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Type-II fusion is a probabilistic entangling measurement that is essential to measurement-based linear-
optical quantum computing and can be used for quantum teleportation more broadly. However, it remains
under-explored for high-dimensional qudits. Our main result gives a Type-II fusion protocol with proven
success probability approximately 2/d* for qudits of arbitrary dimension d. This generalizes a previous
method that only applied to even-dimensional qudits. We believe this protocol to be the most efficient
known protocol for Type-II fusion, with the d = 5 case beating the previous record by a factor of approx-
imately 723. We discuss the construction of the required (d — 2)-qudit ancillary state using a silicon
spin-qudit ancilla coupled to a microwave cavity through time-bin multiplexing. We then introduce a
general framework of extra-dimensional corrections, a natural technique in linear optics that can be used
to nondeterministically correct nonmaximally entangled projections into Bell measurements. We use this
method to analyze and improve several different circuits for high-dimensional Type-II fusion and compare

their benefits and drawbacks.
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I. INTRODUCTION

Photonic hardware is a cutting-edge and highly promis-
ing platform for building a scalable quantum computer
[1,2]. It has the potential to be far more scalable than solid-
state hardware, as millions of photons can be generated
from a single device. However, entangling photons is dif-
ficult due to their inability—or extremely weak ability—to
interact with one another [3,4].

Despite this, individual photons can naturally spread
across multiple modes, enabling the creation of useful
high-dimensional states deterministically [4—7]. Further,
for a d-dimensional linear-optical qudit, arbitrary single-
qudit unitaries may be performed deterministically using
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only linear-optical elements. These ingredients may be
combined with a single entangling operation to generate
arbitrary multiqudit states and perform universal high-
dimensional quantum computing [8,9]. Since a single pho-
ton may encode a high-dimensional qudit (equivalent to
a large number of qubits), the higher-dimensional setting
is attractive for quantum networking and computing [7,9—
14]. In principle, photon loss makes such encodings less
desirable; however, introducing redundancy as in quantum
error correction may circumvent this issue. For example,
the [[5,1,3]]z, modular-qudit code [15] enables one to
use five physical (d-dimensional) qudits to encode one d-
dimensional logical qudit and can tolerate two erasures
(equivalent to photon losses) regardless of dimension. In
other words, replacing the physical systems with qudits
allows for the encoding of more information, with the same
robustness to error, without increasing the number of phys-
ical systems required. A similar analysis holds for the qudit
surface code [16].

Qudit graph states can potentially serve as a resource
for high-dimensional analogs of fusion-based quantum
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computing (FBQC), a universal model for quantum
computation that has been well studied in the qubit case
[17-20]. FBQC involves taking small photonic resource
states and performing entangling measurements (called
Type-1l fusions) to carry out a version of fault-tolerant
measurement-based quantum computation. The prototypi-
cal Type-II fusion is a nondeterministic Bell measurement
[21]; this has been generalized to include measurements
projecting onto other maximally entangled states [22]. In
this work, we consider further generalizations that can uti-
lize projections onto nonmaximally entangled states (see
Sec. IVA).

Extensive research has been conducted on the effective-
ness of linear-optical measurements that project onto the
four standard dual-rail Bell basis states. Early studies [23]
have demonstrated that Bell-state measurements (BSMs)
performed with only vacuum ancillas can achieve, at most,
50% efficiency in distinguishing all four Bell states. How-
ever, substantial improvements [24,25] have been achieved
by incorporating ancillary photonic states, allowing the
efficiency to exceed the 50% threshold. For example, the
protocol of Ref. [25] can boost the success probability to
62.5% using two ancillary single photons (or 75% with
four ancillary single photons). More advanced approaches
to Type-II fusion have later been introduced in Ref. [22],
including a boosted Type-II fusion scheme that is not a
conventional BSM but achieves a higher success prob-
ability of 66.6% using two ancillary single photons. In
principle, sufficiently entangled ancillas allow one to boost
the success probability arbitrarily close to 1 [25].

For linear-optical qudits, however, only a few studies
have explored high-dimensional Type-II fusion, through
the perspective of quantum teleportation. These exist-
ing approaches either require some form of nonlinearity
[26,27], or work only for even-dimensional qudits [28,29],
or have success probability rapidly decaying with the qudit
dimension [30]. (We note that, despite claims in subse-
quent literature, the work of Ref. [30] does not claim a
success probability scaling as 1/d?; rather, it decays expo-
nentially: see Sec. IV B.) The absence of an efficient linear-
optical Type-II fusion gate for odd-dimensional qudits is
a serious gap in the literature, as much work on qudits
requires the dimension to be prime or a prime power.
When the dimension is not a prime power, many famil-
iar features from the qubit setting no longer apply: e.g., the
analog of the Clifford group is not a 2-design [31] and it
is unknown whether there exist complete sets of mutually
unbiased bases [32]. This leads to obstacles in quantum
state tomography and other areas [33—36].

In this work, we extend the protocol of Ref. [28] to
construct a Type-II fusion gate for qudits of arbitrary
dimension d. We prove that in the case in which d is
odd, the success probability is 2/d(d + 1) (see Sec. III B).
This is the highest success probability recorded to date
and allows for fusion in the important prime-dimensional

case. For illustration, in the d = 5 case, our method has
a success probability over 723 times higher than that of
Ref. [30], which we believe to be the previous record
for linear-optical Type-II fusion. Note that the scaling we
find in the odd-dimensional case is comparable with the
even-dimensional case studied by Ref. [28,29], which has
success probability 2/d?>. We also provide an example
demonstrating how to construct the required ancilla [equiv-
alent to a lower-dimensional Greenberger-Horne-Zeilinger
(GHZ) state of d — 2 or d — 1 photons in the even and odd
cases, respectively] using a realistic physical system.

In subsequent sections, we consider other protocols for
high-dimensional Type-II fusion, which avoid the need
for multiphoton entangled ancillas but have lower suc-
cess probability than the protocols of Refs. [28,29] and
our Sec. III B. This is motivated by the method of Luo
et al. [30], which uses multiple single-photon ancillas
rather than one many-photon entangled ancilla and, fur-
ther, does not project onto a maximally entangled state:
instead, the protocol requires certain nondeterministic
adaptive corrections (beyond simply phases). We establish
a rigorous framework extending this method of extra-
dimensional corrections, in which ancillary vacuum modes
are appended to a linear-optical state, an interferometer
is applied on the larger set of modes, and postselection
is performed to filter out terms nontrivially utilizing the
extra modes. This is a relatively straightforward opera-
tion in linear optics, similar to appending ancillary modes
for a standard (boosted) Type-II fusion or entangled-state-
generation circuit. Extra-dimensional corrections are a
concrete linear-optical implementation of Procrustean dis-
tillation, as in Ref. [37]. This method can be used to correct
a larger class of projections to Bell measurements and
improve the overall success probability.

We apply extra-dimensional corrections, improving the
framework of Luo ef al. [30] for d > 3, as seen in Table I1I
and Sec. IV B 3. We numerically show that this extended
protocol has significantly lower success probability than
the Type-II fusion protocol that we give in Sec. IIIB
(which does not require such corrections). However, the
protocol of Sec. IV B 3 may still be worth considering for
certain applications, since it requires only d — 2 single-
photon ancillas (rather than a multiphoton entangled state).

We also consider a high-dimensional Type-II fusion pro-
tocol derived from a Bell-state-generation circuit of Ref.
[8]. This method, discussed in Sec. IV C, requires extra-
dimensional corrections and a single-mode multiphoton
bunched state |r) as an ancilla. As shown in Table I,
this protocol has an intermediate success rate between the
other cases. In particular, if one has access to multiphoton
entanglement, the protocols of Sec. III B (extending Refs.
[28,29]) are optimal and extra-dimensional corrections are
not needed. If one cannot prepare multiphoton entangled
ancillas but can prepare single-mode bunched states, then
the methods of Sec. IV C are the best known. Finally, if one
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TABLE I. We consider the main Type-II fusion protocols discussed in the present work. For qudit dimension 3 < d < 5, we give
the largest success probability found using that protocol, followed by the number of ancillary photons required. We give two variants
of the results in Sec. IV C: one minimizing the number of ancillary photons and the other maximizing the success probability. The
first two rows use a multiphoton entangled ancilla; the next two use multiple single-photon ancillas; the final two use a one-mode
multiphoton bunched state |r). The success probabilities for Refs. [28,29] and our Sec. III B are given in boldface, as they are the
largest known in the appropriate dimensions. These two protocols also differ from the others discussed here because they do rot

require the extra-dimensional corrections discussed in Sec. IV A. N/A, not applicable.

