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Cracked rotors have nonlinear spring characteristics of a piecewise linear type due to an open-closed mechanism
of cracks. There have been many studies on the dynamic behaviour of cracked rotors in order to develop fault
diagnosis systems for detecting cracks. However, most of these studies concern the change in resonance phe-
nomena mainly due to cracks in rotor systems with linear supports. In many practical rotor systems, various
kinds of nonlinear spring characteristics may exist due to mechanical elements, such as nonlinear bearing sup-
ports, and the rotor systems become nonlinear. Therefore, existing fault diagnosis systems are unable to detect
cracks in such nonlinear rotor systems which are supported by nonlinear bearings. In this paper, we study the vi-
brational behaviour of a cracked rotor with nonlinear bearing supports and focus on the effect of combined reso-
nances caused by a crack and nonlinear bearing supports. In particular, we investigate in detail the resonance
phenomena of a harmonic resonance and a II2-order subharmonic resonance by numerical simulations using a
PWL model and theoretical solutions using a PS model. The results show that the dynamic behaviours of a
cracked rotor in a nonlinear rotor system are obviously different from those in a rotor system with linear sup-
ports, and the change in vibrational behaviour of a harmonic resonance and a 1!2-order subharmonic resonance
are significant due to changes of angular positions of an unbalance.

1. INTRODUCTION

Transverse cracks due to fatigue in rotor shafts are one of
the most serious causes of accidents in rotating machinery. A
detailed investigation into the vibrations of cracked rotors is
very important for developing a fault diagnosis system and
detecting rotor cracks. In order to find a method for detecting
cracks in rotating shafts, the dynamic behaviour of cracked
rotors has been studied since the middle of the 1970s. Most
of the early research results were well summarised in a book
by Dimarogonas and Pafelias' and more literature on the dy-
namics of cracked rotor systems was presented in a review
paper by Wauer', and more recently, a survey on simple
cracked rotors and a review on general cracked structures
were given by Gasclr' and Dimarogonas", respectively.

There are two major research fields in the study of dy-
namics of cracked rotors. One is the modelling of cracked ro-
tors and the other is the detecting of rotor cracks. In order to
predict the change in vibrational behaviour due to rotor
cracks, a lot of crack models have been developed. The typi-
cal model is the breathing crack model developed by Gasch".
Gasch'" and Henry and Okah-Avae? firstly considered the
nonlinear mechanism of a crack with different stiffnesses for
the open and closed crack in a body-fixed rotating coordi-
nate system. They presented the spring characteristics of a
cracked rotor as a piecewise linear type. They made computer
simulations using equations of motion with nonlinear spring
characteristics of a piecewise linear type and found that the
following resonances occurred in the cracked rotor: I) a har-
monic resonance at the major critical speed, 2) a super-har-
monic resonance at the secondary critical speed, 3) super-har-

monic resonances of orders higher than the second (n = 3,4),
4) a 3/2-order super-subharmonic resonance and 5) a II2-order
subharmonic resonance. The harmonic resonance and the
II2-order subharmonic resonance which we discuss in this
paper were also found in experiments. Mayes and Davies"
used the Green function to calculate the compliance of a
cracked rotor in a space-fixed coordinate system and corre-
lated some experimental results with their theoretical back-
ground. In later papers, Mayes and Davies':'" presented an
approximate method to model a cracked rotor in which the
crack was simulated by a reduced diameter section and the
cracked rotor was analysed in a multi-rotor-bearing system.
They found that the vibrational behaviour was similar to that
of a slotted shaft with additional excitation due to the open-
ing and closing of a crack. Grabowski II assumed that whether
the cracks are fully open, partially open or fully closed de-
pends on the crack location in relation to the horizontal di-
ameter of the shaft. Grabowski" investigated the dynamic be-
haviour of a realistic cracked rotor system using a model for-
mulation and found the 1!2-order subharmonic resonance from
experiments. Dimarogonas and Papadopoulos'j'" pointed out
that the crack position has a large influence on resonances,
and the information of subharmonic resonances and fre-
quency shifting are very important for crack identification.
Papadopoulos and Dimarogonas", and Sekhar and Balajil6

used the first four terms of a Fourier cosine series to express
the stiffness variation of the cracked rotor. Gasch" and Ta-
mura" investigated the dynamic behaviour of a cracked rotor
and solved the equations of motion of a parametrically-
excited system. The solution was obtained by linearising the
spring characteristics of the cracked rotor. In this study, they
could not obtain the solution for the steady-state oscillations
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that were observed in the simulations by Gasch". Ishida et al.19,20

