SHORT SELLING WITH MARGIN RISK AND RECALL RISK
KRISTOFFER GLOVER AND HARDY HULLEY

ABsTRACT. To investigate the effect of short-selling constraints on investor behaviour,
we formulate an optimal stopping model in which the decision to cover a short position
is affected by two short sale-specific frictions—margin risk and recall risk. Margin risk is
introduced by assuming that a short seller is forced to close out their position involun-
tarily if they cannot fund margin calls (since short sales are collateralised transactions).
Recall risk is introduced by permitting the lender to recall borrowed stock at any time,
once again triggering an involuntary close-out. Examining the effect of these frictions
on the optimal close-out strategy and associated value function, we finding that the
optimal behaviour can be qualitatively different in their presence. Moreover, these fric-
tions lead to a substantial loss in value, relative to the first-best situation without them
(a reduction of approximately 17% for our conservative base-case parameters). This
significant effect has important implications for many familiar no-arbitrage identities,

which are predicated on the assumption of unfettered short selling.

1. INTRODUCTION

Short sales facilitate negative exposures to financial securities. The salient features
of a short sale in the equity market may be summarised as follows First, a prospective
short seller identifies a willing lender of the desired stock. He then borrows the stock,
sells it in the market, and posts collateral equal to its market value plus a haircut with
the lender.ﬂ The collateral is marked to market daily, so that an increase in the stock
price prompts a margin call for more collateral, while a decrease entitles the short seller
to withdraw some collateral. The lender invests the collateral at the prevailing interest
rate, and pays part of the resulting income to the short seller, in the form of a negotiated
rebate.ﬂ In return, the short seller compensates the lender for the dividends forgone
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during the life of the loan. To complete the transaction, the short seller repurchases
the stock, and returns it to the lender. Although this is likely to occur at the short
seller’s discretion, stock loan contracts generally include a recall provision that permits
lenders to force short sellers to liquidate their positions involuntarily.

The previous overview highlights several costs and risks associated with short sales,
which have no counterparts when stocks are purchased. First, short sellers may incur
search costs, since the process of identifying willing lenders can be expensive. Second,
the lending fees associated with stock loans impose a cost on short sellers that can be
quite significant. Third, short sellers are exposed to margin risk, due to the possibility
that successive increases in the price of borrowed stock may generate margin calls that
eventually exhaust their collateral budgets. Finally, short sellers face recall risk, since
lenders may recall borrowed stock at any time. Collectively, these frictions are referred
to as short-selling constraints.

This paper focuses on margin risk and recall risk. To understand the impact of
these two frictions on short sales, we formulate an optimal stopping problem where a
trader must decide when to close out a short position initiated at time zero. To capture
the effect of margin risk, we assume that the trader has a limited collateral budget
to fund margin calls, while recall risk is modelled by assuming that forced close out
due to stock recall occurs at some independent random time. The collateral constraint
introduces a knock-out barrier above the initial stock price, at a level determined by
the collateral budget. Immediate close out occurs when the stock price reaches this
barrier, since the available collateral will have been depleted by then.

Shleifer and Vishny| (1997) first revealed the importance of margin risk as a limit to
arbitrage, by demonstrating that a hedge fund may be forced to close out a theoretically
profitable arbitrage trade in a loss-making position, if interim losses trigger sufficient
investor withdrawals to compromise the fund’s ability to meet its margin calls. Liu
and Longstafl] (2004) further reinforced the intuition that margin risk detracts from the
attractiveness of arbitrage, by showing that a collateral-constrained risk-averse trader
will underinvest in arbitrage opportunities, due to the possibility that the margin calls
arising from interim losses may exhaust their collateral budget before they realise a
profit.

As for the impact of recall risk, the empirical study by Chuprinin and Ruf (2017)
found that recalls induce profit sharing between short sellers and stock lenders, by

forcing the former to liquidate otherwise profitable short positions prematurely. They
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estimated that informed short sellers lose around 20% of their first-best profits due
to recalls, indicating that recall risk is an economically significant short-selling con-
straint. |[Engelberg et al.| (2018) provided further implicit evidence on the impact of
recall risk, by demonstrating that deviations between spot and put-call parity-implied
stock prices increase with option maturity. This suggests that short-selling constraints
intensify as the time-horizon of trading strategies involving short positions increases,
consistent with the nature of recall risk.

Our economic analysis confirms that margin risk and recall risk have a dramatic
impact on the value of a short sale and the optimal close-out strategy, effectively driving
a wedge between the solutions to the constrained and unconstrained short-selling
problems. In particular, these risks can qualitatively change the optimal close-out
strategy, in the sense that it can be optimal to close out a position immediately when
exposed to margin or recall risk, but not without them. We are also able to quantify the
loss in value due to margin risk and recall risk, which we observe to be very sensitive to
the assumed drift rate of the stock price. Specifically, for our conservative base-case set
of parameters we find that the loss in value from the first-best (unconstrained) situation
is 17% when the drift rate of the stock price is —2%, but that this loss increases to 74%
when the drift rate is 2%. This fragility creates a practical challenge to a short seller,
due to the difficulty of estimating the drift parameter accurately.

The short-selling frictions in our model are also responsible for other surprising
effects. For example, unlike the case with unconstrained short sales, the value of
the constrained short position is non-monotonic with respect to the volatility of the
stock price. The short seller is effectively long volatility close to the initial stock price,
but short volatility as the stock price approaches the collateral exhaustion boundary
(hence margin risk introduces non-convexity into the value function). The value of the
constrained short position is also seen to be an increasing function of the discount
rate when the stock price has positive drift, whereas the value of the unconstrained
short position is always monotonically decreasing with respect to the discount rate.
The intuitions behind these counterintuitive effects are quite subtle, and are discussed
in detail in our model analysis.

The significant impact of margin risk and recall risk in our model is consistent
with the well-documented effect that short-selling constraints can have on textbook
no-arbitrage relationships (since arbitrage portfolios invariably contain long and short

positions). For example, Lamont and Thaler| (2003) highlight the role of short-selling
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constraints in preventing the correction of mispriced equity carve-outs, while Mitchell
et al.| (2002) identify their effect when a company trades at a discount relative to its
subsidiaries. Short-selling constraints have also been implicated in mispriced equity
index futures by [Fung and Draper] (1999), and in put-call parity violations by Ofek
et al. (2004).

This paper also contributes to the literature on optimal stopping models for the
related problem of optimal margin lending (see e.g. Cai and Sun| 2014, Dai and Xu
2011} Ekstrom and Wanntorp||2008, Grasselli and Gomez 2013, Liang et al. 2010, [Liu
and Xu 2010, |Siu et al.|[2016, Wong and Wong|[2013, Xia and Zhou|[2007, Xu and
Yi 2020, [Yan et al.|2019, Zhang and Zhou 2009). In the case of a margin loan (also
known as a stock loan), an investor borrows money from a bank to purchase stock,
which the bank then holds as collateral. A fall in the stock price decreases the value
of the collateral, triggering a margin call. If the investor fails to meet the margin call,
the bank sells the stock to cover the loan. The investor’s problem is to choose the
optimal time to sell the stock and settle the loan. The similarity between short sales
and margin loans rests on the fact that both are collateralised transactions, in which
margin risk plays a prominent role.

Compared to the margin lending problem, optimal short selling has received little
attention, with the studies by |Chung and Tanaka (2015) and Chung (2016) appearing
to be the only exceptions. Those articles consider the situation of a trader who must
choose when to close out a short position, subject to lending fees, recall risk and
liquidity risk. Our model differs from the models presented in those studies, in terms
of which constraints are considered. Specifically, while they ignore margin risk (which
is an important short sale-specific constraint), we are not concerned with liquidity risk
(which is not a short sale-specific friction). As a result, our analysis offers different
economic insights.

The remainder of the article is structured as follows. Section [2| models the price
of a non-dividend-paying stock as a geometric Brownian motion and recalls several
facts about such processes. The problem of when to close out a short position in
the stock, in the presence of margin risk and recall risk, is then formulated as an
optimal stopping problem. Section [3|derives and solves a related (more general) optimal
stopping problem and identifies three different parameter regimes in which the optimal
solution is qualitatively different. Section |4|then uses the solution to the more general

problem to construct the solution to the original optimal short-selling problem. Finally,
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Section |5] investigates the economic insights that can be gleaned from our model, in
particular by comparing the optimal strategy and value of our (constrained) model
versus a benchmark (unconstrained) model. Detailed proofs of the results presented

in the body of the paper can be found in the two appendices at the end.