Bharos et al. [28], Bharos [29] N/A 0.125; 2 N/A
Section 111 B 0.166; 2 0.125; 2 0.067; 4
[30] 0.111;1 9.8 x 107%;2 9.2 x107%;3
Section IVB 3 0.111;1 0.017; 2 0.003; 3
Section [V C 0.116; 1 0.020; 2 0.004; 3
Section IV C 0.140; 4 0.056; 5 0.018; 5

has access only to single-photon ancillas, the best known
protocol is that of Sec. [V B 3.

In Sec. IV D, we also propose and analyze an alternative
Type-1II fusion protocol for qubits (d = 2), generalizing
a protocol of Ref. [22]. This method, which uses extra-
dimensional corrections (with at most one extra dimension
needed), is notable because, numerically, its success proba-
bility seems to continue to increase as more single-photon
ancillas are added. However, for small numbers of ancil-
lary photons, it is less effective than other methods such as
Ref. [25].

The paper is organized as follows. We begin with Sec. I,
giving background material on linear optics, FBQC, Type-
IT fusion, and teleportation. We also discuss the paradigm
of Fourier projection, allowing us to view the Type-II
fusion protocols of Refs. [28-30] as instances of a single
family using different choices of ancillary state. Next, in
Sec. III, we present our main results. We review the work
of Refs. [28,29] in Sec. III A and, in Sec. III B, we extend
their techniques to give the optimal known Type-II fusion
gate for odd-dimensional qudits. This essentially involves
embedding the odd-dimensional qudits into a larger even-
dimensional system. In Sec. IIIC, we then propose a
physical system for constructing the ancilla required for
our Type-II fusion gate and that of Refs. [28,29]. Section
IIID discusses the feasibility of near-term implementa-
tions of our protocol for small dimensions d. In Sec. IV A,
we introduce the notion of extra-dimensional corrections.
Section IV B reviews the work of Ref. [30], applies extra-
dimensional corrections to increase the success probability,
and clarifies a common but incorrect assumption in the lit-
erature: we show that both the protocol of Ref. [30] and
its improvement using extra-dimensional corrections have
success probability far smaller than 1/d? for general d. We
subsequently consider alternative Type-II fusion gates in
Secs. IV C and IV D and Appendixes D and E. The last is
a “boosted” fusion generalizing the Type-II fusion of Luo
et al. [30] and the 2D boosting protocol of Ewert and van
Loock [25]. We then summarize the work in Sec. V. A

summary table giving the success probabilities of many of
the Type-II fusion protocols that we consider here is given
in Table L.

II. PRELIMINARIES

Note. If the reader is familiar with the fundamental con-
cepts of fusion-based quantum computation for qubits,
such as Type-II fusion and boosted variants, they may
proceed directly to Sec. I1 E.

A. Notation for linear optics

We briefly set out the notation used throughout the work.
We use |ngny - - - n,,_1) to denote the m-mode Fock state
with 7y photons in mode 0, n; photons in mode 1, etc. We
will generally be concerned with linear-optical qudits, a
generalization of dual-rail qubits. For qudits of dimension
d, we define the linear-optical qudit computational basis
states by

k

|k):|oo--.of0-.-o>, (1)

with a 1 in the kth index, for 0 < k < d — 1. If we are par-
titioning a linear-optical state into multiple qudits, we will
often use commas to separate the appropriate modes. For
example, with qudit dimension d = 4, the following are
equivalent expressions for the same state with photons in
modes 0 and 5:

|01) = |10000100) = [1000,0100) =[0,1). (2)

We also introduce the qudit Pauli operators in dimen-
sion d,

d—1

X =" [k+1) (K|,

k=0

d—1
Z=Y oK) (K,

k=0
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where w is a fixed primitive dth root of unity and |k + 1)
is interpreted modulo d.

We now consider the space of n linear-optical qudits,
each of dimension d. The first d modes correspond to one
qudit, the next d modes to the next qudit, and so on. Often,
we consider a physical setting in which the qudits are iden-
tified with different spatial modes or ports, and the modes
within a qudit correspond to time bins. For convenience,
and to avoid overloading the word “mode,” we often refer
to the d modes within a single qudit as time bins regard-
less of the physical context. (The results apply regardless
of how the modes are physically implemented.) Especially
given this context, it is often helpful to index the modes by
pairs (i, ), corresponding to mode d * i + j, the j th “time
bin” within the ith qudit.

The relevant transformations are the linear-optical uni-
taries (LOUs), which arise from interferometers and lin-
early transform creation operators. An important obser-
vation is that arbitrary LOUs do not preserve the space
of linear-optical qudits. Single-qudit unitaries may easily
be implemented by LOUs that act only on the relevant
d modes but multiqudit entangling operations cannot be
implemented using LOUs alone. This will lead to the vari-
ous notions of fusion discussed below, in which LOUs and
postselective measurements are used to nondeterministi-
cally implement entangling operations.

We will often use the LOU corresponding to the discrete
Fourier transform,

by = (‘UZ)Ogi,jsn—l > &)
where w, is a primitive nth root of unity. (When n = d, we
generally write w = w,.) This unitary may operate on any
subset of n modes.

B. Fusion-based quantum computation for qubits

The design of a quantum computer hinges on the careful
selection of fundamental physical operations and the way
in which they are combined, shaping both the hardware
and overall architecture. This becomes particularly impor-
tant in fault-tolerant quantum computing, in which a small
set of operations is applied repeatedly throughout the pro-
cess. The physical limitations and error mechanisms from
the underlying physical primitives can greatly affect the
efficiency and performance of the logical-level quantum
computation. Fusion-based quantum computing (FBQC)
[17] is a model for universal fault-tolerant quantum com-
putation with linear optics, designed to circumvent the lack
of a deterministic entangling (unitary) gate in that set-
ting. A nondeterministic gate would necessitate repeating
a circuit many times before obtaining a useful outcome
[38]; instead, FBQC utilizes Type-II fusion, a nondeter-
ministic entangling measurement that can be used in an
adapted version of measurement-based quantum compu-
tation. (Although FBQC can in principle be applied to

FIG. 1. Examples of qubit graph states. Up to single-qubit
Clifford operations, any stabilizer state is expressible as a graph
state, so they are commonly used as entangled resource states.
On the left is a graph state consisting of six entangled photonic
qubits arranged in a hexagonal configuration, often referred to
as a 6-ring [17]. On the right is a graph state of four entangled
photonic qubits, generally called a linear cluster state.

other physical systems, this motivation makes it most
relevant to linear optics.) FBQC requires two main ingre-
dients: constant-size entangled states known as resource
states, and entangling measurements, referred to as Type-
11 fusions (or just fusions). In the simplest case, discussed
below, fusion is a Bell-state measurement, nondeterminis-
tically implemented using linear optics [21].

C. Type-II fusion

In Type-II fusion, we have two states, |«) and |3), each
involving many linear optical qudits in general. We fix a
qudit dimension d. In order to create a larger entangled
state, we wish to perform a Bell measurement involving
two qudits, one from |«) and one from |8). In particular,
we want to project the two input qudits onto the ideal Bell
state |Bg) = (1 /«/Zl) ZZ;(I) |kk), destroying them in the
process and creating entanglement between the remaining
qudits of |a) and |B) [see Figs. 2(a) and 2(b)].

