Highlights

e We utilize the pyramidal-shaped property of the ordered flow shop scheduling problem and propose

efficient solution methods for the problem with the objective of minimizing the makespan.

e We generate three sets of benchmark consisting of 600 difficult instances, ranging from 10 to 800
jobs and 5 to 60 machines, to be used as the benchmarks for the ordered flow shop scheduling

problem.

e We propose two efficient heuristic algorithms for the problem, that are applicable for any scheduling
problem with the pyramidal-shaped or V-shaped properties.

e We show that the proposed Pair-Insert heuristic algorithm is very effective and obtainsithe best
solution for 73% of instances, in comparison to the best available heuristic algerithm for the per-

mutation flow shop scheduling problem.

e Our experiments confirm that the proposed Iterated Local Search algorithmy,obtains the best so-
lution for 75% of instances, in comparison to the best available meta-heuristic algorithm for the
permutation flow shop scheduling problem, and the solver CPLEX.
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Abstract

As a subcategory of the classical flow shop scheduling problem, the ordered flow shop scheduling prob-
lem deals with the case where processing times follow a specific structure. This study addresses the
m~machine n-job ordered flow shop problem with the objective of minimizing the makespan, which
is known to be NP-hard. Two efficient heuristics, and one fast Iterated Local Search algorithm are
proposed. The algorithms are developed by utilizing the pyramidal-shaped property of the problem.
To the best of our knowledge, there has been no benchmark instances published for the ordered flow
shop scheduling problem. This study first generates three sétsiof benchmarks consisting of 600 in-
stances in total, ranging from 10 to 800 jobs and 5 to 60 machines. The algorithms are tested on those
instances. The outcomes demonstrate the efficiency and effectiveness of the proposed algorithms, in
particular, the Iterated Local Search algorithm in selving the,ordered flow shop scheduling problem.
The solutions are also compared with those of the best/available algorithm for the permutation flow
shop problem, and it is shown that the Iterated Local Search performs better. We also discuss the
suitability of the proposed algorithms for seheduling problems with the V-shaped property.

Key words: Ordered flow shop scheduling; Pytamidal-shaped property; V-shaped property; Makespan

minimization; Iterated local searchyHeuristics

1 Introduction

The ordered flow shop scheduling, problem, which was first introduced by Smith (1968), is a subcategory
of the classical flow shepyscheduling problem, where there are structured properties for processing times.
In the classical flow”shop preblem, the processing times of jobs are usually assumed to be independent
of each other, as. well as/independent of the machines. The jobs’ processing times in an industrial
environment, however, may be related to the physical characteristics of the jobs and/or machines (Smith
et al., 1975).~ For example, the processing times of jobs may be considered to be correlated because the
machine with old design would process the jobs slower than that with the up-to-date technology. As
another example, in comparison to the small-size job, the large-size job would usually involve a relatively
compligated operation and thus require a relatively long processing time on any machine. In addition,
set-up Wimes, transportation times, and learning and aging effects may be dependent, to some extent,
on jobs and/or machines. Therefore, scheduling with jobs and machines following those “structured”
properties are frequently occurring in real-world situations. In the ordered flow shop scheduling problem,
the structured properties of jobs and machines can be described by the following two conditions, which
apply to all jobs and machines: (1) if a job’s processing time is smaller than that of another job on some

machine, then it should be the case on all machines, and (2) if the processing time of a job on a machine
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is smaller than that on another machine, then it should be the case for all jobs. The first condition is
called the job-ordered condition, and the second one is named the machine-ordered condition. We shall
later formally state those conditions.

The contributions of this research can be summarized as follows: (1) two efficient heuristic algorithms
are proposed for the problem; (2) a fast and effective Iterated Local Search (ILS) algorithm benefiting
from the properties of the ordered flow shop scheduling problem is developed; (3) three sets consisting of
600 challenging instances, which are selected from 520,800 randomly generated instances, are produced
to serve as the benchmark instances for the ordered flow shop scheduling problem; (4) it is shown that
the heuristic algorithms solve the largest instances within a second; and, (5) the proposed ILS algorithm
is shown to outperform the best available algorithm for the permutation flow shop problem, and also the
solver CPLEX, in terms of solution quality and computation time.

The remainder of this paper is organized as follows. Section 2 defines the problem and notations used in
the paper, as well as discussing a mixed-integer linear programming formulation for the ordered flow shop
scheduling problem. Review of the literature and real-world applications of the preblemyare presented in
Section 3. In Section 4, we propose solution methods for solving the ordered flow shopsseheduling problem,
including two heuristics and an ILS algorithm. We also discuss the applicabilityjef the algorithms to
scheduling problems with similar properties. In Section 5, we report the computational performance of
the proposed algorithms. We first discuss a procedure for generating, three sets of benchmark instances
for the ordered flow shop scheduling problem, and then we detailsthe computational outcomes. The

conclusions and future research directions are provided in Section 6.

2 Problem definition and formulation

Given a set of jobs J = {1,...,n} and a set of different’ machines M = {1,...,m}, we denote the
processing time of job j on machine r by p, ;, where me&’M and j € J. The ordered flow shop scheduling
problem is characterized by the following two eonditions:

1. if for any two jobs j,k € J,p,; < pr sk € M, then py j < pgx, Vg € M; and,
2. if for any two machines 7, ¢.€ M, pap< pgx,k € J, then p,; < pg;, Vi€ J.

We assume that the job processing orders on all m machines are identical, i.e. only permutation
schedules are allowed. Also; all'jobs are assumed to be available at time zero, and preemption of jobs is
not allowed, i.e. once the processing of a job is started it cannot be interrupted by other jobs. Finally,
each machine can process at most one job at a time. The ordered flow shop scheduling problem aims
to obtain the best order of performing jobs on machines (a permutation) with respect to some criteria.
This paper considers the objective function of minimizing the makespan denoted by Ci,.x, which is the
completion‘time, of the last job in a schedule. Table 1 summarizes the notations used in this paper for

the ordered flow) shop scheduling problem.

Table 1: Mathematical notations used in this paper.

Notation Description

Sets:

J Set of jobs, J = {1,...,n}, indexed by j.

M Set of machines, M = {1,...,m}, indexed by 7.

Parameters:

n Number of jobs and positions.

m Number of machines.

Dr.j Processing time of job j on machine 7, p,; € Z.

Decision variables:

Zji Takes a value of 1 if job j is assigned to position ¢, and 0 otherwise, z;; € {0,1},Vi,5 € J.
Sri Start time of the job in position ¢ on machine r, s,; > 0,Vr € M,i € J.

An example of the ordered flow shop, which is borrowed from Panwalkar and Woollam (1980), is

shown in Table 2. Note that the processing times follow both conditions discussed above.



Table 2: An instance of a 5-job 6-machine ordered flow shop scheduling problem (Panwalkar and Wool-
lam, 1980).

Machine
Job | 1 2 3 4 5 6
1 2 3 15 3 8 8
2 3 4 21 7 13 15
3 9 12 30 15 19 21
4 13 14 34 19 24 26
5 15 16 37 24 28 35

It is known that a pyramidal-shaped sequence is optimal for the ordered flow shop scheduling problem
(Smith et al., 1976). A pyramidal-shaped sequence consists of two sub-sequences, in which the jobs in
the first sub-sequence are ordered by the shortest processing time (SPT) dispatchingdule; and the jobs
in the second sub-sequence are sequenced in the longest processing time (LPT) order. Those two sub-
sequences will be hereafter called SPT sub-sequence and LPT sub-sequence, respectively.. ' We note that
the V-shaped property implies that the jobs in the first and second sub-sequerces arerordered in the LPT
and SPT orders, respectively.

To better illustrate the pyramidal-shaped property of the problem swe present some examples in the
following. Based on the instance presented in Table 2, (Jy, Js, J5, Jagda)yand (Jy, Js, J3, J2, J1) are two
pyramidal-shaped sequences. On the other hand, (Js, Js, J2, J4,J1)is net-a pyramidal-shaped sequence
because Jo is between Jy and Js (note that pyo < pgs and pgla < Pga, Vg € M that breaks the top
of the sequence with a V shape). Similarly, (Js, Js, J1, Ja, Ju) and (Js, Ju, J3, J1, J2) are two V-shaped
sequences.