2. SHORT SELLING AS AN OPTIMAL STOPPING PROBLEM

2.1. Modelling the price of a non-dividend-paying stock. Let B = (B;):>o be a
standard Brownian motion on a complete filtered probability space ({2, .#,§,P), whose
filtration § = (.%;):>0 satisfies the usual conditions of right continuity and completion
by the null-sets of .#. We consider a non-dividend-paying stock, whose price X =

(X¢)t>0 is modelled as the unique strong solution to the stochastic differential equation
dXt = ,uXt dt + O'Xt ch (21)

for all t > 0, where X, € (0,00), u € R and o € (0,00). That is to say, we model the
stock price as a geometric Brownian motion.

The following definitions will also be useful for our subsequent analysis. Given
a > 0, let ¢o, %, € C*(0,00) denote the unique (up to multiplication by a positive
scalar) decreasing and increasing solutions, respectively, to the second-order ordinary

differential equation
1
Lxu(z) = 502:p2u"(x) + pau' (x) = au(z), (2.2)
for all = € (0, 00). These solutions are given explicitly by

Golz) = x’\/m”’ and Y, (x) = x\/m’”, (2.3)

forall z € (0,00), where v := #/s2—1/2 (see Borodin and Salminen|2002, Appendix 1.20).
Let G denote the family of all §-stopping times. These include the first-exit times

7. =inf{t >0| X, >2} and 7, =inf{t >0|X; <z},

for all z € (0, 00), whose Laplace transforms are given by

o if v < 2
o(?) (2.4a)

ifz > z,

<

E. (e_o‘@) =

—_
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and

. 1 ifxr <z
E,(e7°7) = (2.4b)

da () .
(2 ifx >z,

for all « > 0 and all z,z € (0,00) (see Borodin and Salminen| 2002, Section II.10).
As usual, E,(-) denotes the expected value operator with respect to the probability

measure P,, under which X, = x.

2.2. The optimal time to close out a short sale. We consider a risk-neutral trader
with collateral budget ¢ > 0, who sells the stock short at time zero. Forced close-out
of his position due to collateral exhaustion occurs when the price of the stock first
exceeds its initial price by more than his budgeted collateral. We denote this stopping
time by

¢=inf{t >0|X; = X, +c}. (2.5)

In other words, at time ( the stock price will be high enough to ensure that the trader
will have spent his entire collateral budget on margin calls.

Involuntary close-out of the short sale due to stock recall occurs at an exponentially
distributed random time p ~ Exp()), where A > 0 is the recall intensity. The recall
time is assumed to be .% -measurable and independent of .%_, = \/tzo %#,, which is to
say that the recall event is independent of the stock price. Hence, the distribution of
the recall time is given by

P.(p € dt) = e M dt, (2.6)

forall t > 0 and all z € (0,00). We model recall as an independent random event to
capture the intuition that the lender may recall the stock at any time.

To maintain tractability, we restrict our attention to the situation when the rebate
rate on the stock loan is zero. That is to say, we assume that the stock lending fee is
identical to the prevailing interest rate » > 0. Hence, if the trader initiates the short
sale at time zero and closes it out at time ¢ > 0, the present value of his profit is

e (X — Xt)ﬁ His objective is to repurchase the stock at a time that maximises the

4If the rebate rate was non-zero then the present value of the profit would be e " (Xoe? — Xy), where
q denotes the rebate rate, hence the optimal stopping problem would become time inhomogenous.
Moreover, while it might seem tempting to incorporate a non-zero rebate rate into the drift rate y via a
change of variable ()/(\t = ¢79'X}), the collateral exhaustion boundary defined by ¢ := inf{t > 0| X; =
Xo + ¢} would then become time-dependent. We also note that when ¢ = r the present value of the
profit becomes Xy — e~ "' X, from which it is clear that the short seller should simply stop immediately
if p > r or should never stop if 4 < r. However, the case r = g corresponds to a zero lending fee, which
is rarely seen empirically.
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Xo+C

FIGURE 2.1. Three possible outcomes for the short-selling problem (2.7).
The lower (green) path illustrates the case when the short sale is closed
out optimally at time 7,, which is the first time the stock price reaches
a putative optimal close-out threshold z,. (At this stage we do not know
that the optimal close-out strategy is a threshold strategy, but we shall
demonstrate that this is indeed the case.) The upper (red) path illustrates
the case when the short sale is closed out due to collateral exhaustion
at time (, which is the first time the stock price exceeds its initial value
Xo by the collateral budget c. The middle (blue) path illustrates the case
when the short sale is closed out due to stock recall at a random time p.

expected value of his profit, in present value terms, subject to the frictions outlined
above. This gives rise to the following optimal stopping problem:

V(Xo) = supEx, (77 (Xo = Xynn0) ) 2.7)

TES
for all X, € (0, 00). Figure illustrates Problem (2.7), by giving an example of a stock
price path where the trader closes out the short position optimally, as well as examples
of paths where the short sale is closed out involuntarily due to collateral exhaustion

and recall.

3. AN AUXILIARY OPTIMAL STOPPING PROBLEM AND ITS SOLUTION

3.1. Markovian embedding. Optimal stopping problems are often solved by reformu-
lating them as free-boundary problems. This approach involves embedding the original
problem into a Markovian framework where X is allowed to start at an arbitrary
point x. However, since the collateral exhaustion time depends on the initial
stock price X, it is important to make the distinction between the arbitrary initial
value of the process after embedding, x, and the initial stock price X for the original
problem (2.7). For a given short-selling problem, the initial stock price is fixed at Xy,
which in turn defines a fixed collateral exhaustion boundary at X;+c. When this prob-

lem is embedded, the initial value X, remains fixed, as does the collateral exhaustion
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boundary X, + c. However the process X is allowed to start at the arbitrary point =z,
in general different from X,. The value of the original problem is then found by
setting © = X in the embedded problem.

With this necessary distinction in mind we formulate a more general optimal stopping
problem where collateral exhaustion occurs as soon as the stock price exceeds some

fixed level k > 0 by the collateral budgetﬁ Formally, we define

V(z) = sup J(z,7), (3.1a)
7€6

for all z € (0, c0), where
J(g;’ 7') =E, (e*T(T/\f'nJrc/\P) (/@ — XT/\%NJrC/\p))

= (6 (Lm0 = ) | Fv)

) 3.1b
+ e_T(T/\TNJrC) (Ii — Xq—/\%,vH) Px (;0 >TA %H-i-c | ﬁ’r/\ﬁﬁﬂ)) ( )

TATk+c A
=E, </ /\e_(’\+7")t(/f — X,)dt + e~ AFT(TATere) (/{ — XTMHC)),
0

for all 7 € G, upon using (2.6). Hence, since ( = Tx,+., We can recover the solution to

Problem (2.7) for a given X, € (0, 00) via V(Xg) = V/(Xo)|a—x,

3.2. An associated free-boundary problem. The time-homogeneity of Problem
leads us to conjecture that the optimal stopping time for that problem is a threshold
time. That is to say, it is the first time 7, the stock price crosses some threshold
z. € (0, k+c) from above. If that is true, we may be able to solve Problem by solving
the following free-boundary problem for z, € (0, + ¢) and V € C(0, 00) N C(2,, £ + ¢)
(see Peskir and Shiryaev|2006, Chapter III):

Ex/v(x) — (A + r)/v(x) + Ak —x)=0, forall z € (z,,Kk + ¢), (3.2a)

—~

V(z)=k—uz, forallz € (0,2, U [k +¢c,00), (3.2b)

V'(z4) = —1. (3.20)

50nce solved we will set k = X,. However, expressing the reference value as an arbitrary constant
allows for the additional flexibility of incorporating any difference in the value at which the stock was
sold short and the value at which it was liquidated (due to transaction costs for example).

SFor t > 0, the collateral exhaustion boundary remains fixed since it was dE‘Eermined by X at initiation
of the trade. In other words, the value of the short-sale for ¢t > 0 is given by V(X;)|.=x,. and the optimal
stopping time in remains optimal.
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In other words, z, € (0, + ¢) and Ve C(0,00) NC?(z., K + ¢) must satisfy the ordinary
differential equation in the continuation region (z,, k + ¢), the instantaneous
stopping condition in the stopping region (0, z.] U [k + ¢,00), and the smooth
pasting condition at the free boundary z,.

