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Introduction
There are strong analogies between the be-

haviour of electrons in solids and the corre-
sponding properties for photons in periodic
structures. Indeed, photonic crystals, which
exhibit both pass bands and band gaps are in-
tended to perform the same functions for pho-
tons as do semiconductors for electrons. In this
paper we discuss an extension of the analogy
by exploring the photonic analogue of electron
conductance first studied by Landauer [1] who
showed, in the context of mesoscopic wires,
that electron conductance g was proportional
to the energy transmittance T of the wave
function.
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Fig. 1 Conductance of a semi-infinite photonic crystal
waveguide as a function of the normalised width of the
guide. The bulk PC is a square array of cylinders of
normalised radius a / d = 0.3 (where d is the lattice
constant) and refractive index n = 3 for a normalised
wavelength A / d = 3.15 located in the first band gap.

Here, we apply Landauer's conductance
formula extended to multiple channels

g = 2]t~~12 (1)
m,q

where tlZ is the complex transmission coeffi-
""1

cient in channel m of medium M 2 due to unit
amplitude incidence in channel q of medium
MI' In this context, a channel is a mechanism

that allows energy to be carried to infinity, e.g.,
a propagating plane wave or mode in the opti-
cal context.

While the study of electron conductance in
nanostructures has been an active area of re-
search for many years, it is only comparatively
recently that van Wees [2] discovered the beau-
tifully regular "ladder" or "staircase" structure
that is exhibited by the conductance, as a func-
tion of gate width for a quantum point contact.
Shortly thereafter, the corresponding phenome-
non for photons was exhibited by Montie et al
[3] who showed that the transmission cross-
section increased in a step-like fashion as a
function of the slit width, as in Fig. 1.

In this paper, we analyse the conductance
problem for a semi-infinite photonic crystal
waveguide (bounded above by free space) and
seek to compute the total transmission into the
guide according to (1) using a new scattering
matrix method [4]. We then proceed to show
the close parallels that exist between the behav-
iour of the PC waveguide and that of a perfect
metal guide and, in turn, we are led to the for-
mulation of an impedance model for propaga-
tion in the PC structure.

Photonic crystal waveguide analysis
Our formulation of the problem uses a su-

percell model in which we have a periodic ar-
ray of waveguides each of width w encased in
a photonic crystal with sufficient separating
layers of the PC to ensure isolation ofthe
waveguides. The supercell periodicity defines
the directions ofthe plane wave channels in
free space (region MI) while the modes ofthe
photonic crystal waveguide (region M2) are
computed using our Bloch mode technique. In
(1), the indices q and m respectively denote a
propagating plane wave and a propagating
mode. It is helpful, however, to recast the



problem purely in terms of waveguide modes
by exploiting symmetry and the reciprocity
theorem, i.e.,

g = Ilt~~12= Ilt~~,12= Tr(T2~T21)' (2)
m.q m.q

with the summation taken over the set of all
propagating modes m and plane wave orders
q , and with the scattering matrix T21 truncated
appropriately. We next exploit an energy con-
servation relationship [4] appropriate to reflec-
tion and transmission scattering matrices that
have been truncated to include only propagat-
ing plane waves and modes, i.e.,

R~R21 +T2~T21 = t; (3)

In (3), f2 is an identity matrix whose di-
mension is the number of propagating modes in
the photonic crystal (M 2)' This enables the
conductance to be expressed exclusively in
terms of PC waveguide modes through the in-
troduction in (2) of R21, the scattering matrix
that characterises the reflection of modes,
propagating in the crystal, from the interface of
the PC with free space. Thus, the conductance
becomes:

g = Tr(12 - R~R21)
(4)
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Fig. 2 I-h~~,12(m=1,2, ... , 6) versus normalised width

of the PC waveguide. The parameters of the crystal are
those of Fig. I.
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As is apparent from Fig. 2, each ofthe
terms l-I':;,~1