The available mixed-integer linear programming (MILP) formulations for the flow shop scheduling
problem can be utilized to solve the ordered flow shop seheduling problem. This is because the aforemen-
tioned job-ordered and machine-ordered conditions, apply to the job processing times, which are the given
parameters, and play no role in the MILP formulation. Among different MILP formulations available
for the flow shop scheduling problem we.dmplement the “starting time-based” formulation proposed by
Wilson (1989), which according to Tseng et al. (2004), is one of the best performing models for solving
the permutation flow shop scheduling problem. In this formulation, which is represented by Model I in
the following, a binary decision.variable z; ; takes a value of 1 if job j is assigned to position ¢ € J in the
sequence, and 0 otherwise. Jiaddition, the non-negative decision variable s,.; indicates the starting time
of the job in position ¢ efi"machine r. Based on those notations, the Wilson’s model for the flow shop

scheduling problem can be/presented by Model I:

Model 1
n
z = min Cmaz = min(sm,n + me,jzj,n) (1)
=1
subject to
n
Y za=1, 1<i<n, (2)
j=1
n
i=1
s1,1 =0, (4)
n
51+ ZPLij,i =S1441, 1<is<n-—1, (5)
=1



n
Sp1 + Zpr,jzj,1 =58.41,1, 1<r<m-—1, (6)

i=1
n
Sr,i+ Zpr,jzj,i <SS, Ilsr<sm—1, 2<i<n, (7)
=1
n
Srit Y Prjzii < sriv1, 2<r<m, 1<i<n-—1, (8)
i=1
zj; €{0,1}, 1<j<n, 1<i<n, (9)
$p; 20, 1<r<m, 1<i<n (10)

The objective function (eq. (1)) minimizes the completion time of the last job in the’Séquenceon the
last machine, i.e. the makespan. Constraints (2) and (3) are of the assignment problem;iand ensure that
exactly one job is assigned to each position and exactly one position is assigned to each job.” Constraints
(4) set the starting time of the schedule to zero. Constraints (5) and (6) ensure that/there is no idle
time on the first machine, and the first job in the sequence is processed”on ally/m machines without
delay. Constraints (7) indicate that the starting time of each job on machine » +1 is no earlier than its
completion time on machine r. Constraints (8) ensure that the job dn positioni ¢ + 1 does not start on
machine r until the job in position ¢ has completed its processing‘on that machine. Finally, constraints

(9) and (10) state decision variables are binary and non-negative.

3 Literature review and applications

In this section we first review major studies onthe ordered flow shop scheduling problem that were
published after 2013. For a detailed review of earlieristudies, we refer the interested reader to the review

paper by Panwalkar et al. (2013). Next, we present the real-world applications of the problem.

3.1 Literature review

Followed by the pioneering work<of Smith"(1968) many studies have investigated the ordered flow shop
scheduling problem with the/Objective/of minimizing the makespan. Smith et al. (1975) showed that
the LPT first dispatching ruleis optimal when the largest processing times occur on the first machine.
Analogically, the SPT first dispatching rule is optimal for the problem when the largest processing times
occur on the last machine., However, when the largest processing times do not occur on either the first
or the last machine; the problem is NP-hard in the ordinary sense (Hou and Hoogeveen, 2003). In
particular, they consideréd the three-machine problem where the time for which a job occupies a machine
is equal to_the processing time of the job divided by the speed of the machine. Then they proved that
the problem is NP-hard if the second machine is the slowest. Panwalkar et al. (2013) also discussed that
the three-machine ordered flow shop scheduling problem, in which the largest processing times occur on
the second,machine is NP-hard.

Smith et al. (1976) showed that a pyramidal-shaped sequence is optimal for the m-machine n-job
ordered flow shop scheduling problem. The optimality is proved by observing that the critical path
passes through the jobs with the largest processing times. Those theoretical results further helped them
to transform the problem into a partitioning problem, and therefore, the number of sequences needed for
an exhaustive enumeration was reduced from n! to 2"~!. Panwalkar and Khan (1977) demonstrated that
the makespan is a piecewise convex function of the position of the job with the largest processing times.
Note that the number of sequences is at most (2721) if the position of the job with the largest processing
times is fixed.

Considering the makespan minimization criterion, Choi and Park (2016) studied the m-machine or-
dered flow shop scheduling problem with two competing agents. In their setting each agent aims at

minimizing the makespan for his own set of jobs. They developed a pseudo-polynomial time algorithm



to solve the problem. In addition, they showed that a three-machine case of the problem is polynomi-
ally solvable if the time for which a job occupies a machine is equal to the processing time of the job
plus a setup time required by the machine. A similar problem with two machines was studied by Kim
et al. (2017), where the objective is to minimize the makespan for the set of jobs allocated to one agent,
while ensuring the makespan of the jobs allocated to the other agent does not exceed a given bound. They
investigated three cases, for which processing times follow certain structures. Lee et al. (2019) studied
the on-line variant of the m-machine flow shop scheduling problem with the objective of minimizing the
makespan. In the on-line variant jobs arrive at different times. In particular, they studied the problems
with machine-ordered assumptions, and also with job-ordered assumptions. They analyzed competitive
ratio of a greedy algorithm, and derived lower bounds on the ratio for several cases.

The makespan minimization is also considered for the ordered flow shop scheduling problem in the
no-wait environment, in which once a job is started it must go through machines withott any delay. The
strong NP-hardness of the makespan minimization in the three-machine no-wait flow'shop:was proved by
Rock (1984). However, when ordered processing times are considered, Panwalkar, andyWoollam (1979)
showed that the SPT (LPT) sequence is optimal for the m-machine setting if the-largest processing
times occur on the last (first) machine. Recently, Koulamas and Panwalkar’(2018) derived a new priority
rule for the no-wait ordered flow shop scheduling problem with m-machines. In particular, they studied
the job-ordered case where the largest processing time of each job oeccursron either the first or the last
machine. For the objective of minimizing the makespan, they showed_that the problem is optimally
solvable with the proposed rule in O(nlogn) time.

Other objective functions such as the total completion time and number of tardy jobs have been
studied for the ordered flow shop scheduling problem. For example, Panwalkar and Koulamas (2013)
studied a three-machine ordered flow shop schedulingsproblemi with flexible ordering, i.e. the order of
performing jobs can be changed to some extent.<{The\problem is to determine the optimal layout and
schedule with respect to both makespan and total completion time criteria. They showed that the Small-
Median-Large layout and sequencing the jobs'based on the SPT first dispatching rule is the best design
for the problem. A job selection problem. in the two-machine shop scheduling was studied by Koulamas
and Panwalkar (2015). They utilized&n existing O(n?) algorithm for the makespan criterion, and solved
the two-machine flow shop problem with ordered machines and objective function of minimizing the
total completion time. They algo studied similar problems in the open shop and job shop environments.
Panwalkar and Koulamas (2017) studied the permutation schedules for some special cases of the ordered
flow shop scheduling problem with the objective functions of minimizing the makespan and the total
completion time. They also showed that a non-permutation schedule is dominant for a class of four-
machine ordered flow shop, for both makespan and total completion time criteria. A due date related
objective functienswasstudied by Panwalkar and Koulamas (2012). They attempted to obtain the shortest
common due date sugh’ that the number of tardy jobs is minimum. They proposed an O(n?) algorithm
for the problem when machines are ordered. Later, Tli¢ (2015) improved their algorithm and reduced its
complexity to O(nlogn).

Am._outsourcing and scheduling variant of two-machine ordered flow shop scheduling problem, in
which\€each job is processed either in-house or outsourced to a subcontractor, was studied by Chung and
Choi (2013). Because this problem was proved to be NP-hard (Choi and Chung, 2011) they proposed
an approximation algorithm for the cases of minimizing the sum of makespan and the total outsourcing
cost. In addition, they studied three special cases, aiming to model processing requirements of jobs on
machines. They showed that only one case is polynomially solvable and the other two cases are NP-hard.

Park and Choi (2015) considered uncertain processing times in the m-machine flow shop scheduling
problem. Since the general problem with the objective function of minimizing the maximum deviation
from the optimality for all scenarios is proved to be NP-hard (Kouvelis and Daniels, 2000), they studied
the problem with ordered processing times. Particularly, they set the processing time with a function of
one job-dependent parameter and one machine-dependent parameter. Given a fixed number of machines
and scenarios, they developed a pseudo-polynomial time solution method. Table 3 and Table 4 summarize

the relevant studies on the ordered flow shop scheduling problem that we discussed above. We note that
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F2,F3 and F'm in the shop setting column in Table 4 denote the flow shop problem with 2, 3 and m

machines.

