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Abstract

Basic bilevel programming deals with hierarchical
optimization problems in which the leader at the upper
level attempts to optimize his/her objective, subject to
a set of constraints and his/her follower’s solution, and
the follower at the lower level tries to find an
optimized strategy according to each of possible
decisions made by the leader. Three issues may be
involved in a basic bilevel decision problem. One is
that bilevel decision making model may involve
uncertain parameters which appear either in the
objective functions or constraints of the leader or the
follower or both. Second, the leader and the follower
may have multiple conflict objectives that should be
optimized simultaneously. Third, there may have
multiple followers and partial shared their decision
variables among followers in a real decision situation.
Following our previous work, this study proposes a set
of fuzzy multi-objective multi-follower linear bilevel
programming models to describe the three issues. It
also develops an approximation branch-and-bound
algorithm to solve such kinds of problems.

Keywords: Bilevel programming, Branch and bound
algorithm, Fuzzy sets, Optimization

1. Introduction

Bilevel programming (BP) arises where decisions are
made in a two level hierarchical order and each
decision maker has no direct control upon the decision
of the other, but actions taken by one decision maker
effect returns from the other. It is developed for
mainly solving decentralized planning problems [1, 2,
4-6, 18, 19]. Decision maker at the upper level is
termed as the leader, and at the lower level, the
follower. The leader and the follower each tries to
optimize his/her own objective function, but the
decision affects the objective value of the other level
[12].
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The majority of research on BP has centered on
the linear version of the problem, i.e., linear BP
problems. A set of approaches and algorithms have
been well developed such as well known Kuhn-Tucker
approach [2], Kth-best approach [3] and branch-and-
bound algorithm [2, 7]. In general, there are two
fundamental issues in BP theory and practice. One is
how to model a real-world bilevel programming
problem, and the other is how to find a solution for the
problem. Although much research has been done in
the area, existing results cannot adequately model and
well solve a bilevel problem when it corresponds to
the following situations.

First, the upper level or the lower level of a
bilevel decision may have multiple conflicting
objectives which should be considered simultaneousty
by the leader or the follower. For example, a
coordinator of a multi-division firm considers three
objectives in making an aggregate production plan:
maximise net profits, maximise quality of products,
and maximise worker satisfaction. The three
objectives could be in conflict with each other, but
must be considered simultaneously. Any improvement
in one objective may be achieved only at the expense
of others. One level multi-objective decision-making
problem has been well researched and many other
researchers. But in a bilevel model, selection of an
alternative solution for the leader is affected by his/her
followers’ optimal reactions. Therefore, how to find a
solution for the leader which has multiple objectives
under consideration of both its constraints and its
followers’ decision is a new issue.

Second, existing BP approaches mainly suppose
the situation in which the objective functions and the
constraints of the leader and the follower are
characterized with precise parameters. Therefore, the
parameters are required to be fixed at the some values
in an experimental and/or subjective manner through
the experts’ understanding of the nature of the
parameters in the problem-formulation process. It has
been observed that, in most real-world situations, for
example, power market and business management, the
possible values of these parameters are often only
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imprecisely or ambiguously known to the experts who
establish this model. With this observation, it would
be certainly more appropriate to interpret the experts’
understanding of the parameters as fuzzy numerical
data which can be represented by means of fuzzy sets
[20]. A BP problem in which the parameters, either in
objective functions or in constrains of the leader or the
follower, are described by fuzzy values is called a
fuzzy BP problem in the study. The fuzzy BP problem
was first researched by Sakawa et al. [13, 14]. Sakawa
et al. formulated cooperative fuzzy BP problem and
proposed a fuzzy bilevel programming approach for
solving the problem where Sakawa introduced the
concepts of a-bilevel programming based on the basis
of fuzzy number a-level sets. The third, multiple
followers may be involved and the leader’s decision
will be affected not only by those followers’
individual reactions but also by the relationships
among these followers. As uncertain information
could occur in the objectives and the constraints of
both the leader and his/her multiple followers, the
problem becomes very complex.

