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ABSTRACT. We provide a sphere-packing lower bound for the optimal error probability in finite blocklengths
when coding over a symmetric classical-quantum channel. Our result shows that the pre-factor can be
significantly improved from the order of the subexponential to the polynomial. This established pre-factor
is essentially optimal because it matches the best known random coding upper bound in the classical
case. Our approaches rely on a sharp concentration inequality in strong large deviation theory and crucial
properties of the error-exponent function.

1. INTRODUCTION

The probability of decoding error is one of the fundamental criteria for evaluating the performance
of a communication system. In Shannon’s seminal work [1], he pioneered the study of the noisy coding
theorem, which states that the error probability can be made arbitrarily small as the coding blocklength
grows when the coding rate R is below the channel capacity C. Later, Shannon [2] made a further step
in exploring the exponential dependency of the optimal error probability €*(n, R) on the blocklength n
and rate R, and defined the reliability function as follows: given a fixed coding rate R < C, E(R) :=
lim sup,, , , —%log €*(n,R). The quantity F(R) then provides a measure of how rapidly the error
probability approaches zero with an increase in blocklength. This asymptotic characterization of the
optimal error probability under a fixed rate is hence called the error exponent analysis. For a classical
channel, the upper bounds of the optimal error can be established using a random coding argument [3].
On the other hand, the lower bound was first developed by Shannon, Gallager, and Berlekamp [4] and
was called the sphere-packing bound. Alternative approaches by Haroutunian [5] and Blahut [6] were
subsequently proposed.

In recent years, much attention has been paid to the finite blocklength regime [7, 8]. Altug and Wagner
employed strong large deviation techniques [9] to prove a sphere-packing bound with a finite blocklength
n. Moreover, the pre-factor of the bound was significantly refined from the order of the subexponential
exp{—O(y/n)} [4] to the polynomial [10, 11]. This refinement is substantial especially at rates near
capacity, where the error-exponent function is close to zero; hence, the pre-factor dominants the bound
[12, 13].

Error exponent analysis in classical-quantum (c-q) channels is much more difficult because of the
noncommutative nature of quantum mechanics. Burnashev and Holevo [15, 16] investigated reliability
functions in ¢-q channels and proved the random coding upper bound for pure-state channels. Winter [17]
adopted Haroutunian’s method to derive a sphere-packing bound for c-q channels in the form of relative
entropy functions [5]. Dalai [18] employed Shannon-Gallager-Berlekamp’s approach to establish a sphere-
packing bound with Gallager’s expression [4]. It was later pointed out that these two sphere-packing
exponents are not equal for general c-q channels [19]. In this work, we initiate the study of the refined
sphere-packing bound in the quantum scenario. In particular, we consider a “symmetric c-q channel”
(see Section 2 for a detailed definition), which is an important class of covariant channels (e.g. [20]),
and establish a sphere-packing bound with the pre-factor improved from the order of the subexponential
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in Dalai’s result [18] to the polynomial. Our result recovers Altug and Wagner’s work [10] for classical
symmetric channels including the binary symmetric channel and binary erasure channel. Furthermore, the
proved pre-factor matches that of the best known random coding upper bound [21] in the classical case.
Hence, our result yields the exact asymptotics for the sphere-packing bound in symmetric ¢-q channels.
The main ingredients in our proof are a tight concentration inequality from Bahadur and Ranga Rao
[9], [13] (see Appendix A) and the major properties of the sphere-packing exponent [22]. We remark
that the result obtained in this paper might enable analysis in the medium error probability regime of a
classical-quantum channel [12, 13, 14]. We leave the case for general c-q channels as future work [23].

This paper is organized as follows. We introduce the necessary notation and state our main result in
Section 2. Section 3 includes the crucial properties of the error-exponent function. We provide the proof
of the main result in Section 4. Section 5 concludes this paper.

2. NOTATION AND MAIN RESULT

2.1. Notation. Throughout this paper, we consider a finite-dimensional Hilbert space H. The set of
density operators (i.e. positive semi-definite operators with unit trace) on H are defined as S(H). For p,o €
S(H), we write p < o if supp(p) C supp(o), where supp(p) denotes the support of p. The identity operator
on H is denoted by 1. When there is no possibility of confusion, we skip the subscript #. We use Tr [ -] as
the trace function. Let IN, R, and R~ denote the set of integers, real numbers, and positive real numbers,),
respectively. Define [n] := {1,2,...,n} for n € IN. Given a pair of positive semi-definite operators
p,0 € S(H), we define the (quantum) relative entropy as D(p||o) := Tr[p (logp — logo)], when p < o,
and +oo otherwise. For every a € [0,1), we define the (Petz) quantum Rényi divergences D, (p|lo) :=
—LlogTr [p®c'7®]. For a = 1, Di(p|o) := lima—1 Da(pllo) = D(pllo). Let X = {1,2,...,[X[} be
a finite alphabet, and let P(X) be the set of probability distributions on X. In particular, we denote
by Uy the uniform distribution on X. A classical-quantum (c-q) channel W maps elements of the
finite set X’ to the density operators in S(H), i.e., W : X — S(H). Let M be a finite alphabetical
set with size M = |M|. An (n-block) encoder is a map f, : M — X™ that encodes each message
m € M to a codeword x"(m) := z1(m)...zp(m) € X™. The codeword x™(m) is then mapped to a state
wen - = Waiim) @ - @ Wy m) €S (H®™). The decoder is described by a positive operator-valued