Table 3: Fundamental studies for the makespan minimization in the m-machine ordered flow shop.

Study

Main outcomes

Smith (1968)
Smith et al. (1975)

Smith et al. (1976)
Panwalkar and Khan (1977)

Panwalkar and Woollam (1979)

Foundations of the ordered flow shop scheduling problem.

SPT (LPT) is optimal when the last (first) machine performs the largest operation
of jobs (i.e. with the largest processing time).

A pyramidal-shaped (SPT followed by LPT) sequence is optimal for the problem.
The makespan is a piecewise convex function of the job with largest processing
times.

In the no-wait variant the SPT (LPT) is optimal when the 1
performs the largest operation of jobs (similar to above).

first) machine
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Table 4: Summary of major studies published after Panwalkar et al. (2013).

Study Shop Special setting Objective function(s) (minimization) t

setting
Chung and Choi (2013) F2 Outsourcing Makespan and outsourcing cost Approximation algorithms
Panwalkar and Koulamas (2013) F3 Flexible machine ordering Makespan and total completion time Optimal layout and schedule
Tli¢ (2015) F2 - Common due date and number of tardy“jobs O(nlogn) algorithm
Koulamas and Panwalkar (2015) Fm Job selection Total completion time n O(n?) algorithm
Park and Choi (2015) Fm Uncertain processing times Maximum deviation of makespan s | A pseudo-polynomial time algorithm
Choi and Park (2016) Fm Two-agent scheduling Makespan A pseudo-polynomial time algorithm
Kim et al. (2017) F2 Two-agent scheduling Makespan Complexity of special cases
Panwalkar and Koulamas (2017) Fm - Makespan and total com Dominance of permutation schedules
Koulamas and Panwalkar (2018) Fm No-wait flow shop Makespan Priority rules for the job-ordered problem
Lee et al. (2019) Fm On-line scheduling Makespan Competitive ratio for the greedy algorithm




3.2 Applications

The first study introducing the practical importance of the ordered flow shop scheduling problem is due
to Smith (1968). They discussed that several factors, including the number of units or parts of a job or
the complexity of each job on all machines may lead to structural ordering of the jobs’ processing times,
and therefore, resulting in an ordered flow shop scheduling problem.

By investigating a large number of plants, Panwalkar et al. (1973) realized that in 77% of them the
products of similar types or sizes have similar trends for the processing times. In other words, if a
job has a longer processing time on one machine than other machines, then other jobs will also have
longer processing times on that particular machine. Two of such industries were recently discussed by
Lee et al. (2019). The first example includes a semiconductor and liquid crystal display (ILCD) panels
manufacturing facility, in which wafers and glasses are processed in batches over a serieswof stages. The
processing time for each batch is proportional to the number of wafers or LCDs in the’batch. The second
example is the painting process of expensive wooden doors. Several layers of paint and varnish may be
required for such doors. A different machine is associated with each different dayer of paint or varnish.
The processing times are usually dependent on the size of a door. In addition, the machines may have
different setup times.

In addition to the real-world applications of the ordered flow shop scheduling’problem, the theoretical
aspect of the problem is also important, particularly in modeling{other production environments. For
example, Sen et al. (1998) showed that a single-job lot-streaming preblem in a two-machine flow shop
turns to be an ordered problem, if the size of the sub-lots is-giveny InAfact, this is similar to the ordered
assumptions, particularly, if a sub-lot is larger and has thesdargest processing time than another sub-lot
on a particular machine, then this is the case on all machiness Likewise, if a particular sub-lot is larger on

some machine than on another machine, then the machine=erdered condition applies to all other sub-lots.

4 Proposed solution methods

Smith et al. (1976) showed that a pyramidalsshaped sequence is optimal for the m-machine n-job ordered
flow shop scheduling problem. That is;jan optimal job sequence can be split into two sub-sequences, in
which the first sub-sequence includes*a non-decreasing order of job processing times, i.e. the SPT rule,
and the second one follows ason-inereasing order of job processing times, i.e. the LPT order. Thanks to
the pyramidal-shaped property, the size of the set of all candidate feasible solutions significantly reduces
from n! to 2"~!. Henee, it is sensible to utilize the pyramidal-shaped property in the development of
solution methods for the ordered flow shop scheduling problem. In this study, we utilize the pyramidal-
shaped property,in developing problem-specific heuristics and meta-heuristics. The heuristic algorithms
include a pyramidal variant of the Nawaz-Enscore-Ham (NEH) algorithm (Nawaz et al., 1983) and a
procedure named “Pair-Insert”. We also develop an Iterated Local Search (ILS) meta-heuristic.

Note that the pyramidal-shaped property is related to the well-known V-shaped property, because in
both_an optimal job sequence consists of two sub-sequences. However, the V-shaped property implies
that the first sub-sequence follows the LPT order, and the second one is in the SPT order. Solution
approaches to scheduling problems with the V-shaped property have been developed in several studies.
For example, Mittenthal et al. (1993) proposed a Simulated Annealing-based procedure and Al-Turki
et al. (2001) developed a Tabu Search algorithm for the single machine scheduling problems with the
V-shaped property.

4.1 The Pyramidal-NEH algorithm

The well-known NEH algorithm is one of the most effective heuristics for solving the permutation flow shop
scheduling problem. Ruiz and Maroto (2005) showed this through a comprehensive evaluation of available
heuristics for the permutation flow shop scheduling problem. Kalczynski and Kamburowski (2007) also

investigated the superiority of the NEH algorithm. We refer the interested reader to Dong et al. (2008)



and Kalczynski and Kamburowski (2008) for more details on the applications of the NEH algorithm and
its variants.

The NEH algorithm consists of three steps. In Step 1, a sequence mq is generated by sorting the n jobs
in a non-increasing order of the total processing times of m operations. In Step 2, the first two jobs from
mo are selected, and a sequence 7 for the two jobs with the minimum makespan is generated. A complete
sequence is then constructed in Step 3, where the remaining jobs of my are inserted in the sequence
one by one, such that a job is inserted into a position, among all possible positions, which minimizes
the makespan of the yielded partial sequence. Note that there are i possible positions for inserting job
3 < i < n into the partial sequence. The NEH algorithm has a computational time of O(n?m), which
was improved from O(n3m) by Taillard (1990), denoted as Taillard’s acceleration.

Note that the procedure of Step 3 may generate a large number of ties. Fernandez-Viagas and Frami-
nan (2014) showed that their idle time-based tie-breaking mechanism outperforms all other mechanisms.
Their mechanism does not alter the O(n?m) complexity of the NEH algorithm.

Because a pyramidal-shaped sequence is optimal for an ordered flow shop scheduling,problem (Smith
et al., 1976), we therefore propose a modification to Step 3 of the original NEH algorithm to improve the
efficiency for solving the ordered flow shop scheduling problem. The modification, which is based on the
pyramidal-shaped property, aims to restrict the search space of the algorithm to/only pyramidal-shaped
sequences. Our proposed solution procedure is thus named the Pyramidal=NEH algorithm and is shown
in Algorithm 1.

Algorithm 1: The Pyramidal-NEH algorithm.

1 Input: The processing times of n jobs on all the m machines.
2 Output: A job sequence 7.

3 Step 1: Generate a sequence my by sorting the n jobs in the mon-increasing order of the total processing
times of m operations;

4 Step 2: Select from 7o the first two jobs, andsgenerate a sequence 7 of the two jobs with the minimum
makespan;

Step 3 (Complete sequence construction)s

for 3 <7< ndo
Generate 7' and 7" by letting/m beprefixed and suffixed respectively with the ith job of mo;
Compare the makespans of4’ and 7”;’and set 7 as the one with smaller makespan;

© 00 N O w;

end
10 return the constructed sequence m

We note that in,Case of ties, Algorithm 1 chooses the sequence 7’. The Pyramidal-NEH algorithm
restricts the allocation” of Jan unassigned job only to the first or the last position of the partially built
sequence, maintaining therefore the pyramidal-shaped property of the final sequence. Note that in Step
3 because am unassigned job has smaller total processing time than all already assigned jobs, hence, the
pyramidal-shaped property is maintained if the unassigned job is placed in either the first position or
the last pesition of the sequence. For example, consider the instance presented in Table 2. Assume that
the partial sequence is 7 = (J5,Js). In order to maintain the pyramidal property of the sequence, the
next job, i.e. Js can only be inserted into either the first or the last position of the sequence. This
leads to either m = (J3, J5, Jy) or m = (Js, Ju, J3). We note that the sequence © = (Js, Js, J4) is therefore
ignored since it is not pyramidal. Due to this, in the Pyramidal-NEH algorithm 2(n— 1) partial sequences

W — 1 partial sequences need be

are investigated in order to build a complete solution, whereas
considered in the original NEH algorithm. The time complexities of Steps 1 and 2 of Algorithm 1 are
O(nlogn) and O(m), identical to those of the NEH algorithm. Step 3, however, performs 2mn operations
when calculating the makespan of the partial sequence at each iteration. Therefore, the time complexity

of the Pyramidal-NEH algorithm is O(n?m).

