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Abstract -- This paper presents boundary polynomial point
Interpolation meshless method (BPPIM) and boundary radial point
Interpolation meshless method (BRPIM) based on polynomial basis
function (PBF) and radial basis function (RBF) respectively for transient
eddy current analysis, and their interpolation shape functions satisfy the
Kronecker delta function, thus the essential boundary conditions can be
directly imposed on the boundary nodes. An example on analyzing
transient eddy current of a square metal column is set to prove the validity
of the proposed methods, and a comparison on accuracy between BPPIM
and BRPIM is analyzed as well.

|. INTRODUCTION
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Boundary meshless methods (BMMs) are attractive and important
computational techniques for reducing the dimensionality of the solving
problems. Several boundary-type meshless methods have been developed
for many potential and elastic problems [1] ~ [2], they need no
discretization of the boundary and are proven as robust numerical
methods. But very few of them are used to solve electromagnetic problems,
say nothing of transient eddy current problems. A work of BMMs for
transient eddy current problems has been recently published by the
authors [3]. In this paper, boundary polynomial point interpolation
meshless method (BPPIM) and boundary radial point interpolation
meshless method (BRPIM) based on polynomial basis function (PBF) and
radial basis function (RBF) are presented respectively for transient eddy
current analysis, and both their interpolation shape functions satisfy the
Kronecker delta function, thus the essential boundary conditions can be
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directly imposed on the boundary nodes. For comparing BPPIM and
BRPIM, an example on analyzing transient eddy current of a square metal
column is illustrated, and accuracy analysis between them are expounded
as well.

|I l. Point Inter|c_)olation on Curves|

A. Polynomial basis point interpolation method (PP1M)

Consider a two-dimensional domain £2 with boundary Il , as
shown in Fig.1l. In using boundary meshless method, only the

boundary 1" of the problem domain is represented using nodes. The
point interpolation method (PIM) is constructed on the one-

dimensional bounding curve I of two-dimensional domain €2, using
a set of discrete nodes onl . As in the conventional BEM method,
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Uand Y are constructed independently using PIM shape function as

us)=3 p;(s)a; =pT(s)-a q(s)=Y p;(s)b; =pT(s)-b
j=1 , j=1 (1)

In matrix form, there are
a=[a,8, -, an]" b=[by .0y, by ]T p(s) =[1,8,---, smL]T

Fig.1 Problem domain and boundary and nodes
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The coefficient &i and Pi in (2.a) and (2.b) can be determined by
enforcing (1.a) and (1.b) to be satisfied at the M nodes surrounding

the point Sc . Equation (1) can then be written in the following
matrix form

U, =P.a (3.2)
Om =Pcb (3.b)
In (3.a) and (3.b), we have
Up =[Ug,Up, U ]T (4.2)
Om =[01,02, - 0m]" (4.b)

P. =[p(s1),P(S5),-++,P(Sm )] (4.0)
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Solving @ and b from (3.a) and (3.b), then we can obtain
u(s) =@ (s)un (5.a)
q(s) =®7(s) dm (5.b)

B. Radial basis point interpolation method (RP1M)

To radial basis function point interpolation method, (1) can be
rewritten as

u(s) = Y R;(s) a;+
=1

j:1pj (s)b; =RT(s)a+p'(s)b (6.2)

()= SR (5) ¢+ P (5) 4 = RT(5)c+pT(s)

,- (6.b)

Where Ri(S)= (s +2)% in this paper, the parameters and basis
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INn matrix form are
a=[a;,a,,---,a,]" b=[by,by,--,by JT c=[c;,C,--,04 T (7.9)

R(s) =[Ry(s), Ry (8),---, Ry (8)]T (7.b)

d=[d;,dy,+,d . ]T  p(s)=[L,5,-,sm1]T (7.0)

For the uniqueness of the radial point interpolation, the
relationship should be satisfied as following

n n
i . =PJa=0 : . =Plc=0,.
EpJ(S)aI 0 4 EpJ(S)CI 0C (j=1,2,---,m) (8)
Combining (6) (8) get the matrix form of the parameters are
Ro Po al_gla|=|Yn Ro Py Cl_g|C|=|Yn
P/ 0 |lb] “|b| |0 P/ 0 {/d|] ~|d] [0 | (9

And the unknown parameters are solved from (9) as
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Substituting (10) into (6) and get
u(s) =[R"(s) p"(s)]G~[u, 0] '=@T (s)u, (11.a)
q(s) =[RT(s)p"(s)]G[q, 0] '=@"(s)q, (11.a)

The matrix form of shape function ®(S) poth in PPIM and in
RPIM are defined by

O (5) =[$1(5),$2(5),- . (5)] (12)
And equation (5) and (11) can be written as

u(s) = Ei¢| () u; | q(s) = EQ (s)q; (13)

The shape functions are formed by RPIM should be more
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complicated than those by PPIM, but the latter one may gain less
accuracy than the former one, in which some parameters are
required to be determined carefully because they directly affect the
accuracy and the performance of the RPIM.

The shape functions # (S) both in (5) and (11) satisfy Kronecker
delta function as

1 1= m
(s])=6 = () =1
9;(Si) =0 0 ixj jZ:‘icé,() (14)
Therefore, the shape functions constructed have the Kronecker
delta function property, and the essential boundary conditions can

be easily imposed as in traditional BEM.