approximated the nonlinear restoring force of a cracked rotor
by a power series model and presented the detailed results
obtained from theoretical analyses, numerical simulations
and experiments. Nelson and Nataraj", and Sekhar and Bala-
j i16 analysed the dynamic behaviour of a cracked rotor system
using finite element methods. Meng and Hahn" analysed the
rotor system with small cracks and small vibrations theoreti-
cally and numerically. Iman et al." presented a very success-
ful on-line crack detection method which is based on the vi-
bration signature analysis approach. This can be applied to
detect incipient transverse cracks in the turbine-generator,
pumps and motors. The on-line crack detection methods de-
pend mainly on rotor acceleration and deceleration in the
subcritical speed range. Ratan et al.24 developed a new
method to detect the existence and location of cracks in rotat-
ing shafts. This method is based on obtaining the Fourier
transform of the response of the cracked rotor. Chan and Lai25

investigated the vibrations of a cracked rotor in turbomachin-
ery by numerical simulations and found that the resonances
occurred at one-half and one-third subcritical speeds.

The effects of angular positions of an unbalance on reso-
nance have been studied in many published papers. Henry
and Okah-A vae? found that the resonance amplitude depends
on the direction of unbalance of cracked rotors. Gasch", Di-
marogonas and Papadopoulos'S" explained the change in the
synchronous amplitude and phase angle, and presented the
results of the influence of crack positions on the resonance.
Davies and Mayes':" showed that the crack opening and
closing is a function of the bending moment at the crack po-
sition, and the principal axis and the stiffness change are a
function of the instantaneous area of the crack. They ob-
tained some results from experiments and described the ef-
fects of angular positions of an unbalance on vibrational be-
haviour of the cracked rotor system. Ishida et al." investi-
gated in detail the changes in resonance curves due to angu-
lar positions of an unbalance at the major critical speed.

The cracked rotor has nonlinear spring characteristics of a
piecewise linear type due to an open-closed mechanism of
cracks. Most studies concern the vibrations that take place
mainly due to cracks in rotor systems with linear supports. In
rotating machinery, there exist nonlinear characteristics in the
restoring forces or damping forces for various reasons, such
as clearance in ball bearings, oil film in journal bearings and
so on.26•29 Consequently, the existing vibration fault diagnos-
tic techniques developed based on cracked rotor with linear
supports have the limitation that they cannot be used to detect
cracks in cracked rotor systems with nonlinear supports.

The dynamic behaviour of cracked rotors with bearing
supports has been studied. Okah-A vae30•31 simulated a rotor
system containing a transverse crack and hydrodynamic bear-
ing supports using a four degree of freedom model and con-
cluded that the model can be reduced to a two degrees of
freedom model by assuming that the rotor is rigidly sup-
ported. Muller et al." used a model-based method to establish
a clear relation between cracks in turbo rotors and vibration
effects measured in journal bearings. Tamura" and Gasclr'
analysed the stability of a cracked rotor supported on rigid
bearings. Meng and Gasch" first published the paper about
the stability and stability degree of a cracked flexible rotor
supported on different journal bearings. Ishida and Lu34, and
Lu and Zhang" studied the vibrational behaviour of a rotor

system with a crack and nonlinear bearing supports. Until
now the effects of nonlinear combined resonances caused by
the crack and the nonlinear supports have been investigated
in only a few papers.

In this paper, we consider that the rotor system has both
the nonlinearity due to a crack and the nonlinearity due to
bearing supports. We study the dynamic behaviour of a
cracked rotor by numerical simulations using a piecewise lin-
ear model and focus on the effects of nonlinear combined
resonances, which are caused by a crack and bearing sup-
ports. For the theoretical solution, we have obtain the nonlin-
ear equations of motion of a cracked rotor system by ap-
proximating its piecewise linear spring characteristics using a
power series model. In addition, we investigate in detail the
vibrational behaviour of the harmonic resonance at the major
critical speed and the 1!2-order subharmonic resonance in a
cracked rotor system with nonlinear supports. The results of
this research are useful for developing vibration fault diag-
nostic techniques for cracked rotor systems in rotating ma-
chinery which are supported by nonlinear bearings.

