MINIMAL ALMOST CONVEXITY

MURRAY ELDER AND SUSAN HERMILLER!

ABSTRACT. In this article we show that the Baumslag-Solitar group
BS(1,2) is minimally almost convex, or MAC. We also show that
BS(1,2) does not satisfy Poénaru’s almost convexity condition P(2),
and hence the condition P(2) is strictly stronger than M AC. Finally,
we show that the groups BS(1,q) for ¢ > 7 and Stallings’ non-F Ps
group do not satisfy M AC. As a consequence, the condition M AC is
not a commensurability invariant.

1. INTRODUCTION

Let G be a group with finite generating set A, let ' be the corresponding
Cayley graph with the path metric d, and let S(r) and B(r) denote the
sphere and ball, respectively, of radius r in I". The pair (G, A) satisfies the
almost convexity condition ACY,, for a function f : N — R, and a natural
number rg € N if for every natural number r > ry and every pair a,b € S(r)
with d(a,b) < 2, there is a path inside B(r) from a to b of length at most
f(r). Note that every group satisfies the condition AC}; for the function
f(r) = 2r. A group is minimally almost convex, or M AC (called K(2) in
[10]), if the condition ACY,, holds for the function f(r) = 2r — 1 and some
number 7o; that is, the least restriction possible is imposed on the function
f. If the next least minimal restriction is imposed, i.e. if G is ACy,,, with
the function f(r) = 2r — 2, then the group is said to be M'AC (K'(2) in
[10]). Increasing the restriction on the function f further, the group satisfies
Poenaru’s P(2) condition [7, 13] if AC},, holds for a sublinear function
f N — Ry, ie. f satisfies the property that for every number C' > 0 the
limit lim, oo (r — C'f(r)) = oo. All of these definitions are generalizations
of the original concept of almost convexity given by Cannon in [3], in which
the greatest restriction is placed on the function f, namely that a group
is almost conver or AC' if there is a constant function f(r) = C for which
the group satisfies the condition ACc 1. Results of [3, 10, 14] show that
the condition M AC, and hence all of the other almost convexity conditions,
implies finite presentation of the group and solvability of the word problem.
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The successive strengthenings of the restrictions in the definitions above
give the implications AC = P(2) = M'AC = MAC. For this series of
implications, a natural question to ask is, which of the implications can be
reversed? A natural family of groups to consider are the Baumslag-Solitar
groups BS(1,q) := {(a,t | tat™! = a4) with |¢| > 1, which Miller and Shapiro
[12] proved are not almost convex with respect to any generating set.

In the following paper, the structure of geodesics in the Cayley graph of
BS(1,q) is analyzed in greater detail, in Section 2. In Section 3, we use
these results to show that the group BS(1,2) satisfies the property M’'AC.
In Section 4 we show that the group BS(1,2) does not satisfy the P(2)
condition, and hence the implication P(2) = M’'AC cannot be reversed.

In section 4 we also show that the groups BS(1,q) = (a,t | tat™! =
al?) for ¢ > 7 are not MAC. Since the group BS(1,8) is a finite index
subgroup of BS(1,2), an immediate consequence of this result is that both
MAC and M'AC are not commensurability invariants, and hence not quasi-
isometry invariants. The related property AC' is also known to vary under
quasi-isometry; in particular, Thiel [16] has shown that AC' depends on the
generating set.

Finally, in Section 5 we consider Stallings’ non-F P3 group [15], which was
shown by the first author [4, 5] not to be almost convex with respect to two
different finite generating sets. In Theorem 5.3, we prove the stronger result
that this group also is not M AC, with respect to one of the generating sets.
Combining this with a result of Bridson [2] that this group has a quadratic
isoperimetric function, we obtain an example of a group with quadratic
isoperimetric function that is not M AC. During the writing of this paper,
Belk and Bux [1] have shown another such example; namely, they have
shown that Thomson’s group F', which also has a quadratic isoperimetric
function function [9], does not satisfy M AC.

2. BACKGROUND ON BAUMSLAG-SOLITAR GROUPS

Let G := BS(1,q) = {(a,t | tat~! = a4) with generators A := {a,a™!,t,t71}
for any natural number g > 1. Let I" denote the corresponding Cayley graph
with path metric d, and let C denote the corresponding Cayley 2-complex.

The complex C can be built from “bricks” homeomorphic to [0, 1] x [0, 1],
with both vertical sides labeled by a “t” upward, the top horizontal side
labeled by an “a” to the right, and the bottom horizontal side split into
q edges each labeled by an “a” to the right. These bricks can be stacked
horizontally into “strips”. For each strip, ¢ other strips can be attached at
the top, and one on the bottom. For any set of successive choices upward,
then, the strips of bricks can be stacked vertically to fill the plane. The
Cayley complex then is homeomorphic to the Cartesian product of the real
line with a regular tree T' of valence ¢ + 1; see Figure 1. Let # : C — T
be the horizontal projection map. For an edge e of T', e inherits an upward
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FIGURE 1. A brick in a plane, and a side-on view of the
Cayley graph I' for BS(1,4).

direction from the upward labels on the vertical edges of C that project onto
e. More details can be found in [6] (pages 154-160).

For any word w € A*, let w denote the image of w in BS(1, ¢q). For words
v,w € A*, denote v = w if v and w are the same words in A*, and v =g w
if t = w. Let l(w) denote the word length of w and let w(i) denote the
prefix of the word w containing i letters. Then (w~'(i))~! is the suffix of
w of length 4. Define o4(v) to be the exponent sum of all occurrences of ¢
and t~! in v. Note that relator tat 'a~? in the presentation of G satisfies
oi(tat~ta=?) = 0; hence whenever v =g w, then oy(v) = oy (w).

The following Lemma is well-known; a proof can be found in [11].

Lemma 2.1 (Commutation). If v,w € A* and oy(v) = 0 = o,(w), then
VW =G wo.

Let E denote the set of words in {a,a"'}*, P the words in {a,a™!,t}*
containing at least one t letter, and N the words in {a,a™!,#71}* containing
at least one ¢! letter. A word w = wjwy with w; € N and wy € P, then,
will be referred to as a word in NP. Finally, let X denote the subset of
the words in PN with t-exponent sum equal to 0. Unions of these sets will
be denoted by parentheses; for example, P(X) := P U PX. The following
Proposition is proved in [8].

Lemma 2.2 (Classes of geodesics). A word w € A* that is a geodesic in T'
must fall into one of four classes:

(1) E or X,

(2) N or XN,

(3) P or PX,

(4) NP, or NPX with o¢(w) > 0, or XNP with o¢(w) < 0.

Analyzing the geodesics more carefully, we find a normal form for geodesics
in the following Proposition.
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Proposition 2.3 (Normal form). If w € A* is a geodesic in G = BS(1,q),
then there is another geodesic W € A* with W = W such that for w in each
class, W has the following form (respectively):

(1) @ = a for |i| < Cq where Cq := |4 +1] if ¢ > 2 and Cy := 3, or
W =wy € X,

(2) W =wotra™ - t7La™e with |m;| < | ] for all j, e > 1, and either
wo = a* for |i| < Cy orwy € X,

(3) W = a™t---a™1twy with |nj| < 4] for all j, f > 1, and either
wo = a’ for |i| < Cy or wy € X,

(4) Either @ = t=€a™fta™f-1---a™twy with 1 < e < f, or w =
wot~ta™ -t~ lamet) with 1 < f < e, such that |mj| < %] for
all j, and either wo = a* for |i| < Cy or wg € X. Note that if
oi(w) = 0 then e = f and either expression is valid.

In every class the word wg € X can be chosen to be either of the form wy =
thast=takn-1...aMt=1aM or wy = afota™ - ta*r-1tast™" with |k;| < |1]
forallj, 1<|s|<q—1ifqg>2,2<|s|<3ifq=2, and h > 1.

Proof. Note that the natural number ¢ = |4 +1] + [ —1].