To analyse Problem (3.2), we first assume that it admits a solution, consisting of a
boundary z, € (0,x + ¢) and a function Ve C(0,00) N C?(24, Kk + ¢). The latter may
be expressed in terms of the general solution to the homogeneous equation (2.2), with
a = X+ r, and a particular solution v € C%(0,00) to the inhomogeneous equation
(3.24a), as follows:

V(z) = Aprsr(z) + Bibagr(z) + 0(z), (3.3)
forall z € (z,,k+c), where A, B € R are constants. Letting = | z, and =z 1 k+cin (3.3),
and substituting the resulting expressions for /V(z*) and f/\(/@ + ¢) into (3.2b), allows A
and B to be uniquely determined, yielding
Do (K + ) Urir () = drrr(¥)Yrir (K + )
Orrr(K + ) Urir(2) = Eagr (2)Yrsr (K + €)

¢>\+T(z*)¢)\+r(:p) B ¢A+r (I)@Z)A—&-r(z*)
Ootr (K + )Ungr(2) — Oagr(2:)Prsr (K + )

for all € (z,, k+ ¢). Substituting the derivative of this expression into (3.2¢) produces

V() = (k — 2. — 0(z.))

(3.4)

+ (¢ +0(k + ¢))

+0(x),

the following implicit characterisation of the free boundary z, € (0, x + ¢):

3(z) Pasr (K + )3 (24) = D (2)Pagr (s + )
' Poair (K + )ngr(2:) — Oagr(2:)r1r (K + )
Oatr (2) Vg (20) — Py (20)0rr (24)
¢A+r(/‘ﬁ + C)¢A+r(2*) - ¢>A+r(z*)%+r(/€ + C)

Finally, given o > 0, recall that the resolvent operator %, acts on suitable functions

(/<a — Ze —
(3.5)

+ (c+0(k + ) +0'(2z,) = —1.

g:(0,00) — R as follows:

Fag)lo) =[x ae),

for all z € (0, 00) (see Borodin and Salminen|2002, Section 1.7). Moreover, %, g satisfies

the ordinary differential equation

Lx(Zag)(x) — a(Zag)(x) + 9(x) = 0,
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for all z € (0,00). By comparing this equation with (3.2a), we see that a particular

solution to the latter equation is given by

MK AT

(z) =E, h —A Nk — X dt>: — 3.6
o(z) (/0 ¢ (x ) A1 A+r—pu (8.6)

for all = € (0, 00).

3.3. Identifying the parameter regimes. The previous analysis demonstrates that
the existence of a solution z, € (0, +¢) to is necessary for Problem to admit
a solution. Conversely, the function Ve C(0,00)NC?(z,, k+c) defined by satisfies
the ordinary differential equation (3.2a), as well as the boundary conditions and
(3:29), if z, € (0, k + ) satisfies (3.5). Hence, Problem admits a unique solution if
and only if the free-boundary equation admits a unique solution z, € (0, x + ¢).
The next proposition gives a complete description of the roots of equation (3.5). In
so doing, it identifies different parameter regimes that will prove useful for organising

the solution to Problem in what follows.

Proposition 3.1. The roots of equation (3.5) depend on the model parameters as follows.

(a) If the parameters satisfy

rc
K+c

uw < and r >0, (3.7a)

then there is a unique solution to given by some value

2 € <O, o >C(O,r§—l—c).
r—h

(b) If the parameters satisfy

rc
K—+c

w > and r >0, (3.7b)

then there is no solution to in the interval (0, k + ¢).
(c) If r = 0 then there is no solution to (3.5), except if i = 0, in which case all values of
z, trivially satisfy (3.5).

Proof. See Appendix [A O

3.4. Constructing candidate solutions. By analysing Proposition [3.1], we can guess
the optimal stopping policy for Problem (3.1), under each of the parameter regimes

identified there. Based on those guesses, we can derive expressions for the candidate
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value function under each regime. To simplify the exposition, and because it is the

case of economic interest, we will assume that » > 0 in what follows.[Z]

First, if Condition holds, Problem admits a unique solution, comprising a
free boundary z, € (0, % -+ ¢) and a function V € C(0,00) N C%(z,, k + ¢). In detail, z,
satisfies the free-boundary equation (3.5), where 2, € (0,/(r — ) C (0, k+c) is the root
of (3.5), whose existence was established by Proposition a), while V is determined
by over (z,,k+¢) and V(z) := k — z, for all # € (0, 2,] U [k + ¢, 00). We speculate
that z, is the optimal stopping threshold for Problem and V is the corresponding
value function. This is economically plausible, since it implies that Problem has
a unique non-trivial solution when the drift rate of the stock price is less than the
threshold "¢/(x + ¢) and the discount rate is positive. A low drift rate ensures that there
may be some value in waiting for the stock price to fall before closing out the short
position (i.e. immediate stopping is not always optimal), while a positive discount rate

ensures that the short seller should not wait forever.

Next, if Condition holds, the free boundary equation does not admit a
solution in (0, x + ¢), whence Problem does not admit a solution either. However,
the upper bound for the root z, under Condition (3.7a), satisfies "/(r—u) T K+ cas pu 1
¢/ + ¢), for any given r > (. This suggests that the root itself may satisfy z, T k+cas u 1
¢/(x+c). Since that root is the candidate optimal stopping threshold for Problem (3.1),
under Condition (3.74), z, := k+ ¢ is the natural candidate optimal stopping threshold,
under Condition (3.7b). The candidate value function Ve C?(0, 00) is then determined
by ?(m) = Kk —x, for all x € (0,00). This seems economically reasonable, since it
suggests that the short seller should close out his position immediately if the drift rate
of the stock price is large enough (i.e. greater than or equal to "¢/(x + ¢)) and the discount
rate is positive. In other words, waiting for a fall in the stock price destroys value if the

stock price is expected to appreciate at a high enough rate.

3.5. Verifying the candidate solutions. Finally, we must verify that the candidate
optimal stopping policies and the candidate value functions proposed above do indeed
solve Problem (3.1), under their associated parameter regimes. A statement of the ver-
ification theorem is provided below which also acts to summarize the optimal solution

in the different regimes. A detailed proof of the theorem is provided in Appendix

“If r = 0 it can be shown that it is optimal never to stop should z < 0, to stop immediately should x > 0,
and if ;4 = 0, then any stopping policy would yield the same value. Further details can be obtained from
the authors upon request.
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Theorem 3.2. The optimal stopping time 7, € G and the value function Ve C(0, ) for

—~

Problem are given by 7, = 7,, and V= V', where

(@ z. € (0,7%/(r — ) C (0, K+ c) is the solution to andV € C(0,00)NC*(zy, K+ ) is
determined by over (z,,k +¢) and V(z) = k — z, forallz € (0, 2] U [k + ¢, 00).
if Condition holds; and

(b) 2z, = ki +c (hence 7, = 0) and V € C?(0, 00) is determined by f/\(x) =K — x, for all
z € (0, 00), if Condition holds.

4. THE SOLUTION TO THE ORIGINAL SHORT SELLING PROBLEM

4.1. The constrained problem. The optimal close-out time 7, € & and the value
function V' € C(0, 00) for the original short-selling problem are obtained from the
solution to the embedded Problem (3.1I), with z = X, and x set equal to the initial
stock price Xj. The solution to that problem is presented in Theorem and below
we expose the solution to Problem explicitly.

Given X € (0, 00), suppose (3.5), with x := X, possesses a solution in the interval
(0, Xo). That is to say, the free-boundary equation

o o ¢A+r(X0+C)WA+T(Z*)—¢&+T(Z*)¢A+T(X0+C)
(Xo — 2 ”<Z*)|ano)mr(Xo+c>wA+T<z*>f¢x+r<z*)wx+r<xo+c>
¢)\+r(Z*)"Z)/)\Jrr(z*)_¢/A+r(z*)¢)\+r(z*)
Ortr(Xote)rrr(246) =Ixtr (24 )r4r (Xo+c

4.1)

+ (e + 0(Xo + €)|nex, ) 70 (2 le=xo = — 1.

admits a solution z, € (O7 XO). The optimal close-out time is then 7, = 7., and the

value function satisfies (3.4), with x := X. In other words,

5 ~ ~(Xo+c ~(Xo)— ~(X r(Xo+c
V(Xo) = V(Xo)l=xy = (Xo = 2 = Bzl Bt R C S e

=~ Patr (Z6)Patr(Xo) =Prtr (Xo)Patr (25 =
+ (0(Xo + 0)ls=xo +¢) ¢A+f(+xf)+2>$f+f<z3;—qsiirgz*(;zpﬁt((xo)w) +U(Xo)r=xo-  (4.2)

On the other hand, if does not possess a solution in the interval (0, Xj), the
optimal repurchase price is z, := X, which implies that the optimal close-out time is

T = 7., = 0 and the value function satisfies V' (Xj) = 0.

