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Abstract: We present a numerically improved multipole formulation fo
the calculation of resonances of multiple disks locatedlaitrary positions
in a 2-d plane, and suitable for the accurate computatiohefésonances
of large numbers of disks and of high-wavenumber eigerstaising a
simple reformulation of the field expansions and boundargdid@®ns,
we are able to transform the multipole formalism into a lme@envalue
problem, for which fast and accurate methods are avail@iserving that
the motion of the eigenvalues in the complex plane is aralyith respect
to a two parameter family, we present a numerical algoritbradmpute
a range of multiple-disk resonances and field distributiossg only
two diagonalizations. This method can be applied to photomlecules,
photonic crystals, photonic crystal fibers, and randonrtase
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1. Introduction

Coupled dielectric resonators, particularly in the forrmoé€rodisks, form an important build-
ing block for a large range of nanophotonic devices. Usedldsdaop filters, these structures
were among the first commercially viable nanophotonic devjt], and their ability to concen-
trate the strength of the electromagnetic field while siamgbusly retaining a strong degree of
tunability, makes them particularly attractive to expezitalists whose aim is to exploit non-
linearities in a controllable manner [2]. Recently, coupfeicrodisks have been employed as
“photonic molecules” at Terahertz frequences [3], and eres of microdisks have been pro-
posed for use as novel laser sources and for studying prebfefandamental physics such as
Anderson localization of photons [4, 5, 6].

In general, the calculation of the resonant frequenciescandequent field distributions of
these structures must be performed numerically. The nealealgorithms available for this
calculation range from finite element (FE) and finite-diffiece time-domain (FDTD) simula-
tions [7, 8, 9, 10], to boundary element methods [11, 12].i&ghlwavenumbers, or with many
resonators, the numerical solution becomes computatjoetallenging: given the innate sym-
metry of the disks, the most elegant way to compute the regdrequencies and consequent
field distributions is to use the multipole method [13], athise known as the T-matrix method
or the multiple-scattering method. In this family of algbms the fields in and around the disks
are expanded in a series of cylindrical functions; the rasbmwavenumber is then computed
by matching the electromagnetic boundary conditions orettge of the disk. This method is
simple enough to be implemented in a short time when restdta@eded quickly, and yet is
sufficiently powerful to allow fast and reliable predict®of resonant frequencies. Usually this
difficulty is overcome by obtaining a reasonable estimatéte position of the resonance, and
then using an efficient two-dimensional minimum-findingalthm (such as Powell's method)
to find the zero of the systems determinant. Despite thesendalyes, the finding of resonances
using this method can be a complicated process, and is thetimasconsuming part of the
multipole algorithm. This is because the boundary-matghaduces to solving a nonlinear
eigenvalue problem for a dense complex-valued non-Heamgystem, for which there is no
option but to perform a search in the complex plane for themast wavenumber. This proce-
dure of finding the resonances not only slows the method donsiderably, but one also runs
the risk of missing a resonance if the initial estimate isfsssemoved from the resonant value,
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Fig. 1. Schematic of disk geometry.

or if large numbers of resonances are closely spaced.

In this paper we present an alternate approach for findingetbenances of coupled circu-
lar resonators that overcomes the limitations of the stahohaltipole approach. This is made
possible by the re-formulation of the multipole algorithmiérms of a generalizdthear eigen-
value problem, in the manner of the scattering quantizatfproach [14]. This means that the
resonances of the system are readily and efficiently cakuilby tracking their evolution in
the complex plane; thereby dispensing with the costly ssa@rching procedure. In addition,
the algorithm is easier to implement, and requires no datisarameters to determine whether
or not a resonance is “real”. The method is particularly &ffit for the computation of high
wavenumber resonances, and can also be used for calcullaéirggts of resonant states of
extremely large numbers of resonators.