For a geodesic w in class (1), if w € E, then w = a’ for some 4. If
q = 2, then a*% = ta®™t~! so |i| < 6, and the words a™***) have normal
form ta*?t 'a*™* € X for k = 0 and k = 1. If ¢ > 2, then qthe relation

tat~! =¢ a? can be reformulated as qFl3 1+t = taTlt g F 311 f q
is even, then a*2%2 is not geodesic, so |i| < |4 +1]. On the other hand,
if ¢ is odd, then ai%l‘ﬂ =a tailt_laqt(%_m SO ai%“ is not geodesic;
hence |i| < [ 4 1] + 1, and the words aFL3 U+ have a normal form in X.

Next suppose that w is a geodesic in class (2). Then w € (X)N, so
w = wht talt~tal2 ... +71ale for some word wj in class (1), e > 1, and in-
tegers ;. Again we reformulate the defining relation of G, in this case to
t=1gFB ) = ¢t 15FUE-1D If ¢ is odd, then we may (repeatedly)
replace any occurrence of t—1gELE+1 by atlt=1qF 31D, If q is even,
t~taFL3 1 is not geodesic, so l;| < |4] for all j and replacements are
not needed. In both cases, then, we obtain a geodesic word of the form
witta™t™a™m2 .. t71a™e with each |mj| < |4] and w( in class (1); to
form the normal form 0, then, replace w( by its normal form.

The proof of the normal form for geodesics in class (3) is very similar,
using the relation a2+t = T3 1DgaEL,

Suppose next that w is a geodesic in class (4) with oy(w) > 0. Then
w = t~tak .. gke-1t=Lalitali-1 .- alttw]) with w)) in class (1), 1 < e < f,
and each kj,l; € Z. First use Lemma 2.1 to replace w by the geodesic word

t=Calrtake—1 -1 pgFitli—eripgli—eqpgtali—e-1 - ol tw)).

To complete construction of the normal form w from this word, replace the
subword alft - - - a'ttw)) by its normal form from class (3).
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The constructions for the normal forms of geodesics w in class (4) with
o¢(w) < 0, and of geodesics wy € X, are analogous. O

3. THE GrROUP BS(1,2) saTISFIES M'AC

Let G := BS(1,2) = (a,t | tat~! = a?) with generators A := {a,a™',t,t71}.
In this section we prove, in Theorem 3.5, that this group is M AC. We begin
with a further analysis of the geodesics in G, via several lemmas which are
utilized in many of the cases in the proof of Theorem 3.5.

Lemma 3.1 (Large geodesic). If w is a geodesic of length r > 200 in one
of the classes (1), (2), or (3) of Proposition 2.3 and |ot(w)| < 2, then w is
in either X, XN, or PX, respectively. Moreover, the X subword of w must
have the form wiwy with wy € P and wy € N such that o (w1) = —o(we) >
10.

Proof. Suppose that w is a geodesic in either E, N, or P of length r» > 200,
and |oy(w)| < 2. Then w contains at most two occurrences of the letters ¢
and t~!. As mentioned in the proof of Proposition 2.3, a*® = ta®3t~! so
a’ is not geodesic for |j| > 6. Hence w contains at most 15 occurrences of
the letters a and a~! interspersed among the t*! letters. Then I(w) < 17,
giving a contradiction. U

Given a word wg € X, there is a natural number k € N with wy =¢ a¥;
denote 1wy := af. If w is a geodesic word in EU N U P U NP, then let
w := w. Combining these, for any geodesic word w = wow (or w = wywy)
with wyg € X and wy € NU P U NP, define w := wow; = aFwq (or w :=
wiy = wia®, respectively). Then @ € N UPUNP, and the subword w; is

geodesic.

Lemma 3.2. If w is a word in NP, NPX or XNP, and w contains a
subword of the form t~'a®'t with i € Z, then w is not geodesic.

Proof. The word w can be written as w = wowiwe with wy; € NP and each
of wp and wsy either in X or E. Since W = wWowiwWs contains the subword
t~1a%t € NP, the word t~'a?'t must be a subword of wy, and hence also of
w. Since t71a%'t =g a’, this subword is not geodesic, and hence w also is
not geodesic. ([

Lemma 3.3. If w is any word in NP or NPN and w =¢ 1, then w must
contain a subword of the form t~'a®t for some i € Z.

Proof. Since G = BS(1,2) is an HNN extension, Britton’s Lemma states
that if w € NP(N) and w =g 1, then w must contain a subword of the
form ta’t~! or t1a?t for some i € Z. If w € NP then w must contain the
second type of subword.

If w e NPN, then w = wywows with wy, w3 € N and wy € P. Since
or(wr) < 0and 0 = 0¢(1) = o (wy) + or(w2) + or(ws), or(we) > o (ws) and
the word wows € PX. Then wows = waws with wy € P and ws € X, and
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the word wywaws € NP with wywsws =g w =¢ 1. Then Britton’s Lemma
applies again to show that the prefix wjwy of w must contain a subword of
the form t~1a?t for i € Z. O

Lemma 3.4. If w and u are geodesics, w € NPUXNPUNPX, o4(w) <
ot(u), and 1 < d(w,u) < 2, thenu € NPUXNPUNPX and for some
wy,u1 € N and wa,us € P with oy(wy) = or(u1), 0 = wiwe and & = ujusg.

Proof. The definition of w shows that we can write W = wiws with wy € N
and we € P. Let v label a path of length 1 or 2 from W to w; since o (w) <
oi(u), then v € E'U P. Proposition 2.3 says that « € EUP UN UNP.
Since w is a geodesic, Lemma 3.2 implies that @ cannot contain a subword
of the form t~1a?t for any integer . Then Lemma 3.3 says that the word
wyu~!, which represents the trivial element 1 in G, cannot be in NP(N).
Therefore t ¢ EUPUN,sow € NP. Henceu e NPUXNPUNPX.
We can now write @ = ujug with w1 € N and us € P. The word a_lw'y =
Uy 1uf1w1w27 is another representative of 1. Repeatedly reducing subwords

ta’t~! to t¥ in the subword ul_lwl € PN results in a word ul_lwl e FU

PUN. Then 1 =¢ uy 'u] 'wiwey € NP(N), so this word must contain a
subword of the form ¢ ~!a?t for some integer i. Since w and u are geodesics,
wiwz and uy 1u1_1 cannot contain such a subword. Therefore we must have

ul_lwl € E. Hence o¢(w1) = o¢(uq). O

We split the proof of Theorem 3.5 into 10 cases, depending on the classes
from Proposition 2.3 to which the two geodesics w and u belong. In overview,
we begin by showing that the first three cases cannot occur; that is, for a
pair of length r geodesics w and u in the respective classes in these three
cases, it is not possible for d(w, @) to be less than three. In cases 4-6, we
show that a path 6 can be found that travels from @ along the path w™! to
within a distance 2 of the identity vertex, and, after possibly traversing an
intermediate edge, § then travels along a suffix of v to w. In case 7 we show
that the path § can be chosen to have length at most six, traveling around
at most two bricks in the Cayley complex. In case 8 there are subcases in
which each of the two descriptions above occur, as well as a subcase in which
the path 0 initially follows the inverse of a suffix of w from w, then travels
along a path that “fellow-travels” this initial subpath, and then repeats this
procedure by traversing a fellow-traveler of a suffix of u, and then traveling
along the suffix itself to u. In cases 9 and 10, the paths ¢ constructed in
each of the subcases follow one of these three patterns.

Theorem 3.5. The group G = BS(1,2) = (a,t | tat™! = a?) is M'AC with
respect to the generating set A = {a,a”',t,t='}. In particular, if w and u
are geodesics of length r > 200 with 1 < d(w,u) < 2, then there is a path §
inside B(r) from w to u of length at most 2r — 2.

Proof. Suppose that w and u are geodesics of length » > 200 with 1 <
d(w,u) < 2. Using Proposition 2.3, by replacing w and u by w and @
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respectively, we may assume that each of w and w are in one of the normal
forms listed in that Proposition. Using Lemma 3.1, we may assume that
neither w nor w is in F.

Let v be the word labeling a geodesic path of length at most 2 from w to
, so that wyu~! =g 1. Since d(w,u) > 1,

Then + is in one of the sets £/, P, or N.