x™(m)
measurement (POVM) II,, = {IL,1,...,IL, ps} on H®", where II,,; > 0 and Zf\il II,; = 1. The pair
(fn,II,) =: C,, is called a code with rate R = %log\./\/(\. The error probability of sending a message
m with the code C,, is €,(W.C,,) :== 1 —Tr (Hmmen(m)). We use €nax(W,Cp) = maxpmen €m(W,Cp)
and éW,Cp) = &3, camem(W,Cp) to denote the mazimal error probability and the average error
probability, respectively. Given a sequence x" € X", we denote by Pyn(x) := %Z?:l 1{x = x;} the
empirical distribution of x".

Throughout this paper, we consider a symmetric c-q channel defined as

W, = Ve twy(vhz=l veex, (1)

where Wy € S(H) is an arbitrary density operator, and V satisfies viv = vt = vI¥ = 14, We
define the following conditional entropic quantities for the channel W with P € P(X): D, (W|o|P) :=
> wex P(@)Do (Wello). The mutual information of the c-q channel W : X — S(H) with prior distribution
P € P(X) is defined as I(P,W) := D (W|PW|P), where PW* := " _, P(x)Wg, a € (0,1]. The

(classical) capacity of the channel W : X — S(H) is denoted by C':= maxpepx) [(P,W). Let
Es(é)(R7 P) ‘= Sup {EO(Sv P) - SR}
s>0

9 o .oa—1
Es(p)(R,P) ‘= sup min

R_Da %4 P s
0<a<10ES(H) « ( (Wle|P))

where we denote by Fy(s, P) := —logTr [(PWl/(HS))HS] an auxiliary function [16, 22]. The sphere-
packing exponent is defined by

Egp(R) := EY(R, P) = E@(R,P 2

P( ) Plélﬂ?éf) sp ( ) ) Plélﬂ?z}éi?) sp ( ’ )7 ( )
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where the last equality follows from [24, Proposition IV.2]. Further, we define a rate [25, p. 152], [18]:

Ry = lim max min P(z)D 1 (Wy|o)
s—+00 PeP(X) ceS(H) cex T+s

= max min P(z) Tr [Wlo]. (3)
PeP(X)oeS(H) rex

It follows that Eg,(R) = 400 for any R < Ry (see also [4, p. 69] and [3, Eq. (5.8.5)]).

Consider a binary hypothesis whose null and alternative hypotheses are p € S(H) and o € S(H),
respectively. The type-I error and type-I1I error of the hypothesis testing, for an operator 0 < Q < 1,
are defined as a (Q;p) := Tr[(1 — Q)p], and B (Q;0) := Tr[Qo]. There is a trade-off between these two
errors. Thus, we can define the minimum type-I error, when the type-II error is below p € (0,1), as

G (pllo) == min {a(Q:p): B(Qi0) < p}. (4)

0<Q<1
2.2. Main Result. Let us now consider any symmetric c-q channel with capacity C.
Theorem 1 (Exact Sphere-Packing Bound). For any rate R € [0,C'), there exist an No € IN such that
for all codes C,, of length n > Ny, we have

e (Cn) = n%(lligé(pl(;”) o {_nESp(R)} ’ (5)

where E{,(R) := 0 maxpep(x) Es(ll)) (r,P)/0r|,=r.

3. PROPERTIES OF THE SPHERE-PACKING EXPONENT
Lemma 2 (Optimal Input Distribution). For any R > R, the distribution Uy is a maximizer of
ES)(R,) and ES) (R, ).

Proof. We first prove that Uy attains maxpepx) Eo(s, P). From Eq. (1), it is not hard to verify that
UxWe = VUxWVT for all a € (0,1]. Hence, it follows that

Te (W (Ux W) =] =mv~f vt 1<waa> *] (6)
= TRV U W) 5 vy (7)

=Tr[W1 (Ux W)= (8)

= Te[(Ux W) 7] (9)

>0

for all @ € (0,1]. The above equation shows that the distribution Uy that maximizes Ey(s, P), Vs
[16, Eq. (38)]. Then we have

EQD(R,Uy) = sup {p?%c) Eo(s, P) — SR} = Egp(R).

Further, Jensen’s inequality implies that Es(p) (R, Ux) > Es(é) (R,Ux) = Es(R), which completes the
proof. O

Lemma 3 (Saddle-Point Property). Consider any R € (Rs,C) and P € P(X). Let Spw(H) =
{0 € S(H) : Vx € supp(P), supp(W,) N supp(c) # 0}. We define

a—1

Frp(a,o) = (R— Dy (W|o|P)), (10)

on (0,1] x Spw(H), and let Pr(X) := {P € P(X) : min,cg(3) Supg<a<1 Frp(e,0) € Ruo}. The follow-
wng holds
(i) For any P € P(X), Frp(-,-) has a saddle-point with the saddle-value:
min sup Frp(a,0) = sup min Fgrp(a,o E®) R,W,P). 11
o8 Ju, Frpln o) = Sty el o) = Bl ) )
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(ii) The saddle-point is unique for P € Pr(X).
(iit) Let P € Pr(X). The unique saddle-point (o, o) of Fr p(-,-) satisfies a € (0,1) and

(erX P(m)Wge(l—a)Da (Wx”O')) 1/a
Tr [(erx P(w)Wgeﬂ—a)Da(quo))W}

> W,, Va € supp(P). (12)

g =

The proof is provided in Appendix B.1.

