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ABSTRACT

This paper proposes a new hybrid uncertain design optimization method for structures which contain both
random and interval variables simultaneously. The optimization model is formulated with the feasible
robustness and the reliability of the worst scenario. The hybrid uncertainty is quantified by using the
orthogonal series expansion method that integrates the Polynomial Chaos (PC) expansion method and the
Chebyshev interval method within a uniform framework. The design sensitivity of objective and
constraints will be developed to greatly facilitate the use of gradient-based optimization algorithms. The

numerical results show that this method will be more possible to seek the feasible solution,

Keywords: hybrid uncertain optimization; orthogonal series expansion; Polynomial®Chaos” expansion;
Chebyshev interval method.

1. Introduction

In engineering, the majority of research works for structural preblems,are based on the assumption that all
parameters of the systems are deterministic. However,_a number of real-world problems inherently
contain numerous uncertain factors, e.g. various uncertainties are involved in loads, parameters, material
properties, fraction tolerance, boundary conditions and.geometric dimensions in the whole life cycle of
design, manufacturing, service and aging. To.enhancerstructural design performance and safety, there is
an increasing demand to incorporate the impact of.uncertainties quantitatively into the design problem of
structures. In the area of uncertain optimization, the reliability-based design optimization (RBDO) and the
robust design optimization (RDO) represent two major paradigms. RBDO [1] is a well-known type of
design method under uncertainties, which has been widely studied over the past decades [2-6]. RBDO
focuses on a risk-based selution taking into account the feasibility of target at expected probabilistic
levels, in which the risk measure is commonly expressed by the probabilities of failure. Besides the
RBDO, RDO [7] is another important type of design method consisting of uncertainties, which aims to
determine a design to-eptimize the deterministic performance, while making it insensitive with respect to
uncertain variables./As a matter of fact, the RBDO and RDO can be studied in a unified framework [7, 8],

as the RBD@ and RDO belong to the broad family of design optimization under uncertainty.

The implementation of the design optimization considering uncertain parameters generally contains two
procedures. The first is the optimization algorithm for seeking the optimum solution at the nominal values
of the design variables, while the second is the uncertainty quantification that quantifies the uncertainty
by using some evaluation indexes, such as the probability of failure or the generalized reliability index [4],

the variance of evaluation functions (objective and constraint functions) in RDO [9] and so on. In most
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cases, the two procedures are implemented by using the double-loop [1, 10] or the sequential single-loop
optimization [11]. There also have been some studies that try to combine the two procedures into one
single step, e.g. the single-loop optimization in RBDO [3, 12, 13]. Since the first procedure only refers to
the conventional optimization algorithms, the second procedure for uncertainty quantification (or

uncertainty analysis) will be the key for design optimization under uncertainty.

Uncertainty can be classified into two different types [14, 15], namely aleatory and epistemic uncertainty.
Aleatory uncertainty, also termed as objective or stochastic uncertainty, describes the inherent variation
associated with a physical system or environment. Epistemic uncertainty or subjective uncertainty, on the
other hand, derives from some level of ignorance or incomplete information about‘a physical system or
environment. The aleatory uncertainty is commonly expressed by the random. variables while the
epistemic uncertainty may be described as the interval variables or fuzzy-variables and so on. Since a
number of engineering problems not only involve the aleatory uncertainty but,also contain the epistemic

uncertainty, this paper studies the design optimization problems of structures under the hybrid uncertainty.

In the quantification of the uncertainty about random variables, the.optimization method [1], Monte Carlo
simulation [16, 17], and Polynomial Chaos (PC) expansion method [18, 19] are usually employed. The
optimization method is mainly used in the first-order reliability method (FORM) to find the most
probable point (MPP) [3]. The optimization methodyhas also been combined with the response surface
method to quantify uncertainty [5, 20]. The Monte Carlo simulation can be conveniently implemented to
produce a more comprehensive statistic information for evaluation functions, such as mean, variance,
probability of failure, probability density function (PDF) and cumulative distribution function (CDF).
However, the Monte Carlo simulation‘usually requires the information from a large number of sampling
points. Its rate of convergence is” of order 1/\/N , which may be computationally prohibitive in
engineering. The PC expansion-method which is a kind of spectral decomposition method can be used to
estimate the response of system with random variables, to greatly reduce the computational cost. The PC
expansion method expands evaluation functions with respect to random variables using the corresponding
orthogonal polynomials. After the PC expansion, the mean and variance of the evaluation functions can
be calculated conveniently by using the characteristic of the orthogonal polynomials, and the Monte Carlo
simulation may also be applied to estimate the PDF and CDF of the evaluation functions after the

expansion. More application of the PC expansion method can be found in [21-25].

