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Abstract. Many business decision problems involve multiple objectives and can be described by
multiple objective linear programming (MOLP) models. Referring to the imprecision or fuzziness
inherent in human judgments, two types of inaccuracies should be incorporated in MOLP problems.
One is the experts’ ambiguous understanding of the nature of the parameters in the problem
formulation process, and the other is the fuzzy goals of the decision maker (DM) for each of the
objective functions. Consider these two fuzziness features, this paper proposes an o-fuzzy goal
approximate (a-FGA) algorithm for achieving the fuzzy goals for the objective functions specified by
the DM in dealing with fuzzy multiple objective linear programming (FMOLP) problems with fuzzy
parameters under the different satisfactory degree o. The detail description and analysis to the
algorithm are supplied.
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1. Introduction

Multiple objective linear programming (MOLP) is an efficient way for modeling and solving many
realistic optimization problems. Such problems often include several conflicting and incommensurable
objectives, which are to be optimized, and are subject to certain specified constraints [1].

In modeling a real MOLP problem, the possible values of parameters in the objective functions and
constraints may be assigned in an experimental or subjective manner through the experts’ understanding of
the nature for the parameters. With this observation, the possible values of these parameters are often
imprecisely or ambiguously known to the experts. In this case, it may be more appropriate to interpret the
experts’ understanding of the parameters as fuzzy numerical data that can be represented by fuzzy numbers
[5]. The fuzzy multiple objective linear programming (FMOLP) problems involving fuzzy parameters would
be more adequate to describe reality {4].

Under some circumstances for the FMOLP problems, the decision maker (DM) has some goals for the
objective functions which need to be achieved. In fact, to ask the DM what attainments are desired for each
objective function is a difficult job. Considering the imprecise nature of the DM’s judgment, it is nature to
assume that the DM may have imprecise or fuzzy goals for each of the objective functions in the FMOLP
problem. Also, using fuzzy numbers to represent such goals would be more appropriate than the crisp
numbers [2] [4].

This paper proposes an a-fuzzy goal approximate (a-FGA) algorithm for achieving the fuzzy goals for the
objective functions specified by the DM in dealing with FMOLP problems with fuzzy parameters under the
different satisfactory degree a.

2. Related Definition and Theorems

In this paper, we consider the situation that all coefficients of the objective functions and constraints are
represented by fuzzy numbers in any form of membership function. Here, we define the ranking way
between two n-dimensional fuzzy numbers under a certain satisfactory degree o as follows.

Definition 2.1 Let 7 3 be two n-dimensional fuzzy numbers, we define

1) a - [3 iff a’,’,iﬂ,ﬁ and Ol,ﬁzﬂ,ﬁai= l,...,n,VAe [a,l],
2) &, E iff ab> ph and a"iz ﬁ,ijz si=1..,n,Yie [af,l],
3) ax, Biff o> p. and of > BR, i=1....n, Vie[al].
With a certain satisfactory degree o, the FMOLP problems can be formulated as follows:

(FMOLP,) [Max, f(x)=Cx 0
o ek g s
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where 4. (x)2 s 1, (x)2 @ 3 g, (x)2 @ With i=1. ok, =10, and [=1.m.

Based on Definition 2.1, we propose the following definitions about the optimal solutions for FMOLP
problems with fuzzy parameters.
Definition 2.1 x" is said to be a complete optimal solution to the FMOLP,, problems, if and only if there
exists x" e X such that Z(x-):a Fx)s i=1nk, forall xe X.

Definition 2.3 1" is said to be a Pareto optimal solution to the FMOLP, problems, if and only if there
does not exists another xe X such that 7 (x)»_ 7(r) for all .

Definition 2.4 " is said to be a weak Pareto optimal solution to the FMOLP, problems, if and only if
there does not exists another xe X such that 7 (x)>, 7 (x'), for all /.

Associated with the FMOLP,, problems, let’s consider the following crisp multiple objective linear
programming MOLP, problems:

(MOLPg) [Max (C.x)(cf.x)f vae i) @
st.xe X = {xe R Afx<bh Afx< bl x20,Vie [af,l]}

where
L L L R R R L L L R R R
S G 7 G Gia Cx 7 O Qua Gy 7 Ay Ay Gy Qi
L L L R R R I L 1 R R R
Cct= G a7 G |2 CF = Cha Coaa 7t G |2 4t = Qna Ani 0 iy ’AR |G Qua G
F . . . . i . . . . Ay = . . . . 1= . . . .
L L L R R R L L L R R R
Caa Saa " Con Car Cax 7 G T A ) Az w2z " G
I P A ]T R _[ R R R ]T
bx —[bu’buv' "bm/z ’ bz = bu,bu"'"bm :

For the crisp MOLP, problems, we also have the following definitions.
Definition 2.5 [3] x"is said to be a complete optimal solution, if and only if there exists x” e X such that
f,(x')z fx)i=1, ..k forall xe x .
Definition 2.6 [3] x"is said to be a Pareto optimal solution, if and only if there does not exists another
xe X suchthat 7 (x)> fl(x‘), for all / and fx)=f (x) for at least one j .
Definition 2.7 [3] x"is said to be a weak Pareto optimal solution, if and only if there does not exists another
xe Xsuchthat £(x)> r(x"),i=1,....k

The following theorem shows the relationships between FMOLP,, problem and the MOLP; problem.