2 in (4) represents a step in the

conductance ladder of Fig. 1. Once the guide
width increases sufficiently to support each ad-
ditional mode (marked by the dotted lines) for
the given wavelength, the conductance of each
propagating state appears to rise rapidly until it

saturates at unity. Note also that the cut-off
guide widths for each mode are equally sepa-
rated. In fact, in the first PC band gap, for
which propagation is determined largely by the
specular diffraction order [5], we can show the
cut-off widths of each mode are

nil - arg( Rl' )
W = .

n k ' (5)

where arg(RI2) is the phase on reflection ofthe
specular plane wave from the semi-infinite
crystal. The form ofEq. (5) is identical to that
for a perfect metal guide, with the choice of
arg(RI2) = -;r. This in turn suggests that our
study of photon conductance should be ad-
vanced by considering the properties of an iso-
lated guide in a perfect metal, for which a
semi-analytic treatment is possible.

Waveguides in metallic structures
We next consider an isolated perfect metal

guide and expand the free space fields in a Fou-
rier integral of plane waves and the waveguide
fields in a linear combination of modes

un(x)=sin(vnx)e±ip"y, Vn =n;r, j3n =Jk2_V~. (6)
W

The conductance analysis proceeds in the same
manner as above necessitating the calculation
of the corresponding reflection matrix R21 using
a semi-analytic treatment [6]. We thus derive

R21 = (I +yt (I - Y),Y = Fill Bj3'II2,
~

s.; = f x(a)Jn(a)Jm(a)da, (7)

Thus, from (7), the reflection matrix R21 ap-
pears in the form of a generalised Fresnel coef-
ficient involving a relative admittance matrix
Y defined in terms of the admittance of free
space B and the admittance of the guide j3,

both expressed in the waveguide modal basis
{un(x)}. The actual form of B derives from a
change of basis of the free space admittance
x(a) = ,./k2 _a2 , in the plane wave basis, to the
modal basis.

Fig. 3 shows metallic guide analogue of
Fig. I (for the PC guide) and it is clear that
these are structurally identical, differing only



with respect to shifted modal cut-off widths.
The rapid rise of each "step" in the conduc-
tance ladder can be studied using an asymptotic
treatment of (7). This reveals that the imped-
ance mismatch between the guide and free
space diminishes quickly with guide width
once a given mode has begun to propagate,
leading quickly to saturation ofthe conduc-
tance. In fact, for a perfect metal guide, the
conductance of each mode can be calculated to
high accuracy using the scalar approximation

_ 1-1 12 - 1- Ymm (8)gm - Pm' Pm - 1 Y ,
+ mm

in which only the self-reflection (i.e. diagonal)
term is taken from the admittance matrix Y.
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Fig.3 The conductance of an isolated semi-infinite metal
waveguide as a function of guide width.
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Fig. 4 Real (upper) and imaginary (lower curves) parts
of Ymm for an isolated semi-infinite metal guide versus
guide width.

Impedance formulation for a PC
The close parallel between the formulation

of the ideal metal waveguide and a PC
waveguide suggests there must exist a corre-
sponding impedance treatment for the PC
waveguide. In fact, a Bloch mode analysis[4,6]
shows that a modal admittance Y can be in-
ferred directly from the reflection coefficient
R21 according to

R21 = (1+yt (1- Y). (9)

Following the transfer matrix treatment in Ref.
[6], it can be show that R21 = -F_-1F+, where the
matrices F. comprise the downward and up-
ward components of the Bloch mode eigenvec-
tors. The full matrix treatment and the single
mode approximation (8) then allow us to com-
pute the contributions to the conductance lad-
der for the PC guide.
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Fig. 5. gm = 1-1Pm 1

2 vs. w / d for the PC guide. Solid

curve: full matrix calculation. Dotted curve: from (8)

As is evident from Fig. 5, the single mode
admittance differs slightly from full treatment,
converging to the full matrix result with in-
creasing numbers of modes.

Conclusions
Our study of photon conductance in PC
waveguides has demonstrated strong parallels
with the corresponding properties of metal
guides and has led to the characterisation ofthe
system using impedance matrices. If imped-
ances are able to efficiently and accurately
characterise PC devices, it will be an important
advance enabling such devices to be modelled
using generalisations of thin film optics.

This work was produced with the assistance of
the Australian Research Council under the
ARC Centres of Excellence program.
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