Lemma 4 (Representation). For any R € (Rx,C), let (af,0%) be the saddle-point of Fry,(-,-). 1t
follows that

(U)(Waﬁ) 1/ogk

(Oé* 70-*) = _Eé (R)v *
R'YR P Tr [(waa%)l/aR]

(13)

Proof. Since Lemma 2 implies that Uy attains Es(g)(R, -), one observes from the definition of Es(g) that
all the quantities Da;{(Wchfﬁ), x € X are equal. By item (iii) of Lemma 3, we obtain a representation
of 0% in Eq. (13). The optimal o, = —0FEs,(r,Ux)/0r|,=g follows from [22, Eq. (42)]. O

Lemma 5 (Invariance). For any R € (Ru,C), we have
Frp(ak, o) = Ep(R) >0, VP e P(X), (14)
where aj, and o}, are defined in Eq. (13).

Proof. Following the argument in Lemma 2 and recalling Eq. (13) in Lemma 4, one can verify that
SUPae(01] Fr.P(0,0%) = supgo{Eo(s,Ux) — sR} = Egp(R) for all P € P(X). Further, we obtain
Eq(R) > 0 for R € (Roo, C) from the result in [22, Proposition 10]. O

4. PROOF OF THE MAIN RESULT

For rates in the range R < R, we have Eg,(R) = +o00. The bound in Eq. (5) obviously holds. Hence,
we consider the case of R € (R, C) and fix the rate throughout the proof.

We first pose the channel coding problem into a binary hypothesis testing through Lemma 6, which
originates from Blahut [6] for the classical case.

Lemma 6 (Hypothesis Testing Reduction). For any code C,, with message size ™", there exists an X" € Cp,
such that
€max (Cn) > UIE%E%}I;) Qexp{—nr} (Warjo®™). (15)
The proof is provided in Appendix B.2.
Let us now commence with the proof of Theorem 1. Fix arbitrary ~,& > 0. Let v, := (% + ’y) 10% and
R, := R — 7,. The choice of the rate back-off term -, will become evident later. Choose Ny € IN such
that R, > R —§ > Ru. Let o}, be defined in Eq. (13), and from Lemma 6, we have

emax (Cn) = Cexplnry) (WS . (16)

In the following, we provide a lower bound for the type-I error Qegp(—ng,} (W@"Ha}z@"). Let p" :=
Ry Pz, and ¢" := Q)| Ga;, Where (pa,, ¢z,;) are Nussbaum-Szkota distributions [26] of (W, 07,) for every
i € [n]. Since Do(Wa,[lok) = Da(ps,|gs,), for all a € (0, 1], we shorthand ¢, (Ry,) := SuPac(0,1] FRp, Py (4 ),
where Pyn is the empirical distribution of x". Moreover, item (iii) in Lemma 3 implies that the state o7,
dominates all the channel outputs: o}, > W,, for all x € supp(Px»), Hence, we have p" < ¢". Subse-
quently, for every i € [n], we let ¢,,(w) = 0, for all w ¢ supp(p,,). We apply Nagaoka’s argument [27] by
choosing § = exp{nR,, — n¢g,(R,)} to yield, for any 0 < Q,, <1,
0 (QuiWE) + 08 (Quioygn) > XD L0
where o (Us p") := 3o, cye (@), B (Ui q") := Y peq 0" (W), and U i= {w : p™(w)em?n(Fn) > g (w)efin }.

4
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Next, we employ Bahadur-Ranga Rao’s concentration inequality, Theorem 9 in Appendix A, to further
lower bound « (U;p™) and S (U;¢"). Before proceeding, we need to introduce some notation. We define
the tilted distributions, for every i € [n], w € supp(ps,), and t € [0,1] by

P, (@) (w)'
wesupp (P, ) Da; (w)l—thi (W)t

Qi t(W) = 5 (18)

Let

dx;

Ao, (t) == log Epﬂci |:et 8 o :| ;

(19)

Since p™ and ¢" are mutually absolutely continuous, the maps t — Aj,,(t), 7 € {0,1} are differentiable
for all ¢ € [0,1]. One can immediately verify the following partial derivatives with respect to ¢:

6"“ (t) - Eézi’t |:10g ]q;m:| ’ 6/7521' (t) = Varlfzi,t |:10g Zx1:| )

o i (20)
g,xi (t) = Va‘rtfzi,t |:10g D :| ) ,1,:(:i (t) = Eﬁxi,l—t |:10g _:| .
With Aj,,(t) in Eq. (19), we can define
Ajp(t) =Y Pa(@)Aj.(t),  j€{0,1} (21)
TeX
Aj p.(2) = sup {tz—=Ajp. ()}, J€{0,1}, (22)

where A% p | (2) in Eq. (22) is the Fenchel-Legendre transform of A;j p,,, (t). The quantities A% | (2) would
appear in the lower bounds of a (U;p™) and B (U;¢"™) obtained by Bahadur-Randga Rao’s inequality as
shown later.