Theorem 2.1 Let x* e X be a solution to the MOLP,,; problem. Then x"is also a solution to the FMOLP
problem.

4. An 0-Fuzzy Goal Approximated (0-FGA) Algorithm for FMOLP Problem

Under some circumstances, the DM needs to specify fuzzy goals for the objective functions in dealing
with FMOLP problems. The key idea behind goal programming is to minimize the deviations from goals set
by the DM. Therefore in most cases, goal programming seems to yield a satisfying solutions rather than
optimal one. Considering the FMOLP problem, for each of the fuzzy multiple objective functions
f(V)Z(Z(X)E(X)Z(’C))T the DM can specify some fuzzy goals 3 =(g,,5,,...,5,) which reflect the
desired values of the objective functions of the DM. Also, the DM can change the fuzzy goal interactively
due to learning and improved understanding during the interactive solution process.

From the definition of MOLPy problem in Section 3, when the DM sets up some fuzzy goals
g=(g.8,.....5,) under the satisfactory degree o, which are represented by fuzzy numbers with any form of
membership functions, the corresponding Pareto optimal solution, which is the nearest to the fuzzy goals or
better than that, is obtained by solving the following minimax problem:

(MOLP,,) |Min Max ((Cj,x)—gﬁ,(Cf,x)—gf)’,we a1 3)
st xe X :{xe R™|A;x<bi Afx<bf x20,VAe [a,l]}

where ¢! =[gf gt o gh T g% =[gf. gk gh]

Refer to the description of MOLP,, problem in (3), there are an infinite number of objective functions
and an infinite number of constraints included in MOLP,,, problem. In order to fix the problem, the «-FGA
algorithm is proposed as follows for solving MOLP;,, problem.

For the simplicity in presentation, we define

X, ={xe R | Alx<bl A%x < bR x 20} Aeal] @)

— 262 —



The main steps of the a-FGA algorithm are described as follows:
Let the interval [o,1] be decomposed into / mean sub-intervals with (/+1) nodes 4 (i=0,. .-
arranged in the order of o= 4, < 4, <-

,/) which are
-.< 4, =1. Based on the current decomposing, we define the constraint

as y =hx4 , and denote:
(MOLP,,,), | Min Max ((Cj‘y,x>—gj,<€f,x>—g§ )T.,a =4, <..<A=1 (3)
st. xe X’
Step 1: Set / =1, then solve (MOLPy,); with solution (x),, and the solution (x), is subject to the constraint

xe X'.
Step 2: Solve (MOLP )y with solution (x), , and the solution obtained is subject to the constraint xe X2 .

Step 3: If||(x) -
and go back to Step 2.

x)| < & then the final solution x*of MOLPyn problem is (x), . Otherwise, update / to 2/

5. An illustrative example

To illustrate the IFGDM method developed, let us consider the following FMOLP problem with two
fuzzy objective functions and three fuzzy constraints:

Max f(x) = Max ﬁ(\’) = Max (cj”Xl * §2x2 J = Max 4:\.‘ +§~x2 (6)
1) Eu + % -2x +4x,
Enxl + Elzxz = - Tx[ + §x2f5l =i1
s.t. ayx, +ayX, = T, + szfgz =27 @)

as X, + a;xX, =

And the membership functions of the

agX, +dpx,

x <0;