For interval uncertainty analysis, the evaluation indexes of uncertainty are described by the upper and
lower bounds (maximum and minimum values) of the evaluation functions. The bounds of evaluation

functions can be calculated using optimization methods [26, 27] or interval arithmetic [28-31]. The
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optimization methods may capture the exact bounds of the evaluation functions if the optimization
algorithms have the capacity to seek the global optimum. Since the global optimization algorithms are
generally time-consuming, the gradient-based optimization algorithms are usually employed to find a
local optimum solution, which will be effective when there are not multiple local optimal solutions in the
uncertainty range. Interval arithmetic is the other effective method to estimate the bounds of the
evaluation function, and it may produce an envelope of the evaluation function. The interval arithmetic
has higher efficiency than the optimization algorithm, but the envelope is usually wider than the actual
bounds, which is known as the overestimation phenomenon [32]. There have been some techniques
developed to control the overestimation, such as the Taylor series expansion method [33, 34] and
Chebyshev interval method [35]. The Chebyshev interval method expands the evaluation function with
respect to the interval variables using the Chebyshev polynomials and then uses the.interval arithmetic to
estimate their bounds In fact, the Chebyshev method is also a special case, of.spectral decomposition
method, since it expands the original function as an orthogonal series. However, the Chebyshev
polynomials expansion only needs the information of bounds rather than the precise information of the
probability distribution for uncertain variables, which is different from-the traditional PC expansion for

problems with random variables.

The uncertainty quantification methods mentioned above-are-only focused on one type of uncertainty, but
many engineering problems involve both types of ‘uncertainty simultaneously. Qiu et al. [36] proposed a
probabilistic and interval hybrid reliability model.to solve the structural design optimization problem, but
the expression of limit state functions is required to be simple. Gao et al. [37] studied the hybrid
uncertainty analysis for structures,dn which both the Taylor expansion and Monte Carlo simulation are
combined to determine the bounds of mean and standard deviation of the evaluation functions. Jiang et al.
[38] employed the nested .double-loop optimization to implement the analysis of hybrid uncertainty, in
which the outer layer optimization is to find the MPP induced by the aleatory uncertainty and the inner
layer optimization s to seek the extreme values under epistemic uncertainty. Li et al. [10] presented a
multi-objective-robust optimization to explore the design problems of parametric uncertainties involving
both random ‘and interval variables in foam filled thin-walled tube, in which the nested optimization

procedure and"Kriging surrogate model were employed.

The nested optimization is computationally prohibitive for structural design problems in engineering, so
Du et al. [39] used the sequential single-loop optimization to analysis the hybrid uncertainty. Luo et al.
[40] also proposed a sequential approximate programming and iteration scheme to solve the RBDO with
hybrid uncertainties. Ge et al. [41] applied the single-loop optimization for the hybrid reliability
assessment. A hybrid approach for the analysis of randomly vibrating structures was presented in



reference [42], in which the random process and fuzzy variables were used the describe the hybrid
uncertainty. The optimization algorithm is used to handle the fuzzy variables. Eldred et al. [43] combined
the PC expansion and interval optimization to quantify the hybrid uncertainty. However, most of the
methods mentioned above are normally realized by using the optimization algorithms so that the
efficiency will be low. Recently, Wu et al. [44] combined PC expansion method and Chebyshev interval
method to develop a new uncertainty analysis method for vehicle dynamics performance under the hybrid

uncertainty, which will be employed in this study.

In this paper, we will systematically combine the interval arithmetic, the Monte Carlo simulation and the
PC expansion theory to quantify the hybrid uncertainty, so as to deliver a new hyhrid uncertainty based
optimization method for structures including design sensitivity analysis for interval mean and interval
standard deviation. In the proposed method, the evaluation functions are firstly-expanded via a series of
orthogonal polynomials with respect to both the random and interval variables.” After the expansion, the
interval mean and interval variance of evaluation functions are calculated conveniently and effectively by
using the characteristic of orthogonal polynomials. At the same“time; the derivatives of the interval
objective function and constraints can be evaluated, to ‘enable’the application of gradient-based
optimization algorithms to the uncertainty design optimization. Finally, the Monte Carlo simulation will
be applied to estimate the PDF and CDF of the two boundsof the evaluation functions. It is noted that the
Monte Carlo simulation is not computationally expensive in this case, because we have built a relatively
cheap (orthogonal series based) surrogate model. for the original complicated evaluation functions. The
optimization under hybrid uncertainty{is formulated with the feasible robustness under the aleatory
uncertainty and the reliability of /the. worst scenario under the epistemic uncertainty. Two typical
numerical examples will be used to demenstrate the effectiveness of the proposed method.

2. Hybrid uncertainty optimization model

The conventional deterministic optimization model can be expressed as follows:

min  f(x)
st. g(x)<0 1)
x' <x<x!

where xeR™ are the m-dimensional design variables, f(x) is the objective function, and
g(x)=[g,(x) -+ g,(X)]" is the k-dimensional constraints. All the design variables in the vector x and

other parameters are deterministic in the above equation.

As aforementioned, we will extend the deterministic optimization problem as an uncertain optimization

problem. If the design variables and parameters are supposed to involve uncertainty, there may be some
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uncertain variables contained in both objective and constraint functions. Thus, the optimization
formulation will be changed to the following model

mxin f(x+mn,&)

st.  g(x+n,&) <0 (2)

X' <x<x

where n=[#1 ...7m]" are the uncertain part of the design variables, &=[¢1 ... &]" denotes the uncertain
parameters. It is noted that the  and & can be either random variables or interval variables, or the mixture
of random and interval variables. However, for simplicity but without losing any generality, this study

will only consider parameters & as the n-dimensional independent random variables; and. n as the m-

dimensional independent interval variables, to be noted by [n]=[n,7n], in which nand 7 are the lower

bounds and upper bounds of the interval variables, respectively.