We divide the argument into ten cases, depending on the class of the
normal forms w and w from Proposition 2.3, which we summarize in the
following table.

Case Class of w | Class of u Case Class of w | Class of u
Case 1: | (4) (1) Case 6: | (3) (3)
Case 2: | (4) (3) Case 7: | (2) (2)
Case 3: | (2) (3) Case 8: | (1) (3)
Case 4: | (1) (1) Case 9: | (2) (4)
Case 5: | (1) (2) Case 10: | (4) (4)

This table represents a complete list of the cases to be checked. In par-
ticular, if w is in class (2) and w in class (1), then the inverse of the path in
Case 5 will provide the necessary path 4, and similarly for the remainder of
the cases.

Case 1: w is in class (4) and w is in class (1). Then w is in either NP,
NPX or XNP,and u € X. Since w € NP, @ € F, and the path ~ is either
in £, N or P, then 1 =g wyu ! =g wya~' € NP(N) (that is, replacing
the X subwords of w and u by powers of a). By Lemma 3.3, 1w~y ~! contains
a subword of the form t~1a?$t € NP, which therefore must occur within .
Then Lemma 3.2 says that w is not a geodesic, which is a contradiction.
Hence Case 1 cannot hold.

Case 2: w is in class (4) and w is in class (3). Then w is in either NP,
XNP or NPX, and u € P(X). In this case 1 =g wya~' € NPN, and the
same proof as in Case 1 shows that Case 2 cannot occur.

Case 3: w is in class (2) and w is in class (3). Then w € (X)N and
u € P(X). Since o¢(w) < 0 and o(u) > 0 then we must have oy (w) =
—1, o¢(u) = 1, and v = t?. Lemma 3.1 says that w € XN, and u €
PX. Since w is in normal form, w = @ = wgt 'a’ with |i| < 1 and
wo € X, and similarly v = a’tug with [j| < 1 and ug € X. Then
1 =g wyi~! =g wot 'a't?iy 't a7 € NPN. Lemma 3.3 then says that
wot_laitQQalt_la_j contains a subword of the form ¢t~1a?%t for some s € Z,
so ¢ must be a multiple of 2, and hence ¢ = 0. Using the last part of Propo-
sition 2.3, we can further write the normal form for wy € X as wg = wit ™1,
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FIGURE 2. Case 6: w = a'twiwp, u = a~‘tujug.

so w = w;t~ 2. Then u =g wy =g w(r — 2), contradicting the hypothesis
that u is a geodesic word of length r. Thus Case 3 does not hold.

Case 4: Both w and u are in class (1). Then w and u are both in X. From
Proposition 2.3 the normal forms w = w and w = 4 can be chosen of the
form @ = thw; and 4 = tiu; with h,i > 0 and wy,u; € N. Then w and u
have a common prefix t = w(1) = u(1), and the path § := w; 't~ (r=D=1ly,

from w through w(1) to @ has length 2r — 2 and stays inside B(r).

Case 5: w is in class (1) and u is in class (2). Then w € X and u € (X)N.
In this case oy(w) = 0, oy(y) = or(w™tu) = op(w) + oy(u) = o4(u), and
ot(u) < 0, so o¢(u) is either —1 or —2. The hypothesis that r > 200 and
Lemma 3.1 imply that « € X N. Then both of the normal forms @ and @
can be chosen to begin with ¢, and the same proof as in Case 4 gives the

path 6.

Case 6: Both w and w are in class (3). In this case both w and u are in
P(X). Without loss of generality assume that o¢(w) < o¢(u), so o(y) > 0
and v € FU P. Since both w and u are in normal form, w = a‘twywo
and u = a’tujup with wi,uy € PUFE; wo,ug € X U E; and [if,|j| <
1. Then 1 =¢ v ‘wy =¢ ﬂaluflt_lai_jtwlwo'y € NP. By Lemma 3.3,
ualul_lt_lai_jtwlﬁ)o’y has a subword of the form t~1a?t, so i—j is a multiple
of 2 and hence either i = j with 0 <|i| <1 or i = —j with [i| = 1.

If i = j then w and v have a common prefix a’t = w(1 + |i|) = u(1 + |i]).
The path 0 := w 1w1_ Luqug from w follows the suffix wjwgy of w backward
to w(1 + |i]) and then follows the suffix ujug of u to @, remaining in B(r).

If i = —j with |¢| = 1, define the path

6:= w()_lwl_la_iuluo =G wo_lwl_lt_la_ia_ituluo =wlu =G 7.
Then § labels a path of length 2r — 3, traveling along w™! from @ to
wd(r —2) = w(2), then along a single edge to wdo(r — 1) = u(2), and fi-
nally along a suffix of u to @, thus remaining in B(r). (See Figure 2.)
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FIGURE 3. Case 7.3: w = wowit~ !, u = uouit~ta? .

Case 7: Both w and u are in class (2). In this case, both w and u are in
(X)N. We can assume without loss of generality that o¢(w) < o¢(u), so
again o4(y) > 0and vy € EU P.

From Proposition 2.3 we have w = wowit 'a’ and v = uouit ‘ol with
wo,up € X UE; wy,u1 € NUE; and |i],|j] < 1. Thus 1 =¢ wya ! =
wowlt_lai’ya_jtul_lﬁgl € NP. By Lemma 3.3 the latter contains a subword
of the form t~'a?t, and so t~'a’ya~7t must contain this subword.

Since v € EU P, then v € {t,t?,ta™!, a*'t,a*!, a2}, and we may divide
the argument into four subcases.

Case 7.1: v € {t,a™t}. Then t~'a?*t must be a subword of t~laty. If
v = t, then since |i| < 1 we have i = 0 and w = wowit™t, so u =g wy =g
w(r —1). If v = a4, then |i| = 1, and v = a®t. If v = a't, then
u =g wy = w(r — 2)t laa’t =g w(r — 2)a;. Finally, if v = a~%, then
u =g wy =w(r—2)t"ta’a"t =g w(r —2). All three of these options result
in a contradiction of the fact that u is a geodesic of length r, so subcase 7.1
can’t occur.

Case 7.2: v € {t?,ta™'}. In this subcase, t~'a?*t must be a subword
of t7ta’t again, so i = 0 and w = wowit~*. Note that v(1) = ¢ and
wy(1) =g w(r —1). Then ~ is a path of length 2 inside B(r) from w to wu.
In this subcase, we may define the path § := ~.

Case 7.3: v € {a™'}. Write v = o with |k| = 1. Recall that 0 < |i| < 1.

If i = 0, then t~'a?t must be a subword of t~'aFa=7t, so 2|(k — j) and
|j| = 1. Then v = a™. If y = @/, then w =¢ uy~! = u(r — 2)t 'ala™ =¢
u(r — 2)t~1, contradicting the length 7 of the geodesic w. Thus v = a~7.
The word § := ta 7t 'a? =g a7 labels a path from @ to @ of length 4.
Since wé(1l) =g w(r — 1) and wd(2) =g u(r — 2), the path ¢ stays inside
B(r), and hence satisfies the required properties. (See Figure 3.)

If i| = 1, then we can write v = a®. If v = a7, then u =g wy =¢
w(r — 1), again giving a contradiction; hence v = a’. Note that the word
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t~1a?t must be a subword of t~ta*a~7t, so 2|(2i — j) and j = 0. Defining
§ := a"'ta't™! =g d’, then J labels a path of length 4 from W to u, with
wd(2) =g w(r — 2) and wd(3) =g u(r — 1), so the path remains in B(r) as
required.

Case 7.4: v € {a*?}. Write v = o with |k| = 1. As in the previous
subcase, we consider the options i« = 0 and |i| = 1 in separate paragraphs.

If i = 0, then t~'a?%t must be a subword of t~'a?*a~Jt, so j = 0. Then
the length 3 path labeled by ¢ := ta*t~! from W to u traverses the vertices
represented by wd(1) =g w(r — 1) and wd(2) =¢ u(r — 1), hence remaining
in B(r).

