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Abstract
This paper is devoted to the problem of designing an ℋ2 (ℋ∞ )-based
optimal sparse static output feedback (SOF) controller for continuous
linear time invariant systems. Incorporating an extra term for penalising the number of non-zero entries of the static output (state) feedback
gain into the optimisation objective function, we propose an explicit
scheme and an iterative process in order to identify the desired sparse
structure of the feedback gain. In doing so, the so-called reweighted
ℓ1 -norm, which is known as a convex relaxation of the ℓ0 -norm, is exploited to make a convex problem through an iterative process rather
than the original NP-hard problem. This paper will also show that
this problem reformulation allows us to incorporate additional constraints, such as regional pole placement constraints which provide
more control over the satisfactory transient behavior and closed-loop
pole location, into the designing problem. Then using the obtained
structural constraints, we solve the structural ℋ2 (ℋ∞ ) SOF problem. Illustrative examples are presented to show the eﬀectiveness of
the proposed approaches.
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Introduction

Control systems that utilise spatially distributed components have been studied and researched for a while. In early control systems, the information
of the distributed sensors was transmitted to a central station (controller)
through direct hard-wired links and then the generated control commands
were sent to the spatially distributed actuators. With the recent advances
in communication technology, eﬃcient communication networks have been
used in control systems, which has opened a new research area to consider
the inﬂuences of the communication networks on control systems. Spatially
distributed control systems which exploit communication networks in their
loop have been regarded as networked control systems (NCSs) [23].
On the other hand, decentralised or distributed control architectures have
been proposed and used in the literature [37, 30, 2, 16]. The general idea
behind the decentralised control scheme is to use only the local state information in order to control the subsystems and thus there is no control network.
This can be eﬀective only when the interconnections between the subsystems are not strong [33], [28]. In other words, when the interconnections are
strong, utilising distributed control frameworks has been considered. In this
strategy, each subsystem can exploit local state as well as the state of some
other subsystems. Hence, compared to the decentralised control scheme, distributed control scheme can ensure the stability of the overall system in the
presence of stronger subsystem interconnections [31]. Meantime, it also has
less complexity and improved computational aspects compared to the centralised control scheme.
Some work in the literature considers the problem of designing centralised
and distributed control systems, with imposing a priori constraints on communication network structure. It is shown that the problem of designing the
structured optimal controllers can be set as a convex optimisation problem
[25, 24]. Furthermore, another arising research problem, for the centralised
or distributed control systems, is to design the control network with the
minimum number of communication links while satisfying a global control
objective [23]. Indeed, a trade oﬀ between the control performance and
sparsity of the feedback gain matrices should be considered [20, 38, 14]. It
is worth noting that several algorithms have been proposed in the ﬁeld of
sparse signal reconstruction and representation to gain a quick reconstruction and a reduced requirement on the number of measurements compared
to the classical ℓ1 approach (see [19, 32, 6, 7]), and among them reweighted
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ℓ1 (REL1) and reweighted iterative support detection (RISD) algorithms are
employed in this paper for sparse pattern recognition purposes.
A major drawback in most of the aforementioned references is the assumption of the availability of all the system states. Hence, it is natural to
use e.g. the static output feedback (SOF) scheme to control the system by
directly employing the measured system outputs [29, 15, 12, 11, 8]. The main
diﬃculty for the SOF problem is that, in general, the output feedback gain
matrix cannot be directly obtained. Therefore, roughly speaking, most of the
methods in the literature to solve (e.g. ℋ2 ) SOF problems utilise iterative
processes [29, 15, 12], and their solutions and more importantly their convergence depend quite signiﬁcantly on the initial conditions. Exceptionally,
several explicit expressions for SOF are presented in [36, 34, 35]. However,
these explicit expressions are not desirable for structured feedback problems.
Recently, in order to address this issue, a novel scheme is proposed in [26] for
ℋ∞ SOF problems employing a similar method for SF problems. Motivated
by this method, this paper aims to extend it to diﬀerent control problems
such as the structured optimal SOF problems and, more importantly, optimal
sparse SOF problems.
The method presented in [20] solves the ℋ2 problem, by incorporating
a sparsity promoting penalty function to its objective function, to obtain a
sub-optimal sparse state-feedback (SF) controller. This paper uses a similar
strategy for penalising the number of nonzero entries of the feedback gain.
However, this paper’s contributions are essentially diﬀerent from those presented in [20]; we develop an alternative explicit formulation which not only
can address the structured and sparse SF controller design problem, but also
enables us to extend it to the structured and sparse SOF control problem.
Besides, this scheme allows us to impose more convex restrictions on the
closed-loop dynamics, e.g. pole-placement can be incorporated within standard convex regions of the complex plane (e.g. circles, cones and strips) [9].
In order to penalise the communication links in the feedback matrix,
we ﬁrstly incorporate the ℓ0 -norm (cardinality function) of the feedback
gain matrix into the objective function of the optimisation problem. As
the ℓ0 -norm in the optimisation objective function results in a non-convex
problem, the so-called reweighted ℓ1 -norm [3], which is known as a convex
relaxation of the cardinality function, will be used here to make a convex
optimisation problem. Employing the reweighted ℓ1 -norm in the objective
function, we then propose two iterative processes in order to ﬁnd the desired
sparse structure with respect to the given sparsity regularisation parameter
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exploited in the objective function. Finally, using the identiﬁed structure
we design the structured static output (or state) feedback for the underlying
system.
In summary, the major focus of this paper is on the development of an
approach for optimal selection of a subset of available communication links
while minimising the variance ampliﬁcation (i.e. ℋ2 or ℋ∞ norm of the
closed-loop system). In order to deal with this issue, this paper includes
several novel initiatives as follows:
- This paper develops a novel framework for the design of a ℋ2 (ℋ∞ ) sparse
SOF. To the authors’ best knowledge, this is a new technology which uses the
system’s output only and, in the meantime, can satisfy structural constraints
on the feedback gain as well as performance speciﬁcations and regional pole
placements constraints.
- Further, as the approach in this paper does not employ an iterative method
to ﬁnd the SOF gain, it is very attractive for the second purpose of this paper
which is to identify sparse subsets of communication links while minimising
the performance degradation.
- This paper also includes two schemes (reweighted ℓ1 norm (REL1) and
reweighted iterative support detection (RISD)) for the identiﬁcation of favourable
sparse patterns for the SOF.
- Roughly speaking, most of the proposed methods in the literature, for identifying the most sparse feedback gain, are not able to provide control over
the transient behaviour and closed-loop pole locations. To address this issue,
we propose augmenting the optimisation problems exploited for the control
synthesis by a set of LMI constraints to guarantee the poles of the closed-loop
system be located in a suitable subregion.
Notation: ℝ and ℂ denote the sets of real and complex numbers, respectively. Σ𝑖𝑗 𝑞×𝑞 is a block matrix with block entries Σ𝑖𝑗 , 𝑖 = 1, ⋯ , 𝑞, 𝑗 =
𝑞
1, ⋯ , 𝑞. diag Σ𝑖 𝑖=1 is a block-diagonal matrix with block entries Σ𝑖 , 𝑖 =
1, ⋯ , 𝑞. {∘} denotes an operator for Ξ = [𝜉𝑖𝑗 ]ℎ×ℎ in which 𝜉𝑖𝑗 ∈ ℝ and
𝑊 = [𝑊𝑖𝑗 ]ℎ×ℎ in which 𝑊𝑖𝑗 ∈ ℝ𝑟𝑖 ×𝑠𝑗 such that Ξ ∘ 𝑊 = [𝜉𝑖𝑗 𝑊𝑖𝑗 ]ℎ×ℎ .
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Problem Formulation and Preliminaries

Consider the following overall LTI system:
𝑥(𝑡)
̇ = 𝐴𝑥(𝑡) + 𝐵2 𝑢(𝑡) + 𝐵1 𝑓 (𝑡),
 𝑧(𝑡) = 𝐶𝑧 𝑥(𝑡) + 𝐷𝑧 𝑢(𝑡),
4

(1)

where 𝑥 ∈ ℝ𝑛 , 𝑢 ∈ ℝ𝑚 and 𝑧(𝑡) ∈ ℝ𝑞 are the state vector, control input vector
and performance output vector of the overall system, respectively. The matrices in (1) are constant and of appropriate dimensions. Moreover, 𝐵1 , 𝐵2 ,
𝐶𝑧 and 𝐷𝑧 in (1) are block diagonal matrices as diag[𝐵1,𝑖 ]ℎ𝑖=1 , diag[𝐵2,𝑖 ]ℎ𝑖=1 ,
diag[𝐶𝑧,𝑖 ]ℎ𝑖=1 and diag[𝐷𝑧,𝑖 ]ℎ𝑖=1 , respectively, in which ℎ denotes the number
of subsystems and 𝐵1,𝑖 ∈ ℝ𝑛𝑖 ×𝑟𝑖 , 𝐵2,𝑖 ∈ ℝ𝑛𝑖 ×𝑚𝑖 , 𝐶𝑧,𝑖 ∈ ℝ𝑞𝑖 ×𝑛𝑖 and 𝐷𝑧,𝑖 ∈ ℝ𝑞𝑖 ×𝑚𝑖 .
In addition, matrix 𝐴 is an overall matrix that contains sub-systems’ dynamics and their mutual interactions, i.e. 𝐴 = diag[𝐴𝑖 ]ℎ𝑖=1 + 𝐴𝑖𝑗 ℎ×ℎ , with
𝐴𝑖 ∈ ℝ𝑛𝑖 ×𝑛𝑖 and 𝐴𝑖𝑗 ∈ ℝ𝑛𝑖 ×𝑛𝑗 , where 𝐴𝑖𝑗 ≠ 0 if the sub-system 𝑗 inﬂuences
directly the sub-system 𝑖. Without loss of generality, it is also assumed that
𝑚 ≤ 𝑞 ≤ 𝑛 and rank(𝐵2 ) = 𝑚. Also
𝑇

