.0375   -0.0032;   -0.3946    

-0.5022    0.5504   0.0025   -0.0604   -0.0715   0.0029    -0.0383]. 

The obtained delay-dependent state feedback H∞ controller is verified by simulations.  The 

same step road inputs with the previous simulations are adopted and the simulation results 

with 0 ms and 15 ms time delay are compared with the responses of the original vehicle 

system with a passive suspension respectively. 

 7.4.2.1 Step road excitation with 0      
The step road excitations that are applied in this simulation are the same as the step input in 

the simulation of the delay-independent H∞ controller, as shown in Figure 7.2 (a). When 

there is no system time delay, namely 0 , the system response of the passive system and 

the vehicle controlled by the delay-dependent H∞ controller are plotted in Figure 7.4, where 

Figure 7.4 (a) shows the step response of the roll angle, Figure 7.4 (b) shows the step 

response of the suspension deflection at the left wheel station and Figure 7.4 (c) shows the 

step response of the suspension deflection at the right wheel station. The obtained results 

demonstrated that the step response of the controlled system is similar to that of the system 

controlled by the delay-independent H∞ controller. The roll angle is substantially reduced 
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and the left and right suspension deflections are compressed or extended to tilt the vehicle 

body back.  

 

(a) Roll angle 

 

         (b) Left suspension deflection                                      (c) Right suspension deflection      

Figure 7.4 Simulation results of 0 ms time delay 

 

 7.4.2.2 Step road excitation with 15 ms 
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of the roll angles and suspension deflections. The controlled and uncontrolled results are 

compared in the figures. 

 

(a) Roll angle 

  

         (b) Left suspension deflection                                      (c) Right suspension deflection      

Figure 7.5 Simulation results of 15 ms time delay 
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time delay in the control input. Figure 7.5 (a) compares the roll angles of the systems with 

and without control, wherein we can see the control performance is slightly degraded by the 

introduced system time delay, but the roll angle is still decreased over 50% than the passive 

system. The result demonstrates that the designed delay-dependent H∞ controller is still 

capable of controlling the vehicle roll motion effectively although a relatively large time 

delay is introduced. Figure 7.5 (b) and (c) provide the comparison of the left suspension 

deflection and right suspension deflection respectively. We can see that the suspensions are 

not significantly depressed or extended by the active suspension, which is the reason for the 

difference between the roll angles with 0 and 15 ms time delay.  

 7.5 Summary 
In this chapter, an attempt was made to reduce the effect of the system time delay on the 

active suspension control. A delay-independent state feedback H∞ controller and a delay-

dependent state feedback H∞ controller were designed for active vehicle suspensions. The 

formulation of the H∞ problem for the suspension system was solved by the method of 

matrix inequalities. The delay-dependent H∞ controller design is similar to the design of a 

delay-independent state feedback H∞ controller, but the time delay needs to be included in 

the controller development. The step road input and fishhook road input were chosen as 

road disturbances in the simulations. The results demonstrate that the developed delay-

dependent H∞ controller can provide stable and good enough control performance even 

with actuator time delay to a certain extent in the roll control. 
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 Conclusions and Future work 8

 8.1 Summary 
This thesis can be summarised as follows. 

Chapter 1: the basic problem under investigation was introduced in Chapter 1, and the 

research objectives were established. 

Chapter 2: some essential background information on vehicle suspension systems and 

control algorithms were provided in Chapter 2. It also revealed some fields about the HIS 

systems that required further investigation, such as the need to experimentally validate the 

road holding performance of the HIS. 

Chapter 3: this chapter presented an investigation into the road holding ability of a vehicle 

equipped with the HIS system. The equations of motions of the vehicle-HIS system were 

derived, through the use of a multi-rigid-body vehicle model. The vehicle dynamic analysis 

was carried out and it was found that the anti-roll bars stiffen the vehicle warp mode while 

the HIS does not. Simulations and corresponding experimental verification with different 

road excitations were then implemented. The test rig and experimental setup were explained 

and the obtained results were compared. Good agreement was found between the 

simulations results and the experimental results under low-frequency road excitations. The 

results demonstrated that when the vehicle underwent off-road driving, the anti-roll bars 