This paper deals with the three situations together.
As the relationship among followers can be with many
situations which need different models and algorithms,
this paper focuses on the situation where all followers
shard their decision variables. Based on the extended
solution concept and related theorems of BP [8, 9, 15-
17], we have solved fuzzy BP problems [21-25]. We
then conducted research on the model and solution
where the leader and the follower to have multiple
objectives with fuzzy parameters [11, 26-28]. This
paper extends our previous models by allowing
multiple followers with partial shared their decision
variables, called a fuzzy multi-objective multi-
follower linear bilevel programming with partial
shared decision variables (FMMBP-PC) problem. It
also develops an approximation branch-and-bound
algorithm to solve the general FMBP-PC problem.

Following the introduction, Section 2 gives
FMBP-PC models, related definitions, theorems and
properties [10, 26]. A general fuzzy number based
approximation  branch-and-bound  algorithm  for
solving FMMBP-PC problems is presented in Section
3. Conclusions are discussed in Section 4.

2. Fuzzy Multi-objective Multi-
follower Linear Bilevel
Programming with Partial
Shared Variables Model

Let R be the set of all real numbers, R" be n-
dimensional Euclidean space, and x = (x, X2, ..., x,,)T,
Y= s -.u ¥n)" € R" be any two vectors, where x;,
yi€eR i=12, ..., nand T denotes the transpose of
the vector. For any two vectors x, y € R", we write
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x>y iff x,2y,Vi=12n x>yiff x>y and
x#y;x>yiff ;>y, Vi=12, ..., n
Let F(R) be the set of all finite fuzzy numbers. By
the decomposition theorem of fuzzy sets, we have
a= Uala;,a],

ado,1)
for every a e F(R).

Definition 2.1 Let & e F(R),i=12,,n. We
define [o, 13,
X AL (), Where x = (x), X ..., x)" € R", and
g is called an n-dimensional fuzzy number on R". If
GeF (R, i= 1,2 -,
dimensional finite fuzzy number on R".

Let F(R") be the set of all #-dimensional fuzzy

numbers and the set of all n-dimensional finite fuzzy
numbers on R" respectively.
Definition 2.2 For any rn-dimensional fuzzy

CRCICAE U O

= a is called an n-

n,

numbers 3,5 € F(R"), we define
@rb iff a;>b and af > b, Le(01];
d»b iff a'>b" and af >b", Ae(0];
@>biff a>b! and a' >b", 1e(0]].
We call the binary relations »,> and > a fuzzy

max order, a strict fuzzy max order and a strong fuzzy
max order, respectively.

Fuzzy multi-objective multi-follower linear bilevel
programming with partial shared decision variables
problems is the cooperative situation where the
followers partial share the decision variables in their
objectives and constraints. However, there are four
different sub-cases within the cooperative situation
which are determined by the relationships among the
objectives and constrains of the followers. Each
follower may have an individual objective whatever
sharing their constraints with other followers.
Consider the following FMBP-PC problems:

Model I. A FMMBP-PC problem in which
K(22) followers are involved and there are shared

objective functions and constraint functions and partial
decision variables among followers is defined as
follows:

Forxe XcR', ye¥,cR", Y=, 1,2),
F:XxY xx..xY, xZ—>F(R), f:Xx¥,xZ >
F(R)and i=12.,K.

It consists of finding a solution to the upper level
problem

K o~ ~ K o~
ﬂ"l;\!’lF()(,y) = [c]'x + ;d,’lyl +d'z,C)x+ ]Z:‘:dz'jy]

~ K o~ ~ T
) -
+d,z, --.,cj'x+zl:a’;y,. +d"zj
p=
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~ £~ - -
st.A'x+Y By, +B'z<b'
i=1
where y,(i =1,2,--,K), for each value of x, is the
solution of the lower level problem:

min_ £(x,y)= [C:Hii,;y, vz T Ay,
=) J=1

ot
~ K~ ~ T
+dfz,--~,’c“fx+2d"1y’.+dlzzJ
R
st A2 x+ZB y,+Bz<b’

where ¢, ¢} e F(R"), B' e F(R"), B*eF(R"), a, e
FR), 7 =), b.& <F®), Bl =), B'=

&), <F.2 =(@)., . 2.35.3) < FR,
BuLbrerm, B =) LB

(u )m,’i =125,
j=12,,t,and k=12, K.
Model II. A FMMBP-PC problem in which

K(>2) followers are involved and there are shared

objective functions and partial decision variables but
different constraint functions among followers is
defined as follows.