In the following, we relate the Fenchel-Legendre transform A; Pon (z) to the desired error-exponent
function ¢, (R,,). Such a relationship is stated in Lemma 7; the proof is provided in Appendix B.3.

Lemma 7. Under the prevailing assumptions and for all R,, € (R, C), the following holds:
(1) A§ b, (Dn(Bn) — Rn) = dn(Rn);
(i) Af p,. (Rn — én(Ry)) = Ry;
(iii) There exists a unique t* = 5= € (0,1), such that Ay p, (%) = ¢u(Ry) — Ry, where s* =

1+4s* €
Opn (1) |
or 1T=hn"

Item (iii) in Lemma 7 shows that the optimizer ¢ in Eq. (22) always lies in the compact set [0, 1]. Further,
Eqgs. (19) and (20) ensure that Ao, (t) = A1, (1 —1), Ag,, (t) = —A7 (1 —1), AG ., (t) = AT, (1 —t). We
define the following quantities:

€T

Vinax := AD(t); 23
B i 0,2(t) (23)
Vinin = i Ab (t); 24

ein 0,2(t) (24)
Thax = Th.(2); 25
e 1o (t) (25)
q 3
TO,I(t) - qu t IOg = — 6,x(t) ] ; (26)

Ty 2(t) == Tox(1 —t); and Kpax = 15V 27 Tax/Vinin. Note that for every x € X, Ag7m(-) and Tp . (-)
are continuous functions on [0, 1] from the definitions in Egs. (20), (26) (see also [10, Lemma 9]). The
maximization and minimization in the above definitions are well-defined and finite. Moreover, Lemma 8

guarantees that Vi, is bounded away from zero.
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Lemma 8 (Positivity). For any R, € (R, C) and Pxn € P(X), Ag’Pg(t) >0, for all t € ]0,1].
Proof. Assume Ag pr(t) is zero for some ¢ € [0,1]. This is equivalent to

Dz (W) = ¢ (W) - e Moy e Pz, Vi€ [n]. (27)

Summing the right-hand side of Eq. (27) over w € p,, gives 1 = Tr [pg,iqxi] e Moz (t), Vi € [n]. Then,
Eqs. (27) and the above equation imply that

(bn Rn = R + Px” 10 Tr P29z
( ) 0<a<l m%;, & [ ]
=0,
where we use the fact that R, > Rec = — >, c Pxn(2)log Tr [plq.]; see Eq. (3)). However, Lemma 5
implies that ¢, (R,) = Es,(R,) > 0, which leads to a contradiction. O

Now, we are ready to derive the lower bounds to « (U;p™) and 8 (U;q¢™). Let Ny € IN be sufficiently

large such that for all n > N,
+ (1 + Kiax)”
Vv Vmin .

Applying Bahadur-Randga Rao’s inequality (Theorem 9) to Z; = loggq; — log p; with the probability
measure \; = p;, and z = R, — ¢,(R,,) gives

V> (28)

a (W p") = Pr {% zn: Zi> R, — qﬁn(Rn)} (29)
i=1
> 22 cxp [ (6n(R) — Ro)) (30)

where A := m Similarly, applying Theorem 9 to Z; = log p; — log ¢; with the probability measure

Ai = qi, and z = ¢ (R,) — R, yields

1 n
5 (u, qn) =Pr {E Z Zi > ¢n(Rn) - Rn} (31)
i=1
24
> —exp{—nAlp, (Ry— dn(Rp))}. 32
NG {=nAT k.. ( (Rn))} (32)
Continuing from Eq. (30) and item (i) in Lemma 7 gives
@ (Uip") = 22 exp{=nd, (Ra). (3)
Eq. (32) together with item (iii) in Lemma 7 yields
24
g > T _ — v _ .
B (U;q") > Tn exp{—nR,} = 2An" exp{—nR} (34)

Let N3 € N such that AnY > 1, for all n > N3. Then Eq. (34) implies that 5 (U;¢") > 2exp{—nR}.
Thus, we can bound the left-hand side of Eq. (17) from below by %e_”‘ﬁ”(}z”). For any test 0 < @, <1

such that 3(Qn; 05 ") < exp{—nR}, we have
aexp{—an} ( ”0_*®n) a(Qna P )
2 % exp{—no¢n (R,)} = —=exp {—nEs(R,)}, (35)

where the last equality follows from Lemma 5.



Finally, it remains to remove the back-off term R,, = R —~, in Eq. (35). By Taylor’s theorem, we have

l?L

ESP(R — ") = Esp(R) — 'YnE;p(R) + 5

Eg(R), (36)

2B (rUx)

for some R € (R— ¢, R) and E/,(R) := e

. Further, one can calculate that

S 82E0(87 UX)

)3
_ U0+
Ny, ()~ Vo
1;35‘. From item (iii) in Lemma 3, it follows that both 5 and |E{,(R)| = s* are both positive
R

and finite for R € (Ry,C) and R € (Ry, C). Together with the fact that Vi, > 0, we have T € Rg.
We apply Taylor’s expansion on the function n~() again to yield

where 5 =

n_%(1+|Eép(R)|)_%T = n_%(1+|E§P(R)|) . (1 - —10%1117nr>
nZE

= n_%(1+|E;p(R)|) . (1 — 0(1)) , (39)

where the first equality holds for some z € (0,7,), and the last line follows from the definition ~, =
(3 + ’y)l%g. Finally, by combining Eqgs. (16), (35), and (39), we obtain the desired Eq. (5) for sufficiently
large n > Ny := max { Ny, No, N3}.