1

𝑇

𝐶𝑧 = 𝑄𝑇𝑠 0 , 𝐷𝑧 = 0 𝑅 2  ,
where 𝐶𝑧𝑇 𝐶𝑧 = 𝑄𝑇𝑠 𝑄𝑠 ≜ 𝑄 ≥ 0, with 𝑄𝑠 ∈ ℝ𝑠×𝑛 is a full rank matrix in which
0 < 𝑠 = 𝑞 − 𝑚 ≤ 𝑛, and 𝐷𝑧𝑇 𝐷𝑧 = 𝑅 > 0. 𝑓 (𝑡) is the external disturbance of
system. It is also assumed that (𝐴, 𝐵2 ) is stabilisable.
Our main objective in this paper is to design an ℋ2 -based optimal distributed
SOF gain, exploiting feedback from (some of) other subsystems, to stabilise
the overall system in (1) through a sparse control network. Notice that the
ℋ2 -based sparse SOF gains, in this paper, will be attained by solving an
explicit LMI optimisation problem, derived from the associated SF LMI formulation through LMI variables transformations. Hence, ﬁrstly, we consider
the ℋ2 -based sparse SF gain design problem and then generalise the problem
to the case that only the underlying system outputs are available.
Deﬁnition 1. A matrix is said to be structure matrix if its elements are either
0 or 1. The structure matrix of a block matrix 𝑌 = [𝑌𝑖𝑗 ]𝑚×𝑛 with 𝑌𝑖𝑗 ∈ ℝ𝑟𝑖 ×𝑠𝑗
is 𝒮 (𝑌 ) ≜ [𝑠𝑖𝑗 ]𝑚×𝑛 with
𝑠𝑖𝑗 =

if 𝑌𝑖𝑗 = 0
otherwise.

0
 1

Deﬁnition 2. Two matrices 𝑌1 and 𝑌2 are said to have the same structure
if 𝒮 (𝑌1 ) = 𝒮 (𝑌2 ).
Deﬁnition 3. The matrix 𝑌1 with 𝒮 (𝑌1 ) ≜ [𝑠1𝑖𝑗 ]𝑚×𝑛 is said to be structurally
subset of 𝑌2 with 𝒮 (𝑌2 ) ≜ [𝑠2𝑖𝑗 ]𝑚×𝑛 while 𝑠2𝑖𝑗 − 𝑠1𝑖𝑗 ≥ 0. We denote this as
𝒮 (𝑌1 ) ⊆ 𝒮 (𝑌2 ).
5

2.1

ℋ2 -based structured SF design

This subsection aims at the design of the ℋ2 -based SF, subject to structural
constraints. Let the structure matrix Γ = [𝛾𝑖𝑗 ]ℎ×ℎ denotes a priori speciﬁed
structure for the control gain. Assume that there exists a gain 𝐹 ∈ ℝ𝑚×𝑛 , with
𝒮 (𝐹 ) ⊆ Γ, making the closed loop system 𝐴 + 𝐵2 𝐹 stable while minimising
the following cost functional,
̄ 1 ),
𝐽 (𝐹 ) = trace(𝐵1𝑇 𝑋𝐵

(2)

where 𝑋̄ is the closed-loop observability Gramian
𝑋̄ =

∞

∫
0

𝑇

𝑒(𝐴+𝐵2𝐹 ) 𝑡 (𝑄 + 𝐹 𝑇 𝑅𝐹 )𝑒(𝐴+𝐵2𝐹 )𝑡 𝑑𝑡.

(3)

It is also known that 𝑋̄ can solve the following Lyapunov equation,
̄ + 𝐵2 𝐹 ) + 𝑄 + 𝐹 𝑇 𝑅𝐹 = 0.
(𝐴 + 𝐵2 𝐹 )𝑇 𝑋̄ + 𝑋(𝐴

(4)

Letting 𝑋 = 𝑋̄ −1 and pre and post multiplying 𝑋 to (4), we have
𝑋(𝐴 + 𝐵2 𝐹 )𝑇 + (𝐴 + 𝐵2 𝐹 )𝑋 + 𝑋𝑄𝑋 + 𝑋𝐹 𝑇 𝑅𝐹 𝑋 = 0.

(5)

By relaxing the equality in (5) to the following inequality
𝑋(𝐴 + 𝐵2 𝐹 )𝑇 + (𝐴 + 𝐵2 𝐹 )𝑋 + 𝑋𝑄𝑋 + 𝑋𝐹 𝑇 𝑅𝐹 𝑋 < 0,

(6)

and letting 𝑋 = 𝑋̄ −1 be a block diagonal matrix variable, that is, 𝑋 =
diag[𝑋𝑖 ]ℎ𝑖=1 , and 𝑋𝑖 ∈ ℝ𝑛𝑖 ×𝑛𝑖 , rather than the minimisation problem explained
in (2), we consider a sub-optimal problem utilising the LMI approach,
minimise trace (𝑍) subject to

𝑇
𝑇 𝑇
⎡ 𝐴𝑋 + 𝑋𝐴 + 𝐵2 𝑌 + 𝑌 𝐵2 ⋆ ⋆
⎢
𝑄𝑠 𝑋
−𝐼 ⋆
1
⎢
𝑅2 𝑌
0 −𝐼
⎣
−𝑍 ⋆
<0
 𝐵1 −𝑋

(SSF)
⎤
⎥ < 0,
⎥
⎦

(7)
(8)

where 𝑌 = Γ ∘ 𝑌 ̄ with 𝑌 ̄ ∈ ℝ𝑚×𝑛 and 𝑍 is a slack variable. Thus, the structural state-feedback would be obtained as 𝐹 = 𝑌 𝑋 −1 . Notice that it is a
usual technique to treat 𝐹 𝑋 as a new variable; e.g. 𝑌 , in order to have a
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convex representation. However, as recovering the SF matrix 𝐹 requires a
reverse transformation, 𝐹 = 𝑌 𝑋 −1 would not necessarily regain the structure
of Γ, unless a structural assumption (block diagonal pattern) is made on the
decision matrix 𝑋.
Remark 1. It is also easy to realise that
𝒮 (𝑋 −1 ) = 𝒮 (𝑋) = 𝐼,
and since 𝒮 (𝑌 ) ⊆ Γ, thus
𝒮 (𝑌 𝑋 −1 ) ⊆ Γ.
This means that the SF gain 𝐹 obtained from 𝑌 𝑋 −1 would have the desired
structure Γ.

2.2

ℋ2 -based sparse SF design

Previous subsection has studied the problem of designing ℋ2 -based structured SF with imposing a priori constraints directly on the control gain.
Here, instead, we search for sparse feedback structures without imposing any
a priori structure on the sparsity patterns of the matrix. We now consider
an optimisation framework in which the sparsity of the feedback gain is directly incorporated into the objective function [20]. This problem can be
formulated as:
minimise trace (𝑍) + 𝜂card(𝒮 (𝑌 )),
subject to (7), (8) and 𝒮 (𝑋) = 𝐼,

(9)

where 𝑌 ∈ ℝ𝑚×𝑛 in (7) does not have any preset structure, card(⋅) denotes the
cardinality function (the number of nonzero elements of a matrix) and 𝜂 > 0 is
the regularisation parameter that implies the emphasis on the sparsity of the
SF matrix 𝐹 ; i.e. a larger 𝜂 will result in a more sparse 𝐹 and inversely 𝜂 = 0
converts the minimisation problem (9) to a standard ℋ2 problem. Owing
to the existence of the quasi-norm card(⋅) in the objective functional in (9),
this problem is indeed a combinatorial problem. The ℓ1 -norm and weighted
ℓ1 -norm are used in the literature as a convex relaxation of the cardinality
function [14, 3, 20]. However, the weighted ℓ1 -norm is not implementable for
this problem as the weights depend on the feedback gain. Alternatively, an
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iterative scheme referred to as reweighted ℓ1 algorithm can be used to deal
with the problem. In this scheme the weights obtained in the previous iteration are exploited in the current iteration; e.g. see [5, 21]. We now propose a
reweighted ℓ1 algorithm (see Algorithm A.1 in Appendix) for ﬁnding an ℋ2
sparse SF. Now the optimisation problem (9) can be cast as
minimise trace(𝑍) + 𝜂 ‖𝑊 ∘ 𝑌 ‖ℓ1

(SPSF)

subject to (7), (8) and 𝒮 (𝑋) = 𝐼,
where 𝑊 is a given weighting matrix with the same dimension of 𝒮 (𝐹 ).
We denote the favourable structure, obtained from solving the minimisation
problem in (SPSF), as 𝒮 (𝐹 ) ≜ Γ𝐹 . Now we turn to the minimisation problem
introduced in (SSF), by letting Γ = Γ𝐹 , in order to ﬁnd the ℋ2 structured
SF.
Remark 2. It should be noted that the value of the ℋ2 cost obtained from
(SSF) is not the true one, due to the conservatism introduced by assuming the
block diagonal structure for 𝑋. Nevertheless, the true value can be computed
by solving the following Lyapunov equation
𝑋𝑡𝑟𝑢𝑒 (𝐴 + 𝐵2 𝐹 ) + (𝐴 + 𝐵2 𝐹 )𝑇 𝑋𝑡𝑟𝑢𝑒 + 𝑄 + 𝐹 𝑇 𝑅𝐹 = 0.

(10)

Then one can ﬁnd the ℋ2 cost as √trace(𝐵1𝑇 𝑋𝑡𝑟𝑢𝑒 𝐵1 ).
Remark 3. Notice that although in the methods proposed in [20, 13] no
diagonal structural assumption needs to be imposed on the matrix decision
variables, the downside is that the iterative processes utilised in [20, 13] are
more computationally intensive and moreover have no convergence guarantees.

