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Abstract—In this paper, we present a novel approach for
predicting pedestrian crowd dynamics over longer time hori-
zons (30s). In dense environments over long time horizons, the
number of pedestrian interactions is high, leading to the degra-
dation of traditional pedestrian trajectory estimation techniques.
Alternatively, we consider the macroscopic properties of the
crowd as a whole, focusing on the flow of density. This approach
benefits from not considering pedestrians individually, and can
probabilistically estimate the existence of previously unobserved
individuals. Initially, a coarse resolution prediction is generated
by a Convolutional Recurrent Neural Network (ConvRNN), and
subsequently smoothly interpolated by a Gaussian Process (GP).
Using the linearity properties of GPs, a continuous representation
of the crowd is produced that complies with both the ConvRNN’s
prediction and a conservation of density constraint. The approach
is trained and analysed on the dense ATC dataset, where we show
the advantages of the approach and the improvements from our
contributions.

I. INTRODUCTION

HUMANS tend to anticipate the motion of the people
in their surroundings when navigating in crowds. This

anticipation is their prediction capability, and is based on a
life-long experience of walking in crowds where the physical
and social attributes of crowd motions are implicitly learnt.
The ability to foresee the future motion of the crowd allows
humans to effectively plan paths less invasive of the crowd
flow. This is the ideal behaviour we wish a robotic agent to
execute when deployed in a dynamic crowded environment.

Robots deployed in crowded environments such as muse-
ums, airports, and shopping malls must be socially compliant.
The research community has attempted to model socially
compliant motion using potential fields [1], velocity obsta-
cles [2], graph-based methods [3], and reinforcement learning
methods [4], where social compliance is defined in terms of
reaching a destination efficiently [5], [6], executing human-
like maneuvers [4], or minimising invasiveness to the crowd’s
flow [7]. In non-myopic frameworks, the main idea is to
predict in some way the motion of the crowd and effectively
plan into the predicted future to reach a destination while sat-
isfying the social compliance criteria. In this vein, we focus on
developing an effective crowd prediction model, intended to be
utilized for planning robot trajectories through the crowd with
minimal social invasiveness. Predicting a pedestrian crowd’s
motion, also termed “crowd modelling”, has been gaining
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Fig. 1: The output of the presented method, overlaid with the
ground-truth. As predicted almost 2.5 seconds into the future,
the smooth density field ρ is shown in blue and the velocity
field v is shown by green arrows. The red arrows indicate the
true position and velocity of the pedestrians at this future time.
Compare with Fig. 6.

the attention of the research community for planning robot
motions [8], [9], and for various other purposes including
efficient crowd evacuation [10], and traffic management and
public safety [11].

Crowds can be described using their microscopic or
macroscopic properties. Microscopic modelling considers each
pedestrian individually, and typically handles interactions in
a pairwise manner. Focusing on individual behaviours and
interactions has been shown to work well locally, and is
suitable in small, sparse crowds.

Alternatively, macroscopic modelling considers the entire
crowd as a whole, focusing on the large-scale dynamics of
denser crowds. At higher crowd densities, the microscopic
properties of individuals have fewer degrees of freedom [12]
and therefore have a small effect on the overall crowd be-
haviour. This emphasizes the importance of using macroscopic
properties at larger scales. In our work, we are interested in
modelling large and dense crowds and thus the focus is on
macroscopic crowd properties, detailed in Section II.

Previous work on macroscopic crowd modelling [9]
was shown to be effective for planning robot trajectories
through dense crowds. A Convolutional Recurrent Neural
Network (ConvRNN) framework was used to generate a
discrete and fixed-resolution model. In this work, we improve
upon the predictive model presented by using the coarsely
predicted macroscopic crowd features to inform a constrained
Gaussian Process (GP), giving a smooth and continuous rep-
resentation of the crowd into the future. By filling-in the
course resolution with a continuous probabilistic estimate,
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the crowd properties can be more accurately estimated at
arbitrary query locations in space-time. With the inclusion of a
known physical constraint, the conservation of density, the GP
can intelligently interpolate to produce a physically plausible
estimate. Moreover, the GP is able to correct unlikely estimates
from the ConvRNN.

Additionally, as the framework produces a smooth and
continuous representation of the crowd, gradients can be easily
extracted from the GP to improve downstream applications
such as planning and trajectory optimisation techniques [13].

