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Abstract: In this paper, we consider an initial-boundary value problem
for the following nonlinear telegraph equation

Uge — Uge + 20U; + bu = ﬁ(uz)m,

where t > 0, a, b and 8 are constants. For the case b > a?, we establish
a global solution of the equation in the form of a Fourier series. The
coeflicients of the series are related to a small parameter present in the
initial conditions and are expressed as uniformly convergent series of the
parameter. The long time asymptotics of the global solution is found to
decay exponentially in time.
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1. Introduction

In recent years, various telegraph equations have attracted the attention
of many mathematicians, engineers and physists [1], [2], [4]-[8]. One of
the classical linear telegraph equations is, as follows:
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Upp — Ugg + 20up + bu =10, (1)

where a and b are constants. The equation arises in the study of many
real world problems such as the propagation of electrical signals in trans-
mission lines [2-3], the propagation of pressure waves in pulsatile blood
flow through arteries {1] and the one dimensional random motion of bugs
along hedge [2].

For nonlinear telegraph equations, the common version can be ex-
pressed as

Ugt — Uge + 20U + bu = ﬁf(uw Ut, uI)] (2)

where a,b and (3 are constants, and f(u,u:, u;) denotes a nonlinear
function of u and its first order derivatives. An initial boundary value
problem for the above equation has been studied in [2] under certain
assumptions on the nonlinear function f. The asymptotic theory of the
solution to an initial value problem associated with a perturbed tele-
graph equation has been established in a Sobolev space by Lai [3]. The
application of the asymptotic theory is also given in details in reference
[3]. For more information of research on telegraph equations, the reader
is referred to references [4}-[10].

In this paper, an initial boundary value problem for the following
telegraph equation shall be discussed

Upg — Ugy + 20u; + bu = ﬁ(u2)$£ (3)

We will mainly consider the asymptotics of the global solution to equa-
tion (3) in classical sense. For the case b > a?, the classical solution of
the initial-boundary value problem for equation (3) shall be constructed
in the form of a Fourie series with coefficients in their own turn repre-
sented as series in terms of a small parameter present in the initial con-
ditions. Tt will be shown that the new solution of the initial-boundary
value problem for equation (3) is well-posed. Its long time asymptotics
is obtained in explicit form. As far as the authors know, it is the first
atternpt to obtain the long time asymptotics for the telegraph equation
(3). It will also be demonstrated that the asymptotics shows the pres-
ence of both time and space oscillations and the exponential decay of the
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solution in time as ¢ & oo due to dissipation. This is in contrast with
the linear growth in time of the major term of the long time asymptotic
representation of the solution to the problem presented in reference [3).

2. Theorem of Existence, Uniqueness and Asymptotics of
Solutions

The aim of this section is to establish the well-posedness of the following
initial-boundary value problem :

( 1wy — Uge + 2au; + bu = B(u?)zs, z € (0,7),t>0,
uw(0,t) = u{m,t) =0, t>0,

g (4)
Uzp{0,t) = ugy(m,t) =0, t>0,

L ulz, 0) = 2p(x), w(z,0) = 2y(z), z € (0,7),

where a, b and ¢ are positive, § € R!.

Definition 1. The function u(x) is said to be in C™(0,7),n 2 1,
if w(0) = w(r) = u (0) = u'(7) = - = " D(0) = «® V(r) =0 and
u™(z) € L0, 7).

Definition 2. The function u(z,t) defined on [0, 7] x [0, +00) is
said to be the classical solution of problem (4), if it has two continuous
derivatives on [0, 7] x [0, +00) and satisfies the differential equation and
all the boundary and initial conditions of (4).