3

ℋ2 -Based Sparse SOF Design

Let the system in (1) has the measured output vector 𝑦(𝑡) ∈ ℝ𝑝 , and
𝑦(𝑡) = 𝐶𝑥(𝑡),

(11)

where 𝐶 ∈ ℝ𝑝×𝑛 is a full row rank matrix, i.e. rank(𝐶) = 𝑝. In this section,
we seek for the ℋ2 sparse SOF of the form
𝑢(𝑡) = 𝐹𝑦 𝑦(𝑡),
8

(12)

where 𝐹𝑦 ∈ ℝ𝑚×𝑝 . It can be shown that
𝑢(𝑡) = 𝐹𝑦 𝐶𝑥(𝑡).

(13)

Now the ℋ2 -based sparse SOF problem can be considered as a constrained
sparse SF problem in which the SF matrix 𝐹 should satisfy the constraint
𝐹 = 𝐹𝑦 𝐶.

3.1

ℋ2 -based structured SOF design

The problem of designing an ℋ2 -based structured SOF can be cast as the
following optimisation problem:
minimise trace (𝑍)

subject to (7), (8) and 𝑌 𝑋 −1 = 𝐹𝑦 𝐶 and 𝒮 (𝐹𝑦 ) = Γ𝑦 ,

(14)

where Γ𝑦 is a certain structure matrix. Notice that an eﬀective scheme to
address a similar non-convex optimisation problem, for the design of an ℋ∞
SOF, is proposed in [26]. This scheme indeed introduces speciﬁc LMI decision
variable (𝑋 and 𝑌 ) transformations as
𝑋 = 𝑁𝑋𝑁 𝑁 𝑇 + 𝑀𝑋𝑀 𝑀 𝑇 ,
𝑌 = 𝑌𝑀 𝑀 𝑇 ,

(15)

where 𝑋𝑁 ∈ ℝ(𝑛−𝑝)×(𝑛−𝑝) and 𝑋𝑀 ∈ ℝ𝑝×𝑝 are symmetric matrices, and 𝑌𝑀 ∈
ℝ𝑚×𝑝 . Besides, 𝑁 = null(𝐶) ∈ ℝ𝑛×(𝑛−𝑝) and 𝑀 ∈ ℝ𝑛×𝑝 is any matrix that
satisﬁes 𝐶𝑀 = 𝐼. In general form, 𝑀 can be considered as 𝑀 = 𝐶 † + 𝑁𝐷,
where 𝐷 ∈ ℝ(𝑛−𝑝)×𝑝 is a given matrix and 𝐶 † = 𝐶 𝑇 (𝐶𝐶 𝑇 )−1 . Now by letting
the LMI variables 𝑋 and 𝑌 to be as (15), the SOF gain would be simply
obtained through the following lemma.
Lemma 3.1 ([26]). Let 𝑋 = 𝑁𝑋𝑁 𝑁 𝑇 + 𝑀𝑋𝑀 𝑀 𝑇 and 𝑌 = 𝑌𝑀 𝑀 𝑇 , then 𝑋
is invertible if and only if 𝑋𝑀 is invertible. Besides we have 𝑌 𝑋 −1 = 𝐹𝑦 𝐶
−1
with 𝐹𝑦 = 𝑌𝑀 𝑋𝑀
.
Now the ℋ2 -based structured SOF problem can be set as an optimisation
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problem by exploiting LMI approach,
minimise trace (𝑍) subject to

(SSOF)

𝑇
𝑇 𝑇
𝑇
𝑇 𝑇
𝑇
𝑇 𝑇
⎡𝐴𝑁𝑋𝑁 𝑁 + 𝑁𝑋𝑁 𝑁 𝐴 + 𝐴𝑀𝑋𝑀 𝑀 + 𝑀𝑋𝑀 𝑀 𝐴 + 𝐵2 𝑌𝑀 𝑀 + 𝑀𝑌𝑀 𝐵2 ⋆ ⋆ ⎤
𝑇
𝑇
⎢
𝑄𝑠 (𝑁𝑋𝑁 𝑁 + 𝑀𝑋𝑀 𝑀 )
−𝐼 ⋆ ⎥ < 0,
1
⎢
⎥
𝑅 2 𝑌𝑀 𝑀 𝑇
0 −𝐼 ⎦
⎣
(16)

−𝑍
⋆
< 0,
 𝐵1 −𝑁𝑋𝑁 𝑁 𝑇 − 𝑀𝑋𝑀 𝑀 𝑇 

(17)

̄ with
where 𝑋𝑀 is deﬁned as a block diagonal matrix variable, 𝑌𝑀 = Γ𝑦 ∘ 𝑌𝑀
𝑚×𝑝
̄ ∈ℝ
𝑌𝑀
and 𝑍 is a slack variable. The structural SOF is obtained as
−1
−1
−1
𝐹𝑦 = 𝑌𝑀 𝑋𝑀 . Besides, notice that 𝒮 (𝑋𝑀
) = 𝒮 (𝑋𝑀 ), and thus 𝒮 (𝑌𝑀 𝑋𝑀
)⊆
𝒮 (𝑌𝑀 ) ⊆ Γ𝑦 .
Remark 4. 1) The scheme proposed here is a framework for the design of
structured ℋ2 SOF for LTI systems. This novel scheme is of importance as
most existing methods [29, 15, 12] i) employ iterative processes for addressing
SOF design problem and so their solutions and their convergence depend
quite signiﬁcantly on the initial conditions, ii) have shortcomings in terms of
imposing structural constraints on the feedback gains.
2) As stated in [26], the solution of the problem in (SSOF) may not necessarily
be an optimal solution of (14). Nevertheless, it is an eﬀective way to minimise
the cost function on a set that satisﬁes all the constraints in (14).
3) Matrix 𝐷 plays an important role in this strategy. A simpliﬁed choice
is 𝐷 = 0. An advanced choice of 𝐷 is also presented in [22] which is 𝐷 =
(𝑁 𝑇 𝑁)−1 𝑁 𝑇 𝑋𝐶 𝑇 (𝐶𝑋𝐶 𝑇 )−1 . This choice, however, requires solving the SF
optimisation problem in advance. A beneﬁt of this choice is that if no solution
can be attained by the ideal SF problem, no further eﬀorts is required for the
output feedback problem.

3.2

ℋ2 -based sparse SOF design

While the previous section considered the problem of designing the ℋ2 -based
structured SOF having a certain structure constraint for the control gain,
this section explores favourable sparse SOF gains without imposing a priori
structure constraint on the sparsity patterns of the control gain. Similar to
the SF case, an optimisation framework, in which the sparsity of the feedback
10

gain is directly incorporated into the objective function [20], is considered
here. This problem can be formally formulated as:
minimise

trace (𝑍) + 𝜂𝑦 card(𝒮 (𝑌𝑀 )),

subject to (16), (17) and 𝒮 (𝑋𝑀 ) = 𝐼,

(18)

where 𝑌𝑀 here is a full decision matrix that does not have any a priori structure and 𝜂𝑦 > 0 is the regularisation parameter. A reweighted ℓ1 algorithm
(see Algorithm B.1 in Appendix) can be exploited again to design an ℋ2
sparse SOF gain. The optimisation problem (18) can be cast as
minimise trace(𝑍) + 𝜂𝑦 ‖𝑊𝑜 ∘ 𝑌𝑀 ‖ℓ

1

(SPSOF)

subject to (16), (17) and 𝒮 (𝑋𝑀 ) = 𝐼,
where 𝑊𝑜 is a known weighting matrix with the same dimension of 𝒮 (𝐹𝑦 ).
We denote the obtained structure of the minimisation problem (MSOP), as
𝒮 (𝐹𝑦 ) ≜ Γ𝐹𝑦 . Eventually, in order to ﬁnd the ℋ2 structured SOF with given
Γ𝑦 = Γ𝐹𝑦 , we turn to the minimisation problem in (SSOF).
Remark 5. Notice that in the case of dealing with distributed systems, the
sparsiﬁcation procedure is implemented at the level of system components
rather than the subsystems, and thus, the matrix decision variable 𝑋𝑀 would
be a diagonal matrix, that is, 𝑋𝑀 = diag[𝑋𝑀,𝑖 ]𝑛𝑖=1 , where 𝑛 denotes the order
of system and 𝑋𝑀,𝑖 ∈ ℝ. Accordingly, for the SF case 𝑋 = diag[𝑋𝑖 ]𝑛𝑖=1 , where
𝑋𝑖 ∈ ℝ. Besides, penalising the nonzero elements of the feedback gains should
be implemented at the level of individual components. Hence, the reweighted
process given for the design of static output (state) feedback gains should be
revised by replacing ‖(𝑌𝑀 )𝑖𝑗 ‖𝐹 (or ‖𝑌𝑖𝑗 ‖𝐹 ), where ‖⋅‖𝐹 denotes the Frobenius
norm, with |(𝑌𝑀 )𝑖𝑗 | (or |𝑌𝑖𝑗 |) (see Algorithm B.1, A.1 in Appendix).