An overview of our approach is as follows. The crowd is
considered as a whole, and the macroscopic features of density
and velocity are captured as averages over discretised space
and time. A ConvRNN is used to encode the history of gridded
values and predict future gridded values. Subsequently, as the
main contribution of this paper, a constrained Gaussian process
is used to reconstruct a smooth and continuous representation
of the pedestrian crowd’s macroscopic features, while adhering
to physical constraints. This smooth representation of the
macroscopic crowd properties produced by the prediction
framework is shown in Fig. 1.

The macroscopic perspective of a pedestrian crowd is de-
scribed in Section II, and an overview of the ConvRNN is
presented in Section III. Gaussian Processes are explained in
Section IV, with specific modifications made for the problem,
such as interfacing with the ConvRNN and upholding physical
constraints, detailed in Sections IV-A to IV-E. Finally, imple-
mentation details and results are given in Section V.

II. MACROSCOPIC CROWD FEATURES/PROPERTIES

Typical formulations of pedestrian prediction represent the
crowd as a collection of 2D point masses moving in time.
In contrast, we consider the crowd to be continuous in time
and space, described by a set of macroscopic properties. Our
model has no concept of individual pedestrians, but is defined
over the ambient space. We denote a location in space-time
as x = [t, x, y]T ∈ R3, and describe the crowd by its density ρ
and velocity v = [vx, vy]

T at every location1,

ρ : R3 → R≥0 ,
v : R3 → R2 .

(1)

This formulation helps to capture the uncertainty of pedestrian
positions over time in a probabilistic manner. We propose to
model the crowd density and velocity fields as follows.

The density of the crowd ρ can be considered as the intensity
of a point process: the expected number N of people within
an area A at time t is given by the associated integral over
that area,

E [NA(t)] =

∫∫
(x,y)∈A

ρ(t, x, y) dxdy . (2)

The intensity of a point process is similar in many ways to
a probability distribution: it is constrained to be non-negative,
however it does not necessarily integrate to unity.

1With a slight abuse of notation, we will refer to functions f and their
evaluated values f(x) interchangeably.

The uncertainty of the velocity field is handled through the
explicit inclusion of velocity variance σ2

v. Through a proba-
bilistic loss function (described in Section III-A), this property
captures two distinct factors: the uncertainty of the model’s
prediction, and, due to the discretised nature of the model’s
output, the variability of the velocities of pedestrians found
within each discretisation region. This property is important
to understand the coherence (conversely: irregularity) of the
crowd flow.

III. CONVRNN MODEL

The problem of dynamic crowd prediction is first tackled
by forecasting the macroscopic features at a coarse resolution.
The space and time dimensions are discretised into fixed-
resolution cells, and a Convolutional Recurrent Neural Net-
work (ConvRNN) is used to learn the average future crowd
properties across those cells.

As described in Section II, the macroscopic crowd features
of interest are the density ρ and velocity v of the pedestrian
crowd. The neural network is trained to estimate the average
density and velocity values ρ and v across the discretised
cells c,

ρ(c) =
1

|c|

∫∫∫
x∈c

ρ(x) dtdx dy ,

v(c) =
1

|c|

∫∫∫
x∈c

v(x) dtdxdy .

(3)

We note that while the true target density function is not
easy to define smoothly (an intuitive definition includes a sum
of Dirac δ-functions at each pedestrian), this complication is
avoided by considering the spatio-temporal averages.

For our experiments, we consider the network input to be
a time-shifted version of the target output; a sequence of
past crowd-property images is used to predict a sequence of
future crowd-property images. However, we note that the input
information could easily be of another available type, such as
top-down colour images of the area of interest. For this work,
the input and output are rasterised top-down images with cells
describing the average macroscopic crowd properties across

C-1 C0 C1 C2

Fig. 2: The ConvRNN encoder-forecaster model. Past obser-
vations C−1 and C0 are used to generate future predictions Ĉ1
and Ĉ2. This structure can be repeated for arbitrary input and
output sequence lengths. Figure adapted from [14].
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them. In Fig. 2, these images are referred to as Ct at each
time instance t.

