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1. INTRODUCTION
We consider the sequence {,} defined, for all integers n, by
W, = pW,_,+W,,, Wy=a,W;=b. .
Here a, b, and p are real numbers with p = 0. Write A = P*+4. Then it is known [3] that

_Aa"-Bp"
Wn——a_ﬂ , (1.2)

where a =(p+JA)/2, B= (p-vA)/2, 4 =b-af, and B=b-aa. As in [3], we will put
ey = AB=b - pab-a*.

We define a companion sequence {7, } of {,} by

W, =Aa"+Bp". (1.3)
Aspects of this sequence have been treated, for example, in [2] and [4].

For (W, W) = (0, 1), we write {(#,} = {U,} and, for (#;, %) = (2, p), we write (W} ={V}.
The sequences {U,} and {V,} are generalizations of the Fibonacci and Lucas sequences, respec-
tively. From (1.2) and (1.3) we see that U, =V, and ¥, = AU,. Thus, it is clear that ¢, =1 and
e, =—A=—(a-f).

The purpose of this paper is to investigate the infinite sums

© W,
Sk = k(n+m) i (1 . 4)
- ; Wkn%(nm)Wk(Mzm)
and
- 1
T;c m = ’
’ E Wkn%(n+m)ka(n+2m)u/k(n+3m)

(1.5)

where k and m are positive integers with k even. Indeed, S, » and the alternating sum derived

from T, ,, have been studied in [5], where k and m were assumed to be odd positive integers.

Both sums were expressed in terms of an infinite sum, and certain finite sums. Here, however,

with the altered constraints on k and m, we express 8¢, m and T, . in terms of finite sums only.
Now, if p>0, then @ >1 and a > ||, so that

afﬁa" and W, = Aa". (1.6)

On the other hand, if p <0, then f<-1 and |B|> |a|, and so

"=
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=—=_p" and W, =BL" 1.7

Hence, assuming that a and b are chosen so that no denominator vanishes, we see from the ratio
test that S, ,, and T, ,, are absolutely convergent.

2. PRELIMINARY RESULTS

We require the following, in which & and m are taken to be integers with k even,

g B AUy @.1)

Wor Weinimy  Wielignem)
WetnsmWeinszm) ~ WiaVe(nsamy = e iomU 2ioms (2.2)
Wk =Wok = W;Uln (2.3)
BB"=W,, —aW, (2.9

Identities (2.1) and (2.2) are readily proved with the use of (1.2) and (1.3). Identity (2.3)is a
special case of (75) in [2], while (2.4) can be obtained from (3.2) in [1].
We will also make use of the following lemma.

Lemma 1: Let k and m be positive integers with k even. Then

1 1 - Wkn-ﬂ :|
= -ma|. 25
nZ=l Wkn%(nwn) eWU km l:n;l m,, ( )

Proof: If we sum both sides of (2.1), we obtain
i 1 1 &g
S WekViinimy  AUim mmt Win ’
and (2.5) follows from (2.4) and the fact that ¢, = AB. O

In fact, under the hypotheses of Lemma 1, Theorem 2 of [1] yields

i 11 [z"': Weuer —mak]. (2.6)
= Woliimy WU 2l Win

To see that (2.6) reduces to (2.5), we use the identities a* =Ua+U,_ and Wiy = Ui +

U;_W,,- From the first of these, which is easily proved by induction, we obtain the second if we

first note that a*™** = U,a*™! +U,_,a*", and write down the corresponding result involving f.

3. THE MAIN RESULTS
Our main results can now be given in two theorems.

Theorem 1: Let k and m be positive integers with k even. Then

1 < 1
Sy m= ) @3.1)
P Ui Z‘l W (nm)
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Proof: Consider the expression

ﬂkn _ ﬂk(m-m) ﬂk(n+2m) (3 2)

n/kn Mc(rﬁm) m:('&Zm)

Using (2.1), we can write this as

A Ukm ﬂk(n+2m)
+ 33
Mnu/k(rwm) I/Kc(n+2m) ( )
or as
Vi l: e grreamy | g AU,, 5.4)
Wkn M(rﬂm) ;Vk(n+2m) - Wkn M(rﬂ-m)mw-nm) . .
Now
AU, AU, AU, | 1 1
Wkn%(n+m) IM:(n+m)pzc(n+2m) ka(n+m) Wkn I%:(m—Zm)
_ AU, | Wanizmy = Win 3.5)
M(rﬂm) Wkn%(n-um) ‘
AU W,
I km by (2.3).
Wkn%(n—f-m)%(n+2m)
But from (3.2)-(3.4), we then have
[ ﬁkn ﬂk(n+m) ﬂk(n+2m)] ﬂk(n+2m) . AUﬁm ch (b ’
W M(m-m) Mc(n+2m) W M(n+2m) Wkn%(n+m)%(n+2m)
so that
AUZmu—i(MM) - ﬁ _ ﬂk("+m) _ [ﬂk("ﬂ") _ ﬂk("ﬂm) (3 6)
W, lm%(n+.m)mc(n+2m) Mn m:(:ﬁm) VVk(n+m) I/Vk(n-nm) .
Finally, summing both sides of (3.6), we obtain
m kn m k (n+m)
AULS, =3 B s BT
e Z‘; Wlm nz=l u/k(n+m)
and (3.1) follows from (2.1). O
Ifweput W, =F, and W, = L, and take k =2 and m=1, (3.1) becomes, respectively,
3 L2n+2 I
a2 MNP 3 3.7
2 FoFafs 3 G7
and
v P 1
2 =—. 3.8)
nz=l L2nL2n+2L2n+4 105 (
Theorem 2: Let k and m be positive integers with k even. Then
1| 1 &W, 1 mal| 1 3
eUlUsimly m = — kil _ ""“:l +— [—— ] 3.9
W™ 2om k. e [Uam ,,z=1 Wen Z Z Wkan(nm) U Ui (3.9)
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Proof: From (2.2), we see that
ewU kmUz kem - 1 _ 1
Wkank(m»m)ka(n+2m)M(n+3m) Wkank(n+3m) VVk(n+m)LVk(n+2m) ‘

Summing both sides we obtain, with the aid of (2.5),

ewUnUsimDy m = 1 [32,':: W""“—Bma]— 1 [iﬂlﬁﬂ—ma —i—l—
T eyUspm Wien ewUpn | 52 Wen Wk ’

=1

which is (3.9). O
IfweputW,=F, and W, = L,, and take k =2 and m =1, (3.9) becomes, respectively,

2EE 11F Fye 60‘/557—133’ (3.10)
n=1 * 2n’ 2n+2% 2n+4L 2n+6 6

and
2L 2 Lo 9£;020_ (.11)
n=1 2n~2n+22n+4-2n+6
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