Theorem 1. Ifb > a? p(z) € C4(0,7), ¥(z) € C*(0, =), then there
exists a €p > 0 such that for 0 < € < gg, there exists a unique classical
solution to the problem defined by system (4) and the solution can be
expressed in the form of

i E.N-I-l {N ) (5)
N=0

where the function ") (z,t) is as that defined by (19) in the proof
below. This series and the series for the derivatives of u(z,t) involved
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in (4) converge absolutely and uniformly with respect to z € [0, 7], t >
0,¢ € [0,e0). In addition, the solution of system (4) has the following
long time asymptotics as t = +oo

u(z,t) = e *[(Acosat + Bsinot)sinz] +O(e~(Lmaty (6)
whereo = Vi+b—a?, b>a% 0<n< %, and the coeflicients A and

B are defined by (23). The estimate of the residual term is uniform in
z e [0,7), € € [0,€0)-

3. The Proof of the Theorem

The proof include three parts, namely the existence of a solution, the
uniqueness of the solution and the asymptotics of the solution.

3.1. Existence of Solution

Firstly, we make an odd extension of u(z, ) in z to the interval [—,0]
and represent u in the form of a complex Fourie series, namely

Is) ] ,
u(z,t) = 3 Up(t)e™®, u,(t) = %ffﬂ u(z, t)e " dx,

n#0
where T_p(t) = —U,(t) for n > 1. In the following, we shall use the fact

that u(z,t) belongs to the space L*{(—m, m) for every fixed ¢ > 0 and we
shall denote the corresponding norm by

[l = ()2 pmy = ( [ e t)|2d:c) '

-

From (7), we obtain, through a simple calculation, that

= . ~ L[ .
u(x,t) = 2z§un(t) sinnz, U(t) = E_/(; u(z,t)sinnzdz. (8)
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Similarly the initial functions can be represented in the form of a
complex series in [—, 7]

o0 [+ a]

p@) = 3 Guc™, o)=Y Bae™, (9)
fl==—00 n=-0oo
n#0 n#l

where @, = @y, J,n = {ER for n > 1. Again, through a simple calcula-
tion, we have for z € [0, 7],

o0 00 .
plx) = 20 ) Pysinng, P(z) = 2i Y YPpsinng,
n=1

n=1

(10)

P = # fo" w(z) sinnzdz, Jn = # fowqp(a:) sinnzd.

Using integrating by parts for the integrals in (10) and noting the smooth-
ness assumption of the initial data, we obtain the following inequalities

Gl <O~ |dal <Cin7%, n>1, (11)

where C; is a positive constant. Substituting {7) and {9} into (4), we
deduce the following Cauchy problem for the function %,(t),n € Z,

(L) + 26T, (2) + (n* + b)in(t) = ~Bn*P (@n(?)), (12)
in(0) = %5, Wy (0) = £24hn, (13)
where
P, (t) = i Tin—g ()T, (1) and G_p(t) = —Un(t) forn > 1.
e
g#0,n

For n = 1, we have from the above formula that

P@(1) =2 Tg(t)f4g(t) = =23 Ty (t)T1sg(t).
g=1

g=1
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Similarly, for n > 2,
n—1t [e3]
P (Un(t) = D n_g(£)ig(t) — 2 Tg(t)iins4(1)-
g=1 g=1

Letting ®, = ¢, ¥, = E'I:En, and solving the ordinary differential equa-
tion (12} subject to initial conditions (13), we get

sin(ant)] o, 1 Sn(ont) %}

Tn

Un(t) = ee ™™ { [cos(aﬂ,t) +a-

dn

ﬁn2 t
o i exp [—a(t - 7)] sinfon(t — 7)] P(tn{))dT,

(14)

where

on=vni+b—a2 n>1 b>d’

Now, in order to solve the above equation, we use the perturbation
theory. Firstly, we express tin{t),n > 1, as a formal series in €

oo

nft) = > eNHEM (). (15)

N=0

Then, by substituting {15) into {14) and equating the coefficients of the
corresponding powers of £, we get the following formulas for N = 0 and
N > 1 respectively,

FO (1) = eeat { [cos(ant) ta- Si“("”t)] 3, + Si“g"“” \Ifn} . (16)

O-Tl. 13

UORE —%;/Otexp[-a(t—f)]

x sinfop(t — 7)] QN (ﬂf’(f)) dr, (17)
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where

—

N
Qn (gJ) ) =én n,.:r gl T)gN j)(T)

L j=1

2

@
Il

o N
~23 0 3 EL MET ),

g=1 j=1

in whiche; =0 and e, =1 forn > 2.