3.3

Reweighted iterative support detection (RISD) algorithm for sparsity promoting penalty function

One drawback of reweighted ℓ1 algorithms compared to the traditional ℓ1
ones is their slow execution. This issue is clearly of great importance, since
one of the main challenges of the numerical optimisation-based schemes for
real-time pattern identiﬁcation for controller structure is computational complexity and computation time. In order to speed up the reweighted algorithms, [19] develops a scheme referred to as reweighted iterative support
11

detection (RISD) algorithm. Indeed, the iterative support detection (ISD)
scheme (see, e.g., [32]) aims to improve the existing signal recovery methods by incorporating prior information, e.g., support (the locations of the
𝑝
nonzero elements). Assume 𝚂 is the support of colcol(𝑌𝑀,𝑖𝑗 )𝑗=1 𝑚
(in our
𝑖=1
case) with the subset of Λ, which denotes the known information, that is,
∀ 𝑖, 𝑗 ∈ Λ 𝑌𝑀,𝑖𝑗 ≠ 0.
Hence, for recovering 𝑌𝑀 we only need to minimise ∑𝑖,𝑗∈Λ𝐶 |𝑌𝑀,𝑖𝑗 | (Λ𝐶 is the
absolute complement of Λ) subject to the involved control speciﬁcations, and
there is no need to penalise the non-zero entries whose locations are known.
This idea referred to as nonuniform sparsity promoting utilises prior information [19]. The prior information here may include two distinct types of
knowledge: i) the knowledge of some very unattractive communication channels or components (e.g., due to the high execution cost or faulty situation);
i.e., those components can be added in the subset Λ𝐶 , ii) the knowledge
of the previous feedback gain structure before, e.g., a fault happening; i.e.,
those non-faulty components can be added in the subset Λ.
Without prior information, ISD and its reweighted form [32, 19] still
sparsify the solution by incorporating useful information from the current
iteration into the next iteration. The subset Λ will be detected and updated
automatically between iterations, that is,
𝑙
Λ𝑙+1 = 𝑖, 𝑗  |𝑌𝑀,𝑖𝑗
| > 𝜖𝑙  ,

where 𝑙 denotes the iteration number and 𝜖𝑙 is a threshold obtained iteratively
according to the so-called ﬁrst jump rule; see, e.g., [32, 19]. The proposed
RISD algorithm is given in the Appendix. As can be seen in this scheme,
there is a higher probability of remaining nonzero for the elements in Λ𝑙 .
Choosing the smaller 𝜖𝑙 will increase the reliability of Λ𝐶 . Compared to the
REL1 algorithm, this scheme does not require a regularisation parameter.
Moreover, 𝜇𝑙 here, with 𝜌 = 1, can be regarded as the average jump in
𝑝

𝑙
col col(|𝑌𝑀,𝑖𝑗
|)𝑗=1 

𝑚

𝑖=1

, and the parameter 𝜌 can be considered as a design

freedom which can be tuned for diﬀerent applications. One may also imagine
a variety of diﬀerent alternatives for 𝜇𝑙 ; see, e.g., [19] and [32]. Our extensive
numerical tests show that the threshholding system proposed here is eﬀective
for most of the problems.
12

Notice again that the above algorithm identiﬁes the favourable sparse pattern and, in order to design the ℋ2 structured static output feedback with
the obtained structure, one needs to turn to the minimisation problem in
(SSOF) (polishing step).

3.4

Augmenting the problem with regional pole placement constraints

As argued before, the proposed method here for the design of structured
and sparse static output (state) feedback gains makes it possible to introduce extra convex constraints, with appropriate LMI representations, on the
closed-loop dynamics. A satisfactory transient response can be ensured by
placing the closed-loop system poles in a predetermined region [9]. Roughly
speaking, the proposed methods in the literature, for identifying the most
sparse feedback gains, are not able to provide control over the transient behavior and closed-loop pole location. Without having additional constraints
to control the closed-loop transient behaviour, a very sparse structure might
be identiﬁed, whereas an unsatisfactory time response and closed-loop damping may occur. Hence, the objective now is not only to solve the optimisation
problem described in (MSOP), but also to guarantee that the poles of the
overall closed-loop system are located in a suitable subregion. In brief, an
LMI region is a subset 𝒟 of the complex plane as
𝒟 ≔ {𝑧 ∈ ℂ ∶ 𝑓𝒟 (𝑧) ≜ Ξ + 𝑧Π + 𝑧Π
̄ 𝑇 < 0}

(19)

in which Ξ = Ξ𝑇 and Π are real matrices. 𝑓𝒟 (𝑧) is referred to as the characteristic equation of the region 𝒟 .
Deﬁnition 4 ([10]). A real matrix 𝒜 is said to be 𝒟 -stable if all its eigenvalues lie within the LMI region 𝒟 .
Lemma 3.2 ([10]). A real matrix 𝒜 is 𝒟 -stable if and only if a symmetric
matrix 𝑋𝒟 > 0 exists such that
Ξ ⊗ 𝑋𝒟 + Π ⊗ (𝒜 𝑋𝒟 ) + Π𝑇 ⊗ (𝑋𝒟 𝒜 𝑇 ) < 0,
where ⊗ denotes the Kronecker product.

13

(20)

Now, the ℋ2 -based structured SOF problem with pole placement constraint can be set as
minimise trace (𝑍)
subject to (7), (8), (15), 𝒮 (𝑋𝑀 ) = 𝐼, 𝒮 (𝑌𝑀 ) ⊆ Γ𝑦 , and

(21)

Ξ ⊗ 𝑋𝒟 + Π ⊗ (𝒜𝑐𝑙 𝑋𝒟 ) + Π𝑇 ⊗ (𝑋𝒟 𝒜𝑐𝑙𝑇 ) < 0,

where 𝒜𝑐𝑙 = 𝐴 + 𝐵2 𝐹𝑦 𝐶. The above problem is not convex in the variables
𝑋, 𝑌 , 𝑋𝒟 . However, the convexity can be obtained by enforcing 𝑋𝒟 = 𝑋.
As an illustration, we aim now to conﬁne the closed-loop poles to the region 𝖲(𝛼, 𝑟, 𝜃) (see [9]) which can ensure a minimum decay rate 𝛼, a minimum damping ratio 𝜁 = cos𝜃, and a maximum undamped natural frequency
𝜔𝑑 = 𝑟sin𝜃, while minimising the ℋ2 -norm of the closed-loop transfer function from 𝑓 to 𝑧, and satisfying the structural constraint 𝒮 (𝑌 ) ⊆ Γ𝑦 . Notice
that 𝖲(𝛼, 𝑟, 𝜃) is indeed the intersection of three elementary LMI regions: an
𝛼-stability region with the following LMI characterisation,
𝒜𝑐𝑙 𝑋𝒟1 + 𝒜𝑐𝑙𝑇 𝑋𝒟1 + 2𝛼𝑋𝒟1 < 0,

𝑋𝒟1 > 0,

a disk with a radius 𝑟 characterised in terms of LMIs as,
−𝑟𝑋𝒟2
⋆
< 0,
𝑇
(𝒜𝑐𝑙 𝑋𝒟2 ) −𝑟𝑋𝒟2 

𝑋𝒟2 > 0,

and the conic sector with the LMI characterisation as,
(𝑊𝜃 ⊗ 𝒜𝑐𝑙 )diag(𝑋𝒟3 , 𝑋𝒟3 ) + diag(𝑋𝒟3 , 𝑋𝒟3 )(𝑊𝜃 ⊗ 𝒜𝑐𝑙 )𝑇 < 0,
𝑋𝒟3 > 0,

𝜃 cos 𝜃
with 𝑊𝜃 =  −sin
cos 𝜃 sin 𝜃 . When the desired region is the intersection of several
elementary LMI regions, as discussed in [10], the synthesis problem would
not be convex when diﬀerent Lyapunov matrix is used for each constraint.
One alternative to address this issue is to use the same matrix decision variable for all the LMIs involved in the problem; i.e. 𝑋 = 𝑋𝒟1 = 𝑋𝒟2 = 𝑋𝒟3 ,
at the expense of additional conservatism. However, as stated in [10], the
conservatism emanated from this limitation is modest in most applications.
Finally, we augment the optimisation problem described in (MSOP) with the
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three elementary LMI regions as
minimise trace(𝑍) + 𝜂𝑦 ‖𝑊𝑜 ∘ 𝑌𝑀 ‖ℓ ,

subject to (15), (16), (17), 𝒮 (𝑋𝑀 ) = 𝐼, and
𝐴𝑋 + 𝑋𝐴𝑇 + 𝐵2 𝑌 + 𝑌 𝑇 𝐵2𝑇 + 2𝛼𝑋 < 0
𝑇

𝑇

(𝐴𝑋 + 𝑋𝐴 + 𝐵2 𝑌 + 𝑌 𝐵2𝑇 )sin𝜃
(𝐴𝑋 − 𝑋𝐴𝑇 + 𝐵2 𝑌 − 𝑌 𝑇 𝐵2𝑇 )𝑇 cos𝜃

(SPRPP)

1

(22)

⋆
<0
(𝐴𝑋 + 𝑋𝐴 + 𝐵2 𝑌 + 𝑌 𝑇 𝐵2𝑇 )sin𝜃 
(23)
𝑇

−𝑟𝑋
⋆
<0
(𝐴𝑋 + 𝐵2 𝑌 )𝑇 −𝑟𝑋

(24)

Then the poles of 𝐴 + 𝐵2 𝐹𝑦 𝐶, in which 𝐹𝑦 is a sparse SOF obtained from
the optimisation problem in (SPRPP), lie within the region 𝖲(𝛼, 𝑟, 𝜃).

4

ℋ∞ -Based Sparse SOF Design With Regional
Pole Placement Constraints

This section would alternatively consider a tradeoﬀ between the number of
communication links, i.e. the number of nonzero entries in the feedback gain,
and the achievable ℋ∞ performance of the system. Consider the following
output performance signal
𝑧∞ (𝑡) = 𝐶∞ 𝑥(𝑡) + 𝐷∞ 𝑢(𝑡),

(25)

where matrices 𝐶∞ and 𝐷∞ are constant and of appropriate dimensions. The
standard 𝐻∞ SF control problem can be solved through the following LMI
[4]:
𝐴𝑋∞ + 𝑋∞ 𝐴𝑇 + 𝐵2 𝑌∞ + 𝑌∞𝑇 𝐵2𝑇 + 𝛾 −2 𝐵1 𝐵1𝑇 ⋆
< 0,

𝐶∞ 𝑋∞ + 𝐷∞ 𝑌∞
−𝐼 

𝑋∞ > 0,

(26)
(27)

where the decision matrices 𝑋∞ > 0 and 𝑌∞ are of appropriate dimensions,
𝛾 > 0 is a scalar parameter which indeed bounds the 𝐻∞ -norm of the closedloop transfer function from 𝑓 to 𝑧∞ . In this case the SF gain is obtained
15

−1
as 𝐹∞ = 𝑌∞ 𝑋∞
. One may search for the smallest value of 𝛾 under static
output-feedback through the following optimisation problem
−1
minimise 𝛾 subject to (26), (27), 𝑌∞ 𝑋∞
= 𝐹𝑦∞ 𝐶,

where 𝐹𝑦∞ ∈ ℝ𝑚×𝑝 . Notice that the above optimisation problem is not convex
in the current form. By introducing 𝜆 = 𝛾 −2 , we can alternatively make the
following convex optimisation problem
−1
minimise − 𝜆 subject to (26), (27), 𝑌∞ 𝑋∞
= 𝐹𝑦∞ 𝐶.