Since both the objective function f and constraints g contain the uncertain-variables, the objective and

constraints should be re-formulated to reflect the influence of the uncertainty. Firstly, if only the random
variables are included in f and g, the mean y and pg, as well.as the variance o and cgare usually used
as uncertainty evaluation indexes. For the feasible robustness approach, the objective and constraints will

be the weighted summation of the mean value and standard deviation, so the uncertain optimization

model can be transformed to the following expressiony[7, 45, 46]

min - wyu, (X +glE)+w,o, (x+[nl.&)

st Wi, (X+[n].8)+w,e, (x+[n],§)<0 (3)
Xt x<x

where wi and w, are the weighting coefficients for the mean value and standard deviation in the objective
function, Here we can set:them as wi = 1, and w, = 1. If is noted that there is_no requirement that wi + wo
=1, as the value of an objective function can be multiplied by a positive number, which does not change
the characteristics.of the original objective function in_the optimization process. In_this_case, the
optimization_under ithe new._objective function will_provide the same optimal point as_the original
objective function, ws.and w, are also the weighting coefficients for the mean and standard deviation of

the constraints, and set as ws = 1. and w4 = 3 in this paper. If the constraints can approximately satisfy the

a_standard_normal_variable. For_example, in_this _paper wa is_considered as 3 which means_that_the
robability of the constraint satisfaction will be #(3)=0.9987 [45]. Fi

in the RDO. If the constraints are close to the normal distribution, the solution (red solid line) obtained by
using the constraint of RDQ maodel has quite small probability to fail, but solution (blue dash line) of the

deterministic optimization. model has almost 50% probability to fail.
7
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For the stochastic optimization problem, there are several types of RDO- models considering random
variables, depending on the expressions for robustness measures, which. mainly contain the expectance
measure of robustness which is used in this paper, probabilistic threshold measure of the robustness, and
statistical feasibility robustness [45]. In general, the expectance measure can be obtained more easily than
the other two measures, because the expectance measure.only depends on the mean and variance while
other two measures compute the conditional CDF of the objective or constraint functions. This paper uses
the expectance measure, as the PC expansion can gbtainthe mean and variance convinently. It is worth to
note that the PC expansion can also be used.to\compute the CDF, but an additional Monte Carlo
simulation may be required after the implementation of PC expansion, which costs the computation in the

optimization process.

Secondly, considering the additional interval uncertainty [n] included in the Eq. (3), the value of the mean
and standard deviation would also be an interval number rather than a real number. Therefore, the mean
and standard deviationvary between their lower bounds and upper bounds. To guarantee the reliability,
the worst case scenario will be considered in the optimization formulation, which uses the maximum
value (or the/upper“bounds) of the original objective function and constraints as the new objective

function and constraints. Hence, the optimization model can be expressed as follows:
mxin W, £ (X+[11],§)+W25f (X+[T|]:F5)
st iy (x+[].&)+w,o, (x+[n],§)<0 (4)

X <x<x“

The above optimization problem can be solved by many traditional optimization methods. Here the
discussion of the optimization algorithm is out of the major scope of this study. The key procedure in the
optimization is the evaluation of the objective function and constraints. Both the objective function and



constraints are composed of the bounds of interval mean and interval deviation, so how to obtain the two

measure metrics efficiently is an important issue, which will be discussed in the next section.

3. Hybrid uncertainty analysis method
3.1 Hybrid uncertainty analysis by the orthogonal series expansion

This section will briefly discuss the orthogonal series expansion (OSE) method for analysis of the hybrid
uncertainty. For more details readers can be referred to [44]. Consider the function F(E, [n]) which
includes both the random variables & and interval variables [n], where the n-dimensional random
variables are assumed to be in the form of standard Gaussian distribution & e N0, 1)",and the m-

dimensional interval variables are defined as [n]=[-1, 1]" .

To evaluate the interval mean and interval variance of F(&, [n]), which will be expanded by using the p-th

order of truncated sparse Hermite series with respect to the random variables &:as
S-1
F& ) =54 E) ()
j=0

where the gj([n]) denotes the coefficients of Hermite polynemials, ¢; denotes the n-dimensional sparse
Hermite polynomials which are the basis of the expansion and are produced by the product of 1-

dimensional Hermite polynomials, shown as

¢o(§) =1,
¢1(§) = H1(§1)1 ’¢n(é) = Hl(fz)’
$12(8) = Ho(E) P (@)= HiEIHL(E), Ry (©)=H,(&), ©)

2In!

where H; denotes the 1-dimensional Hermite polynomial with order i. S is the number of terms of the n-
dimensional sparse Hermiteiseries with order p, i.e. S=(n+p)!/(n!p!). The Hermite polynomials for
functions with Gaussianwrandom variables can get the optimal convergence. For the random variable with
uniform probability distribution, the Legendre polynomials are used as the basis that can produce better

accuracy. More orthogonal polynomials basis for other random variables can be found in [19].

