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Based on existing studies that provide the pressure spectra in turbulent flows from the asymptotic

pressure structure function in the inertial range, this paper extends the pressure spectrum to the dissi-

pation range by proposing a pressure structure function model that incorporates both the inertial and

dissipation ranges. Existing experiment results were used to validate the proposed pressure structure

function model first, and then the obtained pressure spectrum was compared with the simulation and

measurement data in the literature and the wind-induced noise measured outdoors. All comparisons

demonstrate that the pressure spectrum obtained from the proposed pressure structure function model

can be used to estimate the pressure spectra in both the inertial and dissipation ranges in turbulent

flows with a sufficiently large Reynolds number. VC 2016 Acoustical Society of America.

[http://dx.doi.org/10.1121/1.4968881]
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I. INTRODUCTION

Pressure fluctuations in turbulent flows have been widely

studied in the past, and are usually denoted by the pressure

structure function in the spatial domain. The pressure struc-

ture function describes the spatial relationship between pres-

sures at two locations by Dp(r)¼h(p(x) � p(xþ r))2i, where

p(x) is the pressure at position x, r is the separation distance

between two spatial locations, and h�i denotes the ensemble

average. The pressure structure function can be related to the

pressure correlation function Rp(r) by Dp(r)¼ 2Rp(0)� 2Rp(r),
where Rp(r)¼hp(x) p(xþ r)i (Obukhov and Yaglom, 1951).

The structure function was shown to be computed at a higher

accuracy than the correlation function but with less data

(Schulz-DuBois and Rehberg, 1981).

Batchelor (1951) derived the pressure correlation func-

tion from the Poisson Equation based on the assumption that

the velocities at two spatial points are joint Gaussian. It was

shown that the joint Gaussian assumption produces the same

results as Heisenberg’s assumption that the Fourier compo-

nents of velocities are statistically independent (Batchelor,

1951). With this pressure correlation function, the pressure

structure function varies as r4/3 and hence the pressure spec-

trum varies as k�7/3 (k is the wavenumber) within the inertial

range, where the eddy motions are determined by inertial

effects and the viscous effect is negligible (Batchelor, 1951;

Hill and Wilczak, 1995). The joint Gaussian assumption is

consistent with the experimental results indicating that the

distribution of the velocity at one point is approximately nor-

mal (Townsend, 1947; Batchelor, 1951).

Instead of using the joint Gaussian assumption,

Obukhov and Yaglom (1951) showed that Dp(r) is propor-

tional to e4/3r4/3 from the dimensional analysis by assuming

that the eddy motions are determined by the energy dissipa-

tion rate in the inertial range (e is the energy dissipation

rate). More than 40 years later, Hill and Wilczak (1995)

developed a theoretical model to relate the pressure structure

function to the fourth-order velocity structure functions,

claiming the new theory to be valid for all Reynolds numbers

and for all spatial separations and wavenumbers. Based on

this theory, the k�7/3 pressure spectrum in the inertial range

was also obtained (Hill and Wilczak, 1995). In an alternative

approach, George et al. (1984) developed spectral models

for turbulent pressure fluctuations by directly applying the

Fourier transform to the integral solution of the Poisson

equation, showing that the turbulence-turbulence interaction

decays as k�7/3 in the inertial range.

Recently a series of outdoor wind noise measurements

were carried out and compared to the above mentioned theo-

ries (Raspet et al., 2006; Raspet et al., 2008). Batchelor’s

theory (Batchelor, 1951) was utilized to predict the pressure

spectrum in the inertial range from the measured velocity

spectrum (Raspet et al., 2006). Based on the theoretical

model proposed by George et al. (1984), Raspet et al. (2008)

developed a spectral model extending to the low frequency

region in the energy-containing range. The infrasonic wind

noise spectrum was measured under a pine tree canopy and a

deciduous tree canopy and it was found that the turbulence-

shear interaction corresponds to the low frequency peak ina)Electronic mail: sipeizhao@sina.com
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the wind noise spectrum, while the turbulence-turbulence

interaction pressure with the �7/3 power law dominates the

higher frequency region in the inertial range (Raspet and

Webster, 2015; Webster and Raspet, 2015).

The above-mentioned theories focus on the inertial range

and assume that the �7/3 power law is also valid for the

higher frequency region in the dissipation range. However,

recent numerical simulations and experimental results showed

that the pressure spectrum falls off much faster than the �7/3

power law, but no theory exists for predicting the pressure

spectrum in the dissipation range (Gotoh and Fukayama,

2001; Tsuji and Ishihara, 2003). To describe the pressure

spectrum in the higher frequency region, this paper proposes

a pressure structure function model that incorporates both the

inertial and dissipation ranges to obtain the pressure spectrum

in the dissipation range. Existing simulation and measurement

data from literature and our wind-induced noise measured

outdoors are used to validate the proposed pressure structure

function model and the obtained pressure spectrum.

