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Abstract 

Gearbox is an important component for large modern wind turbines incorporated either 

by a squirrel cage induction generator or a doubly fed induction generator. Wind turbine 

gearboxes have distinct features from standard gearboxes. They are used to increase the 

rotor speed to a speed suitable for the electricity generation and operate under varying 

load conditions, while standard gearboxes are designed to step down from high speed to 

low speed and operate under full load conditions. The modern wind energy industry has 

been experiencing high gearbox failure rates since its inception. However, the 

fundamental mechanisms of gearbox failures have not been fully understood yet. Thus, 

this thesis studies the dynamic response of wind turbine gearbox components in order to 

provide useful information to the wind energy industry to reduce the possibility of the 

gearbox failures at an early stage. 

 

The torsional vibrations of wind turbine gearbox are firstly investigated in this thesis. 

The nonlinear dynamic model developed considers the factors such as time-varying 

mesh stiffness, damping, static transmission error and gear backlash. Both the external 

excitation due to wind gust and the internal excitation due to static transmission error 

are included. With the help of time history, FFT spectrum, phase portrait, Poincare map 

and the effects of the static transmission error, mean-to-alternating force ratio and time-

varying mesh stiffness on the dynamic behaviour of wind turbine gearbox components 

are investigated by using the numerical integration method. It is found that the external 

excitation has the most influence on the torsional vibrations of the wind turbine gearbox 

components. The gear mesh stiffness has more influence than the static transmission 

error, and the static transmission error has the least influence. 
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Secondly, the dynamic response of a proposed four-degree-of-freedom (4DOF) wind 

turbine gearbox dynamic model is studied. The effects of different excitation conditions 

are discussed. The results show that the external excitation fluctuation has large 

influence on the dynamic responses of both the gears and bearings, and explain under 

which conditions the fretting corrosion, as one of the wind turbine gearbox failure 

modes, may occur.  

 

Thirdly, the effects of bending moments on the dynamic responses of a wind turbine 

planetary gearbox are analysed. The proposed six-degree-of-freedom (6DOF) dynamic 

model takes into account the key factors such as the time-varying mesh stiffness, 

bearing stiffness, damping, static transmission error, gear backlash and bearing 

clearances. It is found that the bending moments can affect the gear meshes. What is 

more, the driving torque may have the effect on the bending moments. Furthermore, the 

bearing clearance has negligible effect in the planetary gear stage. 
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Chapter 1 Introduction 

Wind is a vast potential source of renewable energy, generated by the complex natural 

mechanisms such as the rotation of earth, the heat capacity of sun, and the cooling effect 

of the oceans, etc. Wind energy is generated by converting the natural wind kenetic 

energy into electrical energy. It was used for grinding grain and rural battery charging in 

early 1970s, and along with the development of the modern wind turbines since late 

1970s, the wind energy industry has improved dramatically up to present [1, 2].  

 

In this chapter, the background of wind energy is introduced in Section 1.1, the current 

challenges are listed in Section 1.2, the research objectives are presented in Section 1.3, 

and the thesis outline is provided in Section 1.4.  

 

1.1 Background of wind energy 

This section presents the general background of wind energy. In particular, it describes 

the aspects such as sustainability, economic benefits, noise and health issues. 

 

1.1.1 Sustainability 

Compared with the traditional energy sources such as coal and gas, the electricity 

generated by wind energy industry is estimated to be one million gigawatts (GW) for 

the total global land coverage. A standard-sized wind farm (e.g. 150MW) can provide 

the electricity for 60,000-65,000 homes, and can save up to 360,000 tonnes of carbon 

emissions annually. Large wind farms (e.g. 500MW) can produce electricity to power 

200,000 homes, and save 1.3 million tonnes of carbon emissions [3, 4]. The wind 

energy has been a fast growing renewable energy source since 1970s, and it is still 
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expected to grow with an increasing annual rate of 30% up to 2030. The wind energy is 

largely used in Europe and United States, and has been a rapid growth in China and 

India.  

 

In Australia, the wind farms are mainly located in South Australia, Victoria and 

Western Australia, as shown in Figure 1.1. The Australian wind energy industry has 

increased with an average annual growth of 69.5% since 1999, and have the total 

electricity generated by wind energy increased from 1.5% in 2008 to the predicted 12.1% 

in 2030 [1].  

 

 

Figure 1.1. Australia’s wind resources [1] 

 

1.1.2 Economic benefits 

The best estimates of the equivalent cost of wind energy is $60 to $80 per megawatt 

hour (MWh), compared with $31 to $40 per megawatt hour (MWh) for coal and $37 to 

$44 per megawatt hour (MWh) for gas. It can be seen that the electricity produced from 
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wind energy is currently more expensive than fuel and gas. However, wind energy is the 

only pollution free option, and these cost estimates do not include the cost of pollution.  

As the world is paying more attention to reduce the carbon emissions to respond to the 

threat of climate change, the traditional energy sources, such as coal and gas, would cost 

more than wind energy in the future. In addition, the efficiency is another important 

aspect for wind energy, as modern wind turbines convert around 45% of the passing 

wind into electricity. However, the coal-fired power stations convert 29% to 37% of the 

coal into electricity, and the gas plants convert 32% to 50% of gas into electricity [3]. 

 

What is more, the job opportunities created by wind energy industries would be another 

important benefit. According to the United Nations Energy Program (UNEP)1, wind 

energy creates more jobs for each dollar invested than the traditional power generations 

such as coal and gas [5]. Under the Australian Government’s Renewable Energy Target 

(RET) scheme2, it is estimated that wind energy projects could lead to the creation of 

more than 6000 jobs in New South Wales (NSW), Australia [6]. A large proportion of 

them is in the construction and operation of wind farms in regional areas, and the 

increased employment could also provide benefits to the local businesses in the areas 

where the wind farms locate. For example, AGL energy provides $15,000 per year to a 

community fund for each of the four wind farms it has built in South Australia over 

their operational lifetime [3]. 

                                                 
1 The United Nations Environment Programme (UNEP), established in 1972, provides leadership and 

encourage partnership in caring for the environment by inspiring, informing and enabling nations and 

peoples to improve their quality of life without compromising that of future generations. 

 
2  The Renewable Energy Target (RET) is an Australian Government scheme designed to reduce 

emissions of greenhouse gases in the electricity sector, and encourage the additional generation of 

electricity from sustainable and renewable sources. 
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1.1.3 Noise 

Wind turbines are currently one of the quietest forms of energy generation. Although a 

low frequency noise is generated due to some factors, such as turbine height and the 

impact of wind, the modern wind turbines have significantly reduced the noises 

compared with those built 20 years ago. Furthermore, NSW currently uses the South 

Australian Wind Farms Environmental Noise Guidelines for the assessment process for 

approving wind farms [7]. A wind farm is required to demonstrate that the noise levels 

at neighbouring residences would strictly meet noise limits before operation, and 

planning the approvals requires that the noise monitoring is routinely carried out on 

wind farms, with the results provided to planning authorities. Independent monitoring 

would also ensures the compliance with noise standards [3, 8].  

 

1.1.4 Health issues 

In Australia, the anti-wind activists have claimed that the non-audible infrasound, 

generated by wind turbines, can make people sick. However, the National Health and 

Medical Research Council (NHMRC) have currently conducted a review of scientific 

literatures, and stated that there is no scientific evidence to link the wind turbines with 

adverse health effects. For the residents with the symptoms such as sleeplessness, 

headaches or racing heartbeat, it was suggested by the National Health and Medical 

Research Council (NHMRC) that such health effects may be caused by the 

misinformation about wind turbines, but not the turbine itself. In fact, the low frequency 

infrasound is everywhere in the environment, such as wind, rivers and traffics, and the 

modern wind turbines have already reduced the level of infrasound significantly. On the 

other hand, there are many health benefits when using the wind energy over traditional 
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energy forms such as coal and gas. As wind energy is a sustainable energy, it improves 

air quality by reducing the amount of pollution [3]. 

 

1.2 Current challenges 

With the dramatic increasing of energy consumption and the improvement of the 

environment pollution, the global installed capacity of wind energy has increased 20 

times over the last decade. Wind energy has aroused extensive attention and received a 

rapid development as a renewable energy source. However, the wind energy industry is 

currently facing many challenges. This section introduces the challenges of wind energy, 

and mainly focus on three aspects: the challenges regarding the turbine size, gearbox 

reliabilities, and the difficulties of the communication and data sharing. 

 

1.2.1 Turbine size 

Wind turbine industry has been continuously improving the turbine designs since its 

inception, and the size optimization has become a challenge for the wind energy 

industry. Although to increase the turbine capacity is the major task for the industry, 

there are still economic and logistical constraints to the continued growth to larger 

turbine sizes. The primary argument for limiting the size of wind turbines is based on 

the square-cube law, which states that as a wind turbine rotor grows in size, its energy 

output increases, while the cost of material increases with the blade diameter. This 

suggests that the cost of a larger turbine grows faster than the resulting energy output. 

Thus, optimized turbine size is still expected to be one of the topics for academics and 

engineers in the future [2, 8]. 

 



6 
 

1.2.2 Gearbox reliability 

Being one of the most expensive components of a wind turbine, the gearbox has 

experienced higher-than-expected failure rates since the inception of wind energy. In 

2006, The German Allianz received 1000 wind turbine damage claims. One of the 

common maintenance requirements of the wind turbine damage claims is to replace the 

gearbox every 5 years over the 20-year design lifetime, and the studies have also shown 

that the wind turbine gearboxes could fail in their early life of operation within 3-7 

years. The long downtime and high maintenance cost of wind turbine gearboxes have 

been the challenges for the modern wind energy industry [9].  

 

Wind turbine gearbox is a complex dynamic system that is subjected to highly complex 

loadings. Unlike other industrial gearbox applications, most problems in wind turbine 

gearboxes are considered to be generic in nature, meaning that the problems are not 

specific to a single turbine model or manufacturer [10, 11]. During turbine operation, 

the internal load varies with the fluctuating driving torque, gravitational loads, 

corresponding bending moments and reverse torques during emergency stops, etc. [12, 

13]. The wind gust could result in unbalanced aerodynamic loads of the rotor, which 

may lead to the non-torque bending moments feed into the gearbox. Large driving 

torques may lead to contact loss of the missing gear teeth. The bending moments 

applied on the main shaft could cause the loads on gear teeth to change dramatically. 

Vibrations inherently exist within the entire gearbox [8].  

 

Although the presence of problems is evident, and the wind turbine manufactures, gear 

designers and bearing manufacturers have improved the load prediction, design, and 

operation of gearboxes over the past two decades, the root causes of the failure 
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mechanisms have not been fully understood yet. Thus, there is a need for the 

fundamental studies to support the reliability analyses, and to improve the reliability of 

wind turbines [14-17].  

 

1.2.3 Communication and data sharing 

The design process for wind turbine gearboxes is characterized by the integration of 

multiple disciplines, which work independently toward the final integration of many 

turbine components. Each component is affected by other surrounding components, as 

described in Section 1.2.2. Thus, to follow the design process appropriately, all parties 

involved in the design process must have a complete knowledge of the behaviour of all 

components. For example, the wind turbine manufacturers should understand the 

behaviour of gearbox, the gearbox manufacturers should understand the loading 

conditions, and the bearing manufacturers should know the interaction of the internal 

components of wind turbine gearbox. An absolute transparency and data sharing is 

required for the design process [18].  

 

Unfortunately, data sharing has become one of the challenges between the wind turbine 

designers and the component providers. For example, the gearbox supplier may work 

with multiple wind turbine manufacturers. A single wind turbine company may have 

more than one gearbox suppliers. Such intense competition has made the transparency 

and information sharing virtually impossible, and the information accessibility produced 

by the fierce competition and inherent proprietary data have become a barrier to prevent 

the iterative nature of the design process [18, 19].  
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1.3 Research objectives 

Wind turbine gearboxes experience complicated loadings during operation, as 

introduced in Section 1.2.2. The studies have found that the wind turbines with different 

sizes or configurations have similar gearbox failures. Thus, to study the dynamic model 

of a wind turbine gearbox could provide useful information to understand its 

fundamental mechanism, and reduce the possibility of gearbox failures [10, 18, 20]. The 

objectives of the current research are presented as follows: 

 

(1). To propose a torsional model of a wind turbine gearbox, which consists of two 

planetary and one parallel gear stages for large capacity wind turbines. Both the driving 

torque and the internal excitation due to static transmission error are included, with the 

consideration of some key factors such as time-varying mesh stiffness, damping, static 

transmission error and gear backlash.  

 

(2). To study the dynamic response of a 4DOF wind turbine gearbox model under 

different excitation conditions. The dynamic responses of the gearbox components, such 

as gears and bearings, would be investigated. 

 

(3). To study the effects of the bending moments on a 6DOF wind turbine gearbox 

model. The effects of the driving torque and the bending moment would be analysed 

and compared. 

 

This research would provide a deeper understanding of wind turbine gearboxes. The 

proposed dynamic models can then be used to study the fundamental mechanism of 

wind turbine gearbox components including gears and bearings. It is likely that the 
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lessons learned in solving the problems on a smaller scale gearbox can be applied 

directly to the future wind turbines with a larger scale, which could provide useful 

information to reduce the possibility of the gearbox failures at an early stage. 

 

1.4 Thesis outline 

Chapter 1 introduces the background and challenges of wind energy industry, and 

presents the objectives of the current PhD research. 

 

Chapter 2 provides the literature review regarding the wind turbine gearboxes and gear 

dynamics. 

 

Chapter 3 provides the general information of wind turbines, including the drivetrain 

configurations, gearbox suspension layouts, gearbox types and components.  

 

Chapter 4 presents the study of the torsional vibrations of wind turbine gearboxes. The 

proposed nonlinear dynamic model considers the key factors such as time-varying mesh 

stiffness, damping, static transmission error and gear backlash, and takes into account 

both the external excitation due to wind and the internal excitation due to static 

transmission error. 

 

Chapter 5 extends the torsional wind turbine gearbox model, and investigates the 

dynamic response of gearbox components under different excitation conditions.  
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Chapter 6 focuses on the effects of bending moments on the dynamic responses of a 

6DOF wind turbine planetary gearbox, and explores the effects of planet bearing 

clearance.  

 

Chapter 7 gives the conclusion, and Chapter 8 presents the appendices. 
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Chapter 2 Literature review 

Gearbox has been the major cause of many reliability problems for the modern wind 

energy industry, and most problems are currently considered to be generic in nature, 

meaning that they are not specific to a single gear manufacturer or turbine model, but to 

all wind turbine gearboxes [17]. Due to the complexity and distinct nature, the 

fundamental failure mechanisms of wind turbine gearboxes have not been fully 

understood yet, to the author’s best knowledge. Consequently, the study of wind turbine 

gearboxes has been receiving significant attention from both the industry and 

researchers as an understanding of failure modes and failure sources could provide 

useful information to the wind energy industry to reduce the possibility of gearbox 

failures at an early stage.  

 

In this chapter, a literature review is provided regarding the researches on wind turbine 

drivetrains and gearboxes. In addition, gears are used to transmit the power in wind 

turbine gearboxes. The ability to incorporate them into wind turbine gearbox models has 

become an essential topic. Thus, a general understanding of gear dynamics has also 

been provided. 

 

2.1 Wind turbine drivetrain 

2.1.1 Finite element model 

Peeters et al. [21, 22] studied the torsional behaviours of a wind turbine drivetrain using 

the finite element method, and then extended their multibody models with the inclusion 

of gears and bearings for both the planetary and parallel gear stages. Later, Peeters et al. 

[23, 24] verified their wind turbine drivetrain model, and presented the calculations for 
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the gear meshing force, and a Campbell analysis for the possible resonance behaviour 

and transient load cases. Heege et al. [25] studied the nonlinear dynamic behaviours of a 

wind turbine planetary gearbox using the finite element method. They found that the 

dynamic radial and axial bearing load oscillations of the individual drivetrain bearings 

are not necessarily proportional to the driving torque. Helsen et al. [26] studied a 

flexible multibody model of a wind turbine gearbox, and compared the results with the 

rigid model.  

 

Oyague, Gorman and Sheng [19] established a dynamic model for a wind turbine 

drivetrain, and validated the results by experiments. They also discussed the differences 

between the fully integrated design process and the coupled design process. Oyague [18] 

studied the loading conditions of a wind turbine gearbox, and found that the level of 

complexity does not greatly affect torsional behaviour, but the models of higher 

complexity can be used to study the loading conditions for the gearbox bearings. Later, 

Oyague, Butterfield and Sheng [27] presented a brief review of the gearbox design 

developed by the National Renewable Energy Laboratory (NREL), and described the 

design procedures and manufacturing standards. Oyague, Gorman and Sheng [28] also 

gave a review of the experimental data and analysis of the Gearbox Reliability 

Collaborative (GRC) project3 for the study of the planet carrier deformation. Oyague 

[29] studied the load cases of a wind turbine design process. He provided a broad 

understanding of the 750kW wind turbine drivetrain established by the Gearbox 

                                                 
3 National Renewable Energy Laboratory (NREL) initiated the Gearbox Reliability Collaborative (GRC) 

in 2007. This project combines field testing, dynamometer testing, analysis, modelling, condition 

monitoring, development of a failure database, and operations.  
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Reliability Collaborative (GRC). In addition, they also presented the fatigue and 

ultimate strength drivetrain loads resulting from simulations.  

 

Coultate et al. [13] proposed a method to calculate the damages of wind turbine 

components, and the obtained lateral and axial loads could be used for the component 

life predictions. After that, Coultate et al. [30] presented four models of wind turbine 

gearboxes with various levels of flexibilities, including the nonlinear bearings, flexible 

planet carrier arm and flexible housing. They found that the flexing of the structure 

affects the misalignment at the contacting tooth and roller surfaces, depending on the 

design and location of particular gears and bearings. Later, Zhang et al. [20] studied the 

gear and bearing stress of a wind turbine gearbox by using the combination of multi-

body dynamic and quasi-static models. Crowther, Ramakrishnan, Zaidi and Halse [31] 

also addressed the design issues of wind turbine planetary gearboxes. They showed how 

the misalignment of the planet pins varies with the rotation of the planetary gears, and 

how subsequently time-varying contact stresses and load distributions occur in the 

planet gears and bearings, which influence the fatigue life of the gearbox components. 

Spinato et al. [32] investigated the reliability of more than 6000 modern onshore wind 

turbines in Denmark and Germany over 11 years, and they also observed the 

particularly changes of the generators, gearboxes and converters in a subset of 650 

turbines in Schleswig Holstein, Germany. The average failure rate of turbine 

populations and wind turbine subassemblies were studied.  