4.2. The unconstrained problem. To assess the impact of the collateral constraint
and the possibility of recall on Problem (2.7), it is useful to compare the optimal close-
out time and value function for that problem with the corresponding data for the
unconstrained short-selling problem. That problem is obtained by letting ¢ T co and

A ) 0in (2.7), so that ( = co and p = oo Pyx,-a.s., for all X, € (0,00). Problem
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then reduces to

V(XO> = Sup EXO (eirT(XO - XT))7 (4.3)

TG
for all X, € (0,00). We also note that the distinction between the initial stock price in

the original problem (X)) and the initial value in the embedded problem (z) is no longer
required in this limit (since the value X, no longer enters into the law of ().

Assuming that > 0 and letting ¢ T oo and A | 0 in gives

¢ (24)
Xo — 2. )= =—1,
SRR XN
for all Xj, € (0, 00), by virtue of the limits
c
AN S o _ — _ .
1)1\&)1 0(z) =0 (Vz > 0), }:1{2 liﬁ)l Oxrir(Xo+¢) =0 and }JITI(E 1/\1&)1 (Kot o) 0, 4.4)

which follow by inspection of and (2.3). Using those limits again, the previous
identity provides the following explicit formula for the optimal close-out price for the

unconstrained short-selling problem:

\/1/2—1—% + v
X07
1+ +% +v

for all X, € (0, 00). Note that z, € (0, Xy), for all X, € (0, c0), which implies the optimal

Ze = (4.5)

close-out time 7, = 7, is both strictly positive and finite. In other words, immediate
close-out and waiting forever are both suboptimal for the unconstrained short-selling
problem, if the discount rate is non-zero. Hence, the addition of the short-selling
constraints can lead to a qualitatively different solution to the short-selling problem.
Finally, letting ¢ T oo and A | 0 in gives the following expression for the value

function for the unconstrained short-selling problem:

V(Xo) == (XO — Z*)%, (46)

for all X € (0, 00), by virtue of the limits in (4.4), where z, is determined by (4.5).

5. MoODEL ANALYSIS

5.1. Methdology and parameter values. This section analyses the dependence of the
optimal repurchase price and value function for the constrained short-selling problem
(2.7) on the model parameters. To assess the impact of margin risk and recall risk, we
compare the solution to the constrained problem with the solution to the unconstrained

problem (4.3). The solid red curves in the figures below illustrate the dependence of the
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optimal repurchase price and value function for the constrained short-selling problem
on one particular parameter, with the remaining parameters fixed. The dashed blue
curves correspond to the unconstrained problem.

The base-case parameter values used are y = +0.02, ¢ = 0.3, r = 0.05, A = 0.01,
¢ = $50 and X, = $1, and time is measured in years.ﬁ As we shall see, the solution to
the constrained short-selling problem is very sensitive to the sign of the drift rate of the
stock price, which is why we consider the modest negative and positive drift scenarios
p = —0.02 and p = 0.02. The volatility o = 0.3 is a reasonable proxy for observed equity
implied volatilities, while the discount rate r = 0.05 corresponds roughly to the cost
of borrowing in a developed market. The recall intensity A = 0.01 implies that 1% of
stock loans are recalled per year, on average, which is much lower than the observed
frequency.ﬂ Finally, the values ¢ = $50 and X, = $1 for the collateral budget and the
initial stock price mean that after selling the stock for $1, the trader eventually runs
out of collateral when the stock price reaches $51. The base-case recall intensity and
collateral budget were chosen to be conservative, to avoid overstating the impact of
margin risk and recall risk on the short-seller’s problem.

Before we analyse the figures below in detail, we first observe that, in all cases,
the optimal repurchase price for the constrained short-selling problem exceeds the
optimal repurchase price for the unconstrained problem. In other words, the trader
always chooses to close out earlier, when confronted with the possibility of involuntary
close-out due to collateral exhaustion or early recall, than he would otherwise. This
is because a more conservative strategy for the constrained problem reduces the like-
lihood of forced close-out, which usually results in a loss. Similarly, we observe that,
in all cases, the value function for the unconstrained short-selling problem dominates
the value function for the constrained problem. The vertical distance between the two
curves represents the loss in value due to the short-selling constraints.

For our conservative base-case parameters described above, and in the negative drift
scenario with ; = —0.02, the value of the constrained problem is $0.300, compared to
$0.363 for the unconstrained problem. Hence, short-selling constraints account for a
loss in value of approximately 17% from first-best in this case. In the positive drift

scenario with p = 0.02, significantly more value is lost. In this case, the value of

8Note the values of ¢ and \ are not relevant in the unconstrained case.
9In the broker data studied by [D’Avolio| (2002), around 2% of the stocks on loan were recalled per month.
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FIGURE 5.1. The dependence of the optimal close-out price (left) and the
value function (right) on the drift rate of the stock price, for the con-
strained (solid red curve) and unconstrained (dashed blue curve) short-
selling problems.

the constrained problem is $0.075, compared to $0.288 for the unconstrained problem,

giving a loss of 74%.

5.2. The impact of a change in the drift rate of the stock price. Figure plots
the optimal repurchase price and value function for the constrained and unconstrained
short-selling problems, as functions of the drift rate of the stock price. In Figure
we observe that the constrained and unconstrained optimal repurchase prices are very
similar when the drift rate is negative, since forced close-out due to collateral exhaus-
tion is unlikely if the stock price is expected to decline over time. However, the optimal
close-out policies for the constrained and unconstrained short-selling problems diverge
rapidly as the drift rate of the stock price increases beyond zero. In particular, immedi-
ate repurchase is optimal (z, = $1 = X)) when px > 0.03, in the case of the constrained
problem (which means the trader will not sell the stock short in the first place), while
immediate close-out is never optimal for the unconstrained problem. This is because,
for such high drift rates, there is a high likelihood that the constrained trader will
run out of collateral and be forced to close-out in a loss-making position, while the
unconstrained trader has the luxury of waiting for the stock price to fall.

As expected, Figure shows that the loss in value due to margin risk and recall
risk is relatively small when the drift rate of the stock price is negative. Since the
stock price is expected to decline over time in that case, the collateral constraint is
unlikely to bind. Hence, the only real effect is due to the likelihood of recall (which
does not depend on the drift rate). By contrast, the likelihood of forced close-out due

to collateral exhaustion has a substantial impact on the constrained value function as
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the drift rate of the stock price increases beyond zero, resulting in a large loss of value
relative to the unconstrained problem. In particular, the value of the constrained short
sale is zero when p > 0.03, since the trader will not sell the stock short in the first
place, while the value of the unconstrained short sale is always strictly positive.
Figure reveals that the constrained short-selling problem is much more sensitive
to the drift rate of the stock price than the unconstrained problem. This enhanced
sensitivity for the constrained problem is a source of fragility. Since estimates of the
drift rate are accompanied by large standard errors, in practice, the trader is likely to
misestimate it substantially, causing him to pursue a materially suboptimal close-out
strategy. In detail, suppose the trader has observed the stock price at n € N regular
intervals over the period [0, T, for some 7' > 0. The sequence of observed prices is thus
(Siat)o<i<n, where At = T/n. Based on those observations, the maximum likelihood

estimator /i of the drift rate is determined by

U nAt Zl zAt — Z((M — —o' )At + O'(BiAt - B(i—l)At))

1, o
=u——0"+ =B
Y 20 T T
(see |Campbell et al.|[1997, Section 9.3.2), whence

o O'2
ro-n(u)

=>
|
N

o=+

Hence, if the drift rate and volatility of the stock price are © = 0.04 and o = 0.3,
respectively, and if the trader has 25 years of price data, the probability that he will
estimate a non-positive drift rate is
Wﬂ§®:ﬂ<w+iLZ§O>:P<Z§—E¢T):P(Z§—z>z02wa
VT o 3

where Z ~ N(0,1). With reference to Figure this implies that there is a 25%
chance the trader will sell the stock short and maintain the position until its price
reaches some level below $0.449 (the optimal repurchase price for the constrained
short sale when i = (), instead of correctly recognising that the drift rate is too high
to sell it short in the first place/"

105 possible refinement to our model would be to incorporate parameter uncertainty and learning into
the trader’s close-out decision, along the lines followed by |[Ekstrom and Lu|(2011). They considered an
investor whose choice of when to liquidate a pre-existing stock holding is confounded by uncertainty
about the drift rate of the stock price. In their model, the investor updates their prior belief about the
drift rate by observing the stock price over time. They showed that the investor’s optimal strategy is
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FIGURE 5.2. The dependence of the optimal close-out price (left) and the
value function (right) on the volatility of the stock price, for the con-
strained (solid red curve) and unconstrained (dashed blue curve) short-
selling problems. The top figures correspond to the negative drift scenario
and the bottom figures to the positive drift scenario.