If |i| = 1, then v = a®?'. If v = a2, then wy(1) =g w(r — 1), so we may
define 6 := ~.

If |i| = 1 and v = @', then ¢t~ 'a?$t must be a subword of t'a%a~7t. Thus
|7l =1, so j = =+i. If j =4, then wy(1) =g u(r —1), so again the path ¢ := v
has the required properties. If j = —i, then the path of length 6 labeled by
§ = a"ta®t 'a" =g a® starting at W ends at . Since wd(2) =g w(r —2)
and wd(4) =¢ u(r — 2), this path also remains within B(r).

Case 8: w is in class (1) and u is in class (3). Then w € X and u € P(X).
In this case, o¢(w) = 0, or(u) > 0, and o(u) = or(w) + o(y) = o1(7), so
0 < oy(u) = oy(y) < 2. Thus v € P, so v € {t,ta™!, 2, a*1t}.

Suppose vy € {t, tat!, t2}. By Proposition 2.3 and Lemma 3.1, the normal
form w can be chosen in the form w = w;t~" with w; € P and h > 10. Then
the length r geodesic u cannot represent wt =g w(r —1) or wt? =, w(r —2),
so v # t and  # t2. For vy = ta™!, since wy(1) =¢ w(r — 1), we may define
0 :=".

Suppose for the rest of Case 8 that v = a®'t and write v = a™t with
|m| = 1. Proposition 2.3 says that the normal form w can also be chosen
in the form w = twot ta’ with wo € X and 0 < |i| < 1. If i = m, then
u =g wy = twot ta™a™t =g w(r — 2)a™, and if i = —m, then u =g
twot~ta"™a™t = w(r — 2), both contradicting the geodesic length r of w.
Then i = 0 and w = twot~! with wp in X. We also have o;(u) = o4(7y) = 1,
and Lemma 3.1 implies that © € PX, so the normal form u = a’tugy with v
in X and [j] < 1.

If 7 = 0 then w and u have a common ¢ prefix, and the path § := two_luo
has the required properties.

Suppose for the remainder of Case 8 that |j| = 1. Then either v = a’t or
v = a~Jt; we consider these two subcases separately.

Case 8.1: v = a’t. Applying Lemma 2.1 to commute the subwords in paren-
theses with zero t-exponent-sum, 1 =g wyu" ' = twgt_l(aj)(tuo_lt_l)a_j =a
twou ltfl, which yields wy =g ug. By Proposition 2.3 we can replace each
subword with a normal form wy = ug = vta®t P such that 2 < |k| < 3 and
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FIGURE 4. Case 8.1: w = tvta"t P~ u = altvta®t P,y = a’t.

v € P with o,(v) = p— 1. Since r > 200, Lemma 3.1 implies that p > 10.
Let s := sign(k). Then w = tvtal**t= 1) and u = altvtallst=?.

Consider the path § := tPa~25t"PaltPa®$t' 7P starting at w. Using Lemma
21,

6 = (Pa=2t7P) (! )tPa®t= PV =¢ (a/)(tPa 2t )Pt~ P~ =4 alt = ~,

so 0 labels a path from w to w. This path ¢ both follows and “fellow travels”
suffixes of w and u; see Figure 4 for a view of this path, shown in shading,
when k£ and j have the same sign.

In order to check that § remains in the ball B(r), we analyze the distances
from 1 of several vertices along the path J, and together with the lengths
of the subpaths between the vertices. The prefix P of § is the inverse of
a suffix of w, so starting from w the path § follows the path w backward.
Then d(1,wd(i)) =r —i for 0 < i < p and wd(p) =g w(r —p). The point
wd(p + 1) must then also lie in the ball B(r — (p — 1)). Since wd(p +2) =
wtPa=2 =g w(r —pla=? =g w(r —p)ta=t™! =g w(r — (p+2))t71, the
point C' := wd(p + 2) must lie in the ball B(r — (p + 1)). Then the initial
segment of § of length p + 2 from w to C lies inside B(r).

Similarly, the suffix t~(P=1) of § is also a suffix of u, so d(1,Wo(3p + 5 + 1)) =
r—(p—-1)+ifor 0 <i<p-—1and wé(3p+5) =g u(r —(p—1)). The
point wé(3p +4) € B(r — (p—2)). Since wé(3p + 3) =g wé(3p + 5)a"2* =g
u(r—(p—1))ta=t~! =g a/tvta*st~1ta=5t=1 =g u(r— (p+1))t!, the point
D := wé(3p + 3) must lie in the ball B(r — p). So the final segment of ¢ of
length p 4+ 1 from D to @ also lies in B(r).

Finally, the central section labeled ¢~Pa?t? of the path ¢ from C € B(r —
(p+1)) to D € B(r — p) has length 2p + 1, and hence never leaves the ball
B(r). The entire path ¢ has length 4p + 4, whereas r = [(v) + |k| +p+ 3 >
(p—1)4+2+p+3=2p+4,s0l(d) <2r—4. Thus the path ¢ has the
required properties in this subcase.
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Case 8.2: v = a~Jt. Applying Lemma 2.1 again yields 1 =¢ wyu™!' =

twot (a7 (tug 't a T =g twotHtuy 't eI a T =¢ twouy la It im-
plying that ug =¢ aJwy. Plugging this into the expression for u gives
u = a’tuy =g a’tawy =g a Itwg. Note that r = I(w) = I(wg) + 2, so
a~Jtwy is another geodesic from 1 to w. Replacing u with a~/twg, we can
now find the path ¢ using subcase 8.1.

Case 9: w is in class (2) and u is in class (4). Then w € (X)N and u
is either in NP, XNP, or NPX. Since w ¢ (X)NPU NPX, Lemma 3.4
says that oy(w) < oy(u). Therefore o¢(vy) > 0, so v € {t, %, a™t, ta™'}. We
divide this case into two subcases, depending on the t-exponent sum of u.

Case 9.1: oi(u) < 0. By Proposition 2.3, the geodesic normal form u =
ugurt~ta™etf with ug € XUE, u1 € N, jme|] = 1, and 1 < f < e =
lo(u1)] + 1.

Case 9.1.1: v € {t,t?,a*'t}. Then v and u share a suffix ¢, so u(r — 1) =
uy~Y(1). The geodesic w # u(r — 1), so v # t. For v € {t?,a*'t}, the path
0 := 7 has the required properties.

Case 9.1.2: v € {ta™'}. Write v = ta* with |k| = 1. Also write w = wow;
with wg € X U E and wy € N. Then
1=¢ iw_lﬂ)_l = ﬂoult_lametfa_kt_lwflwal
=a ﬁoult_lamﬂtf_la_%wl_lﬁ)gl e NP.

Lemma 3.3 implies that the latter word must contain a non-geodesic t~1a?%t
subword. Then the first occurrence of a ¢ must be in w; L so f=1. Write
u = uwpuit ta™et = wgujt with u} := uit~ta™e € N. Note that w =g
uy ™t =g upufta Ft =g u(r—1)a"2*. Let v := uguja™* = u(r—1)a=* =g
wa®. The vertex © € B(r). If v € B(r — 1), then the path § := a?¥¢ from
w to u satisfies wi(1l) =g v and wo(2) =¢ u(r — 1), so 4 is a path of length
3 inside B(r) from w to w. On the other hand, if v ¢ B(r — 1), then v is a
length r geodesic in (X)N, and w =g va™ so d(v,u) = 1. Applying case
7.3 to the geodesics v and w in class (2), there is a path § of length 4 inside
B(r) from w to . Let & := §’aFt. Then § is a path of length 6 from w to u
inside B(r).