 

Todorov, Dobrev and Massouh [16] proposed a dynamic multibody model of a wind 

turbine drivetrain with consideration of the gear mesh stiffness, and concluded that the 

transient loads in the gearbox are very high and may need special attention. Todorov 



14 
 

and Vukov [33] continued their study on the dynamic multibody model, and took into 

account the time-varying mesh stiffness. The results showed that the transient loads in 

the gearbox have complex characteristics, and the proposed model can be used for fault 

and wear gear monitoring. De Coninck et al. [34] conducted a test on a wind turbine 

gearbox under realistic conditions, and studied the load cases. Abboudi et al. [35] 

studied the dynamic behaviour of a two-stage wind turbine gearbox by using the 

numerical integration algorithm. The dynamic response of bearings, shafts and gear 

teeth were obtained. Allen et al. [36] simulated a 5MW wind turbine model, with the 

consideration of both the structural and aerodynamic effects. Haastrup, Hansen and 

Ebbesen [37] investigated the gearbox bushings of wind turbine drivetrains, and 

compared three different models: linear, nonlinear and hydro-dynamic bushing. The 

results showed that all three models are capable of displaying the main dynamic 

characteristics of gearbox bushings, and the linear and nonlinear models are better on 

accuracy compared with the hydro-dynamic model. Helsen et al. [38] studied the 

dynamic response of a wind turbine drivetrain. They investigated both the planetary and 

parallel gear stages, and concluded that the optimization method should be used for the 

accurate bearing representation. Moreover, they also observed the time-varying gear 

mesh stiffness excitations within the modal participation factors, which indicates that 

the time-varying gear mesh stiffness should be used for accurately modelling. 

Furthermore, a test of 13.2MW dynamic testing facility was conducted, and the 

experimental results showed that the test rig can show the dynamics responses of 

gearboxes. Later, Helsen et al. [39] continued their research and focussed on the 

gearbox component behaviour using three modelling techniques with varying 

complexity: the torsional model, the rigid model with discrete flexibility and the flexible 

multibody model. Both simulation and experimental results were discussed. 



15 
 

Furthermore, the interaction between the structural modes of the planet carrier arm and 

planetary ring flexibility with the overall gearbox modes was investigated. Jain and 

Hunt [40] compared the experimental results of the NREL gearbox on the field testing. 

The results showed that the non-torque loads would influence the ring gear face width 

load distribution.  

 

Keller et al. [41] investigated the effects of the non-torque load on load sharing and the 

influence of the thrust. They found that the bending moment could affect dynamic 

response of gearbox components and play an important role in gearbox reliability, such 

as tooth contact patterns and tooth edge loads in the low-speed gear stage. What is more, 

when the gear clearance is included, they observed the ideal tooth load distribution, and 

found that the contact pattern varies periodically. Guo, Keller and LaCava [42] also 

developed a multibody dynamic model of a wind turbine gearbox for the study of the 

planetary gear load sharing. The proposed model is validated against the experimental 

results, and it is found that the planet load sharing is a combined effect of gravity, 

bending moment, bearing clearance and input torque. In addition, they found that the 

bending moments and gravity could increase the gearbox internal loads and disturb the 

load sharing. Later, Guo, Keller and Parker [43] studied the dynamics of wind turbine 

planetary gears with gravitational effects using an extended harmonic balance method. 

Floquet theory was applied to the dynamic model, and they found that gravity causes 

tooth wedging and bearing contact at resonances, which may lead to stiffening effects in 

the dynamic response. Moreover, tooth wedging is a combined effect of bearing 

clearance, backlash, and sun support stiffness, and can occur at a lower speed than the 

planetary stage resonant frequency.  
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Villa et al. [44] presented an angular resampling algorithm for wind turbines. The 

results proved the accuracy improvement compared with other resampling algorithms, 

and they have shown that the angular resampling algorithm is suitable for wind turbines. 

Dong, Xing and Moan [45] studied the gear contact fatigue under three dynamic 

conditions: the torque reversal problem under the low wind speed conditions, statistical 

uncertainty effects due to time domain simulations and the simplified long-term contact 

fatigue of the gear tooth under dynamic conditions. Haastrup et al. [46] focused on the 

planetary gear stage of a wind turbine drivetrain, and compared the results with 

experimental results. They found that the misalignment between the main shaft and the 

planet carrier is the dominant excitation source, and may affect the expected life of the 

planet gears. Hall and Chen [47, 48] studied a wind turbine drivetrain with a variable 

ratio gearbox. They demonstrated how the wind capture capability of a fixed-speed 

wind turbine can be improved through the implementation of a variable ratio gearbox, 

and the findings suggested that the variable ratio gearbox can benefit wind turbines.  

 

Helsen et al. [8] presented a review of different trends in gearbox loadings for wind 

turbine upscaling conditions, and discussed the influence of the gearbox flexibility. In 

addition, they studied the influence of gear meshes on the gearbox mounting structures. 

After that, Helsen et al. [49] conducted the experimental investigation of the wind 

turbine gearbox components. The obtained results proved that the accurate gear mesh 

representation are useful for wind turbine gearbox simulations. Later, they [50] 

investigated the effectiveness of three wind turbine drivetrains: the three-point mounting 

configuration, two-bearing configuration and the hydraulic suspension configuration. 

They validated the multibody model to characterize the ability of these three 

configurations to minimize the effects of the non-torque loads in the gearbox. 
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Vanhollebeke et al. [51] also validated the dynamic model of a wind turbine planetary 

gearbox by experiments, and they used a multi-level validation campaign to identify the 

uncertainties in the model.  

 

LaCava, Keller and McNiff [52] studied the sun gear's orbit of a wind turbine planetary 

gearbox, and they discussed the relationship between the measured motions of the 

planet carrier arm, planet tilt, main shaft bending, gear mesh alignment, pin load 

distribution, planet position error, and sun gear orbit. LaCava, Xing, Guo and Moan [53] 

continued their research on the dynamometer tests, and studied the planet-bearing life 

calculations. Their results suggested that the planet-bearing life calculations should be 

made separately for each bearing due to the unequal load distribution, and they 

concluded that fully flexible models were needed to predict planet-bearing loading, 

although less complex models were able to achieve good correlation in the field-loading 

case. Austin [54] proposed a dynamic model of a wind turbine planetary gearbox using 

the finite element method, and evaluated the effect of manufacturing errors on gear load 

distributions. The results showed that the planet load share is affected by the 

misalignment of the carrier, and the floating sun cannot fully mitigate this error.  

 

Dong, Xing, Moan and Gao [55] predicted the contact fatigue life of the gears in a wind 

turbine drivetrain, and presented a dynamic model validated by comparisons with the 

published experimental results. Greco, Sheng, Keller and Erdemir [56] examined 

contact failures of gearbox bearings, and used scanning electron microscopy to observe 

the subsurface material microstructure. Guo, Keller, Errichello and Halse [57] 

investigated the spline coupling design of a wind turbine gearbox. They derived the 

formulation and compared to the existing higher fidelity spline coupling modelling tools, 
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and studied the effect of spline design parameters on the spline behaviour. The results 

showed that a freely floating sun minimizes the negative effect of the gear meshes on 

the planet gears, sun pinion and the ring gear. Guo, Keller, Moan and Xing [58] also 

presented a combined modelling and experimental approach for wind turbine gearboxes, 

considering the condition of emergency stops. They found that the flexibility of the 

main shaft and planet carrier arm is important to simulate emergency stops. Later, Link, 

Keller and Guo [59] conducted a dynamometer test for the analysis of wind turbine 

gearbox components, including the force reactions, load distributions, displacements and 

stresses. The results showed that the pitch and yaw moments affect gear meshes in the 

planetary gear stage, and the driving torque would change the effect of the non-torque 

loads on the bearing loads and tooth-contact patterns.  

 

Lutschinger and Howard [60] discussed the failure modes of wind turbines gearboxes. 

They conducted a small-scale wind turbine test rig to observe the displacement of the 

main shaft. The experiments took into account the wind fluctuations, and analysed the 

conditions of shaft bending and fatigue theories. Nejad, Gao and Moan [61] presented a 

long-term load analysis of a wind turbine gearbox. They also presented three statistical 

methods for the main shaft torque in offshore wind turbines, and studied the extreme 

value of the gear transmitted load. Park, Lee, Song and Nam [62] investigated the 

external loads of wind turbine gearbox caused by wind fluctuation. Two models for 

different design loads are employed, one model considered only the torque for the 

design load, the other model considered non-torque loads. The results obtained for the 

gear mesh misalignment, contact pattern, load distribution, and load sharing are 

different, which suggested that it is appropriate to consider the non-torque loads for a 

wind turbine gearbox. 
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Xing and Moan [63] examined the modelling and analysis of a wind turbine planet 

carrier arm, with the consideration of planet pins, bearings and the main shaft. 

Furthermore, they studied the flexible body modelling of the planet carrier arm by using 

the finite element method, and performed both eigenvalue analyses and time-domain 

simulations. Abouel-Seoud and Mohamed [64] diagnosed the level of defects of the 

wind turbine gearbox using gear mesh stiffness. The optimization approach used a 

dynamic model of both time-varying and frequency-varying mesh stiffness that 

corresponds to the given vibrational data. They have also conducted experiments and 

obtained the optimum mesh stiffness. Alemayehu and Ekwaro-Osire [9] performed a 

multibody dynamic analysis of a wind turbine gearbox, they considered the 

uncertainties of main shaft speed, the generator-side torque and design parameter 

uncertainties. Girsang et al. [65] established a wind turbine drivetrain model, and 

studied the transient loads and their couplings across the drivetrain components, and 

Jorgensen, Pedersen, Sorensen and Paulsen [66] simulated a 500kW wind turbine 

drivetrain, and verified the results by experiments. Luo et al. [67] studied the dynamic 

responses of a wind turbine planetary gearbox using the amplitude modulation and 

trigonometric function manipulations. They found that the modulation function does not 

die out before the next planet gear, which is important for when the number of planets 

increases. What is more, for a sequential mesh planetary gear, in comparison with the 

fundamental gear mesh frequency, the modulation structure is not only different in 

amplitude but also different in frequency composition.  

 

Nejad, Gao and Moan [68] presented a fatigue damage analysis for the gear tooth root 

bending in wind turbine drivetrains. They used load duration distribution method to 
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obtain the short-term stress cycles, and provided the long-term fatigue damage analysis 

based on the ISO gear design codes. The load effects were obtained by using two 

dynamic models: a simplified approach and a multibody model. Good agreement 

between these two methods was observed. What is more, they found that the sun pinion 

in planetary gear stage and the pinion in the parallel gear stage are those with the 

highest damages. Nejad et al. [69] continued the work completed by Nejad, Gao and 

Moan [68], and addressed the effect of gear geometrical errors in wind turbine planetary 

gearboxes. Numerical simulations and experiments are employed for the study. Various 

load cases involving errors in the floating and non-floating sun pinion designs were 

simulated, and the planet bearing reactions, gear mesh loads and bearing fatigue lives 

were calculated. They found that the non-floating sun pinion design performs better for 

gear load variation, whereas the upwind planet bearing has more damage.  

 

Sawalhi, Randall and Forrester [70] discussed the methods to analyse the gear and 

bearing faults in a wind turbine drivetrain. Whittle, Trevelyan, Shin and Tavner [15] 

modelled a 2MW wind turbine to find the misalignment between gearbox and the 

generator, and predicted the impact of the misalignment. They observed the 

misalignment of 8500 m at rated torque, and found that the  fatigue lives of the 

bearings of the high-speed gear stage were not significantly affected by this 

misalignment, but that of the generator bearings could be significantly reduced. They 

suggested to apply a nominal offset to the generator to reduce the misalignment under 

operation, thereby reducing the loading on the gearbox. Xing, Karimirad and Moan [71] 

studied a spar-type floating wind turbine drivetrain, and obtained the results for the 

main shaft loads, including the axial forces, shear forces and bending moments. The 

results showed that there are increases in the standard deviations of the main shaft loads 
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and internal drivetrain responses. In addition, these increases are a result of the 

increased main shaft loads in the wind turbine. Zappala, Tavner, Crabtree and Sheng [72] 

presented an automatic gear fault detection and diagnosis method, and evaluated the 

gear damage during non-stationary load and speed operating conditions. They also 

conducted a test on a wind turbine gearbox with sustained gear damages, and showed 

that the proposed method was efficient for detecting the gear damages. 

 

Zhu et al. [73] proposed a dynamic model of a wind turbine drivetrain, and then 

conducted a remote experimental system to monitor the vibration performance of the 

drivetrain. They found that the most vibration energy occurs at the gearbox, followed by 

the generator, and then the main shaft. Zhu et al. [74] developed a dynamic model for a 

wind turbine gearbox with flexible pins. They studied the dynamic behaviours using the 

finite element method. The results showed that the flexible pins can improve the load 

sharing ability for planet gears, and the number of planet gears can be increased to 

improve the power density of the gearbox. Bielecki, Barszcz and Wojcik [75] presented 

a wind turbine gearbox model under varying operational conditions, and discussed the 

characteristics of the wind and the chaotically varying loads on the gear teeth and 

bearings. Cho, Jeong and Park [12] presented a dynamic model of a 5MW wind turbine 

gearbox using finite element method. The obtained results of the proposed dynamic 

model were verified by experiments. 

 

Guo et al. [76] compared two wind turbine drivetrain designs to minimize the impact of 

non-torque loads on the gearbox. The redesigned the National Renewable Energy 

Laboratory’s gearbox intends to solve the reliability issues associated with the non-

torque loads inside the gearbox, and the Alstom’s pure-torque drivetrain solves the 
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reliability issues outside the gearbox by altering the non-torque load transfer path. Guo, 

Keller and LaCava [77] developed an analytical formulation to estimate the load share 

and planetary gear loads of a three-point mounting wind turbine drivetrain, with the 

consideration of non-torque loads, gravity and bearing clearance. This model includes 

the mesh stiffness variation, tooth modifications and gearbox housing flexibility. Guo, 

Keller, Wallen and Errichello [78] also presented an analytical model for the analysis of 

the articulated spline coupling designs for a wind turbine gearbox. They found that 

when the spline is in perfect alignment, the load is shared equally across all spline teeth 

and the tooth load distribution has a parabolic shape. When the spline is misaligned, the 

number of teeth in contact decreases and the maximum tooth load increases sharply. 

Furthermore, the driving torque could affect the spline load share, maximum tooth load 

and safety factors, which is important to evaluate the spline design within the torque 

spectrum. Jiang et al. [79] performed a fatigue analysis for the rolling element bearings 

in wind turbine gearboxes. They found that the planetary bearings, together with 

intermediate shaft-locating bearings and high-speed locating bearings, exhibited a high 

percentage of failures. Such a high failure rate indicated that the accepted design 

practices for other industrial bearings are deficient when applied to wind turbine 

gearboxes.  

 

Park, Kim, Lee and Shim [80] investigated how the optimal helix modification 

influence both the load distribution over gear tooth flank and planet load sharing. The 

results showed that if the optimal helix modification is applied, the edge loading of the 

gear tooth ends would disappear and the contact pattern would improve. Moreover, the 

helix modification is not directly related to the mesh load factor. Perisic, Kirkegaard and 

Pederson [81] presented an approach for the low-cost, indirect monitoring of the shaft 
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torque from the standard wind turbine measurements. Struggl, Berbyuk and Johansson 

[82] presented a review on the latest researches regarding  the modelling and load 

analysis of wind turbine drivetrains. The common methods of modelling and simulation 

have also been addressed. Wei, Zhao, Han and Chu [83] developed a torsional model of 

a wind turbine gearbox using the Chebyshev interval method, and considered the 

uncertain parameters such as gear mesh stiffness, damping, transmission error and the 

moment of inertia of blades. They found that the small parameter uncertainties are 

propagated in the gearbox, and may lead to relatively large uncertainties of the dynamic 

responses. Xu, Dong and Luo [84] developed a dynamic model to study the flexible pin-

type wind turbine planetary gearbox, which takes into account the effects of 

nonlinearity caused by the gear contact loss, bearing clearance and flexible pins. They 

found that reducing the flexible pin stiffness can significantly reduce the nonlinear 

effects. Gear contact loss and bearing clearance can cause parameter instability, which 

causes larger dynamic loads and lead to gear teeth and bearing failures. Moreover, the 

fluctuating gear mesh stiffness is an important vibrational source that cause parametric 

instability in wind turbine planetary gearboxes.  

 

Zhu et al. [85] analysed the dynamic behaviour of a wind turbine drivetrain. They 

observed that the resonances are not within the normal operating speed range, and the 

main vibration modes are the torsional and bending vibrations. What is more, the results 

of the Campbell diagram suggested that the curve of the first-order natural frequency 

merely interacts with that of the second-harmonic rotating frequency for the 

intermediate shaft, thus the main model energy point does not coincide with the 

frequency intersection point. The results indicated that the risk frequencies are mainly 

observed around the harmonics of the mesh frequencies at the intermediate stage and 
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high-speed stage. Wei, Han, Peng and Chu [86] presented a non-probabilistic analysis 

method for solving the dynamic responses of parametrically excited wind turbine 

gearbox under uncertainties and multi-frequency excitations. By using the multi-

dimensional harmonic balance method and the Chebyshev inclusion function, an 

interval multi-dimensional harmonic balance method was obtained. The results showed 

that the proposed method is effective, and the uncertain bearing stiffnesses of the 

intermediate and high-speed gear stages may lead to relatively large uncertainties in the 

dynamic responses around resonant regions. Jin et al. [87] presented a flexible 

multibody dynamic model of a wind turbine gearbox, using the artificial neural network 

method. The results indicated that the combination of the multibody method and the 

artificial neural network can improve the simulation runtime and accuracy. Lastly, Guo, 

Lambert, Wallen, Errichello and Keller [88] addressed an analytic model to study the 

tooth contact and the loads of gear couplings, taking into account the misalignment, 

torque and friction. They found that the load amplitude depends on the misalignment, 

torque and friction. At low torque, coupling motion was induced by the eccentricity 

between the hub and sleeve even with nearly perfect alignment, and when the torque 

was larger than a threshold, the motion amplitude can be greatly reduced.  

 

2.2.2 Mathematical model 

Park, Lee, Song and Nam [89] developed a dynamic model of a wind turbine gearbox, 

including the nonlinear gear mesh stiffness and bearing stiffness, and they studied the 

influence of the wind fluctuation on gear teeth and planet load sharing. The results 

indicated that the gear mesh misalignment, contact pattern, load distribution and load 

sharing are different when comparing different dynamic models. These concluded that 

the gear safety factor could be varied due to the difference of the design load. Wang and 
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Wu [90] established a nonlinear dynamic model of a wind turbine gearbox using the 

numerical integration method, and takes into account the nonlinear factors, such as 

time-varying mesh stiffness, gear backlash and transmission error. They observed 

period-one response, sub-harmonic response, quasi-periodic response and chaotic 

response on gearbox components. Sun, Chen and Wei [91] focused on the dynamic 

reliability of wind turbine gearbox components, with the consideration of the wind 

fluctuations. They found that the dynamic reliability of the ring gear depends on the 

stress-strength interference model and Monte Carlo sampling, and wind fluctuation 

could influence the probability distribution of gear stress. 