5.3. The impact of a change in the volatility of the stock price. The dependence of
the optimal repurchase price and value function on the volatility of the stock price, for
the constrained and unconstrained short-selling problems, is illustrated by Figure
Figures and show that the optimal repurchase price for both problems
is inversely related to volatility. In essence, a higher volatility increases the trader’s
incentive to wait for the stock price to reach a lower level before closing out, since it
increases the likelihood that a lower level will be reached quickly. This is analogous to
the situation with American puts, where higher volatilities correspond to lower early
exercise boundaries.[:r] However, the optimal repurchase prices for the two problems
diverge as the stock price volatility increases, since a higher volatility in the constrained

case will also increase the likelihood that the collateral boundary will be breached

to liquidate as soon as the stock price falls below a certain time-dependent boundary (to be obtained
numerically).

"To justify this analogy, note that the constrained short-selling problem is similar to the pricing
problem for an up-and-out at-the-money perpetual American put, while the unconstrained short-selling
problem is similar to the pricing problem for a vanilla at-the-money perpetual American put.
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before the short sale can be closed out profitably. In addition, volatility appears to
drive a larger wedge between optimal close-out strategies when the drift rate is positive
than when it is negative. This indicates that high volatility levels exacerbate the effect
of a positive drift, by making it more likely that the constrained trader will run out
of collateral. As a result, the optimal close-out strategy for the constrained short-
selling problem is more conservative relative to the optimal close-out strategy for the
unconstrained problem.

Moreover, in the case of the constrained short-selling problem, Figure[5.2{c)|indicates
that the position should be closed out immediately (z, = $1 = X,) when the drift rate
of the stock price is positive and its volatility is small. If the stock is sold short under
those circumstances, the positive drift rate will dominate the small volatility, causing a
large proportion of stock price paths to reach the collateral barrier before the position
can be closed out profitably. On the other hand, it is always optimal to wait before
closing out the short position in the unconstrained case, even when the drift rate is
positive and the volatility is small.

In Figures 5.Zﬁb) and 5.§Id] we see that the value function for the unconstrained

short-selling problem increases monotonically as the volatility of the stock price in-
creases. This is analogous to the positive dependence of American option prices on
the volatilities of their underlying assets (see Ekstrom|2004). By contrast, the value
function for the constrained short-selling problem initially increases as the volatility
of the stock price increases, before subsequently decreasing. This reflects a tradeoff,
where a higher volatility increases the likelihood of the optimal repurchase price being
reached quickly, while simultaneously increasing the likelihood that the trader will
run out of collateral. The former effect dominates when the volatility of the stock price
is low, while the latter effect dominates when it is high. The prices of knock-out bar-
rier options exhibit a similar non-monotonic dependence on the the volatilities of their
underlying assets, for the same reason (see Derman and Kani 1996).[12]

When comparing Figures [5.2(b)| and [5.2[d), we observe that the value of the con-

strained short sale is small relative to its value when the drift rate is negative, due
to the fact that collateral exhaustion is much more likely to occur in the positive drift
scenario. By contrast, the unconstrained short-selling problem displays a modest de-

cline in value across all volatilities, when the negative drift scenario is compared with

2Derman and Kani| (1996) express this nicely by observing that “the owner of a barrier option is long
volatility at the strike ... and short volatility at an out barrier.”
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FiGURE 5.3. The dependence of the optimal close-out price (left) and the
value function (right) on the discount rate, for the constrained (solid red
curve) and unconstrained (dashed blue curve) short-selling problems.
The top figures correspond to the negative drift scenario and the bottom
figures to the positive drift scenario.

the positive drift scenario. As expected from our analysis of the optimal close-out
strategies for the constrained and unconstrained short-selling problems, we see that
volatility drives a larger wedge between their value functions when the drift rate is

positive, than when it is negative.

5.4. The impact of a change in the discount rate. In Figure we see how the
optimal repurchase price and value function depend on the discount rate, for the con-
strained and unconstrained short-selling problems. Figure reveals that, when
the drift rate is negative, there is little difference between the optimal close-out strate-
gies for the two problems, irrespective of the discount rate. In both problems, the
optimal repurchase price increases monotonically with respect to the discount rate,
since a higher discount rate imposes a larger penalty for waiting. Figure how-
ever, shows that the optimal repurchase price behaviour for the constrained problem
is qualitatively different when the drift rate is positive, compared to when it is negative.

Specifically, when r < 0.03, immediate close-out is optimal (z, = $1 = X)), but waiting
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is optimal when r > 0.03. Moreover, as the discount rate increases further, the opti-
mal repurchase prices for the constrained and unconstrained short-selling problems
appear to converge.

To explain these features, note that a positive drift rate ensures a high likelihood of
running out of collateral before the constrained short sale can be closed out profitably,
resulting in a substantial loss. When the discount rate is low, that loss is very signifi-
cant, in present value terms. However, as the discount rate increases, its present value
becomes less significant, since the stock price generally takes a long time to reach the
collateral barrier. Ultimately, the loss due to collateral exhaustion becomes so small, in
present value terms, that it plays no role in determining the optimal close-out strategy
for the constrained short-selling problem.

Figures 5.3§[b] and 5.3§ld] also indicate that the unconstrained short sale is consid-

erably more valuable than the constrained short sale when the discount rate is small,
but the difference becomes smaller as the discount rate increases. The reason is that
losses due to collateral exhaustion are more costly, in present value terms, when the
discount rate is low than when it is high. Given that it generally takes a long time for
the stock price to reach the collateral barrier, a higher discount rate means the loss
incurred when the collateral barrier is eventually reached is less significant, in present
value terms.

When comparing Figures B.Hb) and 5.33[ d), we also see that the value function for the

constrained short-selling problem in the positive drift scenario behaves very differently
than in the negative drift scenario. In particular, since immediate close-out is optimal
for a positive drift rate when the discount rate is small, the value function for the
constrained problem is equal to zero here. On the other hand, for the unconstrained
problem the value is at its largest for low discount rates. As the discount rate increases,
however, the optimal close-out policies for the two problems converge and their value

functions converge too.

5.5. The impact of a change in the recall intensity. In regard to the effect of recall
risk on the optimal close-out strategy and value, we first note that the delineation of
the different parameter regimes in Proposition [3.1] (and hence Theorem do not
depend on the recall intensity A. Hence, at first blush, recall risk may seem to have a
rather benign effect on the optimal close-out strategy. However, as we shall see below,

the quantitative effect of even a small recall intensity can be rather large.



SHORT SELLING WITH MARGIN RISK AND RECALL RISK 21

1.0 T T T T T 0.4

0.8 0.3f

0.6

z.(A)

0.2r

V()

0.4

0.1r
0.2

0.0- ]
ool . . . . . . . . . . .
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10

(@) z«(\) for p = —0.02 (b) V() for p = —0.02

0.8 / 0.3,
0.6 ]

0.2r

2.(4)
V()

0.4r

0.1F 7
0.2 1

0.0- ]
0.0+ .

0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
A A

(¢) z«(X) for p = 0.02 (@ V() for p = 0.02
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The optimal repurchase price and value function for the constrained and uncon-
strained short-selling problems are displayed as functions of the recall intensity in
Figure 5.4, The optimal repurchase price for the unconstrained problem is natu-
rally unaffected by the recall intensity. However, the optimal repurchase price for the
constrained problem increases as the recall intensity increases, as is evident in Fig-

ures [5.4(a) and [5.4{c). Essentially, a higher recall intensity increases the likelihood

of recall at an inopportune time. Consequently, the optimal repurchase price for the
constrained short-selling problem becomes more conservative as the recall intensity
increases, which drives a wedge between the optimal close-out strategies for the two
problems.