Case 9.2: oi(u) > 0. Since o¢(w) < 0 and o¢(w) + o4(y) = o¢(u) then we
must have oy(w) = —1, o4(u) = 1, and v = t2. By Proposition 2.3 and
Lemma 3.1, w = wot™'a’ with wy € X, |i| <1, wg = vta®t P~ with v € P,
oi(v) =p>9, and 2 < |k| < 3. Since u =g wy = vta*tPt~2a't? and u has
geodesic length r = l(w) = I(v) + |k| + |i| + p+ 3, then ¢ # 0. Using Lemma
2.1, u =g (t~'a’t)(vta*t P~ Nt. The word z := t~'a’tvtaFtP is another
geodesic labeling a path from the identity to .
Let s :=sign(k), and define the path

§ 1= a P25y (01221 25— (p=1)
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starting at w. Using Lemma 2.1, _

5 =¢ a—pt1lg—2s54—(p—1) (tp—1a25t—(p—1))(t*2a’t2) = 2 = v,
so0 0 labels a path from w to @ = Z. The length I(§) = 4p+ 8, and the length
r=1lw)=1v)+|k|+p+4>2p+6,s0l(6) <2r—4.

The proof that § remains in B(r) is similar to case 8.1. In particular,
note that wdé(p+2) = w(r — (p+2)) € B(r — (p+2)). Since wd(p+4) =
(vta"t=Pt=2a") (a" 1P a=2%) = vta* 5t =g w(r — (p +4))t~!, the point
wé(p+4) € B(r—(p+3)). Alsowd(3p+9) =z(r — (p—1)) € B(r—(p—1)).
Finally, since wé(3p + 7) =¢ z(r — (p — 1))a™2® =¢ t Laltvta*t a2 =g
t~Laitvta*=*t=1 =g x(r — (p+ 1))t~ then the point ws(3p + 7) € B(r —p).
Then the five successive intermediate subpaths of § between w, these four
points, and @ are too short to allow J to leave B(r).

Case 10: Both in class (4). In this case both w and w are in (X)NPUNPX.
We may assume without loss of generality that o(w) < o¢(u). It follows
that oy(y) > 0, so v € {a*!, a2, a*'t, ta™?, ¢, %}.

We divide this case into three subcases, depending on the t-exponents of
w and u.

Case 10.1: o (w) > 0 and o4(u) > 0. In this case Proposition 2.3 says that
we have geodesic normal forms u,w € NP(X), and moreover w = t Plw/
and u = t P24/ with p; > 0, p2 > 0, and w',v/ € P(X). Thus w(l) =t~ =
u(1), and we may define § := w'~1tPr—1¢=(P2=1)y/,

Case 10.2: o¢(w) < 0 and o¢(u) < 0. In this subcase, we have normal forms
w,u € (X)NP, and we can write

w = wowlt_lailtfl and U= uoult_lahtf2

with wo,ug € XUE, w1 € N,ui € NUE, fi > 1, fo > 1, ot(wl) < —-fi,
oi(u1) < —(fe — 1), and |i1| = |iz] = 1. Lemma 3.4 implies that o(wq) =
ot(u1). Then oy(wy) = or(w1) — 1+ fi1 +oe(y) = o(u) = o¢(u1) — 1+ f2, so
fa=fi+oai(y) > f1.

Case 10.2.1: v € {t,tQ,ailt}. Since the last letter of u is t, the proof of
Case 9.1.1 shows that v # ¢, and for v € {t?,a*'t}, we may define 6 := ~.

Case 10.2.2: v € {a™'}. Write v = a* with |k|=1. The word 6 := t~'a?*t
labels a path of length 4 from w to @w. Since both words w and w end with
a t, then wd(1l) =¢ w(ry) and wH(3) =g u(r — 1), hence § lies in B(r).

Case 10.2.8: v € {ta*'}. Write v = ta* with |k| = 1. In this subcase, fo =
fi+oi(y) = fi +1> 2. Then the word w ends with a ¢ and u ends with #2.
Now u = u(r — 1)t =¢ wy = wta® =g wa®*t. Let v := u(r — 1)a™* =¢ wad".
Then v € (X)NP and v € B(r). The remainder of the proof in this subcase
is similar to Case 9.1.2. If v € B(r — 1), then ¢ := a?¥t has the required

properties. If v € B(r — 1), then Case 10.2.2 provides a path & = t~1a?*t



MINIMAL ALMOST CONVEXITY 14

inside B(r) from @ to T, and the path 6 := §'a*t = t~1a**ta*t from @ to
satisfies the required conditions.

Case 10.2.4: v € {a*?}. Write v = a®* with |k| = 1. In this case we have
oy(u) = oy(w) < 0and fo = f1 +0u(v) = f1.

The radius r = l(w) = l(wo) + l(w1) + 2+ fr > o(w1) +2+ f1 >
2f1 +2. If r = 2f; + 2, then w = t~ 17 1g"tN and v = t~ 1~ 1aP2th,
Since w # w, then iy # i3, SO0 i9 = —iy. Since r > 200, then f; > 1.
Now u_lw’y = (t_fl_laiQtfl)_l(t_fl_lailtfl)a2k = t—(fl—l)ahtfl—l)a% :
according to Britton’s Lemma, this last expression cannot equal the trivial
element 1 in G. Thus the radius r # 2f1 +2, sor > 2f1 + 3.

Define § := t~/1(a=)(t/1a?kt=/1)a"1t/1. Using Lemma 2.1 to commute
the subwords in parantheses, and freely reducing the resulting word, shows
that § =g a?* = v, so § labels a path from @ to @. The length I(y) = 4f; +
4=2(2f1+3)—2 < 2r—2. The prefix §(f1 +2) = w™(f1 +2) is the inverse
of a suffix of w, so wé(f1 +2) = w(r—(fi+2)) € B(r — (f1 +2)). The
word ¢/ is a suffix of both ¢ and u, so wé(3f1 +4) = u(r — f1) € B(r — f1).
The three subpaths of § between w, the two points above, and u are again
too short to allow § to leave B(r).

Case 10.3: o1(w) < 0 and oy(u) > 0. Then v = t2, oy(w) = —1, and oy (u) =
1. From Proposition 2.3, the normal form w = wot " ta™t=1 ...t~ tamrtP~1
with either wy € X or wy = a* € E for some |k| < 3, p > 2, and |m,| = 1.
Using Lemma 2.1, then the word w := wot™Pa™?ta™»-1 ---ta™ is another
geodesic representative of w. The normal form for u € NP(X) has the form
u = t"%a’tuiug with e > 1, |j| = 1, u1 € P with o4(u1) = p, and up € XUE.
Lemma 3.4 shows that p = e. Replacing w by the alternate normal form b,
then we can write

w = wot Pa'twy and u=t"Paltujug

such that either wy € X or wo = a* for |[k| <3, p>2,|i| =1, ws € PUE
with o(w2) =p—2, |j| =1, u1 € P with o¢(u1) =p, and up € X U E.

We will divide case 10.3 into further subcases, depending on the form of
wp and the length of ws.

Case 10.3.1: wg € X. In this case Proposition 2.3 says that we can write
wo = wsta®t™! with I > 1, w3 € PUE, o4(w3) =1—1, and 2 < |m| < 3. Let
s = +1 be the sign of m, so that m = |m|s. Then

w = wsta ™5t Paitw,

The radius 7 = l(w3) + l(w2) + |m| +1+p+3 > or(wz) + l(w2) +1+p+5 =
I(ws) + 21+ p + 4.

Applying Lemma 2.1, we obtain u =g wt? = (wsta™5t 1) (t Pa‘twqt)t =¢
t~Paitwsotwsta™st==1)  Then

i = t P twotwsta ™5t 1)
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is another geodesic representative of w.

Case 10.8.1.1: | > 2. Define
§ = (wy 't taTHP ) (Ha 2 P D gltwotla®me (52

Applying Lemma 2.1 to the subwords in parantheses shows that § =g 2 = ,
so d labels a path from w to @ = w. The length 1(§) = 2l(ws) + 4l +2p+4 <
2r — 4.