Now the 𝐻∞ structured SOF problem can be cast as the following optimisation problem
minimise − 𝜆 subject to (26), (27),
−1
𝑌∞ 𝑋∞

= 𝐹𝑦∞ 𝐶,

(HI)

𝒮 (𝑌∞ ) ⊆ Γ𝑦 , 𝒮 (𝑋∞ ) = 𝐼.

This problem will be solved via similar LMI decision variable (𝑋∞ and 𝑌∞ )
transformations introduced in Section 3 as
𝑁 𝑇
𝑀
𝑋∞ = 𝑁𝑋∞
𝑁 + 𝑀𝑋∞
𝑀𝑇 ,

𝑌 = 𝑌∞𝑀 𝑀 𝑇 ,

(28)

𝑁
𝑀
where 𝑋∞
∈ ℝ(𝑛−𝑝)×(𝑛−𝑝) and 𝑋∞
∈ ℝ𝑝×𝑝 are symmetric matrices, and 𝑌∞𝑀 ∈
ℝ𝑚×𝑝 . Moreover, 𝑁 and 𝑀 are introduced in Section 3. In addition the
minimisation problem (HI) may be augmented by the regional constraints
similarly as in (22), (23) and (24). Then (HI) will be converted to

minimise − 𝜆 subject to (26), (27), (28),
𝒮 (𝑌∞𝑀 ) ⊆ Γ𝑦 ,

𝑀
𝒮 (𝑋∞
) = 𝐼,

(SOHI)

(22), (23) and (24),

by letting 𝑋 = 𝑋∞ , 𝑌 = 𝑌∞ .

Accordingly, the problem of designing the sparse ℋ∞ SOF gains can be set
as the following optimisation problem,
minimise − 𝜆 + 𝜂𝑦 ‖𝑊𝑜 ∘ 𝑌∞𝑀 ‖ℓ

1

(SPOHI)

𝑀
subject to (26), (27), (28), 𝒮 (𝑋∞
) = 𝐼, (22), (23) and (24),
by letting 𝑋 = 𝑋∞ , 𝑌 = 𝑌∞ ,
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where 𝜂𝑦 > 0 is the regularisation parameter and 𝑊𝑜 is a known weighting
matrix with the same dimension of 𝖲(𝐹𝑦∞ ). A similar reweighted ℓ1 algorithm
(obtained by replacing trace(𝑍) with −𝜆 in Algorithm B.1) can be used then
to identify a pattern for ℋ∞ sparse SOF gain regarding the speciﬁc value of
𝜂𝑦 . Following to the identiﬁed pattern, we build it into the structure matrix
Γ𝑦 and solve (SOHI) to obtain the ℋ∞ structured SOF gain.

5
5.1

Numerical examples
Example 1: Sparse SF design with pole placement

As the ﬁrst example, a decentralised interconnected system, presented in [27]
and [18] that consists of three subsystems with two states, is considered. We
have the partitioned matrices:
1 0.5 1 0.6
0 ⎤
⎡ 0
⎡
⎢ −2 −3 1
⎢
0
0
1 ⎥
⎢ 0
⎥
⎢
2
0.5
1
1
0.5
⎥ , 𝐵2 = ⎢
𝐴=⎢
3
0 0.5 0 −0.5 ⎥
⎢ 1
⎢
⎢ 0
⎢
1
1
0
1
0 ⎥
⎢
⎥
⎢
0 ⎦
⎣ −3 −4 0 0.5 0.5
⎣
𝐵1 = 𝐼, 𝑄 = 𝐼, 𝑅 = 𝐼.

1
1
0
0
0
0

0
0
3
0
0
0

0
0
0
4
0
0

0
0
0
0
2
3

⎤
⎥
⎥
⎥,
⎥
⎥
⎥
⎦

As can be seen, this system is unstable and fully coupled. Solving the
convex problem in (SSF), by assuming a block diagonal structure for matrix
decision variable 𝑋 as diag[𝑋𝑖 ]3𝑖=1 with 𝑋𝑖 ∈ ℝ2×2 , would result in a true value
ℋ2 cost of 4.2295. Utilising Algorithm A.1 in Appendix with the revisions
explained in Remark 5 and 𝜅 = 0.01, 𝜖 = 0.1, and by increasing 𝜂 from zero,
the number of nonzero oﬀ-diagonal blocks of the SF gain decreases; see Fig. 1.
When the sparsity structures of controllers are identiﬁed for diﬀerent 𝜂, the
obtained patterns are used to solve (SSF) and obtain the optimal structured
controllers. Notice that in the case of fully decentralised feedback the ℋ2
cost is 4.4682 which is only about 6% worse than that of the centralised
feedback gain. Notice that the most sparse structure reported by [27] for the
controller is not decentralised structure, whereas this reference does not even
penalise the level of control eﬀort in the associated objective function; i.e.
𝑧(𝑡) = 𝐼𝑥(𝑡). In other words, according to the control structure sparsiﬁcation
scheme proposed in our paper, we may stabilise the system under study with a
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Figure 1: Structure of ℋ2 sparse SF gains for diﬀerent values of 𝜂 for Example
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Figure 2: Structure of ℋ2 sparse SF gains for diﬀerent values of 𝜂 with
additional pole placement constraints for Example 1
decentralised SF controller and, in such a case, the performance degradation
remains in an acceptable range.
Now we aim to assign the closed-loop poles within the intersection of the
half-plane 𝑥 < −𝛼 < −1 with the disk of radius 𝑟 = 15 centered at the origin
and the sector centred at the origin making an angle of 𝜃 = 𝜋/3. Once again
we use Algorithm A.1 in the Appendix by imposing additional pole placement
constraints introduced in (22), (23) and (24) and assuming 𝜅 = 1e−6, 𝜖 = 0.01
and increasing 𝜂 from zero to a very large value. In this case, however, the
rate of truncation of the oﬀ-diagonal blocks is slower compared with the
previous case. Besides as can be seen in Fig. 2, even by increasing 𝜂 to a very
large number, the most sparse structure that could satisfy the optimisation
problem in (SPRPP) (with 𝐶 = 𝐼𝑛 ) is not the decentralised feedback gain.
Fig. 5 demonstrates the closed-loop pole locations using the decentralised
feedback gain obtained from the structured optimisation problem in (SSF)
that does not involve any regional pole-placement constraints and the most
sparse structure obtained in the second case with regional constraints on the
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Figure 3: Closed-loop pole locations using the most sparse structure obtained
in the second case (∗), the decentralised structure for the ﬁrst case (o) and
𝖣(1, 15, 𝜋3 ) for Example 1
nominal closed-loop poles.

5.2

Example 2: Sparse SOF design

Consider the system given in [26] with the following matrices; which is
element-wise without any partition:
0⎤
⎡−4 0 −2 0
⎡1
2
0⎥
⎢ 0 −2 0
⎢1
0 −2 0 −1⎥ , 𝐵2 = ⎢0
𝐴=⎢ 0
⎢
⎥
⎢
⎢ 0 −2 0 −1 0 ⎥
⎢0
0 −2 0 −1⎦
⎣3
⎣0

0
0
0
1
0

0⎤
0⎥
0⎥ ,
⎥
0⎥
1⎦

⎡1 0 0 0 0 ⎤
𝐶 = ⎢0 1 0 0 0⎥ , 𝐵1 = 1 1 1 1 1𝑇 , 𝑄 = 𝐼, 𝑅 = 𝐼.
⎢
⎥
⎣0 0 0 0 1 ⎦

Besides, we select
𝑀=

⎡1 0 0 0 0⎤
0 0 −1 0 0
, 𝑁 𝑇 = ⎢0 1 0 0 0⎥ , 𝐷 = 0.
0 0 0 1 0
⎢
⎥
⎣0 0 0 0 1⎦
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5.2.1

Sparse ℋ2 SOF

With imposing no structure on 𝑌𝑀 and 𝑋𝑀 , the ℋ2 cost is 2.0903. However,
this value will be 2.1504 for the case of 𝒮 (𝑋𝑀 ) = 𝐼. Exploiting Algorithm B.1
in Appendix with 𝜅𝑦 = 0.001, 𝜖𝑦 = 0.0001 and by increasing 𝜂𝑦 from zero, the
number of nonzero oﬀ-diagonal entries of the SOF gain decreases. The most
sparse structure is identiﬁed by 𝜂𝑦 ≥ 0.752. With the identiﬁed structure we
solve (SSOF) to obtain a suboptimal structured SOF controller as
𝐹𝑦1

0 ⎤
⎡0 0
⎢
0
0
0 ⎥.
=
⎢
⎥
⎣0 0 −3.1264⎦

In this case the ℋ2 cost is 2.3148. It means that only about 8% performance
degradation happens compared to the centralised feedback gain.
Now let us repeat this example to ensure that the complex conjugate pairs of
poles of the closed-loop system have a damping ratio greater than 0.7660. To
this end, we enforce the closed-loop poles to lie in the sector centred at the
origin making an angle of ±2𝜋/9 relative to the negative real axis. In order
to ensure this, we solve the optimisation problem in (MSOP) together with
the constraint in (23). The most sparse pattern is achieved by 𝜂𝑦 ≥ 0.297.
The SOF controller is then
𝐹𝑦2

