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Abstract 

The use of the Finite Difference Time Domain (FDTD) and the Transmission Line Matrix (TLM) 

algorithm to model nanoscale electromagnetic elements is investigated. It is found that 

comparable accuracy of the TLM algorithm to the FDTD algorithm combined with significant 

practical reductions in computation time render TLM a superior algorithm for nanoscale 

optoelectronic problems. It is also found that as the as the TLM algorithm implicitly incorporates 

"split fields" into its definition that it lends itself to a natural and simple implementation of the 

Berenger Perfectly Matched Layer from FDTD that appears not to have been reported in the 

literature. In the course of the research an extension to the Drude Lorentz complex permittivity 

model of gold is developed that provides coverage across the entire optical spectrum. This 

extended model is then used to validate the TLM algorithm against known the known optical 

response of a variety of objects including gold films, nano spheres and nano rods. The effect of 

coupling between elements of an array of nano scale objects is investigated with a consistent blue 

shift in the extinction spectra for arrays of closely spaced nanoscale objects observed. 
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Chapter 1 
Introduction 

The challenge of being able to precisely model the time domain behavior of nanoscale 

electromagnetic components is certainly not a unique topic in recent times. The promise of 

smaller and faster computers built around optical circuits. materials with unusual optical 

properties and the lure of devices not even dreamt of yet has generated a growing interest in the 

modeling of nanoscale optical components. Historically this problem has been approached by 

extending and adapting software models developed for other purposes and at other scales to the 

problem of modeling optical frequency devices at nanonscale. A consequence of this has been 

that a researcher who uses the Finite Difference Time Domain (FDTD) algorithm to model for 

example microcircuits will naturally enough attempt to use the FDTD algorithm to model 

nanospheres. Similarly other researchers who perhaps were using the Transmission Line Matrix 

method to model waveguide termination will extend this to model the same nanospheres. While 

both approaches to the same problem work the question remains to be asked whether one 

method should be used over another and if so under what conditions and why? 

1.1 Objectives 

Within this broad scope. the objectives of this thesis are twofold. The first is the development of 

tools that will enable the next generation of these optical devices to be modeled using readily 

available computing resources with an emphasis on the modeling of materials with a complex 

permittivity. The second part of this thesis is to validate these tools using nanoscale objects of 

current interest. 

1.2 Strategy 

To achieve these objectives this thesis consists of two parts. Chapter 2 through Chapter 5 will 

describe the development of a suite of software to perform time domain modeling of general 

nanoscale electromagnetic systems built from materials with a non trivial complex permittivity. 

The bulk of this part of the thesis is devoted to the analysis of time domain electromagnetic 

algorithms capable of handling general complex material models. This includes extensions to 

the traditional FDTD algorithm as well as the alternative TLM algorithm that will enable them 

to handle arbitrary complex permittivity materials expressed as general rational polynomials. 
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The second part of this thesis, Chapter 6 through Chapter 9 is devoted to the application of these 

algorithms to the modeling of gold nanoscale structures at optical frequencies. To do this the 

range of the complex permittivity model of gold proposed by Vial et al [2] valid in the 500nm to 

lOOOnm range is extended via an additional term to provide coverage in the 400nm to tOOOnm 

range and then used to model the optical properties of gold films, nanospheres with a quick look 

at nanorods. 
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Chapter 2 
Time Domain Nanoscale Electromagnetic Modeling Suite 

2.1 Application Framework 

There are a number of commercial suites of software available to perform time domain 

electromagnetic modeling such as Remcom's XFDTD and OmniSim from Photon Design®. 

These tools are generally aimed at scenarios where a "black box" approach of using validated 

techniques to investigate a new model is perfectly acceptable. More common in engineering, 

these scenarios typically involve the scientific analysis of unknown systems composed of 

known components. Suites such as this can be expected to generate valid results using materials 

and algorithms they have been validated for, but they lack the flexibility to allow the researcher 

to extend the algorithms and models beyond what the designers have themselves intended. 

Along with inflexibility, there are cost and licensing issues associated with commercial suites 

that made the option of developing an in house tool using freely available toolkits extremely 

attractive. 

Starting with a blank page the desire was to have a tool that would enable; 

• 3D models to be developed using a Microsoft Windows based desktop PC. 

• A single model to be processed with a variety of different algorithms. 

• The development of new time domain algorithms. 

• The computation able to be performed on another machine such as a larger 

multiprocessing server if desired. 

• The computational code be able to be ported to a variety of operating system 

environments 

• The results of the computation to be easily displayed over the original model 

• Screen shots and movies to be produced. 

• Time series data to be sampled at any point of interest and Fast Fourier Transforms 

(FFT's) produced. 
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It was also desirable that the system be developed using components that would allow it to be 

published available under an Open Source license in the future making it accessible to anyone 
with a need. 

With these objectives in mind the final system architecture of the suite now know as 

StrawberryFields is based on a front end data display and modeling component talking across a 

network to a backend processing suite. The front end is developed as a standard Microsoft 

Windows application using Open Source components such as the freely available Visual Tool 

Kit (VTK). The backend is written in standard C++ using an object oriented multithreaded code 

base and can be compiled for a variety of operating systems if desired. To date the system runs 

entirely on Windows, but although not extensively tested, components of the backend have been 

run successfully on Unix (Linux). 

Front End 

MFCVTK 
Data Display 
and Madelina 

' 
Internet ,. Back End 

----------- ----------~----------------------•• 
Data Out Model In 

__.; 
I 

I 

MySQL 
Data Database 

- Files -
t + 

I Algorithm 1 I ... I Algorithm N I 
Common Code Infrastructure 

Figure 1 High Level System Architecture 
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2.2 Front End Application 

The front end application has been developed using Microsoft Foundation Classes and the Open 

Source Visual Tool Kit. (VTK) This is a fairly simple application that develops a model of the 

space built up as a collection of layers. Associated with each layer can be a collection of two 

dimensional shapes and objects. The shapes consist of points, lines, disks and rectangular 

regions each of which can have material properties associated with them. The objects consist of 

point sources, current sources, plane waves and probes. As the model is built up this description 

is written into a three dimensional grid where it is then rendered. 
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Figure 2 Modeling View 
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Once the model has been developed on the front end the user selects an algorithm and submits 

the description along with the various parameters that define the job such as the absorbing 

boundary geometry, the time step size and the sample rate to a MySQL database where the 

backend application can pick it up for processing. 

Crt•dtl· Job ~X 

ADI FDTD 1,;~~ 10 
$ind9fjpj v .... v .. 
VeclOI,._.. 
Old v .. Z Trllllfcllm 
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OldYeeAC 

Conde&YeeZT,_ 
Conwilea Yee ACS 
~YeeADE 

TirlleirllWlllacandt r StaitTiM: jo 

Til'llSttpSillc Jl~ 

F01a.-~llwdlldis1110 lhe CFL W 

NUlllbtt ol liN llep«: 

Pieilinlly Tille$~ 

o.i.s..-R.i.: 

)( y z J 
NUlllblf Pl--.lllaclts: r r r 

le , a, J C«ICll I 

Figure 3 Job Creation Screen 

It is currently planned that the need for the intermediate MySQL database will be removed and 

replaced with an XML based problem definition interface. The reason for this is to remove the 

dependency on an external piece of software and to address security and performance concerns 

associated with exporting a MySQL interface. 
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At the end of the computation the data can be retrieved by the front end and displayed over the 

top of the original model in a variety of formats. 
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Figure 4 Data Display View 

As a note the data displayed in Figure 4 does not relate to the data displayed in Figure 2 
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2.3 Backend Application 

The backend application was developed using standard C++ with the intent of being easily 

ported at some point in the future to a distributed multiprocessing environment. 

The general interaction of the front end with the backend is via an open source database that 

receives the model and instructions about which algorithm, absorbing boundary configuration 

and other job related information to use. The description of the model as a collection of entities 

is used to construct the same model as an array that was visible to the user using the client. This 

is then broken down into individual processing blocks each of which can be calculated 

independently to the others. The backend also contains the infrastructure necessary to 

communicate data between the individual blocks at the end of each iteration. Currently the 

separate blocks are being processed in a multithreaded manner with separate_ threads on the 

same machine, but the model used will readily extend to a distributed environment if this is 

desired. 

Each processing block contains the code necessary to define any collection of vector and scalar 

fields desired by the developer that are automatically sized and associated with the original 

space. The developer can do what they want with these fields and the underlying code base will 

handle the task of reassembling the pieces of the computed field and returning it to the front end 

for display. 

The backend also handles collection of time series data at probe points as defined in the original 

model, and performing an FFf. The time series and spectral data is not displayed by the client 

but is readily available for analysis using other software such as Matlab or Excel. 

While interesting in its own right, the internals of this framework will not be further discussed 

in this thesis unless relevant to the results produced. 
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Chapter 3 
Basic Time Domain Algorithms 

3.1 Time Domain Algorithm Overview 

The two general approaches to nanoscale time domain electromagnetic modeling that will be 

addressed in this thesis are the FDTD and TLM algorithms. 

Philosophically closer to the mathematics and physics community is the Maxwetrs equation 

based Yee FDTD algorithm [3]. This is an elegant partial differential equation based approach 

that uses the spatial variances in the magnetic field to calculate the electric field at one moment 

in time and then uses the spatial variances in the electric field to update the magnetic field at the 

next. It is an extremely simply yet powerful algorithm with an extremely large supporting body 

of knowledge. 

Coming from an entirely different world view the Transmission Line Matrix (TLM) algorithm 

[4] is at ifs heart a Huygens principle based model that describes the propagation of a signal 

from one point in space to its immediate neighbors, where the signal at each point in space is 

modified by the physical nature of the space at that point and is then scattered out to all the 

neighboring cells where the process repeats. 

It should be noted that the FDTD algorithm and the TLM algorithm can be transformed into 

each other (7, 8}. 

Both of these algorithms were originally developed to handle "simple" materials with frequency 

independent behavior and were then modified to handle materials of a more complex nature. For 

the sake of completeness an overview of both will be presented although more emphasis will be 

placed on the less familiar TLM algorithm. At this point only "standard" materials will be 

considered, the integration of complex material models into the standard algorithms will be the 

subject of following chapters. 
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3.2 Yee Finite Difference Time Domain 

Originally formulated by Kane Yee in 1966 [5] the Finite Difference Time Domain algorithm is 

the classic time domain electromagnetic algorithm most commonly used by both engineers and 

scientists. Originally developed to handle large scale antenna and waveguide problems it has 

been successfully extended to be able to handle a variety of linear and non linear materials at 

increasingly smaller scales and is now commonly used to model the internals of microchips and 

components used in VLSI design [6]. 

The equations used in the Yee FDTD method for constant parameter materials are essentially 

Faraday's and Ampere's equations in differential form with the concept of a magnetic current 

added for symmetry. Using £ permittivity,µ permeability, a conductivity . p magnetic 

charge density. E; and H; the electric and magnetic field components these equations can be 

expressed as; 

aE aH. aHv aH aEV aE 
£--x +<JE =------· µ a/ +pHx =--· ___ z 

at x ay dZ dZ ay 

aE aHX aHZ 'dH 'dE. aEr 
£--_v +aEY =----- µ a/ +pHY =------· 

at az ax ax az (1) 

aE. aE aHV aH iJH aE aEV 
£---+ =--· ___ x µa,+pHz =--.t ---· 

at z dx ay ay dX 
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This symmetry in the time dependant components is exploited to establish an iterative time 

stepping scheme. The space to be modeled is decomposed into two offset grids in such a 

manner that the magnetic field loops and electric field loops interlink enabling each field to 

drive the other. 