In Figures [6.4{b)| and [5.4[d)| we see that the value function for the constrained prob-

lem is monotonically decreasing with respect to the recall intensity. This reflects the
fact that a higher recall intensity forces the trader to adopt a less ‘optimal’ repur-

chase price, relative to the unconstrained problem, with a corresponding loss in value.
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To quantify the loss due to the possibility of recall, we observe from Figure
that the difference between the value functions for the two problems is approximately
$0.363 — $0.345 = $0.018 when A = 0, and increases to around $0.363 — $0.133 = $0.230
when A = 0.1. Hence, all else being equal, the value of the short sale in the neg-
ative drift scenario is reduced by approximately 61%[= ($0.345 — $0.133)/$0.345] as
the recall intensity A\ increases from zero to 0.1. Even for our conservative base-
case value of A = (.01, the value of the short sale is reduced by approximately
13% [=($0.345 — $0.300)/$0.345], a substantial reduction in value.

For the positive drift scenario, we observe that the difference between the two value
functions is approximately $0.283 — $0.109 = $0.179 when A = 0, and increases to
about $0.288 — $0.003 = $0.285 when A = 0.1. Hence, all else being equal, the value of
the short sale in the positive drift scenario is virtually destroyed (reducing from $0.109
to $0.003) as the recall intensity ) increases from zero to 0.1. Even for our conservative
base case value of A = 0.01, the value of the short sale is reduced by approximately
31% [=($0.109 — $0.075) /$0.109], a substantial reduction in value, and an even greater
(percentage) reduction when compared to the same change in the negative drift case.

Finally, we note that the difference between the value functions for the two problems
with A = 0 is attributable only to the collateral constraint, since the stock will never be
recalled for A = 0. As such, we can see that only $0.018 (= $0.363 — $0.345) is lost for
the negative drift scenario, compared to $0.179 (= $0.288 — $0.109) for the positive drift
scenario. This is clearly due to the increased likelihood of collateral exhaustion for a

positive, versus negative, drift.

5.6. The impact of a change in the collateral budget. Figure illustrates the
dependence of the optimal repurchase price and value function for the constrained
and unconstrained short-selling problems on collateral availability. Figures and
confirm that the collateral budget has no impact on the optimal close-out strategy
for the unconstrained problem, but we observe a dramatic impact on the optimal close-
out strategy for the constrained problem. In particular, for the negative drift scenario,
Figure shows that it is optimal to close the constrained short sale out as soon
as the stock price reaches z, = $0.609, if the margin calls arising from potential future
stock price increases cannot be funded at all (i.e., ¢ = $0), but the optimal repurchase
price declines rapidly as the collateral budget increases. Note that, as the collateral

amount grows large, margin risk becomes unimportant and the difference between the
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FIGURE 5.5. The dependence of the optimal close-out price (left) and the
value function (right) on the collateral budget, for the constrained (solid
red curve) and unconstrained (dashed blue curve) short-selling problems,
when the drift rate of the stock price is negative. The top figures corre-
spond to the negative drift scenario and the bottom figures to the positive
drift scenario.

optimal repurchase prices for the two problems can be attributed almost exclusively to
the possibility of early recall.

For the positive drift scenario, Figure once again shows that the optimal re-
purchase price for the constrained problem is very sensitive to the collateral budget.
If ¢ < $4, we see that immediate close-out (2, = $1 = X)) of the constrained short
sale is optimal, since the collateral budget is insufficient to fund the margin calls that
are likely to occur before the position can be closed-out profitably. However, as the
amount of available collateral increases beyond ¢ = $4, the optimal repurchase price
for the constrained short-selling problem decreases rapidly, before levelling off.

Figures [5.5(b) and [5.5(d)| reveal that margin risk has no impact on the value of the

unconstrained short sale, while its impact on the value of the constrained short sale is
dramatic. In particular, for the negative drift scenario, the constrained short position
is valueless when there is no collateral to fund margin calls, but its value increases

rapidly as the collateral budget increases. For the positive drift scenario, we observe
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FIGURE 5.6. The dependence of the value function for the constrained
short-selling problem on both the recall intensity and the collateral bud-
get. The negative drift case is shown in (a) and the positive drift case is
shown in (b). For comparison, each value function has been scaled by
the value of the unconstrained problem for the given value of i, and the
shading and axes are consistent across both plots.

from Figure that the value of the constrained short sale is zero when ¢ < $4
(since immediate close-out is optimal in that case), but it gradually increases as the

amount of available collateral increases beyond ¢ = $4.

5.7. The interaction of recall intensity and collateral budget. To illustrate the de-
pendency between the two risks, Figure plots the value function for the constrained
short-selling problem as a function of both the recall intensity A and the collateral bud-
get c. Specifically, Figure plots this joint dependency in the case of a negative
drift (u = —0.02) and Figure in the case of a positive drift (1 = 0.02).

In both cases, we observe that for smaller collateral budgets, the value function
becomes less sensitive to the level of the recall intensity. The economic interpretation
is that, for lower levels of collateral, there is a smaller probability that the short sale will
be recalled before the collateral constraint becomes binding (or the trader has optimally
closed out their position). Thus, the impact of recall risk decreases as the collateral
constraint becomes more salient. Similarly, we observe that margin risk becomes less
important as the likelihood of recall increases. For example, for very large values of the
recall intensity, the collateral budget needs to be very small for it to have a significant
impact on the value of the short sale (since a healthy collateral budget is unlikely to be
exhausted before recall or optimal closure).

Finally, we note that Figure allows us to compute the trade-off between both

constraints within our model. In particular, the contours of Figure can be used
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to find all the combinations of the recall intensity A and collateral level c that lead to
the same value of the short sale (and hence the same reduction in value relative to the

unconstrained case).
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APPENDIX A. PROOF OF PROPOSITION

Proof. Firstly, we recall the definitions of the scale function and the Wronskian associ-
ated with the process (2.1), which will be used extensively in the analysis below. The
scale function is given by
—2v
—L— ifv #£0;
s5(x) = 2 (A.1)
Inx ifr=20

for all x € (0, 00) and the Wronskian by

_ Ga(@)U(2) = ¢ (0)Yalr) _, [, 20
We ‘= o (2) =21/1v?+ o (A.2)

which is independent of z € (0, o) (see Borodin and Salminen/ 2002, Appendix 1.20).
Next, to evaluate the roots of equation we introduce the function H € C%(0, 00),

given by
H(z) = F(2)G() _/F(Z)G (2) + F(k +¢), (A.3)
W8 (2)
for all z € (0,00) and F,G € C%*(0, ) are given by
r—p rK

F(z) ::@(z)—(m—z):)\+r_ﬂz—)\+r

and

G(Z) = ¢/\+T‘("{ + C)w/\-i-r(z) - ¢)\+r<z)¢/\+r(’% + C)?

for all z € (0,00). It follows that z, € (0, + c) satisfies if and only if H(z.) = 0,
by virtue of the identity

U))\_HE,(Z) = ¢A+T(Z)@Z)S\+T(Z) - gbl)\—i-r(z)qu))\-"-T(Z)?

for all z € (0, 00).
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From we have
H'(2) = F"(2)G(2) = F(2)G"(2) + 25 (F'(2)G(2) — F(2)G'(2))
B w8 (2)
_ F"(2)G(2) — 25 F(2) (A +r)G(2) — p2G'(2)) + 25 (F'(2)G(z) — F(2)G'(2))
Wx1r86'(2)
2 LxF(z) = (A+1)F(2) z
0222 Wx1r8'(2) ()
_ 2 Lxv(z) = (A +7r)v(z) +pz+ A+7)(k— Z>G<Z)
0222 Wx1r8'(2)
_ 2 7“/<J+(,u—r)zG(Z>’

0222 wyi,8'(2)

for all z € (0,00). Note that the first equality above follows from the identity s”(z) =

_ 2

~4-5'(2) (see Borodin and Salminen |2002} Section II.9), the second equality follows

from the fact that G satisfies with a = A + r, and the final equality follows since
U satisfies (3.2a). Note that G(x + ¢) = 0 implies that H'(k + ¢) = 0. Also note that
G(k+c¢) =0and G'(k + ¢) = wyy,8' (k + ¢) imply that H(x + ¢) = 0. That is to say, H
has a root at k + ¢, which is also a stationary point. However, x + c is not a solution
to (3.5), since the left-hand side of that equation is not well-defined if z, = x + ¢. Next,
since ¢, ., and 1), are strictly decreasing and increasing, respectively, it follows that
G is strictly increasing. Hence, G(z) < 0, for all z € (0,x + ¢); G(k + ¢) = 0; and
G(z) > 0, for all z € (k + ¢, 00). Finally, note that s'(z) > 0, for all z € (0, 00).