0
0 ⎤
⎡0
⎢
0 ⎥.
= 0 1.3409
⎢
⎥
0
−3.1498⎦
⎣0

The ℋ2 cost is 2.4959 and the closed-loop poles are {−4.6607±1.2063𝑖, −0.8283, −1.5000±
1.0335𝑖} which satisfy the damping ratio constraint.
5.2.2

Sparse ℋ∞ SOF

Let us once again consider the system given in this example but considering
the ℋ∞ performance. In doing so, we set 𝐶∞ = 𝐶𝑧 and 𝐷∞ = 𝐷𝑧 and recall
∞
the optimisation problem in (HI) without imposing any structure on 𝑋𝑀
and
∞
𝑌𝑀
to obtain the ℋ∞ performance level of the closed loop with centralised
controller, which is 1.2077. Besides, this value will increase to 1.2364 for the
∞
case of 𝒮 (𝑋𝑀
) = 𝐼. We now exploit Algorithm B.1 in Appendix, which is
revised by replacing trace(𝑍) with −𝜆. With 𝜅𝑦 = 0.001, 𝜖𝑦 = 0.01 and by
increasing 𝜂𝑦 from zero, it can be seen that the number of nonzero oﬀ-diagonal
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Figure 4: Upper bound of the ℋ∞ performance of closed loop versus diﬀerent
sparsity levels of the feedback gain
entries of the SOF gain decreases. Fig. 4 shows the upper bound of ℋ∞
norm of the closed-loop system versus diﬀerent sparsity level of the feedback
gains. As can be seen, almost no remarkable performance degradation is
∞
visible between the centralised controller with 𝒮 (𝑋𝑀
) = 𝐼 and a distributed
∞
∞
controller up to 𝐜𝐚𝐫𝐝(𝐹𝑦 ) = 2. Note that 𝐜𝐚𝐫𝐝(𝐹𝑦 ) = 2 corresponds to the
entries (1, 1) and (3, 3), and 𝐜𝐚𝐫𝐝(𝐹𝑦∞ ) = 1 corresponds to the entry (3, 3). It
is shown in Fig. 4 that the entry (1, 1) is signiﬁcant for the closed-loop control
performance as there is a large performance degradation when removing it
from the controller gain.

5.3

Example 3: Sparse ℋ2 SF design

As the last example we consider a ﬁrst-order system with 𝒩 = 5 nodes distributed over a circle. This example is studied in [38] by using the alternating
direction method of multipliers (ADMM) as a tool for solving the problem
numerically. Here, we show the eﬀectiveness of our LMI-based algorithm.
The dynamics of the system are deﬁned by
𝒩 −3

𝐴 = Toeplitz([−2, 1, ⏞⏞⏞
0, ⋯ , 0, 1]),
𝐵2 = 𝐵1 = 𝐼𝒩 , 𝑄 = 𝐼𝒩 , 𝑅 = 𝐼𝒩 .
The centralised gain leads to an ℋ2 cost of 1.3853. Also letting the decision
matrix 𝑋 in (SSF) to be a diagonal one with the full decision matrix 𝑌 will
result in an ℋ2 cost of 1.4614, which shows 5% conservatism. By increasing
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𝜂 from zero to 5 in Algorithm A.1 (in Appendix) with 𝜅 = 0.001, 𝜖 = 0.1,
the number of nonzero oﬀ-diagonal entries of the SF gain decreases, such
that when 𝜂 ≥ 1.8 × 10−6 the identiﬁed pattern is diagonal for the SF. Solving
the ℋ2 optimal structured problem in (7) and (8) by imposing the diagonal
structure on both 𝑋 and 𝑌 would result in the following SF
𝐹 = −𝐼𝒩 .
Moreover, the ℋ2 cost, in this case, is 1.5076, which is about 9% worse than
that of the centralised feedback. This performance degradation, introduced
by the diagonal structure of the SF into the optimisation problem, roughly
speaking, is same as the one reported in [38].

5.4

Example 4: Flight control

In over-actuated systems, there is the possibility to select a subset of available actuators in order to, for example, minimise power or fuel consumption
and/or actuator wear and tear, etc [17]. The optimisation problem proposed
in (9) (or its relaxed version in (SPSF)), achieved by incorporating a secondary cost function into the main cost function, can be revised so that it
can select a subset of available actuators/eﬀectors in an optimal manner.
This problem can be formulated as:
minimise trace(𝑍) + 𝜂 ‖𝑌 ‖row−ℓ0 ,

(ROW0)

subject to (7) and (8),

where 𝑋 > 0 and 𝑌 are full decision matrices that do not have any a priori structures, the row-ℓ0 norm is a quasi-norm that counts the number of
non-zero rows of 𝑌 , and 𝜂 > 0 is the regularisation parameter that implies
the emphasis on the row-sparsity of 𝑌 , and thus the SF gain 𝐹 . Indeed, the
row-sparse structure of the feedback gain deﬁnes the redundant components
of the control inputs or the redundant actuators in the system. However, the
variable selection, as proposed earlier in this paper, amounts to the selection
of important individual variables (elements in the feedback gain) rather than
the important groups of variables (rows).
Let us now recast the optimisation problem (ROW0) as
minimise

trace(𝑍) + 𝜂𝑓 (𝑌 )
subject to (7) and (8),
22

(MSOP)

where 𝑓 (⋅) denotes the relaxed row-sparsity promoting function for which a
choice can be proposed as:
(29)

𝑓 (𝑌 ) = ∑ 𝑊𝑖 |𝑌𝑖𝑗 |.
𝑖,𝑗

Let the update rule be as
𝑊𝑖𝑙 =

1

(𝑙−1)
∑𝑗 |𝑌𝑖𝑗 | + 𝜖

,

(30)

where 𝑙 denotes the current iteration and 0 < 𝜖 ≪ 1 is used to provide stability and to ensure that a zero valued entry in 𝑌 does not strictly prevent
a non-zero value at the next step. The weighting matrix can be formed as
𝑊 = diag[𝑊𝑖 ]𝑚
𝑖=1 . In other words, each entry of the diagonal weighting matrix
will be updated inversely proportional to the ℓ1 -norm of its corresponding
row in the feedback gain obtained at the previous iteration. Notice that one
can also imagine a variety of possible norms in place of (30), e.g., ℓ2 -norm
and ℓ∞ -norm. Finally, Algorithm A.1 can be revised according to the abovementioned formulations so that it can identify a row sparse SF.
Now we consider the B747 aircraft [1] whose 12 rigid body states can
be split into two separate axes: 6 longitudinal axis states and 6 lateral and
directional axes states. Same as in [1], we only consider the ﬁrst four states
of the lateral axis which are the roll rate 𝑝, yaw rate 𝑟, sideslip angle 𝛽, and
roll angle 𝜙. Considering an operating condition of 263,000 𝐾𝑔, 92.6 𝑚/𝑠 true
airspeed, and 600 𝑚 altitude at 25.6 % of maximum thrust and at a 20∘ ﬂap
position, a linear model can be obtained. In this case, the lateral system,
about the trim condition, is represented as:
⎡−1.0579 0.1718 −1.6478 0.0004 ⎤
⎢−0.1186 −0.2066 0.2767 −0.0019⎥
𝐴=⎢
,
0.1014 −0.9887 −0.0999 0.1055 ⎥
⎢
⎥
0.0893
0
0 ⎦
⎣ 1.0000
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(31)

⎡−0.0832 0.0832 −0.2285 0.2285 −0.2625
⎢−0.0154 0.0154 −0.0123 0.0123 −0.0180
𝐵=⎢
0
0
0
0
0.0017
⎢
0
0
0
0
0
⎣
0.2625
0.1187 0.0246 0.0140
0.0180 −0.2478 0.1269 0.0724
−0.0017 0.0174 0.0005 0.0005
0
0
0
0

−0.0678 0.0678
−0.0052 0.0052
0.0006 −0.0006
0
0
−0.0140 −0.0246⎤
−0.0724 −0.1269⎥
.
−0.0005 −0.0005⎥
⎥
0
0 ⎦

Note that the lateral control surfaces are
𝛿𝑙𝑎𝑡 = 𝛿𝑎𝑖𝑟 𝛿𝑎𝑖𝑙 𝛿𝑎𝑜𝑟 𝛿𝑎𝑜𝑙 𝛿𝑠𝑝1−4 𝛿𝑠𝑝5 𝛿𝑠𝑝8

𝛿𝑠𝑝9−12 𝛿𝑟 𝑒1 𝑒2 𝑒3 𝑒4  . (32)

denoting aileron deﬂection (right and left - inner and outer)(rad), spoiler
deﬂections (left: 1-4 and 5, right: 8 and 9-12) (rad), rudder deﬂection (rad)
and lateral contributions to the engine pressure ratios (EPR), respectively.
Let the system outputs be sideslip angle 𝛽 and roll angle 𝜙, and thus the
output distribution matrix is
𝐶=

0 0 1 0
.
0 0 0 1

(33)

A tracking facility can be included in the problem, by exploiting an integral
action. Deﬁning
̇ = 𝗋(𝑡) − 𝑦(𝑡),
𝜉(𝑡)

(34)

where 𝗋(𝑡) is the input reference to be tracked by 𝑦(𝑡) = 𝐶𝑥(𝑡) ∈ ℝ𝑝 , and 𝜉
represents the integral of the tracking error, i.e. 𝗋(𝑡) − 𝑦(𝑡), and introducing
𝑥̃ ≔  𝑥𝜉 , an augmented system can be derived as:
̃ ̃ + 𝐵𝑢(𝑡)
̃
̇̃ = 𝐴𝑥(𝑡)
𝑥(𝑡)
+ 𝐵1̃ 𝑓 (𝑡) + 𝐵𝗋 𝗋(𝑡)
𝑧(𝑡)
̃ = 𝐶𝑧̃ 𝑥(𝑡)
̃ + 𝐷̃ 𝑧 𝑢(𝑡),