5. DISCUSSION

In this work, we establish a sphere-packing bound with a refined polynomial pre-factor that coincides
with the best classical results [10, Theorem 1] to date. As discussed by Altug and Wagner [10, Sec. VII],
the pre-factor is correct for binary symmetric channels but slightly worse for binary erasure channels (in
the order of 1/4/n). On the other hand, our pre-factor matches the recent result of the random coding
upper bound [21, Theorem 2], where the pre-factor has been shown to be exact. Hence, we conjecture
that the established result is optimal for general symmetric c-q channels.

This work admits variety of potential extensions. First, the symmetric c-q channel studied in this paper
is a covariant channel with a cyclic group:

WZ,{in(g)xZ,{in(g)T — Z/[out (g)Wmuout (g)T’ an HAS X7 (40)

where Uy, and Uy, are the unitary representations on X and S(H) such that Ui, (g) zUin(9)T = (x +
g) mod |X| and Uout(g) = V9. It would be interesting to investigate whether the refined sphere-packing
bound can be extended to covariant quantum channels N : S(Hin) — S(Hout) with arbitrary compact
groups. Second, the random coding bound in the quantum case has been proved only for pure-state
channels [16]. Tt is promising to prove the bound for this class of c¢-q channels by employing the symmetry
property. Finally, the refinement provides a new possibility for moderate deviation analysis in c-q channels
[13], which is left as future work.
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APPENDIX A. A TiGHT CONCENTRATION INEQUALITY

Let (Z;);—, be a sequence of independent, real-valued random variables whose probability measures are
Ai. Let A;(t) :=logE [e'Zi] and define the Fenchel-Legendre transform of £ 3" | A;(-) to be: A%(z) :=
sup;eg {2t — £ 3" Ai(t)}, Vz € R. Thenb there exists a real number t* € (0,1] for every z € R
such that z = LS ALF) and Af(z) = zt* — 1577 Ay(t*). Define the probability measure ); via
g—i‘z(z,-) = "5 M) and let Z; = Z; — E;, [Z;]. Furthermore, define mo,, := > 1" | Vary, [Z,-], ma, =
Yoy Es, UZ‘?’], and K, (t*) := 15\/3# With these definitions, we can now state the following sharp

concentration inequality for % Yo Z

Theorem 9 (Bahadur-Ranga Rao’s Concentration Inequality [11, Proposition 5], [28]). Given

Sam > 1+ (14 K, (t9)?, (41)
it follows that
o~ Kn(t*)

1 — \
Pr<— Zi >z > el — 42
{n ZZ:; } 2\/2mmo, (42)

APPENDIX B. PROOFS OF MISCELLANEOUS LEMMAS

B.1. Proof of Lemma 3. Let R > R, and P € P(X) be arbitrary. It is convenient to reparameterize

the function Fg p by the substitution oo = !

FR,P (Oé, 0”05:% =—sR+ SD# (W||O'|P) = KRJD(S,O'). (43)
In the following, we prove the existence of a saddle-point of K p(-,-) on R>o x Spw(H), where R>o :=
[0,00). By Ref. [29, Lemma 36.2], (s*,0*) is a saddle point of K p(-,-) if and only if the supremum in

sup inf Kgp(s,o 44
S RP(8,0) (44)

is attained at s*, the infimum in

inf sup Kgrp(s,o 45
UESP,W(H)SEJRIZO P(8,9) (45)

is attained at o*, and the two extrema in Eqgs. (44), (45) are equal and finite. We first claim that

Vs € Rso, inf  Kgrp(s,0)= inf Kgp(s,o). 46
s€Rxo, ol r.p(s,0) Jaut R,P(S,0) (46)

To see that, observe that for any s € R>¢, the definition of the a-Rényi divergence yields

Vo € S(HN\Spw(H), D1 (Wlo|P) = +oo, (47)
which, in turn, implies
Vo e S(HW\Spw(H), Kgp(s,o)=4o0. (48)
Hence, Eq. (46) yields
sup inf Kpgrp(s,0)= sup inf Kgp(s,0)= sup min Kgp(s,o0),
SERE() UESP,W(H) f P( ) SERE() UES(H) f P( ) SERE() UES(H) f P( ) (49)

where the last equality in Eq. (49) follows from the lower semi-continuity of the map o + D (14 (W /|lo|P)
[24, Corollary II1.25] and the compactness of S(H). Further, by the fact R > R, and the definition of

Es(g) , we have

E@(R,P) = in K ,0) < 400, 50
sp ( ) SSE};O Ug‘ls‘l(l,}{) R,P(S O') o0 ( )

which guarantees the supremum in the right-hand side of Eq. (49) is attained at some s € R>o, i.e.,

su inf Kpp(s,0) = max min Kpgp(s,o) < +oo. 51
SR €SPy () mp(s,0) = mex min Krp(s.o) (51
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Thus, we complete our claim in Eq. (44). It remains to show that the infimum in Eq.(45) is attained
at some 0* € Spw(H) and the supremum and infimum are exchangeable. To achieve this, we will show
that (R>0,Spw (M), Kgr,p) is a closed saddle-element (see Definition 10 below) and apply Rockafellar’s
saddle-point result, Theorem 11, to conclude our claim.

