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Abstract

In financial disputes arising from divorce, inheritance, or the disso-
lution of a partnership, frequently the need arises to assign ownership
of an indivisible item to one member of a group. This paper introduces
and analyzes a dynamic auction for simply and efficiently allocating
an item when participants are privately informed of their values. In
the auction, the price rises continuously. A bidder who drops out of
the auction, in return for surrendering his claim to the item, obtains
compensation equal to the difference between the price at which he
drops and the preceding drop price. When only one bidder remains,
that bidder wins the item and pays the compensations of his rivals.
We characterize the unique equilibrium with risk-neutral and CARA
risk averse bidders. We show that dropout prices are decreasing as
bidders become more risk averse. Each bidder’s equilibrium payoff is
at least 1/N-th of his value for the item.
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1 Introduction

In financial disputes arising from divorce, inheritance, or the dissolution of
a partnership, frequently the need arises to assign ownership of an indivisi-
ble item to one member of a group. This paper introduces and analyzes a
dynamic auction for simply and efficiently resolving such disputes.

The canonical example of a division mechanism is divide and choose. In
addition to helping children split pieces of cake, this procedure is widely used
in a variety of other practical settings. A version of divide and choose called a
“Texas Shoot-Out” is a commonly used exit mechanism found in two-person
equal-share partnership contracts.! In this mechanism, the owner who wants
to dissolve the partnership names a price and the other owner is compelled to
either purchase his partner’s share or sell his own share at the named price.

Divide and choose is simple and fair. Parents (lawyers) can explain the
procedure to their children (clients) without difficulty. Moreover, whether a
participant is the divider or the chooser, they can guarantee themselves at
least half of their value for the object by following a simple strategy. In a
Texas Shoot-Out, for example, an owner who names a price that leaves him
indifferent to whether his partner buys or sells is guaranteed to receive half
of his value for the partnership. Likewise, his partner, by simply taking the
best deal, either selling or buying at the proposed price, cannot leave with
less than fifty percent of her value for the partnership.

Despite these properties, divide and choose has several flaws which limit
its applicability and attractiveness. First, the procedure does not easily scale
to more than two participants. Second, it does not treat the participants
symmetrically: there is an advantage to being the divider when information
is complete and to being the chooser when information is incomplete. Finally,

when information is incomplete, then divide and choose is not efficient.?

!Brooks, Landeo, and Spier (2010) detail the popularity of this exit mechanism and
examine why Texas Shoot-Outs are rarely triggered in real-world contracts.
2In a complete information environment, these issues have been well studied. Crawford



We present a dynamic auction which avoids the negative features of divide
and choose while retaining its many attractive properties. In the auction,
the price, starting from zero, rises continuously. Bidders may drop out at
any point. A bidder who drops out surrenders his claim to the item and,
in return, receives compensation from the (eventual) winner equal to the
difference between the price at which he drops and the price at which the
prior bidder dropped. The auction ends when exactly one bidder remains.
That bidder wins the item and compensates the other bidders. Thus in an
auction with N bidders, if {pk}fj;ll is the sequence of dropout prices, then
the compensation of the k-th bidder to drop is pr — pr_1, where py = 0, and
the winner’s total payment is py_; = Z,ivz’ll (pr — pr_1).> Hereafter, we refer
to this auction as the compensation auction.

In our setting, a strategy for a bidder is a sequence of bid functions,
where the k-th bid function identifies the price at which the bidder drops
out as a function of his value and the k£ — 1 prior dropout prices. In the
symmetric independent private values setting we provide necessary and suf-
ficient conditions for a sequence of bid functions to be a symmetric Bayes
Nash equilibrium in increasing and differentiable strategies. We characterize
the unique such equilibrium when bidders are risk neutral and when they are
CARA risk averse; in equilibrium the compensation auction efficiently dis-
solves partnerships. We show that equilibrium dropout prices are decreasing
as bidders become more risk averse. Equilibrium is also interim proportional,

i.e., each bidder’s equilibrium expected payoff is equal to at least 1/N-th of

(1979) shows that auctioning off the divider role in divide and choose can correct the
asymmetry of the procedure, and Demange (1984) offers a procedure for N players that
is fair and efficient. In an incomplete information environment, de Frutos and Kittsteiner
(2008) show how bidding to be the chooser can restore efficiency to a Texas Shoot-Out.

3The auction can equivalantly be framed as follows: At the beginning of each round,
compensation is set zero and then increased continuously until one of the participants
agrees to take this compensation in return for giving up his claim to the item. This par-
ticipant exits, and the process is repeated, until only one participant remains. The last
participant is awarded the item and pays each of the others their individualized compen-
sation.



his value for the item, and thus it is individual rational for each bidder to

participate in the auction if 1/N-th of his value is his disagreement payoff.

RELATED LITERATURE

In an independent private values setting, Cramton, Gibbons, and Klem-
perer (1987) identify necessary and sufficient conditions for a N-bidder part-
nership to be efficiently dissolvable when bidders are risk neutral, and they
identify a static bidding game that dissolves it. They show that only equal
partnerships are dissolvable as the number of bidders grows large. When
bidders do have equal ownership shares, they show that partnerships are dis-
solvable by simple k+ 1 auctions.? A mechanism is simple in McAfee’s (1992)
sense if it can be described without reference to the players’ utility functions
or the distribution of their values. Loertscher and Wasser (2015) characterize
the optimal dissolution mechanism for arbitrary initial ownerships, when the
objective is to maximize a weighted sum of revenue and social surplus.

To our knowledge, McAfee (1992) is the only paper to study the dissolu-
tion of partnerships when the participants are risk averse. It characterizes the
equilibrium bid functions of several simple mechanisms when there are N = 2
CARA risk averse bidders: the Winner’s bid auction, the Loser’s bid auc-
tion, and the Texas Shootout (which he calls the Cake Cutting Mechanism).?

Morgan (2004) considers fairness in dissolving a two-person partnership in a

4In a k41 auction, bids are simultaneous, the item is transferred to the highest bidder,
and he pays each of the other bidders a price equal to

% [kbs + (1 — k)by],

where b; is the the second highest bid, b is the highest bid, and k € [0, 1]. This mechanism
is also studied in Guth and van Damme (1986). de Frutos (2000) studies the k& = 0

and k = 1 versions of this auction when bidders’ values are drawn from asymmetric
distributions. A similar family of auctions is considered by Lengwiler and Wolfstetter
(2005).

°In the Winner’s Bid auction the high bidder wins and pays half his own bid to the loser,
while in the Loser’s Bid auction he pays half the losing bid to the loser. The Loser’s Bid
auction is strategically equivalent to the two-player version of our compensation auction.



common value framework. Athanassoglou, Brams, and Sethuraman (2008)
consider the problem of dissolving a partnership when the objective of the
bidders is to minimize maximum regret.

The present paper is the first to propose and analyze a dynamic procedure
for dissolving a partnership with N > 2 bidders. Abundant experimental ev-
idence suggests that dynamic mechanisms perform more reliably than static
ones, e.g., English ascending bid auctions achieve efficient allocations far
more reliably than second-price sealed-bid auctions, despite being strategi-
cally equivalent.® The prior literature has imposed the restriction that either
bidders be risk neutral or there only be two bidders. We dispense with both
restrictions.”