The vertex wo(l(wz) +p+1+1) = w(ir — (l(w2) +p+1+1)) € B(r —
(l(wg) + p + 1+ 1)). Now wé(l(wz) +p+1+3) =¢ watad™st"1a"2 =4
wsta™ =5t~V (r— (I(wo) +p+1+3))t L, implying wd(l(wq) + p + 1 + 3)) €
B(r — (I(wg) 4+ p 4+ 1 +2)). The suffix t-(=2) of § is also a suffix of i,
so wo(2l(wa) +3l+2p+6) = a(r—(1—2)) € B(r — (I —2)). Finally,
w6 (21 (wa)+314+2p+4) =g u(r—(1-2))a=2* =g t Pa‘twstwstal ™t a2 =4
t=Pattwytwsta™ =151 so wd (2l (wy) + 31 + 2p + 4) = u(r — )t~ € B(r—
(I—1)). The five subpaths of § between w, these four points, and u are each
too short to leave B(r).

Case 10.3.1.2: | = 1. In this case define
§ = (wy P (a2t P gl twgt?a®

Commuting the subwords in parantheses, then § =g t?> = v and § labels a
path from w to w. The length I(§) = 2l(w2) +2p+9 = 2l(w2) +4l+2p+5 <
2r — 3.

The proof that § remains in B(r) is similar to Case 10.3.1.1. In particular,
wé(l(wz) +p+2) = wlr = (l(wz) +p+2)) € B(r — (r — (l{w2) +p +2)),
wo(l(w2) +p+4) = w(r — (l(we) + p+4))t=1 € B(r— (r— (l(w2) +p+3)),
wo(2l(we2) + 2p + 8) = u(r — 1) € B(r—1), and the four successive subpaths
between w, these three points, and U are too short for § to leave B(r).

Case 10.8.2: wo = a* with |k| < 3, and l(wy) = p— 2. Since oy(w2) = p — 2,
then wy = t*~2 and w = a*t Pa’tP~! with p > 2 and |i| = 1. Recall that
u = t~Pa’tujug with [j| = 1 and oy(u1) = p. The radius r = |k| + 2p =
p+ 2+ l(uluo), SO ’k‘ = l(u1u0) —p+ 2> 2.

If |k| = 2, then I(ujup) = p and u = t~Pa’tP*!. The trivial element
1 =¢ wt?u=! = dFt Paitr= 142~ P g0t = okt PalaItP. Since aF #¢ 1,
i # j. But dftPata’t? =g aFt~P~Dait®=1) and Britton’s Lemma says that
the latter word cannot represent the trivial element 1, so i # —j. Therefore
we cannot have |k| = 2.

If |k| = 3, then l(ujup) = p+1 and o¢(u1) = p, so the word ujug contains
one occurrence of a or a~'. Write ujug = tPa't?~? for some 0 < b < p and
I| = 1. Then wt?u~! freely reduces to a*tPa't(t’a="t=*)(a=7)t?. Commut-
ing the paranthetical subwords and reducing again gives 1 =g wt?u~! =g
aftPaita—Itba~"4P~t. This word is in NP, and doesn’t contain a subword
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of the form t~'a?"t, so Britton’s Lemma (or Lemma 3.3) implies a contra-
diction again. Therefore case 10.3.2 cannot occur.

Case 10.8.3: wy = a* with |k| <3 and l(ws) > p — 1. In this case we have
the geodesic normal forms w = aFt~Paitwsy and u = t Paltujug. The radius
r=1(wse) + |k| +p+ 2 = (urug) + p + 2. We have two subcases, depending
on whether i = j or i # j.

Case 10.8.3.1: i = j. In this subcase note that v = t> =g w™lu =

w;lt_l(a‘j)(tpa_kt_p)ajtuluo. Applying Lemma 2.1 and reducing shows
that the word ¢ := w;ltpfla*kt*(pfl)ulug =g 7, and so J labels a path
from w to w. The length [(d) = 2r — 6.

As usual we analyze the distances from 1 of several vertices along the path
J. wi(l(wz)) = w(r —l(we)) € B(r — l(ws)), wé(l(wa) +2p—2+|k|) =
u(r —l(ugug)) € B(r — l(ugug)), and the three intervening subpaths are
each too short to allow § to leave B(r).

Case 10.3.3.2: i = —j. Similar to Case 10.3.3.1, after commuting and
reduction we have v =¢ w™tu =¢ wz_ltpfla*kt*pajajtuluo. Then the word
o = w;ltp_lwalt_(p_l)ajuluo =¢ 7 labels a path from w to @ and has
length [(0) = 2r — 5.

As in Case 10.3.3.1, we have wé(I(w2)) = w(r — l(w2)) € B(r—1(w2)) and
wo(l(we) 4+ 2p — 1+ |k]) = u(r — l(uiug)) € B(r—I(uiup)). Now wd(l(ws)+
2p — 2+ |k|) =¢ (tPalt)a™? =g tPaIt, so wé(l(wa) +2p — 2+ |k|) =
u(r — (l(uruo) 4+ 2))a=3t € B(r — l(uiug)) as well. The four successive sub-
paths of § between w, these three vertices, and @ have lengths too short to
allow ¢ to leave B(r). Therefore ¢ has the required properties.

Therefore in all of cases 1-10, either the case cannot occur or the path
0 with the required properties can be constructed. completing the proof of
Theorem 3.5. U

4. NON-CONVEXITY PROPERTIES FOR BS(1,q)

In the first half of this section we show, in Theorem 4.2, that the group
G := BS(1,2) = (a,t | tat~! = a®) with generators A := {a,a™!,t,t7'} does
not satisfy Poenaru’s P(2) almost convexity condition. We start by defining
some notation. Let n be an arbitrary natural number with n > 100 and let
w = t"a’*t~" and u := at"a*t~ "~V (see Figure 5). Then w and u are words
of length R := 2n+ 2. Moreover, using Lemma 2.1, wat = (a)(t"a’*t ")t =g
u, so d(w,u) = 2 and the word ~ := at labels a path from w to w.

Lemma 4.1. If m € Z and a™ is in the ball B(R) = B(2n + 2) in the
Cayley graph of G, then either m = 2" or m < 27 4 27~ 4 2n—2,

Proof. For a™ € B(R), Proposition 2.3 says that there is a geodesic word
V in the normal form v = t"a*t~ta*r-1¢=1... 17 1g* with 2 < |s| < 3 and
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a2

FIGURE 5. w = t"at™", u = at"a?t~ ("1

each |k;| <1, such that v =g a™. This word contains 2h letters of the form
t¥1 and I(v) < 2n + 2, so h < n. Also, v =g a2 s 42" etttk — o gm oo
m=2"s+ 2"k 1+ + k.

If h = n, then v = t"a™2t™™, so m = £2"*1. If h = n — 1, then there are
at most 4 occurrences of a™! in the expression for v; that is, |s|+ > |k;| < 4.
The value of m will be maximized if s = 43, k;_1 = +1, and k; = 0 for all
i < h —2;in this case, m = (3)2" ! 4+ 2772 =27 . 2n—1 4 on—2

Finally, if h < n — 2, then m < 2"72(3) +2"73(1) + - + (1) = 2=, s0
m < 2m 4 2nt 4 9n—2, O

As a consequence of Lemma 4.1, the vertices a2"*'+1 and a2"*'~1 are not
in the ball B(R). The words t"a?t"a = wa and aw both label paths from

the identity to a2"™'+1, and the word wa~! labels a path from 1 to a2""'—1.
Fach of these words has length 2n + 3 = R + 1, so all three paths must be
geodesic. As a consequence, the subwords w of wa and u of aw are also
geodesic.

Theorem 4.2. The group G = BS(1,2) = (a,t | tat™! = a?) is not P(2)
with respect to the generating set A = {a,a=',t,t71}.

Proof. Let n € N with n > 100, w = t"a*t™", v = at"a?t~ "V, and
R = 2n + 2. Let § be a path inside the ball B(r) from w to @ that has
minimal possible length. In particular, § does not have any subpaths that
traverse a single vertex more than once.

The element wt~—! has a geodesic normal form from Proposition 2.3 given
by v = thast—Lakn—111 ... =1kt —1g! with |I| < 1. Since a2t~ = 1,
Lemma 3.3 shows that a! = a® withi € Z, sol = 0. Then wt™! is a geodesic,
and wt~—! is not in B(R). From the remarks after Lemma 4.1, wa®! also are
not in B(r). Thus the first letter of the path § must be .