2. NONLINEAR SPRING CHARACTERISTICS AND
EQUATIONS OF MOTION

2.1. Model of a Cracked Rotor

Figure I shows a two degree of freedom model of the in-
clination oscillation of a cracked rotor system, which is in-
stalled horizontally and supported by nonlinear bearings. In
this model, an elastic massless shaft carries a disk which is
mounted at the middle of the shaft. The inclination angle of
the shaft at the position of the disk is denoted bye. We adopt
a static rectangular coordinate system 0 - xyz in which the
z-axis coincides with the bearings centre line. We also utilise
a new static rectangular coordinate system 0 - exey in which
ex and e." are the projections of e onto the xz and yz-planes,
respectively. In addition, we define the rotating coordinate
system 0 - x'y' z' in which the x' -axis coincides with the di-
rection of the boundary of the crack. We also utilise a new
rotating coordinate 0 - e~e;, which makes use of the projec-
tions of e onto the x'z and y'z-planes. We consider that the
cracked rotor system has two kinds of nonlinearity. One is
the nonlinearity caused by the crack, the other is the nonline-
arity due to the bearing supports.

Nonlinearity ~
due to a crack

Nonlinearity
due to bearings

J.l

Figure 1. Model of a cracked rotor and coordinate systems.
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2.2. Nonlinearity Due to a Crack
We study the dynamic behaviour of a cracked rotor using

the model of a breathing crack which has been widely used
for qualitative vibrational analysis of cracked rotor systems.
The model is simple but still can represent the most impor-
tant characteristics of the cracked rotor. Figure 2 shows the
nonlinearity due to a crack. In this model, the stiffness of a
cracked rotor changes due to the mechanism of the open-
closed crack. The shaft stiffness becomes small when the
crack opens, i.e., B.:, > 0, and large when the crack closes, i.e.,
B;, < O. Consequently, the spring characteristics in the B:,-di-
rection have a nonlinearity of a piecewise linear type whilst
the spring characteristics in the e~-direction are linear. The
nonlinear spring characteristics due to a crack can be ex-
pressed as follows:

-N!',. = (k~- M~W:.(B~,> 0);

where, u, and M:, are the components of the restoring mo-
ments in the x'z and y'z-planes respectively. We can obtain
the restoring moments in the xy and yz-planes from these ex-
pressions. We call the model represented by Eq. (I) a piece-
wise linear model (PWL model) of the cracked rotor. As
these expressions are inconvenient in the analysis, we can
also model these spring characteristics approximately using
the following power series, up to the fourth order:

f kf e: e: 2 fJ Bf 3 Bf 4-Mv = v v + 1'2 I' + 3 y + 1'4 Y .

We neglect the coefficient fJ3 in the following analyses
because ji, is much smaller than 1'2 and 1'4. This conclusion
has been found from experiments. We call the model repre-

ted by Eq. (2) a power series model (PS model) of the
c. .ked rotor.":"

-M~

___ -¥- 8~

Figure 2. Nonlinear spring characteristics of a crack.

2.3. Nonlinearity Due to Bearing Supports
There are various kinds of nonlinearity in the restoring

forces of rotor systems. The nonlinear spring characteristics
due to bearing supports have been studied widely. In order to
derive the most general expression of nonlinear terms, Yama-
moto et a1.36,37 modelled the nonlinear spring characteristics
by a power series approximation and presented an expression

of nonlinear spring characteristics due to bearing supports
from the corresponding potential energy. In a two degree of
freedom model system, if we consider the sum of the nonlin-
ear terms up to the third power of the coordinates ex and Bv,

the corresponding potential energy V of the rotor system can
be expressed as follows:

where, Vo and V» are the components corresponding to the
linear and nonlinear terms in the restoring forces, and where
Gij(i +j = 3) and fJij(i +j = 4) represent the coefficients of the
nonlinear unsymmetrical and symmetrical terms, respectively.
Using the transformation Bx = B cos rp, By = B sin rp, we can
transform Eq. (3) into the polar coordinate expression:

(I) (;3(0) + fJ~2) cos 2rp + fJF) sin 2rp + fJ~4) cos 4rp + fJ~4) sin 4rp )B4 =

[fJ(O) +fJ(2) cos 2(rp - rp2) +fJ(4) cos 4( rp - rp4) JB4, (4)

(2)

where, the coefficients of the nonlinear terms 8(11) and P(I1)

represent the nonlinear components whose magnitude
changes n times (n = 0, 1,2,3,4), while the direction angle rp
changes its value from 0 to 2n but at the same time e is kept
constant. We designate these nonlinear components by the
notation N(n) (n=O, 1,2,3,4). Here N(0),N(2),N(4) express
the nonlinear symmetrical components and N(l),N(3) ex-
press the nonlinear unsymmetrical components, respectively.
A detailed explanation of the nonlinear spring characteristics
due to bearing supports can be found in the references'v":".
The definitions of the non-dimensional parameters in
Eqs. (I )-(4) are given in the following section.