The deep neural network model used was an encoder-
forecaster structure consisting of ConvRNN blocks, where
the Recurrent Neural Network (RNN) [15] responsible for
maintaining the temporal relationships is selected as a Gated
Recurrent Unit (GRU) [16] and the gating operations within
the GRU are convolutions to maintain the spatial relation-
ships. A graphical overview of the network structure is given
in Fig. 2. The model was initially used for for weather predic-
tion [14], [17], and we later applied it to macroscopic crowd
prediction [9].

Convolutional Neural Networks (CNNs) [18] in the encoder-
forecaster structure capture the spatial relationship of features
by applying 2D convolutional kernels across the input images.
The convolution blocks employ zero-padding such that their
output is the same size as their input, while downsampling and
upsampling blocks employ strided convolution and transposed-
convolution respectively. The downsampling layers of the
encoder allow it to learn coarse, high-level features at deeper
layers while the upsampling layers of the forecaster allow it
to build the predictive image back to its original resolution,
assisted by the high-resolution hidden state passed from the
previous timestep.

Encoder towers are iterated for each observation in the
input resulting in hidden feature maps at differing resolutions,
which are fed into forecaster towers to generate outputs of the
same resolution to the input at future time steps of interest.
The recurrent nature of the encoder-forecaster setup and the
ability to store the hidden states in online usage allows the
observations to be encoded and predictions to be made in
constant time with respect to input length, and linearly with
respect to prediction length.

Fig. 3: The short and long time horizon behaviour of the
ConvRNN prediction. Note that the final densities are not
consistent for all inputs, the model seems to learn the overall
density without being explicitly provided with the time of day
information. Crowd density ρ is shown in blue, while the green
arrows show the expected velocity with a circle at one standard
deviation.

A. Probabilistic Loss Function

Through careful specification of the loss function, the
learned model generates a probabilistic prediction of the future
crowd state. The crowd is modelled as a marked spatial point
process, with the spatial positions of an uncertain number
of pedestrians each associated with an uncertain velocity.
The density ρ(c) is considered a Poisson random variable
(as a Poisson point process) and the velocity v(c) a 2-di-
mensional isotropic Gaussian variable with a mean µv and
a covariance σ2

vI2. Using the forward Kullback-Leibler (KL)
divergence from the predictive distribution to the target ground
truth as the model’s loss function, the model is effectively
optimised by Maximum Likelihood Estimation (MLE). See
[9] for more details.

Such a probabilistic model is very beneficial for large-scale,
long-horizon prediction of the macroscopic features. When
predicting an intrinsically unknowable future, it is crucially
important to capture the uncertainty in the modelling process.
This allows the learned model to focus on regions it can be
more certain about, and convey its uncertainty in regions it
is not. The ConvRNN model shows its uncertainty at long
time horizons by estimating large velocity variances, and
blurring its predicted density image. In our crowd prediction
problem, this is particularly useful as the model can seamlessly
transition between collision-avoidance-like local behaviours at
short time horizons, to a global environment-steady-state-like
average behaviour at long time horizons. See Fig. 3 for a
pictorial demonstration of this effect.

IV. GAUSSIAN PROCESSES

From the course resolution predicted grid of macroscopic
crowd features, we wish to obtain a smooth, continuous
representation of these values across space and time. We
employ a Gaussian Process (GP) to smoothly interpolate these
values, while constraining the output using known physical
constraints.

A Gaussian process is a generalisation of a Gaussian
random variable to a random function. A Gaussian process
essentially describes an infinite number of jointly-Gaussian
random variables f(xi) at locations xi. It is described by
a mean function µ(x) (commonly zero or constant), and a
covariance or kernel function K(x,x′),f(x1)

...
f(xn)

 ∼ N

µ(x1)

...
µ(xn)

 ,
K(x1,x1) · · · K(x1,xn)

...
. . .

...
K(xn,x1) · · · K(xn,xn)




[f(xi)]i ∼ N ([µ(xi)]i, [K(xi,xj)]i,j) ,

f(x) ∼ GP(µ(x),K(x,x′)) .
(4)

We introduce [•]i and [•]i,j notation to indicate vector and
matrix construction (respectively) from repeated function eval-
uation.