10



4.2 The Pair-Insert algorithm

Another heuristic algorithm that we propose for the ordered flow shop scheduling problem is named
the “Pair-Insert” algorithm. The Pair-Insert algorithm utilizes the pyramidal-shaped property as well
as the general idea of the NEH algorithm. Algorithm 2 summarizes the proposed Pair-Insert algorithm.
Performing the same first two steps as Algorithm 1, the Pair-Insert algorithm constructs a partial sequence
in Step 3 by adding unassigned jobs in pairs. The pyramidal-shaped property of the problem leaves only
four possible choices for concatenating a pair of unassigned jobs with a partial sequence. Let my be the
sequence obtained in Step 1 and m be a partial sequence constructed with the first ¢ — 1 jobs of 7.
Then the four choices of concatenation are: (1) (i + 1,4,), i.e. prefix both jobs i + 1 and i to m; (2)
(m,i,i+ 1), i.e. suffix both jobs i + 1 and i to 7; (3) (¢,m,¢+ 1), i.e. prefix job i and suffixijob i + 1 to
m; and, (4) (i + 1,m,14), i.e. prefix job i + 1 and suffix job ¢ to m. Among those four permutations, the
one with the least makespan is selected as the partial sequence constructed with the first,i 4 1 jobs of 7.
Consider the instance of Table 2. If m = (J5, J4), the two upcoming jobs, i.e. J3 and Js canbe added to
the partial sequence as the followings in order to maintain the pyramidal propérty: © ="(Jo, Js, J5, J1),
7w = (J5, Ju, J3, J2), m = (Js3, J5, Ju, J2) and w = (Ja, J5, Ju, J3).

Algorithm 2: The Pair-Insert algorithm.

1 Input: The processing times of n jobs on all the m machines.
2 Output: A job sequence 7.

3 Step 1: Generate a sequence mo by sorting the n jobs in the nen-inereasing order of the total processing
times of m operations;

4 Step 2: Select from 7o the first two jobs, and generate a sequence 7 of the two jobs with the minimum

makespan;

5 Step 3 (Complete sequence construction):

6 Set i = 3;

7 while i < n do

8 Generate four partial sequences by concatenating 7 with the ¢th and (¢ + 1)th jobs of 7y in accordance

with (1): (¢ +1,¢,7), (2): (m,4,i+1), (3): (¢yasi+ 1), and (4): (i +1,7,1);

9 Compare the makespans of the four permutations, and set 7 as the one with the smallest makespan;
10 Set i =i+ 2;
11 end

12 return the constructed sequenceim

Notice that in case of ties, the algorithm chooses the sequence with the smallest index among the
four choices. Similarsto the Pyramidal-NEH algorithm, the Pair-Insert algorithm also runs in O(n?m)
and the total number of partial sequences to be evaluated is equal to 2(n — 1). The main advantage of
the Pair-Insert/algorithm’ lies in the fact that it could be applied to the scheduling problems with the
pyramidal-shaped or/V-shaped properties, such as the single machine scheduling problems with linear
deteriorating jobs™for the total completion time minimization (Mosheiov, 1991) and for the objective
function ‘of total absolute differences in completion times (Li et al., 2009), and several classes of common
due date assignment problems (Gordon et al., 2002).

4.3 'Extending the proposed heuristics for problems with the V-shaped prop-
erty

As we discussed earlier, our proposed heuristics can be extended to the scheduling problems with the
V-shaped property as well. In that case, Steps 1 and 2 of the Pyramidal-NEH and Pair-Insert algorithms
remain the same, although the sorting may be adjusted following the objective function of those problem.
Step 3, however, must be modified.

When the Pyramidal-NEH algorithm is applied to a problem with the V-shaped property, every
unassigned job can be allocated either to the left position of the most recent assigned job with the smallest
total processing time, or to its right position. Applying the Pair-Insert algorithm to the problems with
the V-shaped property is slightly different. Let [ be the job with the smallest total processing time in the
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partial sequence constructed by the first ¢ — 1 jobs. Then, the four alternatives for concatenation include
(.oyi+ 14,00, (oydyi+ L0 .00), (o ldyi+ 1,00 ) and (oo, L i+ 1,4, ... ). The complexity of both
algorithms remains the same as the number of evaluated partial sequences is the same.

4.4 An Iterated Local Search algorithm

The Iterated Local Search (ILS) algorithm has been widely applied to solve the flow shop scheduling
problems, and has delivered high quality solutions. Examples include the studies of Stiitzle (1998),
Marmion et al. (2011) and Lin et al. (2013). In this section, we propose an ILS algorithm for the
ordered flow shop scheduling problem. The general idea behind operating the ILS algorithm is.as follows.
Upon generating an initial solution, a local search is applied to obtain an improved solution. Then, a
perturbation is iteratively applied to the current solution, followed by the local search,which isiapplied
to the perturbed solution. The process continues until the stopping criterion is met (Talbi, 2009).

Our proposed ILS algorithm incorporates a post-processing procedure in order te. further improve
the best obtained solution. For this reason, the post-processing is initiated avhen the main algorithm
completes. The post-processing includes a local search algorithm, which utilizes a different neighborhood
structure from that used in the main algorithm. The motivation behind the post-processing is that
exploring the search space with a different neighborhood structure that doessmot utilize the pyramidal-
shaped property may lead to exploring some yet unexplored solutions, and we may therefore obtain
improved solutions. Recall that although we know that one of #he pyramidal-shaped sequences must be
optimal, a non-pyramidal sequence may also be optimal. Algorithm/3 summarizes our ILS algorithm,
where Phase 1 represents the main algorithm and Phase*2srepresents the post-processing procedure.

Next, we discuss the components of the ILS algorithm.

Algorithm 3: The ILS algorithm for the ordered flow shop scheduling problem.

1 Input: The processing times of n jobs on memachinesydo, di1, To, F, S, time_limit.

2 Output: A job sequence.
3 Phase 1:
4 Pair-Insert algorithm()
5 Local search algorithm() % Algorithm 4
6 d=do, flag[F] =0, T = To;
7 while elapsed_time < time_limit do
8 for 1 <l <ddo
9 Perturbation()
10 Local search algorithm() % Algorithm 4
11 end
12 if “no new solution”found then
13 flag|Fp= flag[F] + 1;
14 if flag[F] > F then
15 b d= dy;
16 end
17 else
18 | flaglF) =0, d = do;
19 end
20 T=axT;
21 end
22
23 Phase 2:
24 while elapsed_time < time_limit do
25 Swap two randomly selected jobs in the current solution;
26 if superior solution found then
27 ‘ Update the best found solution;
28 end
29 end

30 return the best found solution
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4.4.1 Generating initial solutions

Both random and greedy approaches have been used to generate initial solutions for the flow shop
scheduling problem (Ponnambalam et al., 2001; Osman and Potts, 1989). Because the ILS algorithm
includes applying random perturbations to the solution, we therefore utilize the Pair-Insert heuristic
(Algorithm 2), which is a deterministic algorithm, to build an initial solution for the ILS algorithm. This

implies that the initial solution will be a pyramidal-shaped sequence.

4.4.2 Perturbation

The main procedure in the ILS algorithm includes two operations of perturbation and le¢al search.
Through those operations, the ILS iteratively obtains improved solutions.