In one dimension, looking at the Ez component of the electric field, we have Ampere's law in 

two dimensions. 

aE aHY aH e--z +aE =-----x at z ax ay 

Corresponding to Figure 5 below 

l·_J.. 1'+l. 
2' 2 

• 
i,j 

Figure 5 Yea Cell Position Offset 

11 
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To discretise this, the electric field values need to be determined an integer time step apart, say 

at n and n + I using the H field values between them at n + ! . The trick to this is to express 

the conduction current component aEz at n + t as the average of the conduction current at n 

and n +I , enabling (2) to be expressed as 

C( ) {j( ) •( I 1 I I ) - En+•. -En .. +-En~•. +En .. =- Hn+i -H"+i -H"+i +H"+i dt z(l,J) z(t,J) 2 z(t,J) z(•,J) L\ yCi--f.j+}> y(i-~,j--f > y(i+}.i+}> y(i+}.J--f > (3) 

Where it is assumed for the purpose of this derivation that the spatial grid is uniform in all 

directions, d.x = dy = dz = L\ . 

This trivially rearranges as 

(4) 

to give a final update expression for the "z" component of the electric field in terms of the 

magnetic field at the previous half time step as; 

(5) 

In practice the coefficients are determined in advance and stored for future iterations. 

The H field equations and remaining E field equations are derived in a similar manner using 

Faraday's law rather than Ampere's. As there are extensive texts on this most notably Taflove's 

"Computational Electrodynamics: The Finite-Difference Time-Domain Method" [3] which do a 

far better job at describing FDTD than I could possibly do justice to, these will not be included 

here. 
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3.3 Transmission Line Matrix Algorithm 

An entirely different approach to that taken by FDTD is the TLM algorithm. Developed by 

Johns in 1971 [ 4 ]. TLM utilizes a physical rather than a mathematical model that attempts to 

directly model electromagnetic phenomena as a physical system rather than solve the partial 

differential equations of the mathematical model of the system. Originally developed using 

Transmission Line theory to describe the propagation of a signal from point to point in a three 

dimensional grid, the original models generally followed the strategy of calculating the loss of 

energy of an EM wave as it passes through material as the loss that would be associated with a 

voltage pulse traveling between two virtual transmission lines with various material specific 

capacitances and inductances placed across them. [4, 9. 10, 11, 12, 13]. Whilst this provides an 

accurate model I find the extension to general complex materials is not as clean as the 

alternative view implied by John Paul in his University of Nottingham Phd thesis [ 17, 14, 15, 

16]. In t~is he draws upon recent work by Sullivan into the FDTD modeling of complex 

materials using Z transforms [ 18, 19) to separate out the details of handling the complex 

material model from the propagation aspects of the algorithm. This allows a framework that can 

handle simple linear isotropic materials through to extremely complex non linear, non isotropic 

models in essentially the same algorithm. 

With apologies to John Paul, I have taken his view a step further to provide what I find is an 

intuitive derivation of the TLM algorithm that does not draw upon the normal formalism of 

Transmission Line theory but instead draws almost entirely upon signal processing and 

Huygens principal concepts. 

Consider an array of cells representing a space that will be iteratively update.d to provide a time 

stepping algorithm. At each time step the signal incident upon each face of each cell will be 

modified by the nature of the material the cell represents. This transformed or filtered signal 

will then be scattered out to all the neighboring cells where the process repeats. An intuitive 

image is to consider light falling on a stained glass window. The spectrum of the light on either 

side of the glass will be related by a transformation of the Fourier coefficients. More 

specifically, the transmitted spectra can be considered to be the application of an optical filter to 

an incident signal. 

13 
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Formally if a 3 dimensional cell is modeled as an array of 12 port voltages associated with the 

components of a planar electric field incident upon each face of a cube as in Figure 6 then we 

are able to consider both the total potential across the cube and currents around each axis using 

a six component incident voltage vector Vi. The i in this case refers to incident rather than 

being an index. The twelve component vector describing the port voltages will be denoted using 

a lower case v to avoid confusion with the six component Voltage-Current vector V that 

represents the currents and voltages on the whole cell. 

X ·: 
... ····-···· -~---···-··· 

' I 
: ~.,' 1 : ! 

it • : . . . . . . . . . • v• • 
t : ~ I 

v.0L~· ······-r~~----- v.:t? 
.1·. ~1. .·1vs ,' . . - . 

---~--- ----- -----·------- . ' v. t I : • z : : . . . . . . . ' 
• I I t : . ' . 
0 o " ,• I : : # • 

·········-~-...,;.c:---······ .•. 
:,.,' ~ z 

~x 

Figure 6 TLM Port Voltage Geometry 

v' 0 

v' I 
vi 

2 
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V3 

vi 
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v' 6 

v' 7 

v' 8 

v' 9 
I 

Vio 
I 

V11 
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Assuming John Paul's normalization of currents and voltages to a common unit described (22) 

below, the total voltage in for example the x direction of Figure 6 above is simply the sum of 

the port voltages directed along the x axis. 

(7) 

The total current I Y associated with the say the" y " direction is obtained by considering a path 

around the y axis following the right hand rule to give 

(8) 

Putting these ideas together this allows the total voltage and current associated with a cell due to 

signals incident upon each face to be expressed as the six component vector; 

vi ; ; i i 
x v0 +v1 + v2 +v3 

vi 
y 

vi +vi + vi +vi 
4 s 6 7 

vi ; i i i 

Vi= l = v8 +v9 +v10 +v11 (9) Ii - vi - v; + v; +vi 
x 7 8 6 9 

Ii i i i ; 
y v1 -v11 -v0 +v10 

I~ i i i i .. V2+V5-V3-V4 

Note: As J Paul mentions in his thesis, he uses the opposite sign on the circulation components 

to be consistent with circuit laws, but which was found to be inconsistent with FDTD 

calculations on the same space. 

To model a material some separate function T , - that for now will be glossed over - will 

transform these incident currents and voltages to those that would exist a half time period after 

the pulse is interacts with the material. The half time step arises from consideration of the time 

it takes the pulse to enter the cell, interact and scatter out again. 

After interacting with the material the transformed voltages and currents are scattered back out 

of the incident ports where they are mapped to the adjacent cells by swapping the port values 

with the corresponding values of the cells on each adjoining face. 
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Time stepping is achieved [22] by noting that some of the scattered energy will be directed back 

out of the same port it entered from. From continuity of the field, at a half time step between 

when the pulse arrives and when it leaves the port the average potential v; on that port k will 

simply be the average of the incident v~ and reflected v; pulse. 

i r 
• vk + Vz 

vk = 
2 

(11) 

It follows that the average cell currents and voltages at this half time step must correspond to the 

transformed currents and voltages VT and IT resulting from the interaction T with the material 

that I glossed over in the paragraph above. 

For example the y directed voltage traveling in the x direction from port 4 to port 5 gives the 

result that, 

(12) 

Similarly the z directed current 

To obtain an expression for the voltage reflected back out of a port in terms of the incident 

voltage and currents these are simply added and subtracted from each other to give 

V T IT i r 
y - z =V4+V4 

This trivially rearranges to give the final expressions 

r VT IT i Vs = v + · -Vs • 4 

r VT IT i V4 = y - z -V4 

(14) 

(15) 

(16) 

(17) 

In a like manner the complete set of relations between the voltage incident on a port, the 

transformed currents and voltages and the voltage reflected back down the ports is [ 17) 
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vr 
0 

VT -IT -v' x y I 

v' I 
VT+IT-v' x y 0 

v' 2 
VT+IT-v' x z 3 

v' 3 
VT-/T-v' x z 2 

v' 4 
VT -IT -v' y z s 

vr VT+IT-v' 
vr = s y z 4 (18) vr VT+ IT -v 1 

6 y x 7 

vr 
7 

VT-IT-v' 
y x 6 

vr 
8 

VT-IT-v' z x 9 

vr 
9 

VT+IT-v' z x 8 
r T T i 

V10 Vz +I Y -v11 
r 

V11 
VT IT i z - y -vw 

Once the currents and voltages have been transformed and scattered the algorithm is completed 

by propagating the field to the neighboring cells. This is achieved by swapping the values from 

the interfacing ports of the neighboring cells so that with reference to the Figure 6, the values on 

a cell would be swapped as follows 

v~(i.j,k) ~ v;(i,j,k-l) 
v;(i,j,k) ~ v~(i,j,k+l) 
v~ (i, j, k) ~ v; (i, j-1,k) 
v;(i,j,k) ~ v~(i.j+l,k) 
v;(i,j,k) ~ v;(i-1,j,k) 
v;(i,j,k) ~ v;(i+l,j,k) 
v;(i,j,k) ~ v;(i,j,k-l) 
v;(i,j,k) ~ v~(i.j,k+l) 
v;(i,j,k) ~ v;(i,j-l,k) 
v;(i,j,k) ~ v;(i,j+1,k) 
v;0 (i, j,k) ~ v;1 (i-1, j,k) 
v;1 (i, j,k) ~ v;0 (i +I, j,k) 

17 
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The framework of the TLM algorithm to this point is simply a numerical implementation of 

Huygens principal without any specific physics in it - other than Huygens principal itself. The 

heart of the TLM algorithm that describes how incident energy will be transformed by the 

material is the missing transformation T that was assumed but not defined earlier (IO). For 

our purposes we need T to encapsulate Maxwell's equations but to do so in terms of currents 

and voltages rather than between E and H fields as used in FDTD. As a comment at this 

point, I believe that it would be possible to model a wide variety of systems using this 

methodology. For our purposes the transformation will be specifically developed to encapsulate 

Maxwell's equations - there is no reason why this transformation has to be an electromagnetic 

model. It could have been acoustic, mechanical or thermal system. 

To set up the correspondence with Maxwell's equations the relationship between the voltage 

and electric field is established using the definition that the electric field is the spatial derivative 

of a potential, for example E Y 

v, 
E =-- (20) 

y ll.y 

Note here that VY represents the potential difference between the two transmission lines and 

ll.y the separation of them. 

Currents are similarly put in correspondence with magnetic field using Ampere's law. 

For a line segment of length ll.l this simplifies to H zll.l =I z. It follows that given the current 

I z that we can obtain the magnetic field Hz as 

H =ii_ (22) 
z ll.l 
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To simplify things further both currents and voltages are mapped to the same unit, via the 

relation V1 = Z 0 11 where Z0 is the impedance of free space. 

This allowed J Paul [ 17] to expresses Faraday's equation 

"VXE=- µ0 -+µ0 -(zm *H)+am *H ( 
dH d ) 
dt dt 

(24) 

as 

d Where s is the normalization of the Laplace variable s H ;'w the transform of -
dt' 

r = CT mdx the magnetic resistance and Xm = µ -1 the magnetic susceptibility. 
m Zo..J2 

Similarly Ampere's law 

becomes 

The symbols g e = CTe dxZ0 ..J2 are the conductance and Xe =Be -1 the electric susceptibility. 