Type-II fusion was introduced in the qubit setting by
Ref. [21] to overcome the fact that Bell measurements
cannot be deterministically implemented in linear optics.
Instead, linear optics and photon number-resolving detec-
tion (PNRD) are used to implement a positive operator-
valued measure (POVM) on the two input qudits: some of
the POVM elements correspond to a heralded fusion fail-
ure, projecting onto an unentangled state; others lead to
success, projecting onto (1 ® P) |By), where P is a known
single-qubit Pauli operator determined by the outcome.
This Pauli factor may then be deterministically corrected
by applying appropriate Pauli operators to the surviving
qubits. For random input states, this Type-II fusion pro-
tocol has a success probability of 1/2. A variant of the
original Type-II fusion circuit (without the corrections) is
given in Fig. 2(c). Following a standard convention, the
gates depicted are 50:50 beam splitters with Hadamard
transfer matrix and the D symbols at the right-hand side of
each mode indicate PNRD. By performing PNRD across
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(a)
Type-Il Fusion
_—>

(b) Ty;e-ll Fusio

(© Q1 {}
Q{2

— @—0@

FIG. 2. Type-II fusion. (a) We perform Type-II fusion between
chosen qubits of two three-photon graph states. Type-II fusion
destroys all the qubits that are involved—measured—in the pro-
cess. The resulting graph state after the Type-II fusion is a graph
state with nontrivial entanglement between the four surviving
photons. (b) For a simpler example, Type-II fusion can be used to
join two linear cluster states into a single joint cluster. Here, we
obtain a Bell pair; if the initial linear clusters instead had lengths
n and m, the resulting linear cluster would have length n 4+ m — 2.
(c) A standard Type-II fusion circuit: qubits are represented using
dual-rail encoding, where each qubit consists of one photon
between two modes. Two 50:50 beam splitters (Hadamard oper-
ations) are applied between modes 0 and 2, and modes 1 and 3,
followed by measurements on all modes.

all modes of the input qubits, Type-II fusion enables robust
detection of photon number errors, making it particularly
useful in practical implementations [21].

Subsequent works have increased the probability of
success (still in the qubit case) by a method called boost-
ing, introducing ancillary photons and a more complicated
POVM [24,25]. In the method of Ref. [25], the key is to
append an ancillary state and additional beam splitters after
the original fusion circuit but before PNRD. The ancilla
is chosen to preserve appropriate parities, which prevents
previously successful fusion outcomes from turning into
failures, while also converting some failure outcomes into
successful Bell-state projections. The chosen ancilla in
this boosting protocol is the state |C?) = %020) —102)),
which can be deterministically obtained by sending two
single photons through different arms of a 50:50 beam
splitter. The circuit diagram of this boosted fusion, which
has a success rate of 5/8 = 0.625, is shown in Fig. 3.
Note that the circuit uses two extra modes, coupled with
the modes originally occupied by the second qubit. One
may carry out the same procedure for the other qubit as
well, using four ancillary photons in four ancillary modes;
this increases the success probability to 3/4 = 0.75. The

Q:{° D
Q{3 X
ancilla { ‘ DD

FIG. 3. Boosted Type-II fusion [25]. As in Fig. 2, we apply
50:50 (Hadamard) beam splitters between corresponding modes
of the input qubits. Before measuring, however, we also allow for
interference with an ancillary state of the form %(|20) —102)).
This protocol has a success probability of 0.625; if the other
qubit undergoes a similar treatment, the success probability is
increased to 0.75.

details of this process, and of higher-probability variants,
can be found in Ref. [25].

Another boosting protocol for Type-II fusion has been
introduced in Ref. [22] and is depicted in Fig. 4. This
method uses a single-photon ancilla and incorporates a
three-dimensional Fourier transformation. Unlike previ-
ous boosting protocols, it also allows for projections onto
maximally entangled states that are not Bell states. In the
right circumstances, the resulting projections may be cor-
rected by applying appropriate unitaries to the unmeasured
qubits, achieving the originally desired Bell measurement.
The success probability of this boosting protocol is 7/12.
Like the method of Ref. [25], one may carry out this pro-
cedure for both qubits to increase the success probability
to 2/3. More details regarding this protocol can be found
in Ref. [22].

Such reasoning may be carried into the qudit case as
well. We wish to project onto |By) = (1/ Jd) Zz;é |KK);
instead, we perform a POVM, potentially involving ancil-
lary photons. Certain outcomes project the target qudits
onto unentangled states, leading to fusion failure. Others
may project onto maximally entangled states, allowing for
unitary corrections generalizing [22]. Further, we will see
in Sec. IV A that projections onto many entangled states

Qi{} D
Q1 0

ancilla

FIG. 4. Boosted Type-II fusion [22]. Similarly to Fig. 3, we
allow for interference with an ancillary state between the stan-
dard fusion circuit and the measurement. This protocol uses
only a single ancillary photon and a three-mode Fourier trans-
form. The success probability is 7/12 as depicted and 2/3 if the
additional interference is implemented on both sides.
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that are not maximally entangled may also be corrected, if
we are willing to accept a probability of failure in this step
as well.

D. Fusion, teleportation, and Bell-state generation

We now recall the well-understood connections between
fusion, teleportation, and Bell-state generation.

In an idealized teleportation setting, we have two par-
ties, Alice and Bob, each possessing half of a two-qudit
Bell pair |By) = ZZ;(I)(I /+/d) |KK). Alice has some single-
qudit state |¢). By performing a Bell measurement on her
two qudits (Jy) and half of the Bell pair), she projects
Bob’s subsystem onto one of the states P |1), where P is a
single-qudit Pauli operator. Alice communicates the result
of her Bell measurement to Bob, allowing him to deter-
mine the appropriate Pauli operator required to transform
his subsystem into Alice’s initial state |/).

If the state |1/) is a linear-optical qudit, however, a per-
fect Bell measurement cannot be performed. Instead, Alice
can perform a Type-II fusion between |¢) and her half
of the Bell pair |By). As discussed above, this process is
nondeterministic, with the fusion itself and the resulting
correction potentially leading to failure. If both succeed,
however, Alice’s state will be teleported onto Bob’s qudit.
The teleportation protocols of Refs. [28—30] all implement
nondeterministic Bell measurements (with known correc-
tions) and therefore they may be viewed as protocols for
Type-II fusion between two states |«) , | 8). Teleportation is
simply the special case in which o) = |¥) is a single-qudit
state and |B) is a Bell pair. Not all teleportation protocols
may be recast as Type-II fusion in this way, however; the
work of, e.g., Ref. [39] cannot obviously be viewed as a
Bell measurement between two parties.

We also recall that since Type-II fusion is essentially a
Bell-state measurement (up to potentially complicated cor-
rection operations), it may be viewed as dual to Bell-state
generation. Then one may reverse fusion circuits to obtain
Bell-state-generation protocols and vice versa, as long as
one is careful about the choice of ancillary state and inter-
pretation of the resulting measurements. Works such as
Refs. [8,22] exploit this duality, reversing fusion circuits
to obtain Bell-state-generation protocols and vice versa.
In Sec. IV C, we exploit this duality to convert Bell-state-
generation protocols of Ref. [8] into higher-dimensional
fusion circuits and analyze their effectiveness.

E. Fourier projection

We now discuss a linear-optical circuit that we refer to
as Fourier projection, which is the main step in the qudit
fusion protocols of Refs. [28-30]. We consider a state of
d linear-optical qudits, each of dimension d. This is a state
of d> modes: we view the first d modes as corresponding
to one qudit, the next d modes to the next qudit, and so on.

Recall the pairwise indexing of the modes from Sec. II A,
in which (i,j ) corresponds to the j th mode of qudit i.

Protocol 1. The Fourier projection is given as fol-
lows:

(1) Input d linear-optical qudits of dimension d as given
above.

(2) Foreach 0 <j <d — 1, apply the Fourier interfer-
ometer given in Eq. (3) on the set of modes {(i,j) : 0 <
i <d — 1}. In a physical setting in which the qudits cor-
respond to spatial modes (ports) and the modes within a
qudit correspond to time bins, this is equivalent to a Fourier
interferometer acting only on the spatial modes and fixing
the time bins.

(3) Measure all @> modes using PNRD.

(4) The Fourier projection is considered a success if, for
each 0 <j < d — 1, exactly one photon is detected in the
modes {(i,j) : 0 <i < d — 1}. (In other words, we posts-
elect for measurement outcomes in which each time bin
receives exactly one photon.) Otherwise, the projection is
a failure.

Recalling that F, is simply the Hadamard matrix, in
the d = 2 case this is precisely the Type-II fusion gate
of Fig. 2. The d = 3,4 cases are depicted in Figs. 8 and
5, respectively (ignoring the choices of input states made
there). In those figures, motivated by the (i,j) indexing
of the modes discussed above, the d Fourier interferome-
ters applied in step 2 of Protocol 1 are depicted as a single
unitary Fy ® 1.

We index successful measurement patterns by (g,
qi,---,q94-1), where g; is the index of the unique qudit (or
port) containing a photon in time bin i. We have the fol-
lowing, observed in Refs. [28—30] and easily seen by direct
computation.