We address the efficient allocation of an indivisible object. However, the
dynamic auction we propose is inspired by the early cake cutting literature
which concerned the division of a divisible item.® In the classical cake cut-
ting problem, N individuals are interested in dividing a heterogeneous cake.
Assume that the cake is rectangular and of unit width, where ¢ = 0 and
t = 1 correspond to the left and right edge, respectively. Dubins and Spanier
(1961) describe one solution to this problem: A referee holds a knife at the
left edge of the cake (i.e., t = 0) and slowly moves it rightward across the
cake, keeping it parallel to the left edge. At any time, any of the participants
can call out “cut.” If the first participant calls cut at ¢; then he takes the
piece to the left of the knife, i.e., [0,¢1), and exits. The knife now continues
moving rightward until a second participant calls cut at some ¢35, and he re-
ceives [t1,t2) and exits. This continues until the N — 1-st participant calls cut

and takes the piece [ty_2,tx_1]. The last participant receives the remainder

6See Kagel (1995) for a discussion of several such studies in his well-known survey of
auction experiments.

"See Moldovanu (2002) for a survey of the literature on dissolving a partnership.

8Steinhaus (1948), Dubins and Spanier (1961), and Kuhn (1967) are early examples.
See Brams and Taylor (1996) or Robertson and Webb (1998) for a textbook treatment of
the subject. Chen, Lai, Parkes, and Procaccia (2013) is a more recent contribution.



[tn_1,1].

A participant who calls “cut” whenever his value for the piece of cake to
the left of the knife is 1/N-th of his value for whole cake is easily verified
to obtain a piece no smaller that 1/N-th (in his own estimation), indepen-
dent of when the other participants call cut. If pieces of cake are viewed as
compensation, then the Dubins and Spanier procedure is similar to our auc-
tion: In each round, compensation (money or cake) is continuously increased
until one participant agrees to take the compensation and give up his right
to continue. The process continues until a single participant remains, who
wins the cake or the item, and who compensates the other participants (with
either money or compensatory pieces of the cake). The two procedures are

not identical, and we focus on equilibrium behavior rather than fair division.

2 The Model

A single indivisible item is to be allocated to one of N > 2 bidders. The
bidders’ values for the item are independently and identically distributed

according to cumulative distribution function F' with support [0, Z|, where

T < oo and f = F’ is continuous and positive on [0,Z]. Let Xi,..., Xy be
N independent draws from F', and let ZfN), ceey Z](VN) be a rearrangement of

the X;’s such that 2" < Z{M < ... <z, and let G denote the c.d.f.
of Z,gN), ie., GlgN) is the distribution of the k-th lowest of N draws. It is easy
to verify that the conditional density of Z;E;JR given ZfN) =21,...,4 ,EN) = 2z
is

) [1— F(zpq) VD

Zi{ii‘Z{N),...,ZIEN)(Zk+1|21’ e Zk) = (N - k)f(zk+1) [1 _ F(zk)]ka

9

if 0 < z; <...< 2,41 and is zero otherwise.” As the conditional distribution

of Z,gi\[i given Z{N), e ZIEN) depends only on Z,EN), we simply denote it by

9See Claim 1 of the Supplemental Appendix for the derivation of this density.



N)
(V)

(N)
N N (Zk+1’21 =
Nz Lz

G,(ﬁ)l (Zk+1|2k) rather than the more cumbersome G(Z

21y, Z,EN) = z), and likewise we write g,gji)l(zmﬂzk) for the conditional

density. Define

W) = o 6l) = (¥ - L,
to be the instantaneous probability that one of N — k£ bidders has a value of
z conditional on the k-th lowest value being z.

In the auction, the price starts at 0 and rises continuously until N—1 of the
bidders drop out. The remaining bidder wins the item. A bidder may drop
out at any point as the price ascends, dropping out is irrevocable, and dropout
prices are publicly observed. Let po = 0 and suppose p1 < ps < ... < py_1
is the sequence of N — 1 dropout prices.'’ The winner pays compensation of
Pk — Pr—1 to the k-th bidder to drop, for each k € {1,..., N —1}. We say that
the k-th bidder has dropped at “round” k. Thus if a bidder whose value is x
wins the auction, then his total payment is py_; = fo:—ll (pr — pr—1) and his
payoff is u(x; — px_1). The payoff of the k-th bidder to drop is u(px — pr—1)-
We assume that v/ > 0 and v” < 0.

A strategy is a list of N—1 functions 5 = (54,...,8y_1), where B,(x; p1, ...

gives the dropout price in the k-th round of a bidder whose value is z, when
k — 1 bidders have previously dropped out at prices p; < py < ... < pr_1.
Since a strategy must call for a feasible dropout price, we require that
Br(x;p1,. .., Pr—1) > pr_1 for each k and py, ..., pr_1. Sometimes we refer to

a bidder’s dropout price simply as his bid.

10Tn the event that several bidders drop at the same price, then one randomly selected
bidder drops, the rest remain, and the auction resumes.

7pk'—1)



3 Equilibrium Bidding Strategies

Proposition 1(i) identifies necessary conditions for /5 to be a symmetric equi-
librium in strictly increasing and differentiable strategies. Proposition 1(ii)
establishes that any solution to this system of differential equations is an
equilibrium. The remainder of this section establishes existence and unique-
ness of equilibrium in two important special cases — (i) risk neutral bidders

and (ii) bidders with constant absolute risk aversion.

Proposition 1: (i) Any symmetric equilibrium (3, in increasing and differ-
entiable bidding strategies, satisfies the following system of differential equa-

tions:

U (By_1(;PN-2) — PN—2)BN_1(¥; PN-2) (1)
= [u(By_1(z;PNn-2) —pn—2) — ulx — By_1(; PN—2))]/\]NV_1($)

and, for k€ {1,...,N — 2}, that

u' (B (2 Pr-1) — Pr—1) B (T Pr—1) (2)
_ U(ﬁk(% Pk—1) - pk—l) Ag(fﬁ)»
—u(Bhy1 (23 Pr—1, Br (5 Pr—1)) — Br (2 Pr—1))

where
f(x)
1— F(x)

(i) If 5= (By,...,Bx_1) is a solution to the system of differential equations

in (i), then it is an equilibrium.

A (2) = (N = k)

RisSk NEUTRAL BIDDERS
Proposition 2 characterizes equilibrium when bidders are risk neutral. It
shows that in round k& a bidder whose value is x sets a drop price equal to

a weighted average of the dropout price observed in round k£ — 1 and the



expectation of the second highest value conditional on x being between the
k-th and the k£ — 1-st lowest values.

Proposition 2: Suppose that bidders are risk neutral. The unique sym-

metric equilibrium in increasing and differentiable strategies is given, for
k=1,...,N—1, by

N -k

0 e —
5($Pk1) N kil

Pt + EZ00Z" > x> 2] (3)

N—-k+1

According to Proposition 2, equilibrium dropout prices in round % are
determined by a bidder’s value and the round k — 1 dropout price, but do
not depend on dropout prices in rounds prior to £ — 1.

Let N, k, N, and k’, be integers such that N — k = N' — k'’ > 1, but

otherwise be arbitrary. It is straightforward to verify that!!

EZ00)ZN) > 2> 20N = E1z001 2™ > 2 > 2™ va e [0, 2.

In other words, the expectation of the second highest of N’ draws, conditional
on x being between the k’-th and &’ — 1-st lowest draws, is the same as the
expectation of the second highest of N draws, conditional on = being between
the k-th and k — 1-st lowest draws. Corollary 1 follows immediately from
Proposition 2. In stating the corollary it is useful to write 627 ~(z; p) for the

equilibrium bid function in round k of an auction with N bidders.

