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Abstract -- This paper presents a boundary meshless method

(BMLM) for transient eddy current problems. With difference to the
traditional boundary element method, the BMLM combines a point
Interpolation method (PIM) for construction of spatial interpolation
functions with a boundary integral formulation for the governing
equations. Thus the spatial interpolation functions satisfy the Kronecker
delta function and the essential boundary condition can be directly
Imposed without any other procedure. Theoretical analysis in detalils is
given and a transient eddy current example is also illustrated in this paper
to prove the proposed theory.
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. INTRODUCTION

Boundary element methods (BEMSs) are attractive and
Important  computational  techniques for reducing the
dimensionality of the solving problems. The construction of
Interpolation functions and the discretization are two key steps of
the BEMs. Using a scattered set of points instead of using elements
or panels, the complex mesh generation process can be alleviated.
Several boundary-type meshless methods have been developed for
many potential and elastic problems, they need no discretization of
the boundary and are proven as robust numerical methods. But
very few of them are used to solve electromagnetic problems, say
nothing of transient eddy current problems. This may be due to the
fact that more modification Is needed In transient analysis when
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compared with static analysis. In this paper, a boundary meshless
method (BMLM) for transient analysis is presented. With difference
to traditional boundary element method, the BMLM combines a
point interpolation method for construction of spatial shape
functions for the governing equations, thus the spatial shape
functions satisfy the Kronecker delta function and the essential
boundary condition can be directly imposed on the boundary. Then
the theoretical analysis Is given in details, and an example is also
Illustrated to prove the proposed theory.

|I |. Point Interpolation on Curves|

Consider a two-dimensional domain €2 with boundary I' , as
shown in Fig.1l. In using boundary meshless method, only the

boundary 1" of the problem domain is represented using nodes. The
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point interpolation method (PIM) is constructed on the one-
dimensional bounding curve I of two-dimensional domain €2, using
a set of discrete nodes onl . As in the conventional BEM method,
Uand Y are constructed independently using PIM shape function as

:m _ . —nT(s).
u(s) jZ::lp,(S)aJ p'(s)-a (1.a)

0(s) =3 p;(s)b; =pT(s)-b
j=1

(1.b)
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where Sis a curvilinear coordinate on I', M is the number of the
nodes in the support domain of a point of interest Sc, which is often
a quadrature point of integration, Pi(S) is a basis function of a
complete polynomial with Pr=Land Pi =S and@j and bj are

the coefficients that change when Sc changes. In matrix form, there
are

a:[al1a21”'1am]T

~
N
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b =[by,b;,-,bp ]
p(s)=[,s,---,s™*]"
] ] ]

(2.b)
(2.c)

The coefficient &i and Pi in (2.a) and (2.b) can be determined by
enforcing (1.a) and (1.b) to be satisfied at the M nodes surrounding

the point Sc . Equation (1) can then be written in the following
matrix form

U, =P.a (3.2)
Om =Pcb (3.b)
In (3.a) and (3.b), we have
Up =[Ug, Uz, Up]" (4.a)
Om =[01,02, - Am]" (4.b)
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Pe =[p(s1).p(s2). . P(sm)IT (4.0)
Solving .and .from (3.a) and (3.b), then substituting them into (1.a)
and (1.b), we can obtain

u(s) =@ (s)up (5.a)
q(s) =®7(s) am (5.b)

Where the matrix form of shape matrix D(S) s defined by
®7(s) = pT (5)Pe = [41(5) #2(5),+ fm (5)] (6)

Therefore equation (5) can be written as

u(s) = E% (S)u; (7.0)

)
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0(s) = 3 4;()a,
j=1

(7.b)
The shape function #(S) satisfies Kronecker delta function as
pis)=65=1 1 Ygi9-1
JI_“_Oi;éj,j:lJ (8)

Therefore, the shape functions constructed have the delta function
property, and the essential boundary conditions can be easily
Imposed as in traditional BEM.

It should be pointed out that the accuracy of the interpolation
depends on the number of nodes In the support domain of a
guadrature point. Therefore, a suitable support domain should be
chosen to ensure a proper area of coverage for interpolation. To
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define the support domain for a point Sc, a curvilinear support

domain is used. The arc-length of the curvilinear domain ds js
computed by

ds =ad; (9)

Where ¢s is the dimensionless size of the support domain and de s
a characteristic length related to the nodal spacing near the point

atSc . A suitable choice of #sis that 3 to 5 points in the support
domain for interpolation.