 

Shi, Kim, Chung and Park [92] developed a torsional multibody dynamic model for a 

wind turbine drivetrain using the Lagrange’s equation, and solved them numerically 

with the direct numerical integration. Shi et al. [93] extended their model to a three-

dimensional dynamic model, which takes into account the kinetic energy of each 

component and potential energies from the shaft, bearing, and gear meshes. Wei et al. 

[14] modelled a nonlinear wind turbine planetary gearbox, with the consideration of 

time-varying mesh stiffness and dynamic transmission error. They provided an optimum 

design approach, and showed that the reliability of original parameters is higher than 

that of the optimized parameters, while the volume of planetary gearbox can greatly be 

decreased with the overall system reliability requirements. 

 

Zhao and Ji [94] studied the torsional vibrations of wind turbine gearbox with two 

planetary and one parallel gear stages. The proposed nonlinear dynamic model 

considers the factors such as time-varying mesh stiffness, damping, static transmission 

error and gear backlash. Both the external excitation due to wind gust and the internal 
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excitation due to static transmission error are included. With the help of time history, 

FFT spectrum, phase portrait, Poincare map and Lyapunov exponent, the effects of the 

static transmission error, mean-to-alternating force ratio and time-varying mesh stiffness 

on the dynamic behaviour of wind turbine gearbox components were investigated by 

using the numerical integration method. They found that the external excitation has the 

most influence on the torsional vibrations of the wind turbine gearbox components. The 

mesh stiffness, being another significant factor, has more influence than the other 

internal excitation source, the static transmission error. The static transmission error has 

the least influence. Zhao and Ji [95] also studied the dynamic responses of a wind 

turbine gearbox under different excitation conditions. They explained under which 

conditions the fretting corrosion, as one of the wind turbine gearbox failure modes, may 

occur. Furthermore, they observed that the external excitation fluctuation has large 

influence on the dynamic responses on both the gears and bearings. 

 

2.2 Gear dynamics 

2.2.1 Spur gears 

Ozguven and Houser [96] presented a few mathematical models for gear dynamics, and  

summarized some of the important existing researches of gear dynamics. They [97] also 

studied a nonlinear model for the dynamic analysis of a gear pair, which included the 

effects of time-varying mesh stiffness and mesh damping, gear error, runout errors, 

profile modifications and gear backlash. The accuracy of the method was demonstrated 

by numerical simulations. In addition, they concluded that the displacement excitation 

resulting from variable gear mesh stiffnesses is more important than the change of 

natural frequency. Later, Ozguven [98] developed a 6DOF nonlinear semi-definite 

model for the dynamic analysis of spur gears. The model includes a spur gear pair, two 
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shafts, two inertias representing load and bearings, and takes into account the shaft and 

bearing dynamics and the effect of lateral-torsional vibration coupling. In the proposed 

model, several factors such as time-varying mesh stiffness and damping, separation of 

teeth, backlash, single and double-sided impacts, various gear errors and profile 

modifications were considered. The dynamic response was calculated for the meshing 

forces, dynamic factors for the gears, dynamic transmission error, bearing forces and 

torsions of shafts. Kahraman and Blankenship [99] studied the influence of involute 

contact ratio on the torsional vibration behaviour of a spur gear pair. The dynamic 

transmission error was used for study. Al-shyyab and Kahraman [100] studied a 

nonlinear time-varying dynamic model for a multi-mesh drivetrain, with the 

consideration of gear backlash in the form of clearance-type displacement functions. 

The dimensionless equations of motion were solved for the steady-state period-one 

response by using a Multi-term Harmonic Balance Method and Floquet theory. They 

found that neglecting gear backlash non-linearity by forcing the teeth to stay in contact 

would result in inaccurate predictions near these resonance frequencies. Furthermore, 

the period-n sub-harmonic motions is expected to play a significant role in the areas of 

parametric resonance frequencies, especially when the system is lightly damped and the 

mesh stiffness amplitudes are significant. Al-shyyab and Kahraman [101, 102] studied a 

torsional model of a multi-mesh drivetrain for the investigation of sub-harmonic and 

chaotic behaviours. Both gear backlash clearances and parametric gear mesh stiffness 

fluctuations were taken into account, and the steady-state period-one motions were 

studied by using the harmonic balance method in conjunction with discrete Fourier 

transforms. They found that stable sub-harmonic motions mostly in the form of 

softening type resonances dictate the frequency ranges in which the period-one motions 

are unstable due to parametric excitations. In addition, the torsional stiffness of the shaft 
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influences not only modal characteristics of the system but also the nonlinear response, 

and the gear mesh stiffness amplitude, gear mesh damping ratio, the torque transmitted 

and the ratio of the gear mesh frequencies all influenced the forced response 

significantly. Blankenship and Kahraman [103] studied a mathematical model of  

rotating machines, including parametric excitation and clearances. The resulting non-

linear algebraic equations were solved using Harmonic Balance Method and Direct 

Newton-raphson technique, in which a closed form Jacobian matrix was computed 

using frequency domain methods. They validated the results by the comparison with 

numerical integration results and experimental measurements obtained from a test rig. 

After that, they [104] conducted experiments with clearances combined with parametric 

and external forcing excitations, and observed the jump discontinuities in forced 

response curves and subharmonic resonances. 

 

Amabili and Rivola [105] studied the steady-state response and stability of a single 

degree-of-freedom (DOF) model of spur gears. In the proposed model, the time-varying 

stiffness of the meshing tooth pairs and a viscous damping proportional to the mesh 

stiffness were considered. Liu and Parker [106] developed a translational-rotational 

dynamic model to study the influences of tooth friction on the dynamic response of a 

gear pair. The impacts of friction coefficient, bending effect, contact ratio and modal 

damping on the stability boundaries were revealed.  Later, Parker, Vijayakar and Imajo 

[107] studied the dynamic response of a spur gear pair across a range of operating 

speeds and torques using the finite element model. The results showed the sensitivity of 

such models to the Fourier spectrum of the changing gear mesh stiffness. Shen, Yang 

and Liu [108] studied the nonlinear dynamics of a spur gear pair using the Incremental 

Harmonic Balance Method, where the gear backlash, time-varying mesh stiffness and 
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static transmission error are included. They investigated the effects of the multi-order 

harmonic on the periodic solutions. Kim, Yoo and Chung [109] studied the dynamic 

responses of the translation motions of spur gear pairs. They found that the gear mesh 

damping has little effect on the dynamic responses for gears’ radial displacements, and 

the torsional bearing damping has stronger effect on gears than radial bearing damping 

does. Furthermore, the bearing stiffness has a significant effect on radial vibration and 

has little effect on mesh deformation. Chen, Tang, Luo and Wang [110] studied the 

effects of the friction and gear backlash on a nonlinear gearbox. They found that the 

friction force may enlarge the displacement magnitude and affect the high frequency 

gears at low speeds, and the gear system may have chaotic responses due to gear 

backlash. Fernandez et al. [111] developed a model for the analysis of contact forces 

and deformations in spur gear transmissions, based on a Litvin’s vector approach. They 

found that when the coupling is considered the deformation is greater than that 

estimated purely kinetic approaches. 

 

2.2.2 Helical gears 

Kahraman [112] developed a linear dynamic model of a helical gear pair. The model 

takes into account the shaft and bearing flexibilities, and the coupling dynamics among 

the transverse, torsional, axial and rotational motions due to gear meshes. He predicted 

the natural frequencies and the mode shapes, and performed a parametric study to 

investigate the effect of the helix angle on the vibrational characteristics of the gear pair. 

It showed that the effect of the helix angle can be neglected in predicting the natural 

frequencies and the dynamic mesh forces. He [113] also studied the dynamic behaviour 

of a multi-mesh helical drivetrain, which consists of three helical gears. A three-

dimensional dynamic model which includes transverse, torsional, axial and rotational 
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motions of the flexibility mounted gears was developed, and the natural modes were 

predicted. The forced response, which includes dynamic mesh and bearing forces, due 

to the static transmission error excitation were obtained. Later, Kang and Kahraman 

[114] developed a dynamic model of double-helical gear pair including the shafts and 

bearings. The results were compared with the experimental results, and it was found that 

the double-helical gear pair behaves linearly. Cai [115] studied a dynamic model of 

helical gear pairs, including the effect of tooth numbers and addendum modification 

coefficients, and verified the results by experiments. They found that the resulted time 

waveforms and their frequency characteristics agreed precisely with Umezawa's 

findings. Cooley, Parker and Vijayakar [116] proposed a finite element model for the 

dynamic response of gear pairs, which provided an accurate calculation for the static 

solution.  

 

Howard, Jia and Wang [117] proposed a 16DOF gear dynamic model with the effect of 

friction and gear tooth torsional mesh stiffness. The comparison between the results 

with friction and without friction was investigated. Kubur, Kahraman, Zini and Kienzle 

[118] proposed a dynamic model of a multi-shaft helical gearbox with flexible shafts. 

They found that a large amount of design parameters can influence the dynamic 

behaviour of the system. Ebrahimi and Eberhard [119] studied the elastic elements 

between the gear teeth, and they gave a brief overview of different approaches on 

contact modelling of multi-meshed geared systems. Spitas. C and Spitas. V [120] 

provided a non-linear dynamic model of tooth meshing, with the consideration of the 

effect of pitch errors, tooth separation, coupling and profile corrections. The results 

showed that the optimal corrections can reduce the overload by a factor of 35%. They 

[121] also derived a modified form for the fundamental gear meshing equations, which 
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improved the solving speed and the stability. Later they developed a new form for the 

equations of the non-conjugate meshing, the solution was fast implemented and stable 

[122]. Spitas C., Spitas V. and Amani [123, 124] recently studied the effect of the 

dedendum coefficient and the tip radius coefficient of spur gears, and generated a new 

generalized model for calculating the corner penetration at tooth root. 

 

Iglesias, Fernandez, De-Juan, Sancibrian and Garcia [125] studied the influence of 

planet pin-hole position errors on the behaviour of the gearbox transmission. 

Tangential and radial planet pin hole position errors were considered independently. 

Han and Chu [126] studied the dynamic behaviours of a geared rotor system under 

time-periodic motions. The lateral and torsional responses of the geared system 

under transmission error and unbalanced mass excitations were investigated. They 

found that the rolling-base motion has the greatest impact on the dynamic behaviours 

of the geared system. When the pitching or yawing base motion was considered, the 

amplitudes of other lateral and torsional responses were affected, and the transient 

response of the geared rotor system was greatly enhanced, which is independent on 

the type of base angular motions. 

 

2.2.3 Planetary gears 

Kahraman [127] developed a nonlinear dynamic model of a planetary gearbox, which 

includes the manufacturing errors, tooth separation and time-varying gear mesh stiffness. 

The dynamic load sharing factor was predicted. Yuksel and Kahraman [128] provided a 

mathematical model of a planetary gearbox to study the surface wear, which defines the 

contacting gear tooth surfaces. A quasi-static gear contact model was employed to 

compute contact pressures and the wear depth distributions. The results indicated that 
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the dynamic behaviour is nonlinear due to tooth separations in its resonance regions, 

and it was found that the surface wear has a significant influence in off-resonance speed 

ranges while its influence diminishes near resonance peaks primarily due to tooth 

separations. Boguski, Kahraman and Nishino [129] studied the planet load sharing 

under quasi-static conditions. They found that the planet mesh phasing has negligible 

effects on planet load sharing, and the planet load sharing factor is proportional to an 

effective error parameter. Moreover, the floating sun configuration could help to better 

distribute the loads equally among the planets. Sondkar and Kahraman [130] presented 

a model of a double-helical planetary gear to study the torsional, transverse, axial and 

rotational motions of gears. They found that the staggering of gear teeth influences the 

dynamic behaviour of the gear system substantially. Velex and Flamand [131] 

developed an extended three-dimensional model for the analysis of the tooth loads on a 

planetary gear. They showed that the external gear meshes are more loaded than the 

internal gear meshes, and the gear mesh stiffness has much larger effects on the tooth 

loads compared to the effects of the floating sun and ring gears. 

 

Lin and Parker [132, 133] developed an analytical model of planetary gears to 

investigate the natural frequencies and vibration modes, which included some key 

factors such as gyroscopic effects and time-varying stiffness. The natural frequency 

sensitivity to operating speed was calculated to estimate the impact of gyroscopic 

effects. They [134] also studied the free vibration of systems with unequally spaced 

planets. Then Lin and Parker [135] studied the parametric instabilities of a multi-mesh 

gearbox, and discussed the effects of mesh stiffness parameters, including stiffness 

variation amplitudes, mesh frequencies, contact ratios and mesh phasing. For the mesh 

stiffness fluctuation, formulas were derived to control the instability regions by 
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adjusting the contact ratios and mesh phasing. Lin and Parker [136] also studied the 

parametric instabilities caused by the mesh stiffness fluctuations in planetary gears. The 

time-varying mesh stiffnesses of the sun-planet and ring-planet meshes were modelled 

as rectangular waveforms with different contact ratios and mesh phasing. Tooth 

separation from parametric instability was also simulated to show the impact of this 

non-linearity on the dynamic response. After that, Parker and Lin [137] provided an 

analytical description for the mesh phase relationships, and indicated that the mesh 

phasing has a dramatic impact on the static and dynamic behaviour of planetary. 

 

Parker, Agashe and Vijayakar [138] studied the dynamic response of a helicopter 

planetary gearbox. They observed the resonances when a harmonic of meshing 

frequency coincides with the natural frequency. They also examined the torque 

sensitivity of the dynamic response, and showed that the rotational mode response is 

more sensitive to the driving torque than translational mode response. Parker and 

Ambarisha [139] also examined the nonlinear dynamic behaviour of planetary gears 

using two models: a lumped-parameter model and a finite element model. They found 

that the nonlinear jumps, chaotic motions, and period-doubling bifurcations would occur 

when the mesh frequency and its higher harmonics are near a natural frequency of the 

system. These comparisons validated the effectiveness of the lumped-parameter model 

to simulate the dynamics of planetary gears. Eritenel and Parker [140] investigated the 

modal properties of a three-dimensional planetary gearbox model. A lumped-parameter 

model was formulated to obtain the equations of motion, with the inclusion of 

translational and tilting stiffness. The results showed that the central members rotate and 

move axially for the rotational-axial modes. Bahk and Parker [141] studied the 

nonlinear behaviour of a parametrically excited planetary gear, and showed that the 
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degenerate planet modes cannot experience parametric instability for equally spaced 

planets and in-phase meshes, and higher applied torque does not prevent teeth contact 

loss. Moreover, the width of the instability region is not sensitive to the applied torque 

but to other parameters such as damping, natural frequencies and harmonics of mesh 

stiffness.  

 

Guo and Parker [142] studied the nonlinear tooth wedging behaviour of planetary gears, 

and showed the significant impact of tooth wedging on planet bearing forces for a wide 

range of operating speeds. Furthermore, they found that tooth wedging is mainly caused 

by gravity forces on translational directions. Parker and Wu [143] provided a dynamic 

model for planetary gears to study the relationships between the modal properties of 

planetary gears with equally spaced and diametrically opposed planets. Guo and Parker 

[144] also studied the dynamics of planetary gears with bearing clearance using the 

Harmonic Balance Method and the Floquet theory. The results indicated that the 

bearings of the planetary gear components impact against the bearing races near 

resonances, and the driving torque can suppress some of the nonlinear effects caused by 

bearing clearance. Sun and Hu [145] presented a nonlinear dynamic model of a 

planetary gearbox with multiple clearances taken into account. A lateral-torsional 

coupled model was established with multiple backlashes, time-varying mesh stiffness, 

error excitation and sun-gear shaft compliance considered, and solved by using 

Harmonic Balance Method. They also discussed the effects of the variation of mesh 

stiffness and static transmission errors on the nonlinear dynamics. Chaari et al. [146] 

developed a model of a planetary gearbox to study the influence of the manufacturing 

errors, and demonstrated that the manufacturing errors have large influence on the 
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dynamic behaviours of planetary gears, and could have dramatic consequences on the 

transmission. 

 

Hbaieb et al. [147] developed a torsional model of a planetary gearbox. They found that 

the gear mesh stiffness variation causes parametric instability. The effects of mesh 

stiffness parameters, including stiffness variation amplitudes, contact ratios, and the 

mesh phasing on these instabilities were identified. Dhouib et al. [148] studied a 

compound planetary gearbox. They found that the planets’ angular positions do not 

affect the natural modes, and the eigenfrequencies are sensitive to the gyroscopic effects. 

Kim, Lee and Chung [149] studied the dynamic responses of a planetary gearbox, which 

includes the time-varying pressure angles and contact ratios. The time responses for the 

present and previous studies were compared to show the effects of the time-varying 

pressure angles and contact ratios on the dynamic behaviours of the planetary gear. Xue 

et al. [150] presented the torsional stiffness analysis of an involute spur planetary 

gearbox using the finite element method. A crack coefficient was introduced to the sun-

planet and ring-planet meshes to predict the effect and sensitivity of changes to the 

overall torsional mesh stiffness. The resulting mesh stiffness crack sensitivity of the 

overall gear system was analysed under quasi-static conditions. They found that the 

carrier arm stiffness has great influence on the crack sensitivity while the overall 

stiffness was most sensitive to the crack on the sun-planet mesh. Karray, Feki, Chaari 

and Haddar [151] developed a 6DOF model for a planetary gear, which is coupled to a 

4DOF bevel gear. The natural frequencies of the gear system were determined, and they 

found that the natural modes can be classified into three major classes according to their 

displacements and rotations: the bevel mode, planetary mode and the coupled mode. 
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Kwon, Kahraman, Lee and Suh [152] proposed an approach for an automated design for 

planetary gearboxes to predict the transmission error amplitudes and contact stresses. 
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Chapter 3 Wind turbine drivetrain structures 

The understanding of wind turbine gearbox components is extremely important to 

improve the reliability of wind turbine gearboxes. Thus, this chapter presents the 

general knowledge about the wind turbine gearbox. In particular, Section 3.1 explains 

the drivetrain configurations, and Section 3.2 describes different gearbox suspension 

layouts. After that, the two commonly used gearbox types, the parallel-shaft gearbox 

and planetary gearbox, are introduced in Section 3.3. The general knowledge about the 

gearbox components, such as gears and bearings, are provided in Sections 3.4 and 3.5. 