2.4. Equations of Motion
In rotor systems with no cracks and no nonlinear bearing

supports, the equations of motion of the inclination oscilla-
tion can be written as follows:

(5)

We assume that a cracked rotor has nonlinearity due to a
crack and nonlinearity due to bearing supports in Fig. I. Let
the magnitude and the angular position of the dynamic unbal-
ance be r and a, the polar and diametrical moment of inertia
of the rotor be Ip and I and their ratio be ip, the rotational
speed be OJ, the damping coefficient be c, the bending stiff-
ness of a shaft be k, and the time be t, respectively. Here we
introduce the representative angle ro whose magnitude is of
the same order as the amplitude of the oscillation. We con-
sider a constant moment Mo in By-direction, which corre-
sponds to the gravitational force. Using the following dimen-
sionless quantities:
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w' - wIT. M' - Mo . n' - nox • n' _ no, . IV', _ Nox •- ~k' 0 - kYo' 0, - ki«: 0,. - kro' Ox - kro '

we can obtain two sets of nonlinear equations of motion for a
cracked rotor system with both (a) nonlinearity due to a crack
and (b) nonlinearity due to bearing supports. The first is the
two equations of motion of the cracked rotor system make
use of a piecewise linear model, which is used for numerical
simulations. Concerning the double sign, the upper signs and
the lower signs are used for 8.:, > ° and 8:. < 0, and the equa-
tions of motion of a PWL model are obtained from Eqs. (I)
and (5) as follows:":"

The second set is the equations of motion of the cracked
rotor system. They utilise a power series model which is used
for the theoretical solutions. The equations of motion of a PS
model are obtained from Eqs. (2) and (5) as follows.P:"

No, + no, = M cos(wt + a);

No,. + no, = Msin(wt + a) +Mo,

where the prime ' is omitted. In these expressions, the sym-
bols S; = sinnwt, C» = ccsnon, and M = (I - ip)rw2 are used
for simplicity. t1\, t12 and t1 express the directional difference

in the shaft stiffness of the cracked rotor. i\ detailed deriva-
tion for Eqs. (7) and (8) can he found ill Ihe hooks authored
by Yamamoto and Ishida":", here the nonlinear terms due to
bearing supports have been added. The nonlinear terms Nex
and No.1'due to a crack are represented as follows:

No, = i [(-3S] +S3W.~ + 2(CI - C3)ex8" - (Sl + S3)8n +

~~ [-(lOS\ -5S3 +Ss)O: +4(2C\ - 3C3 + Cs)B~By-

(6)
6(2SI +S3-Ss)8;8}+4(2C]-C3-CS)ex8.~-

(2S1 +3S3+SS)e~];

No, = i [(CI - C3W.~ - 2(S] +S3)ex8 .•.+ (3CI + C3)e~] +

f~[(2CI -3C3 + Cs)e~ -4(2S\ +S3 -Ss)BWl' +

6(2Cl - C3 - Cs )8~8} - 4(2S1 + 3S3 + Ss)8,r8~ +

(9)

If we consider the nonlinear terms up to the third order,
we can obtain the nonlinear terms nox and noy due to bearing
supports as in the following expression:

no, = ~~: = 3e308; + 2e218x8y + e\2B} +

4{3408~+ 3{3318.~8y + 2{3228x8} + {3138]';

aVN 82 8 8 82no, = a8y =e21 x+2e\2 x y+3e03 1'+

(10)

3. NUMERICAL SIMULATIONS

In order to investigate the dynamic behaviour of a cracked
rotor in a nonlinear rotor system, we carry out numerical
simulations with a PWL model and focus on the resonance

(8) with respect to the angular positions of an unbalance.

3.1. 1/2-0rder Subharmonic Resonance

Resonance curves for a cracked rotor in a linear rotor
system. Figure 3 shows the resonance curves of II2-order

2.5 2.5 2.5 2.5 2.5 2.5 2.5

a= 450 a = 900 a = 1350 a = 1800 a = 2250 a = 2700 a = 3150

20 2.0 2.0 2.0 2.0 20 2.0

~ 1.5 1.5 1.5 1.5 1.5 1.5 1.5
~C.