weakened the road holding ability of the vehicle while the HIS system had a negligible 

effect.  
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Chapter 4: the active HIS was experimentally validated in Chapter 4. The hydraulic 

suspension model was estimated experimentally from the test data. A roll-plane, half-car, 

linear model was used for developing the H∞ controller. The active suspension model was 

then integrated with the half car model through their mechanical-hydraulic interface in the 

cylinders. An H∞ roll control strategy was employed to control the vehicle body’s roll 

motion. The weighting function design of the H∞ control was provided. On the four-post 

test rig introduced in Chapter 3, the active suspension with H∞ control was validated with 

several road excitations. The effectiveness of the designed H∞ controller was verified by the 

test data with a considerable roll angle reduction in the experimental results. 

Chapter 5: different categories of control methods were applied in Chapter 5. Fuzzy logic 

control, fuzzy PID control and LQR theory were adopted to control the vehicle body’s roll 

motion. The system model in Chapter 4 was also used for developing the model-based LQR 

control. Three controllers were developed and implemented in simulations. A set of road 

excitations was used to validate designed controllers in simulations. The fuzzy and fuzzy 

PID controllers were also validated in the experiments. It was found that these three 

controllers showed their effectiveness in the simulations and experiments with considerable 

roll angle reductions, and the fuzzy PID controller had a better effect and stability than the 

other two controllers. 

Chapter 6: a more sophisticated mathematical linear model for the active HIS system was 

developed in Chapter 6. The new active HIS model including the fluid pressure, flow and 

system damping was integrated with the half-car model. The model parameter tuning was 

carried out, which resulted in a model that was capable of producing a more accurate 
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estimation of the system, with significant improvements over the old model in Chapter 4. 

For verifying the new model, simulations and corresponding experiments were conducted. 

A high consistency was found between the model and real system responses in the 

simulations and experiments. Several controllers were applied in the new model and the 

simulations were conducted. The H∞ controller in Chapter 4 was applied experimentally in 

the new model and compared with the results of the old model. It was found that the new 

model was of good value in the simulation study and also had positive effects on the 

controller design. 

Chapter 7: an attempt was made to reduce the influence of the system time delay in 

Chapter 7. An H∞ state feedback controller was derived. The obtained delay-dependent 

controller was applied on the half-car model in Chapter 4. It was found that the obtained 

controller was able to achieve the optimal control performance even with the system time 

delay to a limited extent. 

 8.2 Contributions 
The specific objectives and contributions of this thesis, as set out in Section 1.2, were 

achieved as follows. 

1.  To review the literature regarding various categories of vehicle suspension systems 

to show their advantages and disadvantages and the gaps in current knowledge; to 

introduce the HIS and active HIS. 

This was achieved by 



Appendix A 
 

168 
 

(a)  presenting a detailed summary of past work relating to the suspension 

systems (Chapter 2) 

(b)  presenting a brief summary of the control algorithms (Chapter 2) 

(c) revealing the areas that need to be further explored (Chapter 2) 

(d) introducing the HIS and active HIS schematically (Chapter 2). 

2. To validate that the vehicle with the HIS performs better than the vehicle with anti-

roll bars in road holding ability with modal analysis, simulations and experiments.  

This was achieved by 

(a) using a seven-DOF, full car model and applying Newton’s second law to 

derive the equations of motion (Chapter 3) 

(b) integrating HIS system and anti-roll bars with the vehicle model (Chapter 

3) 

(c) carrying out the model analysis and comparing the stiffness change 

caused by the HIS and anti-roll bars in different motion modes (Chapter 3) 

(d) conducting the tyre load comparison of the three types of vehicle 

configuration under different road excitations in MATLAB (Chapter 3) 

(e) implementing the tests to verify the modal analysis and simulation results 

(Chapter 3). 