Let # : C — T denote the horizontal projection map from the Cayley
complex of G to the regular tree T' of valence 3, as described at the beginning
of Section 2. The vertices m(wd(1)) = m(t) and 7(u) = 7(at) are the terminal
vertices of the two distinct edges of 7" with initial vertex w(w) = 7(1). Since




MINIMAL ALMOST CONVEXITY 18

the projection of the path & begins at (1), goes to w(t), and eventually
ends at m(at), there must be another point P := wd(j) along the path ¢
with m(P) = m(wd(j)) = 7(1) and 1 < j < I(5). Let 01 be the subpath of &
from w to P.

Our assumption that § has minimal possible length implies that P # w.
Since 7(P) = m(1), P =g a™ for some m € Z. Then Lemma 4.1 shows
that m < 2" + 271 4 272 Since §; labels a path from a2""" to a™, then
5{1 =a a2 mm = gk with k = 27l — > 2072 > 2(n—4)+L Applying the
contrapositive of Lemma 4.1, a¥ is not in the ball B(2(n — 4) + 2), so the
length 1(67') > 2(n — 4) + 2. Therefore I(§) > R — 8, so this length cannot
be bounded above by a sublinear function of R. ([

For the remainder of this section, let G, := BS(1,q) = {(a,t | tat™* = a%)
with ¢ > 7 and with generators A := {a,a™!,¢,t~!}. We will apply methods

very similar to those developed above, to show that these groups are not
MAC.

Lemma 4.3. If m € Z and a™ is in the ball B(R) = B(2n + 1) in the

Cayley graph of G, then either m = q" or m < 3¢" L.

Proof. For a™ € B(R), Proposition 2.3 says that there is a geodesic word V
in the normal form v = t"a’t~laFn—1¢=1...t71gko with 1 < [s| < ¢ — 1 and
each |k;| < | 2], such that v =g a™. Then h < n and m = ¢"s+¢"1k,_1 +
cee 4 ]4;0'

If h = n, then v = t"a™¢t", and m = £¢". If h = n — 1, then there are
at most 3 occurrences of a®! in the expression for v. The value of m will
be maximized if s = +3, in which case, m = (3)¢"~!. Finally, if h < n — 2,

n—2__
then m < (g — 1) +q" (4] o+ (14]) = " — "2+ T g,
som < 3¢" L. ([l

Theorem 4.4. The group G, = BS(1,q) = (a,t | tat™! = a%) with ¢ > 7 is
not M AC with respect to the generating set A = {a,a™" t,t71}.

Proof. Let n be an arbitrary natural number with n > 100. Let w’ := t"at™"
and ' := at"at~™ Y. Then v’ and v/ are words of length R := 2n + 1.
Lemma 2.1 says that w'at~! = (a)(t"at~™)t! =g v, so d(w’,u/) = 2 and the
word v := at! labels a path from w’ to u/. Let § be a path inside the ball
B(r) from w’ to v’ that has minimal possible length.

As a consequence of Lemma 4.3, the words w’, v/, and w’a™! are geodesics.
An argument similar to the proof of Theorem 4.2 shows that w't~! is also a
geodesic. Hence the first letter of the path  must be t.

Let m : C — T denote the horizontal projection map from the Cayley
complex of G to the regular tree T" of valence g+1. The vertices m(w'6(1)) =
7(t) and 7(u/) = 7(at) are the terminal vertices of two distinct edges of T
with initial vertex 7(w’) = 7(1). Consequently, there must be a point P :=
w'0(j) along the path § with 7(P) = 7(w'd(j)) = 7(1) and 1 < j < I(6).
Write § = 8162 where 6; is the subpath of § from w’ to P.

+1
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The vertex P # w' = 4", and P =g, a" for some m € Z, so Lemma
4.3 shows that m < 3¢"~!. The word 6; labels a path from a¢" to a™, so
01 =aq, a® with k = ¢" —m > (¢g—3)¢" ! > 3¢" ! since ¢ > 7. Then Lemma
4.3 says that either k = ¢" or a* is not in the ball B(2n + 1).

If a¥ is not in the ball B(2n+1), then the length [(d;) > 2n+1 = R. Note
that w't ™' = aw’ =g, a? T'. The word dot™! labels a path from P = a™ to
a?" 1 50 §ot 1 =q, a1 with k41 > 3¢"~ . Then the length I(d2t™') > R
as well. Thus [(d2) > R and the length [(0) > R+1+R = 2R+1. Since there
is a path w'~!u’ of length 2R inside B(R) from w’ to v/, this contradicts our
choice of ¢ with minimal length.

Then the path J satisfies k = ¢", so P = 1. Therefore the path § reaches

the vertex corresponding to the identity, and the length of the path § is
2R. O

Corollary 4.5. The properties MAC and M'AC' are not commensurability
invariant, and hence also not quasi-isometry invariant.

Proof. The index 3 subgroup of BS(1,2) = (a,t | tat™! = a?) generated
by a and #? is isomorphic to BS(1,8). Theorem 3.5 shows that BS(1,2) is
M'AC and hence M AC, and Theorem 4.4 proves that BS(1,8) has neither
property. O

5. STALLINGS’ GROUP IS NOT M AC

In [15], Stallings showed that the group with finite presentation

S = (a,b,c,d,s | [a,c] =]a,d] =[b,c]=[bd =1,
(a70)* = a7, (a7 e)® = ate, (a7d)® = a7 td)
does not have homological type FP3. In our notation, [a,c] := aca™'c™!

and (a='b)® := sa~'bs. Let X := {a,b,c,d,s,a"',b~1,c71,d"1, 571} be the
inverse closed generating set, and let I" be the corresponding Cayley graph
of S.

Let G be the subgroup of S generated by Y := {a,b,c,d,a~!,b=1, ¢!, d7 1},
and let A be the corresponding Cayley graph of G. Then G is the direct
product of the nonabelian free groups (a,b) and (c,d). Let H be the finitely
generated subgroup of G given by H = (a~'b,a"'c,a'd).

Lemma 5.1. The group H consists of all elements of G that can be repre-
sented by a word over Y of exponent sum zero. Moreover, every word, over
X orY, representing an element of H must have exponent sum zero.

Proof. Using the fact that a commutes with both ¢ and d, we have that
ca™t,da”' € H, and so their inverses ac™!,ad~' € H. Using the fact that b
and ¢ commute,

ab™t =g alcle)p ! =5 (ac b le =5 (ac b Haa )

=5 (acHa D) Hate)e H
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as well. Taking products of the form hflhg with
hi,he € {a'b,a7 c,a™ d,ab™ ! ac™t ad™ 1}

shows that 17!z, 1115 € H for all positive letters Iy, 1 € {a,b,c,d}. Finally,
consider an arbitrary word w = I{* ---I&* with [; € {a,b,¢,d}, ¢, = £1, and
>, € = 0. For each 4, there is a letter m € Y which commutes with both [’
and lfff. Repeating the technique above of inserting the inverse pair mm ™!
between [§* and [;}"]' and applying the commutation relations as needed,
then w can be written as a product of elements of exponent sum zero of the
form myms with m; € Y. Then w € H. The second sentence of this lemma
follows from the fact that the exponent sum for each of generators of H and

each of the relators in the presentation for S is zero. (]

Let ¢ : H — H be the identity function. Then S is the HNN extension
extension S = Gx, with stable letter s, and s commutes with all of the
elements of H.

Lemma 5.2. Let w € X*.

(1) If w is a geodesic in I', then the word w cannot contain a subword
of the form sus™' or s~ tus withw € H.

(2) If w € G and w is a geodesic in T, then w € Y* and w is a geodesic
in A.

(3) If w € Y* and w is a geodesic in A, then w, sw and ws are all
geodesics in I.