We now consider the roots of H(z) = 0 in each of the three parameter regimes (a)-(c).

(a): Suppose Condition holds, in which case

rc rK
0<r— = <r-—u,
K+c K+H+c

so that the point z := "%/(r — u) satisfies zZ € (0, k + ¢). Observe that rx + (. — r)z > 0,
forall z € (0,2); 7+ (u—7r)z2=0;and r& + (u —r)z < 0, for all z € (Z,00). Combined
with the properties of G and s’ described earlier, this implies that H'(z) < 0, for all
z2€(0,2); H(2) =0; H'(2) > 0,forall z € (2,k+c); H (k+c) = 0; and H'(z) < 0, for all
z € (k+ ¢, 00). In particular, H has stationary points at z and « + ¢, with former being
a local minimum and the latter being a local maximum. Since H(x + ¢) = 0 and H is
strictly increasing over (Z, k + ¢), it follows that H(z) < 0. Furthermore, H(x + ¢) = 0
rules out the existence of roots in the intervals (z, x + ¢) and (z, k + ¢) and (k + ¢, 00),

since H is strictly increasing over the former interval and strictly decreasing over the



SHORT SELLING WITH MARGIN RISK AND RECALL RISK 29
latter interval. Finally, we use to write
H(Z) _ r—p ¢)\+r("{ + C)¢A+r(z) B Cb)\-‘rr(z)w/\-i-r(’% + C)
Atr— H w)\+r5/(z)
(I T )l () B el 9
Ad+r A+r—p W48 (2)

r—u ¢H4n+@< 2 rh A+r—u_z)nga
v+

= + _
A1 —p Wi, 20400, Atr r—p s'(z)

+ F(k+c)

g

r—p Urgr(k+o) 2 LR Arep A (2)
A+r—pu W, /’/24’2(?7)4"/ A+r r—p §'(2)

+ F(k + ¢),

for all z € (0,00). Now, since

20 §'(2) 10 o

/ 1
lim )\+T(Z) = lim <_ \/1/2 + M _ l/) Z—\/V2+2(’\+7’)/02 +r —00

and

’ 1

hm ¢/\+r(z> — hm V2 + Q(A + T) —v Z\/z/2+2(>\+r)/o2 “+v — 0’
20 §(2) 210 o2

by virtue of and (A.I), it follows that H(0+) = ooE| This, in turn, ensures the

existence of a unique root z, € (0, z), since H is strictly decreasing over (0, Z), with

H(z) <0.

(b): Suppose Condition holds. In this case, either p = "/(k+¢), "/ +c) < u < r,
or i > r, and in each of these three cases the function H has qualitatively different
behaviour.

Firstly, if i = 7¢/(x + ¢), then r — . = ™/(x + ¢) > 0. Consequently, rx+ (x—r)z > 0, for
allz € (0,k+c);rk+(u—7)(k+c¢)=0;and re+ (u —r)z <0, for all z € (k + ¢, 00).
Combined with the properties of G and s" described earlier, this implies that H'(z) < 0,
forall z € (0,k+c¢); H (k+¢) =0; and H'(z) <0, for all z € (k + ¢, 00). That is to say,
H is strictly decreasing over (0, s + ¢) and (k + ¢, 00), with an inflection point at x + c.
Since H(k + ¢) = 0, it follows that x + c is the only root of H.

Secondly, if 7¢/(x +¢) < p < r holds, then

re rK
k+c kK+c

O<r—pu<r-—

I3Note that the values for the two limits above can also be inferred from the fact that the origin is a
natural boundary for X (see Borodin and Salminen|[2002, Section II.10).
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so that the point z := %/(r — u) satisfies Z € (k + ¢, o0). Observe that rx + (u — 1)z > 0,
forall z € (0,2): r&+ (u—7)2=0;and r& + (u — )z < 0, for all z € (%, 00). Combined
with the properties of G and s’ described earlier, this implies that H’'(z) < 0, for all
z€(0,k+¢); H(k+c¢)=0; H(z) >0,forall z € (k+¢,2); H(Z) =0; and H'(z) <0,
for all z € (Z,00). In particular, H has stationary points at k + ¢ and Zz, with former
being a local minimum and the latter being a local maximum. Since H(k +¢) = 0
and H is strictly increasing over (k + ¢, z), it follows that H(Z) > 0. Furthermore,
H(k 4 ¢) = 0 rules out the existence of roots in the intervals (0,x + ¢) and (k + ¢, 2),
since H is strictly decreasing over the former interval and strictly increasing over the
latter interval. Finally, we use to write
H(z) = r— i Oair(K+ )air(2) — oapr(2)ngr (K + 0)
Atr—p Wx1r5'(2)

(15 i) Ol ()= sl
A+r A+r—p Wi (2)

_ [y ¥ ¢A+r(/€+c>
A+T—M W\

2()\+7’)‘ rk A+r—pl Yagr(2)
X<1+<\/V2+ o? _V>()\+r r— i ;_1>) §'(2)
T p Uair(k + )
)\+T—M W \+-r

) 2()\+7’)‘ rk A+r—pl Orir(2)
X<1_<\/V+ o? +V>()\~I—r r—p ;_1>) s'(z2)

+ F(k+c¢),

+ F(k+c¢)

for all z € (0,00). Note that

2 2(A
(y+1)2—y2:2u+1:—g<(—1—74)
o o
since 1 < r < A + r, from which it follows that
1
2(A
\/1/24—(——;74) > v+ 1. (A.4)
o

Consequently,

lim V2+M—V ( m )\+T_'u1—1><—1.
ztoo o? Ar r—p oz
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Moreover, and give

i P2 =l e VP
and

lim M — lim 2 VPO L 00,

2too §(2) 2too
where the first limit follows from (A.4). Putting all of this together gives H(co—) = —o0.
This, in turn, ensures the existence of a unique root z, € (z,00), since H is strictly
decreasing over (Z,00) with H(z) > 0.

Thirdly, if ¢ > r holds, then rx + (u — )z > r& > 0, for all z € (0,00). Combined
with the properties of G and s’ described earlier, this implies that H’'(z) < 0, for all
2 € (0,k+¢); H(k+c¢) =0; and H'(z) > 0, for all z € (k + ¢,00). That is to say, H
achieves a unique global minimum at s + ¢. Moreover, since H(x + ¢) = 0, it follows
that H(z) > 0, for all z € (0,k + ¢) U (k + ¢,00). In other words, H has a unique root
at Kk + c.

(c): Firstly, if r = pn = 0 then F(2) = 0, and consequently H(z) = 0, for all z € (0, o0).
Next, if r = 0 and pu < 0 (resp. ¢ > 0) then & + (u — )z = pz < 0 (> 0), for all
z € (0,00). Combined with the properties of G and s’ described earlier, this implies
that H'(z) > 0 (< 0), forall z € (0,k + ¢); H'(k+¢) = 0; and H'(z) < 0 (> 0), for all
z € (k+ ¢,00). That is to say, H achieves a unique global maximum (minimum) at
Kk + c. Since H(k + ¢) = 0, it follows that x + c is the only root of H.

U

APPENDIX B. PROOF OF THEOREM

Firstly, we provide the following lemma required for the proof of Theorem It

derives a lower bound for the candidate value function under conditions (3.7a).

Lemma B.1. Suppose Condition holds. Let z, € (0,7%/(r—p) C (0,K + ¢) be the
unique solution to 3.5), whose existence is established by Proposition [3.1|(a), and let
Ve C(0,00) N C?(2,, k + ¢) be determined by over (z,, k+ ¢) and /V(x) =k —x, for
allz € (0, z,) U [k + ¢, 00). Then/‘;(a:) >k —ux, forallx € (2, k + ¢).