Lemma 1. For qudit input, successful Fourier projection
with measurement pattern (qo, . . ., ¢4—1) projects onto the
(unnormalized) state

1 =l
m(q)>: W Z w zjzok/qj |k0’k],-..

ks oska—1
distinct

In the works of Refs. [29,30], Fourier projection is used
to implement Type-II fusion; d — 2 of the input qudits are
used for an ancillary state and the remaining two qudits
are the inputs to Type-II fusion. (The protocol of Ref. [28]
does not use qudits for the ancillary state but the idea is
essentially equivalent.) The art to these fusion protocols
is in choosing the appropriate ancillas and corrections in
order to maximize the success probability.
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III. MAIN RESULTS: OPTIMAL KNOWN
HIGH-DIMENSIONAL FUSION

We now present the optimal known protocols for fusion
of Type-II linear-optical qudits of dimension d. In Sec.
III A, we present the case in which d is even, due to Refs.
[28,29]. In Sec. III B, we present our main results, extend-
ing this protocol to odd-dimensional qudits. This includes
the most applicable case, in which the dimension d is an
odd prime. Finally, in Sec. III C, we discuss an example
physical system that could feasibly be used to construct
the required entangled ancillary states.

A. Known even-dimensional case

We now review the fusion protocol of Refs. [28,29],
applicable to qudits with even dimension d, with a success
probability of 2/d*. Note that when d = 2, this recovers the
standard success probability of (unboosted) Type-II fusion.
We note that we technically follow Ref. [29]; the work of
Ref. [28] is conceptually similar but replaces the (d — 2)-
qudit ancillary state with a related state involving d — 2
photons within only d modes.

The circuit diagram of the protocol for d = 4 is shown in
Fig. 5: this is a Fourier projection with appropriately cho-
sen ancillary state, input to the final d — 2 ports. (We note
that there are many equivalent choices of ancilla, discussed
in Refs. [28,29], but for ease of exposition we make a spe-
cific choice.) In the d = 4 case, the ancilla has two photons
in eight modes and is given by

1
A4) = —(]10000100 00100001 4
|44) ﬁ(l )+ 1 ) 4)
1
= —(|01 23)). 5
ﬁﬂ ) +123)) (5)
Qu4it 1 E
quin2] U 1 §
Fy®1
—:: 4 ®
—C
ancilla
E
—o

FIG. 5. Type-II fusion for d = 4 (hence “Qu4it”) using Proto-
col 2 [28,29]. The last two input ports contain the ancilla state
%(IOI) 4+ 123)). The second input qudit undergoes the permu-
tation Up described in the protocol, swapping modes 0 and 1
and modes 2 and 3. Each jth mode of the ith port undergoes a
four-dimensional Fourier transform.

We note that if modes 1,3,4,6 (all of which are empty)
are omitted, the state |44) is seen to be simply the two-
dimensional Bell pair \%(IIOIO) +10101)). For general

even d, we consider the following ancillary state from Ref.
[29]:

dj2—1

|4a) = —F—= |0 +2r,1+2r,...,d —3+2r),
Jan

where the indices are taken modulo d. This is a state
of d — 2 linear-optical qudits (d — 2 photons across d —
2 ports, each with d time bins). The superposition will
always have d/2 terms, and the rth term has qubits
in all possible computational basis states except for
|d +2r —2),|d+ 2r — 1). For example, for d = 6 we
have

% (10123) + |2345) + |4501)) .

5

We discuss the construction of such ancillary states in Sec.
[II C. As above, the state may be simplified by omitting
empty modes: namely, one can remove the odd-indexed
modes from the even-indexed qudits and vice versa. By
removing these redundant modes and applying cyclic
shifts, we see that |4,;) is equivalent to a (d — 2)-GHZ state
in d/2 dimensions. (So |44) is a two-dimensional Bell pair,
|4g) is a three-dimensional 4-GHZ state, etc.)

|e) =

Protocol 2. For d even, the protocol of Ref. [29] pro-
ceeds as follows:

(1) Input arbitrary qudits in ports 0 and 1, and the
ancillary state |4,) occupying ports 2 through d — 1.

(2) Permute the time bins of port 1 according to the
permutation (01)(23)---(d —2,d — 1).

(3) Perform a Fourier projection as in Sec. ITE.

(4) Adjust phases appropriately according to the
obtained measurement pattern.

Theorem 1 (Refs. [28,29]). Protocol 2 performs a Type-
II fusion with success probability 2/d°.

We now give the proof of this result, following Refs.
[28,29], since we will want to extend it in the following
section.

Proof. Following Lemma 1, if we obtain measurement

pattern (qo, . . .,g4—1), the resulting projection is onto the
state

Ui @ 1s® (Aah |f,*). (©)

The rth term of |4,) is missing the values d 4+ 2r —
2,d + 2r — 1; thus the remaining states must be in the
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appropriate evenly weighted (but phased) superposition
of[d+2r—2,d+2r—1)and |d +2r — 1,d 4 2r — 2).
Ranging over all 0 <r < d/2, each such term appears
exactly once, so there can be no interference. The projec-
tion is onto an evenly weighted superposition of

|01),10),]23),(32),.... @)

For general measurement patterns ¢ = (qq,...,qg4—1), the
appropriate phases may be determined and corrected using
Lemma 1. Up to these easily correctable phases, it suffices

to consider the case ¢ = (0,...,0), in which we project
onto the normalized state
1
— (|01) 4+ |10) + |23) +(32) +...) 8
Nz ®)
with weight
1 1 2

d/zxddxd—dd. )
Here, the first factor is the scalar from |4,), the second is
the scalar from Lemma 1, and the third comes from nor-
malizing Eq. (8). Note, accounting for the permutation of
port 1 described in Protocol 2, that we in fact project onto
the ideal Bell state |By).

Now, given a maximally mixed two-qudit input state,
the probability of projecting onto |By) (one vector in a
d*-dimensional subspace) is 2/d"2. Since there are d¢
successful measurement patterns g = (qo,...,94—1), the
total probability of projecting onto |By) (modulo phase
corrections) is

(10)
|

B. Extension to arbitrary dimension

We now present our main result, extending the protocol
of Ref. [29] to arbitrary dimensions d. The protocol out-
lined in the previous section inherently requires the qudit
dimension to be even, and it is unclear how to directly
modify it to work with odd-dimensional qudits. Instead, if
our dimension d is odd, we simply choose some even D >
d, embed our d-dimensional qudits into a D-dimensional
subspace by adding additional vacuum modes (time bins),
and apply Protocol 2 for dimension D (using the ancilla
|4p)). This is most efficient when we take D = d + 1. This
protocol in the case, d = 3, D = 4, is depicted in Fig. 6.

Protocol 3. Let d be arbitrary, and let D > d be even.
We consider a state with two d-dimensional input qudits
labeled 0 and 1. Our protocol for Type-II fusion is as
follows:

Qutrit 1 { —1

vacuum
Qutrit 2 { : UP :
vacuum — 1
F,1
F-@——

B

ancilla <

—:
\——O—

FIG. 6. Type-II fusion for d = 3, applying Protocol 3. The
fusion protocol for odd dimensions d encodes the qudits into
(d + 1)-dimensional qudits, with one extra mode in a vacuum
state. After this step, the circuit and ancilla are the same as used
in the (d+ 1)-dimensional case. This extends efficient Type-
II fusion to odd dimensions, giving the highest known success
probability for odd d.

(1) Append D — d additional vacuum modes, labeled
d,d+1,...,D — 1, to each of the two input qudits.

(2) Permute the time bins of the extended D-
dimensional qudit 1 according to the permutation
onEeR3)---Ob-2,D-1).

(3) Perform a D-dimensional Fourier projection as in
Sec. I E, with ancillary state |4p).

(4) Adjust phases appropriately according to the
obtained measurement pattern.

Theorem 2. For d arbitrary and D > d even, Protocol
3 is a Type-II fusion with success probability 2/dD. In
particular, for d odd and D =d + 1, we have success
probability 2/d(d + 1).