Crucially, as all f(x) variables are jointly-Gaussian, condi-
tioning admits a closed-form solution. Given a set of observed
data yd = [f(xdi)]i and a set of query locations xq , the
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queried values yq = [f(xqi)]i are jointly-Gaussian, distributed
as

yq | yd ∼ N
(
µq + Σq,d Σ−1d,d (yd − µd),

Σq,q −Σq,d Σ−1d,d Σd,q

)
,

(5)

where

µd = [µ(xdi)]i , µq = [µ(xqi)]i ,

Σd,d = [K(xdi ,xdj )]i,j + Σn,n , Σd,q = [K(xdi ,xqj )]i,j ,

Σq,d = [K(xqi ,xdj )]i,j , and Σq,q = [K(xqi ,xqj )]i,j ;

assuming the observed data is additionally corrupted by some
(also jointly Gaussian) noise with covariance Σn,n.

Note that the definitions given for a scalar function f(x)
work equally well for a vector-valued function f(x). This
however requires the definition of a vector-valued mean
function µ(x) and a (square) matrix-valued covariance func-
tion K(x,x′). The resulting data-data and query-data covari-
ance matrices are similarly constructed as block matrices.

A. Linear Transformations of Gaussian Processes

One interesting and useful property of Gaussian processes is
their linear transformation rules. Consider f1(x), a GP defined
by µ1(x) and K1,1(x,x

′). Given a linear operator L2 mapping
f1 to f2 : f2(x) = L2 f1(x), f2(x) is also a Gaussian process,
with associated mean and covariance functions (with itself,
and with the un-transformed f1),

µ2(x) = L2 µ1(x) ,

K2,2(x,x
′) = L2 K1,1(x,x

′) LT
2 ,

K1,2(x,x
′) = K1,1(x,x

′) LT
2 ,

K2,1(x,x
′) = L2 K1,1(x,x

′) .

(6)

The notation of these expressions can be confusing: the base
kernel K1,1 is a matrix-valued function of 2 locations; the
linear operator L2 operates from the left on the left location x
and, with a slight abuse of notation, the transposed linear
operator LT

2 is understood to operate on the kernel from the
right with respect to the right location x′.

B. Conservation Constraint

Of the possible ρ(x) and v(x) functions, defined over
space and time, not all are physically feasible. The movement
of density ρ through time is specified exactly by the flow
velocity v; as such these functions must obey the following
differential equation to satisfy the conservation of density:

∂ρ

∂t
+
∂ρvx
∂x

+
∂ρvy
∂y

= 0 . (7)

This equation describes the crowd’s momentum vector ρv.
The change in density over time is exactly the negative
divergence of the momentum vector field: the density at a
position decreases with the net flow of pedestrians away from
that position. We can model this property of the flow as a
constrained Gaussian process.

By the careful choice of kernel, the GP can be crafted to
satisfy this constraint at all locations. Firstly, the constraint

is described as a linear operation Lc (termed the constraint
operator) on a state s,

s =

 ρ
ρvx
ρvy

 , Lc =
[
∂t ∂x ∂y

]
,

Lc s =
[
∂t ∂x ∂y

]  ρ
ρvx
ρvy

 = 0 ,

(8)

where ∂• is the derivative operator ∂
∂• .

Subsequently, our aim is to find a linear operator Ls, we
term the producing operator, which satisfies

s = Ls g ,

0 = Lc Ls g , ∀g .
(9)

For any (vector-valued) continuous function g(x) defined over
space and time, Ls g should satisfy the constraint. We term g
the latent state, and aim to find a valid solution for Ls,

0
Lc←−−−−−︸ ︷︷ ︸

constraint
operator

s(x)︸ ︷︷ ︸
state

Ls←−−−−−︸ ︷︷ ︸
producing
operator

g(x)︸ ︷︷ ︸
latent
state

. (10)

A 1-dimensional solution for Ls can be written as a linear
combination of scalar basis operators. Higher-dimensional
solutions can be found spanning the null space of this linear
combination, leading to a more a flexible model still satisfying
the constraint. For a complete description of this process,
readers are referred to [19]. For our specific problem, we find
a 3-dimensional solution of the form:

Ls =

 0 −∂y ∂x
∂y 0 −∂t
−∂x ∂t 0

 ,
Lc Ls =

[
∂t ∂x ∂y

]  0 −∂y ∂x
∂y 0 −∂t
−∂x ∂t 0


=
[
0 0 0

]
.