Corollary 1: If N'—k' = N —k and bidders are risk neutral, then the equi-
librium bid function in round k' of an auction with N’ bidders is the same as
the equilibrium bid function in round k of an auction with N bidders. Equi-
librium bids depend on only the number of rounds remaining in the auction
and the last observed dropout price. In particular, 52,,N, (x;pw) = 527N(a:; Pr)

whenever py = py.

11Gee Claims 2 and 3 of the Supplemental Appendix.

8



Corollary 1 identifies an intuitive property of equilibrium, but it depends
on the uniqueness of equilibrium. If there are multiple equilibria, then one

might make a selection based on the number of bidders.

Example 1: Suppose N = 3, bidders are risk neutral, and values are dis-

tributed U[0, 1]. Equilibrium drop out prices in round 1 are given by
1 1
0 — — —_

and in round 2 are given by

1 1 1
Bo(w;p1) = 37 + 5 + P

By Corollary 1, the equilibrium bid function in round 3 of an auction with 4
bidders is 83(x; p2) = o4+ 1+ 1ips.

CARA BIDDERS

Proposition 3 characterizes equilibrium when bidders have constant ab-
solute risk aversion (CARA), i.e., their utility functions are given by
1l—e™
u(r) = ——,
(5) = =

where o > 0 is their index of risk aversion. Note that lim, o u*(z) = z, i.e.,
bidders are risk neutral in the limit as o approaches zero. Denote by [} the
equilibrium bid function in round £ when bidders have CARA index of risk

aversion .

Proposition 3: Suppose that bidders are CARA risk averse with index of
risk aversion o > 0. The unique symmetric equilibrium in increasing and

differentiable strategies is given, for k=1,...,N — 1, by

N —k N —k
B (2 pr—1) = N——lﬁ—lpkfl - mln(J?(x)) 3 (4)

9



where
T8 (@) = Ele N Z2W > 0> 2]
and, for k < N — 1, J¥(z) is defined recursively as

N—k—1

o o N N—k N N
se(a) = B | (a(2™) T 1200 > 2> 22).

Example 2: Suppose N = 3, bidders are CARA risk averse with index of
risk aversion «, and values are distributed U[0,1]. Equilibrium drop out

prices in round 1 are given by

Le—ata(1_p)dt\ 2

B(@) = — 1 [ (i) s - 2
r)=——1In

! 3 (1-— x)3

and in round 2 are given by

1 —az .
By (x;p1) = 1291 — i11”1 (fx e *2(1 z)dz) .

2 20 (1—2z)

Figure 1 (below) shows the equilibrium bid functions for a = 10. The
round 2 bid function is shown under the assumption that the first bid-
der drops at a bid of .2, which reveals (in equilibrium) his value is z; =

(31°)71(.2) ~ .35154. Since this value is the lower bound of the set of buyer

10



types remaining in the auction, the figure shows 33°(x;1/5) for z > 2.

. 08
Price
07T

06T B(x;.2)
05+

04T

Bi°(x)

03T

2" —"{(=-—"— - - - - - - - = — - = Pi

0.1 T

| | | | | | | | | |
0.0 T T T T T T T T T 1

0.0 0.1 0.2 03 04 05 0.6 0.7 0.8 0.9 1.0

Figure 1: Equilibrium bids by round, for N = 3,U[0, 1], and CARA (a = 10).

Proposition 4 establishes tight upper and lower bounds for the dropout
prices of CARA risk averse bidders.

Proposition 4: Suppose that bidders are CARA risk averse with index of
risk aversion a > 0. Then for each k =1,..., N —1 and px_1 we have that

T — Pg—1

> N——k‘—{—l—'—pk_l f07”I<[f',

52($;Pk—1) > B (23 Pr-1)

i.e., CARA risk averse bidders demand less compensation than risk neutral

bidders, but always demand compensation of at least (x —pr—1)/(N —k+1).

Proposition 5 establishes the intuitive result that CARA bidders drop out

at lower prices as they become more risk averse.

Proposition 5: Suppose that bidders are CARA risk averse with index of

risk aversion a. Dropout prices decrease as bidders become more risk averse,

11



.e., @ > « implies, for k=1,..., N — 1, that
ﬁg(x;pk—l) > Bg<xapk—1) Vk € {17 s ’N - 1}7 V€ [07‘%)7 vpk—lv

except for bidders with the highest possible value T, for whom the dropout

price does not depend c.

If a bidder with value z; follows the strategy of dropping out whenever
his compensation reaches z;/N, then he guarantees himself a payoff of at
least u(x;/N). In particular, regardless of the strategies and values of the
other bidders, he either drops at some stage k and obtains compensation
of exactly x;/N or he wins the item at a price no more than (N — 1)x;/N.
Since a bidder’s equilibrium strategy must give him at least this payoff, the

compensation auction is said to be interim proportional.'?

Corollary 2: The compensation auction is interim proportional, i.e., the

equilibrium payoff of a bidder with value x is at least u(x/N).

Proposition 6 studies the limit properties of equilibrium bid functions.
P6.1 shows that as « approaches zero, the CARA bid function approaches
the risk neutral bid function. P6.2 shows that as CARA bidders become
infinitely risk averse, equilibrium bids approach the (linear) lower bound

identified in Proposition 4.3

Proposition 6: Suppose that bidders are CARA risk averse with index of
risk aversion «. Then for each k=1,..., N — 1 and py_1 we have
P6.1: lima_ o+ B (2; Pre1) = Bo(2; Pr_i) for = < Z.

P6.2: limg oo B3 (73 Pk-1) = Nogrg + Peo1 for o < T

12 A bidder’s payoff need not be ex-post proportional.
13We are grateful to an anonymous referee for suggesting Proposition 6.1 and providing
a proof.

12



Figure 2 below illustrates these results. It shows equilibrium bids in round
1 for a = 0, 10, 100, and oo when N = 3 and values are distributed U0, 1].
As a approaches infinity, lim, . 57 (x) = /3.

Price

Figure 2: Round 1 equilibrium bids for N = 3, U|0, 1], and « = 0,10, 100, and oc.

4 Discussion

Compensation auctions can also be used to allocate an indivisible undesirable
item (e.g., a waste dump or a nuclear power plant) or an indivisible costly
task or chore (e.g., an administrative position). An allocation mechanism
in such a setting must determine which of the N players is to accept the
undesirable item or complete the chore and how the other players are going
to compensate him. We consider the problem of allocating a chore.

The key to employing the compensation auction (which is defined for a
“good”) is to make the chore desirable. Suppose each bidder’s cost of com-
pleting the chore is independently and identically distributed according to
cumulative distribution function F' with support [0,¢]. In order to make
the chore desirable, each of the NV bidders contributes ¢/N into a pot which

13



will be awarded to the bidder assigned to complete the chore. Thus, if bid-
der ¢ with cost ¢; undertakes the chore, then he receives a total payoff of
v; = ¢ — ¢; > 0. The compensation auction can be used to allocate the chore
to a bidder and to determine the compensations (which can be viewed as
rebates of ¢/N) that the winner provides to the remaining bidders.

The auction operates as before: The price, starting from zero, rises con-
tinuously and a bidder may drop out at any point. A bidder who drops out
surrenders the opportunity to do the chore but, in return, receives compen-
sation from the winner equal to the difference between the price at which
he drops and the price at which the prior bidder dropped. The auction
ends when exactly one bidder remains. Since the auction is interim pro-
portional (see Proposition 7), then bidder i’s equilibrium payoff is at least
v;/N = (¢ — ¢;)/N. Thus bidder ¢’s payoff, net of his contribution ¢/N, is at
least - -

c—c¢ C ¢

N N N’
In other words, each bidder’s payoff is equal to at least 1/N-th of his cost

of undertaking the chore. Furthermore, since the auction is ex-post efficient,
the chore is allocated to the bidder for whom the cost of completing the chore

is smallest.