Proof. With the exception of the first step, this is sim-
ply the D-dimensional Type-II fusion protocol. By the
proof presented in Sec. III A, this protocol projects onto the
following unnormalized state (modulo correctable phases):

5 1/2 1 D—1
Z) x— Y kK.
(%) *5X

We are interested in the effective projection for input states
occupying only the first d modes of each qudit. In other
words, the effective projection is given by taking Eq.
(11) and dropping any terms utilizing the computational
basis states |k) for £ > d. Doing this and reorganizing the

(1D
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TABLE II. For qudit dimensions d = 3, 5,7, we give the suc-
cess probability of Protocol 3 with D = d + 1. This protocol does
not require any extra-dimensional corrections.

d Success probability
3 0.16

5 0.066

7 0.0357

coefficient, the effective projection is onto

( 2 )l/zx \/3 1 d—1

DD

2d \'?
- ( DD+1) Bo). (13)

where |By) is the d-dimensional Bell state. Considering a
maximally mixed input state of two d-dimensional qudits,
the resulting probability is

2d 1 2

dDb+1’
We have D successful patterns to consider, making the
total success probability

2 s 2 |

In Table II, we show the success probability of our
protocol for different odd dimensions. This is the highest
known success probability for every odd dimension. For
example, with d = 5, this success probability is over 723
times larger than the analogous probability from Ref. [30]
(the previous record); further, it is still over 22 times larger
than our extension of Ref. [30] below. For further details,
see Sec. IV B, especially Table III.

C. Constructing the ancilla

Bharos [29] has proposed a general method for con-
structing the ancilla |4,4) required for Protocols 2 and 3
using a two-level quantum emitter. Here, we provide an
example of a silicon spin qudit, following the methods of
Ref. [4], to construct the desired ancilla in the d = 4 case.
Higher dimensions d follow using a similar method and are
discussed at the end of the section. Recall that, for d odd,
we use the even-dimensional ancilla |4;,1), so it suffices
to consider d even. The d = 4 example given here, then,
also suffices for Protocol 3 with d = 3. The required ancilla
is |A4) = %(HOO0,0IOO) + 10010, 0001)), recalling from

Sec. IT A that we often use a comma to separate modes
corresponding to different linear-optical qudits. This is a
superposition of two terms, each involving two photons.
In fact, as discussed above, the state |44) is equivalent to a
dual-rail Bell pair. However, we discuss this case in detail
since it readily generalizes to arbitrary d.

Our proposed silicon-based quantum device utilizes the
antimony donor '2*Sb, which possesses a high nuclear
spin of / = 7/2. This nuclear spin alone spans an eight-
dimensional Hilbert space, as determined by 2/ + 1 = 8.
As a group-V element with five valence electrons, '2*Sb
behaves like a hydrogenic impurity and, at cryogenic tem-
peratures, binds an additional electron [see Fig. 7(a)]. The
inclusion of this bound electron expands the total sys-
tem to a 16-dimensional Hilbert space [4]. We can control
the 16-dimensional Hilbert space by applying oscillating
magnetic and electric fields. For example, applying an
oscillating magnetic field allows us to flip the electron
spin, a process known as electron spin resonance (ESR),
or to change the nuclear spin projection by one quantum of
angular momentum, a phenomenon referred to as nuclear
magnetic resonance (NMR). Alternatively, the application
of an oscillating electric field induces electric dipole spin
resonance (EDSR) transitions in the neutral donor. This
enables transitions between antiparallel spin states, such
as |leTn) < [tedn) [the dashed lines in Fig. 7(a)]. The
energy diagram of antimony is shown in Fig. 7(a).

To create the desired ancilla, our objective is to encode
two photons across multiple modes. To achieve this, we
propose incorporating a microwave cavity into the device
architecture, from which a photon is emitted using a time-
bin multiplexing scheme as described in Ref. [4]. In this
scenario, the time bin into which the photon (of a sin-
gle fixed frequency) is emitted represents the designated
parameter and we can use one of the system frequencies
for the microwave cavity to operate [see Fig. 7(b)].

We start with a chosen initial state [yo) = |7/2) |vac) |{),
where |vac) represents the cavity vacuum state and || ) rep-
resents the electron spin-down state. In the case d = 4 (and
d = 3), we need eight time bins in total. More specifically,

Hpt3i4tstetyty Hipt3i4tstetyty
1 PP bbby
14y) = Eq 10000100)+ | 00100001)),

where the photons only occupy four time bins—the first,
third, sixth, and eighth—while the others are vacuum. We
will use two energy levels of antimony.

In the spin-down state of the electron, we create a uni-
form superposition of the two energy levels (|7/2) and
|5/2)) using a Hadamard operation. The resultant state will
be

1

Y1) = 7

(17/2) +15/2) ) lvac) .
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(a) (b)

17/2)
0 |52>_‘7_2_> 12\32)&_
Y 1/2) [3/2) e - 2>‘_1/2 |1/2)
| —1/2) wm——— | [=5/2)
2y 22 T ! I = —=
Iy 2 = % -
T\ c:’é tgtr tets tyts tot1
N \
N | =2 e oy W\
|\L>\ 7/2>ﬂ‘ 32>| VA \ M&B 2 52\/
u Y2 13/2) %y Ty
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FIG. 7. (a) The energy spectrum of the neutral antimony donor. Antimony has a high nuclear spin, with / = 7/2, and it has eight
energy levels. In its neutral charge state, the electron bound to the donor couples with the nuclear spin, expanding the Hilbert space
to form a 16-level system. The curved arrows represent NMR transitions, while ESR is depicted using vertical solid arrows, and
EDSR is indicated with dashed arrows. The “0” subscript in NMR emphasizes that the antimony donor is in its neutral charge state.
(b) The antimony donor is coupled to a microwave cavity. A time-bin protocol is used for controlling multimode photonic states.
The microwave cavity operates at the EDSR frequency corresponding to the transition between the states |7/2) |[|) <> |5/2) |1) to
enable coherent photon emission. The purple rectangle represents the uniform superposition of all nuclear spin states associated with
the electron spin-down state and is used to create the proposed ancilla for qudit dimension d = 16. The gray arrows indicate the

permutation operation between nuclear spin states. 1, f, . . ., f3, . .

is adapted from Ref. [4].

An EDSR pulse is then applied, which flips the spin of the
electron conditioned on the nucleus being in state |7/2).
The state becomes

[V2) = % 17/2) 1) lvac) +15/2) |1 ) [vac) .

Since we use a single cavity that operates on the
EDSR pulse corresponding to the transition |7/2) ||) <>
|5/2) |1), and only this EDSR pulse is used, only the pop-
ulation in |7/2) will be excited to the spin-up state of the
electron and not |5/2) || ) (see Fig. 7). The electron expe-
riences a coherent exchange of energy with the microwave
cavity such that at time #,, the electron is in the down state
and the cavity is populated with a photon of frequency w:

|W3)=7l7/2 ) lw)y +15/2) ) |vac) .

A permutation operation, in the case of two levels, is
simply a single NMR pulse used to swap the population
between nuclear states. This operation is applied between
|7/2) and |5/2) with the electron in || ), leaving the system
in the state

1Va) = % 15/2) ) lw),, +17/2) 1) lvac),,

. represent the time bins into which the photon is emitted. The figure

The reason we permute the populations is because we are
using a single cavity that operates the EDSR frequency
belonging to the state |7/2).

To create the desired ancilla, we create a superposition
of two terms: a photon is emitted either in the first time bin
or in the third time bin. At this stage, we must utilize the
third mode—corresponding to the third time bin—without
emitting a photon in the preceding time bin. Since we are
emitting photons coherently using a cavity, everything is
clocked and we simply wait until the third time bin without
performing any operation. Then, in the third time bin, we
apply the same EDSR frequency to flip the electron spin
and emit the photon coherently using the microwave cav-
ity. This is simply a repetition of the procedure carried out
during the first time bin. The resultant state then becomes

1
[¥s) = Wi 15/2) L) )y +17/2) ) @)y

Note. For simplicity, going forward we will generally omit
the |vac) states. If included, we would have

1
1¥s) = E(IS/D ) l@)y, [vac),, |vac),,
+17/2) 1) lvac),, [vac),, |),).
For the final time bin, we simply wait without pulsing the
system. The resultant state has a photon in a superposition
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of the first and third time bins. Neglecting the frequency
information, we may write |wy), and |w;),, in the Fock
basis, so the resultant state becomes

1
V2

We then repeat this process—applying a permutation oper-
ation, along with an EDSR pulse conditioned on the
nuclear state being state |7/2), then emitting a photon
using the microwave cavity—for time bins 6 and 8. The
final state becomes

[V6) = —=15/2) 1) [1000) 4 [7/2) |{) |0010) .

b
V2
+17/2) 1) 10010) [vac),; [vac), |vac),, |))

[Vtinat) = —=(15/2) [{) [1000) [vac), |w),, vac),, [vac),

or, written in the Fock basis,
1

V2

+17/2)11)10010,0001)).