 

3.1 Drivetrain configurations 

Wind turbines are commonly classified into the vertical-axis wind turbines and the 

horizontal-axis wind turbines. The vertical-axis wind turbines have the ability to accept 

wind from every direction, which eliminates the problem of orienting the rotor with 

respect to the wind. For the horizontal-axis wind turbines as shown in Figure 3.1, they 

have proven to be more efficient compared with the vertical-axis turbines, and have 

currently been the most popular design for the modern wind energy industry [18]. Thus, 

this thesis focuses on the gearbox of horizontal-axis wind turbines. 
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Figure 3.1. Horizontal-axis wind turbines [153] 

 

The horizontal-axis wind turbines normally consist of three major components: rotor, 

drivetrain and tower. The drivetrain transforms the mechanical energy generated by the 

rotor into electrical energy, and the gearbox is located in the middle of the drivetrain. As 

shown in Figure 3.2, the hub is attached to the nacelle frame. The rotor blades attach to 

the main shaft, and the gearbox connects the main shaft to the high-speed shaft and 

converts the low rotor speed and high torque to high speed and low torque to meet the 

electromechanical requirements of the generator.  

 

 

Figure 3.2. Wind turbine drivetrain with gearbox [154] 
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In this section, three commonly used configurations for wind turbine drivetrain are 

presented: the modular drivetrain, the integrated drivetrain and the partially integrated 

drivetrain.  

 

3.1.1 Modular drivetrain 

Most modern wind turbine drivetrain designs use modular configuration, which follows 

a non-vertical design process. It means that different suppliers contribute to the design 

of individual drivetrain components, such as the main shaft, the gearbox, brakes and the 

generator, and have them mounted on the bedplate, as shown in Figure 3.3. The 

advantage of this configuration is that it reduces the overall design cost by fomenting a 

competitive environment among suppliers, and reduces the in-house requirements of the 

turbine manufacturers. On the other hand, it increases the difficulty of aligning the 

different components [18, 52, 155].  

 

 

Figure 3.3. Drivetrain of a 750 kW wind turbine [52] 
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3.1.2 Integrated drivetrain 

The integrated drivetrain configuration follows a vertical design process, which means 

that it is limited to one drivetrain or gearbox design, with the wind turbine 

manufacturers closely involved throughout the entire design process. This enables the 

turbine manufacturers own the drivetrain designs. However, the integrated drivetrain 

configuration is sensitive to the effects of individual components due to the influence of 

the entire nacelle, which makes the maintenance cost extremely high [18, 155]. 

 

3.1.3 Partially integrated drivetrain 

The partially integrated drivetrain is a combination of the modular and integrated 

configurations. It follows the modular design for the use of the bedplate, and follows the 

integrated design for the surrounding internal components. The two common options for 

partially integrated drivetrain are the gearbox-generator integration and the gearbox-hub 

integration. For the generator-gearbox integration, the design is not necessarily to be 

entirely vertical, thus, only the cooperation between the gearbox supplier and generator 

providers are needed. For the gearbox-hub integration, the vertical design process must 

be followed, because the gearbox is a structural component of the wind turbine. For the 

partially integrated drivetrain configuration, it is difficult to isolate the drivetrain from 

the tower and rotor hub. Therefore, the external loadings can be transferred to the 

internal component of drivetrain, which may lead to gearbox failure or reduced 

component lifetime [18].  
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3.2 Gearbox suspension layouts 

The gearbox suspension is used to fix the gearbox in the nacelle in order to minimize 

the effect of the non-torque loading caused by the rotor. In this section, three commonly 

used suspension layouts are presented: the three-point mounting (TPM), the two-bearing 

mounting (TBC) and the hydraulic suspension (HS). 

 

3.2.1 Three-point mounting configuration 

The three-point mounting (TPM) configuration is the most common suspension 

configuration in the market. As shown in Figure 3.4, the main shaft is connected to the 

planet carrier arm of the gearbox, supported by the main bearing. The gearbox is fixed 

to the nacelle by a torque arm supported by two bushings. All non-torque loadings are 

theoretically transferred to the nacelle through the main bearing and the torque arm, 

which could help to reduce noises [8, 29, 50, 59].  

 

 

Figure 3.4. Three point mounting configuration [50] 
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3.2.2 Two-bearing configuration 

The two-bearing configuration (TBC) can also be considered as the four-point mounting, 

due to the use of a second main bearing to support the main shaft at the gearbox side. As 

shown in Figure 3.5, the gearbox is still fixed to the nacelle by the torque arm through 

two bushings. Similar to the three-point mounting (TPM) configuration, it can be 

assumed that all the non-torque loadings are transferred through the two main bearings 

and torque arm into the nacelle [8, 50]. 

 

 

Figure 3.5. Two-point mounting configuration [50] 

 

3.2.3 Hydraulic suspension 

In the hydraulic suspension (HS) configuration, the main shaft is supported by two main 

bearings. The gearbox is not connected to the nacelle by a torque arm. Instead, the upper 

mount filled with hydraulic fluid on one side is connected to the lower mount by a 

hydraulic pipe on the other side, as shown in Figures 3.6 and 3.7. This enables the fluid 

to flow freely from one mount to the other, and the two other mounts are connected in a 

similar way. Therefore, the gearbox is fixed on the direction of torsion, but is allowed to 
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move freely upwards and downwards, which could avoid the unfavourable loadings [8, 

50]. 

 

 

Figure 3.6. Hydraulic suspension system [50] 

 

 

Figure 3.7. Hydraulic suspension system [50] 

 

3.3 Parallel-shaft and planetary gearboxes  

Wind turbine gearboxes normally consist of three gear stages, including both the 

parallel-shaft gear stage and the planetary gear stage. Depending on the capacity 

requirement of a wind turbine, the arrangement could be either one planetary and two 
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parallel gear stages or two planetary and one parallel gear stages. As shown in Figure 

3.8, the gearbox with one planetary and two parallel gear stages canbe used for small or 

medium sized wind turbines, and the gearbox with two planetary and one parallel gear 

stages are normally recommended for large sized wind turbines. 

 

 

Figure 3.8. Wind turbine gearboxes with (a) one-planetary-two-parallel 

gear stages (b) two-planetary-one-parallel gear stages [156] 

 

A parallel-shaft gear stage consists of a gear on the input shaft and a pinion on the 

output shaft. Being the speed-increasing gearbox of wind turbines, the size of the gear is 

larger than the pinion. The advantage of the use of parallel-shaft gear stages is that they 

can be modelled with a minimum number of degrees of freedom (DOF) in the design 

process, this is because the gears are directly attached to the gearbox housing, which 

results in a simpler calculation for the gearbox analysis. On the other hand, the 

(a) 

(b) 
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disadvantage is that it may require much larger gears compared with the pinion if a 

large gear ratio is required. This is difficult to produce accurately and are expensive to 

manufacture.  

 

The planetary gear stage is more complicated than the parallel-shaft gear stage, as it is 

composed of three moving components, a planet carrier arm, three planet gears and a 

sun pinion. The stationary ring gear is fixed to the gearbox housing. The teeth of the 

ring gear are on the inside and mesh with the teeth of the planet gears at all times. The 

planet carrier arm is responsible to hold the three planet gears, and ensures that the gear 

meshes of ring-planet and planet-sun gear pairs are properly maintained. The planet 

gears are supported on the planet carrier arm by the shafts with bearings so that the 

planet gears can rotate freely with respect to the planet carrier arm. The driving input is 

applied to the planet carrier arm, which splits the torsional load among the planet gears, 

and transferred to the sun pinion to become the output of the planetary gear stage. 

 

The planetary gear stage has many advantages compared to the parallel-shaft gear stage, 

as higher gear ratios can be achieved and they are capable to greater torque loads with 

less space used. Such configuration has the advantage of reducing the overall mass, 

which is an important requirement for wind turbine gearboxes. However, planetary gear 

stages are more complex than the parallel-shaft gear stages. They are more sensitive, 

and the dynamic behaviour of it can be affected by the internal components, such as the 

deflection of the planet carrier arm, deformation of the ring gear and bearing clearances 

[28, 43, 69].  
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3.4 Spur and helical gears  

Spur gears are the most commonly used gears in wind turbines, because they can be 

simply manufactured with low cost, and they are usually made with an involute tooth 

profile as shown in Figure 3.9. The nomenclature of a gear tooth is given by Figure 

3.10. The gear teeth contact takes place along the line of action controlled by the shape 

of the active profile of meshing gears, and the length of line of action is defined by the 

outside diameters of gears. During a full meshing cycle, two pairs of teeth would share 

the load, and before the first pair of teeth goes out of action the second pair of teeth 

would pick up their share of the load. This provides a continuous flow of power during 

gear meshes, and ensures that at least one pair of teeth is in contact at all times [18, 157]. 

Additional information about gear tooth is provided in Section 8.1. 

 

 

Figure 3.9. Involute tooth nomenclature [18] 

 



47 
 

 

Figure 3.10. Nomenclature of a gear tooth [157] 

 

For the helical gears, their gear teeth are cut at an angle relative to the axis of rotation, 

as shown in Figure 3.11. This enables the gears to have more teeth in contact in order to 

share the load, and operate more quietly. On the other hand, the helical gears may 

produce axial loads due to the normal loading of the tooth, which may lead to premature 

failures of bearings throughout the gearbox.  

 

 

Figure 3.11. Geometry of a helical gear [155] 
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3.5 Bearings  

Bearing is another important component that influence the reliability of a wind turbine 

gearbox. The majority of gearbox failures appear in bearings, initiating at several 

specific bearing locations, such as the planetary bearings, intermediate-shaft bearings 

and high-speed-shaft bearings, which could advance into the gear teeth as bearing debris 

and excess clearances cause surface wear and misalignments. This is because the 

accepted design practices for other industrial bearings are deficient when applied to 

wind turbine gearboxes. Moreover, because of the lack of gearbox models, the root 

cause analysis of bearing failure has not been performed, thus, there is a need to predict 

bearing design loads and to understand the effects of dynamic load conditions on 

bearings [11, 79, 158]. 

 

For wind turbine gearboxes, the most commonly used bearings are the rolling element 

bearings. They are chosen due to their low friction and high load capacity. As an 

example shown in Figure 3.12, the planet carrier arm is supported by two full-

complement cylindrical roller bearings (fcCRB), and each planet gear is supported by 

two identical cylindrical roller bearings (CRB). In the case of the axial loadings in the 

gearbox, the tapered roller bearings (TRB) are usually implemented. Thus, the parallel-

shaft gear stages, which contains helical gears, are normally supported by the 

combination of a cylindrical roller bearing (CRB) on the upwind side of the assembly 

and two back-to-back mounted tapered roller bearings (TRB) on the downwind side [18, 

29, 82].  
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Figure 3.12. Bearing nomenclature and locations [29] 
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Chapter 4 Torsional vibrations of wind turbine gearboxes 

The dynamic models of wind turbine gearboxes are commonly composed of one 

planetary and two parallel gear stages [159-163]. Such structure may not be adequate 

for large capacity wind turbines, as described in Section 3.3. It is known that the 

planetary gearbox provides higher gear ratios and is capable of carrying higher loads 

compared with parallel gear arrangement. By considering this feature, this chapter 

focuses on the study of torsional vibrations of a wind turbine gearbox model, consisting 

of two planetary and one parallel gear stages.  

 

The proposed torsional model is developed to predict the nonlinear dynamic responses 

of wind turbine gearbox components. The dynamic responses would be interpreted in 

terms of harmonic periodic, non-harmonic periodic, sub-harmonic, quasi-periodic and 

chaotic responses. The effects of the factors on the dynamic responses, such as the static 

transmission error, the mean-to-alternating force ratio and gear mesh stiffness ratio, 

would be investigated by using the numerical simulations. 

 

4.1 Mathematical modelling 

A wind turbine gearbox, which consists of two planetary and one parallel gear stages, is 

sketched in Figure 4.1. The first planetary gear stage is the input gear stage, the driving 

torque is applied on the first planetary gear stage, and the planet carrier arm transfers the 

driving torque to the three planet gears and maintains the center distances of ring-sun-

planet gears. The sun pinion of the first planetary stage is attached to the planet carrier 

arm of the second planetary gear stage by a shaft, and the sun pinion of the second 
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planetary gear stage is attached to the low-speed gear of the parallel-shaft gear stage. 

The high-speed pinion at the parallel gear stage is the output gear of the gearbox.  

 

 

Figure 4.1. Torsional model of a wind turbine gearbox 

 

The proposed gearbox model considers both the low-frequency excitation due to 

external torque fluctuations and the high-frequency internal excitations due to the static 

transmission error, and takes into account the some key factors such as time-varying 

mesh stiffness, damping, static transmission error and gear backlash. The external 

driving torque is normally caused by wind gust, whereas the static transmission error is 

the overall kinematic error function of gear pairs under the static conditions, expressed 

in the form of periodically time-varying displacement functions applied at gear meshes 

[164]. Damping was neglected in the existing studies as this assumption is reasonable 

for large wind turbines [159]. However, large influence of damping in the nonlinear 

behaviour was observed during wind turbine emergency stops [38, 105]. In addition, it 

was noted that the gear backlash is minimal in wind turbine normal operation, especially 
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for the modern wind turbine gearboxes with advanced control strategy in energy 

extractions. However, the gear backlash also exists in emergency stops. Therefore, 

damping and gear backlash would be included in the proposed model.  

 

A side-view sketch of the proposed torsional model is shown in Figure 4.2. All gears are 

assumed to be spur gears, and are allowed to rotate only in the torsional direction. The 

planet gears are interacting with two other components: the ring gear which is fixed to 

the gearbox housing, and the sun pinion which is constrained to the reference frame but 

allowed to rotate. The rotational direction of the driving torque is considered to be 

positive for the angular displacements of gears. Thus, the angular displacements of the 

planet carrier arm and the sun pinion at the first planetary gear stage ( ), the 

planet carrier arm and the sun pinion at the second planetary gear stage ( ), and 

the low-speed gear at the parallel gear stage ( ) is in the positive direction. Whereas 

the angular displacements of the planet gears at both the first and second planetary gear 

stages and the high-speed pinion at the parallel gear stage (   ) are in the 

negative direction. The ring gears at the first and second planetary gear stages are fixed 

with the gearbox housing, which gives the angular displacements ( ) zero. 
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Figure 4.2: Side view of the proposed gearbox 

 

Due to the displacements of the planet carrier arm, the loading conditions of the ring-

planet gear meshes can become unfavourable. This could potentially result in non-

symmetric planet bearing loading on one of the planet bearings. Thus, this gearbox is 

designed to have constantly preloaded bearings without bearing backlash, such that non-

torque loading would be transferred from the planet carrier arm to the housing through 

the planet carrier bearings. Therefore, the proposed model is adjusted such that the gear 

meshes only contribute to the transfer of torque, and not counteract the non-torque 

loadings [50].  

 

Figure 4.3 illustrates a lumped-parameter model of a ring-planet-sun gear in the gearbox, 

as an example. The gear deformation during meshing is represented by the time-varying 

gear mesh stiffness, damping and static transmission error. The gear mesh stiffness, as 

an important internal excitation source in gearbox, fluctuates as the number of teeth 

contact changes during gear mesh. 
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Figure 4.3: A gear pair in planetary gear stage 

 

The non-torque loads such as shaft bending and thrust have been assumed to be 

uncoupled from the wind turbine gearbox model. The radial direction forces, which are 

caused by the main shaft bending moment, theoretically pass from the main shaft 

through the gearbox carrier bearings, gearbox housing, trunnions and into the bedplate 

[165]. For a more detailed study in the future, gearbox housing flexibility may be 

considered due to its influence on shaft bore and ring gear misalignment, and planet 

carrier flexibility may be included for its effects on planet pin misalignment [27, 28, 

166]. Thus, the assumptions for the proposed model are listed below: 

 

(1) The housing, planet carrier arm and bedplate are rigid. 

(2) The torsional stiffness of the intermediate and high-speed shafts is represented 

by a spring and damper in the midsection of each shaft. 

(3) The main shaft is not included, and the aerodynamic forces on blades are 

assumed to be applied to the planet carrier arm of the planetary gear stage 

directly. 
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(4) The non-torque loads from the blades are assumed to be uncoupled with the 

gearbox. 

(5) The responses of bearings are not included.  

 

4.2 Derivation of equations 

Based on the geometry of the gears, the base radius of them is determined as follows: 

 

, ,        (4.1a, b) 

, ,      (4.1c, d) 

,                        (4.1e, f)                             

 

where  and  are the base radius of the planet gear, sun pinion and ring 

gear at the first planetary stage;  and  are the base radius of the planet 

gear, sun pinion and ring gear at the second planetary stage; and  are the base 

radius of the low-speed and high-speed gears at the parallel gear stage. Additionally, 

 and  are the pressure angles of the planet gear and sun gear at the first planetary 

gear stage;  and  are the pressure angles of the planet gear and sun gear at the 

second planetary gear stage; and  are the pressure angles of the low-speed and 

high-speed gears at the parallel gear stage. 

 

The equivalent transverse displacements of gears in the line of action caused by the 

rotational displacements are obtained as follows: 

 

, ,                  (4.2a, b) 
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, ,                (4.2c, d) 

,                                 (4.2e, f)                   

 

where  and  respectively represent the equivalent transverse displacements 

of the planet carrier arm, planet gears and the sun pinion at the first planetary gear stage. 

 and  are the equivalent transverse displacements of the planet carrier arm, 

planet gears and sun pinion at the second planetary gear stage.  and  are the 

equivalent transverse displacements of the low-speed gear and the high-speed pinion at 

the parallel gear stage.  

 

The relative meshing displacements of gears in the line of pressure  are obtained as: 

 

               (4.3a, b) 

,                      (4.3c, d) 

,                 (4.3e, f) 

,                                   (4.3g)                   

 

where  and  are the relative meshing displacements of the ring-planet 

gears and sun-planet gears at the first planetary gear stage;  and  are the 

relative meshing displacements of the ring-planet gears and sun-planet gears at the 

second planetary gear stage;  and  are the relative meshing displacements 

of shafts;  is the relative meshing displacements of the low-speed gear and high-

speed gear at the parallel gear stage.  
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In the presence of the effect of gear backlash , if  is used to represent the relative 

meshing displacements, the non-linear gear mesh displacement function  can be 

expressed by:  

 

                                        (4.4) 

 

The meshing forces of gear pairs shown in Figure 4.3 can be obtained as: 

 

,              (4.5 a, b) 

,                  (4.5c, d) 

,                   (4.5e, f) 

,                                     (4.5g)                                   

 

where  and  are the gear mesh stiffness of the ring-planet and sun-planet gear 

pairs at the first planetary gear stage,  and  are the gear mesh stiffness of the 

ring-planet and sun-planet gear pairs in the second planetary gear stage, and  is 

the mesh stiffness of the gears in parallel gear stage.  is the torsional stiffness of 

the shaft that connects the sun pinion in the first planetary gear stage and the planet 

carrier arm of the second planetary gear stage,  is the torsional stiffness of the 

shaft that links the sun pinion in the second planetary gear stage and the low-speed gear 

of the parallel gear stage. The equivalent torsional stiffness in the line of action can be 

calculated as: 
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                  (4.6 a, b) 

 

The damping forces of gear pairs can be written as: 

 

,                   (4.7 a, b) 

,                    (4.7c, d) 

,                     (4.7e, f) 

,                                  (4.7g) 

 

where  and  are the damping coefficients of the ring-planet and sun-planet at 

the first planetary gear stage,  and  are the damping coefficients of the ring-

planet and sun-planet at the second planetary gear stage, and   is the damping 

coefficients of the gears at the parallel gear stage.  is the damping coefficients of 

the shaft that links the sun pinion in the first planetary gear stage and the planet carrier 

arm of the second planetary gear stage, and  is the damping coefficient of the 

shaft that links the sun pinion in the second planetary gear stage and the low-speed gear 

of the parallel gear stage. 