Proof. Part (1) follows directly from the fact that for w € H, sus™! =g
s 'us =g u. In parts (2) and (3), suppose that g € G, v is a geodesic word
over X in I' representing g, and w € Y* is a geodesic in A with w = ¢
also. Then vw™! =g 1. Britton’s Lemma applied to the HNN extension S
says that if either s or s~! occurs in vw ™', then vw™!, and hence v, must
contain a subword of the form sus~! or s~'us with w € H, contradicting
part (1). Therefore v € Y*. Since v,w € Y* and v is is a geodesic in A, then
[(v) < l(w) Similarly since v,w € X* and w is a geodesic in T', I[(w) < I(v).
Thus v is also a geodesic in A, and w is a geodesic in I'.

For the remainder of part (3), suppose that pu is a geodesic representative
of sw in I'. Then w's™'y =g 1. Britton’s Lemma then says that w™ s~y
must contain a subword of the form sus™! or s 'us with @ € H. Since p
is a geodesic, part (1) says that the sus™! or s~!'us cannot be completely
contained in p, so we can write p = pyspe with gy € H. Since p; and
s commute, suile =g b =g Sw, so e =5 w and both pipue and w are
geodesics representing the same element of G. Hence I(p1p2) = [(w). Then
() =1p1) + 1+ 1(pe) =l(w) + 1 =1(sw), so sw is a geodesic in I'. The
proof that ws is also a geodesic in I' is similar. O

The proof of the following theorem relies further on the HNN extension
structure of Stallings’ group S. In particular, we utilize an “s-corridor” to
show that the path ¢ in the definition of M AC cannot exist.
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S a S a

bn+1
1 1s

FIGURE 6. Paths in the Cayley graph of Stallings’ group.

Theorem 5.3. (S, X) is not M AC with respect to the generating set X .

Proof. Let a:= b~ ("t gn 1 and g := sb= "tV and let y = b=t be
their maximal common subword. The word o € Y*, so @ € G} in particular,
the exponent sum of « is zero, so Lemma 5.1 says @ € H also. Since « is
a geodesic in the Cayley graph A of the group G = F5 x F,, Lemma 5.2(3)
says that « is a geodesic in I'. Similarly, x is a geodesic in A, so Lemma
5.2(3) says that § = sy is also geodesic in I'. Thus « and § lie in the sphere
of radius 2n + 2 in I'. Since

Oé_lﬂ _ a—(n-i—l)bn-i-lsb—(n-i-l)an =g sa—(n-‘rl)bn-‘rlb—(n-i-l)an =g sa~L

I

the distance d(@, ) = 2, for all natural numbers n.

Suppose there is a path ¢ of length at most 2(2n+2) — 1 inside the ball of
radius 2n + 2 between @ and 3. Since the relators in the presentation of S
have even length, the word § must have length at most 2(2n+2)—2 = 4n+2.

Applying Britton’s Lemma to the product das™! =g 1 implies that § =
wyswy with wy,wea € H. Then wi,w; € G = F5 x F,. Lemma 5.2(2) and
the direct product structure imply that there are geodesic representatives ¢;
and go of Wy and Wy, respectively, that have the form ¢1 = q1, ,q1c4 and g2 =
42,092, With q1,,,02,, € {a,0,a™" 07"} and q, 4, q2,, € {c,d, ¢, d7T}*

Since @ and g7 = wy are both elements of H, ag; € H as well. From the
direct product structure, there is a geodesic representative o € Y* of agy of
the form o = 040, q with 04 € {a,b,a™ b7 }* and 0.4 € {c,d,c7t,d71}*.
(see Figure 6).

The edge in I' labeled by s connecting @ and s is part of the path J, so
this edge must lie in the ball of radius 2n + 2 in I'. Lemma 5.2(3) says that
os is a geodesic, so d(1,0)+1=1(c)+1=1(os) =d(1,75) < 2n+2. Then
the vertex @ € B(2n + 1) and l(0) < 2n + 1.

Now I(q1) + 1 + I(q2) < I(d) < 4n + 2, and thus either [(¢1) < 2n or
l(g2) < 2n (or both).
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Case A:1(q1) < 2n. Note that agio~! = b_(”H)a”Hqla,bqlqda;;a;; =Fyx
1. Hence qicd =F, 0cd and aqi,, =F, 0qp. Since geodesics in free groups
are unique, we also have q1.q = 0. 4.

There is an integer 0 < i1 < 2n such that q1, ,(i1) = a~1(iy) but q1,, (11 +
1) # o~ '(iy + 1), where we denote ¢1,,(0) := 1 and q1,,(k) := ¢ for all
k> 1q,,). Write q1,, = o (i1)r with r € F» = (a,b). The words «, q1,,,
and o, are all geodesic representatives of elements of the free group Fy,
and hence these are freely reduced words that define non-backtracking edge
paths in the tree given by the Cayley graph for this group. By definition of
i1, the product aqi, , freely reduces to a(2n + 2 —iy)r, with no further free
reduction possible. Then a(2n+2—i;)r is the unique geodesic representative
in Fy = (a,b) of aqy, ,, and hence a(2n +2 —i1)r = o4.

Case A.1: iy < n+ 1. In this case, q1,, = a” 7. Now q1 = q1,,q1,, =
a*iqu167 , Tepresents an element of H, and so Lemma 5.1 says ¢; has ex-
ponent sum zero. Then l(rqlc’d) > 41. We also have 0 = 0440cq4 =
a(2n + 2 —i1)rq1, ,- Then the length (o) > (2n + 2 —i1) +141 = 2n + 2,
contradicting the result above that /(o) < 2n+ 1. Thus this subcase cannot
occur.

Case A.2: i1 > n+1i. In this case, 0,5 = b~ (2nt+2-i)y - Since o = CapOcd =
b*(2"+2*i1)rac7d represents an element of H, this word has exponent sum
zero, 80 1(roeq) > 2n + 2 — i1 in this subcase. The word ¢1 = q1,,q1,, =
o~ 1(i1)roeq then has length I(q1) > i1+ (2n+2—1i1) = 2n+2, contradicting
the fact that we are in Case A.

Case B:l(g2) < 2n. Since 0 € H, 0 commutes with s. Then

—1 —1 —1 —1 —1p.—1 —1
0=g8 085=g8 aq1s=5S5 Qq15q245 =5 S ﬁQQ =S X4y -

n+1)an+1

. _ _1 —1 —1
In this case 0, p0cqd =FxF, b 4y, ,92¢,d + SO Q2cd =P, Oc,d and

qualb =, 04 Uniqueness of geodesics in F» = (c, d) implies Qqu_l =0c4-

There is an integer 0 < i < 2n such that q2_a1b(i2) = x"1(i2) but q2_alb (19 +
1) # x " !(ig+1). Write g, , = r(x ' (i2)) ! with r € F» = (a,b). The words
X Q2405 and o, are all geodesics, and hence freely reduced words, in Fs.

By definition of 49, the product qualb freely reduces to x(2n + 1 —ig)r— 1

with no further reduction possible. Then x(2n + 1 —iz)r~! = o4,

Case B.1: iz < n. In this case, g2, , = ra’. Now gp = 120 40y = qgcydra’é.
Recall that g2 was chosen as a geodesic representative of an element wy € G
for which wga € H. Then goa represents an element of H, and so (by Lemma
5.1) has exponent sum zero. Therefore the exponent sum of g2 is -1. Then
(g2, 47) = i2 + 1. We also have 0 = 04p0.4 = x(2n+ 1 — ig)r_lqgcld. Then
the length I(0) > (2n 4+ 1 —i2) + (i2 + 1) = 2n + 2, again contradicting the
result above that [(o) < 2n + 1.
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Case B.2: iz > n. In this case, 0,3 = p~(@ntl—i2)p.—1 GQince o = OabOcd =
b*(%“*i?)r*lac,d represents an element of H, this word has exponent sum
Z€ero, SO l(rilacyd) > 2n + 1 — iy in this subcase. Therefore the word ¢ =
02,492, = 0o qr(x " (i1)) 7" has length I(ga) > (2n+ 1 —ia) +i2 = 2n + 1,
contradicting the fact that we are in Case B.

Therefore every possible subcase results in a contradiction implying that
the subcase cannot occur. Then the path § cannot exist, so S is not M AC
with respect to the generating set X. ([l
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