3. To experimentally validate the feasibility of the proposed novel active HIS at the 

whole-car level and practically apply different control methods in the active HIS to 

improve the performance of the roll motion control. 
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This was achieved by 

(a) using a four-DOF, roll-plane, half-car model and applying Newton’s 

second law to derive the equations of motion (Chapter 4) 

(b) using a experimentally estimated active HIS model obtained in previous 

research and integrating with the half car model (Chapter 4) 

(c)  designing an output feedback H∞ controller with presenting the 

weighing function of the H∞ controller (Chapter 4) 

(d) conducting the experiment with bumpy ground excitation on the four-

post test rig and obtaining feedback signals with LVDT (Chapter 4) 

(e) developing the LQR controller with the obtained system model and 

conducting the simulations of the roll motion control (Chapter 5) 

(f) applying the model independent control algorithms, fuzzy control and 

fuzzy PID control, to the active HIS and implementing the obtained 

controller in simulations and tests (Chapter 5) 

(g) comparing the simulation and experimental results of the LQR, fuzzy and 

fuzzy PID control (Chapter 5). 

4. To develop a more sophisticated system model including the pressure and flow of the 

hydraulic system for (1) more accurate description of the whole system of the active 

HIS equipped vehicle; (2) more reliable simulation study; (3) better anti-roll 

performance with the model-based control algorithms.  

This was achieved by 
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(a) using fluid dynamics and applying Newton’s second law to derive the 

equations of motion of the active HIS (Chapter 6) 

(b) integrating the obtained new model with the half-car model (Chapter 6) 

(c) tuning the model parameter to produce accurate response (Chapter 6).  

5. To verify the new model and the performance of the controller based on the new 

model. 

This was achieved by 

(a) verifying the new model through charging different pressures into the 

chambers of the hydraulic cylinder in both simulations and experiments 

and comparing the response (Chapter 6) 

(b) developing and applying model-based controllers in the new model and 

conducting the simulations (Chapter 6) 

(c) comparing the control performance of the H∞ controller in the old and 

new models (Chapter 6). 

6. To apply the delay-dependent control algorithm to reduce the effect of the system 

time delay. 

This was achieved by 

(a) formulating the H∞ problem for suspension systems (Chapter 7) 

(b) designing a delay-dependent H∞ state feedback controller (Chapter 7) 

(c) applying the controller to the vehicle roll motion control (Chapter 7). 
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 8.3 Suggestions for future work 
A number of avenues exist for further research work on the active HIS. Some areas that 

have arisen during this thesis are as follows. 

1. There may be some benefit to retune PID parameters of the fuzzy-PID controller and 

reconstruct the rule base. To verify the performance, experimentally tuning this 

controller is also needed. For fuzzy controllers, more inputs are significant to capture 

the dynamic characteristics of the system fully for improving the performance. Thus, 

the constructions of the rule base are necessary to be extended. It also could be 

considered to employ the adaptive T-S Fuzzy, and fuzzy type-II controllers to 

optimise the control performance. The T-S fuzzy has the capability to address the 

non-linearities of the system by estimating model’s parameters.   

2. In the present study, the experimental implementation is constrained by the limited 

feedback signals. The controllers with one or two feedback signals such as the 

output feedback H∞ controller and fuzzy controller are implemented in the 

experiments, but the tests of full state feedback H∞ and LOR controllers, which 

need the pressure and flow of the fluid system as feedback, have not been conducted. 

Thus, more feedback signals are required for multi-input controllers. The other 

method to address this problem is adding a proper state observer or a Kalman filter 

to the controller. 

3. Further verification of the new model of the active HIS is required for the long-term 

investigation of the system. More experiments for exploring the static and dynamic 
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characteristics of the active HIS could be implemented so that a large enough database 

of the empirical data is available when any modification or addition of the model needs 

to be verified. This database will significantly reduce the time of any changes in the 

model and tedious lab experiments.  

4. The new model of the active HIS could be developed to a full car level. The half car 

model leads to some errors that the performance of the two cylinders on each side 

are seen to be better than in the real performance of the active HIS. Hence, the 

mathematical model is required to be developed to a full-car level with all four actuators. 

The dynamics of the vehicle can be then explored to a larger extent. Also, a full car 

model can reveal some hidden problems with the active HIS model or current 

controllers and provide a more accurate and realistic system model for further work.  

5. There is a clear need to further investigate the control of other motion modes or the 

switched control with more motion modes in the laboratory environment or by road 

tests. The roll-plane active HIS can evolve to a reconfigurable active HIS with 

switching control in the roll, bounce and pitch modes. The control strategy and 

controller design of the switched control (as in Du [134]) are considered 

theoretically. However, the controller validation and the experimental 

implementation are worth investigating. 