5 Appendix

Lemma 0 found in McAfee (1992) is not directly applicable to our paper since
the payoff function may not be C? for all z and y. However, the following

simple extension plays the same role and can be applied in our setting.

Lemma 0: Suppose an agent of type x who reports y receives profits equal

(z.1) m(z,y) ify>a
m(x,y) =
! m(z,y) ify<w

to

14



Further suppose that for all x we have

0 B 0 I B ) . B
and that ]
o2t (w,y) >0 fory >z

aiZyWL(ﬂﬁ,y) >0 fory<u.

Then m 1s maximized over y at y = x.

Proof of Lemma 0: First, from (5), we have that 8%#(3:, x) = a%WH(

a%WL(:c,x) = 0 for all z. Second, since (5) and (6) if y > z, then

x,T) =

¢ H

and if y < x, then
%WL(x,y) > 0.

Hence, we have established that: (i) if y < x, then (.%71’(37, y) = Zal(z,y) > 0;

dy
(i) if y = x, then (%W(I,ZL‘) = 0; and (iii), if y > =z, then a%ﬂ(x,y) =
%WH (x,y) < 0. Therefore 7 is maximized over y at y = x. O

Proof of Proposition 1: Let § = (§4,...,0y_1) be a symmetric equi-
librium in increasing and differentiable strategies. Since equilibrium is in
increasing strategies, the sequence of dropout prices (p,...,pr_1) at round
k reveals the k — 1 lowest values (z1,...,25_1). In the proof it is convenient
to write the round k equilibrium bid as a function of the prior dropout values
rather than as a function of the prior dropout prices. In particular, we write
Bi(z|zx_1) rather than 8, (z; pr_1)-

For each k < N, let 71 (y, x|zx_1) be the expected payoff to a bidder with
value x who in round k deviates from equilibrium and bids as though his

value is y (i.e., he bids . (y|zx_1)), when z;_; is the profile of values of the

15



k — 1 bidders to drop so far. In this case we will sometimes say the bidder
“bids y”. Let

i (2|Zg-1) = mi(2, 2(Z8-1)

be the equilibrium payoff of a bidder in round &k when his value is = and z;_
is the profile of values of the k — 1 bidders to drop in prior rounds.

Consider the following two-part claim for round k:
(a) For each zj_:

(a.d) B, satisfies the differential equation given in Proposition 1(i).

(adi) if # > zx_y then = € argmax, m;(y, z|25_1), i.e., it is optimal
for each bidder to follow (3, in round k; if x < 2,y then 2, €

arg max, 7 (y, |z_1).

(b) For each z;_;:
de<CL’|Zk_1)

>0.
dx -

We prove by induction that the claim is true for each k£ € {1,..., N — 1},
thereby establishing Proposition 1.

We first show the claim is true for round N — 1. Let zy_o be arbitrary.
Consider an active bidder in the k-th round whose value is x but who bids
as though it is y > zy_s. There are two cases to consider: = > zy_o and
r < ZN_2.

Suppose that x > zy_o. With a bid of ¥y > zy_s, the bidder wins and
obtains z — By_y(2n_1]zZy_2) if ¥y > 2zx_1, and he obtains compensation

Bn_1ylzn_2) — pn_2 if y < zy_1, where py_2 = By_o(2n_2|Zn_3). Hence

Y

vy zlzy o) = [ u(z — By (znalzn_a))gh 1 (noa|zv_a)dzy
ZN—2
F (N—1)
+ [u(By_1(ylzn-2) — pn—2)gn_1  (zn-1|2N—2)dzNn_1.
Y

16



Differentiating with respect to y yields Ony_1(y, z|zn_2)/0y =

[ule = By 1(ylav—2)) = ulBy - (ylz-—z) —py-2loh 5 lav-2) o)
+ W (Bya(ylzn-—2) — pn-2)By 1 (ylZN—2)(1 — G§§V_‘11)(y|zN_2)).

A necessary condition for § to be an equilibrium is that Ony_1(y, z|zy_2)/0Y|y=s =

0, i.e.,

u'(By_1(x|zn—2) — PN—2)BN_1(T]|ZN—2) (8)

= [u(By 1 (z]zn-2) = py-2) — ulz = By (wlan—2)] Ay (@),

where (N—-1)
)\%_1((%) gN—l (:L‘|ZN—2) f(x)

C1-GW PV ()ey,) 1 Fl@)

Alternatively, since types can be inferred from dropout prices, we can write

the necessary condition as
U (Bn_1(7;PN—2) — Pn—2)By_1(; PN-2)
= [w(By_1(®;PNn-2) —PN-2) —u(z — By_4(7; PN—2))]/\%—1($)7

which establishes (a.i) for k = N — 1.
The necessary condition holds for all z and, in particular, it holds for

T =1y, ie.,

U (By_1(Ylzn-2) — Pr-2)By_1(y]ZN-2) (9)
= [u(Byn-1(ylzn—2) — pv-2) — u(y — By_1(ylzn—2)) A1 (v)-
Substituting (9) into (7) and simplifying yields

OmN_1(y, T|zZn—2)

dy

= [u(z — By_1(ylzn—2)) — u(y — By_1(ylzn—2))] 951" (ylzn—a).
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Clearly, Omn_1(y, x|zn—2)/0y|y= = 0. Moreover, for y > zy_, we have

327TN—1(3J, $|ZN—2)

Yoz =u'(v - 5N—1(y|ZN72))91(VN__11)(y|zN,2) >0,

where the inequality holds since v’ > 0 and g%\:l)(y\z]v,g) > 0. Hence, if
x> zy_o then z € argmax, mn_1(y, z|25—1) by Lemma O.

Suppose z < zn_o. It is clearly never optimal for a bidder to bid as
though his type were less than zy_o, i.e., bid less than Sy_;(zn_2|zZy_2),

since bidding zxy_o yields a greater compensation. For y > zn_o we have

87TN—1(y,$|ZN—2)

i = [u(a—By 1 (ylzn—2)) ~uly—By 1 (vlzn-2))lgn " (ylzn—2) <0,

and thus zy_o € argmax, my_1(y, z|zy_2). Hence (a.ii) is true for k = N —1.
To prove (b), note that

dlIn_1(z|zN_2) _ Orn_1(y, z|zN_2) . orn-1(y, x|zn_2)
dz dy - ox -
= / W(z = By 4 (2n—1lzn—2))gh s (2v-1 |2 —2)dzn—
ZN—2
> 0,

where the second equality holds since Omy_1(y, z|z2y—2)/0Yy|,—- = 0. Hence
(b) holds for k = N — 1.

Assume the claim is true for rounds k + 1 through N — 1. We show
that the claim is true for round k. Let z,_; be arbitrary. If < z;_; then
clearly z,_; € arg max, 7 (y, x|2x_1). Suppose > z,_1. Consider an active
bidder in the k-th round whose value is z and who bids as though his value is
y > z;_1. We need to distinguish between two cases: (i) y € [z,_1, z] and (ii)
y > x since his payoff function differs in each case. (A bid below z;_; is not

optimal.) In what follows, we denote the payoff to a bid of y as 7¥(y, z|z)_1)

18



if y € [24_1, 2] and as 7 (y, z|zs_1) if y > 2.