 

The equations of torsional vibrations can be obtained by applying Newton’s second law 

for different gear stages. For the explanation, the equations of motion are presented 

according to the gear stages below. 
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For the first planetary gear stage, the equations of motion are given by Equations 4.8(a) 

to 4.8(c), which represent the equations of motions for the planet carrier arm, the planet 

gear and the sun pinion of the first planetary gear stage, respectively. 

 

  

                                           (4.8a) 

  (4.8b) 

 (4.8c) 

 

For the second planetary gear stage, the equations of motion are given by Equations 

4.8(d) to 4.8(f), which represent the equations of motions for the planet carrier arm, the 

planet gear and the sun pinion of the second planetary gear stage, respectively. 

 

  

        (4.8d) 

        (4.8e) 

(4.8f) 

 

For the parallel gear stage, the equations of motion of the gear and pinion can be written 

as: 

 

        (4.8g) 

                            (4.8h) 
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Replacing the angular displacements in Equations 4.8(a) to 4.8(h) by the equivalent 

transverse displacements of gears using Equations 4.2(a) to 4.2(f), yields the equations 

of motion for the torsional vibrations in terms of equivalent displacement and equivalent 

mass: 

 

 (4.9a) 

              (4.9b) 

           (4.9c) 

  

                                             (4.9d) 

           (4.9e) 

        (4.9f) 

                (4.9g) 

,                    (4.9h) 

 

where the equivalent masses are given by: 

 

  

  

 

  

  

 

  



62 
 

,  

 

By considering the static transmission error , the relative meshing displacements of 

gears in the direction of line of action  in Equations 4.3(a) to 4.3(g) are re-calculated 

as follows:  

 

,  (4.10a, b) 

,             (4.10c, d) 

,          (4.10e, f) 

,                            (4.10g) 

 

Combining Equations (4.4), (4.5), (4.7), (4.9) and (4.10), the dynamic equations of wind 

turbine gearbox components can be rewritten in terms of the relative meshing 

displacements .  

 

  

       (4.11a)         
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            (4.11b) 

 

  

                            (4.11c) 

 

  

                                                  (4.11d) 
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                                                 (4.11e) 

 

  

                             (4.11f) 

 

  

 (4.11g) 

where  

 

  

 

  

 

  

 

 

The torsional dynamic response of the gearbox can be interpreted by the behaviour of 

solutions of the second-order differential equations 4.11(a) to 4.11(g). The relative 

meshing displacement vector can then be represented by  as shown below:  
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      (4.12) 

 

Then Equation (4.11) can be expressed in the concise matrix form: 

 

                                           (4.13) 

 

where  is the equivalent mass matrix as shown in Equation (4.14),  is the mesh 

stiffness matrix,  is the damping matrix and  is the excitation matrix.  

 

 

                   (4.14) 

 

 is the vector form of the nonlinear gear mesh displacement function.  

 

                                     (4.15) 

 

where the gear backlash  for  as no gear backlash exists on shafts, and 

 for the rest. 

 

4.3 Specifications 

4.3.1 General information 

For modern wind turbines, the rotational speed of rotor blades is normally between 5 

and 22 rpm, and the required rotational speed of generator is between 1000 and 1600 
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rpm [156]. The following values for the blade and wind are used in the numerical 

simulations. The radius of the rotor blades is 36 , the rotational speed of the blades is 

17 , the average wind speed is 16 , the density of wind is 1.21  and the 

wind power utilization is 0.3. The gear ratio of the wind turbine gearbox is 

4.09:19.98:106.53. The mass moment of inertia, radius and pressure angle of each pair 

of the gearbox are listed in Table 1.  

 

Table 1. Mass moment of inertia, radius and pressure angle of each gear of gearbox 

First Planetary Stage Second Planetary Stage Parallel Stage 

          

Inertia ( ) 36 7 588 2 6 88 0.2 33 

Gear radius (m) 0.63 0.378 1.638 0.468 0.324 1.26 0.184 0.752 

Pressure Angle (°) 20 20 20 20 20 20 20 20 

 

where the subscripts “ ”, “ ”, “ ” , “ ”, “ ” and “ ” represent planet gear, sun 

pinion, ring gear and planet carrier arm, high-speed gear and low-speed pinion, 

respectively.  

 

For wind turbine gearboxes, the natural frequencies of gears are always larger than their 

meshing frequencies. When the rotational speed of the blade is set to be 17  as a 

constant rather than in a broad speed range, the meshing frequencies at three gear stages 

are 33.2 , 199.5Hz and 694.4Hz based on Equation (4.16). As the fundamental 

meshing frequencies play the most important role compared to their harmonics, and it is 

ensured that the resonance can be avoided in the gearbox when these meshing 

frequencies are much smaller than their natural frequencies [167]. 
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                                                   (4.16) 

 

where  is the rotational speed of the gear or the rotational speed of the planet carrier 

arm for the planetary gear stage, and  is the gear teeth number or the teeth number of 

the ring gear for the planetary gear stage [168].    

 

4.3.2 Excitation conditions 

The static transmission error  is represented by Equation (4.17). As the static 

transmission error is very small, only the fluctuation term  is considered. The high-

frequency excitations at the meshing frequency  are expected during gear mesh.  

 

                                              (4.17) 

 

For the excitation term , different assumptions would lead to different forms of 

equations. When only the internal excitation is considered and the excitation is only 

caused by the static transmission error , the internal excitation  is given by 

Equation (4.18), where  is the fluctuating meshing force (N) caused by the static 

transmission error .        

 

                                           (4.18) 

 



68 
 

When both the constant external and fluctuating internal excitations exist,  is 

represented by Equation (4.19), for which the mean term  of the external load is 

added [169].  

 

                                       (4.19) 

 

When both the external excitation fluctuation and the internal excitation exist,  is 

expressed by Equation (4.20). 

 

                        (4.20) 

 

where  is the fluctuating meshing force (N) caused by the static transmission error 

,  is the constant external force (N),  is the fluctuating external force (N), and 

 is the external excitation frequency. It can be predicted that the external excitation 

results in low frequency responses, whereas the internal excitation results in high 

frequency responses.  

 

In addition, the meshing frequencies of the wind turbine gearbox components, 

determined by Equation (4.16), remain constant during turbine operation under the 

constant rotational speed for the simplicity in simulation. The output power of blades 

can be expressed in terms of the air density , radius of the blades , the average 

wind speed  and the wind power utilization  [170]. 

 

                                        (4.21) 
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The driving torque of the gearbox is calculated as below:  

 

                                                   (4.22) 

 

where  is the rotational speed of blades. By neglecting the power loss in the 

gearbox, the output torque of the gearbox  can be obtained as: 

 

                                                        (4.23) 

 

where  is the gear ratio of the gearbox.  

 

4.3.3 Time-varying mesh stiffness 

The static transmission error  is defined as the difference between the theoretical and 

actual angular positions of gears, and is commonly used to represent the impact of the 

internal excitations, caused by manufacturing errors [125]. The gear mesh stiffness 

variation of each gear pair is assumed to be approximately proportional to the meshing 

tooth variation, which is periodic over meshing cycles. Each of the gear meshes has the 

same shape of mesh tooth variation when neglecting the static and dynamic 

transmission error effects, but they are not in phase with each other. Thus, the time-

varying mesh stiffness function  is expressed in the periodic forms in terms of the 

mean and fluctuating mesh stiffnesses as shown in Equation (4.24), which fluctuates 

with the change of the contact teeth at the meshing frequency  [137]. 

 



70 
 

                                       (4.24) 

 

where  is the mean term of the time-varying mesh stiffness function,  is the 

alternating term, and  is the meshing frequency.  

 

The fluctuating term of the gear mesh stiffness  can be calculated by Equations 

(4.25) and (4.26). 

 

                                                (4.25)                                      

                                                  (4.26)                                      

 

where  is the contact ratio,  is the base pitch and  is the length of action given 

by Equation (4.27), which is the distance along the line of action between meshing 

points. The meshing points are the points of beginning and leaving the teeth contact 

during tooth mesh.  

 

   (4.27) 

 

where  and  are the pitch radii of the gear and pinion,  and  are the addendum 

of the gear and pinion,  is the pressure angle, and  is the center distance of the gear 

pairs [171].  

 

                                                   (4.28) 
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It is assumed that the gear tooth behaves like a cantilever beam, as shown in Figure 4.4. 

Thus, the mean stiffness  can be calculated by Equation (4.30), based on the ISO-

6336 standard [172, 173]. 

 

                             (4.29) 

 

where  and  are the maximum deflection of the gear tooth 

calculated by Equation (4.30),  is the applied load at the tooth tip,  is the tooth depth 

calculated using the AGMA standard in Table 1 [174],  is the area moment of inertia, 

and  is the modulus of elasticity.  

 

                                             (4.30)       

 

 

Figure 4.4. Simplified model of a gear tooth 

 

      Table 2. AGMA full-depth gear tooth specifications [171] 
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Parameters Coarse pitch ( ) 

Pressure angle               20 

Addendum                  

Dedendum                 

Whole depth                 

 

4.3.4 Damping 

The tooth deformation is represented by the time-varying mesh stiffness and damping in 

the lumped-parameter model, as shown in Figure 4.3. Thus, the damping of the teeth 

mesh  can be expressed by 

 

                         (4.31)  

 

where  is the mesh stiffness of the gear pair,  is the damping ratio of tooth mesh 

(varies between 0.03 and 0.17),  and  are the masses of gear and pinion.  

 

4.4 Results 

The torsional vibrations of wind turbine gearbox are determined by the nonlinear 

equations shown in Equation (4.13). No explicit solutions to this nonlinear system can 

be found in the context of mathematics. Thus, numerical integration method is utilised 

to find the solutions. The ode45 solver in Matlab is used to solve these nonlinear 

differential equations. The differential equation solver ode45 uses a variable step 

Runge-Kutta Method to solve differential equations numerically. Because the solver 

ode45 can only solve first order differential equations, higher order differential 
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equations would then have to be converted to a set of first order differential equations. 

The first 1500 periods of integration results are discarded before recording the steady 

state solutions. In addition, 3600 points are sampled for each meshing cycle in order to 

capture a sufficient number of meshing frequencies in the response spectra. With the 

help of time history, FFT spectrum, phase portrait and Poincare map, the effects of the 

static transmission error, mean-to-alternating force ratio and time-varying mesh stiffness 

on the dynamic response of the wind turbine gearbox components are investigated. The 

magnitude of the FFT spectrum has been enlarged so that the frequency can be observed 

more obvious, thus, it is not the actual magnitude as in the time histories. Even though 

sufficiently high number of periods are discarded and sufficiently high meshing points 

are sampled, this is an initial value problem and when time progresses, the numerical 

errors accumulate and eventually the solutions “blow” and no longer accurate. Detailed 

numerical analysis is not required because it may be out of the scope of this work. 

 

The possible dynamic responses can be classified into five groups: harmonic periodic, 

non-harmonic periodic, sub-harmonic, quasi-periodic and chaotic responses. The 

harmonic periodic responses have circular phase portrait, and repeat themselves at 

excitation frequencies in Poincare map. The non-harmonic periodic responses have non-

circular phase portrait, and repeat themselves at excitation frequencies in Poincare map. 

The sub-harmonic responses repeat themselves at multiple discrete points in Poincare 

map. The quasi-periodic responses have non-periodic circles in phase portrait and a 

closed orbit with combined excitation frequencies in Poincare map. The chaotic 

responses are non-periodic in time histories and have infinite non-repeating points in 

Poincare map [175]. 
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4.4.1 Effect of the static transmission error  

This section investigates the effects of the static transmission error  on gear meshes, 

for the gearbox under both the constant external excitation and the fluctuating internal 

excitation, described by Equation (4.19). The dynamic responses of  and  

are presented for three different values of the static transmission error : 10 μm, 100 

μm and 300 μm.  

 

The dynamic response of  is presented in Figure 4.5 for when the static 

transmission error  is 10 μm. It is shown that the time histories of  fluctuates 

with the meshing frequency , whose amplitude is much larger than , and its 

harmonics  and  are also observed. A repeated pattern is observed in the phase 

portrait shown in Figure 4.5(c), and a single point with shifts around it are presented in 

the Poincare map in Figure 4.5(d), due to the combination of all the frequency 

components. These indicate that the response of  is periodic.  

 

The dynamic responses of  is presented in Figure 4.6. It is observed that the time 

histories of   are stable as shown in Figure 4.6(a). Three frequency components , 

 and its harmonics , and  are observed in Figure 4.6(b). The magnitude of the 

meshing frequency  is larger than other components. It indicates that both the meshing 

frequencies of the second and third gear stages  and  contribute on , but the 

major effects are still caused by its own gear stage. The phase portrait and Poincare map 

in Figures 4.6(c) and 4.6(d) indicate that the response of  is quasi-periodic. 

                                                 
4  represents the relative displacement of the ring-planet gear mesh at second planetary gear stage. 
 
5  represents the relative displacement of the gear mesh of the parallel gear stage. 
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Figure 4.5. The vibrational responses of  caused by  (a) Time histories 

(b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 4.6. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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The dynamic response of  is presented in Figure 4.7 for when the static 

transmission error  is 100 μm. It is observed that the time histories of  shown in 

Figure 4.7(a) fluctuates with the meshing frequency . A repeated circle is observed in 

the phase portrait in Figure 4.7(c), and a single point is presented in the Poincare map in 

Figure 4.7(d). These indicate that the response of  is periodic.  

 

The dynamic responses of  is presented in Figure 4.8. It is observed that the time 

histories of   are stable as shown in Figure 4.8(a). Three frequency components , 

 and  are shown in Figure 4.8(b). The magnitude of the meshing frequency  is 

about the same as , which indicates that both the meshing frequencies of the second 

and third gears stages  and  contribute nearly equally to , due to the effect of 

the increased transmission error. This affects the phase portrait shown in Figures 4.8(c), 

and present the shift of points on Poincare map in Figure 4.8(d), which suggest that the 

response of  is periodic. 
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Figure 4.7. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 4.8. The vibrational responses of   caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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When the static transmission error  increases to 300 μm, the magnitude of the 

fluctuation increases compared with that when the transmission error is 100 m as 

shown previously in Figure 4.7(a). The meshing frequency at its own gear stage  still 

influences  the most, and appears to have harmonics  and , as shown in 

Figure 4.9(b). The phase portrait in Figure 4.9(c) shows a repeating pattern, and the 

Poincare map in Figure 4.9(d) presents a single point. These indicate that the response 

of  is periodic.  

 

The dynamic responses of  is presented in Figure 4.10. It is observed that the time 

histories of   are stable in Figure 4.10(a). Two frequency components  and  

are observed in Figure 4.10(b). The magnitude of the meshing frequency  is slightly 

larger than that of , which indicates that both the meshing frequencies of the second 

and third gears stages  and  contribute to , and  influences more. The phase 

portrait and Poincare map in Figures 4.10(c) and 4.10(d) indicate that the response of 

 is periodic. 
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Figure 4.9. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 4.10. The vibrational responses of   caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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4.4.2 Effect of the mesh stiffness  

This section studies the effect of the time-varying mesh stiffness on  and . 

To present the extent of variation shown in Equation (4.24), the mean-to-alternating 

mesh stiffness ratio  is used as the varying parameter. The dynamic response of 

 and  are then studied by setting the value of the mean-to-alternating mesh 

stiffness ratio  to be 10, 3.33 and 2, respectively.  

 

When the mean-to-alternating mesh stiffness ratio  is 10, the dynamic responses 

of  is presented in Figure 4.11, which fluctuates mainly with three meshing 

frequency components ,  and . With the effect of the fluctuating mesh stiffness 

term , the harmonics of meshing frequency at the first planetary gear stage (  and 

) are observed. The meshing frequency  is larger than other frequency components, 

which indicates that it has the most influence on . The meshing frequency of the 

parallel gear stage  has the least influence. Due to the effects of the combined 

meshing frequencies, the Phase portrait in Figure 4.11(c) shows unrepeated circles, and 

the Poincare map in Figure 4.11(d) shows dots around one point. These indicate that the 

dynamic behaviour of  is quasi-periodic.  

 

The dynamic responses of  is presented in Figure 4.12, which fluctuates with 

three frequency components ,  and . The meshing frequency of the parallel gear 

stage  has the most influence, as the magnitude of it is larger than other frequency 

components. Due to the effects of the combined meshing frequencies, the Phase portrait 

in Figure 4.12(c) shows unrepeated circles, and the Poincare map in Figure 4.12(d) 



81 
 

shows a circle around one point. These indicate that the dynamic behaviour of  is 

quasi-periodic.  

 

 

Figure 4.11. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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Figure 4.12. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

When the mean-to-alternating mesh stiffness ratio  is 3.33, the dynamic response 

of  is shown in Figure 4.13. With larger fluctuation of the mesh stiffness , the 

fundamental meshing frequencies, their harmonics and sidebands appear to be 

significant. As shown in Figures 4.13(c) and 4.13(d), it does not repeat itself in any 

pattern, which indicates that the chaotic behaviours on the ring-planet gear pair at the 

intermediate planetary gear stage  exist when the fluctuation of the gear mesh 

stiffness  is increased.  

 

The dynamic responses of  is presented in Figure 4.14, it mainly fluctuates with 

its own meshing frequency . However, due to the effects of the mesh stiffness 

fluctuation , the harmonics of the meshing frequencies appear more obvious than 
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those in Figure 4.12(b). The Phase portrait in Figure 4.14(c) shows unrepeated circles, 

and the Poincare map in Figure 4.14(d) shows a circle around one point. These indicate 

that the dynamic behaviour of  is quasi-periodic.  

 

 

Figure 4.13. The vibrational responses of  caused by   (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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Figure 4.14. The vibrational responses of  caused by   (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

When the mesh stiffness ratio  is 2, the dynamic responses of  is presented 

in Figure 4.15, which fluctuates with three frequency components ,  and  and their 

harmonics. With the increased varying mesh stiffness, the meshing frequency  is 

slightly larger than other frequency components, but the meshing frequency and its 

harmonics at the first planetary gear stage ( , , ,  and ) give larger 

influence and cannot be ignored. The meshing frequency of the parallel gear stage  

has the least influence. Due to the effects of the combined meshing frequencies, the 

Phase portrait in Figure 4.15(c) and the Poincare map in Figure 4.15(d) show 

unrepeated patterns, which indicate that the dynamic response of  is chaotic.  
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The dynamic responses of  is presented in Figure 4.16, it fluctuates with three 

frequency components , ,  and their harmonics and sidebands. The meshing 

frequency of the parallel gear stage  has the most influence. The Phase portrait in 

Figure 4.16(c) shows circles with shifts, and the Poincare map in Figure 4.16(d) shows a 

circle around one point. These indicate that the dynamic behaviour of  is quasi-

periodic.  