The curl terms maps directly to the corresponding terms in the incident vector from before (9) 

giving the result that 
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From which the transformed voltage is simply 

2V; 
------=VT 
4+ ge +2sze 

21 1 

------=IT 
4+ rm +2szm 

(30) 

(31) 

As a further note Paul's working of the mapping from Ampere's and Faraday's law to the final 

transformation is not obvious, in particular the factor of 4 in his expression. It is though 

consistent with the transformation obtained by other authors using more traditional transmission 

line approaches and does produce reasonable results. 

The main thrust of Paul's thesis [ 17) is that by expressing the time dependant nature of the 

transformation T in terms of the Laplace transform it allows the Z transform familiar from 

signal processing to be used to simply calculate the time dependant nature of the material. This 

opens the door to the whole body of signal processing algorithms and techniques which can then 

be applied to the analysis of complex materials. In simple terms we have a signal incident upon 

a cell that has a digital filter applied to it to produce an output. 

To do this the material parameters ge,rm,Ze•Zm are expressed as frequency dependent 

functions which are then mapped to the Laplace variable via OJ = - js which in tum is mapped 

to the Z plane using a Bilinear or Matched z transform. 

or-- js 2V i Z Tronsft>mr 
-------- ~ ~ -----~---.,..-- (32) 
4 + g e(W) + 2sze(W) 4 + ge(s) + 2s,r.,(s) 4 + g e(Z) + 2(1-z~: J"'e(z) 

l+z r· 

It should be noted that the ideas behind using signal processing theory to solve complex 

material problems are not unique to TLM. In fact the concept was pioneered within the FDTD 

community by Sullivan (18,19) 
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TLM Algorithm Summary 

The condensed form of this is that the TLM algorithm proceeds by; 

• Constructing a vector of 12 port voltages representing the transverse electric fields 

incident on each face of a 3 dimensional cube. Step (6) 

• Summing the port voltages to obtain the total potential on a TLM cell. Step (9) 

• Transforming the total voltages according to the material definition Step ( 10) 

• Reflecting the transformed voltages back out the incident ports Step (18) 

• Propagating the port voltages to the neighboring cells. Step ( 19) 

21 
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3.3.1 A Fundamental Difference In Time Stepping 

A key difference between the FDTD algorithm and the TLM algorithm that needs to be 

highlighted at this point as it will have a significant impact later, is how time stepping works for 

the two algorithms. In FDTD the time step is determined by the user. With care to stay under 

the Courant Friedrichs Levy (CFL) stability limit that ensures that the time step is less than the 

time it will take for a wave to propagate between adjacent points, any combination of time step 

and spatial grid size can be used. In TLM an entirely different situation exists. Each iteration of 

the TLM algorithm causes energy to propagate from a cell to the neighboring cells in 

accordance with the underlying Huygens principal model. As such the time step is completely 

defined by the grid sizing and the speed of propagation. It is important to note that the time step 

is required as input to the definition of time dependant material parameters. To do this the time 

step is inferred from the spatial grid spacing and incorporated into the material definition. 

In TLM the velocity of propagation in a 3D model is [ 17] 

Ax -= 2C (33) 
At 

Requiring the time step to be set to 

Ax - =Lit (34) 
2C 

In the code developed during this research if a TLM algorithm is selected the time step is simply 

set by the front end before the model and associated parameters are sent to the back end for 

calculation. 
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3.4 Absorbing Boundary Conditions 

In the previous section a brief overview of both the Yee FDTD algorithm and the TLM 

algorithm was performed that are valid on an infinite space. In practice both the FDTD and 

TLM algorithms model the propagation of EM waves on a finite space with a hard non physical 

boundary beyond which the field or the space simply does not exist. Any attempt at taking the 

derivative of a field across this boundary requires an approximation that has the effect of setting 

up a reflected wave which will interfere with any measurements being made on the interior of 

the grid. 

3.4.1 FDTD ABC's 

The general ·solution to this problem is to terminate the computation grid with some form of 

Absorbing Boundary Condition (ABC). There are a number of types of such boundaries but 

these generally fall into two categories. Extrapolating boundaries such as the Higdon or Liao 

ABC attempt to guess the value the propagating field will have beyond the boundary with the 

objective of making the finite grid appear infinite to outgoing waves. Perfectly matched layers 

follow a more physical approach of attempting to absorb the wave without reflection. Of the 

two strategies available the trend over the last ten years has been towards the Perfectly Matched 

Layer (PML) introduced by Berenger in 1994 [23]. 

A number of different types of PML ABC's were developed over the course of this research but 

it was found that while the standard Berenger PML produced reasonable results for plane 

waves. when curved objects were placed near the ABC performance degraded substantially. 

This is consistent with results reported elsewhere (26] and I believe traces itself to a 

combination of evanescent fields around the objects being modeled as well as the problems of 

grid size relative to the wavelength of interest. 

For the type of problem under investigation during this research, it became apparent that 

Absorbing Boundaries would become a difficult problem to surmount. One key issue is the 

wavelength of interest with respect to the grid spacing. Typically wavelengths in the 500nm to 

IOOOnm range were being used to illuminate objects of the order of 50nm to IOOnm in size on a 

grid spacing of the order of 2nm to lOnm. Using a IO cell thick ABC's essentially required the 

incoming waves to be attenuated to almost nothing within a tenth of a wavelength at best. 
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The final PML that was found to produce reasonable results was the CFS ABC of Roden and 

Gedney [27] in agreement with the analysis put forward by Berenger [26] 

3.4.2 A New TLM Absorbing Boundary Condition 

While ABC's for FDTD algorithms have been extensively covered in the literature, there has 

been far less work performed on ABC's for TLM algorithms. In the course of this research I 

noticed that as a consequence of the definition of the TLM cell which uses 12 port voltages to 

describe the fields that lie in the plane of the of the 6 faces of a cube that the TLM cell was in 

fact using split fields in the sense that Berenger uses them in his FDTD algorithm. This 

implication of this was that the TLM algorithm would lend itself to a natural implementation of 

Berenger' s PML. This does not seem to have been covered in the literature but yielded a simple 

and effective absorbing boundary. 

Consider first Berenger' s split field formulation for FDTD. In this the isotropic permittivity and 

conductivity is replaced with directionally dependent constitutive parameters that reflect the 

change in the material values in the two directions orthogonal to the field. For example the 

equation for the Ex component of the field 

e(JE.r +<TE = dHz _ dHY 
dt x dy <Jz 

(35) 

Can be split following Berenger's approach by replacing the isotropic material parameters with 

directionally dependent ones to give. 

( )(JE.r ( ) _ iJ(H ::.r + H zy) _ a(H y.r + H.\"-) 
ey+ez --+ uy+uz Ex - ::h. d dt vy Z 

(36) 

This is then split into 2 separate equations. 

(37) 

<JE <J(Hy.r +H.vJ e _x +u E = (38) ::: dt z: x dz 
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If the TLM cell Figure 6 above is studied it can be noted that the electric field in each direction 

is already expressed as two components corresponding to the contributing faces. Normally 

these are summed up together to give a total field. If instead of summing they are left as a 

twelve component vector of port voltages (6) described previously it can be seen that for 

example the contribution to the 'X" component of the field in the "Y" direction can be treated as 

a separate entity to the "X" component of the field in the 'Z" direction. In simple terms the 

TLM algorithm is naturally defined in terms of split fields that are normally added together to 

provide an average field. If instead of averaging them we leave them as they are and introduce 

directionally dependent constitutive parameters we have achieved in TLM the same idea that 

Berenger obtained in FDTD by splitting the fields into directionally dependent components. 

To do this it is a relatively trivial matter to replace equation (9) the six component vector of 

incident voltages that result from summing the fields with a twelve term vector corresponding to 

the port voltages and currents on opposing faces in a given direction. 

vi 
xy vi+ vi 

2 3 

v~ vi +vi 
0 I 

v;~ ; i 
V4 +vs 

v>~ vi +vi 
6 7 

v~ i i V10 +VII 
vi i i 

V'= v8 +v9 zy = (39) I; ; ; 
xy -V8 +v9 

I' ; i 
x: -V7 +V5 

J;x i i -V11+V10 

1;.z i i V1 -V0 

I~ i i 
V2 -V3 

I' i i 
zy Vs -V4 
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These are transformed using a 12 component rather than the 6 component transformation (30) 

and (31) from before where the conductance and susceptibility are replaced with anisotropic 

constitutive parameters that reflect how a component of the field will change in a given 
direction. 

2V; 
------=VT 
4+ge+2Sze 

2/j 
------=IT 
4+rm +2szm 

(40) 

(41) 

Apart from the number of terms and the fact that the material parameters are now directionally 

dependant these are in all manner identical to the original equations and are extremely easy to 

implement. 

After the anisotropic transformation the fields are then summed up as 

vx Vxy+V.r. 

VY v,x +~\'Z 
vz Vz.t+Vzy 

(42) = 
Ix Ixy + I_'(l 
ly Iyx +/}7. 
I, /z.t+/zy 

From which the algorithm proceeds in exactly the same manner as before. 

The values for the conductance and susceptibility chosen followed directly from Berenger's 

1996 paper (23] for the conductivity and permittivity of a split field FDTD PML. 
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3.5 Absorbing Boundary Performance 

To determine performance of the two PML•s, two different scenarios were investigated. one 

dimensional and three dimensional spaces. The one dimensional model Figure 7 consisted of a 

long Z directed space stimulated by a plane wave propagating in the Z direction. The X and Y 

sides of the grid were mapped to themselves in a recurring manner creating an effectively 

infinite 20 space terminated in the Z direction by an ABC. The three dimensional model 

consisted of a cubical slab terminated on all sides by an ABC stimulated by a point source, 

Figure 8. The position of the probe where the field was sampled for the one dimensional model 

is shown as the blue sphere in the center of the picture. The source in this model is at the origin 

and not shown. In the three dimensional model it is indicated by the red sphere at the center 

while the probe is off set towards the bottom left hand comer again represented by the blue 

sphere. 

For both models a sine modulated Gaussian pulse was used as the source. To obtain a baseline 

much larger spaces of sufficient size that there was no reflection from the boundary were used 

to obtain a reference signal. 

For each configuration for both the runs on the larger space and the ABC terminated space runs 

the field was sampled at the same position and equation (43) used to calculate the reflected 

power. A 1 O cell thick PML was used for both algorithms and the runs repeated using a 2nm as 

well as a 5nm grid spacing 

(43) 
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As demonstrated in Figure 9 below when the PML was used to terminate the one dimensional 

grid the performance of the TLM PML is very good, in fact as close to perfect as can be 

expected whilst it is obvious that the Yee CFS PML performed less well , Contrasting with this, 

is the behavior in a 3D space Figure 10. In this case the performance of the TLM ABC reduced 

and the CFS PML increased resulting in approximately the same performance levels of between 

-30dB to -40dB reflected signals. 
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Figure 9 Comparison of TLM and FDTD Absorbing Boundaries on a one dimensional space 
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Figure 1 O Comparison of TLM and FDTD Absorbing Boundaries on a three dimensional space 

The reason for the change in response of the TLM PML ABC from the almost ideal flat curve to 

around that of the FDTD PML is most likely due to the fact that energy that strikes the PML at 

an angle is not subject to the same rate of change of the constitutive parameters that energy 

striking normal to the boundary is. The extreme case is a wave that strikes at an angle that is 

almost parallel to the PML. This would only penetrate into the first one or two cells of the PML. 