[¥final) = —=(15/2) [{) 11000, 0100)

We then apply a Hadamard operation between the states of
antimony to obtain

1
Vanar) = 5 (17/2) = 15/2)) [1) [1000,0100)
1
+3(7/2) +15/2)) 1) 0010,0001)).

If we now measure the antimony, decoupling it from the
photons, we will project onto one of the two states

1
[Var) = —= (11000,0100) + [0010,0001)) = |44)
v, «/5( ) 4

or

1
|Yaux) = —= (11000,0100) — [0010,0001)),
v V2

where the phase is heralded and can be corrected as usual.

This method is only a small version of the protocol
that is studied in Ref. [4]. The Hamiltonian of the pre-
sented physical system can be found in Ref. B. For qudit
dimension d = 6 (and d = 5), the ancilla consists of a four-
photon state in 24 time bins. Each grouping of six modes
(corresponding to a qudit) can have photons in one of
three different time bins. In this situation, we should use
three energy levels of antimony such as |7/2), |5/2), and
|3/2), instead of using only two energy levels. For qudit
dimensions d > 4, the permutation operation can either be
performed by sequential NMR pulses on the antimony or

by using more sophisticated control schemes, such as the
global rotation described in Ref. [40].

In Fig. 7(b), a more general use of this protocol is shown
for a qudit dimension of d = 16. In this case, 224 time
bins are required and, in each term, each qudit has a pho-
ton in one of eight different time bins. This necessitates a
uniform superposition over all the ground states, while the
remaining modes remain in the vacuum state.

For qudit dimensions d > 16, one can create a uniform
superposition using spin-down and spin-up states of the
electron together. In theory, for a single antimony donor,
it is possible to create an ancilla for qudit dimensions up to
d = 28, where the ancilla would require 14 photons across
728 time bins. This is, of course, a theoretical hypothe-
sis that disregards any experimental limitations, such as
the coherence time of antimony or the time scale of the
permutation operation. In practice, the creation of such an
ancilla state on current antimony hardware would likely be
a challenge even for d = 6. While this system offers a high
degree of control, is well understood, and has already been
used in several experiments [40,41], it is not necessarily
the optimal platform for this purpose. At present, we aim
only to present a concrete and physically realizable system
for the construction of the ancillary states |4,) required for
Protocol 3.

D. Feasibility of the protocol

We discuss the feasibility of near-term implementa-
tions of Protocols 2 and 3 through three key consid-
erations—detector requirements, circuit complexity, and
ancillary entanglement resources:

(1) Detector requirements. We begin by examining the
assumptions related to PNRD. For arbitrary qudit dimen-
sion, the protocols presented in this section only require
detectors capable of distinguishing among three cate-
gories: vacuum (zero photons), single-photon events, and
multiphoton events (two or more photons). This is because
the Fourier projection (Protocol 1) postselects for mea-
surement outcomes in which each mode contains at most
one photon. In the absence of multiphoton errors, so that
there can be at most d photons present in the system, it
is sufficient to distinguish between vacuum and nonvac-
uum events. This requirement mirrors that of fusion-based
protocols in the qubit setting and is within the reach of cur-
rent experimental capabilities. For example, recent works
[42,43] have employed a standard pseudo-PNRD approach
to demonstrate high-fidelity boosted (qubit) fusion, which
imposes stricter detection requirements than those needed
for the protocols of this section.

(2) Circuit complexity. Next, we evaluate the complex-
ity of the optical circuits. The principal challenge lies in
photon loss, which becomes increasingly problematic with
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higher photon counts and reduces the probability of suc-
cessful circuit execution. For qudit dimensions d = 3,4
(respectively, d = 5, 6), the required interferometric circuit
can be implemented using a mesh of Mach-Zehnder inter-
ferometers involving four photons in 16 modes (respec-
tively, six photons in 36 modes) [44,45]. The case of
four photons is comfortably within the current experi-
mental capabilities; e.g., QuiX Quantum has demonstrated
a 20-mode reconfigurable linear-optical processor with
low loss, high visibility, and high-fidelity operations [46].
Although loss limits the total number of usable photons,
four-photon experiments are routinely performed, as in
Refs. [42,43], where boosted qubit teleportation has been
achieved using four or five photons in eight modes. The
six-photon case is also considered feasible with current or
near-term hardware. For example, as early as 2016, a ten-
photon entangled state was experimentally realized with
sufficient fidelity to certify genuine multipartite entangle-
ment [47].

(3) Ancillary entanglement resources. Finally, we con-
sider the generation of the ancillary entangled states
required. Section III C outlines a method for generating
the necessary ancillas using a d-level quantum emitter.
In particular, the antimony donor system discussed here
and in Ref. [4] is realistically capable of generating such
states up to dimension d = 8, and potentiallyup tod = 16
with improved coherence properties. Near-term feasibility
is expected for dimensions up to d < 6. Experimental con-
trol of antimony-based systems has been demonstrated in
related work [40,41]. For small qudit dimensions, alter-
native ancilla-generation strategies are available. As dis-
cussed in Sec. IIT A, in the cases of d =3 and d =4,
the required ancilla reduces to a standard two-dimensional
linear-optical Bell pair; these have been routinely gener-
ated in experiments for decades (see, e.g., Ref. [48,49]).

IV. TYPE-II FUSION PROTOCOLS USING
EXTRA-DIMENSIONAL CORRECTIONS

We begin by introducing the notion of extra-dimensional
corrections, generalizing methods of Ref. [30] by applying
techniques for Procrustean distillation as in Ref. [37]. Sim-
ilar ideas have been considered in Ref. [8] in the context of
Bell-state generation.

In Sec. IV B, we review the protocol of Ref. [30] and
then extend it and improve its performance using extra-
dimensional corrections. Afterward, we consider other
variants of Type-II fusion that exploit extra-dimensional
corrections. These are generally able to improve the suc-
cess probability of the relevant circuits a great deal. All
circuits presented here perform worse than our Protocol 3
above (or its even-dimensional analog, Protocol 2, due to
Ref. [29]). However, these protocols have more than theo-
retical interest as negative results. One major advantage is
that the protocols of this section do not require multiphoton

entangled states as ancillas: only single photons, W states,
and single-mode bunched states |k) are utilized.

A. Extra-dimensional corrections

We now consider circuits for Type-II fusion (or quantum
teleportation) that do not project onto a Bell state such as
|By) but, rather, a state of the form

d—1

1
V) = — k s 16
W) ﬂgum> (16)

where the |y;) are linearly independent but not necessar-
ily orthogonal vectors. (Note that we do not require the
|Y%) to be normalized either.) In linear optics, where the
qudit dimension is easily increased by appending addi-
tional modes, we have the flexibility to “correct” such a
state into a Bell pair by performing a POVM on a higher-
dimensional space, as described shortly. (This is standard
in circuits for boosted fusion and entangled linear-optical-
state generation; see, e.g., Figs. 3, 4, and 9.) For practical
application of this method in fusion or teleportation, one
cannot directly apply such a correction, as the relevant
photons are destroyed during the measurement. Instead,
a related correction is applied on the other qudits entan-
gled with the second input qudit. We discuss the practical
applicability of this method in Sec. IV A 1, for now just
assuming that we want to correct Eq. (16) into a Bell state.
The desired corrections can be shown to exist using the
Schmidt decomposition and a theorem of Vidal [37].

Theorem 3 (Ref. [37]). Let |¥) and |®) be two-qudit
states (of local dimension d) with Schmidt decompositions

d—1 d—1
W) = ailad 1B), 1) =D wly)ls), (17)
i=0 i=0

where we take the A; and u; to be weakly increasing. The
optimal probability of converting [¥) into |®) using only
local POVMs is given by

—1
L YoM
mi T T—

— _ t—1 2
t=1,..., d—1 Zl:() Ml

Taking |®) in the theorem to be a Bell pair, we have all
p? = 1/d and we obtain the following.

(18)

Corollary 1. A two-qudit state with Schmidt decompo-
sition |W) =) . A; |o;) |B;) can be corrected into a Bell
pair using local POVMs with probability dA2, where d
is the qudit dimension and A is the smallest Schmidt
coefficient.

In our setting, one may directly use singular-value
decomposition (which underlies the Schmidt decomposi-
tion) to explicitly construct the POVM required to correct
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the state given in Eq. (16). Further, it suffices to act on
only the second qudit. Naively, one would like to apply the
transformation

; (19)

A=Yk (i
k

where the (wﬂ are a dual basis defined by (1//il|1//j) = Jj.
(Note that 4 is simply the inverse of the matrix the columns
of which are the |y); this is well defined because we
assume that {|v;) : 0 <i < d — 1} is an independent set.)
This satisfies (/ ® A) |W) = |By) and 4 is invertible. How-
ever, it is not unitary in general because the |i) are not
necessarily orthogonal (or unit vectors). However, we may
extend (a nonzero multiple of) 4 to a unitary by increasing
the qudit dimension, as follows.