II. THEORY

The pressure fluctuations in a viscous incompressible

fluid are determined by the Poisson equation (Batchelor,

1951)

1

q
r2p ¼ � @

2uiuj

@xi@xj
; (1)

where q is the fluid density, p is the pressure, and ui is the

velocity along the xi direction. The pressure structure func-

tion is defined as (Hill and Wilczak, 1995)

Dp rð Þ ¼ 1

q2
h p xð Þ–p xþ rð Þ
� �2i; (2)

where p(x) is the pressure at position x, r is the separation

distance between two spatial locations, and h�i denotes the

ensemble average.

Hill and Wilczak (1995) proposed a theoretical model to

relate the pressure structure function to the fourth-order

velocity structure function from Eq. (1), and showed that in

the inertial range, the pressure structure function Dp(r) can

be simplified to a universal form

DpðrÞ � Cpe
4=3r4=3; (3)

where Cp is a constant. Equation (3) shows that in the inertial

range, the pressure structure function is solely determined by

the energy dissipation rate, and increases with the separation

distance according to an exponent of 4/3.

In the dissipation range, the pressure structure function

for small separation distance r should be approximated as

(Obukhov and Yaglom, 1951; Hill and Wilczak, 1995)

Dp rð Þ � 1

3
Ar2; (4)

where A ¼
Ð1

0
y�3D1111ðyÞdy is independent of r (Ould-

Rouis et al., 1996), D1111¼h (u(x) � u(xþ r))4i is the fourth

order longitudinal velocity structure function and u is the

longitudinal velocity. Equation (4) shows that in the dissipa-

tion range, the square of the pressure difference at two spa-

tial locations increases with the squared separation distance

and increases at a faster rate than the inertial range.

The pressure spectrum can be calculated from the pres-

sure structure function by (Lohse and Muller-Groeling,

1995)

P kð Þ ¼ � 1

2p

ð1
0

Dp rð Þsin krð Þkrdr; (5)

where k is the wavenumber. In existing research that focused

on the inertial range, Eq. (3) was substituted into Eq. (5),

and the pressure spectrum in the inertial range was obtained

as (Hill and Wilczak, 1995)

PðkÞ � 0:328Cpe
4=3k�7=3: (6)

This inertial range pressure spectrum is consistent with

the Kolmogorov’s dimensional analysis and previous theo-

retical models (Batchelor, 1951; George et al., 1984), and

has been validated by many simulation and experiment

results when the Reynolds number is sufficiently large

(Gotoh and Fukayama, 2001; Tsuji and Ishihara, 2003).

Unfortunately, the pressure spectrum in the dissipation

range cannot be obtained by directly substituting Eq. (4) into

Eq. (5), because the integral does not converge (Sirovich

et al., 1994). To predict the pressure spectrum in a wider

range, this paper proposes a pressure structure function

model that incorporates both the inertial range [Eq. (3)] and

the dissipation range [Eq. (4)] as

Dp rð Þ � 1

3

Ar2

1þ r=rdð Þ2
h i1=3

; (7)

where rd¼ (3Cpe
4/3/A)3/2 denotes the transition distance from

the inertial range to the dissipation range, and can be obtained

by equating Eq. (3) to Eq. (4). Previous results from experi-

ments showed that the transition between the inertial range

and dissipation range occurs at about 8.74g< rd< 11.25g
(Lohse and Muller-Groeling, 1996). For r � rd, Eq. (7)

approaches Eq. (3) in the inertial range while for r � rd, Eq.

(7) approaches Eq. (4) in the dissipation range.

By substituting Eq. (7) into Eq. (5), the pressure spec-

trum can be obtained (Lohse and Muller-Groeling, 1995)

P kð Þ ¼ 21=6Ard
3

6
ffiffiffi
p
p

C
1

3

� �

� 4

3
krdð Þ�1=6K13=6 krdð Þ þ krdð Þ5=6K

7=6
krdð Þ

� �
;

(8)

where C() is the gamma function, and Kn() is the second

kind modified Bessel function of order n, which can be

expanded in asymptotic forms as (Abranmowitz and Stegun,

1970; Mechel, 1966)
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Kn zð Þ �

1

2
C nð Þ

1

2
z

� ��n

; z� 1

p
2

� �1=2

z�1=2e�z; z� 1:

8>>>><
>>>>:

(9)