To investigate the energy flow as observed using a Poynting vector screenshot taken a long time 

after the original pulse had passed indicates that the remaining energy flows tend to have large 

components directed more or less parallel with the boundaries, Figure l l below. This suggests 

that that it is due to energy reflecting backwards and forwards internal to the PML itself rather 

than energy being reflected back into the grid. Whilst this supports the previous argument, it 

could also be due to implementation issues associated with how the ABC materials are 

connected internal to the PML. 
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Figure 11 Energy Flow into the TLM grid from the absorbing boundaries 

Despite this issue the almost ideal response of the new TLM PML in one dimension is 

remarkable and worthy of further investigation. Absorbing boundaries are not the core topic of 

this thesis and the TLM PML was developed more out of frustration with attempts to fit FDTD 

absorbing boundaries onto a TLM grid than from any particular desire to develop an ABC. As 

such as implemented they have not been tuned and a rigorous mathematical analysis of their 

stability and performance characteristics has not been conducted. None the less I have found 

they work reasonably and am confident that reflected signals from terminating boundaries for 

both the FDTD and TLM algorithms can be reasonably controlled. 
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Chapter 4 
General Complex Material Models 

4.1 Complex Material Modeling 

With the core algorithms behind us and a reasonable level of confidence that absorbing 

boundary reflections are controllable we can now turn to the task of modeling materials. 

Keeping in mind the original concept of developing a software suite that can be used to model a 

variety of objects using a variety of algorithms, the desire is to come up with an algorithm 

independent representation of a complex material. Ideally the same model and the same material 

definition will be able to be passed to the different algorithms. In this chapter we will look at a 

variety of different algorithms that are used to model complex materials. The task of expressing 

them in a common format that can be used by a single program will be the objective of Chapter 

5. 

For both the mathematical FDTD and the physical TLM time domain algorithms, the key 

feature that enables them to be extended from simple fixed frequency models to broad spectrum 

time domain algorithms is the frequency domain representation of the complex permittivity 

e* (m). In a mathematical sense this is simply a complex valued function that maps the 

frequency domain OJ into the complex plane in such a way that if e( OJ) : R ~ R and 

a(m): R ~ R are the real valued permittivity and conductivity respectively then 

e* (OJ): R ~ C is simply 

* O"( OJ) e (OJ)= e(OJ) + -. -
]OJ 

(44) 

With abuse of notation, the asterisk will be dropped and the symbol e will be understood to 

mean the complex permittivity unless denoted otherwise. 
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Putting aside the physics for a moment it is a standard result that an arbitrary continuous 

complex function of finite measure can be approximated as the sum of rational polynomials of 
degree less than or equal to two. 

(45) 

The engineering community capitalizes upon this to express arbitrary transfer functions in the 

Laplace domain as the sum of rational transfer functions 

(46) 

Which will be stable iff the poles are on the LHS of the complex plane. 

A variety of techniques are available to solve such expressions including Differential Equations, 

Z Transforms and in certain circumstances Recursive Convolution techniques. 

From the point of view of the development of algorithms that can handle arbitrary complex 

permittivity models it is desirable to be able to use a general expression of the form (46) rather 

than restrict ourselves to Drude or Lorentz models. To align this general expression for the 

complex permittivity with the traditional Debye, Drude and Lorentz models of the complex 

permittivity used by the physics community consider an arbitrary material expressed as the sum 

of some number of Debye, Drude and Lorentz terms. 

(47) 

With a suitable choice of coefficients this can be seen to be a special case of the more general 

rational polynomial expression (46) above. Going the other way, if the constraint is made that 

the order of the numerator of (46) is zero then an arbitrary transfer function of the form 

Can with suitable choice of coefficients be seen to be expressed as the sum of Debye, Drude and 

Lorentz terms. 
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Over the last decade numerous techniques have been developed to solve (48) that can be 
classified into three types. 

• Auxiliary Differential Equation 

• Z Transform 

• Recursive Convolution 

In the following each of these will be extended to a general material format and put into a 

context that enables relatively simple integration into FDTD models. The TLM algorithm will 

also be extended for use with the Z Transform algorithm. 

4.2 Auxiliary Differential Equation 

The Auxiliary Differential Equation (ADE) technique views Ampere's law in the frequency 

domain as the Fourier transform of a time domain differential equation that expresses the 

complex material behavior as a collection of auxiliary currents.[ 18, 28, 31] To solve this 

consider Ampere's law in the frequency domain 

The terms inside the inverse transform F-1 on the RHS are expressed as a collection of 

displacement currents 1; using the general complex material definition ( 48) above 

(50) 

So that we have 

Vx H = e
0
e

00 
dE(t) + i F-1 (J;(OJ)) = e

0
e ... dE(t) + i l;(t) == e0e .. dEd(t) + J(t) (51) 

dt i=I dt i=I t 
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Where each current term 

Rearranging yields 

Following the convention that the time dependence is e-jra [30] this is simply the Fourier 

transform of the differential equation; 

( 
d d

2
) d biO -b;1 -+b;2 - 2 J;(m) = e0a;0 -E(m) 

dt dt dt 
(54) 

Using central differences 

J N+I - p EN+I +P EN-I -P JN -P JN-I (55) i - ii ;2 i4 i i5 i 

The full algorithm is then solved about the V x H value at the half time step N + .!. by using 
2 

the trick of averaging the current values at N + 1 and N 
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Using the semi implicit technique of substituting J N+i obtained previously yields 

VxHIN+ll
2 =(8~00 + tP;1JEN+1 -(eoe°" + f P;2)EN +(f !_P;3 JJ~ -f P;4J;N-• 

1 2 dt i=I 2 i=I 2 2 i=l 2 
(57) 

and finally the expression 

where 

r=(eoaeO + f P;1J-l;8 =(eoaeO + f pi2 J;µi =(!- Pi3J vi= pi4 
dt i=I 2 dt i=I 2 2 2 2 

4.3 Recursive Convolution 

The second technique that is used to model complex materials is the Recursive Convolution 
algorithm [ 18, 29] that views the electric displacement 

D(w) = e(w)E(w) (59) 

as a convolution. 

Transforming this to the time domain we obtain the convolution integral 

, 
F-1 (e(OJ)E(OJ)) = Je(s)E(t - s)ds = D(t) (60) 

0 

In general this is extremely difficult to solve unless the complete time history at each point is 

stored, a prohibitively expensive exercise. But consider that there existed a class of functions 

for which the integral (60) could be expressed as a running sum requiring only the current and 

previous values 

D(nT) = aE(nT) + fiD((n - l)T) (61) 
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Should this be the case then the transform (60) would be able to be expressed using recursive 

techniques which could be readily implemented as a time domain algorithm. Note: for clarity 

the Twill be dropped so that D(n) will be understood to mean D(nT) 

To obtain this the convolution integral (60) is expressed as a sum of integrals evaluated on each 

time step 

nT n-1 (m+l)T 

D(n)= Je(s)E(t-s)dt= _LE(n-m) Je(s)ds (62) 
o m=O mT 

T n-1 (m+IJT 

D(n)=E(n) Je(s)ds+ _LE(n-m) Je(s)ds (63) 
O m=I mT 

Substituting m = k + 1 we obtain. 

T n-1-1 (.l:+l+l)T 

D(n) = E(n) Je(s)ds + L E(n-k-1) Je(s)ds (64) 
O k=O (k+l)T 

Consider now that it was possible to express the integral on the RHS as 

(.l:+l+l)T (k+l)T 

Je(s)ds =a Je(s)ds (65) 
(k+l)T kT 

If we could do this then it would be possible to obtain the recursive expression 

T (n-1)-1 (k+l)T 

D(n) = E(n) Je(s)ds +a L E((n -1)-k) J e(s)ds (66) 
o lc=O kT 

T 

= E(n) Je(s)ds + aD(n -1) (l) 
0 
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To identify the functions e for which this is possible try a general complex exponential 

solution e(t) = Ae<a+jP>i 

(k+l+l)T (k+l+l)T 

Je(s)ds= JAe<a+iP>1 ds (67) 
(k+l)T (k+l)T 

= A. [e<a+iPXk+l+t>T -e<a+iPXk+l)T] (68) 
a+ J/J 

= e<a+ j/J)T A re(a+ iPXk+l)T - e<a+ iP>kT l (69) 
a+ j/J~ 

(k+l)T 

= e<a+ j/J>T J Ae<a+ j/J):r ds (70) 
kT 

Noting that a= e<a+ iP>T is simply a constant yields the desired result. With this we know that if 

the time domain representation of the complex permittivity can be expressed as a complex 

exponential then we can express the algorithm as a recursive convolution from which we can 

apply algorithms readily available in the literature. Whether the inverse statement that if a 

transfer function can be represented as a recursive convolution implies that the transfer function 

has a complex exponential representation in the time domain is true is of interest but won't be 

investigated here. 

To handle more general materials consider a sum of such terms 

N 
e(t) = LA;e(a+jp)t (71) 

i=l 

·substituting into the convolution integral we have 

I N 
D(n) = JZ: A;e<a+jPlt E(t- s)dt 

O i=I 

N t 

= L J A;e<a+i/J>t E(t - s)dt 
i=I O 

(72) 

This is simply the sum of convolution integrals, each of which we have previously shown can 

be expressed in a recursive manner. 
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To implement this in the time domain algorithm again the strategy of expressing the permittivity 

as a sum of terms is used 

N 

E(t) = e_ +Le; (t) (73) 
i=I 

Where e; (t) is of the form 

The convolution integral of this is 

nT N 

D(n) =e"e_E(n)+e0 fl:e;(s)E(t-s)ds 
o i=I 

N nT 
= £0£_E(n) + eol: f A;e(a;+ift;)I E(t-s)ds 

i=I O 

For each term in the summation define 

nT 

(75) 

lf/; (n) = £ 0 J A;e<a;+iP,>i E(t - s)ds (76) 
0 

Following the procedure above 

nT 
Vf;(n) = £ 0 JA;e<a+iP>t E(t-s)ds 

0 
n-I (m+l)T 

= LEoA;E(n-m) Je<a,+jft,>t dt 
m=O mT 

(77) 

T n-1 (m+l)T 

= eoA;E(n) f e<a,+jft,)t dt + EoA; L E(n-m) f e<a,+jft,)t dt (78) 
o m=I mT 

substituting m = k + 1 gives us 

T n-1-1 (k+l+llT 

=EoA;E(n) Je<a,+jft;>t dt + e0 A; LE(n -k -1) Je<a,+jft,>i dt (79) 
0 k=O (k+l)T 
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Integrating yields 

It is convenient to define 

Allowing lf/; (n) to be expressed as 

lj/1 (n) = %;0 E(n) + 01'f/1 (n - 1) (83) 

Using this, the final expression for the displacement is 

N 

D(n) = e0 e00 E(n)+ l:lf/;(n) (84) 
i=I 

An important caveat on the use of the Recursive Convolution algorithm is that the permittivity 

be able to be expressed in the time domain as a complex exponential. While possible to model 

most smooth bounded functions as a sequence of complex exponentials via the Fourier 

representation, this does not necessarily simplify the problem as it may take an infinite number 

of them to do so. 
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The approach followed to resolve this general problem is to take the terms of the general 

rational polynomial expression (48) and then based upon the value of the coefficients in the 

frequency domain model map them via Table 1 below to the corresponding time domain 

function. For second order functions it is necessary to restrict the function to the real part of 

the complex. exponential [29]. 