Theorem 4. Let B = ((y;|¥;)); be the Gram matrix,
with smallest eigenvalue A. Let s < d — 1 be the number
of eigenvalues of B that are not equal to A. If we augment
the second qudit with s extra dimensions (modes), there
exists a unitary U extending the matrix +/A4, with

Vi
Nz

Here, in each term of the “junk” state, the photon of the
second qudit is always in one of the newly added modes.
Performing PNRD on the s new modes, we postselect for
the case in which no photons are detected; this occurs with
probability A.

U@ U W) =~= > [kk) + fjunk).  (20)
k

This is proven in Appendix C. Viewing 4 as a d x d
matrix, we first extend an appropriate multiple of 4 to a
(d+s) x d isometry U and then use Gram-Schmidt to
obtain the unitary U. An example is given in Sec. [V B 2.

Note that if we let M = U|y) (Y| UT, then the POVM
givenby My, ..., My_1,I — ), My may be used for unam-
biguous discrimination of the states |iy). In particular,
obtaining outcome M implies that the state was |yy),
while obtaining / — ), M is inconclusive.

1. Practical extra-dimensional corrections

We first consider the context of teleportation, where Luo
et al. [30] initially applied a version of extra-dimensional
corrections. In that setting, Alice has a state |n) (qudit 0),
Alice and Bob share a Bell pair |By) (qudits 1 and 2),
and we perform the projection (V| determined by (16) on
qudits 0 and 1. The resulting state is

(W[ ® 1a) ) 1Bo) - e2))

Recall that we have a nonunitary matrix 4 with (/ ®
A) |¥) = |By). Noting that

(F®1I)|By) = (I ®F")|By) (22)

for any single-qudit linear transformation /', we may insert
the matrix 4 by applying 4 = (477 to qudit 2:

(I ®1®AYI® 1) [n)|Bo) (23)
= (V| ® 1) @1 ® 4) n) |By) (24)
= (V| ® 1)U ® A" ® 1) |n)|Bo) (25)
= ((Bol ® 1a) [n) |Bo) - (26)

The final expression is equivalent to the state |n), sup-
ported on qudit 2 as in standard teleportation. Then affer
the projection (16) is determined, one should use Theorem
4 to extend A4 to a unitary and apply it to qudit 2. The rel-
evant unitary will simply be the complex conjugate of the
matrix U constructed above and the probability A will be
unchanged. Then, the success probability corresponding to
W) is A X p, where p is the probability associated with the
projector |W). This is spelled out in detail in Appendix A.

This justifies the use of extra-dimensional corrections in
teleportation, or more broadly any Type-II fusion in which
one of the states to be fused is a maximally entangled pair.
In a more general setting, in which both states involved
in the fusion exhibit many-qudit entanglement, Theorem
4 is not directly applicable. Instead, one may often apply
the more general Theorem 3 to correct the resulting state
using local POVMs. We have not proven that the overall
success probability remains the same using such methods,
so the success probabilities of the present Sec. IV should
be interpreted as upper bounds in the most general con-
text. We further note that implementing extra-dimensional
corrections will require increased circuit depth and active
switching (or active reconfiguration of the circuit) depend-
ing on the obtained measurement outcome. This will likely
increase the rate of photon loss in the circuit, further
reducing the practical success probability.

B. Type-1I fusion with W-state ancillas

We review the protocol of Ref. [30], put it into the con-
text of extra-dimensional corrections, and finally present
an extension that greatly improves the success probability.

1. Original protocol

We now consider the teleportation protocol of Ref. [30],
which in fact corresponds to a Type-II fusion protocol as
discussed above. Luo et al. [30] have presented the proto-
col in greatest detail for the qutrit case d = 3, with a partial
generalization to arbitrary dimensions presented. Let

1 d—1
W) = — k 27
W) ﬁgu @27

be the d-dimensional W state, the higher-dimensional ana-
log of the |+) state.
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Qutrit 1 ———— §

F3®I §

Wy~ 3

FIG. 8. Type-II fusion for d = 3, following Ref. [30]. Each
triplet in the circuit represents a port (qudit) and each port has
three modes. The last three modes—the last port—belong to the
ancilla state |W3). For every 0 <j < d — 1, we perform a three-
dimensional Fourier transform involving the jth modes of each
port. Concretely, we apply Fourier transforms to modes (0, 3, 6),
(1,4,7),and (2,5, 8).

Qutrit 2

In the case d = 3, the protocol of Ref. [30] begins with
a Fourier projection as in Protocol 1, where two input
qudits are inserted into ports 0 and 1, and port 2 is occu-
pied by an ancillary W state, |W3) (see Fig. 8). However,
the effective projection on the input qudits is nof a Bell
measurement, or even a projection onto a maximally entan-
gled state. Instead, the projection is onto a state of the
form given in Eq. (16). Thus, as discussed in Sec. IV A,
an extra-dimensional correction must be applied. In this
three-dimensional case, all such corrections require only
one extra mode and the appropriate unitaries have been
calculated to have the form

up to phases determined by the specific measurement pat-
tern [30]. (The derivation of this correction operator using
the results of Sec. [V A is given in Sec. IV B 2.) The result-
ing success probability is 1/9. Although it is tempting to
conjecture that the d-dimensional generalization will have
probability 1/d? (and this is stated as fact in the literature),
we see below that this is not the case.

For arbitrary d, Luo et al. [30] have presented a general-
ization: perform Fourier projection using the (d — 2)-qudit
ancillary state |W,)®“=2 then perform Fourier projec-
tion, but only treating measurement patterns as successful
if all photons are detected in the same port (and differ-
ent time bins, as usual). For these d patterns (one for
each port), a single extra dimension still suffices to enable
extra-dimensional projections, and the appropriate (d +
1)-dimensional unitary is given in Ref. [30] as a direct
generalization of Eq. (28). For this protocol, the resulting

success probability may be explicitly calculated as

d—2)1\*> 2
()5 e

ded ?

where the asymptotic follows from Stirling’s approxima-
tion. (Note that this formula gives probability 1/81 in the
d = 3 case, rather than 1/9 as discussed above, since only
three of the 27 possible patterns are considered.) We see
that the success probabilities decay exponentially with the
qudit dimension.

2. Derivation of correction matrix for d = 3

In this section, we derive the correction matrix given in
Eq. (28) [30], following the concepts and notation of Sec.
IV A, especially Theorem 4. This section is simply meant
as an example to illustrate the method of extra-dimensional
corrections and to relate it to the work of Ref. [30]. The
state we wish to correct to a Bell state has the form given
in Eq. (16), where

Wo):%(ll)-l-lz)):% (}) ,
1 1 (!

|¢1)=E(|0)+|2))=ﬁ (1) ,
1 e

|W2)=E(IO)+|1))=E (1)

We now consider the matrix ¢ the columns of which are
the [y):

1 (0 11
p=—1[1 0 O

V2\1 1 o0

Note that ¢ is the inverse of the matrix called 4 in Sec.
IV A. We invert ¢ to obtain

-1 1 1

d=—|1 -1 1
NV T T

The matrix B = (447) 7! is

(211
B=-|1 2 1
2\1 1 2

The eigenvalues of B, with multiplicity, are {2,1/2,1/2}.
The smallest eigenvalue is A = 1/2, giving the correc-
tion probability. The number of extra dimensions is s = 1,

044024-14



FUSION FOR HIGH-DIMENSIONAL LINEAR-OPTICAL. ..

PHYS. REV. APPLIED 24, 044024 (2025)

since B has only one eigenvalue that is not equal to A. In
particular, letting

we will embed M into a unitary U of dimension four, which
we now construct. Note that M is normalized to have max-
imum singular value 1, so that we can use Lemma C1 to
embed M into an isometry [ASl ] We calculate the singular
vector of M corresponding to its smallest singular value
1/2 to be (l/ﬁ)(l 1 1)7. Following the lemma, S will be
a 1 x 3 matrix with the above singular vector and singular

value /1 — (1/2)2 = +/3/2. We then have

Sz\/—gL(l 1 1):1(1 1 1),

2 N3 2

leading to the following isometry and corresponding uni-
tary:

11
-1 1 1 1

1T -1 1 1
U= N R S
1 1 1 -1

The final column of U follows from Gram-Schmidt.