 

It is observed that the gear mesh stiffness is a significant factor for the dynamic 

response of gears. Compared to the static transmission error, the gear mesh stiffness has 

more effect on the dynamic response of gearbox components. When the mesh stiffness 

ratio is large, the response of  seems relatively stable. When the mesh stiffness 

ratio is reduced with an increasing fluctuating term , the response of  becomes 

more unstable. When the fluctuating term  is further increased, the response of  

loses its stability. 
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Figure 4.15. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 4.16. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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4.4.3 Mean-to-alternating force ratio  

This section studies the effect of the external excitation on  by setting the mean-to-

alternating force ratio  to be 100, 10 and 1.67, respectively. The fluctuation of 

both the internal and external excitations is considered. As shown in Equation (4.20), 

the fluctuating external force  is adjusted to vary the value of the mean-to-alternating 

force ratio  while the mean component  remains constant.  

 

When the mean-to-alternating force ratio  is 100, the dynamic response of  

is shown in Figure 4.17. Both the external excitation frequency  and meshing 

frequency  affect the responses of , as shown in Figure 4.17(b), and the effects 

of them cannot be ignored. This results in shifts on the phase portrait and Poincare map. 

It can be noted that the responses of  do not repeat themselves, and thus become 

quasi-periodic.  

 

Compared with the dynamic response of , a simpler pattern of the dynamic 

response of  is observed in Figure 4.18. The external excitation frequency  has 

the most influence on , as the frequency component  is much larger than the 

other frequency component  and . Due to the large influence of , shifts of points 

on the phase portrait and Poincare map are observed, and thus the dynamic response is 

quasi-periodic. 
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Figure 4.17. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 4.18. The vibrational responses of  caused by   (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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When the mean-to-alternating force ratio  is 10, the dynamic response of  is 

shown in Figure 4.19. Both frequencies  and  affect the responses of , and the 

effects of them cannot be ignored, as shown in Figure 4.19(b). This results in shifts on 

the phase portrait and Poincare map. It can be noted that the responses of  do not 

repeat themselves, and thus become quasi-periodic.  

 

Compared with the dynamic response of , it shows a simpler pattern of the 

dynamic response of  in Figures 4.20(a) and 4.20(b). The external excitation 

frequency  has the major influence on , as the frequency component  is 

obviously larger than the other frequency component . Due to the large influence of , 

it results in shifts on the phase portrait and Poincare map, and thus become quasi-

periodic. 

 

 

Figure 4.19. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 



90 
 

 

Figure 4.20. The vibrational responses of  caused by   (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

When the mean-to-alternating force ratio  is reduced to 1.67, the fluctuating 

external load  plays a more important role on the effect on , as shown in Figure 

4.21. It is observed that the low frequency external excitation frequency  contributes 

the most as shown in Figure 4.21(b), and the external excitation influences the 

responses more compared with the internal excitations. This results in shifts in phase 

portrait and Poincare map, and indicates that the response of  is quasi-periodic.  

 

For the dynamic response of  shown in Figure 4.22, the external excitation 

frequency  has the major influence on , and the effect of the internal excitations 

becomes minor and can be ignored. It results in shifts on the phase portrait and Poincare 

map due to the effects of , and become quasi-periodic. 
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In short, the time histories and FFT spectrums of  have shown the stability when 

the mean-to-alternating force ratio is large. As the mean-to-alternating force ratio  

is decreased by increasing the fluctuating component , the magnitude of the 

responses varies significantly. The external excitation plays an important role on wind 

turbine gearbox, especially when a sudden change of external excitation occurs, which 

indicates that the dynamic responses of wind turbine gears can be affected and may lead 

to gear wear [156]. 

 

 

Figure 4.21. The vibrational responses of  caused by   (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 
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Figure 4.22. The vibrational responses of  caused by  (a) Time 

histories (b) FFT spectrum (c) Phase Portrait (d) Poincare map 

 

4.5 Discussions 

The torsional dynamic model of a wind turbine gearbox is presented in this chapter by 

considering the time-varying mesh stiffness, damping, static transmission error and gear 

backlash. Dynamic responses of gearbox internal components are predicted with the 

variations of the static transmission error, mean-to-alternating mesh stiffness ratio and 

mean-to-alternating force ratio.  

 

It was shown from the study of the mean-to-alternating force ratio that the external 

excitation has more effect than internal excitations on the torsional vibrations of the 

wind turbine gearbox components. This agrees with the observations that the low-

frequency external excitations have a greater contribution to the dynamic response, 
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rather than the high-frequency internal excitation from gear meshing [43]. The increase 

of the external excitation fluctuation would lead to the large magnitude variation for 

gearbox components. In addition, when compared to the static transmission error, the 

gear mesh stiffness was found to have more effect on the torsional vibrations of gearbox 

components. Furthermore, the increase of the fluctuating mesh stiffness could change 

the dynamic responses significantly.  
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Chapter 5 Dynamic response of a 4DOF wind turbine gearbox 

This chapter studies the dynamic response of a 4DOF dynamic model of a wind turbine 

gearbox under different excitation conditions. The proposed model would be developed 

based on the previous torsional model, described in Chapter 4, and takes into account 

the key factors such as the static transmission error, time-varying mesh stiffness, 

bearing stiffness, damping and gear backlash. Both the external excitation due to wind 

and the internal excitation due to the static transmission error are included to represent 

the gearbox excitation conditions. Three excitation conditions would be presented: the 

external excitation only condition, the internal and constant external excitation 

condition; and the internal and fluctuating external excitation condition.  

 

5.1 Modelling 

In the proposed gearbox model as shown in Figure 5.1, three gear stages are presented: 

the low-speed planetary gear stage, the intermediate parallel gear stage and the high-

speed parallel gear stage. Theoretically, the aerodynamic loadings are mostly absorbed 

by the main shaft bearings, and thus have no influence on the gear teeth except for the 

driving torque. Therefore, the input load of the proposed dynamic model is limited to 

the torsional load only, and assumed to be applied directly to the planet carrier arm, 

which transmits the load to planet gears and the sun pinion. The non-torsional loads are 

assumed to be uncoupled with the gearbox.  
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Figure 5.1. Sketch of the proposed wind turbine gearbox 

 

The planetary gear stage includes three moving components: the planet carrier arm, 

planet gears and the sun pinion. The gearbox housing, planet carrier arm and bedplate 

are assumed to be rigid, and no relative movements between shafts are allowed. 

Planetary gears would provide high power density, by splitting the driving torque into 

multiple parallel sun-planet and ring-planet loads. The planet gears are supported on the 

planet carrier arm by shafts with bearings, thus the planet gears can rotate freely, and 

split the input load to reduce the load transmitted at each gear mesh. At parallel gear 

stages, the gears and pinions are also mounted between bearings [76, 77].  

 

The proposed model can be used to predict the dynamic response of wind turbine 

gearbox components. Both the low-frequency excitation due to wind fluctuations and 

the high-frequency excitation due to static transmission errors are considered. The 

external excitation fluctuation is caused by wind, whereas the static transmission error is 

the overall kinetic error of gear pairs during gear meshes, expressed in the form of 

periodically time-varying displacement functions [176]. This model also takes into 
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account the key factors such as the time-varying mesh stiffness, bearing stiffness, 

damping and gear backlash. The time-varying mesh stiffness, as an important source of 

the internal excitation, fluctuates as the number of gears’ contacting teeth changes 

during gear meshes.  

 

The gearbox is mounted with a three-point configuration in which torsional loads are 

transferred to the gearbox housing through two torque arms, and it is assumed that the 

non-torque moments and forces are reacted mostly at the main bearing. Each torque arm 

transfers loads by means of an elastomeric bearing supported by mounts that help 

isolate and reduce noise. The ring gear serves as part of the gearbox housing, and the 

sun pinion is set in a floating configuration to equalize the load distribution among the 

planets [57, 59].  

 

5.2 Derivation of equations 

For the derivation of the equations of motions of the wind turbine gearbox components, 

a lumped-parameter model of a ring-planet-sun gear pair is previously illustrated in 

Figure 4.3. The gear deformation during gear meshes is represented by the time-varying 

gear mesh stiffness, damping and the static transmission error. All gears are helical 

gears in the proposed model, with the helical angle and pressure angle of each gear 

tooth remaining constant, and are allowed to rotate freely during turbine operation.  

 

Based on the geometry of gears, the base radius of gears is determined by Equation 

(5.1), where  denotes the base radius of gears,  denotes the radius of gears and  is 

the pressure angles. 
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                                                       (5.1) 

 

The equivalent transverse displacements of the gearbox components along the line of 

action, caused by their rotational displacements, are determined by Equation (5.2). 

 

                                                       (5.2) 

 

The relative displacement of sun-planet gear mesh on the line of action, caused by 

rotation, can be expressed as 

 

                                 (5.3a) 

 

The relative displacement of sun-planet gear mesh on the line of action, caused by the 

translational motions, can be given by  

 

     

                                        (5.3b) 

 

Combining Equations 5.3(a) and 5.3(b), and taking into account the effect of the static 

transmission error , yields the total relative displacement of sun-planet gear mesh on 

the line of action, as shown in Equation (5.3c). 

 

                                 (5.3c)                                      
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Similarly, the relative displacement of ring-planet gear mesh on the line of action, 

caused by rotation, can be written as 

 

                                       (5.4a)                   

 

The relative displacement of ring-planet gear mesh on the line of action, caused by the 

translational motions, can be expressed as  

 

 

(5.4b) 

 

By taking into account the static transmission error of the ring-planet gear mesh, the 

total relative displacement is 

 

                                     (5.4c)                   

 

The relative displacement between the sun pinion and the gear of the intermediate 

parallel gear stage can be calculated by  

 

                                                 (5.5)                   

 

The relative displacement of the gear pair at the intermediate parallel gear stage, caused 

by rotation, can be expressed by 
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                                  (5.6a)                                      

 

The relative displacement of gear pair, caused by the translational motions, is given by  

 

 

(5.6b) 

 

By considering the static transmission error between the gear and pinion, the total 

relative displacement becomes 

 

                                 (5.6c)                                      

 

The relative displacement between the gears  and  can be obtained by 

 

                                               (5.7)                                      

 

For the high-speed parallel gear stage, the relative displacement of the gear mesh on the 

line of action, caused by rotation, can be written as 

 

                                 (5.8a)                                      

 

The relative displacement of gear pairs on the line of action, caused by the translational 

motions, can be expressed by  
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(5.8b) 

 

By including the static transmission error between the gear and pinion, the total relative 

displacement is 

 

                               (5.8c)                   

 

The meshing forces of gear pairs can be determined based on the relative displacements 

of gear meshes . By considering the gear backlash, the meshing forces of gear pairs 

can be calculated by Equations (5.9) and (5.10), where  represents the gear mesh 

stiffness, and  given by Equation (5.9) is the vector form of the nonlinear gear 

mesh displacement function. The gear mesh stiffness is obtained by using the method 

described in Section 4.3.3. Damping forces can be calculated in a similar way. 

 

                                 (5.9)  

       

;                                       (5.10) 

 

The equations of motion of the gearbox components can be obtained by applying the 

Newton’s laws. For the planet carrier arm, the equations of motion are given by 

 

                                                 
6  represents , ,  and , where  
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                      (5.11a) 

 

  

                                           (5.11b)  

 

  

                                           (5.11c)  

 

  

                                          (5.11d)  

 

For the sun pinion, the equations of motion are 

 

  

 (5.12a) 

   (5.12b) 

 

   (5.12c) 

 

       (5.12d) 

 

 

 



103 
 

For the planet gears, the equations of motion are given by 

 

 (5.13a) 

 

 

                                       (5.13b) 

 

 

                                      (5.13c) 

 

 

                                             (5.13d) 

 

For the gear  at the intermediate parallel gear stage, the equations of motion are 

written as 

 

 

 (5.14a) 

 

(5.14b) 

 

(5.14c) 

  (5.14d) 
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For the pinion  at the intermediate parallel gear stage, the equations of motion are 

expressed as 

 

                                         (5.15a) 

 

  

(5.15b) 

 

(5.15c) 

 (5.15d) 

 

For the gear  at the high-speed parallel gear stage, the equations of motion are 

obtained as 

 

 

 (5.16a) 

 

(5.16b) 

 

(5.16c) 

 (5.16d) 
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For the pinion  at the high-speed parallel gear stage, the equations of motion are 

given by  

 

        (5.17a) 

 

 

(5.17b) 

 

(5.17c) 

 (5.17d) 

 

Substituting the relative displacements of gear meshes given by Equations (5.3) to (5.8) 

into Equations (5.11) to (5.17), yields the transverse and translational displacements of 

gears.  

 

5.3 Specifications 

The proposed 4DOF dynamic model of wind turbine gearbox in this chapter is an 

extended model based on the previous torsional model, described in Chapter 4. Thus, 

the general specifications used in the torsional model would be used in the present 

model. Therefore, the radius of the rotor blades  is 36 , the average wind speed 

 is 16 , the air density  is 1.21 , and the rotational speed of the 

rotor blades  is 17 . When the rotational speed of the blades is set to be 

constant, the simulated wind fluctuation results in the fluctuation of the driving torque 

to the gearbox.  
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The gear teeth dimensions used for the proposed model are provided in Table 3, where  

“ ” and “ ” in Table 3 represent  facing left and  facing right. 

 

Table 3. List of gears and specifications 

Gears Teeth Module      o  

Ring 99 10 2.540 0.0100 0.0125 0.0225 0.0089 7.5L 

Planet 39 10 2.540 0.0100 0.0125 0.0225 0.0187 7.5L 

Sun 21 10 2.540 0.0100 0.0125 0.0225 0.0172 7.5L 

 82 8 3.175 0.0080 0.0100 0.0180 0.0149 14R 

 23 8 3.175 0.0080 0.0100 0.0180 0.0137 14L 

 76 5.5 4.618 0.0055 0.0069 0.0124 0.0103 14L 

 23 5.5 4.618 0.0055 0.0069 0.0124 0.0103 14R 

 

The driving torque , that is applied to the planet carrier arm as the input to the 

system, can be calculated by Equations (4.21) to (4.23) [170]. If only the external 

excitation is considered, the driving torque can be expressed by Equation (5.18) as a 

periodic sinusoidal function, where  is the constant external driving torque,  

is the fluctuating external driving torque, and  represents the external excitation 

frequency7 . This usually happens when the wind turbine is parked. Under such a 

condition, the gears in the gearbox are not allowed to rotate. 

 

                           (5.18)                                      

 

                                                 
7   and  (as in the low frequency range) is chosen to be the external excitation 

frequency. 
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It can be predicted that the external excitation results in low frequency responses, 

whereas the internal excitation results in high frequency responses. The static 

transmission error  used in Equations (5.3) to (5.8) is represented by Equation (4.17). 

As the static transmission error is very small, only the fluctuation term  is considered. 

The high-frequency excitations at the meshing frequency  are expected during gear 

mesh8. When only the internal excitation, caused by the static transmission error , is 

considered, the internal excitation  is given by Equation (4.18). In addition, under the 

constant rotational speed the meshing frequencies of the wind turbine gearbox 

components remain constant during operation for the simplicity in simulation [168].               

 

5.4 Results 

This section presents the simulation results of the proposed gearbox model. The ode45 

solver in Matlab is used to solve the differential equations. The integration results of the 

first 1500 periods are discarded prior to recording the steady state solutions. For each 

meshing cycle, 3600 meshing points are sampled in order to capture the sufficient 

number of data. The analysis focuses on the effects of the excitation conditions on gears 

and bearings of the wind turbine gearbox with the help of the time histories and FFT 

spectrums.  

 

5.4.1 External excitation only 

When only the external excitation is considered and the gears are not allowed to rotate, 

such condition is similar to the situation when the wind turbine is parked. Figures 5.2 to 

                                                 
8  and the meshing frequencies  in the proposed dynamic model are 28.05 , 132.8  and 

438.7 . 
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5.6 show the dynamic responses of , , ,  and , representing the 

relative displacements of the ring-planet gear meshes, the sun-planet gear meshes, 

parallel gear meshes, the axial displacement of the gear at the intermediate parallel gear 

stage and the axial displacement of the pinion at high-speed parallel gear stage.  

 

It is observed that the frequency peak in each FFT spectrum occurs at the external 

excitation frequency , which indicates that only the external excitation contributes to 

the vibrations in the gearbox, and the gearbox components only respond to the wind 

fluctuation. The time histories also show the stability of the dynamic responses of the 

gearbox components. The magnitude of  is larger than  and , and much 

larger than that of  and , meaning that the external excitation influences the 

most on the ring-planet gear meshes than sun-planet gear meshes and that of the parallel 

gear stage. Moreover, the relative displacement of the gear meshes caused by wind 

fluctuations is much larger than the axial displacement of the gear when the wind 

turbine is parked. These observations are in good agreements with Errichelo’s findings 

that the fretting corrosion, as one of the wind turbine gearbox failure modes, normally 

occurs in gears along a line of action when the turbines are parked [177]. 

 

 

Figure 5.2. The vibrational responses of  (a) Time histories (b) FFT spectrum 
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Figure 5.3. The vibrational responses of  (a) Time histories (b) FFT spectrum 

 

 

Figure 5.4. The vibrational responses of  (a) Time histories (b) FFT spectrum 

 

 

Figure 5.5. The axial vibrational responses  (a) Time histories (b) FFT spectrum 
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Figure 5.6. The axial vibrational responses  (a) Time histories (b) FFT spectrum 

 

5.4.2 Constant external excitation 

When both the internal and constant external excitations are considered, it is assumed 

that the turbine operates under an ideal condition. The external excitation is constantly 

applied to the gearbox, and the internal excitation, caused by the static transmission 

errors , is assumed to fluctuate with the meshing frequencies . Figures 5.7 to 5.11 

show the dynamic responses of , , ,  and . The internal 

excitation provides high-frequency vibrations to the gearbox, thus, the dynamic 

responses under meshing frequencies  are expected to be observed. 