Time Domain Frequency Domain ZDomain 

I o(t) 1 1 -
T 

2 u(t) I 1 -
jm I -I -z 

3 e-a1 · u(t) I I 
a+ jm I -I -<ff -z e 

4 e-a1 sin(Pt) · u(t) p e-ar sin(/JT)z-1 

(a2 + p2) + 2ajm- m2 I - 2e-ar cos(/JT)z-1 + e-2aT z-2 

5 e-a1 cos(Pt) · u(t) a+ jm 1-e-ar cos(/JT)z-1 

(a2 + p2) + 2ajm- m2 I 2 -<ff (p!') -I -2dT -2 - e cos z +e z 

Table 1 Time, Fourier and Z Transform domain function correspondence 
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4.4 Z Transform 

The bread and butter of signal processing the Z-Transform algorithm is a relative new comer to 

the time domain electro-magnetics community but due to its simplicity and the broad base of 

knowledge amongst the signal processing community is becoming an increasingly popular tool 

for general electro-magnetic research. 

The Z transform itself is in effect the Laplace transform in discrete time. A sequence of real 
00 

samples x(n) has Z transform X (z) = LX(n)z-n The relationship is essentially that of being 
n=O 

the discrete analog of the Laplace transform. 

(85) 

The Z transform has the important property that Z(x(t- nT)) = z-n X (z). This establishes a 

correspondence between the value of the sequence x(t) "n" time steps ago and the terms of the 

rational polynomial in z that appear in the transform function. 

Algorithms based on the Z Transform technique have two main variants. The first approach 

championed by Sullivan (18, 19] primarily in use by the FDTD community is to use existing Z 

transform tables to simply look up the exact expression. Whilst not generic these tables provide 

expressions that cover most physical situations and can be readily adapted to rational 

polynomials of our general expression in the form (48). 

The second technique much more familiar to the engineering and particularly the signal 

processing fraternity is the bilinear transform. These will both be investigated separately. 
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4.4.1 Lookup Table Z Transform 

In the table driven approach the correspondences between the time domain frequency domain 

and Z domain representation of the functions Table 1 above are used. In a similar manner to 

the strategy used to implement general materials in the Recursive Convolution algorithm, the 

coefficients of the terms of the rational expansion are used to select a Z transform from the 

table. 

So for example if the coefficient of h;2 is zero and h;o and bH are non zero then row in Table 1 

above is selected. 

It can be readily seen that Debye and Lorentz like models can be easily handled. More arbitrary 

models such as the Drude rely upon the ability to take a partial fractions decomposition of the 

general expression into terms that exist within the table. 

For example a general Drude like expression needs to be expressed as 

Which has Z transform 

ai 1 
-J T _ (88) 

Oj } -e 1 Z I 

An obvious drawback to the table driven approach is that to develop an algorithm that can 

handle general complex materials it is necessary to specifically consider all possible 

combinations of numerator coefficients and to parse the incoming model term by term 

constructing the appropriate displacement terms. 
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4.4.2 Z Transform via Bilinear Transform 

The second approach the Bilinear Transform approach uses the Laplace representation of the 
transfer function [17] 

That is mapped to the Z domain using the Bilinear or Tustin transform 

To obtain the general result 

By using the same technique the general model (46) can also be transformed allowing any 

general complex material to be modeled. 

In terms of general applicability the Bilinear Z transform is clearly a much simpler strategy. The 

primary drawback is that it is subject to frequency warping that occurs because this transform 

maps the whole frequency domain (-oo, oo) to the compact unit circle. In simple terms we 

have to squash the whole real line into a finite distance that inevitably is going to distort 

somewhere. 

• Clllt To see where problems will exist, consider evaluating the transform z = e 1 for any given 

digital frequency (!)and time step dt 

- jtaft j<a/I - j(l.t/t 

jwJ1 2 (•-e-i<a1') 2 e-2-(e_2_ -e-2-) • 2 oxlt . 
-- =- = -tan--= OJ s(e ) - dt I+ e-iCl.llt '1.t =.!!!!!!. l!!!!!.. ~ J dt ( 2 ) J a 

e i (e 2 + e 2 ) 

(92) 

The mapping from the analog frequency domain via the sequence of maps (84) sets up a 

correspondence between the analog frequency Ola and a corresponding digital frequency (!). 
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The consequence of this is that a model developed as an analog frequency response will be 

distorted under the Bilinear transform to a digital frequency response where the correspondence 

between the analog frequency and the digital frequency is given by 

. 2 mddt 
1-tan(--) = jOJ (93) dt 2 a 

The signal processing community normally address this issue by pre-warping the initial analog 

frequency response so that under the bilinear transform the frequencies are "straightened out". 

The standard technique to do this is to map the poles of the analog model to pre-warped 

positions and then transform it so the pre-warped poles are mapped to where they should be. 

From a signal processing perspective this ensures that at these pole positions the frequency 

response will give them the desired response. Away from the poles the response will distort. 

but as signal processing is often dealing with responses that are flat away from cut of 

frequencies - for example a band pass or low pass filter the distortion away from the pole 

position is manageable. 

From the perspective of modeling complex materials this distortion could be potentially 

troublesome. Fortunately for many problems this is not the case. 

Consider again the correspondence between digital and analog frequency (93). 

2 mddt -tan(--)= OJ (94) 
dt 2 a 

mddt mddt . . h 1 f This shows that OJ :::= OJ provided that tan(--) :::= -- which will occur as a roug ru e o 
d a 2 2 

thumb when mddt < 0.5 or more usefully for any given time step dt if the highest frequency 
2 

of interest OJd < dt-1 then the distortion will be small. 
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Chapter 5 
Complex Material-Time Domain Algorithm Implementation 

In the previous two chapters, the standard time domain algorithms for both TLM and FDTD 

were developed along with several different ways of modeling the complex permittivity of a 
general material given a general frequency domain description of the form 

N a 
e(m) = e + L ;o (95) 00 

i=I h;o + biljm-b;2m2 

The final thing we need to do in this part of thesis is to integrate these complex material models 

into the base algorithms. More emphasis will be put on the FDTD technique with all three of 

the complex material models implemented. Only the Bilinear Z transform technique will be 
integrated into the TLM algorithm. 

As general algorithms with an unknown number of terms to be implemented it is desirable to 

reduce the memory overhead as much as possible. All of the complex material algorithms 

require additional fields to back store the time history of the calculation. If the na"ive approach 

of simply creating auxiliary fields across the whole space is followed memory consumption 

soon becomes become excessive. For this reason the algorithm was developed around the 

concept of a material "cell" of some type. At each point in the space a pointer references a class 

in the C++ sense of the word. This class contains all the data and code necessary to compute the 

behavior of the complex material at that point. At points where no complex material exists - for 

example in the vacuum regions of the space a trivial base class that contains the bulk material 

parameters is called. The end result is that the complex algorithms and associated storage are 

only defined where there is a complex material and the standard constant material algorithm is 

used everywhere else. 

The advantage of this method are that memory savings are significant and that it is easy to mix 

material types in the same space. For example a three term Drude material can be readily 

implemented adjacent to a two term Lorentz material without difficultly. Earlier in the 

development process the concept of using auxiliary fields that exist across the space was 

attempted and discarded as it was simply too complex and too inefficient to dynamically create 

arrays that could then be efficiently shared by two materials with an unknown and different 

numbers of terms. 
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5.1 FDTD Complex Material Implementation 

In order to implement the strategy of filling the space with complex "Cells" it is necessary to 

implement the FDTD algorithm in such a way that the material behavior is totally separated 

from the propagation behavior. How this was achieved this for each of the following methods is 

described in the following. 

5.1.1 Auxiliary Differential Equation FDTD Implementation 

As the Auxiliary Differential Equation method was derived directly from Ampere's law it can 

be implemented directly into the Maxwell's equation based FDTD algorithm without 

modification. 

Given the complex material description (48) repeated here for clarity 

N a 
E(OJ) = E_ + L . ;o 2 (96) 

i=l h;o + h;1 J OJ- b;i OJ 

The electric field update expression of the standard FDTD algorithm is simply replaced with 

n N 
EN+I = yVxHIN+l/ 2 +Yb EN -y_LµJ:' + r.LvJ:'-I (97) 

i=l i=l 

where 

l N+l_p EN+l+P EN-l_p.1.N-p.1.N-I (98) 
j - i( i2 14 I 15 I 

using 

r= (E.,,Eo + ± P;1 )-I ;b =(e.,,eo + ± pi2) ;µ; = (!- pi3) V; = ~4 
dt i=I 2 dt i=I 2 2 2 

and 

-£a _1_+-'-( 
b.2 b.I ) 

p;4 - 0 i dt 2 2dt 
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To put this into a format that would enable the complex material behavior to be separated from 

the propagation behavior the current terms on the RHS (97) are separated out as 

n N 
JN= LµJ;N -"LvJ:'-' (99) 

i=I i=I 

Enabling the Ampere's Law term of the ADE FDTD algorithm to be expressed as. 

From an implementation viewpoint the only difference is a single current term that can be set to 

zero on vacuum leaving us with an algorithm that in format is the same as the classic Yee 

algorithm. 

5.1.2 Recursive Convolution FDTD Implementation 

The Recursive Convolution Algorithm as shown previously is a technique that will allow those 

transfer functions that can be expressed as a sum of complex exponentials to be readily 

implemented in a time stepped algorithm. Unfortunately as mentioned our general expression 

(96) is not in this format. To be able to implement general materials using the RC method the 

approach followed was to look at the parameters of each term of the general material function 

and then assign constants accordingly. 

The starting point for this is as usual Ampere's law 

d VxH =-D(t) (101) 
dt 

Into which the full expression of D from (75) can be substituted 

d ( N nT . . ) VxH =- e"e
00
E(n)+e,,L JA;e<a,+,P.>'E(t-s)ds 

~ ~· 0 

(102) 
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This allows the numerical implementation and a number of simplifications used by Leubber's et 

al [34] to be applied. Rather than reproduce the content of this paper here the final result will 

simply stated. The approach used is to first identify the coefficients that are common for each 

of the Debye Drude or Lorentz models and then to determine the coefficients that vary. 

For the common coefficient of each type of term that contributes to the general material 

expression whether they be Debye, Drude or Lorentz like in nature we have, 

M 
En+•= C

0
EN +Cb VxHIN+ttz +Cc Re(L'P;) (103) 

i=I 

Where 

(104) 

(105) 

C = I 
c e ... + Xo +a Ddt 

(106) 

\}l.N+I = v_£N+I + 8.'J!.N 
I ,A, I l I 

(107) 

Where the models differ is in the definition of the remaining coefficients. Without loss of 

generality the coefficients h;2 will of the general expansion be assumed to be l. This can always 

be arranged by absorbing it into the other constants so that the general expression (96) will be of 

the form 

(108) 
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For Debye terms assign 

(j/)i = 0 

a.ob2, 
de. = -e -' -'-

' 0 b2 
iO 

(109) 

(110) 

(111) 

(112) 

If the term of the general expansion is Drude like then we have 

a.o de. =-e -'-
' 0 b2 

ii 

Finally if the general expression is Lorentz like 

b., a.=--'-
' 2 

(jDi = 0 

(113) 

(114) 

(115) 

(116) 

( 117) 

( 118) 

( 119) 

(120) 
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With these defined for all algorithms assign 

N 

Um = L:um 
i=I 

(121) 

(122) 

(123) 

(124) 

(125) 

Note that once again the expression for the electric field calculation (103) is in a format that 

groups the complex material behavior into a single term that can be ignored on vacuum. 