Definition 10 (Closed Saddle-Element [29]). The triple (A, B, F') is called a closed saddle-element if for
any' z € ri (A) (resp. y € ri (B)):
(a) B (resp. .A) is convex;
(b) F(x,-) (resp. F(-,y)) is convex (resp. concave) and lower (resp. upper) semi-continuous; and
(c) any accumulation point of B (resp. A) that does not belong to B (resp. A), say y, (resp. z,)
satisfies lim,_,,, F(z,y) = 400 (resp. lim,_,,, F(z,y) = —00).
Theorem 11 (The Existence of Saddle-Points [29, Theorem 8], [30, Theorem 37.3]). Let (A, B, F') be any
closed saddle-element on R™ x R™.
(I) No non-zero xq has the property that, for allx € ri(A) andy € ri(B), the half-line {z + txy : t > 0}
is contained in A and F(x + txg,y) is a non-zero and non-decreasing function for t > 0.
(II) No non-zero yqy has the property that, for all x € ri(A) andy € ri(B), the half-line {y + tyo : t > 0}
is contained in B and F(x,y + typ) is a non-increasing function for t > 0.

If condition (I) is satisfied, then

max inf F(z,y) = inf sup F(z,y) < +oc. (52)
zeA yeB yeB e A
If condition (II) is satisfied, then
—oo < sup inf F(x,y) = minsup F(z,y). (53)
zeAVEB YEB zeA

If (I) and (II) are both satisfied, then F' has a saddle-point on A x B.

Fix an arbitrary s € ri (R>g9) = Rso. We check that (Spw(H), Kg p(s,-)) fulfills the three items
in Definition 10. (a) The set Spw(H) is clearly convex. (b) Since the map o + Dy (W/|o|P)
is convex (owing to Lieb’s concavity theorem [31]) and lower semi-continuous on L£(H) [24, Corollary
I11.25], by Eq. (43), 0 — Kpg p(c, o) is also convex and lower semi-continuous on Sp (#). (c) Due to
the compactness of S(H), any accumulation point of Spy (H) that does not belong to Spw (H), say oo,
satisfies 0, € S(H)\Spw (H). By Egs. (47), (48), one finds Kg p(c, 0,) = +00.

Next, fix an arbitrary o € ri (Spw(#H)). Owing to the convexity of Sp (#), it follows that ri (Spw (H))
=ri(cl(Spw(H))) (see e.g. [30, Theorem 6.3]). We first claim c1 (Spw(H)) = S(H). To see this, ob-
serve that S(H),, € Spw(H) since a full-rank density operator is not orthogonal with every W, z € X.
Hence,

S(H) =c1(S(H) ) C cl(Spw(H)). (54)
On the other hand, the fact Spw (H) C S(H) leads to
cl(Spw(H)) Ccl(S(H)) = S(H). (55)
By Egs. (54) and (55), we deduce that
ri (Spw(H)) = ri(cl(Spw(H))) =ri(S(H)) = S(H), 4, (56)
where the last equality in Eq. (56) follows from [32, Proposition 2.9]. Hence, we obtain
Voeri(Spw(H)) and Vze X, o> W,. (57)

Now, we verify that (R>o, Kg p(-,0)) satisfies the three items in Definition 10. (a) The set R>¢ is obviously
convex. (b) From Egs. (57) and the definition of the Rényi divergence , the map s +— D44 (W/|o|P) is
continuous on R>g. Further, s — 5Dy /(145 (W/||lo|P) is concave on R [24, Appendix B]. By Eq. (43), the
map s — Kpg p(s,0) is concave and continuous on R>¢. (c) Since R> is closed, there is no accumulation
point of R>o that does not belong to Rx>g.

1We denote by ri and cl the relative interior and the closure of a set, respectively.
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We are now in a position to prove item (i) of this Proposition. Since the set Spw (H) is bounded,
condition (II) is satisfied. Equation (53) in Theorem 11 implies that
—00 < sup inf Kpp(s,0)= min  sup Kpgp(s, o). (58)
s€R>o oESP,w (H) c€Sp,w (H) seR>g
Then Egs. (51) and (58) lead to the existence of a saddle-point of Kp p(-,-) on R>¢ x Spw(H). Note
that K p(s,0) = Frp(1/(1+s),0). We conclude the existence of a saddle-point of Fr p(-,-) on (0,1] x
Sp7W(’H) Hence, item (i) is proved.
We postpone the proof of the uniqueness of the optimizer to later and now show item (iii). Given any
R € (Ry,C) and P € Pr(X), one finds
min  sup Frp(a,o 0, +00). 59
o€S(H) 0<a21 mp(@0) € ( ) (59)
If o =1 and o* is a saddle point of Fr p(-,-), by Eq. (10) we deduce that Fr p(1,0*) = 0 for every
possible o*, which contradicts Eq. (59). Hence, o* =1 is not a saddle point of Fg p(-,0*).
For any saddle-point (a*,c*) of Fgr p(-,-), it holds that