The coefficients 3;([n]) have a relationship with interval variables [n], so they can be expanded by the

Chebyshev polynomials [35]. Expanding the coefficients fj([n]) with respect to [n] using the p-th order

truncated Chebyshev series, we can obtain its Chebyshev inclusion function as follows:
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Here gi; denotes the elements in the coefficient matrix g with K rows and S columns, y; denotes the m-
dimensional sparse Chebyshev polynomials [35, 44], and K is number of terms of m dimensional

Chebyshev series with order p, i.e. K=(m+p)!/(m!p!).

The coefficient matrix p can be obtained by using the least squares method twice [44]

-1 -1

B=(X,) X, ) X, () F'X,(&)(X,E)X,E)") (8)
where X; is the transform matrix about the interval variables, X, is the transform matrix about random
variables, and F is the function value matrix at the collocation points of random variables and interval

variables. Using ®=[g,, -, ¢, ,]' and ¥=[y,, ---, w,,]' to denote the vectorsy of Hermite

polynomials and Chebyshev polynomials, respectively, the two transform matrix-will be expressed by
X, (m=[P*m®) - ¥a")] . X,@=[eE”) - ®E")] 9)
where the &”(i=1,...,N) denotes the collocation points of the random variables which are selected from

the zeros of Hermite polynomials with order p+1, and n" (i £1,...,M) are the collocation points of
interval variables selected from the zeros of the (p+1)-th Chebyshev polynomials [35, 44]. To enhance the
numerical stability of the least squares method in Eq. (8)ythe-number of collocation points are usually
selected by the following criteria: N>2S and M>2M. Hence, the matrix of function value is expressed as

FE”N®™) - FEY ™)

F= (10)

FE ) = FE™n™)

The order p for the expansion process can be determined by the variation of coefficients p. In general
physical problems, the low-erder terms dominate the system rather than the high-order terms, which
means the coefficients of-high-order terms will be convergent to 0 gradually. Therefore, we can increase
the order of the orthogonal series sequentially and compare the variation of coefficients to determine the

order to be used, The termination criterion can be defined as following expression

Sy AT
SIp.] @

where the subscript p denotes the order of the expansion, and c is a small criterion number, e.g. c=2%

used in this paper. Once the previous criterion is satisfied, we can stop to increase the order of expansion
and use the p-th order orthogonal series to expand the original function.

The Chebyshev series may be transformed to the power series, so the Eq. (7) can be expressed by the

following power series
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L5, 1(In])= Zﬂ.,w.([n]) Za., R ([nD) (12)

where ¢, ; are the elements of coefficient matrix o of the power function Pj, and the m-dimensional

power function P.(n) are defined as follows:

R(m) =1
R =mn, ... ,P.m)=n,,
P =n P, =mnn,, ..., m+2 (1]) n2, (13)

2'm|

The coefficient matrix a can be calculated by using a linear transformation from-the coefficient matrix p,

or evaluated by the least squares method, i.e.

o= (X, X,m) X, F'X,(©)(X,@)X,@)) (14)
where the F and X; are as the same shown in Egs. (9-10), and the transform matrix X is expressed by
X, =[P@®) - PO™)]J" (15)

Here P=[P,, ---, P._,]" denotes the vector of the power function.

Once the coefficients are obtained, the interval mean [ ] and interval variance [c2] of the evaluation

functions can be calculated based on the PC expansion theory [18, 19] and interval arithmetic, as follows

Lo 1= BN = P (CnD) (0

[oF1=3 B (9= Z[Za .([n])j (#7) a7

j=1\/i=0

where < ¢? >=<¢,,4, » and the'operation <u, v> represents the inner product of u and v.

Using Egs. (16-17) tocalculate the interval mean and interval variance of function f and g given in Eq. (4),
the uncertainty ‘eptimization can be implemented. It can be found that the proposed method handles the
random variables and interval variables in one integrated framework, and can be implemented easily.
After obtain the function value matrix F at the collocation points (Eqg. (10)), the coefficients can be
produced by the least squares method, and then the interval mean and variance can be calculated

according to the above two equations.
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3.2 Sensitivity analysis with the hybrid uncertainty

When the gradient-based optimization algorithms are used as the optimization algorithm, the derivatives
of objective and constraints with respect to the design variables are required. Although the finite
difference method can be used to approximate the derivatives, the computational cost will be expensive
so the numerical accuracy will be low for large-scale optimization problems. In this section, we will

derive the first-order derivatives of the interval mean and interval standard deviation.

Based on Eq. (4), it can be found that the derivatives of the evaluation functions (both the objective
function and the constraints functions) with respect to x is equal to the derivatives with respect to 7,
Considering the 1-dimensional case, the coefficients of Hermite polynomials in Eq¢.(12) can be regarded

as a standard power series with respect to [77]

K-

[3,1(In1) Za. P =, +Za. [ (18)
If there is a small increment Az, the coefficient can also be expressed-as-another standard power series
[B1([m+An)=ay, +Za.  ([r]+An) =h, +Z il (19)

where the coefficients b; will be determined by

b,=a,+(i+1)e A77+O(A77) (20)

i+1,]

Using the interval arithmetic, the upper and lower bound of the coefficients can be calculated by

,Bj =+ Z ai’jsign (ai’j )+ Zai]jH (ai]j) (21)
i=20~1 i=2q
Bi =+ Z @ ;sign (—aiyj )+ Zai'jH (—ai’j) (22)
i=29-1 i=2q
where g denotes the pesitive Integer, and the sign function sign(x) and Heaviside step function H(x) are
defined as
1, x>0 1, x>0
sign(x)= , H(x)= 23
gn (%) {—1, x<0 () {O, Xx<0 23)