I11. Transient Eddy Current Probleml
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The full set of equations for low-frequency electromagnetic field can be
now written as

0B

VXE=TT0 VxH=J.43, B=uH J.=0E (54

where Je and Js are eddy current and source current respectively.
The initial and boundary problems for two-dimensional transient eddy
current field is written as

Viu=ou—-"P InQat0<t<t,

=Uu onl, at O<t<t,
only at O<t<t,

. (16)
0 |nQ att:O
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IIV.BPPIM and BRPIM Formulations
A. Discrete equations by BPPIM and BRPIM

The well-known boundary integration equation for two-dimensional
linear medium problems is given by

1 o . 1 ctop .
S +G—ﬂj; [ udthzg—ﬂjg [ u"qdrdt

1 ,t,
S u*PdQdt +[| u*udQl,_
o U jo jQ [jQ Ji-o (17)

2
Ut =— 24 exp| — out
Ar(t, —1) Ar(t, —1) (18.a)

2 2
P (o) F sl e -1 G s
8z(t, —1)2 Ar(t, —t) )on (18.b)
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To get the numerical solution of equation (17), time should be discrete
into N time steps for computation

| |
u(t)=> Mkuk =MTut q(t)=)> Mkgk =MTqt
k=1 J k=1 (198.)

Where uk and qk are the values of U and 9 at time =k :
MT =[M1,M2,..- M!] are the shape functions of Uk and g ,
Ut :[ul’uz”uz] and qt :[q11q211q2] ]

Substituting (13) and (19) into (17) yields the boundary meshless
method for all nodes on the boundary of the problem domain

Hk Uk = Gk Qk + FkPk + BUO (24)
Where
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1 tk
Kk — p. - *OT T
Hk=c; + Lk_ljrq @T(s)MT dI'dt 252

Gk:i tk

| U ®T(s)MT dTdt
oL tkqJI

(25.b)
1. tk

K — _— * -
- L LreTomT a0t o uea.

(25.¢)
Uk=[u, Uz, -, up T, Q%=[01,02,-,Gn L, (25.d)

F>k::[[311[321"'1|3n1 E;U( , Ijt)::[Eﬁﬂi]é’...’tnn]?;O (25&6)

B. Operation on singular integral of BPPIM and BRPIM

The log Gaussian quadrature are required to evaluate the In(1/x) type

singular integrals, which are existed in matrix G | as follows

R



N M N N I N S I I I R R R

’ m
| :joln(llx)f (x)d x = Zi T (X Wi (25)

Moreover, the 1/X type singular integrals are existed in matrix H | it is

not a trivial task to get the diagonal terms of matrix H . Note that shape
functions both of BPPIM and BRPIM possess Kronecker delta function
property, therefore, the Rigid Body Movement method can be used here to

obtain the diagonal terms of matrix H , and the singular integrals in

matrix H are avoided.
C. Nodes distribution and some practical experiences

Some practical experiences are obtained as follows:
® The nodes near to the load points should be distributed compactly and
those far away loosely.
® If boundary conditions with high gradient are imposed, then more
compact nodes should be distributed on the load boundaries to precisely
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represent the boundary conditions.

® The nodes distributed on the essential boundary and those on the
natural boundary should express different boundary characteristics,
namely, the nodes for point interpolation on the essential boundaries had
better not include those on the natural boundaries, and this rule is also
suitable to nodes on the natural boundaries for point interpolation.

|V . Comparison between BPPIM and BRPIM

In order to verify the proposed method, a metal column with
Infinite length Is magnetizing here, its cross section of one quadrant
IS shown as Fig.2. The parameters of the size and the medium type

are: OA=04 m OB=02 m 4 =1000 & =1.04x10° g/m. At

timet =0 a step magnetic field Ho with direct —2 is Imposed on
the outer surface of the metal column. Points P(0.1,0.1) and Q(0.3,0)
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are investigated to compare BPPIM and BRPIM.

Fig.2 Cross section of one quadrant of the metal column
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VL. CONCLUSIONS|

Both BPPIM and BRPIM belong to point interpolative
boundary meshless method, they are both effective and suitable for
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transient eddy current analysis, and they both have the Kronecker
delta function property, and the essential boundary conditions can
be easily imposed as in traditional BEM. Based on numerical
experiments from this paper, the main difference between these two
methods is as follows:

(1) To BPPIM, the number of nodes in support domain for
Interpolation is Np, and the order number of the shape functions is
Np-1, thus the number Np determines the accuracy of results. To
BRPIM, it has no such relationship. A suitable number of nodes In
support domain for BPPIM is Np=3~5, but it is Nr=5~9 for BRPIM.

(2) The shape functions at each quadrature point include a
matrix inversion. Under equal performance of accuracy, there
generally has the relationship Np<Nr. This also reflects that BPPIM
needs less computing time than that of BRPIM.
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(3) The accuracy of BRPIM depends on the parameters of RBF
In great degree [4], but to its contrary, BPPIM employs PBF and it
Independent from any parameter.

(4) It is based on the suitable RBF parameters and the relative
more computing time that make BRPIM gets more accuracy than
that of BPPIM.
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