Proaf. Define the function U € C(0, 00) NC?(2,, k+c¢), by setting U(x) = f/\(m) —(k—x),
for all z € (0,00). We shall demonstrate that U(z) > 0, for all x € (z,, k + ¢). To begin
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with, observe that

LxU(z) — A+1)U(z) = LxV(z) — A+ 1)V (2) + pz + (A +71)(k — 2) B
=AM —2)+pr+A+7r)(k—z) =18 — (1 — p)x, |

for all = € (z,, k + ¢), by virtue of (3.2a). In particular,

1 1
—0*2U" (2u4) = 202270 " (zu4) + p2U' (z4) — (A 4+ 1)U (24)
2 Z (B.2)

=LxU(ze4) — AN+ 1)U (244) =16 — (r — p)ze > 0,

since U(z,+) = U(z,) = 0and U’(z,+) = 0, due to (3.2b), and the continuity of V/,
and since z, < ™/(r—p). So, U"(z,+) > 0, which together with U’(z.+) = U(z.+) = 0,
ensures the existence of some ¢ > 0, such that U(z) > U(z,) =0, forall z € (2, z. +¢).
In particular, given any x € (z,, ™/(r — p)|, it follows that

[nax, U(§) > U(z) =0,
whence U has a positive maximum over |z,, 2|, which is realised either at an interior
point of the interval or at the right end-point. However, given any = € (z,"%/(r — )],
yields

LxUE) = A+r)UE) =K —(r—p)§ >0,

for all £ € (z.,2) C (24, "%/(r—u)). Based on this differential inequality, the maximum
principle (see Protter and Weinberger||1967, Theorem 1.3) asserts that U cannot realise
its maximum in the interior of [z,, x|, for any = € (2., ™/(r — )], since it is a non-constant
function with a non-negative maximum over the interval. Consequently,
U(x) = max U(§) > U(z,) =0,
Ee[z*vx]
for all x € (z.,™/(r — u)|. Next, observe that
max —U(x)>—-U(k+c) =0,

TE[FL Rt

by virtue of (3.2b). That is to say, —U has a non-negative maximum over [rT,u’ K+ |,
which is realised either at an interior point of the interval or at the right end-point,
since we have already established that —U("%/(» —)) < 0. Another application of

gives

Lx(—U)(x) = A+r)(-U)(x) = —(LxU(z) = (A+7r)U(z)) = (r — p)x — 5 > 0,
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forall z € ("%/(r - u), k+c¢). Once again, the maximum principle ensures that —U cannot
achieve its maximum in the interior of ["%/(» — u), k¢, since it is a non-constant function
with a non-negative maximum over the interval. It follows that —U must have a unique
maximum at the right end-point of the interval, which implies that U(z) > U(k+c¢) = 0,
forall z € ["%/(r — w), k + ¢). O

We now proceed with the proof of Theorem in the parameter regimes (a) and (b).

Proof. (a): Suppose Condition holds, in which case z, € (0, s + ¢) is the unique
solution to and V € C(0,00) N C?(24, k + ¢) is determined by over (z,, K + ¢)
and V(z) = k —z, forall z € (0, 2] U [k + ¢, 00). Note that V € C!(0, k + ], since
ensures that 1/ is continuous at z, and |f/\’ ((k +¢)—)| < oo, by inspection of (3.4). On
the other hand, V ¢ C2(0,k + |, since /V”(z*—l—) >0 = /V”(z*—), as remarked in the
discussion following Lemma [B.Il Consequently, the standard It6 formula cannot be
applied to the process

Ry 3t e MIEAT (X, oy,

However, V € C%(0, 2,] N C2[z,, k + ], since |V"(z,+)| < oo and |V"((k+¢)—)| < oo, by
inspection of (3.4). Hence, we may apply the local time-space formula of [Peskir| (2005)

to the above-mentioned process, to get

L N tAFte N
e O (X ) = T (Xo) _/ (A + e T (X,) ds
0
NI s e —(vtr)s Lo
+ o OFST(X,) dX, + ey M T (X) (X,
0 0

t/\7:,i+c 1 o~ —~
+ / 1{Xs:z*}e_(“’”)s§(V’(X3+) — V'(X,—)) dez(X),
0

for all ¢ > 0, where the local time process ¢**(X) quantifies the time X spends in the
immediate vicinity of z, (see Peskir and Shiryaev|2006, Section 3.5). Note that the final

term above is zero, since ensures that 1/ (z4F) = v (z+—), while the identities

V(X)) = Lixoce (8 = Xo) + Lxsag VIX),

V/(Xs) = _1{X5§z*} + 1{Xs>z*}V/(XS)a
and

l{Xsfz*}{/\,/ (X3> - 1{Xs>2*}/‘}// (X5)7
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for all s > 0, follow from the definition of /‘} We therefore obtain

e—()\+T)(t/\’f'n+c)f/\(Xt/\7A_ﬁ+c)
. tATre
_ V(X)) + / Lixoeoye O (X, — (4 1) (5 — X,)) ds
0
tATrtc Py 1 Py Py
+ / Lix,szye A8 <MXSV’(XS) + 502)(3&/”()(5) - (A + r)V(XS)> ds
0
tATitc Py
+ / e~ MMse X,V (X,) dB,
0
Py tATwotc
=V (Xo) + / 1{XS§Z*}e’(A+’")S((r — WX, —re— Ak — X,))ds
0

tAFrte . .
+ / Lix,sage M (L V(X)) — (A4 1) V(X)) ds
0

tATrtc .
- / e~ MMss X,V (X,) dB,
0
Py tATk4c tATrtc PR
< V(Xo) — / e85 — X)) ds + / e MM X, V'(X,) dBs,

0 0
for all ¢ > 0, where the inequality follows from

lix.<z ((T — )X =1k — Ak — XS)) < _1{X5§z*})‘(“ - Xy),
for all s > 0, since Proposition a) established that z, < M/(r — 1), together with

1{Xs>z*}<£XV(XS> - ()‘ + r)V(XS» = _1{Xs>z*})‘</€ - Xs>>

for all s > 0, since V satisfies over (z.,k + ¢). Next, observe that V' is bounded
over (0, k + ¢/, since Ve C'(0,k +c] and f/\/(0+) = —1. This is sufficient to ensure that

the local martingale
tATr+c P
R, >t / e~ MM X V'(X,) dB,
0

is in fact a uniformly integrable martingale. Given an arbitrary stopping time 7 € &,

an application of the optional sampling theorem then yields

—~

TATk+c R —~
V(xz) > E, (/ e~ s (5 — X)) ds + e(””)(MT"“)V(XT/\%HC))
0

T/\ﬂcn+c .
> E, ( / Ae” M (g — X)) dt + e AT Tere) (15— XTAmC)) = J(z,7),
0
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for all z € (0, 00), since Lemma established that /‘;(:c) > Kk — x. This implies that
V(z) > V(z), for all 2 € (0, 00). On the other hand, the function (0,00) > z — J(z, %..)
is the unique solution to the Dirichlet problem with data and (3.2b), due to the
stochastic representation theorem for the solutions to Dirichlet problems (for a precise
formulation of the relevant result applicable to our setting, see|Vigo-Aguiar et al.[2005,
Theorem 1). Consequently, /V(:L') =J(x,7,,) < ,‘7(3:) forall z € (0, 00), since V satisfies
(3.2a) and by construction.

(b): Suppose Condition holds, in which case z, = k + ¢ and /V IS C2(07 oo) is

determined by f/\(a:) =k —ux, for all z € (0,00). Ito’s formula then gives

e_(>‘+r)(t/\%”+c)(/€ — Xt/\'f_n+c) = e_(/\—i_r)(t/\%HC)/v(Xt/\‘fmc)

—~

t/\f’,@+c PR
= V(X)) — / (A +7)e” sV (X ) ds
0

tATrte e tA\Thte 1~
n / oMV (X)) d X, + / e HSVI(X,) d(X),
0 0

tATitc
— / e~ MMy X dB,
0

Py t/\‘f‘,.H_C t/\7A',.i+c
<V(Xp) — / e~ s ( — X)) ds — / e~ MMse X, dB,,
0 0
(B.3)

for all ¢ > 0. To justify the inequality above, note that

TR

O<r—pu<r— = ,
K+c K+c

since p > "¢/(x +¢) > 0, by assumption. Consequently,

ﬁxf/\<l‘) — (A + T)/V(x) =—pur—A+r)(k—z)=(r—pxr—rk— ANk —x)

IN

(r—p)(k+c)—rk— Ak —2x)
S _)\("i - ZE),

for all z € (0, k + ¢|. Note that the process

EATrte
R, >tr / e M5 X dB,
0
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is a uniformly integrable martingale. Given an arbitrary stopping time 7 € G, an

application of the optional stopping theorem then gives

P

T/\7A',€+c .
V(x) > E, ( / Ae™ () — X, ) ds 4 e WD) (1 — Xmﬂ)) = J(z,7),
0

for all z € (0, 00). This implies that /\}(:v) > V(z), forall z € (0,00). On the other hand,
V(z) = J(z, Frse) < V(2). for all 7 € (0, 00). O
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