Forxe XcR", ye¥,cR", Y=, -, Y,2Z),
F:XxY,xx.. . xY,xZ>F(R"), fi:XxY,xZ—
F(R"Yand i=12.---,K.

It consists of finding a solution to the upper level
problem

min F(x,y) = (c x+Zd ¥, +dz cx+Zdhy/

st Ax+ By, + Bz <B"
= =

where y,(i=1,2,---,
solution of the lower level problem:

fx»= (c x+2d ¥, +d z,8, x+2a’,]y

K), for each value of x, is the

.ey n.

T
+d}z, ﬁc?,’ », t?,zzj

s.t. AX+ZByI+Bz<b,,r~12 LK,

where G',2% e F(R"),b' € F(R"),b” € F(R"),G
FR),A =(@) b2 e F(RLE =(5,),,.5' =
6), @ cFw.a =@r),.4..d.d,.3 < FR"),

B, b”" e F(R), B2 =(p? ) B =), i=12s,

j=12,,t,and k=12, -,

Model III. A FMMBP-PC problem in which
K(z2) followers are involved and there are shared

partial decision variables and constraint functions but
different objective functions among them is defined as
follows.

Forxe XcR', y,eY,cR", Y=(Y,--,¥,,Z),
F:XxYxx..xY,xZ— F(R"), f,: XxY xZ—
F(R')and i=12.---,K.

It consists of finding a solution to the upper level
problem

K o~ ~ K~
I&]}(HF(X, y)= (c,’x +2.dy, +d'z,Ex+ Z}dz'jy/
J=t =
~ K o~ ~ 4
+d2]z, RN cd'x+§d‘;y' +djz]
~ I -~ o~
st A'x+Y By +B'z<b'
=t -
where y,(i=1,2,---,
solution of the lower level problem:

min_f,(x,y)= (cn’x+id v, +d,|z c,7x+zd‘1] ¥,
=

Frey

K), for each value of x, is the

T
# @z, e $ T, +2:z]

~ K~ ~ ~
s.t. A1x+Zny,+B’z b’

~ o~

where ¢',c; eF(R)b e F(R? )b e F(R),a; e
F(R), E,'eF(R),B,:[,., ) g eF(R), =),
al,dz e F(R™),i=12,- f,and B2 =

(),..5 € FR), g.2=12,-, K.

,8, j=12,--,

Model 1V. A FMMBP-PC problem in which
K(>2) followers are involved and there are partial

shared decision variables but different objective and
constraint functions among them is defined as follows.
ForxeXcR', y, e, cR", Y=(4,,Y,,2),
F:XxYxx. . xY xZ—>F(R), f,: Xx¥,xZ—>
F(R")and i=12.--- K.
It consists of finding a solution to the upper level
problem

£~ -~ k-

‘}g‘.‘F(xuV) =(cl'x+ ;d|'JyI +d)z, cz'x+/§d;/y/
~ K~ ~ T

+d)z, x+)d.y, d"z)
=
~ ko ~
st Ax+ Y By +B'z<b
= =

where y,(i=12,---,K), for each value of x, is the

solution of the lower level problem:

PR ‘-
fixy)= [c.-;nzd.;,y, +d5, 8t ydly,
= =

»sV =7
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R
Ko~ ~
# T Bl Sy, + )
i=l
~ K o~ ~ ~
st.Ax+Y By +Bz<b’,r=12,--K,

where ¢',c; e F(R"),b" EF(R"),Z’:Z e F(R"),q,
FR),A =G

d.d; e F(RM.B; =), 5 e FRLi=12, s,

j=12,-tand g,z=12,, K.

By analysis above four models and using a
weighting method, we can get a general model (Model
G) for FMMLB-PC problems:

Forxe XcR",y,e¥,cR™, Y=(1,, YK)T,FCXXYI
x..xYy > F(R), f,:XxY,»F(R)andi=12,...,K.