 

Figure 5.7 shows that  is stable and the meshing frequency of the planetary gear 

stage  contributes the most on , while the magnitude of  is much smaller, thus 

the effect of it can be ignored. Compared with the dynamic responses of , the 

magnitude of the dynamic responses of  and  are smaller. Similar to , the 

sun-planet gear meshes shown in Figure 5.8 fluctuate with the meshing frequency , 

and the gear meshes at the parallel gear stage fluctuate with the meshing frequency , 

as shown in Figure 5.9. The meshing frequencies at their own gear stages influence the 
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most. Figures 5.10 and 5.11 present the axial displacement of the gear at intermediate 

parallel gear stage and the pinion at high-speed parallel gear stage. The magnitudes of 

them are much smaller than that of the relative displacement of gear meshes, and the 

frequency peaks occur at their own gear stages.  

 

 

Figure 5.7. The vibrational responses of  (a) Time histories (b) FFT spectrum 

 

 

Figure 5.8. The vibrational responses of (a) Time histories (b) FFT spectrum 
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Figure 5.9. The vibrational responses of  (a) Time histories (b) FFT spectrum 

 

 

Figure 5.10. The axial vibrational responses  (a) Time histories (b) FFT spectrum 

 

 

Figure 5.11. The vibrational responses  (a) Time histories (b) FFT spectrum 
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5.4.3 Mean-to-alternating force ratio  

When both the internal and external excitation fluctuations are taken into account, the 

effect of the wind fluctuation, the mean-to-fluctuating external force ratio  is used 

to study the dynamic responses of wind turbine gearbox components. Figures 5.12 to 

5.16 show the dynamic responses of , , ,  and .  

 

As both the external excitation fluctuation (with the mean-to-fluctuating external force 

ratio of 5) and the internal excitation are considered, the dynamic responses with the 

external excitation frequency  and the meshing frequencies  are expected to be 

observed. It can be seen from Figure 5.12 that both the meshing frequencies and the 

external excitation frequency exist. The magnitude of the external frequency component 

 is smaller than the meshing frequency at its own gear stage . The magnitudes of  

can be ignored. This indicates that the meshing frequency of the planetary gear stage  

contributes the most on . Figures 5.13 and 5.14 present the dynamic responses of 

 and . It is similar as that of Figure 5.12 that both the meshing frequencies 

and the external excitation frequency exist, and the relative displacement of gear meshes 

fluctuate at their own meshing frequencies, and having smaller magnitudes than that of 

the ring-planet gear meshes. The axial displacement of the gear and pinion at the 

intermediate and high-speed parallel gear stage (  and ) are shown in Figures 

5.15 and 5.16.  

 

In short, the gear meshes at all three gear stages are relatively stable when the external 

fluctuation is small. However, the harmonics and their sidebands exist on the dynamic 
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responses of the gears. When with the external fluctuations, the sidebands appeared in 

the FFT spectrum can be used to estimate the gear and bearing damage conditions. 

 

 

Figure 5.12. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 5 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.13. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 5 (a) Time histories (b) FFT spectrum 
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Figure 5.14. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 5 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.15. The axial vibrational responses  with the mean-to-fluctuating 

external force ratio  of 5 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.16. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 5 (a) Time histories (b) FFT spectrum 
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The increased external excitation fluctuation (with the mean-to-fluctuating external 

force ratio of 2) and the internal excitation are considered below, as shown in Figures 

5.17 to 5.21. The dynamic response of  starts to have more fluctuations. The 

magnitude of the external frequency  is still smaller than the meshing frequency at its 

own gear stage , but contributes more compared with that in Figure 5.12. The 

magnitude of  is much smaller than  , which means that it provides limited effects 

on . Figures 5.18 and 5.19 present the dynamic responses of  and . It is 

similar to those in Figures 5.13 and 5.14, the relative displacement of gear meshes 

fluctuate at their own meshing frequencies, but larger influence from the external 

excitation frequency . Figures 5.20 presents the axial displacement of gear at the 

intermediate parallel gear stage , which is very similar to that of Figure 5.15. This 

indicates that the increased external fluctuation does not have significant effects on the 

axial displacement at the intermediate parallel gear stage. Figures 5.21 presents the axial 

displacement of pinion at the high-speed parallel gear stage . The frequency peak 

occurs at  and its magnitude is much larger than ,  and . This shows that  

contributes the most at the high-speed parallel gear stage. Its harmonics 2  and 

sidebands are also observed. Compared with Figure 5.16 for when the mean-to-

fluctuating force ratio  is 5, the external excitation has larger influence on both the 

gears and bearings, which simulates the condition for a sudden change of external 

excitation on turbines. 
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Figure 5.17. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 2 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.18. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 2 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.19. The vibrational responses of  with the mean-to-fluctuating 

external force ratio  of 2 (a) Time histories (b) FFT spectrum 
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Figure 5.20. The axial vibrational responses  with the mean-to-fluctuating 

external force ratio  of 2 (a) Time histories (b) FFT spectrum 

 

 

Figure 5.21. The axial vibrational responses  with the mean-to-fluctuating 

external force ratio  of 2 (a) Time histories (b) FFT spectrum 

 

5.5 Discussions 

In the study of the dynamic responses of the wind turbine gearbox components, when 

considering the external excitation only and disallowing gears to rotate, such a condition 

is similar to that when the wind turbine is parked. The results showed that the 

magnitude of the relative displacements of gear meshes is much larger than the elastic 

displacement of gearbox bearings. This explains why the fretting corrosion, as one of 
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the wind turbine gearbox failure modes, occurs in gears along the line of action when 

the wind turbine is parked.  

 

When both the internal and external excitations were considered, it was observed that 

the gear meshes at all gear stages are relatively stable. When the external excitation 

fluctuation is small, the stability of gears is not affected. However, the dynamic 

responses of gears were observed to have more fluctuation. When the external 

excitation fluctuation is increased, the external excitation fluctuation has large influence 

on wind turbine gearbox components, especially when a sudden change of external 

excitation is added, such as emergency stops which may happen about 10-20 emergency 

stops per year. During such emergency stops it is possible for the torque to vary very 

dynamically. As a result, the dynamic responses of wind turbine gearbox components 

can be affected and may lead to gear wear and bearing failures. 
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Chapter 6 Effect of bending moment on a 6DOF wind turbine 

planetary gearbox 

Non-torque load is one of the major sources of gearbox reliability issues for wind 

turbines, such as premature gearbox damages and failures [50, 76]. Thus, this chapter 

studies the effects of the non-torque load, especially the effect of bending moments, on 

the dynamic responses of a wind turbine planetary gearbox. To complete the full 

dynamic model of the wind turbine gearbox, the proposed 6DOF dynamic model is 

developed based on the torsional and the 4DOF models, described previously in 

Chapters 4 and 5, and takes into account the key factors such as bearing clearances, 

bearing stiffness, the gear mesh stiffness, damping, gear backlash and static 

transmission error. Both the external excitation due to wind and the internal excitation 

due to the static transmission error are included in the proposed dynamic model, and the 

study of the effect of the bending moments is emphasised in this chapter. The dynamic 

responses of wind turbine planetary gearbox components are studied with the help of 

the time history, FFT spectrum, Phase portrait, Poincare map and load share ratio. 

 

6.1 Modelling 

A wind turbine planetary gear stage is shown in Figure 6.1. The ring gear is fixed at the 

gearbox housing, remaining non-rotating, and three planet gears are included in the 

gearbox. The floating-sun configuration is implemented to improve the load share in the 

planetary gear stage [52]. The driving torque is the major loading transmitted into the 

gearbox, and non-torque loads occur in the other five degrees of freedom (5DOF).  
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Theoretically, the planet carrier arm bearings would hold the majority of non-torque 

loads, for example, the radial reaction forces caused by the bending moments would 

pass through the main shaft through the carrier bearings, torque arms and trunnions into 

the gearbox housing. Only a small fraction of the non-torque loads are transmitted into 

gear meshes, thus, the gear teeth only carry the driving torque [41]. However, the 

gearbox would transmits significant main-shaft bending loads into the gearbox in reality, 

which can alter shaft alignment to the gearbox and gear mesh patterns in planetary gear 

stage [76, 178].  

 

 

Figure 6.1. A wind turbine planetary gearbox 

 

6.2 Derivation of equations 

The equivalent transverse displacements of the gearbox components on ,  and  axes, 

caused by their rotational displacements , can be obtained by using Equations (6.1) 

and (6.2), where  denotes the gearbox components such as the planet carrier arm, 
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planet gears and the sun pinion respectively,  represent the rotational displacements, 

 represents the base radius of the gearbox components, and  is the pressure angle.  

 

; ; ;                  (6.1a, b, c) 

                                                     (6.2) 

 

The locations of planet gears are taken into account for finding the translational 

displacements of the planet gears and sun pinion, as shown in Figures 6.2 and 6.3. 

Considering the configuration of the planetary gear stage, three planet gears are located 

with angles of ,  and , notated as  with respect to the negative -axis.  

 

 

Figure 6.2. A sun-planet gear pair 
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Figure 6.3. A sun-planet gear pair (a) with  (b) 

with  (c) with  

 

The relative displacement of sun-planet gear mesh on the line of action, caused by 

rotation, can be expressed by 

 

                                               

                                             (6.3a) 
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The relative displacement of sun-planet gear mesh on the line of action, caused by the 

translational motions, can be found by  

 

                                             (6.3b) 

 

By combining Equations (6.3a) and (6.3b), and taking into account the effect of the 

static transmission error , the total relative displacement of sun-planet gear mesh on 

the line of action becomes 

 

                                     (6.3c)                   

 

Similarly, the relative displacement of ring-planet gear mesh on the line of action, 

caused by rotation, can be obtained as 

 

  

                                          (6.4a)                   

 

The relative displacement of ring-planet gear mesh on the line of action, caused by the 

translational motions, is found by  

 

 

(6.4b) 
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By taking into account the static transmission error of the ring-planet gear mesh, the 

total relative displacement becomes 

 

                                       (6.4c)                                      

 

The meshing forces of the gear pairs of the wind turbine gearbox can be determined by 

Equations (6.5a) and (6.5b), where  and  represent the gear mesh stiffness of the 

ring-planet and sun-planet gear pairs. 

 

; ;                      (6.5a, b) 

 

Damping forces are calculated in a similar way by Equations (6.6a) and (6.6b), where 

 and  are the damping of the ring-planet and sun-planet gear pairs. 

 

; ;                     (6.6a, b)                       

  

The gear mesh stiffness and damping are obtained based on the previous work described 

in Sections 4.3 and 5.3 [95]. By taking into account the gear backlash ,  is the 

vector form of the gear mesh displacement function (piecewise linear characteristics), 

where  represents  and . 

 

                                 (6.7)                
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The bearing stiffness has large influence on the dynamic behaviours of bearings. The 

elastic displacement of bearings, during the wind turbine operation, would affect the 

dynamic responses of other gearbox components. The bearings used in the proposed 

wind turbine planetary gear stage are the roller bearings, due to their nature of low 

friction and high load capacity. The planet carrier arm is supported by two full-

complement cylindrical roller bearings and each planet gear supported by two 

cylindrical roller bearings. Each shaft in the gearbox is supported by a cylindrical roller 

bearing and two tapered roller bearings. Tapered roller bearings are mostly used to 

support the axial loading [174, 179, 180].  

 

For cylindrical roller bearings, the radial elastic displacement  can be calculated by 

 

                                 (6.8)          

                                           (6.9) 

 

where  is the maximum rolling element load,  is the effective contact length 

of roller,  is the number of the rows of rollers, Z is the number of rollers per row, and 

 is the radial load [181].  

 

The elastic displacement  of the cylindrical roller bearing varies with the changes of 

the radial load  during gear mesh. Thus, the radial stiffness , as the input of the 

dynamic model, should be calculated prior to the simulation by  

 

                                                   (6.10)                   
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For tapered roller bearings, the axial deformation  can be calculated by 

 

                              (6.11)           

                                              (6.12)                                      

 

where  is the load on rolling elements,  is the contact angle,  is the effective 

contact length of roller,  is the number of rollers, and  is the axial load [181].  

 

In order to include the radial clearance for the bearing model, nonlinear input functions 

shown below are used for the diagonal terms. 

 

 

Figure 6.4. Bearing stiffness function with clearance [53] 

 

The radial forces, expressed in terms of the translational displacements  (e.g.  and 

, ), exist only when the relative displacement between the connected gear 

teeth exceeds a specified clearance . Taking into account the radial clearance of the 
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planet bearings,  is the vector form of the nonlinear translational displacement 

function (piecewise linear characteristics).  

 

                                (6.13) 

 

The motions of the gearbox components can be governed by applying the Newton’s 

laws. For planet carrier arm, the equations of motion are given by 

 

  

                                                      (6.14a)      

  

  

                                                     (6.14b)  

    

  

                             (6.14c)   

                   

  

 (6.14d)          
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                                                (6.14e)          

 

  

            (6.14f)            

 

For the planet gears, the equations of motion are expressed by 

 

 

                (6.15a)  

 

 

               (6.15b)  

 

 

                               (6.15c) 

 

 

 (6.15d) 

 

 

 (6.15e) 
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                                             (6.15f) 

 

For the sun pinion, the equations of motion are given by 

 

      (6.16a) 

 

     (6.16b) 

 

            (6.16c) 

 

        (6.16d) 

 

        (6.16e) 

 

                   (6.16f) 

 

Substituting the relative displacements of gear meshes given by Equations (6.3) to (6.13) 

into Equations (6.14) to (6.16), yields the transverse and translational displacements of 

gearbox components.  

 



132 
 

6.3 Simulation and results 

The external excitations include the driving torque  and the aerodynamic bending 

moment (e.g. ), which are expected to locate at the low frequency range. Thus, in 

this chapter the torsional frequency is chosen to be 5Hz, and the bending moment 

frequency is chosen to be 12Hz. Under the constant rotational speed, the meshing 

frequency of the planetary gearbox is 28Hz. The external excitation condition is 

described in Chapters 4 and 5 [94, 95].  

 

To investigate the effects of the bending moments, a non-dimensional quantity  

is introduced to address the combined external loading transmitted on the planet carrier 

arm. With the help of time histories, FFT spectrum, Portrait phase, Poincare map and 

load share ratios (LSR), the dynamic responses of the planetary components are studied 

in the following five sections: (1) driving torque only; (2) driving torque and bending 

moment with ; (3) driving torque and bending moment with ; 

(4) driving torque and bending moment with ; (5) increased driving torque 

and bending moment with . In Section 6.3.6, a comparison of the 

conditions with and without the bearing clearances is presented and discussed. 

 

6.3.1 Constant external excitations 

In this section, the only external excitation is the driving torque. The dynamic response 

include the ring-planet gear mesh  shown in Figure 6.5, the sun-planet gear mesh 

 shown in Figure 6.6, the load share ratio ( ) of one of the planet gears shown in 

Figure 6.7, and the radial and axial displacement of one of the planet gears  and  

presented in Figures 6.8 and 6.9.  
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For the the ring-planet gear mesh , the FFT spectrum shown in Figure 6.5(b) 

presents two frequency components  and . The meshing frequency peak  is larger 

than , which indicates that the meshing frequency  has more effects on  than 

. Figures 6.5(c) and 6.5(d) present the phase portrait and Poincare map of , which 

repeat themselves with slight shifts due to the combination of the two excitation 

frequencies  and . This indicates that the response of  is periodic. 

 

 

Figure 6.5. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

                                                 
9 The planetary gearbox is normally the first gear stage in wind turbine gearbox, thus the meshing 

frequency of the planetary gearbox is set to be  throughout this chapter. 
10  represents the external excitation frequency (torque). 
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It is observed in Figure 6.6(a) that the time histories of  are stable, but fluctuate less 

than  shown in Figure 6.5(a). Two frequency components  and  are observed in 

Figure 6.6(b). The peak of  is larger than , this indicates that the meshing frequency 

 has more effects on  than  does. The magnitude of the meshing frequency peak 

 is smaller than that for  shown in Figure 6.5(b), this suggests that the meshing 

frequency  has slightly less influence on  than it does on . Figures 6.6(c) and 

6.6(d) present the phase portrait and Poincare map, which repeat themselves with slight 

shifts due to the two excitation frequencies  and . This indicates that the response of 

 is periodic. 

 

 

Figure 6.6. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

The load share ratio shown in Figure 6.7 is influenced by both the external excitation 

frequency  and meshing frequency , and the value fluctuates between 0.18 and 0.49 
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around the ideal value . The LSRs of the other two planet gears are similar to that as 

shown in Figure 6.7 but with phase shifts of . This suggests that the loads on the 

planet gears are equally shared. 

 

 

Figure 6.7. Load share ratio (LSR) 

 

The magnitude of the radial and axial displacements of the planet gear in the time 

histories are smaller than those of the gear meshes, as shown previously in Figures 6.8 

and 6.9. The two frequency peaks  and  are observed. The peak of  is larger than 

, this indicates that the meshing frequency  has more effect on the radial  and 

axial displacement  than  does.  
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Figure 6.8. The radial vibrational responses of planet gear  (a) Time 

histories (b) FFT spectrum 

 

 

Figure 6.9. The axial vibrational responses of planet gear  (a) Time 

histories (b) FFT spectrum 

 

6.3.2 Wind fluctuation and bending moment with  

The effect of the bending moment with  is studied in this section. Figure 

6.10 presents the dynamic response of . Figure 6.11 presents the dynamic response 

of the sun-planet gear meshes . The  is presented in Figure 6.12. The radial  

and axial displacement of one of the planets  and  are presented in Figures 6.13 

and 6.14. 
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Figure 6.10 (a) presents the time histories of . It shows that the magnitudes of the 

time histories are larger than  shown in Figure 6.5(a). Compared with the dynamic 

response of the ring-planet gear meshes for when bending moment  is not included, 

the gear mesh pattern has changed. The FFT spectrum shows three frequency peaks , 

 and . With the  ratio set to be 0.5, it is observed that the meshing 

frequency  has the largest influence on the ring-planet gear meshes , and the 

applied bending moment frequency  has larger influence than . Figures 6.10(c) and 

6.10(d) present the phase portrait and Poincare map, which repeat themselves with 

slight shifts due to the three excitation frequencies. This indicates that the response of 

 is periodic. 

 

 

Figure 6.10. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 
                                                 
11  represents the excitation frequency caused by the bending moment, and it not chosen to be 12Hz to 

differ from the excitation frequency caused by torque (5Hz) and meshing frequency (28Hz). 
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Figure 6.11(a) shows the time histories of , the gear mesh pattern is very similar to 

the  shown in Figure 6.6(a). In Figure 6.11(b), the bending moment frequency peak 

 is observed to be much smaller than the other two frequency components  and . 

These suggest that the sun-planet gear meshes  are less affected by the bending 

moments compared to the ring-planet gear meshes  when the  ratio is 0.5. 

Figures 6.11(c) and 6.11(d) present the phase portrait and Poincare map, which repeat 

themselves with slight shifts due to the three excitation frequencies. This indicates that 

the response of  is periodic. 

 

 

Figure 6.11. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The value varies between 0.18 and 0.49 caused by the combination of the external 

excitation frequency , the bending moment frequency  and meshing frequency . 