Case (i): Consider a bid y € [z;_1, x]. If 2 € [zx_1, y] the bidder continues
to round k41 where, by the induction hypothesis, he optimally bids x and he
has an expected payoff of Il 1 (x|z,_1, 2). If zx > y he obtains compensation
of B (y|zk—1) — pr—1 in round k, where py_1 = 5,_;(2x_1|2r_2). Hence his

payoff is

e alze) = [0 Mo (elzer 200 (iloio)da

+ [T u (Be(ylzie) — pee1) 98 (2l znr)

Differentiating with respect to y yields

orE(y, z|zs_ -
Wk(yajZk ) _ e (2261, ) — u (B Wlzae1) — pe)]gl " (yl2ze—1)

! (B (ylzr-1) — pr1) Bi(ylze1)(1 — GV (] 2-0).

A necessary condition for equilibrium is that o7 (y, z|zx-1)/0y|y—. > 0, i.e.,

Myt1 (2|21, 2) — u (By(v|Z—1) — pk71>]g}£N71)(x‘zkfl)

! (B, (x]zr—1) — pre_1) Bi(@]ze1) (1 — GV V(2] 241)) > 0.

Since
Hk+1($|zk—1,$) = U(5k+1($|zk—1; T) — 5k($|zk—1))7

the necessary condition can be written as

u' (B (x|zk-1) — pr—1) B (x|2x-1) (10)
> [u(By(]|Z-1) — pr—1) — u(Bi1 (T]ZR1,7) — Bk(ﬂzk*l))])‘]kv(m)’

where
W)= I alan) g f@)

1— GV (2]2) 1—F(x)
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For y € [zx_1, z] we have

8271' , T|Zg— d -
kgyyal: o) Tl (alzio,y)gl ) (lze) 2 0,

where the inequality follows since (b) is true for round &k + 1 by the induction
hypothesis.

Case (ii): Consider abidy > z. If z; € [z,_1, 2], then the bidder continues
to round k£ + 1 and, by the induction hypothesis, he bids x and obtains
g i1(z|Zg—1, 2). If 2, € [z, y], then he continues to round k + 1 and, by the
induction hypothesis, he bids z; and obtains compensation 3, ,; (2x|2x—1, 2x) —
Bi(zk|zk—1). If zx > y then in round k he wins compensation [ (y|zs—1) —

pr—1- Thus his payoff at round £ is

T (Y rlzea) = [ Mg (@lze- Lagy D (el 2 ) dz
+ [V 5k+1 (zulze1, 2) = Be(zilza1))gt™ " (zulznr) e,
f (Ylzr-1) — pe-1) 98" (ze] 21 ) i

Differentiating with respect to y yields

Ori! (y, x|zk-1)

5 = [u(Bpr1 (Wln-1,9) = Bylylzs-)) — u (By(ylzer) — peo)lgy" " (yln)
Y

! (B, (Ylzr-1) — prr) B (ylze1) (1 — GV (y2-0)).

A necessary condition for equilibrium is that O (y, z|zs_1)/0y|,=. < 0, i.e.,

v (Br(2|Zr—1) — pr—1) Bi(2|2Zx—1) (11)
< [u(Bi(@lze-1) = pr1) = u(Bria (w]2i-1,2) — Bi(alzr—1)) AR ().
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Equations (10) and (11) imply that

v (Br(2|Zr—1) — pr-1) By(w|Zr—1) (12)
= [u(Be(@lzir) = pro1) — u(Bypr (w2, 7) — Br(alzi)) X (2)-

Since the bid functions are increasing, we can replace z,_; with p,_; and
replace ;| (¢|2k—1, ) with 5, (z; Pk—1, B1(z; Pk—1)), writing the first order

condition as

u' (B (@; Pr-1) — Pr—1) Bi(@; Pr—1)
= [u(By(z;Pr-1) — Pb-1) — U(5k+1($; Pi—1, B (x; Pr-1)) — By (z; Pk—1))]/\iv($),

which establishes (a.i) for round k.

Equation (12) holds for all # and, in particular, it holds for =z =y, i.e.,

u' (Br(ylZr-1) — Pr-1) 6;(y|zk_1)
= [w(BrWlza-1) — Pr-1) — u(Brpr (WlZe—1,y) — Bi(ylzr-1))] A (1)

Substituting this expression into the expression for I (y, x|z;_1)/0y yields

aﬂ-kH(ya z|Zg_1)

ay =0fory > z.
Furthermore,
Pl (y, x|zg—1)
’ =0f > .
Oyox rYy=2
We have shown that
Omy:(y, x| Zk-1) _ omi (y, |zk—1) -0
dy Y=z dy Y=z
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and

0%yl (y, | zk-1)

Oyox

0°mi;(y, @|2-1)

Jyox

> 0 for y € [zx_1, ] and

>0 for y > x.

Hence (a.ii) is true for round k& by Lemma 0.
To establish (b) is true for round k, observe that

Me(elze 1) — / M (2121, 2095 ™ (2l 201 )z

Zk—1

—l—/ u(Bg(x|ZK—1) _pk71>gl(cNil)(zk‘Zkfl)de-

Differentiating and simplifying yields

dIl (z|zs— r d B
% - / @H/ﬂﬂ(ﬂzk—l,%)gg Y (24l 2h1)dze > 0,

Zk—1

where the equality follows from ITj 1 (z|2_1, ) = w(Byi1(®|2Zk—1, ) —Br(x|Zk-1))
and (12), and the inequality follows since dIlj,1(x|2zg_1,2x)/dz > 0 by the
induction hypothesis. [

Proof of Proposition 2: The proof is symmetric to the proof of Proposition
3, and is therefore omitted. [J

Proof of Proposition 3: We first solve for the round N — 1 bid function.
When u(x) = (1 — e ") /a, then (1) yields the differential equation

—Qoe

—a (2% (@3pN—2)—PN—2) dﬁNl(dﬂ; PN-2) _ (e_a(w%,l(x;pzv_z)—pzv_z) _ e—aw> )\%71 (7).

Multiply both sides by 2(1 — F(x))?, this equation can be written as

% <€_a<2/8aN—1(x§pN—2)_pN—2>(1 _ F(x))2> = —2e " f(z)(1 — F(x)).
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By the Fundamental Theorem of Calculus
e~ (2Ra@pr2)-pv-2) (1 _ F(g))? = — / e=22f(2)(1 — F(2))dz + C,
0

where C' is the constant of integration. Since the left hand side of this

equation is zero when z = 7, then

C = /Ox e 2(1 - F(z))f(2)dz.

and therefore the equation can be written as

ea(28% s pr2)pv2) (1 _ F())? = /m e *2(1 = F(2))f(2)dz.

Solving yields

« (o _ 1 1 T a2 = F(2)f(2)
By_1(T;pN—2) = oPN-2 = %ln {/x e (1= F()? dz} ,

which, by Claim 4 in the Supplemental Appendix, can be written as'*

1 1 0z
ﬁ?\/fl(‘r;pN—Z) = §pN_2 — %ln (E [e Z1\171|Z](V]\i)1 > > Z](VN—)Q]> '

Finally, by the definition of J§ _,, we can write

1 1

By_1(x;PN_2) = 5]91\/—2 ~ 9% In (ch\yffl(@) :

Next, we solve for the round £ bid function when & < N — 1. Assume
that in round k + 1 bidders follow the bid function

a N—-k-1 N-—-k-1 .
B (@) = N _ P (N—k;)ozln (Jk+1(37>)'

14Gee Claim 2 of the Supplemental Appendix for the conditional density

N N N
g vl 2V > @ > ZIN).
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Then

N-—k-1_, N—k-1

B (@3 By (25 Pr—1), Pr—1) = ﬂ@k(ﬂpk—l)—m In (J () -

and thus 5y (z; 5% (23 Pre—1), Pr—1) — B¢ (25 Pe-1) equals

N—k—1 ) 1
—mln(Jk+1($)) ~ 70k (@ Pr-1).

