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Abstract: This paper deals with the well-posedness of the global solu-
tion of a gmall initial value preblem for a generalized Boussinesq equa-
tion. The conditions for the existence and umquﬂness of the solution to
the problem are established in a Sobolev space. It is alse proved that
the global solution decays exponentially in time.
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1. Introduction

{1 recent years, many mathematicians have focused on studying various
nonlinear evolution equations. One of the equations attracting attention
15 the following Boussinesg squation

\

whers u(z, t) is the elevc; ion of ‘th free surface of fluid, the subscripts de-
note partial derivatives, and the constant coefficients a; and £ depend
on the depth of fuld and the characteristic speed of the long waves.
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Emmtaoza (A‘; governs the rotion of lang waves on shallow water and the
o of nontinear oscillations of an elastic string. This equation
g tmveii:sw waves solution called solitary waves and & sclentific
ence of solitary waves has been given by Boussi-

palctcle|

Mitewsky and Keller [3] have deduced an isotropic ps udo-differential

equation for the motion of waves in Aulds with a free surface and an
arbitrary uniform depth. Various versions of the Boussinesq equations
discussed i bhe literature [2, 4-9] can be obtained in she way similar
hiey ail possess ome COININON. chiaracteristics,

to that proposed in [3L.
namely, they are pe“t;@b?ﬁ;(}?& of the
into considerations of the effects of weak ron

i

uation thab take
Hnearty and dispersion.
¢ from various

linear wave eq

T refevences [10-13], equation (1) has been researchs
aspects. Clarkson [10] proposed 8 gemeral meathod for obiaining simi-
larity reductions and consiructing exact solutions. Hirota [11] decducad
comservabion laws and Shen examined the nurnerical sofutions. Yazhima
[13] imvestigated the nonlinear evolusion of & linearly stable solution.
The expouentially decaying soluticns of the spherical Boussinesq equéa-
tion have been established by Nakamura [14]. Galkin et al [15] have
devoleped rational solutions of the one dimensional Boussinesy squar
tion with both zero and nonzero boundary conditions at the nfinity in
space. The structure of the sclution in [15] extends a family of ratio-
azl solutions of the Korteweqg-de Vries equation to the case of two-wave
processes. Various types of generalization of the clagsical Boussinesg
equation have been Smdaed 1 various g.sg)%cts 8, 16], in particular the

well-posedness of the Cauchy 1y probler: for the following equation

-

U = —Upzes + Uzz — (F(U))as,t > 0,2 € B (2)

In (8], it has been astablished that the special solitary wave solutions

of (2) are nonlinearly stable for a range of wave speeds, The local and
global well-posedness of the p”oiﬁem has been proved by transiorming
equation (2) iuto a systern of nonlinear Schridinger equations. Also
the authors couclude that initial data lying relabively close 1o a sta-

ble solitary wave evolves into a global solution of equation {2) under
some assinptions rastricting the data and nonlinear term f(u). Suffi-
cient conditions for ﬂone“{_\st e of global solutions in time o various
initial boundary value pro f Boussinesq equation were obtainad

in [37 18}
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Varlamov [19] cousidersed the initial-boundary value problem for the

following damped Boussinesq equation

— ) Af 02y ) m nl £y
zg = ~CQUzgzgy + Ugs — ﬁ("ff' Jax, t > 0,0 € 17, 9y

where the second termn on the left hand side is responsi
8 e R o and b are positive con

for dissipation,
ndition o > b2
sinall initial
value 19 established for the case of cne space dimension. The classical

tants and sati
The Initia! boundary valus problem for equation |

5

solution is consiructed and its uniqueness is proved. Also the long-
time asymnptotics is obtained in exp lot

Lictt form. The existen
asymptotic solutions of the initial value problemn for equatio:
heen studied by Varlamovy

0, 21]. Howsever, proof for the unicueness

i

of the solution has not yet been sstablished.

The aim of this paper is to study the inisial value problem for the
following generalized Boussinesq equation

l — N B f { AY
Ut — QUptee — 20Ugg + 1TNU = —NUgpea + Uy, + f@(.fiu)fzxa

: ~ — 1
1>0, ze R, (4)

where a > 0,6 > 0,/m > 0,n > 0 are constants and 8 € R' and the
function [ is a polynomial with order p and f{0) = 0. The sxistence and
uniqueness of the global solution in Sobaolev space C([0, +oc), ¥ (RN
CH{[0,+o0), H*71 (7)) will be established for equation (4) with the ol
lowing initial conditions

, z€RL
us(z, 0) = evp(z), =z € R,

where € > 0 is & small parameter.