Combining Egs. (18)-(22) and neglecting the discontinuous points that are a;; =0, the derivative of the

two bounds of the coefficients can be expressed by

0B, . B(lm+an)-B(ln]

%:AI?I]TO ( A; ( ) +|§—1 I+l |+118|gn( IJ) |—Zz;q(l+l) |+le(ai,j) (24)
op; . Billm+An [77] _

;ZALI]TO_ ( A,g i( +|qu:—1 I+1Jslgn( ) i-zz:j(Hl)aM'jH(_ai’j) (25)

12



The Eqgs. (24-25) contain the sign function and Heaviside step function, which will make the derivatives
unsmooth. The unsmooth derivatives may make the optimization process unstable, so the following

approximation projection method is used to smooth the sign function and Heaviside step function
sign(x) ~ tanh(yx), H (x)z%+%tanh(;/x) (26)

where the coefficient vy is a positive real number. The function tanh(yx) will be equal to sign(x) when the

parameter y tends to be infinite. Therefore, the derivatives of the two bounds will be transformed to

7 .

oB, _ +1

. @, +._Z (i +1)ai+1,jtanh(_7/ai,j)+27ai+1,j <1+tanh(—yai,j )) (28)
i—20-1 i=2q

Combining Egs. (16) and (27), the derivative of the upper bound of the interval. mean will be

ou.  of, : i+1
8L77F = aii; =a,,+ i—ZZq—l(I +1) e, otanh (yai’O ) + .—22:'1 %amo (1+ tanh (yai’o )) (29)

Using the interval arithmetic in Eq. (17), the upper bound of the interval*variance can be calculated by
S-1 _
a2 =2 max (B, 57 ){¢}) (30)
j=1

Therefore, the derivative of the upper bound of the standard’deviation is given as

_ 0B, -
2 72 2 72 268.—L . |B.|> 8.
00 1 5 a(max(éj g )) <¢-2>. whefe a(max(éj P )) _ b on ‘ﬂj‘ 2 ‘éJ‘ an

! 0 08, . —
! 2@1(%’ ‘ﬂj‘<‘§j‘

Based on the sensitivity information given by Eq. (29) and (31), the hybrid uncertainty optimization

defined in Eq. (4) can be implemented by conventional gradient-based optimization algorithms.

4. Quantification.ofthybrid uncertainty

We can obtain-the interval mean and interval variance of evaluation functions based on the derivation in
the previous section, but these two evaluation indexes may not provide the comprehensive information of
the hybrid\ uncertainty. Besides the interval mean and interval variance, the hybrid uncertainty can be
more comprehensively assessed by the p-box, the measures of belief and plausibility in the evidence
theory [14, 47]. Here the PDF and CDF of the lower and upper bounds of evaluation functions will be
applied to express the comprehensive information. The CDF of lower bound may be equivalent to the

measure of belief, while the CDF of the upper bound may be equivalent to the measure of plausibility.

Substituting Eq. (7) into Eq. (5), the evaluation function can be expressed by

13



i=0 \_j=0

(el - 2 S amln )]¢j(é)=_“[“ﬂ.,¢ jt//.([n]) @

Therefore, the two bounds of the evaluation functions will be defined as

Fl )m'anj[fZ_;M J (n), F(&[ )maXZ_l[SZ_fﬁ.w J (m) (33)

The optimization algorithms or scanning method can be used to calculate the two bounds with respect to
interval variables. On the other hand, the bounds of evaluation functions contain the random variables &

so we can obtain the PDF and CDF of the bounds through the Monte Carlo simulation. It.should be noted

that both the optimization process and Monte Carlo simulation are not computationally expensive in this
case, because the analytical expression (Eq. (32)) has been obtained.

To verify the proposed method, we consider the following test example. For simplicity, the F(&,[7]) is a

scalar function containing 1-dimensional random variable & e N(0, Dyand:1-dimensional interval variable
[71=[-1, 1], which is defined as

FEln) =2 sm[[’ﬂ}

The proposed orthogonal series is used to expand Eq: (34). Using the different order of polynomials to

expand the function and computing the coefficients; we have > |B,||, =0.49, > ||B,[, =0.97

2 [Ba]. =

polynomial is very small, we will choese'the second order polynomial to implement the OSE based on the

(34)

, and
0.98. Since the variation between the\coefficient of the second order polynomial and third

Eq. (11). Therefore, the number ofcollocation points and interpolation points are set as N=M=3. As a
result, the total number of computing points for the original function is NxM=9.