(11)

Note that the composition of linear operators remains a
linear operator, namely the zero operator, taking any 3-di-
mensional latent state g and reducing it to (scalar) zero
everywhere.

This solution relies on the commutative property of differen-
tial operators, ∂x∂y = ∂y∂x. The solution can also be seen as
the skew-symmetric matrix representation of the curl operator,
and it is a well known result that the divergence of the curl
of a vector field is always zero.

The properties of linear operators on GPs (as seen in Sec-
tion IV-A) allow us to specify a covariance kernel Kg,g(x,x

′)
defining a GP for the latent state g, and apply the operator Ls.
The resulting continuous function s must, by definition, satisfy
the constraint Lc. As the operator Ls is linear, the function
of interest s remains a GP, with mean and kernel functions
defined in terms of µg , Kg,g , and Ls,

g(x) ∼ GP
(

µg(x), Kg,g(x,x
′)

)
,

s(x) ∼ GP
(
Ls µg(x), Ls Kg,g(x,x

′) LT
s

)
.

(12)
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Fig. 4: A visualisation of the state’s kernel Ks,s, showing how it satisfies the conservation of density constraint. The density
field ρ is shown in orange-blue, while the maroon arrows show the flow of momentum ρv.

We note that for our work we define µs = Ls µg directly, as
a constant positive density with zero velocity, with the under-
standing that the associated µg exists and the constraint Lc is
satisfied.

The base kernel Kg,g is defined with the typical squared-
exponential,

Kg,g =

Kg1 0 0
0 Kg2 0
0 0 Kg3

 , (13)

Kgi = a2i exp

−∑
j∈(t,x,y)

[x− x′]2j
2 l2i,j

 , (14)

where [•]j denotes extracting the scalar value from the appli-
cable dimension of the associated vector, such that different
length scales li,j can be used for each dimension.

The diagonal nature of Kg,g establishes the 3 dimensions
of the latent state g as uncorrelated, however we note that
the 3 dimensions of the produced state s are correlated as Ls
contains off-diagonal elements.

Three variances a2i and nine length-scales li,j define hyper-
parameters of this kernel. To retain symmetry in the xy-plane,
6 equality constraints are introduced leaving 6 tuneable hyper-
parameters, which are selected empirically.

The constrained kernel Ks,s is visualised in Fig. 4, as the
prediction generated under a single observation of a density
moving towards the right. It can be see through the multiple
time slices that the density complies with the flow of mo-
mentum; in this example the density flows towards the right
and dissipates into the surroundings. Note that while negative
densities are shown, multiple kernels will be added together
with the mean function, resulting in positive densities.

C. Integral Kernel

The output of the ConvRNN outlined in Section III is a
3-dimensional array of predicted crowd properties, interpreted
as the average values across cells in space-time. This naturally
gives rise to a piecewise-constant model. A smoother model
is produced by using these average values to inform a GP
model of the ConvRNN’s predictions. We introduced a similar
approach for correlating rectangular spatial regions of differing
sizes in [20].

The average value over a cellular region is calculated by the
triple integral over space and time. This transformation can be

described as a linear operator Lm which we use to define a
measurement state m, ρ

ρvx
ρvy

 = m(c) = Lm s(x)

=
1

|c|

∫∫∫
x∈c

s(x) dxdy dz

(15)

Note the similarities to the average values ρ(c) and v(c)
introduced in Section III.

As the measurement operator Lm is linear, if the state s
is a GP then the measurement state m is also a GP with the
covariance kernel modified by Lm,

m(c)︸ ︷︷ ︸
measurement

state

Lm←−−−−−−−−−−︸ ︷︷ ︸
measurement

operator

s(x)︸ ︷︷ ︸
state

. (16)

We note that this averaging operation is equivalent to
convolving the kernel with an appropriately sized rectangular
window filter. This approach can therefore be considered
more generally, by convolving the state’s kernel with any
number of measurement filters, as all convolutions are linear
integration operators. Analytic evaluation of the convolved
kernel, however, may prove more difficult.

Fig. 5: Demonstrating the sparse nature, the Mc,x ma-
trix is shown for a 4 × 4 × 4 = 64 cell volume with
(4+1)×(4+1)×(4+1) = 125 corners. Due to the surface-
volume ratio, as the number of cells increases the aspect of
this matrix becomes more square, increasing the efficiency.
Blue cells indicate positive entries whereas red cells indicate
negative entries.
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(a) Measurement state m. (b) Continuous state s.