139 
 

The LSRs of the other planets are similar to that shown in Figure 6.12 with phase shifts 

of . It is considered that the loads on the planet gears are equally shared. 

 

 

Figure 6.12. Load share ratio (LSR) 

 

The following two figures present the radial and axial displacement of the planet gear, 

as shown in Figures 6.13 and 6.14. They have shown similar patterns, and the peak of  

is larger than the other two frequency components  and , which means the meshing 

frequency  still has more effect on  and .  

 

 

Figure 6.13. The radial vibrational responses of planet gears  (a) Time 

histories (b) FFT spectrum 
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Figure 6.14. The axial vibrational responses of planet gears  (a) Time 

histories (b) FFT spectrum 

 

More simulations with different fluctuation ratio (mean-to-alternating force ratio) are 

provided in Appendix (Chapter 8). 

 

6.3.3 Wind fluctuation and bending moment with  

In this section, an increasing bending moment is applied to the main shaft for 

. The dynamic response of  and  are shown in Figures 6.15 and 6.16. The 

 is presented in Figure 6.17. The radial and axial displacement  and  are 

presented in Figures 6.18 and 6.19. 

 

In Figure 6.15, the time histories of  has shown larger magnitudes than that in 

Figure 6.10(a), due to the increased bending moment. The meshing frequency  still 

has the largest influence on , but the bending moment starts to affect more on the 

ring-planet gear meshes . The external torsional frequency  is observed with 

smaller magnitude, which indicates that the driving torque does not have the major 

influence on . Figures 6.15(c) and 6.15(d) present non-periodic circles in phase 
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portrait and a closed orbit with combined excitation frequencies in Poincare map. These 

suggest  to be quasi-periodic. 

 

 

Figure 6.15. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The time histories of the  in Figure 6.16(a) present similar patterns as shown in 

Figure 6.11(a). The FFT spectrum present three frequency components ,  and . It 

is observed that the meshing frequency  has the largest influence on the sun-planet 

gear meshes , and the effect of the bending moment is increased compared with 

that in Figure 6.11(b) but still affects the least on  among the three existing 

excitation frequencies. On the other hand, the bending moment has less effects than the 

driving torque, which is different from the dynamic response of the ring-planet gear 

meshes  shown in Figure 6.15(b). Figures 6.16(c) and 6.16(d) present the phase 
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portrait and Poincare map, which repeat themselves with three excitation frequencies. 

These indicate that the response of  is periodic. 

 

 

Figure 6.16. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The ratio fluctuates between 0.18 and 0.5 with the external excitation frequency , the 

bending moment frequency  and meshing frequency . Due to the increased 

influence of the bending moment, the pattern of  has slightly changed.  
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Figure 6.17. Load share ratio (LSR) 

 

The radial displacement of planet gear is shown in Figure 6.18. Three frequency 

components ,  and  are observed. The peak of  is larger than the other two 

frequency components  and , which means the meshing frequency  has the most 

effect on . Compared with the radial displacement, the axial displacement of the 

planet gear is shown in Figure 6.19. The bending moment frequency  contributes the 

most among all the excitation frequencies, and the meshing frequency  affects slightly 

less than the bending moment.  

 

 

Figure 6.18. The radial vibrational responses  (a) Time histories (b) FFT spectrum 
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Figure 6.19. The axial vibrational responses  (a) Time histories (b) FFT spectrum 

 

6.3.4 Wind fluctuation and bending moment with  

When non-dimensional quantity  is increased to , the time histories of  in 

Figure 6.20(a) has shown much larger magnitudes compared with that in Figure 6.15(a). 

The meshing frequency  no longer has the largest influence on the ring-planet gear 

meshes , instead the bending moment affects the most on , and the external 

torsional frequency  is observed with much smaller magnitude. Figures 6.20(c) and 

6.20(d) present non-periodic circles in phase portrait and a closed orbit with combined 

excitation frequencies in Poincare map. These suggest  to be quasi-periodic 
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Figure 6.20. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The time histories present similar patterns as the  as shown in Figure 6.21(a). The 

FFT spectrum present three frequency components ,  and . It is observed that the 

meshing frequency  has the largest influence on the sun-planet gear meshes , and 

the effect of the bending moment is increased compared with that in Figure 6.16(b), 

which affects the least on  among the three existing excitation frequencies. On the 

other hand, the bending moment has the second largest effect than the driving torque, 

which is different from the dynamic response of the ring-planet gear meshes . 

Figures 6.21(c) and 6.21(d) present the phase portrait and Poincare map, which repeat 

themselves with three excitation frequencies. These indicate that the response of  is 

periodic. 
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Figure 6.21. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The ratio fluctuates between 0.15 and 0.53 with the external excitation frequency , the 

bending moment frequency  and meshing frequency . Due to the increased 

influence of the bending moment, the pattern of  has changed.  
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Figure 6.22. Load share ratio (LSR) 

 

The radial displacement of planet gear is shown in Figure 6.23. Three frequency 

components ,  and  are observed. The peak of  is larger than the other two 

frequency components  and , which means the bending moment frequency  has 

the most effect on . Similarly, the axial displacement of the planet gear is shown in 

Figure 6.24. The bending moment frequency  contributes the most among all the 

excitation frequencies, and the meshing frequency  affects less than the bending 

moment.  

 

 

Figure 6.23. The radial vibrational responses  (a) Time histories (b) FFT spectrum 



148 
 

 

 

Figure 6.24. The axial vibrational responses  (a) Time histories (b) FFT spectrum 

 

6.3.5 Increased driving torque and bending moment with  

When the driving torque is increased, the time histories of  is presented in Figure 

6.25(a). Compared with Figure 6.15, the magnitude of  is increased. However, 

because the  ratio remains at 1, the bending moment frequency  has the largest 

influence on the ring-planet gear meshes . The external torsional frequency  is 

observed with smaller magnitude. Figures 6.25 (c) and 6.25(d) present non-periodic 

circles in phase portrait and a closed orbit with combined excitation frequencies in 

Poincare map. These suggest  to be quasi-periodic 
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Figure 6.25. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

In Figure 6.26, the time histories of  has shown larger magnitudes compared with 

that in Figure 6.16(a). The driving torque and the meshing frequency have the equally 

influence on , and the bending moment affect less on the ring-planet gear meshes 

. Figures 6.26(c) and 6.26(d) present non-periodic circles in phase portrait and a 

closed orbit with combined excitation frequencies in Poincare map. These suggest  

to be quasi-periodic. 
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Figure 6.26. The vibrational responses of  (a) Time histories (b) 

FFT spectrum (c) Phase Portrait (d) Poincare map 

 

The ratio fluctuates between 0.23 and 0.435 with the external excitation frequency , 

the bending moment frequency  and meshing frequency . Due to the increased 

influence of the bending moment, the pattern of  has slightly changed.  
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Figure 6.27. Load share ratio (LSR) 

 

The radial displacement of planet gear is shown in Figure 6.28. Three frequency 

components ,  and  are observed. The peak of  is larger than the other two 

frequency components  and . Compared with the radial displacement, the axial 

displacement of the planet gear is shown in Figure 6.29. The bending moment 

frequency  still contributes the most among all the excitation frequencies, and the 

effect of the driving torque frequency  affects little, and can be ignored.  

 

 

Figure 6.28. The radial vibrational responses  (a) Time histories (b) FFT spectrum 
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Figure 6.29. The axial vibrational responses  (a) Time histories (b) FFT spectrum 

 

6.3.6 Effects of the bearing clearances 

In this section, the effects of bearing clearance studied. Only the dynamic responses of 

the ring-planet gear meshes  are presented in Figure 6.30. When the bearing 

clearance taken into account, the loads are transferred to the gear meshes, thus the gear 

loads are increased. Gearbox may have the gear misalignments as the radial and axial 

displacements exist. When the bearing clearance is not considered, the bearings are used 

to support the non-torque loadings. The loads are better shared among gears, but the 

bearings would support more, which increases the possibility of the bearing fatigue and 

may lead to failures. The gear tooth patterns have very little differences between the 

conditions with and without bearing clearances, and thus the bearing clearance has 

negligible effects on gear meshes.  
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Figure 6.30. Comparison between the vibrational responses  with and without 

bearing clearances. (a) Driving torque only; (b) ; (c) ; (d) 

with increased  at   

 

6.4 Discussions 

This chapter established a 6DOF dynamic model of a wind turbine planetary gearbox. 

When only the driving torque is considered as the main loading, it was found that the 

radial and axial displacements of the planet gear are smaller than their gear meshes, 

because the movement of the planet gears are nearly balanced by the self-equilibrating 

tooth loads at the sun-planet and ring-planet meshes. On the other hand, the meshing 

frequency  has the most influence on gear meshes (e.g.  and ), and the ring-

planet gear mesh  is more influenced compared with the sun-planet gear mesh . 
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Theoretically, carrier bearings with high load capacities carry the majority of these 

loads so that only a small fraction of the non-torque loads are transmitted into gears. 

Therefore, in the ideal case, the gear teeth only carry the driving torque. However, it has 

been proved that the bending moment affects the dynamic response of gearbox 

components, and plays an important role in gearbox reliability. When both the driving 

torque and the bending moment are taken into account, a nondimensional quantity 

 is introduced to address the combined loading, where  is the bending 

moment and  is the driving torque. It was observed that the effects of the bending 

moments are transmitted into gear meshes, and the results showed that the bending 

moment could affect gearbox internal responses such as the tooth contact patterns, 

especially the ring-planet gear meshes, and increases the tooth loads significantly in the 

planetary gear stage, which could cause the dynamic forces on planet bearings to 

shorten the gearbox life.  

 

The bending moment and driving torque are found to be the decisive parameters for the 

dynamic responses of wind turbine gearbox components. The ring-planet gear meshes 

 are more sensitive to the bending moments compared to the sun-planet gear mesh 

. Due to the fact that the dynamic response of the proposed gearbox is coupled in the 

different degrees of freedoms (DOFs), the driving torque also influences the non-torque 

DOFs, and the effect of bending moments on planetary gear loads depends upon driving 

torque. It can be seen that when the driving torque is increased, the tooth pattern has 

been changed significantly, and the increased driving torque has changed the effect of 

bending moments on the bearing loads and tooth-contact patterns.   
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In addition, the bearing clearances in the planetary gear stage have negligible effect, but 

it is suggested that a well-balanced design is important for the wind turbine planetary 

gear stage.  
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Chapter 7 Conclusions and future research 

This thesis focuses on the study of wind turbine gearbox components. The background 

and challenges of wind energy industry are firstly introduced. A literature review 

regarding the wind turbine gearboxes and gear dynamics is provided, and the general 

information of wind turbines, including the drivetrain configurations, gearbox 

suspension layouts, gearbox types and components are also presented.  

 

For the analysis of wind turbine gearboxes, the torsional vibrations of gearbox 

components were firstly studied. The nonlinear dynamic model developed considers the 

factors such as time-varying mesh stiffness, damping, static transmission error and gear 

backlash. Both the external excitation due to wind gust and the internal excitation due to 

static transmission error are included. With the help of time history, FFT spectrum, 

phase portrait, Poincare map and the effects of the static transmission error, mean-to-

alternating force ratio and time-varying mesh stiffness on the dynamic behaviour of 

wind turbine gearbox components are investigated by using the numerical integration 

method. It is found that the external excitation has the most influence on the torsional 

vibrations of the wind turbine gearbox components. The mesh stiffness, being another 

significant factor, has more influence than the other internal excitation source, the static 

transmission error. The static transmission error has the least influence. 

 

After that, the dynamic response of a wind turbine gearbox under different excitation 

conditions was studied. The proposed four-degree-of-freedom (4DOF) dynamic model 

takes into account the key factors such as the time-varying mesh stiffness, bearing 

stiffness, damping, static transmission error and gear backlash. It explains under which 

conditions the fretting corrosion, as one of the wind turbine gearbox failure modes, may 
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occur. Furthermore, it is observed that the external excitation fluctuation has large 

influence on the dynamic responses of both the gears and bearings. 

 

Lastly, the effects of bending moments on the dynamic responses of a wind turbine 

planetary gearbox were explored. The proposed six-degree-of-freedom (6DOF) 

dynamic model takes into account the key factors such as the time-varying mesh 

stiffness, bearing stiffness, damping, static transmission error, gear backlash and bearing 

clearances. When only the driving torque is considered as the main loading, it was 

found that the radial and axial displacements of the planet gear are smaller than their 

gear meshes, and the meshing frequency has the most influence on gear meshes. What is 

more, it has been proved that the bending moment affect the dynamic response of 

gearbox components, and plays an important role in gearbox reliability. When both the 

driving torque and the bending moment are taken into account, it was observed that the 

effects of the bending moments are transmitted into gear meshes, and the results showed 

that the bending moment could affect gearbox internal responses such as the tooth 

contact patterns, especially the ring-planet gear meshes, and increases the tooth loads 

significantly in the planetary gear stage. Furthermore, the effect of bending moments on 

planetary gear loads depends upon driving torque. When the driving torque is increased, 

the tooth pattern has been changed significantly, and the increased driving torque has 

changed the effect of bending moments on the bearing loads and tooth-contact patterns. 

In addition, the bearing clearances in the planetary gear stage have negligible effect, but 

it is suggested that a well-balanced design is important for the wind turbine planetary 

gear stage. 
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For the research in the future, the study of the offshore wind turbines would be 

important. Although there are many similarities between the designs of onshore and 

offshore wind turbines, the configuration of the offshore wind turbines is similar to 

that of the land-based wind turbines, but with much larger capacity and more 

complicated loadings. On the other hand, there are still differences between them that 

result from the particular operating environment. For example, the installation in 

water is more difficult than on land and becomes increasingly harder with deeper 

water. Based on the gearbox models presented in this thesis, the study of the offshore 

wind turbine gearbox and drivetrain would be the next research topic. 

 

Furthermore, the floating platform for offshore wind turbines would be another 

important topic in the future, because designing an offshore wind turbine is a multi-

disciplinary research topic. Currently, there are a number of permutations and 

combinations of platforms and wind turbine configurations being researched, and the 

platforms would be designed to accommodate single or multiple turbines, with two or 

three blades suitable for upwind, downwind, vertical or horizontal mounting.  

 

What is more, the load study and the optimization of wind turbine bearings would be 

one of the major research topics in the future. These include the design of the bearings 

for the blade pitch, nacelle yaw system, support bearings on the main shaft, and the 

bearings inside the gearbox and the generator.  

 

In addition, the study of the direct drivetrain would be another topic in the future. As the 

generator is directly driven by the rotor, a high number of pole pairs would be needed to 

provide the given electrical grid frequency using the low rotational speed from the rotor. 
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To transfer the power at low rotational speed conditions, a high torque would then be 

required.  
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Chapter 8 Appendices 

8.1 Gear 

Sketches of a spur gear tooth are presented in Figures 8.1 and 8.2.  

 

 

Figure 8.1. Nomenclature of a gear tooth [182] 

 

 

Figure 8.2. Gear tooth nomenclature [182] 

 

 Base circle - the cylinder from which the involute curve originates. 

 Pitch point - the point between the axes of the gear set at which the teeth 
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contact. It defines the dimension of the pitch circle. 

 Pitch circle - divides the tooth profile in two sections, generally at five-ninths 

of the height of the tooth. The portion of the tooth extending from the pitch 

circle is called the addendum and the section below is called the dedendum. 

 Line of action - a line described by the points of contact of the gear tooth as it 

rotates. The line of action is tangent to both base circles of the gear set and 

passes through the pitch point. 

 Pressure angle - the angle between the tangent of the pitch circle and the line of 

action.  

 

Control of the continuity of action can be obtained by varying following factors: 

 

(1). The slope of the line of action. 

(2). The outside diameters of the gear and pinion. 

(3). The shape of the active profile. 

(4). The relative sizes of the limit diameter and undercut diameter circles. 
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8.2 Wind fluctuation and bending moment with  

 

8.2.1 Mean-to-alternating force ratio  

 

 

Figure 8.3. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.4. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.5. Load share ratio (LSR) 
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Figure 8.6. The radial vibrational responses of planet gears  (a) Time 

histories (b) FFT spectrum 

 

 

Figure 8.7. The axial vibrational responses of planet gears  (a) Time 

histories (b) FFT spectrum 
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8.2.2 Mean-to-alternating force ratio  

 

Figure 8.8. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.9. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.10. Load share ratio (LSR) 

 

 

Figure 8.11. The radial vibrational responses of  (a) Time histories (b) FFT spectrum 

 

 

Figure 8.12. The axial vibrational responses of  (a) Time histories (b) FFT spectrum 
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8.3 Wind fluctuation and bending moment with  

8.3.1 Mean-to-alternating force ratio  

 

 

Figure 8.13. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.14. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.15. Load share ratio (LSR) 
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Figure 8.16. The radial vibrational responses  (a) Time histories (b) FFT spectrum 

 

 

Figure 8.17. The axial vibrational responses (a) Time histories (b) FFT spectrum 
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8.3.2 Mean-to-alternating force ratio  

 

Figure 8.18. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.19. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.20. Load share ratio (LSR) 

 

 

Figure 8.21. The radial vibrational responses  (a) Time histories (b) 

FFT spectrum 

 

 

Figure 8.22. The axial vibrational responses  (a) Time histories (b) 

FFT spectrum 
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8.4 Wind fluctuation and bending moment with  

 

8.4.1 Mean-to-alternating force ratio  

 

Figure 8.23. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.24. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.25. Load share ratio (LSR) 
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Figure 8.26. The radial vibrational responses  (a) Time histories (b) 

FFT spectrum 

 

 

Figure 8.27. The axial vibrational responses  (a) Time histories (b) 

FFT spectrum 
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8.4.2 Mean-to-alternating force ratio  

 

Figure 8.28. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.29. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.30. Load share ratio (LSR) 

 

 

Figure 8.31. The radial vibrational responses  (a) Time histories (b) 

FFT spectrum 

 

 

Figure 8.32. The axial vibrational responses  (a) Time histories (b) 

FFT spectrum 
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8.5 Increased wind fluctuation and bending moment with  

 

8.5.1 Mean-to-alternating force ratio  

 

 

Figure 8.33. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.34. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.35. Load share ratio (LSR) 
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Figure 8.36. The radial vibrational responses  (a) Time histories (b) 

FFT spectrum 

 

 

Figure 8.37. The axial vibrational responses  (a) Time histories (b) 

FFT spectrum 
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8.5.2 Mean-to-alternating force ratio  

 

Figure 8.38. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 

 

 

Figure 8.39. The vibrational responses of  (a) Time histories (b) FFT 

spectrum (c) Phase Portrait (d) Poincare map 
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Figure 8.40. Load share ratio (LSR) 

 

 

Figure 8.41. The radial vibrational responses  (a) Time histories (b) FFT spectrum 

 

 

Figure 8.42. The axial vibrational responses  (a) Time histories (b) FFT spectrum 
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