25

n

== PDF(Ib) MCST

AL amwE

=+ PDF(ub) MCST

Te—
‘._‘
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1 ¥ EE %
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Figure.2 (a) The PDF of two bounds
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Figure.2 (b) The CDF of two bounds
(“Ib”: lower bound; “ub”: upper bound; “MCST”: Monte-Carlo-Scanning-Test;
“OSE”: Orthogonal Series Expansion)

After obtaining the coefficients, the Monte Carlo simulation and optimization algorithm can be used to
obtain the sampling data of the bounds. Based on a large amount of sampling data, we can plot the PDF

and CDF of the two bounds for the function F, shown in Fig.2:

The reference result of the PDF and CDF of the two bounds'can be obtained by the combination of Monte
Carlo simulation and the scanning test for the original function, termed as Monte-Carlo-Scanning-Test
(MCST). The MCST uses the Monte Carlo simulation collect the sampling points in the space of random
variables and employs the scanning test that Is a symmetrical dense grid to sample the space of interval
variables. The scanning test will fing. the“bounds of the evaluation function, and the Monte Carlo
simulation will find the corresponding PDF and CDF. The results of MCST are also given in Fig.1, which
shows that the PDF and CDF of two bounds obtained by the OSE method is very close to that of MCST.
In practical applications, the cost of evaluating the original function is very expensive usually, so we use
the number of evaluating,the original function as the index of efficiency. For this numerical testing
example, the 10000:samples are used in the Monte Carlo simulation and 10 symmetrical samples are used
in the scanning test, so the total number computing the original function is 10000x10, which is much
larger than, thex9-samples used in the OSE method. Hence, the OSE method has higher efficiency than the
MCST.

To demonstrate the efficiency of the proposed OSE method, another uncertain quantification method by
Eldred et al. [43] was also employed in this paper in the test example. Eldred’s method applied an
optimization algorithm to seek the bounds of interval variables, and the PC expansion to handle random

variables, so this method was a kind of interval optimization-based method. In ordedr to compare
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Eldred’s method with our OSE method, we still employ the second order polynomials expansion to
handle the random variable, so the numbers of computing original functions for both methods are the
same, namely 3. Here, the sequential quadratic programming (SQP) is used to find the bounds of the
interval variable, and the two bounds are obtained after 16 evaluations of the original function. Since the
function is monotonic with respect to the interval variable, the results obtained by the SQP method is
globally optimal. As a result, the accuracy of the Eldred’s interval optimization-based method is almost
the same as the OSE method in this paper. However, the total number of function evaluations for Eldred’s
method is 16x3=48, which is also larger than the 9 samples used in the OSE method. Hence the proposed
OSE method has higher efficiency than Eldred’s method.

If the random variable is considered as constant, e.g. &=1, then CDF of the two bounds will be a
degenerated into two vertical lines (pure interval), and the PDF will be infinite. On.the other hand, if there
IS no interval variable in the function, the CDF of the two bounds will be one traditional CDF. Some
researchers just consider the uncertain-but-bounded variables as uniformlydistributed random variables,
which may produce some large deviations. For example, if the uncertain-variable # in Eq. (34) is assumed
to satisfy the uniform distribution, i.e.  ~ U(-1,1), we can draw I1ts.PDF and CDF of F(¢, #) by using the
Monte Carlo method, shown in Fig. 3. However, if the actual probability distribution is  ~ Beta(2,4) or »
~ Beta(4,2), the corresponding PDF and CDF of function F(&, ) will be quite different, shown as Fig. 3.
Since we do not know the actual distribution of 7, the unfit assumption will make a large error. In this
case, if we just use the bounds information, the envelope of the possible actual CDF can be obtained, i.e.
the various CDF under different probability distribution are contained in the CDF belt constructed by the
bounds of hybrid uncertainty (Fig. 3).
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Figure 3 (a) The PDF of F(¢, ) for different types of random variable
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5. Numerical examples of Structure optimization

In this section, two design optimization problems for structures that are the 18-bar planar truss and 25-bar
space truss are used to show the effectiveness of the propesed-design optimization method under hybrid
uncertainty. The cross-section areas of the structure are.the design variables, which are also considered as
interval variables. The modulus of elasticity and the material density of the bar are regarded as random
parameters. The results of the proposed hybrid uneertainty optimization will be compared with that of the

conventional deterministic optimization andithe conventional random optimization.

5.1 18-bar planar truss structure

Figure 4 shows the 18-bar cantilever planar truss structure. The objective function is to minimize the total

weight of the planar truss by satisfying the stress limitations of +20000Ib/in* and Euler buckling
compressive stress limitation:

KE

L2

b =

, (35)

where K=4 is'a constant determined by the cross-sectional geometry, E is the modulus of elasticity with
nominal valtes10’ Ib/in?, L;is the ith member length, and A; denotes the cross-sectional area of the ith

member. The minimum cross-sectional area of members is 0.1 in?, and the maximum value is 50 in?.
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Figure 4 18-bar planar truss structure

The members can be classified into four groups when the cross-sectional areas are,regarded as the design
variables: x; (A1, A4, Ag, A2, Atg), X2 (A2, A, Aro, Aig, A1g), X3 (As, Az, A1z, Ass), and X4 (As, Ag, Asz, Ar7).
Considering the design variables as interval variables, the interval width is 0.1in?. The nominal value of
the material density p=0.1Ib/in®, and the vertical loads is P=200001b" acting on the upper nodes of the
planar truss. Here E and p are considered as random parameters,, satisfying the Gaussian distribution
where the mean value is the nominal value and the standard deviation is 2% of the nominal value, that is
E~N(0', (2x10°)?) and p~N(0.1, 0.002%) . For this problem, the deterministic optimization
formulation can be defined as follows:

18
min  f =ZA(X)Lip

i=1
st. g, = max(o,(¥)/b” (x,E)) <1, g,= max | ()| < 20000 (36)

i=1,...18 i=1,..,18

[0.14..0.1], <x<[50 .. 50],

where f is the total mass .of the truss, o, denotes the stress of the ith member, g; and g, are the stress
constraints and Euler buckling compressive stress limitation, respectively. Three cases of the optimization
will be considered:;
(1) the deterministic optimization without considering uncertain parameters and variables (defined as
problem (36));
(2) the uncertain optimization with considering the random parameters (E and p)

mXin f(x8)

st g(x&)<1, g,(x)<20000 (37)

[0.1 .. 0.1],<x<[50 .. 50],

where & denotes the random parameters E and p.
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(3) the uncertain optimization with considering the hybrid uncertainty for both the interval variables and
random parameters
min  f (x+[n],§)
st g,(x+[n].g)<1 g,(x+[n])<20000 (38)
[0.1 .. 0.1],<x<[50 .. 501,

where the interval variables [n]=[-0.05, 0.05]4 .

The active-set algorithm in MATLAB is used to implement the optimization, with initial values of design
variables x,=[10 10 10 10]". The objective and constraint functions are expanded by using the 2nd order
orthogonal polynomials for the hybrid uncertain optimization problem. Therefore,.the collocation points
will be chosen from the zeros of both the 3rd order Hermite polynomial‘and the’Chebyshev polynomials.
Since there are 2 random variables and 4 interval variables, the number. of coefficients for the Hermite
polynomials expansion and Chebyshev polynomials expansion wilkbe«6 and 15, respectively. To make
the least squares method stable, all the 9 zeros of the 3rd order ‘Hermite polynomial (2 dimension) are
used as the collocation points for the random variables;.and 30 zeros of the 3rd order Chebyshev
polynomial (4 dimension) are randomly chosen as the, collecation points for the interval variables. The
optimization results are shown in Table 1, which onlv.aives the solution of the design variables. It can be
found that there are only 5% difference among. the thr lutions. However, if we have a close 100k a
the constraints as_given_ in_Figs. 7-9, itcan be found that there are obvious differences among the three

solutions. Particularly, the deterministic.optimization produces the solutions which violate the constraints
with_higher probability, and in.some_ cassions even more than 50%. Thus, the deterministic optimization
will lead to a design that may not be feasible. The design optimization problems with uncertainties may
make the optimized solution satisfy the constraints with higher probability.

Table 1 Optimization results

x1(in%) X2(in%) x3(in%) x4(in%)
Deterministic 10.00 21.65 12.50 7.07
Random 10.00 22.30 12.87 7.07
Hybrid 10.10 22.44 12.97 7.18

The iteration histories for the objective functions of the three optimization problems are shown as Fig. 5.
It can be found that the hybrid uncertain optimization process normally converges after the first 20

iterations, so this hybrid uncertain optimization process is numerically stable.
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To compare the optimization results comprehensively, the PDF and CDF of the two bounds of the
objective function and_constraints are shown in Figs. 6-10. The constraint g is only related to interval
variables, so only its'CDFiisShown.
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Figure 7 CDF of f
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Figure: 9 CDF of constraint g1

It can be found that the objective functions of the random optimization and the hybrid uncertainty
optimization are more conservative than that of the deterministic optimization. However, for the upper
bound of constraint g;,~there are more than 60% probabilities to be violated for the deterministic
optimization, while _the failure probability for both the random optimization and the hybrid uncertainty
optimization is, very small (close to zero). The standard deviation for the solution of the hybrid
optimization is smaller than the solution of the deterministic optimization, which is demonstrated by the
fact that the latter has an obvious smaller peak value of PDF. However, the hybrid optimization and
random optimization provide similar standard deviations, which may be induced by the following two
reasons: firstly the two solutions are close; and secondly the constraint for the solutions of the different

cases is weak nonlinear.

For the bounds of constraint g,, the deterministic optimization and random optimization give the same
results, because both of them do not consider the interval uncertainty. Therefore, the upper bounds of the

deterministic optimization and random optimization are larger than the given condition (200001b/in?),
21



which means that the two optimization results are possible to violate the constraints. The hybrid
uncertainty optimization makes the upper bound of g, smaller than 200001b/in?, which makes the optimal

solution located inside the feasible region.
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Figure 10 CDF of constraint g2

5.2 25-bar space truss
The 25-bar truss structure for transmission towers is shown in Fig. 11. The cross-sectional areas of truss
members are regarded as interval design variables, and the.interval width is 0.1in?. The nominal value of

the material density and the elasticity modulus is p=0.11b/in® and E=10" Ib/in? respectively, which satisfy

the Gaussian distribution E ~ N (107, (2x10%)*)«and p ~ N(0.1, 0.002?).

100in

100in

Figure 11 25-bar space truss structure

The optimization problem is to minimize the total weight of the space truss. This space truss is subjected

to two loading conditions, which are shown in Table 2. The structure is required to be symmetric, so the
22



truss members can be grouped in Table 3, which also shows the stress limitations of each group. At the
same time, the maximum displacements of nodes in each direction are limited to +0.35in. The cross-

sectional areas of all members vary in the range 0.1-10 in’.