Applying Eq. (9) to Eq. (8), the limiting form of the pressure

spectrum can be obtained

P kð Þ �

27=3AC
13

6

� �
rd

3

9
ffiffiffi
p
p

C
1

3

� � krdð Þ�7=3; krd � 1

21=6Ard
3

12C
1

3

� � krdð Þ1=3e�krd ; krd � 1:

8>>>>>>>>>><
>>>>>>>>>>:

(10)

Equation (10) shows that the transition between the iner-

tial range and the dissipation range occurs at k¼ 1/rd, and

the inertial range and the dissipation range in the wavenum-

ber space can be denoted as k � 1/rd and k � 1/rd, respec-

tively. In the inertial range (krd � 1), the pressure spectrum

obtained from the proposed model shows the �7/3 power

law, which is consistent with previous studies. In the dissipa-

tion range (krd � 1), the pressure spectrum falls off much

faster than the �7/3 power law.

The limitation of the current work is that the proposed

pressure structure function model is only valid for suffi-

ciently large Reynolds number because the inertial range

with Dp(r) � r4/3 [or equivalently P(k) � k�7/3] always exists

in Eq. (7). This might not be true for the small Reynolds

number turbulent flows because recent numerical simulation

and experimental results showed that the inertial range with

the �7/3 power law cannot be observed when the Reynolds

number is small (Gotoh and Fukayama, 2001; Tsuji and

Ishihara, 2003).

The numerical simulations by Gotoh and Fukayama

(2001) showed that the �7/3 power law can be observed

when the Taylor microscale Reynolds number is larger than

284, while the experimental results in wind tunnels by Tsuji

and Ishihara (2003) confirmed the �7/3 power law when the

Taylor microscale Reynolds number is larger than 600.

Meldi and Sagaut (2013) argued that a Taylor microscale

Reynolds number larger than 104 is necessary to observe the

�7/3 power law in the pressure spectrum. It is still not

known whether there exists a value of the Reynolds number

such that the �7/3 power law can be observed above this

value.

It has been shown that the Reynolds number in atmo-

spheric turbulence is usually large enough for the inertial

range to be observed (Wyngaard, 2010). Therefore, the pres-

sure spectrum obtained from the proposed pressure structure

function model should be used for predicting the noise spec-

tra induced from outdoor wind. In Sec. III, the proposed

pressure structure function model and the obtained pressure

spectrum will be validated with data obtained from existing

literature and our wind-induced noise measured outdoors.

III. VERIFICATIONS AND DISCUSSIONS

A. Verification with existing data

Figure 1 compares the proposed pressure structure func-

tion model in Eq. (7) with existing experimental results from

literature (Xu et al., 2007). However, the values of g and rd

were not given in the literature with the experimental results;

thus, the proposed pressure structure function model was fit-

ted to the experimental results in Fig. 1 with rd¼ 10g. The

experimental results in Fig. 1 are from the turbulent water

flows between a pair of counter-rotating disks, which can be

described by the incompressible viscous Navier-Stokes equa-

tions (Xu et al., 2007). The proposed model is based on the

Poisson equation, which is also obtained from the incom-

pressible viscous Navier-Stokes equations. Therefore, the

experimental results can be used to validate the proposed

model. Different from previous theories that assume that the

inertial range (Dp(r) � r4/3) extends to an infinitely small sep-

aration distance, the proposed model in Eq. (7) shows a better

agreement in Fig. 1 for small separation distances, where

eddies in the dissipation range dominate the pressure struc-

ture function.

The pressure spectrum obtained from the proposed model

in Eq. (8) is compared with the existing Direct Numerical

Simulation (DNS) and experimental results in Fig. 2 (Gotoh

and Fukayama, 2001; Tsuji and Ishihara, 2003). The experi-

mental results in Fig. 2(b) were measured on the center line in

the free jet from a small wind tunnel with a 40� 40 mm2 noz-

zle and a large wind tunnel with a 400� 700 mm2 nozzle.

The Taylor microscale Reynolds number is in the range of

200	Rk	 1200. The pressure fluctuations were measured

with a standard 1/4 in. condenser microphone for Rk< 350,

and with a small piezoresistive transducer for Rk> 350 (Tsuji

and Ishihara, 2003). The values of g and rd were not given in

the literature with the simulation and experimental results,

therefore the obtained pressure spectrum in Eq. (8) was fitted

to the experimental results in Fig. 2 with rd¼ 10g.

FIG. 1. (Color online) Comparison of the proposed pressure structure func-

tion model in Eq. (7) with the experimental results from Xu et al. (2007).