It consists of finding a solution to the upper level
problem

K~ K o~
min F(x,y) = (a'x +2dLy,, Gxt 2 dyy,,
e =) =

~ K o~ ~
st A'x+Y By <b'
=

where y,(i=12,---,K), for each value of x, is the
solution of the lower level problem:
min f(x,y)=[aIX+it7.iyj,F§X+ﬁ)07§,y,,---,

J=1 J=1

ety
Jadek

R
K o~

~2 2

c x+lz;d”y,)

~ K o~ ~
st Alx+ ZBjyl <b’z=12,K,
i=t =

where ', e F(R"),b' e F(R”), b* e F(R"), a, e
FR), 4'=(),.5 cFw.B =), .2 cFR)d. a2
eF(R"),i=12, 5, j=12,1,andz=12, K,

B=),.5 e FR),z=12,K.

i

1. For Models I, II and I1J, they are obviously special
issues of Model IV, respectively.

2. For Model 1V, we know that it is a FMMBP
problem in which the K followers share the variable z.
By using weighting method, we can obtain
For xe X ©R",y, €Y, cR*,Y=(¥,,--, Y, Y), F:
XxYx. . xY xY,, = F(R), f:XxY—F(R) and
i=12,... ,K+1

It consists of finding a solution to the upper level
problem

mp G = (atxe 82, 2 52,

€
>

y
)b < FRLE =(6,) .47 = (),

385

T
o~
E)'HZdJy,)
it
~ 1S i
st A'x+) By <b
i=t =

where y,(i=1,2,---,K) , for each value of x, is the
solution of the lower level problem:

min f(x,y)=(E.ZX+%<7.3J1,,FSX+§075,J»,,--»,
T J=1 J=l

A
JelEe g

K+~ T
a=x+2d;y,.)
J=1

=

~ o~

where &',27 e F(R"),b' € F(R*),b* e F(R"), &, €
FRLA =@), .5 < F(RL.B =) .5 < FR),

i o
d\,d:eF(R"),B:=(,) .5 e F(R),i=12,,s,
Jj=12,---,t,andz=12,---, K +1.
3. Obvious, this model and Model G are same.

We will present an approximation branch-and-
bound algorithm to solve FMMBP problem with in a
partial cooperative situation

3. An Agproximation Branch-and-
bound Algorithm

Associated with the FMMBP-PC problem, we now
consider the following multi-objective linear bilevel
programming (MOLBP) problem:

ForxeXcR',ye¥,crR", Y=(,--,¥) ,F: XxY,
x..x Yy = F(R), f,: XxY,— F(R)andi =12,...,K.
min (F(x, ) = (B ) (FGe ) (E )

E@»). Ac01 (a)

i oo I
st.Aux+) By <b, (1b)
i=1

Aix+ 3By, <b'%, Ael0,]
min ((e, ) = (A0 ) (e ),

ek (o)), 2e01 a0
st Ax By, <b, )

L L 2L
A”.x-%-ZBu.Ay, <bl,, z=12,-,K,1€[0,1}
i=1 -

where (F(x,y)); =c/yx+ Xrdivy,, (F(xy)) =clix

=t Yii 2

+ X5 diy, (o)) = et B dlty, and (17 (x,

R IR K R L R sl R
y))x =cix+2 . d, v, Ael0), ¢, q ConCh, €

iar Cizo
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2L 2k
:’d

R A\ A dy d

g2 Giigo G

Ai=(a) at=(a))e R 4t =(e,2) 4= e,

e ) PR e b

(s“)e R™ =125, j =12, 1,z=12, K.
By using Definition 2.2, we have

Theorem 3.1 Let (x',y") be the optimal
solution of the MOLBP problem defined by (2). Then
it is also an optimal solution of the FMMBP-PC
problem defined by Model G.

We can use the theory of solving FMOLBP {21]
to find an optimal solution for Model G because we
have known Model G of the general model of
FMMBP-PC problem is a FMOLBP problem.

Theorem 3.2 [26] Forxe XcR", y,e¥,cR™,i =

cR", b5, b5 e R, b7, b7

1,2, ..., K, if all the fuzzy parameters have piecewise
trapezoidal membership functions in the Model G,
0 1<z,
a, -,
R o S
Z 7L 3 0 = ]
a, —a L L L
— (t~z‘,I )+al z, <t<z,
Zg, —Z,
wO=1a zt <t<z! ,(2)
a
T ( t+2! )+ a,, z, <t<z,
% — O R R »
— ( t+z, )+ a, z, Stz
Za( - Zﬂa
0 zn <t

where z denotes any fuzzy parameters in Model G,
then, (x’, y") is a complete optimal solution to the
FMMBP-PC problem if and only if (x', y) is an
optimal solution to the MOLBP problem:

min (F(x, y)) =c x+z [dli yai=l..,s5j=0l...,n
min (Fe ) ., —c,n/x+z_| (7 (3a)
s.t. A'.,JerZB:'a y. fb'.,,, j=0L-n (3b)