Fip(a*,0%) Frp(t,0) = C IR T2 min Do (W o] P) (60)
a*,0%) = min oo min  D» o
’F oES(H) RF a* a*  geS(H)
We claim the minimizer of Eq. (60) must satisfy
1
<Z ex P(!E)#l*)a o o (1—a*)D s (W |lo)) 2%
X z T (o) ] _ (Ceex P@We o (Welle)) @

(61)

: N 1
o ot Tr P2\ W e(1=a*) Dox (Wa|o) ) a%
Tr <ZZBEX P(¢)W> [(er)( ( ) T ) ]

for every a* € (0,1). Our approach closely follows from Hayashi and Tomamichel [33, Lemma 5]. For
two density operators o,w € S(H) and a map G : S(H) — L(H),, (where L(H),, denotes the self-adjoint
operators on ), define the Fréchet derivative (see e.g. [33, Appendix C], [34]%)

0,G(0) :==DG(0)[w — o]. (62)
By letting
Z P(z)log Tr (W' ™], (63)
TeEX
it follows that
o* = argmin D, (W||lo|P) = argmax go(c), VYa € (0,1). (64)
oceS(H) ceS(H)

Since the map o — g, (o) is strictly concave for every a € (0, 1) [31], a sufficient and necessary condition
for o to be an optimizer of Eq. (64) is 0,94(0) = 0 for all w € S(H). Direct calculation shows that

Wa 11—«
Z P TI‘ Wao-l a]a""a ] (65)

zeX

Ouga(o) = Tr

Next, we check that the fixed-points of the following map achieves the optimum:

1

(er/’\? P( )%) .

| (Soen Plo) st |

o —

2We note that the Fréchet derivative of functions involving matrices has other applications in quantum information theory;
see e.g. [35, 36, 37].
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Let

we o
Yo (ZP T oo a]> >0, Yae(0,1), (67)

zeX

and let ¢ be a fix-point of the map in Eq. (66). Then, by Eqgs. (66), (67), we have

> P@) e m%; ]> (68)

zeX

Xa(a) 10 = (

Substituting Eq. (68) into Eq. (65) yields

0090() = Tr [xa(5)?5%0,6" ] = Tr [xa(5)*5*(1 — )5~ *(w — &)]

= (1 —a)xa(d)*Trw— 5] =0. (69)

By Brouwer’s fixed-point theorem, the map in Eq. (66) is indeed the optimizer for Eq. (64). Further,
from Eq. (61), it is clear that

o* > W,, Ve supp(P), (70)

and thus item (iii) is proved.

Lastly, we show the uniqueness of the saddle-point. Since the map o — D, (W||o|P) is strictly concave
[31], the minimizer of Eq. (59) is unique for any « € (0,1). Then, it remains to prove the uniqueness of
the maximizer. Let o* attain the minimum in Eq. (59). By using the reparameterization again, we have

Krp(s,0") = =sR+sD 1 (W|o*|P) (71)

= —SR+SZP Hqgc) (72)

zeX

where p,, ¢, are the Nussbaum-Szkola distributions of W, and ¢*. The second-order partial derivative
can be calculated as

82KR7P (37 U*)
— 02 - BE Z P(x) Varg o

[log ]qg—j , (73)

where

. Pe(w) e (W)’
Gt,z(W) == — , VYw € supp(pz) N supp(qs), t € [0,1]. 74
helt) Zwésupp(;vz)ﬁsupp(qz)M(“))l "4z (w)* (=) (0] o ™

Now, we assume the right-hand side of Eq. (73) is zero, which is equivalent to

pz(w) = ¢z - gz(w), Vw € supp(p,) N supp(q) (75)

for some constant ¢; > 0 and = € supp(P). From Eq. (70), one finds p, < ¢,. Summing the right-hand
side of Eq. (75) over w € p? yields

l=c, Tr[plg.], Vaz € supp(P). (76)

By combining Egs. (75) and (76), one can verify

sup {—SR—I—SZP pquw)} = sup {—SR—SZP ) log Tr pxqm]} =0, (77)

s€R>0 TEX seR~o TeX

where we rely the fact R > Roo(W) > — 3 . P(x)log Tr [plq,| from Eq. (3). However, Eq. (77)

contradicts the assumption P € Pr(X), which in turn implies that the right-hand side of Eq. (73) is

strictly negative. Therefore, the map s — Kp p(s,0*) is strictly concave for all s € Rso and thus the

maximizer of Eq. (59) is unique. O
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B.2. Proof of Lemma 6. Let x"(m) be the codeword encoding the message m € {1,...,exp{nr}}. We
define a binary hypothesis testing problem as:
Ho : WaI (78)

X" (m) ’