(c) The three components of latent state g: g1, g2, and g3 from left to right.

Fig. 6: The coarse m grid, the continuous s, and the components of g. In Figs. 6a and 6b, the density field is shown in blue
and the flow velocity is shown with green arrows. In Fig. 6c, the latent values are shown in blue-yellow with teal zero. All
views are taken at a single slice in time, and Fig. 1 additionally shows the true pedestrian locations at this time.

To simplify evaluation, the measurement operator Lm is
split into two parts. We use an approach similar to that of a
continuous summed-area table. First, the quantity of interest
is integrated in space and time with ∫t∫x∫y , where ∫• is the
integration operator

∫• f(•) =
•∫

−∞

f(τ) dτ . (17)

Secondly, the function values at the corners are added
and subtracted as appropriate to form the definite integral
of Eq. (15). The data cells cd are specified by the eight
(23) corners of each observation volume xd. The average
value within each cell can be expressed as a sparse linear
combination of the integrated value at the eight corners of
the cell. For convenience, this transformation is given by the
matrix Mc,x. The sparse nature of Mc,x is shown in Fig. 5
for a 4× 4× 4 = 64 cell volume.

Thus, the measurement operator Lm can be re-written as

Lm = Mc,x∫t∫x∫y . (18)

The integrations are applied directly to the kernel where
appropriate (see Section IV-D) and the sparse matrix M
is multiplied after calculating the kernel values at the data
locations xd. This efficiently allows the kernel to be evaluated
at each corner only once, and used in the calculation of each
of the neighboring cell values. As most corners are shared
by eight neighboring cells, this reduces the complexity of
computing the kernels approximately eight-fold.

D. Kernels

The continuous latent state g(x) is defined as a GP,
and transformed to the discretised cell measurements m(c)
observed and predicted by the ConvRNN with the linear

operators Ls and Lm specified in Sections IV-B and IV-C
respectively,

m(c)
Lm←−− s(x)

Ls←−− g(x) . (19)

Visualisations of these different states are shown in Fig. 6.
The kernel functions of interest can be specified following

the linear transformation properties of GPs described in Sec-
tion IV-A,

Km,m(c, c′) = Lm Ls Kg,g(x,x
′) LT

s LT
m ,

Ks,m(x, c′) = Ls Kg,g(x,x
′) LT

s LT
m .

(20)

Finally, the full covariance matrices between the observed
data d and itself, and between the observed data and the
queried values q, respectively, can be calculated as

Σd,d =
[
Km,m(cdi , cdj )

]
i,j

+ Σn,n ,

Σq,d =
[
Ks,m(xqi , cdj )

]
i,j
.

(21)

The observed data is assumed to be additionally corrupted by
measurement noise with covariance Σn,n, the form of which
is non-trivial and is described in Section IV-E below. The
Gaussian conditioning equations can then be used to calculate
the posterior distribution as per Eq. (5). However are primarily
focused on the mean of the prediction,

E [sq |md] = µq + Σq,dΣ
−1
d,d (md − µd) . (22)

E. Observation Measurement Noise

We consider the predictions from the ConvRNN as measure-
ments to inform the Gaussian process. The estimated values
of density ρ and velocity v are assumed to be corrupted by
noise, which allows the GP to correct unlikely (or impossible,
due to the constraint) predictions from the neural network.
The noise is assumed to be independent between density ρ
and velocity v measurements, therefore the noise on the
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measurement state m, defined in terms of momentum ρv, is
in fact correlated.

The neural network is considered to output parame-
ters (µρ, µvx , µvy , σ

2
v), describing the variables with uncer-

tainty (from their Poisson and isotropic Gaussian definitions,
as described in Sections II and III-A),

E [ρ] = µρ , V[ρ] = σ2
ρ ,

E [v] =

[
µvx
µvy

]
, V[v] =

[
σ2
v 0
0 σ2

v

]
.

(23)

The density variance σ2
ρ is assigned a constant, empirically

selected value of 0.01.
Based on the definition of covariance of a random variable,

and using the independence assumption between ρ and v, the
covariance of the observation noise Σn,n can be written as

Σn,n = V[m] = E
[
mmT

]
− E [m]E [m]T

=

[
σ2
ρ (sym.)