(35)

with
𝐴̃ =
𝐶𝑧̃ =

0
𝐴 0
𝐵
𝐵
𝐼
, 𝐵̃ = 2 , 𝐵1̃ = 1 = 4 , 𝐵𝗋 =
,
−𝐶 0
0
 0  0
𝐼𝑝 

06×13
diag(10, 10, 1, 1, 0.1, 0.1)
, 𝐷̃ 𝑧 =
.


diag(√0.5𝐼8 , √2𝐼5 )
013×6
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(36)

Note that the last two nonzero terms of 𝐶𝑧̃ are associated with the integral
action and are less heavily weighted. Further, the ﬁrst and second nonzero
terms of 𝐶𝑧̃ are more strongly weighted in comparison with the third and
fourth nonzero terms to provide an adequate quick closed-loop response in
terms of the angular acceleration in roll and yaw. Note also that if the matrix
pair (𝐴, 𝐵2 ) is controllable and the matrix triplet (𝐴, 𝐵2 , 𝐶) has no zeros at
the origin, it can be shown that (𝐴,̃ 𝐵)̃ is controllable [1]. It is assumed the
whole system states are available to the controller. Now the control law can
be considered as:
𝑥(𝑡)
𝑢(𝑡) = 𝐹 𝐹𝗋 
≜ ℱ𝑥(𝑡),
̃
 𝜉(𝑡)

(37)

where 𝐹 ∈ ℝ𝑚×𝑛 is the SF gain, 𝐹𝗋 ∈ ℝ𝑚×𝑝 is the feed-forward gain due to the
reference signal 𝗋(𝑡). It is also aimed to assign the closed-loop poles in the
half-plane 𝑥 < −𝛼 < −0.1. Imposing no structure on 𝑌 , solving the optimisation problem in (MSOP), which is augmented with the constraint in (22), the
upper bound of the ℋ2 -norm is 10.5907. We then use Algorithm A.1 in the
Appendix with 𝜅 = 0.01, 𝜖 = 0.0001 and exploit the row-sparsity promoting
function (29) and the update rule in (30). By increasing 𝜂 from zero, the
number of non-zero rows of the SF gain decreases; e.g., letting 𝜂 = 2000 the
most row-sparse is suggested by the algorithm, i.e. exploiting only 𝛿𝑠𝑝1−4 and
𝛿𝑟 . With the identiﬁed structure for 𝑌 ; i.e. 𝒮 (𝑌 ) ⊆ Γ, we turn to the problem
in (SSF), by letting 𝑋 > 0 be a full decision matrix, to obtain a suboptimal
structured SF controller. In this case, the upper bound of ℋ2 -norm of the
closed-loop system is 12.4986, which is about 18% worse than that obtained
by the non-structured feedback gain.
Now, we run the RISD algorithm (Algorithm C.1), revised for the row-wise
𝑝

𝑙
sparsity pattern recognition by letting Λ𝑙+1 = 𝑖  ∑𝑗=1 |𝑌𝑀,𝑖𝑗
| > 𝜖𝑙 , replac𝑝
𝑝
𝑚
𝑚
ing colcol(|𝑌𝑀,𝑖𝑗 |)𝑗=1 𝑖=1 by col ∑𝑗=1 |𝑌𝑀,𝑖𝑗 |𝑖=1 , deﬁning
𝑝

𝜇𝑙 =

𝑙
range col ∑𝑗=1 |𝑌𝑀,𝑖𝑗
|

𝜌 ⋅ (𝑚 − 1)

𝑚

𝑖=1 

,

(38)

letting the weighting matrix be diagonal, i.e. 𝑊0 = 𝐼𝑚×𝑚 , and changing the
element-wise multiplication by matrix multiplication, i.e. 𝑊𝑜 𝑌𝑀 . We also
use the given parameters above in addition to 𝜌 = 1 and 𝜂 = 2000. It can
be found that this algorithm promotes the same row-sparse structure as the
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Figure 5: System states for lateral control
one suggested by the REL1 algorithm. However, it only takes 3 iterations
for the RISD to satisfy the termination criterion, while the REL1 method
terminates in 4 iterations. As can be seen, the RISD algorithm achieves the
solution faster than REL1, which leads to a less computational time. It is
worth noting that although the RISD algorithm gains slight improvements
over REL1 in terms of computation time in this speciﬁc example, it has the
potential to improve the computation time in diﬀerent applications.
Considering a step change of 10 degrees for 𝛽 during 30 to 70 𝑠 as well as
a step change of 5 degrees for 𝜙 during 120 to 160 𝑠 , Figs. 5 and 6 show
the tracking responses of the system when the controller governs 1) all the
control surfaces (i.e. 𝛿𝑙𝑎𝑡 in (32)), and 2) only 𝛿𝑠𝑝1−4 and 𝛿𝑟 .

6

Conclusions

This paper proposes a framework for addressing the issue of designing ℋ2
(ℋ∞ ) optimal (block) sparsely distributed control by utilising only system
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Figure 6: Control eﬀorts for lateral control
sensors’ signals. Besides it is discussed that this framework is capable of
incorporating additional regional pole placement constraints on the feedback
gain matrix as well as the structural constraints. This framework includes an
explicit scheme and an iterative process in order to identify the desired sparse
structure of the feedback gain. To this end, the so-called reweighted ℓ1 -norm,
which is known as a convex relaxation of the ℓ0 -norm, is utilised to make
a convex problem. Following this, the ℋ2 (ℋ∞ ) structured static output
(state) feedback design problem is solved using the achieved structure for
the feedback gain. The simulation results are given to show the eﬀectiveness
of our proposed approach. Comparing to the existing literature, while our
framework has the possibility of performing the SOF control design with
additional constraints, the performance of our approach is quite acceptable
when applied to the normal sparse SF gain design problem.

References
[1] Halim Alwi and Christopher Edwards. Fault tolerant control using sliding modes with on-line control allocation. In Fault Tolerant Flight Control, pages 247–272. Springer, 2010.
[2] J. Baillieul and P. Antsaklis. Control and communication challenges in
networked real-time systems. Proceedings of the IEEE, 95(1):9–28, 2007.

27

[3] S. Boyd and L. Vandenberghe. Convex optimization. Cambridge University Press, 2004.
[4] Stephen P Boyd, Laurent El Ghaoui, Eric Feron, and Venkataramanan
Balakrishnan. Linear matrix inequalities in system and control theory,
volume 15. SIAM, 1994.
[5] E. J. Candes, M. B. Wakin, and S. P. Boyd. Enhancing sparsity by
reweighted ℓ1 minimization. Journal of Fourier analysis and applications, 14(5-6):877–905, 2008.
[6] Jiuwen Cao, Kai Zhang, Minxia Luo, Chun Yin, and Xiaoping Lai.
Extreme learning machine and adaptive sparse representation for image
classiﬁcation. Neural networks, 81:91–102, 2016.
[7] Jiuwen Cao, Yanfei Zhao, Xiaoping Lai, Marcus Eng Hock Ong, Chun
Yin, Zhi Xiong Koh, and Nan Liu. Landmark recognition with sparse
representation classiﬁcation and extreme learning machine. Journal of
The Franklin Institute, 352(10):4528–4545, 2015.
[8] Mohammed Chadli and Thierry-Marie Guerra. Lmi solution for robust
static output feedback control of discrete takagi–sugeno fuzzy models.
IEEE Transactions on Fuzzy Systems, 20(6):1160–1165, 2012.
[9] Mahmoud Chilali and Pascal Gahinet. 𝐻∞ design with pole placement
constraints: An LMI approach. Automatic Control, IEEE Transactions
on, 41(3):358–367, 1996.
[10] Mahmoud Chilali, Pascal Gahinet, and Pierre Apkarian. Robust pole
placement in LMI regions. Automatic Control, IEEE Transactions on,
44(12):2257–2270, 1999.
[11] Jiuxiang Dong and Guang-Hong Yang. Robust static output feedback
control synthesis for linear continuous systems with polytopic uncertainties. Automatica, 49(6):1821–1829, 2013.
[12] Laurent El Ghaoui, Francois Oustry, and Mustapha AitRami. A
cone complementarity linearization algorithm for static output-feedback
and related problems.
IEEE transactions on automatic control,
42(8):1171–1176, 1997.
28

[13] M. Fardad and M. R. Jovanovic. On the design of optimal structured and
sparse feedback gains via sequential convex programming. In American
Control Conference (ACC), 2014, pages 2426–2431. IEEE, 2014.
[14] M. Fardad, F. Lin, and M. R. Jovanovic. Sparsity-promoting optimal
control for a class of distributed systems. In Proc. the American Control
Conference, pages 2050–2055, San Francisco, CA, USA, 2011.
[15] Jose C Geromel, CC De Souza, and RE Skelton. Static output feedback
controllers: stability and convexity. IEEE Transactions on Automatic
Control, 43(1):120–125, 1998.
[16] J. Hespanha, P. Naghshtabrizi, and Y. Xu. A survey of recent results
in networked control systems. Proceedings of the IEEE, 95(1):138–162,
2007.
[17] Tor A Johansen and Thor I Fossen. Control allocation—a survey. Automatica, 49(5):1087–1103, 2013.
[18] F Leibfritz. Compleib: Constrained matrix optimization problem library, 2006.
[19] Qin Li, Jianwei Ma, and Gordon Erlebacher. A new reweighted algorithm with support detection for compressed sensing. IEEE Signal
Process. Lett., 19(7):419–422, 2012.
[20] F. Lin, M. Fardad, and M. Jovanovic. Augmented lagrangian approach
to design of structured optimal state feedback gains. IEEE Trans. Autom. Control, 56(12):2923–2929, 2011.
[21] M. S. Lobo, M. Fazel, and S. P. Boyd. Portfolio optimization with
linear and ﬁxed transaction costs. Annals of Operations Research,
152(1):341–365, 2007.
[22] Francisco Palacios-Quiñonero, Josep Rubió-Massegú, Josep M Rossell,
and Hamid Reza Karimi. Feasibility issues in static output-feedback
controller design with application to structural vibration control. Journal of the Franklin Institute, 351(1):139–155, 2014.
[23] Mohammad Razeghi-Jahromi and Alireza Seyedi. Stabilization of networked control systems with sparse observer-controller networks. Automatic Control, IEEE Transactions on, 60(6):1686–1691, 2015.
29