Each iteration of perturbation includes removing some jobs from their current poSitions in the se-
quence, and inserting them at some other positions. While jobs are randomly selected to be removed,
their insertion positions are determined such that the pyramidal-shaped property.oef theisolution is main-
tained. More precisely, if job j is removed from SPT sub-sequence, then it4s, inserted into LPT sub-
sequence, and between two adjacent jobs I and k, where Y 7" pry = > 07 prj 20> o prk. Likewise,
if job j is removed from LPT sub-sequence, it is then inserted into SPT sub-sequence, and that between
two adjacent jobs [ and k, where Y /" pry <YL P < Y ome ) Prk

In order to control the diversification and intensification aspectsiof the ILS algorithm, the number of
such removals and insertions (i.e. d) is adaptively changed during the course of algorithm’s operation.
For this reason, the number of removals and insertions is increased=to d;, from its default value of dg,
whenever certain number of consecutive iterations, denoted as F',-are performed with no improvements
in the solution. On the other hand, if an improved selutionyis obtained, the number of removals and
insertions is reduced to the default value of dy. The sequénce generated by the perturbation operation is

always accepted.

4.4.3 Local search

The local search method applied in theyproposed ILS algorithm utilizes the “insert” operator to build new
neighboring solutions, and operates as follews. A job is removed from its position in the sequence, and
is inserted into another positiofrsuch that the pyramidal-shaped property is maintained. This operation,
which is performed for all jobsiin the sequence, starts from the job in the first position in the sequence,
and proceeds to the job”in the last position. The process is continued until either a “new solution” is
obtained, or all neighboring solutions are explored without obtaining such a new solution. A neighbor
solution is defined®as a" “new solution”, if either it has a better objective function value, or it has a
worse objective functionvalue, however, meeting the “acceptance criterion”. Note that if a new solution
is obtained, then it is accepted, i.e. the “first improvement strategy” is applied, and the process is re-
started from the beginning of the sequence. This process is continued until S iterations are performed.
Algorithmy4 summarizes the proposed local search.

Wemnote that in the typical iterated local search algorithm the local search goes for a local optimum
(Stiitzle and Ruiz, 2018). However, in our algorithm because the local search is applied for a certain

number of iterations, that is the parameter S, delivering a local optimum is not guaranteed.

4.4.4 Acceptance and termination criteria

We implement an acceptance criterion that accepts both superior and inferior solutions. More precisely,
an improved solution is always accepted. A worse solution can be accepted if the local search cannot
deliver a new solution (see Section 4.4.3) and also the degradation amount is not greater than a certain
threshold.

The threshold parameter is initialized as Ty and decremented according to the geometric decrement

rule of T'=a x T, where 0 < a < 1. The algorithm continues until a certain time limit is elapsed.
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Algorithm 4: Local search procedure of the ILS algorithm.

[y

Input: Current solution.

2 Output: A new solution or the current solution.

3 flag[P] =1, flag[S] = 0;

4 while flag[P] =1 and flag[S] < S do

5 i1 =1, flag[C] = 0;

6 while flag[C] =0 do

7 Remove the job in the ith position and insert it into another position in the sequence, maintaining
the pyramidal property;

8 if a “new solution” (superior solution, or inferior one passing the acceptance criterion) obtained or
all neighbor solutions are generated with “no new solution” then

9 | flag[C] = 1;

10 end

11 t=1+1;

12 end

13 if a “new solution” is found then

14 Update the current solution;

15 if the “new solution” is a superior solution then

16 ‘ Update the best found solution;

17 end

18 else if “no new solution” found then

19 | flag[P] = 0;

20 end

21 flag[S] = flag[S] + 1;

22 end

23 return the solution

4.4.5 Post-processing

The Phase 2 of the ILS algorithm includes aspost-processing procedure, which is applied to the best
delivered solution of Phase 1. The Phases2 applies a “swap” local search and aims to deliver new high
quality solutions. For this reason, the'neighboring solutions are built by using the swap operator, applied
to randomly selected jobs, regardless of ‘maintaining the pyramidal-shaped property. Discovering non-
pyramidal sequences is a way to-letithe algorithm search for better solutions in unexplored spaces. Phase
2 is run for the same amount of time'as Phase 1, i.e. they have the same time limit.

5 Computational experiments

In this section/we report the computational results of the developed heuristic algorithms on three sets
of randomly., generated benchmark instances. First, we explain the instance generation procedure, and
discuss tuning the parameters of the algorithms. Then, we run the algorithms on the generated instances
and reportithe.computational results.

The 'proposed algorithms were coded in the computational package MATLAB version 9.4 (MAT-
LAB, 2018). All computational experiments were performed on a PC with Intel® Core™ i5-7500 CPU
clocked at 3.40GHz with 8GB of memory under Windows 10 operating system. To the best of our
knowledge, there has been no solution method published specifically for the ordered flow shop scheduling
problem. Therefore, for comparison purposes we solve the instances with the available solution method
for the permutation flow shop problem. The top performing methods for the permutation flow shop prob-
lem include the Iterated Greedy Algorithms (IGA) of Ruiz and Stiitzle (2007) and of Fernandez-Viagas
and Framinan (2014). Recently, Benavides and Ritt (2018) proposed a new IGA (denoted as IGApg
throughout this study) that reports superior results for the permutation flow shop problem. The recently
published IGA g is very effective in solving both the permutation and the non-permutation flow shop
scheduling problems. The IGA gg algorithm was coded in the programming language C++, and the code
is available to the public. We use the same code. In addition, we use the IBM ILOG CPLEX version
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12.8.0 (CPLEX, 2017) to solve Model I to optimality (where possible). Because the proposed ILS and the
IGA R start with an initial solution, we use the same initial solution to warm start the solver CPLEX.
This ensures a fair comparison. We also force the solver CPLEX to utilize only one processor (thread),
and to use a time limit as a stopping criterion. For the remaining parameters of the CPLEX we use the

default values.

5.1 Instance generation and evaluation

To the best of our knowledge there are no published benchmark instances for the ordered flow shop
scheduling problem. Therefore, we generate ordered instances, as benchmarks, for the problem, based
on the available instances for the permutation flow shop problem, i.e. based on the hénghmarks of
Taillard (1993) and Vallada et al. (2015).

Taillard’s instances were chosen from a large set of randomly generated instances; ailming to generate
a set of the most difficult instances. The Taillard’s instances range from 20 to 500%jobs, and 5 to 20
machines, and include 12 combinations of number of jobs and number of machines denoted as (n,m).
Those 12 combinations include (20, 5), (20, 10), (20, 20), (50, 5), (50, 10),450, 20), (100, 5), (100, 10),
(100, 20), (200, 10), (200, 20), and (500, 20). Each combination consists.of 10 instances. Therefore, a
total number of 120 instances were produced. For more recent studies’of Taillard’s instances we refer the
interested reader to Khatami and Zegordi (2017); Khorasanian and'Moslehi|(2017) and Liu et al. (2017).

Vallada et al. (2015) carried out extensive experiments and selected 240 “small” instances and 240
“large” instances, from a pool of 72,000 instances. The ntmberiofjobs in the Vallada et al.’s small
instances is chosen from the set {10, 20, 30, 40, 50,60}, andstheshumber of machines is chosen from the
set {5,10,15,20}. Hence, there are 6 x 4 = 24 combinations of n and m. Each combination consists
of 10 instances. This results in 240 instances. For the large instances, the number of jobs is selected
from the set {100,200, 300, 400, 500, 600, 700, 800} ‘and the number of machines is selected from the set
{20,40,60}. Therefore, there exist 8 x 3 = 24seembinations of n and m, where each combination consists
of 10 instances, and therefore, a total number of'240 large instances are produced. We refer the interested
reader to Fernandez-Viagas et al. (2017) andiDubois-Lacoste et al. (2017) for two recent studies of Vallada
et al.’s instances.

We note that Taillard’s and.Vallada, et al.’s instances are for the permutation flow shop scheduling
problem. In order to generate challenging benchmark instances for the ordered flow shop scheduling
problem, the following thrée steps are performed on all the 120 Taillard’s instances and on all the 480

Vallada et al.’s instances.

e Step 1: Sortsfor,each machine, the operation processing times of all the n jobs in a non-decreasing

order;

e Step2:-Sort, for each job, the operation processing times on all the m machines in a non-decreasing

order;

e\ Step.3: Permute the order of machines.