5.1.3 Z Transform FDTD Implementation 

As described previously there are two approaches to Z Transform implementation. The table 

driven approach and the Bilinear transform approach. For this thesis the FDTD algorithm was 

implemented using the table driven strategy. and the Bilinear transform technique was employed 

for the TLM algorithm. For comparative purposes this is a less than ideal scenario but was 

followed for the purpose of identifying whether instabilities identified during the development 

process were due to the material model or the time domain algorithm. In the future the more 

general Bilinear transform technique will be implemented for both FDTD and TLM and the 

table driven algorithms dropped. 
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Using either the lookup table technique. the bilinear transform or in fact other techniques such 

as the Matched Z transform not discussed here the general expression (48) is transformed to the 

Z-domain to obtain general multi term Z-Transform. 

N 

e(z) =e ... + l:e;(z) (126) 
i=l 

Each of the terms e1(z) will also be a rational function of z-1
• This needs to be put in a form 

that is convenient to be used in time domain algorithms by expressing it as the sum of a constant 

term as well as a term that is dependent on the previous time history of the transform. 

This can always be achieved using partial fraction techniques. A quick proof of this is that if 

R(z-1 ) is a general rational polynomial 

(127) 

Then this is equal to 

(128) 

... 
The second term is in the correct form, the first term can be simply expressed as 

(129) 

Putting this altogether we have 

As desired. 
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Using this strategy for the complex permittivity you will end up with 

N 

e(z) = e.., +:I, e; (z) 
i=I 

Conveniently expressed as 

N N N 
e(z) = e.., +:I, e; (z) = e .. +:I, P;o - z-• :I, e· (z) (132) 

i=I i=l q iO i=l 

Where e'" (z) consists of the terms preceded by a z-•. 

A note of caution: I have found that if the constant terms 

N 

e .. + L P;o < O (133) 
i=I qjO 

then this tends to result in a divergent algorithm. In a sense this is the same as having a negative 

bulk permittivity in the standard FDTD algorithm that is known to diverge in general. It also 

traces itself to issues with the spatial discretisation that are not immediately apparent when you 

are focusing on the temporal stability of the algorithm. 

It is worth noting the principal that an algorithm that is stable when viewed as a time domain 

algorithm does not imply it will be stable when spatial derivatives are introduced. This is a 

lengthy topic in its own right but for a quick picture of where the problems creep in consider a 

stable time domain algorithm at two adjacent points in space. Multiplying one of these terms by 

-1 will also result in a stable algorithm at that point, but the curl of the electric field calculated 

between these two points will now be significantly larger. This rapid change in the derivative 

from point to point can drive sufficient gain in the field that the derivative it is being used to 

calculate diverges. 
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With these notes in mind, the table driven strategy followed fairly closely the strategy of the 

Recursive Convolution implementation where the coefficients of the general material are 

investigated and an appropriate choice of coefficient values are chosen from a lookup table. 

Referring once again to the individual terms of the general expression 

(134) 

If ba = 0 then we have a Debye like expression 

(135) 

Corresponding to the z transform 

Where 

Y; I -I -aT -z e I 

b.o a.=-'-
' bil 

a.o 
Yr=-'-, bil 

(136) 

(137) 

Using partial fractions this becomes 

I z-le-a;T 
'V = 'V. + 'V. ---
,fj 1 -I -a T I I , , l -I -aT -z e · -z e ' 
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Drude like expressions occurs whenb;o = 0 

(139) 

In a similar manner to the RC algorithm described previously this needs to be split using a 

partial fraction decomposition into 

Which has Z Transform 

b., 
Where a.=-' 

I bi2 

l 
b .• -'-+jm 
h;2 

Applying the partial fractions technique results in 

a.0 z a.z 
[ 

-I -I ] 

b:1 1- Z-1 - l-~;Z-1 
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Finally if no coefficients are zero then this can readily be seen to be Lorentz like in nature and 
corresponds to the Z Transform 

Y; 1-2e-a,r cos(/J,.T)z-1 +e-2a,r z-2 
(143) 

Where 

(144) 

-I Note that this is already in the desired form with a Z in the numerator and can be 

implemented directly. 

The final implementation of this into the FDTD equation again follows from consideration of 

Ampere's Law 

VxH=dD 
dt (145) 

As D=cE we have 

N N 

D = e(z)E = e0e_ + L P;o E + z-1 :Le; (z)E 
i=I qiO i=I (146) 

from which it follows that 

(147) 

N 

Denoting the terms L:e;• (z)E = J then 
i=I 
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To discretise this, the key thing is to note that z-1 Fn = pn-I from which it becomes trivial to 

express 

(149) 

(150) 

Followed by the calculation of J N+t for the next iteration. 

To do this note that as 

N N 
J =Li; (z) = L£;.(z)E 

i=I i=I 

We need only calculate the individual terms 1; and sum then. 

In all cases above (136) (142) (143) the Z Transform will consist of a rational polynomial in 
-1 

Z so we need only consider the general case. 

Once again as z-1 pn = pn-I discretization is trivial. For a single term 

We rearrange to give 
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So that 

JN =(a EN +a EN-1 +a EN-2 _b JN-1 -b JN-2,, __ 1 
1 o 1 2 1 ; 2 1 Po (154) 

Once again the complex material computations are in a form where they can be set to zero on 

vacuum leaving us with essentially the standard Yee algorithm. 

5.2 TLM Complex Material Implementation 

For the TLM algorithm only the Bilinear transform method described by John Paul has been 

implemented although others are certainly possible. In comparison with the two table driven 

techniques described previously the Bilinear transform is a general technique that like the 

FDTD Accessory Differential Equation algorithm is extremely simple to use. 

Following on from (91) the complex permittivity of the general expression (48) reproduced 

below for clarity 

(155) 

Is simply transformed using the Bilinear transform technique described on page 44 

As usual in TLM the susceptibility z rather than the permittivity is used where 

z(z) = e(z)-1. 

Substituting his into the TLM transfer equations (28) and using the relation that 

(157) 
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Gives us 

Note that if a complex permittivity is being used, generally the conductance ge will be zero or 

at most a constant. The implementation of this is relatively straight forward. Equation (158) is 

expanded out . 

(159) 

the term (t - z-• }ze (z) containing the complex material description is replaced with a term that 

separates the previous time history from the constant terms. To do this a new function z'" (z) to 

be determined later is introduced so that 

(1-z-• )ze(z) = z(z) = Xo - z-•x, -z-•z*(z) (160) 

With this the whole expression (159) can be rearranged and separated into current time step and 

previous history terms as 

defining 

Kl!= -(4z +gt' -4z1 ) (162) 
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The complex permittivity resulting from the bilinear transform is implemented by considering 

( 156 ). Setting up the constants 

D 4 2b d b d 2 a;odt 2 
• A _ (8-2b;odt 2 ).A __ (4-2h;1dt+h;0dt 2

) 
I. = + ,., t + ,·o t ,· K, = , ·1 - • ·2 -D I D. I D. 

i I I 

To give 

(165) 

This is then converted using the same partial fractions technique used in the FDTD Z Transform 

(132) to a format consisting of a constant term and a term that is wholly dependent upon the 

previous time history of the algorithm 

Where 

N 

Xo = £"° - I+ L K; (167) 
i=I 

Xi =e_ -1 (168) 

N B B -I B -2 
• (z) = ~ iO + ii z + i2 z 

X ~ 1 A -1 A -2 
i=I - ii Z - i2 Z 

(169) 

and 
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Assuming the steps of the TLM summary on page 21 necessary to propagate the voltages 

between cells we still need to provide detail on step 3 ''Transforming the total voltages 

according to the material definition" that was intentionally glossed over earlier. 

The transformation (163) reproduced here for clarity, consists of terms that can be wholly 

defined in terms of the material definition above (166). Noting that the z-1 Se term refers to the 

values of Se from the previous iteration and having V; as an input (10) this can be readily 

solved. Note that as discussed for complex permittivity materials the conductance ge is 

typically zero as the conductivity has been absorbed into the definition of the permittivity. 

2v;+z-•s ______ e_=VT 
(4+ ge +4zo) 

(170) 

After VT is calculated the next step is to determine Se. Equation (164) gives us 

(171) 

The time dependant terms 4z* (z)VT and are obtained from (169) 

N B B -I B -2 
4 *(z)VT = 4""' ;o + ilz + i2z VT z ~ 1 A ~ A ~ 

i=I - ii Z - i2 Z 

The summation is broken down into individual terms 

B B -I B -2 S.= 4 ;0 + ;1Z + i2z yT 
I I A -I A -2 - , -;1Z - , -;2Z 

(172) 

(173) 

that are solved in the standard Z transform manner. Noting again that z-n refers to the time 

value n iterations ago this becomes 

Following the phase variable approach commonly used by the signal processing community this 

is solved by introducing the auxiliary variables X 1 and X 2 
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So that 

(175) 

(176) 

(177) 

Finally yielding 

N 
i T ~ Se= 2V + K,,V + L.JS; (178) 

i=l 

This completes the derivation and extension of the standard time domain algorithms for use 

with general complex material models. It is also the end of the more mathematically intensive 

part of the thesis. For the remainder these models will be validated using known material 

models and applied to some problems of current interest. 
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Chapter 6 
Optical Frequency Gold Validation and Extension 

6.1 Gold at Optical Frequencies 

The primary driver for the ability to model complex materials at nanoscale is the desire to 

investigate the unusual properties of the noble metals at optical frequencies. The standard 

model that tends to be used for this purpose is a Drude model that displays a good fit in the 

700nm to lOOOnm range (35]. 

As can be seen from Figure 13 and Figure 12 on the following pages this is a reasonably good 

fit but misses the interesting part of the spectra around 500nm. 

The remainder of this page intentionally left blank 
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Figure 12. Single Term Drude Gold Model. 
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To extend this model further into the visible Vial et al [32] added a Lorentz term to the basic 

Drude model to pick up the permittivity values in the 500nm to 700nm range as shown in Figure 
13. 
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Figure 13. Single Term Drude+ Single Term Lorentz Gold Model. 
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In Vials paper it is suggested that further improvements can be made by adding additional 
terms. 

Using this suggestion an additional Lorentz term that extends the model by an additional IOOnm 

to provide reasonable coverage across the complete optical spectra from below 400nm to 

l OOOnm in wavelength as can be seen in Figure 14 
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Figure 14. Single Term Drude+ Dual Term Lorentz, Gold Model. 
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For the purpose of reference the parameters used in these models are as follows. 