Now we must prove that the formally constructed function (8), to-
gether with (14)-(15), does represent a solution of system (4). To do
this, we shall show that the series

w(z, t) = Z gine Z 5N+1&N)(t)
n=—oo N=0

n#0

o= 2:Zsmna:ZEN“gN {r)

N=0

converges absolutely and uniformly. For this purpose, we firstly establish
the following time estimates forn > 1, > 0, N >0, and 0 < n < %

)(t)l < OM(N +1) 2n-de e, (18)

Here and in the sequel we denote by C' any positive constant indepen-
dent of N, n,e, and {, but possibly depending on the coefficients of the
equation and the initial functions.
We shall use the induction technique for the proof. For ¥ = 0 and
D<n < %, we have from (11) and (16} that
L |
7

Ee_at [(1 + ‘E‘“) An
On
< en et
Assuming that (17) is valid for all a{l’)(t) with 0 < s < N — 1, we shall
then prove that (18) also holds for s = N. According to [1], for any

iA

V)|
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integer n > 1,9 > 1 and g # n, we have
In—gl™9™ < 207! +n gl

FHNAL-)2 < 2N+ +(N+1-5)77).

From (17} , we have

o0

M| < cl+ 1)) (g + in— gl ™)

g=1

X i CIICN-I (N +1 -5 +57%] S8 (n,t)],

Jj=t
H
|Sn(n,t)| = e_‘“[ el1=2ma7 gy
0
< efut(e(l—zn)at _ 1}
- a{l —2n)
< (e—2nat _ e—at)
- a(l —29) '
-2nat
< _e_n__.
~  a(l - 27)

Therefore (18) holds for 0 < n < 3.

To derive (5), we recall (8) and (15) with ELN} defined by (i6) and
{17) and interchange the order of summations in the series, namely

x o0 oo
u{z,t) = ZiZﬁn(t)sinnx = 2iZsinn$Z£N+léﬁN)(t)
n=1 n=1 N=0

o0
= 3 V(g (19)
N=0



ASYMPTOTICS OF THE GLOBAL... 265

where

oo
w) (z,8) =2 Z :f;(lN] sinnz.
n=1
The interchange of the order of summations is permissible as the se-
ries are absolutely and uniformly convergent for = € {0,7],t > 0 and
e € [0,e0]. The last statement in its own turn follows from (15) with
sufficiently small £. Differentiating (16)-(17), we get, for k = 1,2, that

k

REV() = D c(-1fde o { [cos(crnt) + aSin((:"t)] o,
=0
sin{opt}
TN
2 t )
FEN() = “%TL/O gr(n,t —T)QN (Eﬁ”(f)) dr + Rg(n, 1),
where
k
gl 1) = 3 ch(=1)} (@) ot sin [Unt L z)ﬂ] |
1=0

Qn (’33)(1')) is defined by (17), ¢} are binomial coefficients, and Rg(n, t)
are obtained by differentiating the integral in (17) and are as follows,

Ri(n,1) = 0, Ra(n,t) = —BnQu (&7 (1))
Hence, using (18), we deduce that forn > 1|, N > 0,t > 0and k =0, 1, 2,

058 (1)] < O+ 1) Bkt

|6fﬁn(t)! < Cnktemt, (20)

Using these estimates and calculating the necessary derivatives of {19),
we can prove straightforwardly that (19} represents the classical solution
of the initial-boundary value problem (4)
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3.2. Uniqueness of the Solution

For proving the uniqueness of the constructed solution, we shall assume
that there exist two classical solutions w{!){(z, t) and u(?(z, t) of system
{4) and then deduce that vV (z, ) must equal to u{?(z, t).