µvxσ
2
ρ µ2

ρσ
2
v+µ

2
vx
σ2
ρ+σ

2
ρσ

2
v

µvyσ
2
ρ µvxµvyσ

2
ρ µ2

ρσ
2
v+µ

2
vy
σ2
ρ+σ

2
ρσ

2
v

]
.

(24)

V. IMPLEMENTATION AND EVALUATION

A. Dataset

The ATC shopping centre dataset [21] was used for both
training and evaluation of the proposed framework. The dataset
captures pedestrians navigating the ATC shopping centre, two
days a week for over two years. We used the weekend (Sun-
day) subset of the data as they typically show peak densities
over three times greater than the weekday (Wednesday) data.
We also focused our attention to the eastern corridor as it is
an especially dense region. Note that this subset still contains
a wide variety of densities, as the crowd levels fluctuate
dramatically according to the time of day. With a total of 41
days, 30 were used for training, 10 for validation, and 1 for
evaluation.

Fig. 7 shows an overview of the ATC dataset, showing the
discretisation grid used over the eastern corridor.

Fig. 7: A visualisation of the dense east hallway section of the
ATC dataset used for evaluation. The 12×36 grid used for the
discretisation process is shown. For context, 10 000 pedestrian
locations are randomly selected from a typical Sunday.

B. Implementation Details

The ConvRNN model described in Section III was imple-
mented in PyTorch [22]. The input observations and output
predictions spatially are 12×36 raster image sequences where
each cell is 1m × 1m. Temporally, each cell represents a
duration of 0.5s, and the network observes 10 frames for a
total of 5s. The model can then be used to predict any number
of frames, however it was trained using gradient descent to
predict 60 frames (30s).

The output of the ConvRNN is subsequently smoothed to
any resolution using the proposed constrained GP method,
implemented in MATLAB [23]. The kernel hyper-parameters
(described in Section IV-B and Eq. (14)) were selected empir-
ically as the following:

a1 = 0.5 , a2 = a3 = 0.5 ,

l1,t = 2.0 , l2,x = l2,y = l3,x = l3,y = 1.5 ,

l1,x = l1,y = 1.5 , l2,t = l3,t = 1.0 .

(25)

We note that these hyper-parameters as well as the neural
network parameters could be trained using an objective func-
tion based on the continuous representation, back-propagated
through the GP, however this is left for future work.

After interpolation, generated values are clamped within
physically-plausible bounds, to prevent extreme outliers cor-
rupting the results.

C. Evaluation Metrics

Traditional metrics for pedestrian trajectory prediction us-
ing microscopic features includes the Average Displacement
Error (ADE) and Final Displacement Error (FDE). These are
calculated as the difference in position per person between the
prediction and the ground truth, averaged along the trajectory
or at the final endpoint of the trajectory respectively. These
metrics are typically extended to minkADE and minkFDE
respectively when the predictive model produces a distribution:
k trajectory samples (often 20) are generated and evaluated,
with the minimum error selected.

As our work focuses on the macroscopic crowd features, our
approach has no concept of individual pedestrians; therefore
we need to extend the tradition definitions of these metrics to
models in the un-associated, macroscopic feature domain. We
achieve this by sampling from the density field, considered as
the intensity of a Poisson point process at every slice in time.
A Poisson point process can be sampled by first uniformly
sampling positions in the region of interest at a rate of the
maximum intensity, and then accepting samples proportional
to the underlying density field at that those locations. Posi-
tions are sampled from the density field k times over and
the ground-truth pedestrian positions are associated with the
closest sample (without overlap, using optimal assignment),
achieving a generalisation of minkADE and minkFDE.

Additionally note that our macroscopic approach allows us
to jointly estimate location and number of pedestrians, and
extends the minkADE and minkFDE metrics to this modality,
as opposed to traditional microscopic methods which are
unable to estimate the existence of pedestrians which have
not yet been observed. This is especially important in the
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modelling of dense areas over longer time horizons, where
the majority of pedestrians exit the scene and new individuals
enter.