Steps 1 and 2 generate the instances in which the processing times of jobs are in the non-decreasing
order, i.e. every job has its smallest processing time on the first machine, the second smallest processing
time on the second machine and so on. Those instances can be easily solved by the SPT rule. Watson
et al. (2002) also showed that the structured problems are relatively easy to solve. Thus, we perform
Step 3 for permuting the order of machines, aiming at producing non-trivial instances. We let T, S and
L denote our three sets of instances derived from the Taillard’s and the Vallada et al.’s small and large
instances.

According to Vallada et al. (2015), the difficulty of an instance can be measured as the percentage
of the deviation from its lower bound (LB) solution, i.e. § = 100 x (UB — LB)/LB, where the LB
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Table 5: Number of instances that was solved to optimality with the Pair-Insert algorithm.

Problem size | Benchmark T | Arbitrary Problem size | Benchmark T | Arbitrary
(n-m) instances instances (n-m) instances instances
20-5 0 4 100-5 0 3
20-10 0 5 100-10 0 2
20-20 0 4 100-20 0 3
50-5 0 4 200-10 0 1
50-10 0 4 200-20 0 1
50-20 0 4 500-20 0 2

is obtained by utilizing the method of Ladhari and Haouari (2005) (eq. (11)), and UB is the objective

function’s upper bound calculated by using the Pair-Insert algorithm.

LB = inR,; + Cll inQ,,; 11
(Jnax [min By + O, () +min Qg 5, (11)

In eq. (11) CH4 (J) denotes the optimal makespan of a two-machine permutationflow shop prob-
lem with time lags, defined on the job set J and machine pair (r,¢). In addition;"R,; and Q, , are
the summation of the processing times of job j on some subset of machines. For'more details on the
implementation of this lower bound see “LB5” in Ladhari and Haouari(2005). Note that this tight lower
bound is calculated based on the bottleneck machine, which is suitable™for our problem, particularly,
because the number of bottleneck machines in the ordered flow shopsscheduling problem is small.

For the 5-machine instances we can easily evaluate all 120 pessible permutations of machines, and
choose the one with the largest value of §. For instances with 10.or more machines, however, we evaluate
1000 random permutations of machines instead, because ‘evaluating all possible permutations is very
expensive, if not impractical. Indeed, evaluating 1000"permutations ensures, to some extent, that the
so generated instances are very difficult to solve.dn summary, a total number of 520,800 instances were
evaluated (93,600 instances of T, 187,200 instances of S and 240,000 instances of L), out of which 600
instances were produced as very difficult and challenging instances for the ordered flow shop scheduling
problem (120 for T, 240 for S, and 240.fer L). For the illustration purposes, we show the name of an
instance in the format B-n-m-x, where B is the benchmark name that can be T, S or L, n and m denote
the number of jobs and the numbeér of machines, and x denotes the instance number, ranging from 1 to
10. For example, an instance named T-20-5-1 is the instance in benchmark T, that includes 20 jobs and
5 machines and is assigned the index number 1.

Figure 1 highlights the mecessity of producing instances with large value of 4. For comparison pur-
poses, the box-plot includes a set of “arbitrary” instances, which were generated by randomly permuting
machines based onlinstances of benchmark T. According to the box-plot, the § metric may reveal how
easily such arbitrary instances might be solved. The overall § for the benchmark T is 3.33, while it is
0.64 for the arbitrary/instances. In addition, our preliminary tests showed that the Pair-Insert algorithm
obtains & proven*eptimal solution for 37 (out of 120) arbitrary instances, even for the largest size (a
proven optimal solution is either reported by the solver CPLEX or is extracted when UB = LB). This
meanssthat at least about 31% of arbitrary instances were optimally solved with the Pair-Insert algo-
rithm/In addition, we realize that the minimum of § for every category of arbitrary instances is 0. Note
that a value of 0 for § implies that there was at least one instance solved to optimality by the Pair-Insert
algorithm. The number of instances of both benchmark T and arbitrary instances (R) that were solved
to optimality by the Pair-Insert algorithm is shown in Table 5. We also used statistical tests to validate
the obtained results. Because the data do not follow a normal distribution, we applied the Wilcoxon
signed-rank test for the paired data with a 95% confidence level. We observed a p-value of 0 for the test,
confirming therefore the statistical significance of selecting instances with large values of §. Overall, the
results indicate the impact of generating instances with large deviations (associated with large values of
0) to build challenging benchmark instances for the ordered flow shop scheduling problem.

We note that all 600 benchmark instances, which we generate in this study, are available online in the
Mendeley data repository at http://dx.doi.org/10.17632/cd2rv7hyyj.1. Future studies for the ordered
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Figure 1: Comparison between the instances of benchmark T and the arbitrary instances (denoted as R
in the figure).

flow shop scheduling problem could benefit from these benchmark sets inevaluating their methods.

5.2 [Evaluation of the proposed heuristic algorithimns

We first evaluate the proposed heuristic algorithms, i.e. thie RPyramidal-NEH algorithm (denoted as
NEHp,,) and the Pair-Insert algorithm (denoted as PI), by solving the three sets of benchmark instances
and comparing the outcomes with those obtained by the NEH algorithm with Taillard acceleration (de-
noted as NEHp,;), and also with the NEH algorithm ‘with, Taillard acceleration and tie-breaking rule of
Fernandez-Viagas and Framinan (2014) (denoted(as NEHpp).

We use three criteria of “number of best_obtained solutions (Npest)”, “average relative percentage
deviation (ARPD)”, and “average relative percentage time (ARPT)” to evaluate the performance of
those four heuristic algorithms.

The quality of the results is shown by the relative percentage deviation (RPD), which is calculated as
z—2z"
—

the best known objective funcgion value for the instance. The metric ARPD is the average of RPDs over

% 100, where z is the objective function’ value, i.e. the makespan delivered by an algorithm, and z* is

groups of instances. The metrie RPT" denotes the relative percentage computation time of an algorithm,
and is calculated as %@?CT X100, where C'PU is the computation time of the algorithm for an
instance, and ACT issthe average computation time for all algorithms on the same instance. The ARPT’
is the average of RPTs over groups of instances, and ARPT is then calculated as ARPT = ARPT’ + 1.
For more details on the metrics ARPD and ARPT we refer the interested reader to Fernandez-Viagas
et al. (2017).

Table(6 presents the values of the three metrics Ngeg:, ARPD and ARPT for the four heuristics of
NEHpy,, PI, NEHr,;, and NEHgr over the three sets of benchmark instances. The highlighted numbers
denoterthe outperforming values. The results show that the PI is the best algorithm in terms of Npegt,
and the NEHp,, is the second best. The PI generates the best solution for almost 73% of the instances,
and in’the order of over 4 times more than the NEHp,; algorithm. The quality of the PI algorithm is
further confirmed based on the metric ARPD, where it delivers solutions with an ARPD value of 0.81,
where the ARPD of NEHpp (the second best algorithm) is 1.08. The quality of solutions of NEHp,,. is
similar to that of NEHr,;, and slightly worse than that of NEHpp. Finally, the NEHp,, is the fastest
and the PI is the slowest algorithms based on the metric ARPT.
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Table 6: Summary of metrics Npeg, ARPD and ARPT for the four heuristic algorithms on the three

benchmark sets.

Metric Benchmark | NEH7.; | NEHrpr | NEHpy, | PI
T 20 16 20 89
Npest S 42 39 42 211
L 44 50 55 137
Sum 106 105 117 437
T 1.30 1.22 1.30 0.91
ARPD | S 1.56 1.51 1.56 1.10
L 0.61 0.52 0.61 0.42
Average 1.16 1.08 1.16 0.81
T 0.54 0.76 0.43 2.28
ARPT | S 0.49 0.66 0.38 2.47
L 0.86 1.10 0.65 1.39
Average 0.63 0.84 0.49 2.05

The superiority of the PI algorithm can be further investigated in Figure 2¢/'where the RPDs of the
heuristic algorithms are compared based on the three benchmark sets. In addition, the Wilcoxon signed-
rank test for the paired data of the RPD values of the heuristic algorithms with a/95% confidence level,

which is detailed in Table 7, confirms the quality of the PI algorithm,
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Figure 2: RP Dswof theyheuristic algorithms on the three benchmark sets T, S and L.

Table 7: Wilcoxen signedsrank test for RP Ds of the heuristic algorithms, based on the three benchmark
sets.