For round k£ < N, by equation (2) we have

_a(zv N B (ipr—1) Pkfl)dﬁgcmpkfl)
dx
k-1

_ |:€_a(N]\—[f-}i—lﬁz‘(@pk_l)—pk—l) _ J,f‘+1(x) e } (N — k) f(x)

—Qae

1-F(x)"

Multiplying both sides of this equation by &£H (1 — F (2))NFH yields

d (6411(Ngleﬁz(xgnP4>—pkfl)(1 __jy(x>)hﬁ_k+1)

— () T (N —k+1) (1= F(a)V " f().

Applying the Fundamental Theorem of Calculus, we obtain

N— k+1ﬁ
“N—k Pk

oo M% (@;Pr—1)—Pr— 1)(1 _ F(z))NkL

)R (N k) (- PNz b0, )

where C' is an arbitrary constant.
Since the LHS of (13) is zero when x = Z, then

z N—-k—-1
€= [ )
0

(N —k+1)(1 = F()N"f(2)dz
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Hence

e—oc(N]\_fleﬁg(ﬁpk—l)—pk_1) (1 _ F(LE))N_kJ'_l

— [T () T (N — k+ 1) (1= F(2))Y " f(2)d-.

Hence G5 (z; pr—1) equals

N —k N —k T s (N—k+1) (1= F(2)" ™" f(2)
Nt%:?m*‘CVtziiﬁ#“<l<%ﬂ@» = F) w)-

By Claim 4 of the Supplemental Appendix, we can write

N—k—-1

o N —k N —k o =
B (@3 Pr-1) = N——k—i—lpk*l_mln (E |:<Jk+1<ZIgN))) o |Z,EN) > x> Z,g%}) ,

and hence by the definition of Ji* we have

N —Fk N —Ek

B (@ pr—1) = N——k—l—lpkfl - m

which is the desired result. [J

Let

1 N N N
Hypyy (o) = N—_kE[Zz(vf)ﬂZ;iﬁ >z > 2

The conditional density for this expectation is given by

(N = k) (N =k = D[F(t) = F)]""2[1 = F{)If ()
(1= F(x)™"

N N N
LMz > e > 20 =

The following lemma is useful in proving Proposition 4.

Lemma A:

v (N—k+1D[1—-F®ONFf(t) 1
/ L) = ]L(x)]NEkL ©) g B[22 > 2 > 2]
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Proof: We have
o N kD= FOINFf)
/ Hypq(t - F(z )]N 1 dt

// (N—k+1)(N—k—1)[F(q) — F()]N*H[l—F(Q)]f(Q)f(t)dth'
[1— F(x)" "

Changing the order of integration, we can write this as

/ JRCEL e OB I F@) @) gy
1 - P |

TN =k DN =k = D= F@I@) [ [* e ey
/x 1 1= F(z)] T (/x [F'(q) — F ()] f(t )dt)d

Since

the above expression is equal to

1 T (N—k+1D(N =k [F(q)— F@)]" " "1 = F()]f(q)
N—k/x ! '

which is just 7 F [ ](VA:)1|Z£N) > > Zlgi] O

Proof of Proposition 4: Part (i). We first show that for each k£ =
1,...,N — 1 and py_; that £ (2;pr_1) > B%(z; pr_1) for 2 < Z. The proof
is by induction.

For k = N — 1, since e” is a convex function, then by Jensen’s Inequality,
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for x < T we have

(e A < Bl 200, > > 20

Noting that the RHS is J§ ,(x), taking the log of both sides, and then
multiplying through by —1/(2«a) yields

1 N) | (N N 1 a
SEZNAZNY, > 2> 23005 > — o= (54 (@)
Adding py_ to both sides yields the result 8% _; (z; py—2) > B%_;(2; Pn—2)

for r < 7.
For kK < N — 1, define

1
HY(w) = 55— BN A2 > o > 21,
and
a N — k a 1 o N—k
Hi(z) = —mln(Jk () = —a]n <Jk () N—k+1) 7

where Jg(x) is defined in Proposition 3. We have that

e M@ — Jo(g) NRIT,

We established above that HY,_,(z) > H$_ (), i.e.,
L or 0 | ) V) L (Bl V) ()
B [Zn_lZy2 > x> Zy ) > % n(Ele 2Ny > x> Zy ).

Assume for k < N — 2 that H) ,(z) > HZ,,(z) for + < . We show
that H)(z) > HY(x) for x < z. Since —aH},,(z) < —aHP, (z) and e is
increasing, then

—oaH2+1(a:)

e < e Hin @ for < 7,
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or

_ 0 N—k—1 _
e e < Jo (2) V5 for x < 7,
Thus

Ele®an @Mz 5 ¢ 5 70N < EJe (255120 > 2 > 2],
(14)
The right hand side is J¢(z). Consider the left hand side. Since e” is convex,
then

eE[—aH2+1(Z£N))|Z](€N)>$>Z,(€1j)l] < E[e—aH2+1(ZI(€N))|Z]iN) > > Z]EJX)]

This inequality and (14) imply

N N N
eE[*O‘H}(@Ll(ZI(c ))\Z,(C )>J:>Z,(€7)1} < J;?(l‘)

Taking logs of both sides of this inequality yields

N N N o
El=aH, (2012 > v > ZM] < n (7 (2)).

Multiplying both sides by — x5, vields
r N —k)[1—F()]N*f(2) N—Fk
Y, () ———————In(J{(x)).
l B T AN S Y

By Lemma A, the LHS can be written as

1 N N N
Rl [ADIAY > e 20,
Hence
1 (N) [ (V) () N—k
> ACON Y Z } A S M £
N kril Anald > o> 2] >~y )
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Adding NN_—;ka_l to both sides yields 8% (z; pr_1) > B¢ (2;pi_1) for v < Z.
This proves Part (i).
Part (ii). We now show that for each k =1,..., N — 1 and pj_ that
1 N —k

> 4 f < I.
N i1t TN g ertoresa

B (25 Pr-1)

The proof is by induction.

Since e=** < e~ ** for z € (z, 7| then
(M)
Jy_q1(z) = E[e_O‘ZNNfl|ZJ(\,]\1)1 > > ZJ(V]\QQ] < e
Taking logs of both sides and rearranging yields

1 1
_%ln(‘]Nfl(x)) = 5%
ie, Hy i(z) > z/2forx < . Adding 1py_s to both sides yields 5% _; (z; pr—1) >
/2 + pn_o/2 for x < Z.