~ 10 1.0 1.0 1.0 1.0 1.0 1.0

0.5 0.5 0.5 0.5 0.5 0.5 0.5

i---' I-- ~ I-- - L.-
o~ --- 01---'

\-..
0 0 02.2 2.3 2.4 2.1 2.2 2.3 2.2 23 24 2.1 2.2 2.3 2.4 21 2.2 2.3 2.4 2.1 2.2 2.3 24 2.1 2.2 2.3 2.4

Rotationalspeed w

Figure 3. II2-0rder subharrnonic resonance with respect to angular positions in a linear rotor system (ip = 0.1, c = 0.02, r = 0.1,111 = 112=
0.05, Mo = -1.0).
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subhannonic resonance due to nonlinearity of a crack, where
r = 0.1, ip = O.l,c = 0.02,Mo = -1.0,~1 = ~2 = 0.05 and w is
the non-dimensional rotating speed. In this case, the reso-
nance curves due to a crack are almost the same for different
angular positions of an unbalance.

Resonance curves of a cracked rotor in a nonlinear rotor
system. The resonance curves of l/2-order subhannonic reso-
nance are shown in Figs. 4 and 5, where the nonlinear com-
ponents e~1) = e~l) = 0.02 in Fig. 4(a), e~l) = e~l) = 0.03 in
Fig. 4(b), fJ~2) = fJF) = 0.004 in Fig. 5(a), and fJ~2) = fJF) = 0.012
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1~ 10 l

't..L·'.- L
2.3O2.0 2.1 2.2 2.3O2•...0------12.3 O2.0 2.1 2.2 2.3O2.0 2.1 2.2 2.3
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2.5..-----...,2.5.------..,2.5,__-----,2.5 2.5.-------,2.5,-------,2.5r------.
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Figure 4. II2-0rder subharrnonic resonance with respect to angular positions in a nonlinear rotor system (ip = 0.1, c = 0.02, r = 0.1, ~ 1 = ~2 =
0.05, Mo = -1.0). (a) G~I) = G~I) = 0.02; (b) Gil) = G~I) = 0.03.
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Figure 5. 1I2-0rder subharrnonic resonance with res~ect to angular positions in a nonlinear rotor system (ip = 0.1, c = 0.02, r = 0.1, ~ I = ~2 =
O.OS,Mo = -1.0). (a) tfc2) = If}) = 0.004; (b) tfc2) = If} = 0.012.
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in Fig. 5(b), respectively. Comparing these results to those in
Fig. 3, we can make the following observations.

I. In thc case or a cracked rotor with the unsymmetrical
nonlinear component N(I) (l:~.I) =l:.~I)*0), a) the resonance
amplitudes have different magnitudes for different angular
position: 11) the resonance amplitudes decrease or may disap-
pear as N( I) increases. When e~l)= eil) = 0.02 in Fig. 4(a),
the amplitudes first disappear at a= 135", 180°, and when
f.~l) =1;~I) =0.03 in Fig. 4(b), the amplitudes disappear at
a= 135",180°,225" and decrease at a=45°,90°,270°,315";
c) the resonance curves due to different angular positions
shift to the lower speed side. For example in the case of an
angle a = 270°, when the cracked rotor has no nonlinearity
NO), i.e., e~1)= dl) = 0, the 1/2-order subharmonic resonance
occurs at the rotation speed (;J~ 2.23 in Fig. 3, however,
when the cracked rotor has nonlinearity NO), the resonance
occurs at (;J~2.13 when e~J)=dl)=0.02 in Fig. 4(a) and
(;J~ 2.09 when e~l) = eil) = 0.03 in Fig. 4(b).

2. In the case of a cracked rotor with symmetrical nonlin-
ear component N(2) (/J~2)= pi2) * 0) in Figs. 5(a) and (b), the
resonance curves shift to the lower speed side and as N(2) in-
creases when p~2) = pi2) = 0.012, the resonance amplitudes
decrease at a = 90°, 135", 180°,225",270° and disappear at
a=45°,315°.

3.2. Harmonic Resonance at Major Critical Speed

Resonance curves of a cracked rotor in a linear rotor sys-
tem. In the case of a cracked rotor with no nonlinear compo-
nents due to bearing supports as shown in Fig. 6, the har-
monic resonance at the major critical speed has an unstable
region when a = 45",90°, 135", 1800,225" and does not have

an unstable rcgjon when II ~7{)'.\1,'\·. where r=O.I,
if' = 0.7, c = 0.02, Mo = -1.0. and ,\ I ' .\:- O.OS.