2. Multipole expansion

For resonators with a thickness below the wavelength, treetdimensional problem can be
reformulated into a two dimensional problem with an appiatprwavelength dependent effec-
tive index. We consider a two-dimensional Euclidean domatin N circular disks of radiu&
and index of refraction; (See Fig. 1). Between th#® and " disk the distance is designategl
and the angléj; the disks may be placed arbitrarily so long as they do notlapeln two di-
mensions the full electromagnetic problem can be deconthiose two distinct polarizations,
each described by a scalar figldr) and corresponding to thecomponent of the electric or
magnetic field: for TE polarizatiogy = E; while for TM polarizationyy = H,. In each case the
scalar field obeys the Helmholtz equation

(0% +n*(n) (kR =0,

wheren(r) = n; within thei™ disk, as well as the appropriate boundary conditions ondige e
of each diskk is the wavenumber ariis a length scale which we choose in our calculations
to be the radius of the largest disk. We then expand the soluri terms of cylindrical basis
functions around each of the disks. The field is given withiif' disk by

e = 3 [aHi (nikri) + BlHE (k) | exp(im8) )

00
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and outside the disk the field is expanded into

W8 = 3 [chH k) + dhdnlie)] expiimd). @

m=—o

In these equations the functiohligql’z)(z) are Hankel functions of the first and second kind,
corresponding to outgoing and incoming waves respectidglyefers to the standard Bessel

function of the first kind. The Hankel functiorhd;%l) in (2) represent the outgoing field con-
tribution from thei" cylinder, and the non-singular part (containing heterms) can then be

identified with the sum of the outgoing components from al dither disks in the cluster. We
note that the expansion (2) has a domain of convergencedimtgfrom the boundary of the

it cylinder to the boundary of the nearest cylinder; if a corteleld expansion is desired
then usually one must make use of the Wijngaard expansiomtas in [15]. Using the expan-

sion (2) about each of the cylinders and identifying theadliffg field contributions leads to the
Rayleigh-type identity:

dhy = ) > ;xmlcl : (3)

where the coefficient)'i% govern the coupling between diskand j for the different multipole
ordersn andm: - _

Xb = (=1)™ "H Y (ki €m0 (4)
Writing the unknown coefficients as vectors, such that [a.|" etc., this equation can be
written in matrix form asd = Xc. The boundary conditions can then be written in the general
form

Bia+Bob = Bsc+Bsd
'a+Bb = Bjc+Byd, (5)

where the quantitieB, andBy, are square matrices with dimensions corresponding to tbe ve
torsa, b, candd. The problem is then completely specified by noting that thgdarity at the
center of each disk must vanish, so that b.

In the standard multipole formulation, one then eliminatescoefficients, b andc, thereby
obtaining an infinite linear system of the form

(1-P(kR)u=0. 6)

whereu is a vector related to the remaining unknown coefficiehtghis system can be trun-
cated to a finite multipole ord@ync, With truncation order determined by refractive indie®,
and the relative distances between the cylinders, as athigg16]. Zeros of the determinant
of this system correspond to electromagnetic resonancie afluster of disks. This classical
approach gives in principle a complete solution to the sysia practice however Eg. (6) is
a nonlinear eigenvalue problem for the eigenv&iReand so cannot be readily solved except
using a direct search for zeros of the determinant in the ¢exrgdane. This two-dimensional
search involves many iterations to find a single solutiod,athough methods for speeding this
process have been proposed [17], the task remains onenoaddition it is easy to overlook
resonances in a given range, especially for high frequengfeere the solutions are closely
spaced.

In contrast to this usual procedure we reformulate the sy$tgfirst using the identity (3) to
eliminated, and then re-arrange the equations for the boundary conditb obtain

(5 & )(2)-(=2) o
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Fig. 2. a) Distribution of the eigenvalues for two coupledkdi atkR = 20.0,d = 0.1, and

n= 1.5 b) Overlap of some representative eigenfunctions (detiyetthe scalar product),

with respect tkR.

Settinga = b as before, we then extend the block matrix on the right-haelte obtain

B1 —(B3—|— B4X) a\ -B, O a (8)
BY —(B5+ByX) c) \ -B, 0 c )’
The solution to this equation is the same as the solutiong@émeralized eigenvalue problem

of the form
M(kR)ju = AN(kR)u , 9)

whereM (kR) andN(kR) are the block matrices in Eq. (8). The condititkR) = 1+ 0i, known

as thequantization condition [14], corresponds to a resonance of the system. Contrahgeto t
traditional method outlined above, Eqg. (9) is a standarcpdised linear eigenvalue problem,
for which there exist extremely stable and accurate rostih®]. Additionally, we will see that
the reformulation of the eigenvalue problem leads to rathaghavior of the eigenvalue with
respect to changes in the wavenumkigr This allows us to derive an new algorithm for the
calculation of the resonant states.