. Wilcoxon signed-rank test
Benchmark Comparison Test statisti%: p-value
PI vs. NEH7.; | 455 0.000
T PI vs. NEHpp | 466 0.000
PI vs. NEHpy, | 457 0.000
PI vs. NEH7.: | 970 0.000
S Pl vs. NEHpr | 726 0.000
PI vs. NEHpy, | 970 0.000
PI vs. NEHr,; | 2621 0.000
L Pl vs. NEHppr | 4100 0.000
PI vs. NEHpy, | 2667 0.000

We should note that although the PI heuristic is not as fast as the other three heuristics, the com-
putation time is not a concern because the largest instances (i.e. L-800-60-x) is solved within a second
by any of the four heuristic algorithms. To conclude, the PI can be considered as the best performing
heuristic for generating initial solutions for the ordered flow shop scheduling problem, and therefore, we
utilize the PI heuristic to generate initial solutions for the ILS algorithm.
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5.3 Parameter tuning for the ILS algorithm

Before performing the experiments, the parameters of the proposed ILS algorithm must carefully be tuned.
Since there are only five parameters in the proposed ILS algorithm, a full factorial design of experiments
(Montgomery, 2017) is applied to tune the values of the parameters. Those parameters include Ty (the
initial threshold value), a (the threshold decrement parameter), the upper and lower levels of d (the
number of modifications in the perturbation), F' (the number of iterations with no improvement), and S
(the maximum number of times that the local search is performed at each iteration). To set the initial
threshold value for each instance, a coefficient of its lower bound LB is used. Four candidate values
of 0.05, 0.1, 0.15 and 0.2 are considered for the coefficient. For the threshold decrement parameter,
we consider (1/Tp)*/?) where t is selected from {400, 600,800,1000}. Also, recall that the number of
modifications in the perturbation is changed adaptively as the algorithm proceeds. Ity starts. with a
default value of dy, and if F' consecutive iterations are performed with no improvement, it is increased
to di. We investigate two scenarios for the values of the pair (do, di), that are: ([logy(n/2), |log10n])
and (|2logn], [3logn]). We also consider four candidate values of 5, 10, 15 and 20 for F. For the
intensification parameter S, that is the maximum number of times that thedecalsearch is performed at
each iteration, we consider four values of 6, 8, 10 and 12. Those candidate values;lead to a total number
of 4 x4 x2 x4 x4 =512 combinations. To tune the algorithm, 35" instances” with different sizes are
solved with those 512 parameter combinations. Hence, a total number of 17,920 problems are solved and
RPD of each problem is used to represent its quality. Based on(the obtainhed results of the means of the
analysis of variance (ANOVA) technique, d and S statistically_play a significant role in the performance
of the algorithm. The mean plots and least significant differencey(L.SD) intervals (at the 95% confidence
level) of Figure 3 are used to set the value of the parameterss, The optimal value of those parameters are
presented in Table 8.

Table 8: Value of the parameéters used in the ILS algorithm.

Parameter | Definition Value

To Initial threshold value 0.1 x LB

e Threshold decrement factor (1/Tp) /600

(do, d1) Default and increased mumber of/removals and insertions (|log (n/2)7, |log 10n])
F Number of iterations' with.no improvement 15

S The maximum number/of times the local search is performed at each iteration | 10

5.4 Evaluation~of'the ILS algorithm

We test the propoesed ILS algorithm on the three sets of benchmark instances of Section 5.1. For com-
parison purposes, we solve those instances with the IGAgg, and also with the solver CPLEX (of solving
Model I) with aywarm start. The solution of the PI heuristic is utilized to warm start the CPLEX.

We use the jthree criteria of Npest, ARPD and ARPT to evaluate the performance of ILS and
IGAgR algorithms, and the solver CPLEX. We use the same time limit (milliseconds) for ILS and
IGA pg/algorithms, which is calculated as 7 x n x m, where 7 is set to 15 (hence, each phase of ILS

algorithm is set to run for milliseconds). We solve each instance for three times by the ILS and

TXNXm
2
IGA R algorithms, and report the average of the three runs. A computation time limit of 3600 seconds
(60 minutes) is applied to the CPLEX, and the CPLEX is set to utilize one processor. Other than those,
we use the default values for the remaining parameters of the CPLEX. We note that an optimal solution

to Model I is not guaranteed by setting a time limit for the CPLEX.

Table 9 presents the results of the three methods on the instances of benchmark T, where the best
values across the methods are highlighted. It is easily realized that the ILS algorithm is performing very
well on the larger instances, where it is the superior algorithm for the 80 large instances (T-50-10-x to

T-500-20-%).
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Table 9: Detailed comparison“of the methods on the benchmark T.

Problem size ILS IGAgBR CPLEX

(n-m) NBest | ARPD”|VARPT | Nest | ARPD | ARPT | Npest | ARPD | ARPT
20-5 5 0.06 0.86 10 0.00 0.86 10 0.00 1.28
20-10 3 0.03 0.64 10 0.00 0.64 10 0.00 1.72
20-20 5 0.01 0.65 10 0.00 0.65 10 0.00 1.71
50-5 4 0.03 0.00 3 0.04 0.00 5 0.05 2.99
50-10 8 0.02 0.01 0 0.09 0.01 3 0.10 2.99
50-20 9 0.02 0.01 0 0.09 0.01 1 0.06 2.98
100-5 9 0.01 0.01 1 0.08 0.01 0 0.18 2.99
100-10 10 0.01 0.01 0 0.17 0.01 0 0.32 2.98
100-20 10 0.01 0.02 0 0.16 0.02 0 0.32 2.95
200-10 10 0.01 0.02 0 0.13 0.02 0 0.54 2.95
200-20 10 0.01 0.05 0 0.16 0.05 0 0.52 2.90
500-20 10 0.00 0.12 0 0.10 0.12 0 0.36 2.77
Total 93 0.02 0.20 34 0.08 0.20 39 0.20 2.60

Table 10 presents the results of the methods on the instances of benchmark S. The best values across
the methods are highlighted. It is clear that the ILS algorithm is the superior method for the larger

instances, i.e. for the last 80 ones (S-50-5-x to S-60-20-x). The average computation time for the solver

CPLEX is more than 1800 seconds, while this is less than 7 seconds for ILS and IGAgg algorithms.

The results of the three methods on the instances of benchmark L, which are reported in Table 11,
show the good performance of the ILS algorithm. We note that the ILS algorithm outperforms both

IGABgr and CPLEX, in terms of solution time and quality.
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Table 10: Detailed comparison of the methods on the benchmark S.

Problem size ILS IGAgBR CPLEX

(n-m) Npest | ARPD | ARPT | Npest | ARPD | ARPT | Npest | ARPD | ARPT
10-5 10 0.00 1.42 10 0.00 1.42 10 0.00 0.15
10-10 10 0.00 1.43 10 0.00 1.43 10 0.00 0.14
10-15 10 0.00 1.44 10 0.00 1.44 10 0.00 0.13
10-20 10 0.00 1.45 10 0.00 1.45 10 0.00 0.11
20-5 4 0.04 0.57 10 0.00 0.57 10 0.00 1.87
20-10 4 0.04 0.64 10 0.00 0.64 10 0.00 1.72
20-15 5 0.02 0.60 10 0.00 0.60 10 0.00 1.81
20-20 4 0.02 0.74 10 0.00 0.74 10 0.00 1.53
30-5 3 0.06 0.02 8 0.01 0.02 8 0.01 2.97
30-10 2 0.08 0.08 5 0.01 0.08 9 0.00 2:84
30-15 2 0.03 0.06 5 0.01 0.06 9 0.00 2.88
30-20 4 0.02 0.16 4 0.01 0.16 9 0.01 2.68
40-5 2 0.05 0.00 3 0.03 0.00 8 0.01 2.99
40-10 2 0.05 0.03 1 0.05 0.03 9 0.02 2.95
40-15 4 0.02 0.02 0 0.04 0.02 8 0.01 2.97
40-20 2 0.01 0.01 0 0.05 0.01 9 0.01 2.97
50-5 5 0.02 0.00 2 0.05 0.00 4 0:03 2.99
50-10 7 0.02 0.01 0 0.10 0.01 4 0.08 2.99
50-15 4 0.01 0.01 0 0.09 0.01 6 0.02 2.98
50-20 3 0.02 0.01 1 0.07 0:01 7 0.03 2.97
60-5 9 0.01 0.05 3 0.04 0.05 2 0.10 2.89
60-10 4 0.02 0.01 0 0.12 0.01 7 0.03 2.99
60-15 5 0.02 0.01 0 0.11 0.01 6 0.06 2.98
60-20 9 0.02 0.01 0 0410 0.01 1 0.08 2.97
Total 124 0.02 0.37 112 0.03 0.37 186 0.02 2.27

Table 11: Detailed comparison of the methods on the benchmark L.