Hy: 0" = ®0i, (79)
1=1

where 0" € S (H®") can be viewed as a dummy channel output. Since >-Y_ | 8 (1T, ;;0™) = 1 for any
POVM II,, = {Iln 1, . - -, Hpy expinr} 1> and B (I p; 0®™) > 0 for every m € M, there must exist a message
m € M for any code C, such that § (I, ,; 0™) < exp{—nr}. Let x" := x" (m) be the codeword for that
message m. Then

€max (Cn) > €m (Cn) =« (Hn,m; W;;g’)ln) > aexp{—nr} (Wﬁn”an) . (80)

Since the above inequality (80) holds for every o™ € S (H®"), it follows that

max Cn > Aex —nr W@;ln eny. 81
€max ( )_og}gf%ﬁ)a p{onrt (Wil [|o®™) (81)

0

B.3. Proof of Lemma 7. This lemma closely follows from Altug and Wagner’s [11, Lemma 9]. However,
the major difference is that we prove the claim using the expression ¢,, as the error-exponent instead of
the discrimination function: min{D (7||p) : D (|le) < R,}. This expression is crucial to obtaining the
sphere-packing bound in Theorem 1 in the strong form of Gallager’s expression

For convenience, we shorthand » = R,,. From Lemma 5, it can be verified that

Bo(s) =~ log Te [ (") 7+ (¢") 7] (52)
— (o (1), (53)

where Eq. (83) follows from the definition of Ag p_, in Eq. (21). Then, we rewrite the error-exponent
function ¢, (r) by the Legendre-Fenchel transform of Ey(s), i.e.,

¢n (1) = sup {a; ! <7” - Z Pyn (z) Dy (pqugc)> } (84)

a€(0,1] eX
=sup{—sr+ Ep(s)}. (85)
s>0
Direct calculation shows that
0Ey(s) s 1, s
= —Ao.pon A 2 ),
Js 0B \ 145 1+s O (145 (86)
0?Ep(s) 1 s
= A/ — . 87
0s? (14s)3 05 \1+5 (87)

Now assume the second-order derivative A p , () in right-hand side of Eq. (87) is zero for some ¢ € [0, 1].
This is equivalent to

Pz(w) = ¢z (w) -e_%w(t), Yw € prp,  Va € supp(Pxn). (88)
Summing the right-hand side of Eq. (88) over w € p, gives

1="Tr [plg,] e Mo (89)
12



Then, Egs. (88) and (89) imply that

a—1
dn(r) = sup r— Y Pen(2)Da (palga) (90)
0<a<l & TzEX
~ s P+ > Pen(a)log Tr [plg,] | =0, o
0<a21 «Q < Z ° [p ! ]) o

zeX

where in Eq. (91) we use the fact that r > — 3 1 Pen(2z)log Tr [plg,]; see Eq. (3). However, from
Lemma 5 we know that ¢, (1) = Esp(R) > 0, which leads to a contradiction. Hence, we obtain

6/7Pxn (t) > 07 vt € [07 1]7 (92)

and prove item (i).

From Egs. (87) and (92), the objective function —sr + Ey(s) in Eq. (85) is strictly concave in s for
s € Ry. Further, by recalling that ¢, (r) = Es,(R) > 0, s = 0 will not be an optimum in Eq. (85). We
deduce that there exists a unique maximizer s* € R~ such that

_ OEy(s)
=~ (93)
, OF
n(r) = Eo(s*) — 5 ;(3) , (94)
5 s=8*
if r lies in the range:
1 n\0 n . 8E0(8) aEO(S) 1 ni . n
~logTr [(p")°q"] = lim —2= <r < —~ TR (95)

where the boundary values —2 log Tr [( ")0%"] and 1D (p"||g") can be obtained from Eqs. (86), (19) and
(20). Substituting Eq. (93) into (86) gives

5% 1 5%
=—A - A{ — .
r 0,Pxn (1 + S*> 1+ s 0,Pxn <1 n S*> (96)
Further, Egs. (85), (83), (96) imply that
On(r) = —s*r + Ep(s”) (97)
5" s* s*
= ——A{ — ) —A — .
11 g 0P <1 +S*> 0,Pyn (1 +S*> (98)
By comparing Eqs. (96) and (98), we obtain
S*
AE),Pxn <m> = ¢n(r) —r (99)
which is exactly the optimum solution to the Fenchel-Legendre transform Af 5, (2) in Eq. (22) with
S*
= € (0,1 100
e, (100)
m () - (101)
From Egs. (22), (99) and (98), we conclude the item (i) of Lemma 7:
AG pn (dn(r) = 1) = "2 = Ao, P () (102)
5% 5%
_ W) = 1) — Mg 1
) =)~ o () (109
s s s
= ——A¢ — | —A 104
1+S* O,Pxn <1+8*> Ovpxn <1+8*> ( 0 )
= ¢dn(r). (105)
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Item (ii) follows from item (i), the symmetry Ag.,(t) = A1, (1 —¢) and Ag, (t) = —A7, (1 —t),and
Eq. (22). Al p, (r—o(r)) =r.

For the item (iii), the positivity of A§p_ (t), for ¢ € [0,1], implies that the objective function ¢z —
Ao,p,. (t) in Eq. (22) is strictly concave in ¢ for ¢ € [0,1]. Hence, by Eq. (100), the optimizer t* € (0, 1)
exists uniquely. By recalling Eq. (99), we complete the claim in item (iii). O
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