Making an odd extension of the two solutions to the segment (—, 0],
we notice that both of them belong to the L2(~x, 7) space and according
to Definition 2, we have for any fixed time ¢ > 0 that

max u?(z, t)i < Cy,

z€[—m,m]

ulU (e, t)‘ < (C;, max

TE[—m,7]

where C, is a constant dependingon ¢. Let w(z, t) = vtV (z, ) —ul? (z, t)
and make an even extension of w(z,t) to ... (=3=, ~2x), (-2, —m),
(w,2m), (2m,37), .... Then, we have from (4) that

Wi — Wep + 20w +bw = Blwlz, ) {wW (=, 6) + v (2, 1)]ze,
w(z,0) = w(z,t) = 0.
Taking the Fourie transform in the interval (—oo, +0c), namely

(e 1) = [_ " (e ),

o=}

we have
@€, 1) + 2aB(E, 1) + (62 + 1) (€, 1) = —BEXT(E, 1),  (21)
where

flz,t) = wx (u" + @) (g, ).

From (21), we have
et y
W, t) = -—O—E \ exp [—a{t — )] sin (o¢(t — 7)) f(€, T)dT,

where

o¢ = /2 +b—al
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Thus,

@6 < O [ |erol-al -6 dr

o[ ewas-mre] | [ |Fenf ]

< C :/Ot ‘f({,'r)rdr] % (22)

AN

It follows from (22} and the Parseval inequality that

[Tweora < o[ [|Ren| a

G/ﬁt |70

C‘/Bt ”w(:ﬂ,‘r) (u(l)(cc,'r) + u(2)(:r:,7')) H; dr

A

2
dr
LZ

IA

IA

t
¢ [ Crllwis i dr.
0
Using the Growall inequality, we obtain
w(z,t) =0 (in L?),

which implies that w((z,¢) = w®(z, t)

3.3. Long Time Asymptotics

To investigate the long-time asymptotic behavior of the constructed so-
lution, we firstly determine a subtle asymptotic estimate of %) (¢) which

will contribute to the major term and then estimate the remaining terms
o0

3 Un(t)sinnz.

n=>2
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Substituting

o0

) =Y e Ha M,

N=0

into (16) and (17), we obtain

a(o) (t) = et [A(U) cos(ot) + B @ sin(at)] )
a(N)(t) — oty [A(N) " R(AN)(t)] cos(at) + [B(N) + Rgv)(t)] sin(ct)},
N=>1, (23)
where
A(ﬂ) = gﬁ,
B g (a[”g"l' +@;) ,
c = 1+b—a?

14
A(N) — g/ eaT SiIl(UT)Sun (T)dT:
1]

t
BNy _ ‘?/ e®" cos(a )8y, (7)dT,
0

+co
A - g [ e sin(07) Sy, ()dr,
0

+00
RE;N) _ _gf e cos(o7) Sy, (T)dr,
0

oc N
Sunlt) = Y STEVWEND@), N1,

g=13=1
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and the functions £9(t),5 = 0,1,..., N — 1, are defined by (16)—(17).
Taking n > 2 and N > 1, it follows from (18) and (19) that there exists
a positive number, 0 <7 < %, such that

. |RE4N)(t)| < ce” M ‘R%N)(t)’ < ce” M,

Hence, we have proved that as t — 400

2ur(t) = e *[Acos(ot) + Bsin{ot)] + O(e~(1TMet),
o0 o
A = 2) AN B = ZiZsN“B(N), (24)
N=0 N=0

where 0 < 7 < %, A™M) and BW) are defined by (23) and the series
above converge absolutely and uniformly for ¢ € [0, o).
Now, we can represent the solution by

u(m,t) = E() + Ruls,b),

Ru(t) = %3 sinns 3 600, (25)
. n=2 N=0

Using (18), we deduce that

| Ru(z,t) | < exp[—(1 + n)at} § HNeVHHYN +1)72 f n=8
N=

n=0

< cexp|~(1 +n)a], (26)

u(z,t) = e *[(Acosot + Bsinot)sing] +O(e~(1+Matl),

1
0<n<5- (27)

It follows from (27) that the equality (6) holds.
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