Resonance curves for a cracked rotor in II nonlinear ro-
tor system. Figure 7 shows the resonance curves or harmonic
resonance with respect to angular positions or an unbalance
of the cracked rotor where the nonlinear components
eil) = 0.015 when comparing those results to the results in
Fig. 6, when the cracked rotor has unsymmetrical nonlinear
component NO) (eil) * 0), the unstable regions of the reso-
nance curves are seen not to exist.

4. POWER SERIESAPPROXIMATION
In this section, we investigate the harmonic resonance and

the 1/2-order subharmonic resonance of a cracked rotor sys-
tem using a PS model, Eq. (8), of up to a fourth order ap-
proximation.

4.1. 1/2-0rder Subharmonic Resonance

Assumption made for the approximate solution. In the
neighbourhood of the rotational speed co, where the forward
natural frequency pr and the rotating speed co have the rela-
tionship pr= w/2, as shown in Fig. 8, the 1/2-order subhar-
monic resonance of a forward whirling mode occurred. We
use the symbol O(e) to denote the magnitude which is of the
same order as the parameter e. An approximate solution in
the accuracy of order O(e) is assumed as follows:

8x = R cos Br+ P coslzor + 13) + e(a cos Br+ b sin Br) + Ax;

8" = R sin Br+ P sintcoz + f3)+ e(a' sin 8r+ b' cos 8r) + AI' ,
(11)
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Figure 6. Harmonic resonance with respect to angular positions in a linear rotor system (ip = 0.7, c = 0.02, T = 0.1,61 = 62 = 0.05,Mo = -1.0).
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Figure 7. Harmonic resonance with respect to angular positions in a nonlinear rotor system (ip = 0.7, c = 0.02, T = 0.1,61 == 62 = 0.05,
Mo = -1.0, e~l) = 0.015).
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Figure 8. p - w diagram (ip = 0.1).

where wJ= wI2 and BJ= wJ+O. The terms with the parame-
ter e represent small deviations of the trajectory caused by
nonlinearity. Substituting Eq. (II) into Eq. (S) and using the
harmonic balance method, we can obtain the following fourth
power approximation for the resonance curve:

0= Ro{-cwr-0.5e2Mo sin 200 -0.25e4[Mo(2R5 + 6p2 +

3M5) sin 200 - 6P c2Mo sin 200] + 2e~1)P sin(200 - a) -

2e~l)Pcos(200 - a) - MoP(SfJ(O) - 6fJ~2»)cos(20o - a)+

6fJf) MoP sin(20o - a) };

(4R5 + 6p2 + 3M5) cos 200 + 6Pc2Mo cos 200 - 2Ps3 +

6Ps! (R5 + p2 + 2M5)] + 2e~I)Pcos(200 - a) +4e~l) M« +

2e~1)P sin(200 - a) + 4fJ(0)(R5 + 2p2) + (SfJ(O) - 6fJ~2»)M6+

(SfJ(O) - 6fJ~2»)MoPsin(200 - a)+ 6fJ~2)MoPcos(200 - a)},
(12)

where the symbols Pen = P" cos no; Psn = P" sin na and
Gr> G(wJ) = 1+ ipQ)Q)J- w} are used for simplicity. For the
harmonic solution and the constant component, we adopt the
approximate solutions P=-MIG(w),{J=a+n and Ax=O,
Av = Mo in the accuracy of O(eO) and we can obtain a triv-
ial solution Ro = 0 and a nontrivial solution Ro *' O. The

P,-

equations include the nonlinear components NO)(e~l),dl),
N(2)(fJ~2),fJ~2» and N(O)(fJ(O».

The results from a power series approximation. The 1/2-
order subhannonic resonance curves are shown in Figs. 9 and
10, where the parameter r = 0.1, a = 2700

, ip = 0.1, c = 0.015,
Mo = -1.0, ~ = 0.05, e: = --0.05, e4 = 0.00 1. As shown in
Fi~. 9, when the cracked rotor does not have nonlinearity for
e~! = d')= 0, the l/2-order subhannonic resonance occurs at
the rotation speed W ~ 2.24. However, when the cracked ro-
tor has NO), the l/2-order subhannonic resonance occurs at
W ~ 2.15 (e~l) = e~l)= 0.02) and W ~ 2.10 (e~l)= e}l) = 0.03),
and as N(I) increases, the resonance amplitude decreases and
may even disappear.

5--.---- ---.
PS Model

4

E~1)= E;1)= 0.02

E~1)= E;1)= 0.03 A
f\

OJ 3
'C:e
Ci

~ 2

4

o -+-_-._---',......-'---'- ...•....•L.....__.-I~....,_JL.....--..._t---r-----l
2.0 2.1 2.2 2.3

Rotational speed w
2.4

Figure 9. lIZ-Ordersubharmonic resonance with nonlinearity N(I).