Assuming that the models are expressed as a sum of Drude and Lorentz terms as 

N 2 M 2 

L OJ/Ji L wl.k e - -... 2 • 2 • 2 
i=I OJ + JYmOJ k=I OJ + JYuW-OJu 

(179) 

Te parameters are defined in Table 2 

Model e_ Wm / 2;r Yoi I 2;r OJLI /21! Yu /2;r 0Jm / 2;r Ym 12;r 
(THz) (THz) (THz) (THz) (THz) (THz) 

Drude 9.5 2160 16 

Drude + 1 Lorentz 5.96 2113 15.9 650.7 104.8 

Drude + 2 Lorentz 5.96 2113 15.9 675.4 169.8 807.7 

Table 2 Gold Model Coefficients Traditional Format 

As described in the previous chapters the software developed for this thesis uses a model 

independent format where the traditional physical models are mapped to a standard rational 

polynomial form that is simply input into the database. These parameters are described in Table 

3 
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Model Drude Drude + 1 Lorentz Drude + 2 Lorentz 

£.,. 9.5 5.96 5.96 

a10 1.8lx1032 l.76x 1032 l.76xl032 

blO 0.0 0.0 0.0 

bu -1.oox1014 -I.OOxI014 -1.00xl014 

h12 l.O 1.0 1.0 

a20 l.67xl031 1.8xl031 

b20 l.67xl031 1.8x 1031 

h21 -6.58x 1014 -1.06xl015 

h22 1.0 1.0 

a30 2.57xl031 

b30 2.57xl031 

b31 -l.14XI015 

b32 l.O 

Table 3 Gold Model Coefficients, Model Independent Format 
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6.2 Model Validation 

To validate the new model without bringing in possible questions about the algorithms that the 

model is being used in conjunction with, the new complex permittivity values were used as 

input by Philip Laven's BHMIE (Bohren and Huffmann) based program MiePlot [36] to 

calculate the extinction efficiency (Qext) for a variety of different radius spheres and then 

compared to the standard Bohren and Huffmann BHMIE calculated Mie extinction for gold 

spheres of the same size. The results demonstrate a good fit except for a slight red shift in the 

extinction peak that is most likely due to variances in the imaginary part of the new model from 

that actual. Figure 14. 

Mie Theory Extinction New Model vs Theory 
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Figure 15. Mie Theory comparison of the new gold model extinction with actual. 

Note: The curves in the above image may be hard to distinguish. The curves resulting from the 

new three term model are the ones that are slightly red shifted. 
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6.3 Algorithm Validation 

Confident that the new complex permittivity model itself produces valid results we can now 

have a look at how the different algorithms respond. To do this the original single term Drude, 

single term Lorentz model and the new single term Drude two Lorentz term model for the 

complex permittivity of gold described earlier were used to determine the transmittance of a 

IOnm thick gold film. The grid consisted of a 25nm x 25 nm x 2930 nm space constructed out 

of 5 nm cubes. The incident source was a Y directed Gaussian modulated sinusoidal plane 

wave traveling in the Z direction. The field was sampled at a point 160nm above the film and a 

fast Fourier Transform taken of the sampled time series using the FFTW library. The distance 

between the sample and the boundaries was chosen to be much greater than the maximum 

wavelength of interest to ensure that samples could be taken without interference from any 

boundary reflections. Figure 16 shows the incident pulse (traveling to the right) and reflected 

pulse at the moment of interaction. 

Figure 16 Thin Film Validation Space and Interacting Pulse 
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This scenario was repeated using the three Yee algorithms as well a5 the TLM algorithm. 

It was found that all three algorithms produced valid results for both the new 3 term permittivity 

model as well as for Vial's 2 term permittivity model. In all cases the new model performed 

better in the 400nm to 500nm range implying that the addition of the second Lorentz term is 

sufficient to provide coverage of the optical spectrum. 

Comparing the different algorithms themselves, the best performance was found with the TLM 

algorithm using a Bilinear Z Transform complex material model and the Yee algorithm using 

the Recursive Convolution algorithm. It should be noted that the Auxiliary Differential 

Equation Yee algorithm was close to the RC algorithm in performance. The worst performer 

was the Yee Z Transform via lookup tables approach that suffered a slight increase in 

transmittance across the spectrum. 

The charts on the following pages compare each of the algorithms against measured data 

represented by the dashed line behind the curves. 

The remainder of this page intentionally left blank 
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Yee ADE Transmittance Comparison 10nm Au Film 
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Figure 17 FDTD Auxiliary Differential Equation 1 Onm Gold Film 
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Figure 18 FDTD Z Transform via Tables 10nm Gold Film 
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Figure 19 FDTD Recursive Convolution 1 Onm Gold Film 

TLM Z Transform Transmittance Comparison 10nm Au Film 

100.00 • - ~ . . . 
! ! 1 

- -~- ----------- -- . ~ . ~ 
:l:j:j= __ =~:~:t: t I • 1 

....J -1....-1....-L---
-·:J, :i_ ~r--:::t:::r:.-::t= 

- 1 -- "1 -· -·1- -i - - - -r- - r- - r- - r- - - T" - r_ ,. _ 1 

1 t + :! 
~ ~ ...... -_-_, ~-+._ - ~ - ~ - ~ - l -90.00 

80.00 +-~~~~-+-~~~~~+-~~~~~~~~~--+~~~~~-+-~~~~-< 

70.00 1----:~~~;::_.,c;~::;;::=--~1-:---1---1---1 
60 

~...-:A' ~' t • 1-.00 ~i........-~-~_,,- """-~~~"-+....-"'""-i;-_~~-t-~~~"""---....--=~~~--'~'--~-f-~~~~~+-~-'-~~~~ 

50.00 . / ~ , I 

f ~=~~~~~==[~========t~========t==~~~~[~~::::9~~~~~j 40.00 

30.00 ' ' -20.00 +-~~~~-+-~~~~~+-~~~~-+-~~~~--+~~~~~-+-~~~~~ 

10.00 +-~~~~-+-~~~~~+-~~~~~~~~~--+~~~~~-+-~~~~-< 

0.00 -r-~~~~-;-~~~~~;--~~~~-t-~~~~--t~~~~~-+-~~~~-1 
400.00 son no Ann no 700 no 800.00 900.00 1000.00 

-1 Drude + 2 Lorentz - 1 Drude + 1 Lorentz 
Wavelength nm 

Figure 20 TLM Z Transform 1 Onm Gold Film 
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Chapter 7 
Computation Time 

Along with the accuracy of the algorithms it is desirable to obtain a picture of the how efficient 

they are at performing a given task. In particular the difference in practice of how time stepping 

between the two classes of algorithms would impact total run time. As described earlier the 

FDTD algorithm uses a time step chosen by the user that must be smaller than the Courant 

Freidrichs Levy stability limit of 

(181) 

Unfortunately it was found that consideration of the CFL condition alone was insufficient to 

guarantee stability. The contributions of the various terms of the model also have to be 

considered. In practice it was found instabilities tended to result unless the time step was of the 

order of a fifth to a tenth the vacuum CFL limit instabilities resulted. 

It is possible. but by no means trivial to perform a Von Neumann stability analysis on an 

algorithm by algorithm - material by material basis to determine the strict stability criteria. 

The TLM algorithm on the other hand uses a fixed time step chosen only by the size of the grid 

as described in Section 3.3. l " 
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A Fundamental Difference in Time Stepping" 

To compare the computational times of the different algorithms a space was constructed that 

contained a 150nm gold nanosphere and processed with the family of algorithms using 

absorbing boundaries terminating the 'Z" faces. The grid was set up to be recurring in the "X" 

and "Y" directions. A second set of runs were performed with no absorbing boundaries with the 

grid recurring in all directions. In order to obtain a picture of the absorbing boundary 

contribution an unusually thick ABC of 100 cells depth was used. All models were run for 

1000 iterations. To obtain the time the algorithm spent in the absorbing boundary alone, the 

time spent in the no absorbing boundary model was simply subtracted from the computation 

time of the model with absorbing boundary. 

When the time taken by each of the algorithms to calculate a l 000 iterations was considered, it 

was found that the TLM algorithm was slower than the Yee algorithms on the main grid space 

but marginally faster on the ABC. 

F\m TllT19 Corrparison - Sarre r-llrrber of lerations ( 1000) 

n.M 

Yee ADE 

Yee RCS 

Yee Z Transform 
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Seconds 

Figure 21 Run Time Comparison - Main Grid - Same Number Of Iterations 
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Absorbing Boundary Run Time Corrparison - Same lllrrrber of lerations 
(1000) 
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Yee Z Transform 
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Figure 22 Run Time Comparison - ABC - Same Number Of Iterations 
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When the difference of the time step size was considered an altogether different picture 

emerged. Typically FDTD algorithms are run at half the CFL limit or smaller. While 

theoretically they can run up at the CFL limit in practice this does not work, dispersion, the 

stability of the different complex material algorithms and stability of the different material 

models all contribute to requiring a time step smaller than the CFL limit be used. When a half 

CFL time step limit was placed on the Yee algorithms the additional overhead was enough to tip 

the balance in favor of TLM. 

Absoroog Boundary R.m Tnre Corrparison - Sal1ll ~ration (Tme 8.34 rricro-
secs) - Yee Tirre Step 112 CFL 
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Figure 23 ABC Run Time Comparison - Same Effective Duration - Time Step Half CFL. 
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Figure 24 Run Time Comparison - Same Effective Duration - Time Step Half CFL 
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In actual practice, at least for the models calculated in this thesis stability was hard to ensure 

unless a time step in the order of a tenth the CFL limit was used. In this situation TLM was 

significantly faster. Science aside practical considerations such as sleep meant a series of 

perhaps 5 samples could be set up and completed in a day using TLM in a day, whereas only 

one sample or two at most could be completed using Yee based algorithms. In effect this meant 

that it took a week before the .results for a series of samples could be viewed and the model 

adjusted. 

Run nrre Corrparison - Sarre Duration (Tirre 8.34 rricro-secs) 
Yee nrre Step 1 /1 O CFL to ensure stability 
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Figure 25 Run Time Comparison - Same Effective Duration 

Absorbing Boundary Run nrre Corrparison - Sarre Duration (TllTll 8.34 rricro-
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Figure 26 ABC Run Time Comparison - Same Effective Duration 
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Chapter 8 
Gold Nano-Spheres 

The extinction characteristics of gold nanospheres that were used earlier to validate the new 

permittivity model also provided a further opportunity to investigate the behavior of the TLM 

algorithm. The nature of this problem demonstrated an unexpected issue associated with time 

domain modeling of nanoscale objects at optical frequencies. In this style of problem we are 

modeling objects of the order of a fifth to a tenth of the wavelength of interest on a grid that 

itself is much smaller than the wavelength of the incident signal. When a small computational 

space such as this is enclosed on all sides by an absorbing boundary material in effect you are 

creating a tube of diameter less than half the wavelength of the incident signal. It was found 

that serious attenuation was observed that increased as the wavelength of the incident signal 

increased. More investigation is required to trace the exact cause but the geometry of the 

problem strongly suggests a waveguide like attenuation like affect is taking place. For example 

a 225nm grid has a cut waveguide cut off frequency of the order of 1.33 1015 hz corresponding 

to a cutoff wavelength of 450nm. The signal we were using was 400nm to lOOOnm range. 

700nm Average Wavelength Incident Signal 

l 50nm Sphere 
Absorbing Boundary 

< ) 

225nm Grid Cross Section 

Figure 27 Gold Nanosphere Extinction Experiment Problem Geometry 
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As attenuation was found to occur with both TLM and Yee based algorithms using different 

absorbing boundary algorithms it is reasonable to consider that while the cause may not 

explicitly be waveguide attenuation, it is more likely to be a problem with the geometry of the 

problem rather than the algorithms. Wavelengths much smaller than the grid cross section were 

demonstrated to be able to propagate with much little attenuation. 