A'ﬁ,x+23' v, <bl, j=0l,

min (17 (5, ), =2 x+ Tt yoi=lo ot j=01,

min (77 ), =cil v+ Thdir v 2=1..,K, (30)
2t & pat [
st.AL x+ Y By, <bl,j=0l-"n Gd)
’ = YT =
P
Ao x+ 2By <, z=12,K
’ o Cerr=Re

We note

eR’,
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Ax+ By, (3'b)
4x+B,y<b, (3d)
where
WL L iBiL
A 4 a =
- A‘ﬁ S 7 iBli
P e R
: o o 25,
A% A £ o
a, - B
K
2Bl (ps) (8
K .1 i ‘ .
_ ;B:Ka — b |- |82
B, =|7% 22 b, = bl;z 02 »2t
SB SR
=l . :
K ® 1R bz"
;szka be K
Then we can re-write (3) by using
r&%\n(l",(x,y)) —c“: X+Z—1 e y, i=1...,8,7=0l..,n
min (F,(xy)); =el, x+ Tl dio v, Ga)
s.t. ZX"'E.)’:E\: (3'b)
mm(f (x, y))‘ =c x+zk_, ‘a,y‘, i=l..,tj=0l..n
min (f:(x,y))L =ci:x+2f_,d_",k:‘y,,i=l,“.,t,j:O,l,.,,,n
min (£rx, y))a, —L,a/x+2“ ua,)’u z=1,...,K, (3’)
st dx+By<b, 3d)

Theorem 3.3 [26] Forxe X c R, y,eY,cR",i =

1,2, ..., K, if all the fuzzy parameters have piecewise
trapezoidal membership functions in the Model G,

then a necessary and sufficient condition that (x*,y")
solves the Model G problem is that there exist vectors
u* v*and z* such that (x,y",u",v",z") solves:

mip (F(5, )= Sl S, v+ Tt )

+Z( e, x+z_| ,ay )) (4a)
\ (4b)
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(4c)

55

=

$a2 )55 o33

+35ar )
=0 '

i=0 =1

ydt (4d)

(0t o gon)- (gt et e (80t

ﬁlB,'m) J+ +v[(2i bfL‘ Zfbf:)—

i=0 j=1 =0 21

o X a2l u K 2R £ & 3l
zzz Je-(EE5e
K K _'
ZZZ ’, v |+2zp=0 (4e)
x>0y>0u>0v>0z>0 (49

where 3w, =1land X7 w; =

Based on Theorem 3.3, we will present an
approximation  branch-and-bound algorithm  for
solving the FMMBP-PC problem shown in Model G.

We first write all the inequalities (except of the
leader’s variables) of (3’a)-(3°d) as g,(x,»)20, i=1,
2, ..., p + g + m, and note that complementary
slackness simply means #,g,(x,y)=0 (i =1, 2,
ptg+m). Now we suppress the complementary term
and solve the resulted linear sub-problem. At each
time of iteration the condition (4e) is checked. If it is
satisfied, the corresponding point is in the inducible
region and hence a potential solution to (3°).
Otherwise, a branch-and-bound scheme is used to
implicitly examine all combinations of the
complementarities slackness.

Let W ={1,2, ..., p + q + m} be the index set for
the terms in (4e), F be the incumbent upper bound on
the objective function of the leader. At the kth level of
an search tree we define a subset of indices W, c W,

and a path P, corresponding to an assignment of
either #, =0 or g, =0 for /e, . Now let

S, ={itieW,u =0}

S, ={itieW,,g =0}

Sy ={iziew,}.

For ie S} , the variables u, or g, are free to

assume any nonnegative value in the solution of (4)
with (4e) omitted, so complementary slackness will
not necessarily be satisfied.