6. A platform to simulate lateral excitations of a vehicle can be developed so that a 

force to represent the lateral acceleration of the vehicle body caused by sharp turning 

or cornering can be accurately generated by the test rig. The tests with lateral 

excitations can be conducted if the lateral excitation is developed. 



Appendix A 
 

173 
 

Appendix A 

 A.1 State variables and inputs 
The state variable of the half-car and DDAS model are given as: 

 1 2 1 2

T

scar s u u u uZ Z Z Z Z Zx   (A.1) 

 1 3 5 7 1 3 5 7 2 4
T

HIS P P P P q q q q P Px   (A.2) 

The state vector of the whole system can be found by combining the state vectors of the 

half-car model and the HIS model: 

 
18 1

HIS
system

car

x
x

x
  (A.3) 

The inputs of the DDAS system and the half-car models are (input of the half-car model is 

also known as disturbance: 

 1 2
T

HIS c cP Pu   (A.4) 

 1 2

T

car g gZ Zu   (A.5) 

Similarly to the state vector, the input vector can be assembled by putting the input vectors 

of both HIS system and half-car as followed. 

 
T

HIS

car

u
u

u
  (A.6) 
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 A.2 Half-car 4-DOF model 
Following the obtained state vector, half-car characteristic matrices: 

 

2

2

0 0 0 2 0
0 0 0 0 2
0 0 0 0
0 0 0 0

2 0
0 2

0
0

s s s

s s s s

u s s s

u s s s

s s s

s s s

s s s t

s s s t

I l c lc lc
m c c c

m lc c c
m lc c c

l k lk lk
k k k

lk k k k
lk k k k

M C

K

  (A.7) 

The half-car model can be built by this combination of the above matrices as below 

 1 1
8 8

car

0 I
A

M K M C
  (A.8) 

Coupling matrix of half-car model with the HIS system, as derived from equations from 

section 10.1 

 
0 0

0 0

pd pd pd pd

pd pu pd pu

s s s s
car couple

pd pu

u u

pd pu

u u

lA lA lA lA
d d d d
A A A A
m m m m

A A
m m

A A
m m

A   (A.9) 
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 A.3. HIS system model 
 

Equations of the pressure in actuator chambers shown in section 10.2 can be put down in 

matrix form as matrix Apiston and Apiston-couple which respectively represent its behaviour and 

the chassis’s influence on the HIS system itself. 

 

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

pd

pd
piston

pd

pd

E
sA

E
sA

E
sA

E
sA

A   (A.10) 

 

0

0

0

0

piston couple

El E E
s s s

El E E
s s s

El E E
s s s
El E E
s s s

A   (A.11) 

Similarly, the equations of fluid flow and valve pressure derived in section 10.2 are 

expressed in matrix form as below. 

 
0 0 0 0 0 0 0

0 0 0 0 0 0 0

L L L
valve

L L L

E E EG
LA LA LA

E E EG
LA LA LA

A  (A.12) 
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1 10 0 0 0 0 0 0

1 10 0 0 0 0 0 0

1 10 0 0 0 0 0 0

1 10 0 0 0 0 0 0

flow

k
L L

k
L L

k
L L

k
L L

A   (A.13) 

The A matrix of the HIS system can be assembled in the following form 

 
piston

HIS flow

valve

A
A A

A
  (A.14) 

According to Equation (6.19), combining the HIS’ A matrix, the half-car’s A matrix and 

coupling matrices, the A matrix of the whole system can be obtained as 

 

18 18

piston couple
HIS

car
car couple

0 A
A

0 0
A

0 0
A

A 0

  (A.15) 

In accordance to the derived input vector, input matrices B of both half-car and HIS models 

are as followed: 

 
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

TEG
ALL

HIS EG
ALL

B   (A.16) 
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0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

Tkt
mu

car kt
mu

B   (A.17) 

Combining the above B matrices yields the input matrix of the whole system, given as 

 
18 4

HIS

car

B 0
B

0 B
  (A.18) 

The system’s model is completed upon assembling all matrices together as followed. 

 x Ax Bu   (A.19) 

 

18 18
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