Assume for k¥ < N — 2 that Hp,,(z) > 1/(IN — k) for v < . We show
that .
Since H} (x) is increasing, then for z > x we have Hy,,(z) > Hp (x) >

r/(N —k)or —aHy (2) < —aHy (z) < —ax/(N — k) and thus

N—k—1 x
e i (2) — Joi(z) < e Hin (@) < gmowTg,

Hence
N—k—1 x

E[Jl?+1(Z]§N)) Nk |Z,E,N) > > ZIEN)] < e Nk,

Taking logs of both sides yields

T
N —k’

(B, (20 55|20 > 2> Z07) < —a
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le.,

N— /{? a N)\ N=k—1 N N
~ g 0a REVE G TEIZY > 0 > 27)

T

>N—k+1'

Hence H¢(z) > /(N — k+ 1) for x < Z. Adding N]V_—;_]‘;lpk_l to each side

gives us

T N —k

elepes) > e Y N T h

pr—q for x < z. O

Proof of Proposition 5: The proof is by induction. Suppose & > «. Since
the transformation y = 2 is concave, then by Jensen’s inequality we have
that o
~ 7 (V) =
(E[e_O‘ZN—1|ZJ(V]\i)1 > > ZJ(V]\ZD
a (15)
~7(N) \ &
> Bl eiaZN]V”) 230 > 2 > 230
(V)
= E[e’aZNfl\Z](V]\i)l > x> Z](V]\i)l]'
Next, after applying logs to both sides of (15), doing some algebraic manip-

ulations, and adding 3py_2 to both sides of (15) we have

(N)
%pN_g — i In E[e_o‘ZNNfl|Z](\,Ai)1 >z > Z](Vj\i)l]
(16)

~ 7(N)
> Lpyoo — & I Ble 021|200, > 0 > 200

Thus, we have 5%_; (;pv-1) > By_1 (3 pr-1)-

(Induction Hypothesis): Suppose 87, (z;pr) > Biyr (3 px). Let HY, (x)
be the non-linear part of 8, ,(z;px) and let HY, (z) be the non-linear part
of B¢ (w; pw)-

We now consider the k-th round. As before, since the transformation
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y = x4 is concave, then by Jensen’s inequality we have that

=3
a

(E[ —aHk+1(ZN 1 |Z > x> Z]S;qu])
(17)

> Bleofin@)| 7™ 5 ¢ > 7).

By the induction hypothesis we have that H ,(z) > H{ ,(z) and therefore
the RHS of (17) is greater than

E[e_aHI?H(ZJ(VAQl”Z]iN) > > ZIEJYN (18)

Consequently, the LHS of (17) is greater than (18) or

follfe)

(Ble-sHa@0|Z > 2 > 7))
(19)

> Ele=Mn 20| z™) 5 5 > 70,
Using simple manipulations of (19) we have

HI?(I) = - In E[ aHI?+1(Z](\TI\£)1)|Z]5N) S>> Z}E]iq]

(N— k+1

> — 2k n Ble a2 2 > 4 > 700 = Hi(2)

and therefore that B¢(x; pr_1) > B (25 pr—1). O

Before proving Proposition 6 we first establish the following two useful

lemmas.

Lemma B: For each k, we have |J(z)| <1 for « > 0 and x € |0, Z|.
Proof: The proof is by induction. We first show the result for £ = N — 1.
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Since 0 < e~ ** <1 for z € [0, z], then
0< I8 (2) = Ble?5 20 > o> 20 < Bz, > 2 > 200 = 1.

Assume that | J¢,,(z)| < 1fora > 0and x € [0,2]. We show that |J¢(z)| < 1
for > 0 and = € [0, z]. We have

—k—
Jo(z) = E [(JkH(Z(N))) L 1z > 2 > Z,EJR} <FE [uz,gm >z > Z,S_V}] ~1.

This establishes the result. [

Lemma C: For each k there is an M;, < oo such that | L J(z)/J2 (z)| < My,
for « > 0 and z € [0, 7].
Proof: The proof is by induction. We first show the result for k = N — 1.

Since
(N)
T (2) = E[e | zM > o > 7200

then by Leibnitz’s rule we have

a —ozz2 (A-F(=))f(2)
(@)~ fze A
T (2) [Feox %1 FF'(Z; 12 4z

Furthermore, since ze™** > 0 and z < z then

—a221 F(2)f(z
. age (o ). 2 [Te ())))()dz_ )
‘]N—l( ) fac e Wdz

Hence |-LJ%_ (2)/J5_1(x)| < My_y for My, = Z.
Assume that there is an My, < oo such that |-LJ2  (z)/Jg,(z)| <
My for « > 0 and = € [0,Z]. We show that there is an M < oo such that
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‘da o (2)/ i (x )‘ < Mj,. We have

N—k—1
N—k—1 &3 (N) N—k k+1( ) (N)
%Jg(fﬁ) B E|: N—k (Jk-i—l(Zk )) J]‘3‘+1(Z(N)_) ’Z >$>Zk—1:|
k(@)

N—k
o N NE (Y N
E {(‘]kJrl(ZIg ))> 1z > x> Zlgi:|

Since | Je (2)/J8, ()| < M1, we have

—k—
o NV R (Y N
N—Fk—1 E (Jk+1<Z( ))) |Zli !> > Zli—i}

N M1

4 Je(x)
Jg(x

()

k
B[ (ea(2) T 125 > 242

N—-k—-1
B

Thus M, = N];fgleH < oo is such a bound. O

Proof of Proposition 6.1: We show that lim,_q+ 8¢(2; Pr—1) = 35 (7; Pr—1)
for x € [0,z]. This is equivalent to establishing that

In (J© 1
limg,_gs Z(x» = B 282" >« > Zlff_vi] . (20)

We first show for each k € {1,..., N — 1} that J2(z) = 1 for = € [0, 7].
Clearly
Ta(e) = Bl 230 > v > Z30) = 1.

Assume Jp, ,(z) =1 for z € [0,Z]. Then
—k—
J@) = E [(J,SH(Z(N))) TE 20 505 2| 21,

for z € [0,z] and, by induction, J2(z) = 1 for each k € {1,...,N — 1}.
Hence In(JP(x)) = 0. Since J¢(z) and In(J2(z)) are both continuos in «,
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then lim, o+ J2(z) = 1 and lim, o+ In(J¢(z)) = 0.
Since lim, o+ In(JZ(z)) = 0, then to establish (20) it is sufficient, by
L’Hopital’s rule, to show that

1

. d .
llma_,0+ % In (Jk: (.I')) = _N——k

E [zg@l\z,gm >z> 7M.

The proof proceeds by induction.
We first show the result for £k = N — 1. We have

Ly (o) = R )
do N B JE (2)
Since | — ze~**| < T < oo and since lim, .o+ —ze~** = —z, then
, T 2(1=F(2) T 2(1 - F(2))
lim,_, —ze = dz = — —_ d
im,, 0+/x ze = F(m))zf(z) z /x Z(l — F(:U))Qf(z) z

by the Dominated Convergence Theorem. Since lim, o+ J§_;(z) = 1, then

: d a T 2(1-F(2)) N N N
llma_,0+ @ln (JNfl(SU)) = —/x me(Z)dZ =—-F [Z](V,)llzj(v,)l > T > Z](VJQ )

which establishes the result for k = N — 1.
Suppose that the claim is true for m < k < N — 1, i.e.,

1

N N N
lim - B Z0ZY > 2> 7).

