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Abstract

The disturbance suppression problem for nonlinear systems is ex�
amined in this paper� We review the so�called nonstandard mixed sen�
sitivity problem� which introduces an integrator to a selected weight�
as well as the linear classical disturbance suppression problem and
the linear H� disturbance suppression problem� We extend this H�
problem to the nonlinear case� and present a method to reduce the
order of the state feedback Hamilton�Jacobi PDE �Partial Di�erential
Equation� for this nonlinear H� problem by extending the concept of
comprehensive stability �	
 ��
� Finally� we investigate the structure of
the output feedback H� controller for disturbance suppression� and
draw the conclusion that� as in the linear case� there must also be an
integrator in the controller�

� Introduction

This paper is mainly concerned with the roubust constant disturbance re�
jection problem for nonlinear systems� and it uses H� methods to examine
the problem� We consider the input constant disturbance rejection under
additive norm bounded model uncertainty� which will not investigate the
parametric model uncertainty as in ����
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In recent years� H� methods have been employed to handle disturbance
suppression problems ��� �	� for linear systems� The main methodological
device is to introduce an integrator in a selected weight function and then
formulate the disturbance rejection problem as a mixed sensitivity problem�
Here� the mixed sensitivity problem is the problem of achieving desired sensi�
tivity function and complementary sensitivity function simultaneously with
proper chosen weight function� However� these problems are nonstandard
H� problems� because they have an un�stabilisable pole at the origin� which
violates the pre�requisite conditions of standard H� control theory� There
are several indirect ways to get around this problem� such as by using singu�
lar perturbation techniques or changing the system block diagram to absorb
the integrator weight into the control loop ����

Paper �	� uses so�called extended H� theory to give a relatively direct al�
ternative solution of this nonstandard H� problem for linear systems� Fur�
thermore� the integrator weighting leads to order reduction of the Riccati
equation by using a so�called quasi�stabilising solution� As for a classical
control design� the controller arising from either of the two H� approaches
in �	� and ��� normally contains an integrator� Here we extend these ideas
to the nonlinear disturbance suppression problem� As in the linear case�
for the general nonlinear H� problem there are once again standard and
nonstandard problems� Most of the papers and books �
� ��� deal with stan�
dard nonlinear H� control problem� Book ��� present information state to
achieve output feedback H� controller��R Not surprisingly� the H� constant
disturbance rejection problem for the nonlinear case inherits the di
culty
of the linear case� the existence of un�stabilisable states makes the problem
nonstandard�

The main bottleneck of nonlinear H� control� which is similar to the
problem encountered in nonlinear optimal control� is the need to solve the
Hamilton�Jacobi �HJ� partial di�erential equation �PDE����� Although ex�
plicit globally�de�ned solutions of most HJ PDEs are hard to obtain� we
will present a method which can simplify �by order reduction� the HJ PDE
for the nonlinear disturbance rejection problem by using the concept of
comprehensive stability� which is extended from the linear case �See �	���
Furthermore� we can show that the controller for output feedback control
contains an integrator in a sense de�ned later� in Section 	�

In the next section� we examine� for linear systems� the mixed sensitivity
H� method� and in particular� the so�called extended H� method� which
can deal with the robust constant disturbance suppression problem� In Sec�






tion �� we set up the disturbance suppression problem for the nonlinear case�
Section �� the main part� gives an order reduction theorem for the state feed�
back HJ PDE arising from the nonlinear constant disturbance suppression
problem� Finally in Section �� we probe the structure of the output feedback
H� controller of the system under consideration� and show that it normally
contains an integrator�

� H� treatment of the classical disturbance

suppression problem for linear systems
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Figure �� A classical disturbance suppression problem

Let us consider a classical disturbance rejection problem as shown in Fig�
ure �� This depicts a linear time�invariant single�input single output �SISO�
system� It consists of the interconnection of a plant P��s� and controller
C�s� forced by a command signal r� as well as an input disturbance du and
an output disturbance dy�

For the input constant disturbance rejection problem� we are normally
interested in reducing or eliminating the e�ect of the disturbance du� When
du changes slowly �i�e� the bandwidth of the input disturbance is low pass��
according to classical control the desired e�ect can be achieved by adding an
integrator into the controller C� provided stability is retained�

The classical disturbance suppression technique demands separate theo�
retical consideration of stability� and certainly does not deal directly with
the robust stability issue� To guarantee robust stability� we need to rely on
a theory of robust control� such as H� theory� There are at least two ways
����	� to design an H� controller for the linear disturbance suppression prob�
lem� Apart from redrawing the loop of Fig � to correspond to the standard
H� formulation� the main methodological device is to introduce an integra�
tor into a selected weight function� The H� problems in ��� and �	� belong
to the class of mixed sensitivity problems �minimisation weighted sensitivity
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function and complementary sensitivity function simultaneously� in H� con�
trol� In ��� an integrator is introduced into one of the output weights Wz �see
Figure 
 left�� while in �	� there is an integrator in one of the input weights
Wd �Figure 
 right��
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Figure 
� The linear H� framework for the disturbance suppression problem�
Left� an integral in the output weight� Right� an integral in the input weight

It can be checked� for the linear case� that the two H� problems are
duals of each other� So� without loss of generality� we can choose the mixed
sensitivity problem described in Fig 
 �right� as the basis for our discussions�

In this diagram� P� represents the given plant� ��s and Wd� are input
weights� Wz is an output weight� and C is the controller which needs to be
constructed in such a way that it can stabilise the plant P�� and make the
in�nity norm of the transfer function from � �w� �w��T to z less than some given
bound �� Note that at zero frequency the integrator ensures that the gain
from the integrator output to z will be zero� and this is the mechanism for
achieving constant disturbance suppression� Given the plant and the weights�
the standard approach is to seek to formulate the problem as an H� problem�
However� this problem does not satisfy all the pre�requisite conditions of the
standard H� control problem �which includes a stability condition ��� �����
because of an un�stabilisable mode at the origin� Therefore� this problem is
termed nonstandard� More precisely� consider the state�variable realisation
of the �generalised plant� with input �w�� �w� and u and output z and y in
Figure 
 �right�� The entire state is not stabilisable from u� because the
integrator driven by �w� is una�ected by u�

The so�called extended H� controller �	� will solve the mixed sensitivity
problem described in Figure 
 �right�� where a constant disturbance enters
at the plant input� The synthesis of the extended H� controller requires
a �quasi�stabilising� solution �	� of the �X��Riccati equation �the Riccati
equation arising in the state feedback problem� which also arises in the output
feedback problem��� The original �n � ���th order Riccati equation can be
constructed from the solution of a reduced order n�th order equation� n being
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the degree of P��
Similarly we can use extended H� controller design to solve the mixed

sensitivity problem of Figure 
� where the constant disturbance enters at the
plant output� Not surprisingly� for this dual formulation� it is possible to
simplify the controller synthesis by constructing the solution to the origi�
nal �n � ���th order �Y� Riccati equation �the Riccati equation arising in
the output feedback routines which is termed the �lter or observer Riccati
equation� from the solution of a reduced n�th order equation�

� Setting up the disturbance suppression prob�

lem formulation in the nonlinear case

The problems discussed above are all linear ones� In this section� we give a
description of the nonlinear problem�

To begin� we consider the classical disturbance problem shown as in Fig�
ure �� except that the plant may be nonlinear� In order to give a more explicit
description� we suppose that the SISO nonlinear plant� P�� is modelled as fol�
lows�

P� �

�
�x� � A�x�� �B��x��w� �B��x��u
y � C��x�� � w��

���

We assume that the functions appearing in systems of this paper are
smooth with bounded �rst and second order partial derivatives� Here� w �
�w� w��T � and w� � R corresponds to a plant input disturbance� while w� � R
corresponds to a plant output disturbance� The introduction of the distur�
bance w� can be interpreted as a way of capturing additive norm bounded
modelling uncertainty for output feedback H� control� In order to simplify
our discussion� we shall suppose that B��x�� � B��x��� �For the input dis�
turbance rejection problem� this condition is always satis�ed��

We need to extend this nonlinear disturbance rejection problem as de�
picted in Figure � to an H� style problem� As mentioned in the previous
section� for the linear case ��� �	�� there are two ways to perform this step�
The �rst one is depicted in Figure 
 �left�� and the second one in Figure 

�right�� The �rst way� as stated in the last section� leads to a solution allowing
order reduction of the �Y��Riccati equation �or observer Riccati equation�
in the linear case� However� for the nonlinear case� there is no simple and
explicit ��lter� HJ PDE which is equivalent to the �Y� Riccati equation of
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linear H� system theory� If we choose the second formulation� it turns out
that we can reduce the order of the control HJ PDE for the state feedback
problem �which is equivalent to the �X� Riccati equation in the linear case��
Therfore� we elect to extend this nonlinear disturbance suppression problem
to an H� problem along the lines of �	��
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Figure �� A nonlinear disturbance suppression problem