[24] Michael Rotkowitz, Randy Cogill, and Sanjay Lall. Convexity of optimal
control over networks with delays and arbitrary topology. International
Journal of Systems, Control and Communications, 2(1-3):30–54, 2010.
[25] Michael Rotkowitz and Sanjay Lall. A characterization of convex problems in decentralized control. IEEE Transactions on Automatic Control,
51(2):274–286, 2006.
[26] Josep Rubió-Massegú, Josep M Rossell, Hamid Reza Karimi, and Francisco Palacios-Quiñonero. Static output-feedback control under information structure constraints. Automatica, 49(1):313–316, 2013.
[27] Simone Schuler, Ulrich Münz, and Frank Allgöwer. Decentralized state
feedback control for interconnected process systems. In IFAC Symposium on Advanced Control of Chemical Processes, Furama Riverfront,
Singapore, pages 1–10, 2012.
[28] D. Siljak. Decentralized control of complex systems. Dover Publications,
2012.
[29] A Troﬁno and Vladimir Kucera. Stabilization via static output feedback.
IEEE Transactions on Automatic Control, 38(5):764–765, 1993.
[30] F. Wang and D. Liu. Networked control systems: theory and applications. Springer, 2008.
[31] X. Wang and M. Lemmon. Event-triggering in distributed networked control systems. IEEE Transactions on Automatic Control,
56(3):586–601, 2011.
[32] Yilun Wang and Wotao Yin. Sparse signal reconstruction via iterative
support detection. SIAM Journal on Imaging Sciences, 3(3):462–491,
2010.
[33] A. Zecevic and D. Siljak. Global low-rank enhancement of decentralized control for large-scale systems. IEEE Transactions on Automatic
Control, 50(5):740–744, 2005.
[34] AI Zečević and DD Šiljak. Control design with arbitrary information
structure constraints. Automatica, 44(10):2642–2647, 2008.
30

[35] Aleksandar Zecevic and Dragoslav D Siljak. Control of complex systems:
Structural constraints and uncertainty. Springer Science & Business
Media, 2010.
[36] Aleksandar I Zecevic and Dragoslav D Siljak. Design of robust static output feedback for large-scale systems. Automatic Control, IEEE Transactions on, 49(11):2040–2044, 2004.
[37] W. Zhang, M. Branicky, and S. Phillips. Stability of networked control
systems. IEEE Control Systems, 21(1):84–99, 2001.
[38] David M Zoltowski, Neil Dhingra, Fu Lin, and Mihailo R Jovanovic.
Sparsity-promoting optimal control of spatially-invariant systems. In
American Control Conference (ACC), 2014, pages 1255–1260. IEEE,
2014.

Appendices
A

Reweighted ℓ1 minimisation method for the
sparse SF problem

Using the reweighted ℓ1 norm as a promoting sparsity has been considered
in e.g. [14, 3]. Deﬁne the matrix 𝑉 which has the same dimension as 𝑌 ,
and all its entries equal to one. It can be shown that (e.g. see [14, 3]) the
optimisation problem in (SPSF) is equivalent to
minimise trace(𝑍) + 𝜂trace(𝑉 𝑇 𝐺)
subject to (7), (8), 𝒮 (𝑋) = 𝐼 and
− 𝐺 ≤ 𝑊 ∘ 𝑌 ≤ 𝐺,

(39)

where 0 < 𝑋 ∈ ℝ𝑛×𝑛 , 𝑌 ∈ ℝ𝑚×𝑛 , 𝑍 is a slack variable, 𝑊 denotes the weighting
matrix and the last inequality is element-wise with 𝐺 ∈ ℝ𝑚×𝑛 whose entries
are nonnegative. Then the algorithm to solve the above optimisation problem
is as the following,
Algorithm A.1.
1) With given 𝜖 > 0, 𝜅 > 0 and 𝜂 > 0, initialise 𝑊 =
1ℎ×ℎ , 𝑙 = 1 and 𝑌 𝑙 = 0.
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−1

2) Solve the minimisation problem (39) to obtain 𝐹 ⋆ = 𝑌 ⋆ 𝑋 ⋆ .
3) Update 𝑊𝑖𝑗 =

1

⋆
‖𝑌𝑖𝑗 ‖𝐹 +𝜖

and form 𝑊 = [𝑊𝑖𝑗 ]ℎ×ℎ .

5) If ‖𝑌 ⋆ − 𝑌 𝑙 ‖ ≤ 𝜅 go to Step 6, else 𝑌 𝑙 = 𝑌 ⋆ , 𝑙 = 𝑙 + 1 and return to Step
2.
−1

6) Return 𝐹 ⋆ = 𝑌 ⋆ 𝑋 ⋆ .
Solving Algorithm A.1 gives the most eﬀective sparse structure of 𝐹 .
Then, by ignoring the unnecessary entries in 𝐹 we ﬁnd the structure matrix
Γ.

B

Reweighted ℓ1 minimisation method for the
sparse SOF problem

The optimisation problem in (MSOP) is equivalent to
minimise trace(𝑍) + 𝜂𝑦 trace(𝑉𝑜𝑇 𝐺𝑜 )

subject to (17), (16), 𝒮 (𝑋𝑀 ) = 𝐼 and
− 𝐺 𝑜 ≤ 𝑊𝑜 ∘ 𝑌 𝑀 ≤ 𝐺𝑜 ,

(40)

where 𝑊𝑜 denotes the weighting matrix, the last inequality is element-wise
with 𝐺𝑜 ∈ ℝ𝑚×𝑝 whose entries are nonnegative and 𝑉𝑜 ∈ ℝ𝑚×𝑝 whose all entries
are equal to one. Besides, to solve the above optimisation problem, the
following algorithm is utilised,
Algorithm B.1.
1) With given 𝜖𝑦 > 0, 𝜅𝑦 > 0 and 𝜂𝑦 > 0, initialise 𝑊𝑜 =
𝑙
1ℎ×ℎ , 𝑙 = 1 and 𝑌𝑀
= 0.
−1

⋆ ⋆
2) Solve the minimisation problem (40) to obtain 𝐹𝑦⋆ = 𝑌𝑀
𝑋𝑀 .

3) Update (𝑊𝑜 )𝑖𝑗 =

1
⋆
(𝑌
)
‖ 𝑀 𝑖𝑗 ‖𝐹 +𝜖𝑦

and form 𝑊𝑜 = [(𝑊𝑜 )𝑖𝑗 ]ℎ×ℎ .

⋆
⋆
𝑙
𝑙
5) If ‖𝑌𝑀
− 𝑌𝑀
‖ ≤ 𝜅𝑦 go to Step 6, else 𝑌𝑀 = 𝑌𝑀 , 𝑙 = 𝑙 + 1 and return to
Step 2.
−1

⋆ ⋆
6) Return 𝐹𝑦⋆ = 𝑌𝑀
𝑋𝑀 .
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Solving Algorithm B.1 gives the most eﬀective sparse structure of 𝐹𝑦 . By
letting the unnecessary entries of 𝐹𝑦 as zero, we achieve the structure matrix
Γ𝑦 .

C

RISD method for the sparse SOF problem
at component level

Algorithm C.1.
1) With given 𝜅 > 0 and 𝜂 > 0, initialise Λ0 = {}, 𝑊𝑜 =
𝑙
1𝑚×𝑝 , 𝑙 = 1 and 𝑌𝑀
= 0.
−1

⋆ ⋆
2) Solve the minimisation problem (40) to obtain 𝐹𝑦⋆ = 𝑌𝑀
𝑋𝑀 .

3) Update 𝜖𝑙 according to the ﬁrst jump rule.
𝑝

𝑚

𝑙
𝑖) Sort col col(|𝑌𝑀,𝑖𝑗
|)𝑗=1  → 𝑦𝑙 in ascending order and let 𝑦𝑙ℎ be
𝑖=1
the magnitude of the ℎ-th largest element of 𝑦𝑙 .

𝑖𝑖) Find the smallest ℎ such that 𝑦𝑙ℎ+1 − 𝑦𝑙ℎ  > 𝜇𝑙 , with
𝑝

𝜇𝑙 =

𝑙
range col col(|𝑌𝑀,𝑖𝑗
|)𝑗=1 

𝜌 ⋅ (𝑚𝑝 − 1)

𝑚

𝑖=1 

,

(41)

with 𝜌 some constants, which is discussed in Subsection 3.3.

𝑖𝑖𝑖) Set 𝜖𝑙 = 𝑦𝑙ℎ .

4) Update the detected support
𝑙
Λ𝑙 = 𝑖, 𝑗  |𝑌𝑀,𝑖𝑗
| > 𝜖𝑙  .

5) Update weights as
𝑊𝑖𝑗𝑙

⎧
⎪
=⎨
⎪
⎩

1
𝑙
|𝑌𝑀,𝑖𝑗
|
1
𝜖𝑙

if

𝑖 ∈ Λ𝑙
if

and form 𝑊 𝑙 = [𝑊𝑖𝑗𝑙 ]𝑚×𝑝 .
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𝑖 ∈ Λ𝐶
𝑙 ,

(42)

⋆
⋆
𝑙
𝑙
6) If ‖𝑌𝑀
− 𝑌𝑀
‖ ≤ 𝜅 go to Step 7, else 𝑌𝑀 = 𝑌𝑀 , 𝑙 = 𝑙 + 1 and return to
Step 2.
⋆
⋆
7) Let the unnecessary rows of 𝑌𝑀
be zero and return Γ⋆ = 𝒮 (𝐹𝑦⋆ ) = 𝒮 (𝑌𝑀
).
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