By using these notations we give all steps of the
approximation branch-and-bound algorithm for the
proposed FMMBP-PC problem:

Step 1. Give weights for the objectives of the
leader and the followers, and let

2w, =land 37w
Step 2. Transform Model G to the problem (3)

Step 3. Let the interval [0, 1] be decomposed into

2 (2"'+1)  nodes

mean  sub-intervals  with
/1(1 = 0,4»-,2"') which are arranged in the order of
0=4,<4 <---<4,, =1 and a range of errors ¢ > 0.

Step 4. Set /=1, then solve (MOLBP);’V i.e.(3") by
using an extended branch-and-bound algorithm [15]
when S =0 and a =1, we obtain an optimization
solution (x, y), .

Step 5. Transform the problem (3°) to linear BP
problem (4) by using a weighting method [10].

Step 6. Solve the problem (4).
Step 7. (Initialization) Set k=0, S;
Sy =1{l,...

=4, 5. =4,
,p+q+m},and F=ow.

Step 8. (Iteration k) Set u,=0 for ieS, and
g, =0 forieS; . It first attempts to solve (4) without

(4e). If the resultant problem is infeasible, go to Step
12; otherwise, put k<-k+1 and label the

solution (x*, y*,u*).
Step 9. (Fathoming) If F(x*,*)> F, then go to
Step 12.

Step 10. (Branching) If u'g,(x*,»*)=0, i = 1,

2, ...,p + g+ m, then go to Step 11. Otherwise select i
for which u/g,(x*,y") # 0 is the largest and label it 7, .

Put §; < §; Ui}, S, <SG,
i, to P, ,and go to Step 8.

S, « S, , append

Step 11. (Updating) Let F « F(x',3").

Step 12. (Backtracking) If no live node exists, go
to Step 13. Otherwise branch to the newest live
vertex and update S;, S;, S; and P, as discussed
below. Go back to Step 8.

Step 13. (Termination) If F =oco, there is no
feasible solution to (MOLBP),'. Otherwise, dectare the
feasible point associated with F which is the optimal
solution to (MOLBP),’.

Step 14. Solve (MOLBP),™" by Step 8 to Step 13,
and we obtain an optimization solution (x, y),. .
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Step 15. If |(x, y),» ~(x, y)s| < &, then the solution

(x', y') of the FMMBP-PC problem is (x,y),. .
Otherwise, update / to 2/ and go back to Step 8.

Step 16. Show the result of FMMBP-PC problem.

We give some explanations for these steps and
their working process as follows.

After initialization, Step 8 is designed to find a
new point which is potentially bilevel feasible. If no
solution exists, or the solution does not offer an
improvement over the incumbent (Step 9), the
algorithm goes to Step 12 and backtracks.

Step 10 checks the value of u/g,(x',y") to
determine if the complementary slackness conditions
are satisfied. In practice, if |uf g,l <107 it is considered

to be zero. Confirmation indicates that a feasible
solution of a FMMBP-PC has been found and at Step
11 the upper bound on the leader’s objective function
is updated. Alternatively, if the complementary
slackness conditions are not satisfied, the term with
the largest product is used at Step 10 to provide a
branching variable. Branching is always completed on
the Kuhn-Tucker multiplier [2].

At Step 12, the backtracking operation is
performed. Note that a live node is one associated with
a sub-problem that has not yet been fathomed at either
Step 8 due to infeasibility or at Step 9 due to bounding,
and whose solution violates at least one
complementary slackness condition. To facilitate book
keeping, the path P, in the branch-and-bound tree is

represented by a vector, its dimension is the current
depth of the tree. The order of the components of P, is

determined by their level in the tree. Indices only
appear in P, if they are in either S; or S; with the

entries underlined if they are in S, . Because the
algorithm always branches on a Kubn-Tucker
multiplier first, backtracking is accomplished by
finding the rightmost non-underlined component if F, ,
underlining it, and erasing all entries to the right. The
erased entries are deleted from S; and added to S, .

4, Conclusions

A bilevel decision making problem may be modeled to
have multiple objective functions, fuzzy parameters,
and multiple followers. The research deals with the
three issues together. This paper proposes a fuzzy
number based approximation branch-and-bound
algorithm to solve this complex problem, i.e., fuzzy
multi-objective multi-follower linear bilievel problem
with a partial decision variable among followers.
Further study includes the development of models and
approaches for other situation among followers: when
followers do not share their decision variables.
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