The framework of this nonlinear H� problem is shown in Figure �� In
order to slightly extend the application scope of our method� we choose
�
s
Gw��s� instead of only

�
s
as the weight of �w�� Here Gw��s� is a stable and

proper transfer function� Based on linear classical control theory� �
s
Gw��s�

can be written as �
s
� Gw���s�� where � is real and Gw���s� is a stable and

strictly proper transfer function�
The state equation of the weight transfer function becomes�

��
�

�xw��
� � �w�

�xw��
� Aw��

xw��
�Bw��

�w�

w� � w�� � w�� � xw��
� Cw��

xw��

�
�

We assume that Gw�
�s� in Figure � is a rational stable proper transfer

function with no �nite and in�nite j��axis zeros� which can be expressed as�

�
�xw�

� Aw�
xw�

�Bw�
�w�

w� � Cw�
xw�

�Dw�
�w�

���

The equations of the generalised system are now�

	



������
�����

�xw��
� � �w�

�xw��
� Aw��

xw��
�Bw��

�w�

�xw�
� Aw�

xw�
�Bw�

�w�

�x� � A�x�� �B��x���xw��
� Cw��

xw��
� u�

y � C��x�� � Cw�
xw�

�Dw�
�w�

���

The choice of z is important� We elect to set z � e�� a small di�erence from
the linear case� � That is� we split the disturbance w� into two components�
w�� � xw�� and w�� � Cw�xw��

z � e� � xw��
� u� ����

� Simpli�cation of the state feedback HJ PDE

for nonlinear disturbance suppression prob�

lem

Here� we extend the concept of so�called comprehensive stability �	� to the
nonlinear H� problem� This includes the nonlinear disturbance rejection
problem� which contains un�stabilisable states� The constant disturbance
rejection problem �as we have formulated it� is a nonstandard H� problem�
because xw��

is not stabilisable from u�

K
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Figure �� The structure of mixed sensitivity problem

�For the linear case� z � e � yw�

 u� We also could choose z � e here� but it is more

convenient to provide another choice of z�
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First we introduce the standard nonlinear state feedbackH� control prob�
lem� See Fig �� let the state space model for plant P be���

�
�x � A�x� �B��x� �w �B��x�u
z � C��x� �D���x�u
y � x�

���

The standard state feedback H� control problem is to �nd a controller
u � K�x� which makes the closed loop �P�K� ��dissipative and internally
stable� see ���� Internal stability is the condition that x�t�� � as t � � for
all x��� and �w � L�������

Theorem � Consider the system de�ned by equation ���� and suppose that
��� � � �I � E� � DT

��D�� � �I 	 � for all x� Suppose one can �nd
a strictly positive proper smooth function V of x� such that V �x� 	 � for
x �� �� V ��� � � and which �a� satis�es the state feedback Hamilton Jacobi
PDE �HJ PDE�

rxV
�
A�B�E

��
� DT

��C�

�
�

�



rxV

�
���B�B

T
� �B�E

��
� BT

�

�
rxV

T

�
�



CT
�

�
I �D��E

��
� DT

��

�
C� � �� �	�

and �b� makes the vector �eld

A�B�E
��
� DT

��C� �
�
���B�B

T
� �B�E

��
� BT

�

�
rxV

T

asymptotically stable� Then the central controller for the state feedback prob�
lem� which guarantees ��dissipativity and internal stability� is de�ned as	

K��x� � �E��x�
���D���x�

TC��x� �B��x�
TrxV �x�

T ��
Furthermore� even if �b� is not ful�lled� the closed�loop satis�es the dis�

sipation inequality for all T � x���� and �w���	

V �x�t�� � �
�

R T

� jz�t�j
�dt � �� ��

R T

� j �w�t�j
�dt� V �x�����

Proof See ����

For some mixed sensitivity problems� such as ���� there exist some un�
stabilisable states� so it is obvious that no stabilising solution for the HJ
PDE exists� In order to get around this obstacle� we extend the concepts of
comprehensive stability and essential stability ��� to nonlinear systems�
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De�nition � The closed�loop system �P�K� in Fig 
 is essentially stable if
the interconnection of the physical plant P� and controller K is internally
stable� or equivalently� if the only non�internally�stable modes of �P�K� are
those associated with the weighting�

The motivation is that the weighting is not present in any physical sense�
while P� and K are physically present�

De�nition � The closed�loop system �P�K� in Fig 
 is said to be compre�
hensively stable if it is essentially stable� and the closed�loop from �w to z is
��dissipative� When this is the case� K is called a comprehensively stabilising
controller�

As a �rst step towards adjusting Theorem � to cope with un�stabilisable
states� we present Theorem � below� This theorem uses the concept of zero
detectability� we now de�ne this concept for the system�

De�nition � The system �of Figure 
� with input �w and output z is said to
be zero�detectable if the conditions that �w�t� � � and z�t��� for all t � ��
are su
cient to imply that limt�� x�t� � ��

We present a lemma as follows� which will be needed for the main stability
theorem� It comes from a simple extension of La Salle�s invariance principle
����

De�nition � Let x � �xTw xTs �
T � De�ne � as the projection from 	dim�x� to

	dim�xs� in the obvious way by ��
�
xTw xTs

	T
� � xs�

Lemma � Let V �x� be a scalar function with continuous partial derivatives�
Let Br be the set de�ned as fx � V �x� 
 rg� Assume that for a �xed but
arbitrary r � 	� �Br is a bounded set and that also within Br the following
conditions hold


 �V �x� � �


 V �x� 	 � for xs �� � and V �x� � � for xs � ��


 for every trajectory of x starting from x��� within Br� there is a bound
for x�t� �which may possibly depend on x�����
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Let N be the set of all points within Br where �V �x� � � and let M be the
largest invariant set within N� Then for every possible x��� in Br� as t���
x�t� � M and consequently every associated projection xs � ��x� tends to
Ms � ��M��

Proof Since �V �x� � � then V �x�t�� � V �x���� � v as t � � so that
x�t� � Bv for t � �� Since V � �� it follows that V �x�t�� has a limit l as
t��� where l � v�

Let  be the �positive� limiting set of x�t�� Note that  is not empty due
to the boundedness of the trajectories of x�t� on Br� By the continuity of
V �x� we conclude that V �x�� � l for all x� �  and that therefore  � Bl

and �V �x� � � on  � Since  is an invariant set it follows that  �M� Since
x�t� remains bounded within Bv� it follows that x � M as t � � and the
theorem conclusion follows�

Theorem 	 Consider the system de�ned by equation ���� and suppose that
��� � � �I � E� � DT

��D�� � �I 	 � for all x� Suppose also that u � K�x�
for some K such that K��� � �� Suppose that the state vector of P is of the
form �xTw xTs �

T � in which the components xs are stabilisable from u and the
components xw are associated only with weights and are not necessarily sta�
bilisable� Then the closed�loop system �P�K� will be comprehensively stable�
given the following conditions are satis�ed	


 There exists a storage function V � such that V �x� 	 � if xs �� � and
V �x� � � if xs � �� which satis�es the dissipative inequality	

�V �x� �
�



���jj �wjj� � jjzjj��� ���


 The states xs are zero�detectable�

Proof From equation ���� we can calculate that the closed�loop from �w to z
is ��dissipative� Now we only need to prove that the state xs is asymptotically
stabilised� Because the inequality ��� is satis�ed for all �w� for the case when
�w � �� we have

�V �x� � �jjzjj��

Now we appeal to Lemma 	� The set of trajectories for which �V � � is
the set for which z�t� � �� By the theorem hypothesis� �w � � and z � �
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imply limt�� xs�t� � ��

Next� let us go back to the nonlinear disturbance suppression problem�

Theorem 
 Consider the system described by equation �
�� Suppose that the
state vector of the plant P is of the form �xw��

xTs �
T � �xw��

xTw�� x
T
w�

xT� �
T �

where the sub�state xs is zero�detectable� If there exists a function !V �x�� such
that !V �x� 	 � if xs �� � and !V �x� � � if xs � �� which satis�es the following
HJ PDE	

rxs
!V !A�

�



rxs

!V
�
��� !B�

!BT
� � !B�

!E���
!BT
�

�
rxs

!V T � �� ���

then the system �
� can be comprehensively stabilised by the central controller
K��xs�� de�ned as	

K��xs� � � !E��xs�
��� !D���xs�

TC��x� � !B��xs�
Trxs

!V �x�T � ���

In the above equations the terms are given by

!A � !A�xs� �



� Aw��

xw��

Aw�
xw�

A�x�� �B��x��Cw��
xw��

�

 �

!B� �



� Bw��

�
� Bw�

� �

�

 � !B� �



� �

�
B��x��

�

 �

C��x� � xw��
� !D�� � D��� and !E� � !DT

��
!D���

Proof The proof is in Appendix A�

� The structure of the disturbance suppres�

sion output feedback controller for the non�

linear plants

In the linear case� the disturbance rejection output feedback controller nec�
essarily includes an integrator� We now investigate the output feedback con�
troller structure for the nonlinear case� We �rst de�ne a notion of internal
stability�
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De�nition � A closed loop system is internally stable around all constant
operating points if when subjected to inputs composed of the sum of a constant
signal plus signal in L�� all internal states x�t� of the closed loop system
become the sums of constant signals plus a signals in L�� Output stability is
de�ned similarly�

De�nition �� A nonlinear system contains an integrator i� there exist some
initial conditions for the state� and some input signal in L� which results in
the output being the sum of a non�zero constant signal plus a signal in L��

Theorem �� Consider the constant disturbance suppression problem de�
scribed by equations �
� and �
��� Suppose that an output feedback H� con�
troller exists� such that the resultant closed loop is both internally stable and
output stable around all constant operating points in the sense of De�nition
�� Then assuming that the plant P� does not contain an integrator in the
sense of De�nition ��� then the controller must contain an integrator�

Proof Consider the case where �w�� �w� � L� and the input w�� is composed of
the sum of a non�zero constant signal plus a signal in L�� and w� � L�� Since
there is an H� controller� the signal z must obey the dissipation inequality
with respect to �w� and �w�� and hence z � L�� By the properties of w�� and
z� it follows that the demanded controller output u can be described as a
non�zero constant signal plus a signal in L�

Since the closed loop system is stable� it follows that both the plant states
xp and the observed outputs must be able to be described as constant signals
plus signals in L�� Because of our assumption that the nonlinear plant does
not contain an integrator� the observed output y must be a zero constant
signal plus a signal in L��

We now observe that the controller K has an input y � L� and an output
u which is a non�zero constant signal plus a signal in L�� By De�nition ���
the controller contains an integrator�

� Conclusion

This paper presents a modest extension of nonlinear H� theory in order to
solve the constant disturbance rejection problem� We have suggested a non�
linear extension of a concept introduced for the corresponding linear problem�
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that of the ��comprehensively stabilising�� controller� and have achieved an
order reduced HJ PDE for the state feedback problem� Furthermore� we draw
the conclusion that the output feedback controller normally must contain an
integrator for constant disturbance suppression� This method improves our
intuitive understanding of the linear problem�
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A Proof of Theorem 	

Proof Let u � $u� �u� and

�u � �E��x�
��D���x�

TC��x� � � !E��xs�
�� !D���xs�

TC��x� � xw��
����

Then� equation ��� and �� � � together become�

��������
�������

�xw��
� � �w� �xw��

� R�
�xw��

� Aw��
xw��

�Bw��
�w� �xw��

� Rnw�� �
�xw�

� Aw�
xw�

�Bw�
�w� �xw�

� Rnw� �
�x� � A�x�� �B��x��Cw��

xw��
�B��x��$u

z � $u
y � C��x�� � Cw�

xw�
�Dw�

�w�

����

For the system de�ned by equation ����� set

�A�x� � �� Aw��
xw��

Aw�
xw�

A�x�� �B��x��Cw��
xw��

�T

�B��x� �

�
� Bw��

� �
� � Bw�

�

�T
�

�B��x� � �� � � B��x���
T � �C��x� � ��

�D���x� � �� and �E�
�

� �DT
��
�D���

Then according to Theorem �� the HJ PDE for the above system is�

Vxw��Aw��
xw��

� Vxw�Aw�
xw�

� Vx� �A�x�� �B��x��Cw��
xw�

�

�
�



���

�
Vxw�� Vxw�� Vxw� Vx�

	


���

�� �Bw��
� �

�Bw��
Bw��

BT
w��

� �
� � Bw�

BT
w�

�
� � � �

�
��




���
Vxw��
V T
xw��

V T
xw�

V T
x�

�
��


�
�




�
Vxw�� Vxw�� Vxw� Vx�

	


���
� � � �
� � � �
� � � �
� � � B��x��BT

� �x��

�
��
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Now with V the solution of equation ���� we can verify that V �xw��
� xw��
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� x�� satis�es ��
�� For with this identi�cation� !Vxw�� � �� and
equation ��
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This is identical to equation ���� which is true by hypothesis� Since the
solution !V �x� has the property that !V �x� 	 � if xs �� �� !V �x� � � if xs � ��
then from Theorem � we conclude that equation ��
� has a solution that
makes the closed�loop �P�K�� ��dissipative without necessarily satisfying
the closed�loop asymptotic stability condition of Theorem ��

Because xs is zero�detectable by hypothesis� then from the ��dissipativity
property that we have demonstrated immediately previously� and from ap�
plication of Theorem �� we conclude that the closed loop �P�K� is compre�
hensively stabilised�
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