3. New algorithm: description, implementation and results

From the eigenvalue problem (9) we obtain a set of eigensadmel eigenvectorSAH uH},
which depend parametrically on the complex wavenunikierA generic set of eigenvalues
AH for kR = 20 is shown in Fig. 2(a). Each eigenvalue represents a pateesonance of the
system; in order to find the resonance one must know how togehtine complex parametieR
such that the eigenvalue reaches the quantization pékaRR) = 1+ Oi. For a single isolated
disk each eigenvalue corresponds to a family of resonaniteglve same angular order. For
strongly coupled disks this simple classification breaksrgdiowever even in this case each
eigenvalue corresponds to a quantized state for a panticalae ofkR. By changingkR and
tracking the motion of the eigenvalues to the quantizatioimtp a complete set of modes can
be obtained.

In order to find the resonances efficiently we must know hovhtmge the parametilR such
that one eigenvalue approaches a true resonance of thengigsfe(kqR) = 1+ 0i) most rapidly.
We expect a small changekR to only shift the eigenvalues slightly; in Figure 3(a) we lgza
this behavior of the eigenvalues with respect to a changes{kRR and ImkR]. Interestingly,
we see that a real positive change&Rinduces a counter-clockwise rotation of the eigenvalue
in the complex plane. Similarly, a positive imaginary chamgkR induces a radial decrease.
Figure 3(b) and (c) show that the rate of change of the eideaesawith respect t&R (this
guantity we henceforth refer to as theeed of the eigenvalues) is very nearly constant. The
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dynamics of the eigenvalues may be understood by analy#ig ahatrix elements in (9) using
the Debye expansion for cylindrical functions [14].
We can now define an efficient numerical algorithm based @régular behaviour:

1. Perform a diagonalization ® andN atkoR and retrieve{ A}, uf

2. Perform a second diagonalizatibt{koR+ 0kR), wheredkR is a small complex number
with |kR| < kR, and retrieve\[

3. Determine the approximate angular and radial speed eheaues\

4. Assuming constancy of speeds, extrapolate an approxiguaintization Wavevectkg’R

Following this algorithm multiple eigenvalues can be geed after only two diagonalizations,
compared to a direct search which diagonalizes the matrizeioh sample pointin the complex
kR plane.This can lead to a considerable enhancement of thgpolalmethod. An analysis
of the efficiency of a similar root search is shown in detaiRief. [19]. Once an eigenvalue
reaches the quantization point, a family of additional nesees can be computed by increasing
Re[kR] in such a way that the eigenvalue performs a complete rotatithe complex plane.
In the case of an isolated disk, this corresponds to an isergathe radial quantum number
of the resonance. We show this for two coupled disks in FigVé note that the motion of the
eigenvalue does not quite exactly track the unit circle; alboorrection to InfkR] is necessary
to obtain the new quantized state. This reflects the physizsgrvation that the higher radial
order resonances possess a higher radiative loss.

As the truncation ordeKnc increases, the size of the system (9) increases propadijiona
and more eigenvalues appear very close to the quantization that is, al = 1+ di, where
0 < 1 is a small positive number. One might assume that a smaledse in R&R] would
bring this new state to quantization, however, for these stetes the speed goes to zero as the
frequency decreases, and so the quantization point caneobe reached from above. As the
real part of the wavenumber increases, these eigenvaloesase in speed, following the unit
circle until their first quantization after one completeccit.

a) b) *

1

0.8 r

061

04 f 15

0271 1'05 -04 -03 -02 -0.1 0(p0.1 02 03 04 05

or

-02 1

04 T

-06 1

-08 1

0.008

0.00! L L L L L L L L L
-05 -045 -04 -0.35 -03 025 -02 -0.15 -0.1 -0.05 0
Im kR

Fig. 3. a) Several representative eigenvalues traced icdh@plex plane for changes of
Re[kR] (circular motion) and InkR] (radial motion). b) Angular speed (changegfvith
respect tkR) of eigenvalues, with respect to the angular positn the complex plane.
c) Log of the radial speed of the eigenvalues with respeant&®]. In all the calculations
we usedkR=[20,...,22],d =0.1,n= 1.5, Nyunc = 33).