2. Existence and Unigueness Theorem

Throughout this paper, we let C ([0, T, H#3+! (R'))nC!
denote the Sobolev space with norm defined by

(

v

Ul

et F fle]ls)
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We also denote X,(T) by
X, (T) = C ([0, 71, H*T (RY) nCt (0,71, HY (RY))
with
X, (00) = C ([0, +00), H*T1 (RY)) N G ([0, o0}, #° (R1)) .

Tn addition, we assume that ¢(z) € H YR Y € HA(RY).

Theorern 1. Suppose p(z) € HTH(RY) and P(x) € H*(R') with
s>§ Fae>0,b>0,m>0n>0,p20, ﬁ.+’r’%>%)2 and the nonlinear
term f(u) is a polynomial with order p and f{0) = 0, then there exists
s unigue solution u{z,t) € X,(00) to the problem defined by (4)-(5).
Furthermore, the solution u(z,t) satisfies the following inequality

At

s < e7FH(2eA),

where k = min{m, L} and A is & constant independent of €.

Proof. We divide the proof of the theorem lnto two parts. Firstly,
we prove that there exists a solution ulz, 1) € X (o0} to the problem
defned by(d)-(5). Then, we prove that the solution is unique.

(a) Existence. Taking the Fourier transform of equations (4)-(5), we

ges
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gHetey
which give the following solution
~ _aemy sin{as ? 5
@M;)(f, ‘j)g = ge 1+a¢3 EI‘COS(Ufii _,_ *’;ﬁ Z‘grf/ . ‘;;- )
__Be b . .
{1+u£fz:§a,£ %Kp —"——:2- i’ EE cih[ g\!' T
where
Jan€® + (a+c— B)EL + (pa + 2mb 4+ 1)£2 - p? 4 2
gg = ——3 ,
14 ag
a-+n—b>0.
Denoting ug by
b2 4o sin(ost)]
—1 : % > ° SR B~ ol
uy = e e 21} b = . il
T L afd ae P8
o
+285}]. )
where F~! represents the inverse Fourier transform. Letting & =
with min{m, g}, we have
‘ he? .
linear %‘_E >k, (9)
exists Lk af
)-(5). and conseqguently
r 51372 -
Wi+, | _ .
exp [-———————— s {t— T) <exp[—k{t—r]. (10)
IS J
Thus, we have from (8)-{9) that
Hun! 5 =&t LY ie Y 711
uolls+: < e™FCe{{lollst + [19ls) - (11)
rsiiy,
oblemn Now, by letting A = C{|lells+1 -+ 1] 5), we have, from (11), that
g ]lor < Ae™ < 2eAe™%t (12}
5}, we .
The sequence {Uy,}t can thus be constructed as follows
242 3 2
P SR I S LT
n(§8) =T — m—=m— | e = (1 = 7)
(1+af?jag Jg L 1+a
3 + = ‘) 7 \G’J'
x sinfog (= 7)] f{un—1)(E, T)dm,
Q 193y
ﬂ:i,ﬂ,a,.... (A%j;
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Since
0g2 ri N 7
_ B8 e T
(1+a€%)oe Jg | *“' 23 1
5 1+at” [/ _bbmy
< 5 (1—g the"
— Jactd - (o +c— 312 W pal? + &2+ pR b My y
Iy’ 5 ‘52 , N
< zﬁ(l%% '} ——— < (| {14)
~ act® - (a+c— bEE + pal? + £2 + p*
by letting
2 rt L2
) = e [l =7
S (L4 ael)oe gy 1+ af
x sin[oe(t — 7)) S (w6 mydr, (15)
we have
362 rt ’ (1)?32 4 m \ .
B < — e | ] el (7))
s‘u(sat)l =g !mj'_—;é-&, Ijla | +G€2( il
6 e —
x sin{og(t — )] f(u)(§,7) | dr,
£2 f I bE2 4+ m NIRE
<] —— ex;%——f—‘—-e{z‘—fr) a%rj | (16)
| §1+a§23 i-;{) L L4ag
QQ +m TN e N (2
ol— = (t—1) | Flul(é I 12
X[J;@ EXPy 1_%&;:2 (t T)j i u}(ul(S)T) H dTJ
rool ket +m L FTTN e 2t
Ol exp |—>—2(t—7)1 | flu)(&T) |~ dr]e,
- [.50 P 1+a52( B T
and consequently
[ ol gt 1) bé% +m
/ <t >"F‘S—H'J |3 &{f < 1[ e:@ [":_——"—?‘(b - T}
J—oo > | ( o — ooJJ L L+ a*
x < &> Fl) (g, 7) | drdg,
roo i (52 1)1 FIon(s ) |2 It
</ exp [kt — 7)) < £ >*TV] Fu){(§,7) |7 drds,
—00J0
f Ty
< [ exp[=hle =TI @I
7 an
Prom {14)-{17), we have
ré , R
tinlls+1 < uolistr + C(jg exp [—k(t — )] [ (Un— JE, @) (18)
0
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Therefore, forn =1 &