Table 2 Loading conditions

Node Condition 1 Condition 2

Py (Ib) Py (Ib) P, (Ib) Py (Ib) Py (Ib) P, (Ib)
1 0 20000 5000 1000 10000 -5000
2 0 -20000  -5000 0 10000 -5000
3 0 0 0 500 0 0
6 0 0 0 500 0 0

Table 3 Member stress limitations

X1 X2 X3 Xa X5 X6 X7

Aq Ay ~As  Ag~Ag A Az Au~Air A ~Axn  Ax~Ax

Variables

Compressive stress

o ., -35000 -11000 -17000 -35000  -6000 -6000 -11000
limitations (Ib/in®)

Tensile stress
40000 40000  40000w. 740000 40000 40000 40000

limitations (Ib/in?)

The deterministic optimization formulation can be given as

25
min =Y A(X)Lp
X i-1
st.  g,= max o (x) <40000; 9,= __moinls o;(x) > -35000; 9,= _[r;in5 o,(x) > -11000;

.....

g,= .[rging o,(X) = -17000; g.= ,_rlr}in o;(x) > -6000; g,= __rlr;in o;(x) > —-6000; (39)

9,3, O (x) = ~11000; g5= igl]?éowi (%) <035
.
17

[001 .. 001] <x<[10 .. 10]

where L; is'the length of the ith bar, o, is the stress of the ith member, and d; represents the displacement

of each node in each direction. The random optimization model and hybrid optimization model are given

as follows
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where & denotes

The initial values of the design variables are set as Xo=[1 ... 1]"1,7. The 0Objective and constraint functions

are expanded by using the 2nd order orthogonal polynomials, with 9 collocation points of the random

variables and 72

mxin f(x.&)

st g,(x)<40000; g,(x)=>-35000;g,(x)>-11000; g, (x)>-17000;
g5 (x) = —6000; g, (x)=-6000; g, (x)>-11000; g,(x,§)<0.35;
[001 .. 001] <x<[10 .. 10]

1x7

(40)

mxin f(x+[n],&)

st g,(x+[n])<40000; g, (x+[n])=-35000; g, (x+[n]) >—-11000;
g, (x+[n])>-17000; g, (x +[n]) > -6000; g, (x+[n])=-6000; (41)
g; (x+[n]) = -11000; g, (x+[n],§)<0.35;
[01 .. 01] <x<[10 .. 10]

7

the random parameters E and p , and the interval variables [n}=[-0.05,0.05]

collocation points of the interval variables.

Table 4 Optimization results

x1(in®)  xo(in®)  ®a(in?)  xa(in®) xs(in®) xe(in?) x(in%)

Deterministic ~ 0.10 1.77 295 010 0.69 195 261

Random 0.10 1.97 315 010 0.73 193  2.80

Hybrid 0.10 2.13 324 010 075 200 295

The optimization results are.shown in Table 4, and the iteration history of the objective function is

provided in Fig.

12. It can be‘found that the hybrid optimization model is quite stable and converges to

the optimum after only 20 iterations.

»

>
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” ile?:alltion ¢ 60
Figure 12 The iteration history of objective function
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The CDF of the bounds for the objective function and active constraints are shown in Figs.13-15,
respectively. The weight of the truss by using the uncertainty design optimization is larger than that of the

deterministic optimization, because the constraints of the uncertainty optimization are more rigorous.
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Figure 14 CDF of constraint g6

One of thewactive constraints ge is only related to the interval variables, so its CDF will be two vertical
lines, as shawn in Fig.14. Since g is only related to the interval variables, the random optimization and
the deterministic optimization almost lead to the same results, and the lower bound of g is smaller than -
60001b/in?, which indicates that the constraint is not satisfied. However, for the hybrid uncertainty design
optimization, its lower bound is larger than -60001b/in? so it satisfies the constraint even in the worst case

of scenario.
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The CDF of the other active constraint gs (<0.35) are given in Figs. 15. It{can be seen that the failure
probability of the deterministic optimization is around 90% for the worst caseyof scenario. The failure
probability of the random optimization is much smaller, but it is stifl-has.about 10% failure probability
under the worst condition. However, the failure probability of the’hybrid uncertainty optimization tends to

zero under worst case of scenario.

6. Conclusions

This paper has developed a new hybrid uncertain design eptimization method, in which both aleatory and
epistemic uncertainties are considered simultaneously. The numerical analysis for the hybrid uncertainty
is implemented by using the orthogonal series expansion (OSE) method. To save the computational cost,
the interval arithmetic is applied to estimate the interval mean and variance of the objective and constraint
functions. The design sensitivity/of the objective and constraints are explicitly developed to facilitate the
direct application of many gradient=based optimization algorithms. First, the results of one mathematical
test example show that the proposed OSE method has similar accuracy of the Monte Carlo simulation and
scanning test methods but it has much higher efficiency. Second, two typical structure optimization
problems have been utilized to showcase the effectiveness of the proposed method. Their optimization
results denote that the hybrid uncertainty optimization method can satisfy the constraints in the worst case,
but the traditional deterministic optimization and random optimization may produce unfeasible solutions.
The convengnace process demonstrates the proposed method is numerically stable and converges well.
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