The abscissa is normalized with the Kolmogorov scale g.
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Figure 2 shows that the simulated and measured pres-

sure spectra decay following the �7/3 power law in the iner-

tial range at about kg< 0.2, but begins to fall off rapidly at

about kg> 0.2, which deviates from the conventional k�7/3

model. The pressure spectrum obtained from the proposed

model in Eq. (8) is consistent with the simulation and experi-

mental results in this rapid decay region in the dissipation

range as well as the �7/3 power law in the inertial range,

which cannot be predicted with the traditional asymptotic

form pressure structure function.

B. Outdoor wind noise measurements

We measured wind-induced noise outdoors to further val-

idate the pressure spectrum obtained from the proposed

model. The experiments were carried out at dawn on October

8, 2015, at a car park in Taiwan, where there are no obstacles

or reflective surfaces nearby. The wind speed was measured

with a WindSonic Ultrasonic Wind Sensor anemometer (Gill

Instruments LTD., Lymington, Hampshire, UK), and wind

noise spectrum was measured with an unscreened RION

NL32 1/2 in. Type UC-53A microphone (RION Co. Ltd.,

Tokyo, Japan). The anemometer and the microphone were

mounted at the same height, at about 1.2 m above the ground,

with a horizontal distance about 0.5 m. The anemometer and

the microphone were both connected to a RION DA-20

multi-channel processor and the wind speed and sound pres-

sure level were stored per second.

The measurement results were originally in one-third

octave bands, thus the narrowband spectra of the conventional

k�7/3 model and the pressure spectrum obtained from the pro-

posed model in Eq. (8) were converted to one-third octave

band spectra. The pressure spectrum obtained from the pro-

posed model in Eq. (8) was fitted to the measurement results

FIG. 2. (Color online) Comparison of the pressure spectra obtained from the

proposed model in Eq. (8) with existing results, (a) DNS simulations by

Gotoh and Fukayama (2001), and (b) wind tunnel experimental results by

Tsuji and Ishihara (2003). The abscissa is normalized with the Kolmogorov

scale g.

FIG. 3. (Color online) Comparison of the pressure spectra obtained from the

proposed model in Eq. (8) with the outdoor experimental results at mean

wind speeds of (a) U¼ 4.5 m/s and (b) U¼ 5.5 m/s. The black arrows illus-

trate the transition from the inertial range and the dissipation range.
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from the unscreened microphone in Fig. 3 with rd¼ 6.8 mm

and rd¼ 5.6 mm for the mean wind speeds of U¼ 4.5 m/s and

U¼ 5.5 m/s, respectively. The corresponding transition fre-

quency between the inertial range and the dissipation

range can be calculated with the Taylor’s frozen turbulence

hypothesis, i.e., fd¼U/2prd, as illustrated by the black arrows

in Fig. 3. That is, fd¼ 105 and 156 Hz correspond to the mean

wind speeds of U¼ 4.5 and 5.5 m/s, respectively. The mea-

sured wind-induced noise spectra in Fig. 3 were averaged

around U 6 0.5 m/s for the mean wind speed U and the verti-

cal bars indicate the standard deviation.

Figure 3 shows that in the inertial range to the left side

of the black arrows, the outdoor wind noise spectra are con-

sistent with the conventional k�7/3 model; however, in the

dissipation range to the right side of the black arrows the

measured outdoor wind induced noise spectra fall off much

more rapidly and deviate from the conventional k�7/3 model.

In contrast, the pressure spectra obtained from the proposed

model in Eq. (8) agrees well with the measured outdoor

wind noise spectra across the measured frequency range.

The outdoor wind-induced noise spectra in Fig. 3 were

measured with an unscreened 1/2 in. microphone, which might

generate a wake behind and hence alter the wind-induced noise

(Strasberg, 1988). However, it was shown that the dominant

source of pressure fluctuations at the microphone outdoors is

the intrinsic turbulence in the flow, rather than the fluctuating

wake (Morgan and Raspet, 1992). Therefore the effect of the

microphone on the outdoor wind-induced noise is not taken

into account in Fig. 3.

IV. CONCLUSIONS

This paper proposes a pressure structure function model

that incorporates both the inertial range and the dissipation

range to extend the pressure spectrum to the dissipation range

in turbulent flows. The proposed pressure structure function

model and the obtained pressure spectrum were found to be

consistent with existing experimental and numerical simula-

tion results. For further validation of the proposed model, out-

door wind-induced noise was measured and comparisons with

the pressure spectrum obtained from the proposed pressure

structure function model were found to match well in both the

inertial range and the dissipation range. The limitation of the

current work is that the proposed pressure structure function

model is only valid for a sufficiently large Reynolds number

when the inertial range exists. Future work will investigate

the pressure structure function and the pressure spectrum with

different Reynolds numbers.
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