H | ¢ i
i+ < Huoilsys + O /

<
g 4
< Juglart + C2e4) | exp(-k(t — )] e PFrar)t,
v i
< luollswt +CR2e AP ([ exp[—k{t— ) e 2575,
J0
1 £ I8y N —E?J
< uollsr + C2A)%e™,
< e A+ C2e AP 2 A)). (1%

Choosing € sufficiently small such that
202 AP < 1, (20)
we have, from {19} and {20), thas
urllygr < e (2eA). (21)
For n =2, proceeding as for the proof of (21}, we have

[uallsi < e7*(2e4). (22)

Thus by induction, we get

N

-k 4 -
un s+ < e 2e4). n=1,23 ... (23
Following the same procedure as that for deriving (23}, we obtain

Hugll] < 2e4, n=1,2,3,-

'”“\
M...M

From (13) and the assumption of the nonlinear term f, we get

Men = s} < C LG lunlly Matn—t 1D lunfl) = i 1) 1 (25)

where G(z,y) is an (p—1)th order homogeneous polyromial with respect
0 % and y. By using (24), it follows that

(26)
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g, = wn—tl] < CL2A)PT TP (ded). (27)

Junlll = Tl +Z ;= wiz1 )

< el = 3 s =i
1

by choosing C(2e AP~ < 5, it is clear that {1, } 15 uniformly convergent

in the space X (oo). Therefore there must 2xish a function u(z,t) €
X,(o0) such that u, uniformly converges 10 u(z,t), i.e., & solution of the

problem defined by (4) and (5). Moreover,

T
“um%s-l-x = g!uO + %Z{”z 352_1/“3“1
1

T
< Mg+ ) (wi — w1l
1
4]
< ol + 3w = us-all
1
zlcmmw L (e A (29)
1
From (29), we know that {un} is also wrdformly convergent in the sense
of the norm || |jos1. Using inequality (23), we have
s < e™(224) (30)

which implies that the solution decays exponentially and |julls+1 tends
to zero as 1 — -+oo.

o) Uniqueness. Now we prove that the b‘obal solution u{z,t) €
X, (o0} of the problem defined by(4)- (5) is unique. Assuming that there
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exist two solutions u(V (e, 1) and & (g, ¢
both of them are uniformly bounded in the space X, (oc).

(27)

N 1) {4 5
wlz, 1) = wz, 1) — ¥ (g, 1)

; of the problem, we kuow that
Letting

Be? rt he% 4+ m
HlEH =—— - | expl— (¢ —1)
(&8 ce(l+ aé?) /, *p| 1+ef2° &
X sin [og(t — 7] R (&,m)dr, (31
(28) where
Al t) = ful(z,4) - f(2@ (e, 1)
ergent It follows from (81) that
z,t) € 52 ot o
Lof the Y I R S S TR S |
@£, < (l-}—af% l;ﬂ e‘{p[ E%aégii_[}JgT,?
r ;”t v 2 £ ? 5!‘:: ¢ 2 E%
Xi.;g (f 577-}; dT]?‘Sgg %uflf\'g!'r/gl T§ 1
4o LJo §
and
Foo §!‘+OO t o5t 1)
‘)5 <E> (s+1) @€, 1)]*d ng; ;r <&E> (s+1)) 7 (&,7) ? drde
-0 J =00 j{)
C G um u 25\1 — @0 2y
9 Ul i
J;'t .
(29) <C | (24P () —’Hm%?%? ? dr
"?-t o
<o [ fjuliar
18 SBSE Jo
Thus, we can immediately obtain
(30) b
| lwl? <o [ lwlier (32
tends /

J 0

7 A

Hy(00) (s > %) of the problem defined by (4)-(5).

”}"}f the Growall inequality, we have w(z,t) = 0 (w(z, i) € ﬁfs’oo)‘

}. That

ig, u(U (g, i) = L(‘“f.z ¢) and hence there exists & unique solution u(z, ) €

O
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