We also analyse the velocity predicted by the model,
considering the magnitude of the velocity error at the true
locations of the pedestrians. Similarly to displacement error,
two metrics are produced: Average Velocity Error (AVE) and
Final Velocity Error (FVE).

D. Results

Fig. 3 shows the prediction of the ConvRNN model, show-
ing the short and long time horizon prediction behaviour.
Qualitatively, we observe that the initial frames are high-
contrast and quite certain, whereas the last frame is blurred
uncertain. This demonstrates the power of the macroscopic
feature approach: while individuals and small groups can be
tracked initially, the model can smoothly blend towards a
holistic, probabilistic crowd prediction.

At longer time horizons, the prediction converges towards
a steady-state average behaviour, capturing the usual densities
and traffic patterns of the space. We note that the densities
in the corridor fluctuate dramatically throughout the day.
Interestingly, we find the ConvRNN manages to learn this
property; while the network is not directly informed of the time
of day, it is able to learn average density patterns applicable
to the time of day from only a few (10) observations of the
current densities.

The model was evaluated on a previously unseen day of
the ATC dataset. As we focus our attention to particularly
dense scenarios, only sequences with an average density of 30
pedestrians or above are selected. A total of 1323 sequences
are analysed; for each sequence, 5 seconds are observed by
the framework and used to predict the following 30 seconds.

The minkADE, minkFDE, AVE, and FVE metrics are
calculated as described above, and displayed in Table I. The
errors from the Constrained Gaussian Process (CGP) model
are compared to a baseline Piece-Wise Constant (PWC) model,
directly using the rasterised predictions from the ConvRNN.
We note that due to the geometry of the spatial discretisation,

Fig. 8: While the CGP model does not improve upon the PWC
prediction at short time horizons, it is more accurate at longer
time horizons when the ConvRNN’s predictions are smoother.

TABLE I: Experimental Results

Metric PWC CGP Change

minkADE (m) 0.2387 0.2372 −0.001477 −0.62%
minkFDE (m) 0.2611 0.2586 −0.002504 −0.96%

AVE (m/s) 0.5780 0.5791 +0.000541 +0.19%
FVE (m/s) 0.7158 0.7068 −0.004476 −1.25%

the PWC model cannot reduce the mink distance error metrics
below a theoretical limit greater than 0.1.

Overall, both models perform well under the distance er-
ror metrics. While the authors were unable to find publicly
available results for comparable methods in a similarly dense
environment or over such a long time horizon, they note
that these results seem to outperform state-of-the-art Social
GAN [24]. For example, when evaluated on the easier (as
implied by [25]) ETH dataset [26], Social GAN’s minkFDE
scores drop from 1.22m to 1.52m between 8 and 12 seconds,
whereas our approach maintains an accuracy of 0.26m at the
considerably longer prediction horizon of 30 seconds.

The table shows that the CGP model improves upon the
PWC model by a small percentage in the minkADE and
minkFDE metrics. Notably, the final displacement metric
makes a greater improvement than the average displacement
metric, implying that this method is more suitable at longer
time horizon predictions. As the ConvRNN predictions be-
come less certain, they become smoother, which agrees with
the Gaussian process’s assumption of smoothness.

The velocity error metrics demonstrates this phenomenon
more strongly, which Fig. 8 shows in detail. Application of the
Gaussian process is actually detrimental for velocity prediction
for horizons less than 8 seconds, however it provides a
consistent improvement from 10 seconds onwards. Again, we
attribute this to the smoothness assumption of the Gaussian
process kernel. Additional careful tuning of the kernel hyper-
parameters or modification of the base kernel Kg,g may render
the Gaussian process equally applicable across all prediction
horizons.

VI. CONCLUSION

In this work, we have proposed a method of crowd pre-
diction using a continuous representation of the macroscopic
features over space and time. The framework builds upon a
ConvRNN model that that produces a coarsely discretised ar-
ray of values into the future, representing the average expected
value in each space-time cell. Using the properties of linear
operators, a GP is used to interpolate the mean values into
smooth continuous values while adhering to the conservation
of density.

The dense ATC dataset is used for testing, and the frame-
work is validated. The macroscopic approach is shown to be
effective, and the constrained Gaussian process model provides
a slight improvement over the baseline PWC model. In future
work, we intend to make use of the probabilistic forecast to
plan non-invasive robot trajectories through dense pedestrian
crowds.
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