Problem size ILS IGARBRr CPLEX

(n-m) Npest | ARPD | ARPT |“"Npest | ARPD | ARPT | Npest | ARPD | ARPT
100-20 10 0.01 0.02 0 0.16 0.02 0 0.35 2.95
100-40 10 0.01 0.05 0 0.13 0.05 0 0.47 2.90
100-60 10 0.00 0.07 0 0.11 0.07 0 0.42 2.86
200-20 10 0.00 0.05 0 0.16 0.05 0 0.59 2.90
200-40 10 0.01 0.09 0 0.14 0.09 0 0.58 2.81
200-60 10 0.00 0.14 0 0.12 0.14 0 0.47 2.73
300-20 10 0.00 0.07 0 0.13 0.07 0 0.57 2.86
300-40 10 0.01 0.14 0 0.12 0.14 0 0.46 2.73
300-60 10 0.01 0.20 0 0.10 0.20 0 0.39 2.61
400-20 10 0.00 0.09 0 0.11 0.09 0 0.43 2.81
400-40 10 0.01 0.18 0 0.09 0.18 0 0.37 2.65
400-60 10 0.00 0.25 0 0.09 0.25 0 0.37 2.50
500-20 10 0.01 0.12 0 0.09 0.12 0 0.45 2.77
500440 10 0.00 0.21 0 0.10 0.21 0 0.32 2.57
500-60 10 0.01 0.30 0 0.08 0.30 0 0.34 2.40
600-20 10 0.00 0.14 0 0.07 0.14 0 0.35 2.73
600-40 10 0.01 0.25 0 0.11 0.25 0 0.39 2.50
600-60 10 0.01 0.35 0 0.10 0.35 0 0.35 2.31
700-20 8 0.00 0.16 2 0.06 0.16 0 0.33 2.69
700-40 10 0.00 0.28 0 0.10 0.28 0 0.29 2.43
700-60 10 0.01 0.39 0 0.08 0.39 0 0.36 2.22
800-20 7 0.01 0.18 3 0.05 0.18 0 0.27 2.65
800-40 9 0.01 0.32 1 0.06 0.32 0 0.29 2.37
800-60 10 0.00 0.43 0 0.08 0.43 0 0.31 2.14
Total 234 0.01 0.19 6 0.10 0.19 0 0.40 2.63

Table 12 provides a summary of the computational results of the three methods. Based on the metric
Npest, the ILS is the best performing algorithm among all, because it delivers the best solution for more
than 75% of the instances. Also, the solutions’ quality of the ILS algorithm is very good according to the
metric ARPD. More precisely, the ILS algorithm generates superior solutions than the IGA gg algorithm,
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and that in the order of almost 7 times. The quality of the ILS algorithm can be further observed in
Figure 4, where the RPDs of the methods are compared across the three benchmark sets. Since ILS
and IGApgg algorithms use the same time limit, the ARPT measure is similar for both, and far better
than that of the solver CPLEX. The Wilcoxon signed-rank test for paired data with 95% confidence level
is carried out on the RPDs of the three algorithms (see Table 13), and confirms the quality of the ILS
algorithm, in particular, for solving larger instances.

Table 12: Metrics Npest, ARPD and ARPT for ILS, IGAgR, and CPLEX on the three benchmark sets.

Metric Benchmark | ILS IGAgr | CPLEX
T 93 34 39
NBest S 124 112 186
L 234 6 0
Sum 451 152 225
T 0.02 | 0.08 0.20
ARPD | s 0.02 | 0.03 0.02
L 0.01 | 0.10 0.40
Average 0.02 | 0.07 0.21
T 0.20 | 0.20 2.60
ARPT | S 0.37 | 0.37 2.27
L 0.19 | 0.19 2463
Average 0.25 | 0.25 2:50
0.8 +
0.6
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Figure 4: RPDs‘of the ILS, IGApr and the solver CPLEX on the three benchmark sets T, S and L.

Table 13; Wilcoxon signed-rank test for RP Ds of ILS, IGA gr and CPLEX, based on the three benchmark
sets.

. Wilcoxon signed-rank test

Benchmarlk Comparison Test statisti%: p-value
T ILS vs. IGAgr | 606 0.000

ILS vs. CPLEX | 518 0.000
g CPLEX vs. ILS | 4993 0.005

ILS vs. IGAgr | 4485 0.001
L ILS vs. IGAgr | 67 0.000

ILS vs. CPLEX | 0 0.000

5.5 Effectiveness of Phase 2 of the ILS algorithm

The Phase 2 of the ILS algorithm was incorporated to further improve the quality of solutions. To evaluate
its effectiveness, the total improvement gained by the ILS algorithm is analyzed after the completion of
each phase. On average, 63.73%, i.e. nearly two thirds of the improvements are gained by Phase 1 of

the algorithm. However, according to Table 14 we can observe that as the size of the instances increases,
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the contribution of Phase 2 in delivering high quality solutions has significantly risen. In particular, the
improvement due to Phase 2 is greater than 50% for large instances with 300 jobs and more, and also
with 40 and 60 machines.

Table 14: Comparison of the performance between Phases 1 and 2 of the ILS algorithm.

. Total ILS improvement (%) gained in:
Number of jobs Phase 1 Phase 2
10 100.00 0.00
20 92.52 7.48
30 79.13 20.87
40 73.69 26.31
50 70.69 29.31
60 66.60 33.40
100 57.40 42.60
200 52.02 47.98
300 45.64 54.36
400 45.68 54.32
500 43.59 56.41
600 39.50 60.50
700 41.33 58.67
800 36.18 63.82
Number of machines
5 77.45 22.55
10 74.87 25.13
15 80.58 19.42
20 60.45 39.55
40 44.82 95.18
60 48.46 51.54
Average: 63.73 36.27

We further investigate the impact of Phase 1‘and”Phase 2 on the ILS algorithm. More precisely,
we solve instances of benchmarks T, S and L with two settings: (1) allocating the total running time to
Phase 1 only, and (2) allocating the total running time to Phase 2 only. In both settings, we utilize the
Pair-Insert algorithm to generate the initial solution, as we used in the proposed ILS algorithm. Table
1 presents the results and shows that the solutions obtained by setting 1 are of very poor quality in
comparison to the solutions produced by the ILS algorithm. In addition, we observe that setting 2 is
outperformed by the ILS algorithm for instances of benchmarks T and S. Setting 2 has led to slightly
better solutions for the instances of benchmark L, however, in overall the ILS algorithm generates superior
solutions. In total, résults of settings 1 and 2 confirm our previous observation regarding the effectiveness
of Phase 2 for large inStances.

Table 15: Comparing the performance of of ILS, and settings 1 and 2.

ARPD
Benchmark ILS Setting 1 Setting 2
T 0.02 0.25 0.02
] 0.03 0.21 0.05
L 0.01 0.23 0.00
Average 0.02 0.23 0.02

6 Conclusion

In this study we have investigated the makespan minimization for solving the ordered flow shop scheduling
problem, which is a variant of the flow shop problem. We have utilized the pyramidal-shaped property of
the problem and designed two efficient heuristics, and an Iterated Local Search (ILS) algorithm. Because
there have not been any benchmark instances published for the ordered flow shop scheduling problem,
we have designed a procedure that generates challenging random instances for the ordered flow shop

scheduling problem. We produced a total number of 600 instances in three sets, ranging from 10 to 800
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jobs and 5 to 60 machines. We solved the instances by the proposed heuristics and the ILS algorithm,
and compared the outcomes with those by the state-of-the-art IGA g and the solver CPLEX. We showed
the efficiency and effectiveness of the proposed algorithms, in particular, the ILS in solving the ordered
flow shop scheduling problem. In summary, we obtained the best solutions for 75% of instances, and in
a short amount of time. In addition, ARPD of the ILS is shown to be 0.01%, which is significantly less
than that of the IGAgr and CPLEX that are 0.07% and 0.20%, respectively.

One direction of the future research could be applying the proposed ILS algorithm to scheduling
problems with the V-shaped property, such as the single machine problem with linear deteriorating jobs.

In addition, the problem can be investigated with due-date related criteria.
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