= 3x + 1x2: s

x, <0

coefficients of the objective functions and constraints are set up as

follows:
0 x<3or 6<x 0 x<lord<x
(x*-9)/9 3<x<d (x*-1)3 1<x<2
Iuc“() 1 x:4 'uzx:(x)_ i x=2
(36— x*)/20 4<x<6 (16-x* )12 2<x<4
0 x<=25o0r-1<x 0 x<3or 6<x
|l6.25~x*)/2.25 ~25<x<2 x> -9)/9 3<x<d
PRERL e =) <
(v - -2<x<-1 (36— x*}/20 4<x<6
0 x<-2or-05<x 0 x<2ori<x
(4-x —2<x<-l X1 —4)/3 2<x<3
/‘j[in(x) 1 ) = Ha, (x): ( ) _
x=-1 1 x=3
(x* —0.25)/0.75 ~l<x<-05 (25-x*)16 3<x<s
0 x<0.50r2<x 0 ¥<or5<x
x* —0.25)/0.75 05<x<1 x’—4)/5 2<x<3
:UEI,('X)= f ) 521("'): ( )
x=1 1 x=3
4-x)3 l<xg?2 25-x2)16 3<x<5
0 x<3or 6<x 0 x<2orj<x
(x* —9)/9 3<x<d (x*-4)s 2<x<3
#c“() 1 =4 ﬂa,:(x)—l 123
36-x' )/20 4<x<6 \(2 xl)/lé 3<x<5
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0 x<2or5<x 0 x<050r2<x
2 2
#a,,(X)—{EX 4)/5 ii;a s (5)= Ex 0.25)/0.75 2.5jx<1
(25-x*)/16 3<x<5 4-x)3 l<x<2
0 x<200r23<x 0 x<260r29<x
1 _ < - <x<
us (x)_igx 400)/41 )2{0:_2;1“21 s 1)= Ex 676)/53 )2(6= 2; 27
(529-x)/88 21<x<23 841-x7 /112 27<x<29
0 x<44ord7<x 0 x<290r32<x
¥ ~1936)/89 44<x<45 (x* -841)/59 29<x<30
;,(X)= ) v = 45 ys‘(x)= 1 Y =30
(2209-x* 184 45<x<47 (1024—x*)/124 30<x<32

Suppose the DM wants to set up the fuzzy goals whose membership functions are listed as follows

0 x<ldor37<x

x? —196)/245 14<x<21 (8)
gl('x): 1 =21

1369 — x*)/928 21<x<37

0 x<6.50r25<x

(x*-42.25)/114 6.5<x <125 ©)
&.lx)=1) x=125

(625 - x)/468.75 12.5<x<25

And the initial value of satisfactory degree o is set to 0.2.

Based on the new fuzzy goals (3 | z,) specified in (8) and (9) and degree o = 0.2, By the o-FGA
algorithm, the running result is that the decision variables are x' = 28992 and x; = 4.9829 , and two fuzzy
objective functions are Flx,x0)= £ (2.8992,4.9829) = 2.89922,, + 4.9829%,,
Tl xs)= 7 (2.8992,4.9829) = 2.8992%,, + 4.9829Z,,» Which are shown as in Figure 1

and

~ iy Dbygetive §umtion OQatput 53 w Fuezy Objective function Output 58
1000 <o ce e Grereeaseneeenns 1000] <o PN
[ol 1 . > 02004 e e ©
15652 34776 9087 24520
; Lelt membarship funcBon <. Right mambership function +"Loft memborehip teaction < N@almw funchion
Ledpoint - BER stpowe  fAtes R “iLakpamt . HI32 :
Righpoint | & | Rightpont BURE - R
aw |

ure |: Running result in fuzzy objection functions by o-FGA algo;ithm

Fi

Acknowledgements
This research is supported by Australian Research Council (ARC) under discovery grant DP0211701.

References

[1] Hwang, C. L. and Masud, A. S., "Multiple Objective Decision Making: Methods and Applications".
Springer-Verlag, Berlin: 1979.

[2] Lai, Y. J. and Hwang, C. L., "Fuzzy Multiple Objective Decision Making: Methods and Applications".
Springer-Verlag, Berlin: 1994.

3] Sakawa, M., "Fuzzy sets and interactive multiobjective optimization”. Plenum Press, New York: 1993.

[4] Sakawa, M., "Interactive multiobjective linear programming with fuzzy parameters," in Fuzzy sets and
interactive multiobjective optimization. New York: Plenum Press, 1993.

[5] Tanaka, H., Ichihashi, H., and Asai, K., "A formulation of fuzzy linear programming problem based on

comparison of fuzzy numbers" Control and Cybernetics, vol. 13, 185-194 1984,

— 264 —



I OO0 0 0 0 O IO O |

IR

04

[ 1]

<13

07

09

10

s of the Third International Conference o

S

T

g~ A -
B o .
M o1 il
- § o ~ aie: il 12 1. . - e - -
N ERRTHIRN L S N " ox, RA - 7 on
4 1 (¥ 4 & ?
k L ;- 5 e e ! A id
e e 2 - P opa
e - S e i e e e = i = o —
) 3 E B ig
. e i W W N 5 -

ETM i

ety

A

18 :

3
1

DICOI0OI0O0I.OIO0IDOIO TN

21

22

23

r

25

26

14

L OOy

28

29

PR EWETE AW " PR PR FWR I " " IR FRENRY IRUNE FUNEE RERTN NWT) N WS I
IESEANEENENAS RN ENNAREREEER RN RN EUREE NN EO A CNEREEEERREOERARNRENAER N UEENENERZES AR NARARRRENRYEARERAARNANNNARASNEE S

November 29 - December 2, 2004,
Hosei University, Tokyo, Japan

Edited by
- LeiLi
Kang K. Yen

Published by International Information Institute
www.information-ii.org