#110647 - $15.00USD  Received 29 Apr 2009; revised 30 Jun 2009; accepted 30 Jun 2009; published 17 Jul 2009
(C) 2009 OSA 20 July 2009/ Val. 17, No. 15/ OPTICS EXPRESS 13183



Fig. 4. (left) false color representation of the a wavefigrcivith m = 28 atkR = 21.60
(top) and one iteration later &R = 24.74— 0.04i (bottom). On the right the trace of the
eigenvalue, in red, through one rotation in the complexgl@tso shown are the eigenval-
ues of the final diagonalization in black.

The eigenvalues of the system (9) have no physical meanieg e quantization condition
is not fulfilled, since the boundary conditions on the disigeslare not quite satisfied. However,
it is a useful observation that the eigenvectorsf (9) only change slightly as the eigenvalue
traverses the complex plane. To quantify this statementlefime the overlap of two eigen-
vectors by the standard scalar product for the complex vecttn Figure 2(b) we trace this
overlap as R&R] is increased (leading to a rotation of the eigenvalue by @pprately r7/2
radians). We see that the overlap with the initial eigermeleardly changes at all, despite the
fact that the change kR can no longer be considered small. This fact can be explditate
wishes to avoid an extra diagonalization to reconstrucfitids: a good approximation to the
resonant fields may be obtained by using the eigenvectarstine initial diagonalisatiom,
together with the quantized eigenvaliygin the field expansion. This can save much effort for
very large systems, and can also be used to obtain fieldsdoga humber of the states without
using additional matrix computations.

To demonstrate the effectiveness of this method, we haweitis® compute the set of res-
onances for a range of systems (see Fig. 5), including a sE8 oindomly positioned disks
(Fig. 5(a)), three strongly-coupled disks with large valoékR (Fig. 5(b)), and a random array
of 1024 disks (Fig. 5(c)). This method has also been suaaigssipplied to the calculation
of resonances in Terahertz photonic molecules; the peatlicsonances achieved excellent
agreement with experimental measurements [3].

The algorithm presented here works best for large valuékR)f in which the eigenvalues
behave most regularly, provided that the truncation ordethiosen appropriately [16]. For
low frequency solutions, especially withkR| < 5, the eigenvalues do not follow such well-
behaved paths and the predictive algorithm, which assuprestant speeds and motion, that is
decoupled between the real and imaginary partdpfoses efficacy. However the eigenvalues
still follow analytic paths in the complex plane and in pipie the resonances can still be
calculated, albeit with additional computational expefiggs type of complicated motion can
be observed in Fig. 5(d); the regularity of the eigenvalagttories is disrupted by the presence
of anti-crossing-like features [14]. However each eigéunwatill possesses long stretches over
which the behavior is very regular.
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Fig. 5. a) False color representation of the absolute vatpmred wavefunction of 16
disks on a randomized rectangular grid, for the state With- 4.502758- 0.07872,n =
1.5, Nyune = 10. b) Wavefunction of a high frequency whispering gallegd®in three cou-
pled disks akR = 40.52586— 0.0005924,n = 1.5,d = 0.1,R= 1, Ntyunc = 60. c) Wave-
function in a randomized grid of 1024 dielectric disks & ~ 1.,n = 1.5 Nyync = 2.
d) Traces of the eigenvalues of Eq. (9) in the 16 disk randedhian a rectangular grid.
Six representative eigenvalues are traced with the higivestap criteria. The ‘radial’ mo-
tion of the eigenvalues is generated by tracing the eigaagahrough a change in [kR],
kR=[3.69—0.08i,...,3.69—0.78], the ‘rotational’ motion by a change in the real compo-
nentkR=[3.69—0.08;,...,5.30—0.08],n = 1.5, Nyyunc = 8. Contrary to Fig. 3 the motion
is not any longer completely regular, however the generbhbier is good enough for a
general prediction.
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4. Conclusion

An efficient numerical algorithm for finding resonances inpled dielectric disk has been pre-
sented. With an accelerated complex root search mechargsanenable to reduce the number
of necessary diagonalizations to only two. This method bellof particular use in systemati-

cally computing the resonances of non-symmetric clustedisis, where the problem of the

determination of resonances cannot be reduced using sygmowgtsiderations. Furthermore,

this method should be readily expandable to fibre geometridsoupled rings.
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