I11. Transient Eddz Current Problem

The full set of equations for low-frequency electromagnetic field can be
now written as
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ot , B=uH (10.a)
VxH=J.+J; J.=0E (10.b)

Where Jeand Jsare eddy current and source current respectively. For
linear conductive medium, with Lorentz gauge, the equivalent form by
using magnetic potential vector of equation (10) can be written as follows

OA
Vi A=opu—-puJ
oot 4 (11)

Therefore, for two-dimensional problems, equation (11) can be reduced to
a scalar diffusion equation as follows

Vau = O',ua—u— P
ot (12)
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Where U is one of the three components of vector potential A, P is the
supplied source. The initial and boundary problems for two-dimensional
transient eddy current field is written as

rV2u:c7y(’;—;l—P InQat 0<t<t,
J  u=u onl, at 0<t<t,
q=7 ?nFq at O<t<t, 13)
. U=U In Q att=0
Where € is the solver domain with boundaryF:Fu +1 , In which

Iy and Lo are essential boundary and natural boundary respectively.

IV. Boundary Meshless Method
The well-known boundary integration equation for two-dimensional
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linear medium problems is given by

1 o 1 ctop .
S +G—ﬂj; [ a udthzg—ﬂj; [ u"qdrdt

1 -ty
S u*PdQdt +[| u*udQl,_
o 1 J‘o IQ [.[Q Ji-o (14)

Where

1 for point I inside Q2
ci=< 0 for point i outside Q
6 /(2z) for pointionT (15)

2
Ut =— 24 exp| — out
Ar(t, —t) Ar(t, —t) (16.a)
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2 2
0 = (ou) exp| - — 2 or
8z (t, —1)2 Arz(t, —t) )on (16.b)

In (16) I'is the distance between the field point iand the source point. To

get the numerical solution of equation (14), time should be discrete into N
time steps for computation. A time interpolative function is needed here,
they are

|
u(t) = Y Mkuk =MT ut
Zi (17.a)

I
q(t) = Mkgk=MTq!
Zi (17.b)

Where U* and 9% are the values of U and O at time {=tk

MT =ML M2, M are the shape functions of uk ang 9" ,
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ut =[ut,uz,---,u?] anq a* =[q*,q4,---,94]
Substituting (7) and (17) into (14) yields the boundary meshless
method for all nodes on the boundary of the problem domain

Hk Uk = Gk Qk + FkPk + BUO (18)
Where

Hk=c; + — ®T(s)MT drdt
Ci +— j Lot (s) 92

(19.b)

(19.c)

(19.d)
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Uk=[ug,uz,up 1T, (19.)
Qk=[gy,02, -, a0 ], (19.f)
Pk=[p1, P2,"**s Pm tT:tk (19.9)
U0=[Ty, Ty, U I, (19.h)

Solving equation (18) step by step in time domain, the unknown value

of U and 9 on boundary I at any time can be obtained. Equation (14) is
used again with the same procedure as (19) and other unknown values

of U and Y in solving domain can also be obtained.

V. MUMERICAL EXAI\/IPLES“

In order to verify the proposed method, a metal column with
Infinite length is magnetizing here, its cross section of one quadrant
Is shown as Fig.2. The parameters of the size and the medium type
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are: OA=04 ;, OB=0.2 m 4 =95000
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o =5200 s/m. At

timet =0 a step magnetic field Ho with direct =2 is Imposed on
the outer surface of the metal column. Pointso(o’o) , P(0.1,0.1) and

Q(0.3,0) are Investigated here to compare the analytical solution
and the numerical one by using the proposed method (BMLM). The
corresponding initial-boundary problem is

oH,
ot

V’H, =ou INnQatt>0

H, =Hj on AC,BCatt>0

8:2 =0 onOB,OAat t>0
n

H, =0

(20)
In Q att=0
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Fig.3 shows the numerical solution by BMLM and the
analytical one, the results yielded by using the proposed method are
found to be in good agreement with the analytical solution. Eddy
current distribution in the whole metal column domain and the
eddy current density on symmetry axis OA are also given by using
of the proposed method.
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These prove that BMLM is an effective technique to analysis
and solve transient eddy current problems.
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VI. CONCLUSIONS

A boundary meshless method (BMLM) for transient eddy
current problems is presented in this paper. With difference to the
traditional boundary element method, it combines a point
Interpolation method (P1M) for construction of spatial interpolation
functions with a boundary integral formulation for the governing
equations, and the spatial interpolation functions satisfy the
Kronecker delta function. Theoretical analysis is given in details,
and an example is presented as well. The good agreement between
the numerical solution and the analytical one proves that BMLM is
an effective technique to analysis and solve transient eddy current
problems.
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