In order to counter this issue, the problem was run using an open grid constructed of 5nm cells 

recurring in the x and y dimensions. An absorbing boundary was placed to the top and bottom 

of the problem space. Within this grid nanospheres ranging in size from 60nm in diameter 

through to 150nm in diameter were constructed and illuminated using a broad spectrum sine 

modulated Gaussian pulse centered at 600nm wavelength and processed using the both the TLM 

and Yee algorithms. 

Time Series and FFf Data was obtained for 60nm, 80nm, 100nm, 120nm and 150nm spheres. 

These was converted to an extinction cross section using 

E 
. . -ln(T) xtmctwn = ( 182) 

A 

Where T the transmittance is the ratio of the attenuated signal power divided by the power of the 

unattenuated signal as a function of frequency. The area A is the particle density per unit cross 

section area multiplied by the particles individual cross sectional area. 

The grid comprised approximately half a million cells in dimensions of 200 cells in the z 

direction and the x and y dimensions being on average of 45 x 45 cells. Variances in the grid x 

and y dimensions were used as an attempt to identify if coupling between neighboring spheres 

resulting from the decision to use a recurring grid would affect the results. 

Of the two algorithms the TLM algorithm was able to run at a time step of 8.3xl0-18 seconds 

and required 6000 iterations per sample to resolve the longer wavelengths. The Yee based 

algorithms needed to run at a tenth of this time step in order to maintain stability and as such 

required 60,000 iterations per sample. On a grid of half a million cells this meant that the Yee 

algorithms required in the order of 30 Billion cell computations 
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The baseline reference that was used were Mie theory curves calculated using the new three 

term permittivity model defined earlier Figure 28 below 
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Figure 28 Mie Extinction Efficiency Curves - New Model. 
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Figure 29, Experimental space containing a 150nm sphere. 
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Figure 29 above shows the 150nm sphere in the experimental space. The very small blue sphere 

that perhaps looks more like a dot at the top right hand side of the picture near the "Z" label is 

the position of the sampling probe. A lower bound of 80nm was used to avoid the stair casing 

effect visible in Figure 30 below. Data for a smaller 60nm sphere was obtained but as it 

displayed many artifacts it was discarded. The empty region around the space is a vacuum 
"margin". 

Figure 30, Stair casing effects on a SOnmSphere. 
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The results found can be seen in Figure 31 below. There are two significant points to observe. 

The first is that the extinction peak does not shift in frequency as expected by the Mie curves 

shown in Figure 28 above. The second is the roughness of the curves. 
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Figure 31 Calculated Extinction Efficiency- Various Sphere Diameters 
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It was noticed that the deviation from the Mie calculations increased with an increase in sphere 

diameters suggesting that the closer the spheres were from each other in the array the greater the 

error. This was confirmed when a number of runs of a 150nm sphere using a variety of grid 

spacing's was performed, Figure 32 below . 

The distances between the spheres are the edge to edge separation. With the closest being 25nm 

the spheres are to all extents and purposes touching each other. It should be noted that even at 

the furthest distance of 225nm the spheres are still within the near field (approx 2 wavelengths) 

of each other. 
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Figure 32 Calculated Extinction Efficiency - 150nm Sphere Various Sphere Separation 
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To further investigate a run was attempted using an absorbing boundary on all sides of the 

space. As described previously this resulted in serious attenuation. To identify what effect this 

attenuation would have three runs were performed using an absorbing boundary enclosed space 

containing no sphere, a 120nm diameter spheres and a 150nm diameter sphere. This was 

repeated on an open (recurring grid) space. The ratio of the intensity of the field in the enclosed 

space was divided by the intensity on the unbounded space to identify the fraction of energy lost 

to attenuation. This is shown in Figure 33 below. As expected the magnitude of the attenuation 

increased with increasing wavelength in an approximately exponential manner. What was not 

expected was the presence of the sphere in the space would reduce the magnitude of the 

attenuation. 

1.00E+OO 

9.00E-01 

8.00E-01 

.2 
7.00E-01 

fti 6.00E-01 a: 
.~ 5.00E-01 
Ill c 4.00E-01 
~ 

3.00E-01 

2.00E-01 

Attenuation 

:c:c:c:c: ; :r:r = r=~= = =~===~ = == == == = ====== = =====c : cc c :ccccc:cc 
- r- - ---- -- ----- - --- - - ~-- -~ - --- ---- - - - -- - - - - -~-- - ---- - ----- - -

:ccccccrc: c rc::1c~=~=~======= = =====~==== = =============c=c=c= = r: =:::: = t = :r: =:: = ::! = ! = :! = ::! = :::::: = :j :: :j = :::l = ::1 = = = ::1 = = = ::1:: ::t:: = = = = = r:: = t: = t: =;::: = ~ = r: = !: = :t = 
~~~~~~~~~~ ~ i~~~i~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ ~~~~~~~~~ 
-~--- - ---- - ·-·---~- - --------- - ---------- --- -----~---~-~-~-~-
-------------------- -- ---------- - ---- - ------ - -- ~ -~------ - - -

--------------------------------------------- - ------ - -------

400 

- ------------------------------------- - ---------- - ---- - ----- ~---·---------~--------------------------- - --------------

500 600 700 

Wavelength nm 
800 

--EmptySpace --150nm Sphere --1 2onm Sphere 

Figure 33 Attenuation within an absorbing boundary enclosed space 

85 

900 1000 



86 

This effect where an ABC enclosed space containing a nanosphere allows more energy to enter 

the cavity than a space with no nanosphere means that in practical terms the extinction is 

negative. The reason for this is thought to be due to the incident fields inducing a dipole 

moment on the sphere which then reradiates as a secondary source in addition to of the incident 

planewave. 

With this in mind the extinction of a I OOnm, l 20nm and l 50nm diameter sphere inside an ABC 

enclosed space was determined. To work around the negative extinction a factor of 2 was added 

to the extinction to simply lift the curves. As such the magnitude is an arbitrary unit and should 

not be compared to the Mie extinction efficiency. 

"' 
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Figure 34 Extinction within an absorbing boundary enclosed space 

With these caveats in place the extinction curves in Figure 34 above show an extinction peak 

that is red shifted as the diameter of the sphere increases in line with the Mie results. This 

figure also shows much smoother behavior than the earlier curves indicating that the roughness 
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of th~ curves in Figure 31 above is not due to the algorithms or the ABC's but instead can be 

contributed to additional structure resulting from modeling an array rather than single entity. 

To complete the sphere analysis it is of interest to see exactly what the electric field looks like a 

moment after the peak of the incident pulse has passed. The first image Figure 35 shows the 

Electric field and Figure 36 shows the flow of energy using the Poynting Field at the exact same 

moment in time. In these the Mie scattering of energy from the sphere itself can be clearly seen 

as a spray of energy forward into the grid. 

The last image Figure 37 shows the electric field a few time steps later 

Figure 35 Electric Field Surrounding a 120nm Sphere 
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Figure 36 Poynting Field Surrounding a 120nm Sphere 
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Figure 37 Electric Field Surrounding a 120nm sphere a few time steps after pulse interaction. 
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Chapter 9 
Nanorod Absorption 

The final models that were looked at over the course of research were gold nanorods. These are 

cylindrical rods with hemispherical caps arranged so that the longitudinal axis of the rod aligns 

with the direction of the incident field. Probes were positioned as far away from the rod as 

possible approximately 400nm distant as an attempt to minimize any evanescent effects. The 

calculations were again performed on a recurring grid to avoid the attenuation issues discussed 

earlier. 

Figure 38. Experimental space containing a 1 OOnm gold rod 
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The rods were of 20nm in diameter and of a range of lengths from 40nm to IOOnm inclusive of 

the end cap. By necessity the grid used a 2nm spacing to ensure a high enough a grid density to 

avoid stair casing. The results were compared to nanorod data obtained from Draine's [37] 

discrete dipole program DDScat. 

As with the sphere results described in the previous chapter it was found that the larger the rods 

and hence the closer they were to each other the greater the deviation from the ideal, see Figure 

39 below. Although not clearly visible the DDScat results are in good agreement for the shorter 

rods. For the longer rods that are almost touching each other the TLM results correspond to 

almost exactly half the DDScat measurements. 

As a check the same model was run with the Yee FDTD based Recursive Convolution 

algorithm. The results for TLM and FDTD are consistent with each Figure 40 below. The 

FDTD runs lacked detail at longer wavelengths as a consequence of run time restrictions 

described earlier. 

Nano Rod Array Extinction - Different Lengths 
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Figure 39. TLM extinction of an array of gold rods compared to DDScat 
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Figure 40. FDTD extinction of an array of gold rods compared to DDScat 
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The results for the nanorods together with the nanosphere data indicate that that the time domain 

frequency response for arrays of nanoscale objects is dependent upon both the response of the 

individual object as well as the inter object spacing. A general blue shift from the ideal single 

particle response has been observed for both spheres and rods and is consistent across both 

FDTD and TLM methods of calculation. 
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Chapter 10 
Conclusion and Future Directions 

A system that enables time domain modeling of optoelectronic components using either the 

three main common complex extensions of the Yee FDTD based algorithm as well as the 

Transmission Line Matrix algorithm has been developed and tested. Both types of algorithms 

have been shown to produce accurate results as so far as the modeling of complex materials is 

concerned but both suffer from limitations when wavelengths much larger than the dimensions 

of the computational grid are used. In general the TLM algorithm was shown to be superior 

based upon accuracy of the complex material model and the practical reductions in 
computational time required 

The addition of two Lorentz terms to the basic single term Drude complex permittivity model of 

gold has been shown to produce an accurate permittivity model that covers the optical spectrum. 

This has also validated the approach used in the application framework of using a single "N" 

term rational polynomial model that is shared by several algorithms. As there was no 'tailoring" 

of the algorithms to get them to accept the new gold model it is reasonable to expect that the 

system can be extended to accept complex material models for a variety of materials simply by 

mapping the permittivity model to a rational polynomial format and inserting the definition into 

the database. 

A new TLM absorbing boundary condition that capitalizes on the split fields that result 

naturally from then definition of the TLM cell has been developed and shown to provide 

excellent characteristics when absorbing waves that arrive orthogonal to the boundary surface. 

The efficiency of the new ABC reduces in more general three dimensional configurations to 

around that of a normal PML in FDTD. The reason for this needs to be further investigated but 

if the three dimensional performance of the ABC can be bought into line with the almost perfect 

one dimensional performance then this would be a valuable result for the TLM community. 

For the future some work remains to be done to tidy up the user interface and document the 

system after which it will be released to the public domain. This should occur within a year. The 

main changes to the system from that used for this thesis is that the table driven models will be 

removed from all algorithms and replaced with the general bilinear transform driven rational 

polynomial approach. It is likely that a Vector Potential time domain model will also be 

included. 
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As a longer term objective the intent is to extend the system to be able to handle "active" 

materials. It is my desire to investigate the interaction of radiation with nanostructures held at a 

non zero potential. It can reasonably be expected that mechanical energy gained by a charged 

nano particle when it interacts with incident radiation will result in a loss of energy from the 

wave and will yield an effective increase in absorption. This should result in an active 

mechanism for controlling extinction spectra. 
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