5--.- --,
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{l 3-
::J..",
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E« 2_
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2.3 2.4

Figure 10. lIZ-Ordersubharmonic resonance with nonlinearity N(Z).

Figure 10 shows the l/2-order subhannonic resonance
curve for the case with symmetrical nonlinearity N(2). In this
case, the resonance curve shifts to the lower speed side and
the amplitude decreases and also may disappear as N(2) in-
creases.

4.2. Harmonic Resonance at Major Critical Speed

Assumption made for the approximate solution. In the
neighbourhood of the rotational speed We, where the relation-
ship pf= to holds in Fig. 11, a harmonic resonance at the ma-
jor critical speed occurs. If we assume the solution has the
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same form as Eq. (11) and we use a similar procedure, we
can obtain the following expressions for P = Po and {3= {3o:

Msin(a - {3o)= cwPo - bPo sin2{3o+8iP; + 0.5M5)cos{3o +

84(~ +3M5P; + 0.375MVcos{3o;
and

M cost« - {3o)= GPo + bPo cos 2{3o+ 82(P; + 0.5M5) sin{3o+

84(~ +3M5P; +0.375M6)sin{3o +48.~1)MoP+4{3(O)P6 +

where, Ps=Psin{3o and G=G(w)=I+ipw2-w2. The
equations include the nonlinear components N(1)(8~1)),
N(2) (f3~2))and N(O) (f3(O)).

3,..------- --,,,,,,,
,/ Pf,

P= w,/,,,,,,2

,,,,,,,,,,,,,,,,,,,,,,,,,,,,
~~' roc

O+-------------:--------l

-1

o 1 2
Rotational speed co

Figure ll.p-w diagram (ip =0.7).

Resonance curves for a cracked rotor in a linear rotor
system. The harmonic resonance curves resulting from a
power series approximation of a cracked rotor due to a crack
have been given in published papers'Y'', In the case of a
cracked rotor without nonlinear supports, an unstable region
exists when an unbalance is located on the same side as the
crack, i.e., a = 90°. However, when an unbalance is located
in the opposite side to the crack, i.e., a = 270°, there is no un-
stable region."

Resonance curves for a cracked rotor in a nonlinear ro-
tor system. The harmonic resonance curves for a cracked ro-
tor with nonlinear supports are shown in Figs. 12-14, where
the parameters T = O.I, ip = 0.7, c = 0.02,Mo = -1.0, ~ = 0.05,
82 = -0.05, and 84 = 0.001. In order to compare these results

to the results of numerical ximulauou», WI' alsll represent the
results of numerical simulations In thl' IIV.lIll·S included in
this section.

(13)

Q) 3
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<{ 2
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Simulation

2.6

(a)

Q) 3
"0:E
0.
E
<{ 2

(b)

a= 900

~(O) = 0.01

2.8

2.6

O-t-.....--..,.--.-,..---.---.-r--'----'--'---'----,---...,.----,---.---,r--.....-l
1.0 1.2 1.4 1.6 1.8 2.0 2.2

Rotational speed co
2.4

5,- ---.

4

a = 2700

~(O) = 0.01

Simulation

-- Analysis

1.4 1.6 1.8 2.0 2.2 2.4
Rotational speed ro

Figure 12(a) shows the resonance curve for a cracked ro-
tor with symmetrical nonlinearity N(O) (f3(O)*' 0) when a = 90°.
The resonance curves incline to the higher speed side and the
unstable region which exists due to a crack may disappear.

Figure 12. Harmonic resonance curve with nonlinearity N(O).
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Figure 13. Harmonic resonance curve with nonlinearity N(l).
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Figure 14. Harmonic resonance curve with nonlinearity N(Z).

Figure 12(b) shows the resonance curve for a cracked ro-
tor with symmetrical nonlinearity N(O) (/J(O) '* 0) when a = 2700

•

The resonance curves incline to the higher speed side and be-
come like those of a hard spring.

Figure 13 shows the results for the case with unsymmetri-
cal nonlinearity N(l)(Bil) '* 0) from numerical simulations
and theoretical solutions when a = 31SO. In this case, the
resonance curves shift to the lower speed side and the reso-
nance amplitude decreases as N(l) increases.

Figure 14 shows the resonance curves for a cracked rotor
with symmetrical nonlinearity N(2) (/J~2) '* 0) when a = 3150

•

In this case, the resonance curves shift to the lower speed
side as N(2) increases.