We show that it is true for k = m — 1. We have that

N—m
48| (200) T 1200 > 0> 2

da m
Jo_1(z)

lim, o+ T In (J2_i(z)) = lim,_o+
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By Leibnitz’s rule we have

%E [(J“(Z(N) )) Wt \Z(N >z > Zﬁn@g}

da

N — —m 1 d

N —(m—

By Lemma B we have |J%(z)| < 1, and by Lemma C there is an M, < oo
such that |-& In (J& (z ))| < M,,, and thus the product [JS (z)-L In (J¢(z)) | is
also bounded by M,,. Taking limits of both sides of the equality above, and
applying the Dominated Convergence Theorem and the induction hypothesis
yields

d o o (N) N\ VT | (N ) ),
limg o+ daE[(J (ZzM) )) 1ZM) > > ZU

1 ? N N)
- - - E[Z()Z(N)> >Z(>} ( AN AQ
N_(m_l)/w N—l’ m q gm 1(Q| 1 q

where for notational convenience we write ¢ rather than z,,_; for the variable

of integration in the outer expectation. We can write

/ E|Z001Z200 > g > 200 | o0l Z50) > a > 20,)dg

x T N N
/ / th(V—)l(ﬂzq(nN) >q > Z( )1)97(71 )1( | 1 >q> Z )dtd%
z Jq
where the relevant densities are

N N
g W (120N > g >z =

(N—=m+1)(N—m)[l—F(t)][F(t) — F<q)]N—m—1

y)dq,

[1 = F(g)]¥—m+!
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and

(N —m+2)[L - F(g)
=P

g™ gz > 2> 20y =

Hence the double integral is

/:f /zt(N —m+2)(N—m+1)(N —m)[l — F@#)][F(t) - F(Q)]meilf(t)f(q)dtdq.

1= "=

Changing the order of integration yields

[ [0 D A = = PO = P
[1 _ F(x)]N7m+2
T (N—=m+2)(N—-m+1)(N—m)[l—F(t) t Nemo1
- [ e @) | [0 = QP ] ar

Since

[F(t) = F(g)]"™
N—m

= [F) - P
N —m ’

[0 -F@P = s = -

q=x

then after substitution the integral can be written as

F(t)dt

/ft(N —m+2)(N—m+1)[1 - F@®)]F@E) — Fx)N-m
. [1 — F(z)|N-m+2
:E[N1| )1>-T>Z751N—)2}-
Thus we have shown that
lim, o - In (Je_1(2)) = — E\ZM)ZzM > 2> 720 1
do N 1)

which completes the proof. []

Proof of Proposition 6.2: The bidding function g} (z; px—1) in an arbitrary
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round £ < N — 1 can be written as

N —k —1ln<

/6<apk1) m

By the definition of J(x) we have

Nk M) TE ) o )T
sty = (8| (™) T 1200 0> 20))

. N_k . . .
Since y~N-*+1 is concave, then by Jensen’s inequality

= B |(Ja@™) 1A > e 2
z o Nek1 (N =k +1)(1—=F(z N-k
= Jigr (z1) V=T ( (1-— F)’Ew))N’EfI)) AF (2.

Likewise, since yN=*+T is concave, repeating the same argument yields

N—
o N—k—1 @ N N— k 1 N
oG > B {(Jk+2(z,§+})) 2N > 0 > 2 )]}

) e (N R P )Y
- / e P ().

Substituting this expression into the prior one, and simplifying yields

Nk iz (1= Fzpg))VF
J,g(x)N_kHZ / / Ty 35 “(1 _Fé(x))zzm AF (z01)dF (21).
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Changing the order of integration, the right hand side is

Zk41 . et Nek—1
Ex Z—l— 1; / / Jiral Zk+1 (1(1 _F]g»(x)))l\)fkﬂ dAF (z)dF (zg+1)
(N —k+1)! —k 2 [F(z41) — F(2)](1 — F(zkﬂ))N—k—l
~ (N—k-1) / TRl S (1 — F(z)) Nkt dF (zy41).

This last integral is just an expectation, taken with respect to the density of
(N) > > Z,gi Thus

Z,i ) conditional on Zy,
F@NET > B () NRNZN > 2> 27)
Continuing in this fashion, we obtain
J @)V 2 B (200 2N > e > 20 (@)
Since

(N —k+1)! [Fzy_o) — F@)]" "1 = F(zy_0))”
(N —k—2)12! [1— F(z)]N

fN—Z(ZN—2|Z]§N) >z > Zﬂ) =

f(zN—2>a
the right hand side of (21) can be written as

dF(ZN_Q) .
(22)

/ " (oo B DL [Flaws) = @] o)
x N (N —k— 2)!2! [1 _ F(x)]N—k-H

By a now-standard argument, we have

JJ?!—1($)N+’“” = (E[e‘O‘ZJ(VN,)1|Z(N) S>> Z](V]\L)Q])m

> E[eNk+1N1|Z >a:>Z()]

B T e_N%MZN_l 2(1 — F(ZN 1))
- / 1= Fap )
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Replacing J§_;(zn—2)¥ 51 in (22) with the right hand side of this expression

with ©x = zy_o yields

(V—k+1)! e (L= Flana)) [Fley2) = F@) ™2 .
N k—2)! / / ¢ - F(x)]kaH dF (zn-1)dF (zn—2).

Changing the order of integration, this expression can be written as

N - 1 / / e N- k+1ZN 1 (1 — F(ZN—l)) [F(ZN—2) - F<x)]N_k_2 dF(ZN72>dF(ZN*1>'

(N — (N —k—2)! 2)! [1_F(x)]N—k+1

Since

[ )~ F@P T oo = g [Pl — F@P
1

the expression further simplifies to

dF(ZN_l)

(N = k+1)! / T e L= Fan)) [Fla) — )™
(N — k= 1)' [1— Fa)

= Elemmin|z™M s g > 2],
Thus we have established that
1 N—k_
= In(Jj(2) ¥ ) >
o

In (E[e——w_w&@l\z,gm >z > Z,S_V}]) .

The round £ equilibrium bidding function therefore is bounded above by

o N -k 1 __a )
Bilwiper) < g — 5 In (Ble v F A 20 > 0 > Z(0).
a ()
We show that lim,_, —é ln(E[e_mZNN,l‘ZIEN) s> Z,Ej_vi]) = _N_ﬂ;;ﬂ,
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T
T

lim, oo —aln /e_N—C;eJrlth(t)dt = N kil
where Nk
(V= b+ UL PO — P
(1= F())

MO = N ==

Then lim, o 5% (7; Pr—1) < J\;V_—;_]ilpk—l—f—%k_'_l. By Proposition 4, 87 (z; pg—1) >

N——Eilpkfl + §—j77 for @ > 0. Hence we have
N —k

. o a’;—
lima oo B3 (% Pr-1) = N——Mpk_l T N—k+1

We now establish the above limit. Applying 1’'Hopital’s rule, this limit

equals

lim, oo
o N—k+1

It is sufficient to show that

Clearly
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Also, for any A > 0 small

% x+A T
[ te-otn(oyar [ te ettt + f te-eth(t)di
lima_,oo x,— S hma—»oo . AE
z z+A
[ e=eth(t)dt [ eeth(t)dt
z+A z
(x+A) [ e ®h(t)dt +e @t [ Zh(t)dt
< limg—eo - e
>~ z+A
[ eth(t)dt
[ zh(t)dt
. z+A
= :17+A+llrr1a_>oo:chA

f ea(m+A7t) h (t)dt

T

T+A
Since h(t) > 0 for ¢t € [z, + A], then lim, oo [ e*@FA-IR(t)dt = oo for

any A > 0. Hence we have shown that for any A > 0 we have

[ te“th(t)dt
r <limg o m———— <o+ A
[ e=eth(t)dt
Thus _
[ te=*h(t)dt
limg o0 = =z. O
[ e=eth(t)dt
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