This paper investigates the vibrational behaviour of a
cracked rotor with nonlinear supports for the purpose of de-
tecting cracks in rotating shafts. The above results show that
the results of theoretical solutions obtained from a PS model
agree well qualitatively with the results of numerical simula-
tions made with a PWL model.

Crack detection is also an important problem in the condi-
tion monitoring of rotating machinery. An early warning at
the occurrence of a rotor crack can considerably extend the
durability of machinery and increase its reliability. The detec-
tion of a crack in its early stages may save the rotor for con-
tinued use after repair. For detecting a crack in early stages in
rotating shafts, many methods have been used to develop the
on-line crack detection and monitoring techniques. These in-
clude vibration signature analysis, acoustic emission, and
so on.23,24,32 However, crack detection methods usually are
based on signal analysis, and use information from vibration
signals.

The vibration analysis techniques, which use PWL and
PS models in this paper are based on a cracked rotor system
with nonlinear supports. The techniques are advanced and
can be developed to establish unique characteristic signatures
to detect cracks in such nonlinear rotor systems.

In many practical rotor systems, nonlinear characteristics
exist due to the rotor supports. Therefore, it is necessary to
distinguish between the vibrational behaviour of a cracked
rotor in a rotor system with nonlinear supports and those in a
rotor system with linear supports. The results clarify the vi-
brational behaviour in these two rotor systems and show that

the nonlinear components due to bearing supports have a
large influence on the amplitude, position and shape of reso-
nance curves due to a crack, These results are useful for con-
ducting further studies to develop a fault diagnosis system for
the detecting of rotor cracks.

5. CONCLUSIONS

2.4

This paper gives a detailed investigation of the dynamic
behaviour of the harmonic resonance and the 1/2-order sub-
harmonic resonance of a cracked rotor and establishes a clear
relation between the resonance and angular positions of the
unbalance of a cracked rotor. The results will be for making
an assessment to identify and locate a crack in a cracked ro-
tor system using these resonance phenomena.

This paper has investigated the dynamic behaviour of a
cracked rotor with nonlinear supports due to different angular
positions of an unbalance. The approaches include both a
piecewise linear model and a power series model for model-
ling crack stiffness characteristics. The results obtained from
theoretical solutions of a PS model up to the fourth order
agree qualitatively with those obtained from numerical simu-
lations with a PWL model.

The dynamic behaviours of cracked rotors with nonlinear
supports are significantly different from those of cracked ro-
tors with linear supports and are summarised below.

In a cracked rotor system with linear supports, the 1/2-
order subharmonic resonance is almost independent of the
angular positions of an unbalance. However, in a cracked ro-
tor system with nonlinear supports, the amplitude and posi-
tion of the 1!2-order subharmonic resonance are dependent
on the angular positions of an unbalance. When a cracked ro-
tor has unsymmetrical nonlinearity N(l) or symmetrical non-
linearity N(2), the resonance amplitudes have different mag-
nitudes for different angular positions of an unbalance.

When the nonlinearity N(l) or N(2) become larger, the
amplitudes of the 1/2-order subharmonic resonance become
smaller or zero and the resonance positions shift to the lower
speed side. In the case that the bearing supports have a larger
nonlinear term N(l) (B~I) = Bil)= 0.03), the resonance does
not exist at all for a = 13SO , 1800

, 22SO. In the case when the
bearing supports have a larger nonlinear term N(2) (fJ~2) =
pi2

) = 0.012), the resonance does not exist either for a = 4SO,
31SO.

The angular positions of an unbalance have a significant
influence on the unstable region at the major critical speed.
In a cracked rotor system with linear supports, the unstable
region at the major critical speed exists when a = 450,900

,

1350
, 1800

, 22SO. However, in the case of a cracked rotor with
nonlinear supports N(l), the unstable region may not exist
with those same angular positions of the unbalance.

The nonlinearity N(l) and N(2) significantly affect the
major critical speed. The position of harmonic resonance de-
pends on the magnitudes of N(l) and N(2).

The symmetrical nonlinearity N(O) has an influence on
the shapes of the resonance curves. In the case when an un-
balance is located at the same side as a crack, i.e., a = 900

,

the harmonic resonance inclines towards the higher speed
side and the unstable region due to a crack may disappear. In
the case that an unbalance is located at the opposite side from
a crack, i.e., a = 2700

, the harmonic resonance inclines to-
wards the higher speed side.
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