3. Improved W-state protocol using extra-dimensional
corrections

We now discuss an improved version of the protocol of
Sec. IVB 1 [30] and compare the performance of the pro-
tocols. Note that in the d-dimensional case above (d > 3),
only d measurement patterns have been accepted in the
Fourier projection, instead of the usual @ patterns. Pat-
terns with photons in different ports still lead to a projection
onto the state given in Lemma 1 but not all terms have
the same phase. When projecting onto the W-state ancillas,
these differing phases lead to nontrivial destructive inter-
ference. Thus, unlike the cases considered in Sec. III, not
all measurement patterns may be treated equally and they
may have wildly differing associated probabilities. One
may still perform Type-II fusion, correcting the resulting
projections using extra-dimensional corrections, but many
will need more than one additional mode and the correction
unitaries vary greatly, not directly generalizing Eq. (28).
We compare the success probabilities of these two cases
in Table III. The first column gives the success probability
when following the method of Luo et al. [30] for general d,

TABLE III. For qudit dimensions d = 3,4,5, we give the
success probability of the protocol of Ref. [30] and our gen-
eralization, where the ancillas are d — 2 single-qudit ¥ states
[Wy). In the column labeled “Success probability-1,” we give
the total success probability when only patterns with all photons
in the same port (and different modes) are accepted. This is the
method of Ref. [30] for d > 3. In the column labeled “Success
probability-2,” we give the total success probability when one
applies extra-dimensional corrections whenever possible. The
final column records the average number s of additional dimen-
sions required for the extra-dimensional corrections in the latter
case.

d  Success probability-1  Success probability-2 ~ Average s

3 0.012 0.111 1.0
4 9.8 x 107* 0.017 2.229
5 9.2 x 1073 0.003 3.685

numerically verifying the formula given in Eq. (29). (Note
that the d = 3 case does not match the value of 1/9 given
in Ref. [30], because in that one case, the method of Luo
et al. [30] matches our own.) The second column gives
our method for increasing the success probability using
extra-dimensional corrections and the final column gives
the average number of extra modes required. We observe
that all values are worse than those obtained using Proto-
cols 2 and 3 above (see Table II and Theorems 1, 2). As
noted above, our Protocol 3 is over 22 times more efficient
than even the improved W-state protocol for d = 5, and in
fact the gap only widens as d increases. Further, Protocol
3 does not require extra-dimensional corrections, making
it both more efficient and simpler to implement (although
requiring the preparation of an entangled multiqudit state).

C. Extension of state-generation circuits for fusion

In this section, we consider a potential Type-II fusion
gate that does not use the Fourier projection of Sec.
I E, although it still crucially uses the Fourier transform.

©0000eD 24 — 1 photons

-

Foq11
e — | 2d
& o -|reverse
—O0—— — d+1
FIG. 9. This Fourier-transform-based scheme [8] enables the

heralded generation of Bell states in arbitrary dimensions d. The
relationship between the output modes and the corresponding
computational states of each qudit is illustrated. The “reverse”
gate indicates that the order of the modes of the second qudit
should be reversed to obtain a Bell state.
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2d — 1
ancilla 9900000 = |
! \
Qudit 1 =
Fa1 . >+
) e
H —@— QY
Qudit 2 reverse |
1 /

FIG. 10. A Type-II fusion protocol suggested by reversing the
Bell-state-generation circuit of Paesani et al. [8]. This requires
an ancillary bunched state of 2d — 1 photons in a single mode as
an ancilla, as well as two d-dimensional qudits as input.

Specifically, we consider the Bell-state-generation circuit
introduced by Paesani et al. [8] and depicted in Fig. 9.
This circuit relies on the zero-transmission law (ZTL),
which describes powerful (but not exhaustive) suppres-
sion laws for boson sampling using the Fourier transform
[51,52]. Thus it is referred to as the ZTL circuit. In this
circuit, 2d + 1 photons are input into different modes of a
F441 interferometer, the zeroth mode is measured using
PNRD, and one postselects for finding 2d — 1 photons in
that mode. The output on the remaining 2d modes is a d-
dimensional Bell state |By), up to reversing the order of the
modes of one of the qudits.

As discussed in Sec. IID, one can generally convert
a Bell-state-generation circuit into a Type-II fusion. We
do this in Fig. 10. To perform this variant of Type-II
fusion, one inputs an ancillary bunched state of 2d — 1
photons in the zeroth mode and the two input qudits
occupy the remaining 2d modes. The modes of the second
input qudit are reversed and then a F,4, Fourier inter-
ferometer is applied. The natural analog of the Bell-state-
generation protocol would then postselect for the pattern
[1,...,1) with one photon measured in each output mode,
as depicted in Fig. 10. This does in fact give a Bell-state
projection, with relatively low success probability

2d — 1)! ’ (30)
dQ2d + 1)1
which follows directly from a result of Ref. [8]. To
improve the success probability, we allow arbitrary posts-
election patterns and the corresponding extra-dimensional
corrections, weighting each appropriately. Further, given
the flexibility of extra-dimensional corrections, one may
consider different single-mode ancillary states |r) rather
than only |2d — 1). The corresponding success probabili-
ties are given for d = 3,4,5 and 1 <r <5 in Table 1V,
calculated numerically. These data show many interest-
ing patterns. First, note that a larger number of ancillary

TABLE IV. Fusion success probabilities (including extra-
dimensional corrections) for the ZTL circuit of Fig. 10, in qudit
dimension 3 <d <5 and using 1 <r <5 ancillary photons.
In this case, nearly all successful measurement patterns require
extra-dimensional corrections involving d — 1 additional modes.

r=1 r=2 r=3 r=4 r=>5
d=3 0.116 0.116 0.109 0.140 0.136
d=4 0.0 0.020 0.038 0.047 0.053
d=>5 0.0 0.0 0.004 0.011 0.018

photons is not necessarily better: in dimension d = 3, the
case r = 4 leads to a higher success probability than » = 5.
Further, the success probability is 0 unless » > d — 2; this
aligns with the fusion protocols above, in which the ancil-
lary states involve at least d — 2 photons. However, for
r = d — 2 (and many larger values of r), we find that the
success probability is always greater than that of Ref. [30]
and our extension: compare with Table III. The trade-off is
that while the protocols of this section are more efficient
than those of Sec. IV B, the extra-dimensional corrections
are more complex, with d — 1 additional modes generally
required. Further, these protocols require preparation of
bunched states |k), which may be challenging in practice.
Of course, we must also recall that none of the protocols
under discussion here have success probability as high as
Protocols 2 and 3, which require entangled ancillas but
avoid the need for extra-dimensional corrections.

In Appendix D, we consider Type-II fusion gates
derived from other Bell-state generation protocols of Ref.
[8] but all are numerically found to have very low success
probability even with extra-dimensional corrections.

D. Boosted fusion for qubit case using
extra-dimensional corrections

We now return to the protocol of Ref. [22] for boosted
Type-II fusion of qubits, presented in Fig. 4. This proto-
col is notable because it does not generally project onto

o {°

Qi 2 B
_._FG_D
ancilla —0— _D
—e— D
_.___D

FIG. 11. An extension of the circuit defined in Ref. [22]. We
add four modes, each containing a single photon, and perform
a Fourier transform of the appropriate size. As seen in Table V,
adding more photons and modes in this way increases the overall
success probability (if one uses extra-dimensional corrections).
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a stabilizer state but, rather, requires (non-Clifford) unitary
corrections. Thus it is a natural candidate for generalization
with extra-dimensional corrections. (Also note that at most
one extra mode will be required for these corrections, by
Sec. IV A.) We consider a generalization of this protocol,
still in the case d = 2, but increasing the success probabil-
ity with additional ancillary photons and extra-dimensional
corrections. Specifically, for any » > 1, we replace each F3
with an F5,,, acting on two modes from the relevant qubit
and 7 ancillary modes, each occupied by a single photon.
This generalization is depicted for » = 4 in Fig. 11, where
we apply the boosting technique on only one side for sim-
plicity of presentation. We present the success probabilities
of the resulting Type-II fusion protocols, with and without
extra-dimensional corrections, in Table V. As usual, these
numbers may be increased by applying the same treatment
to the other pair of modes. For small numbers of ancillary
photons, these success probabilities are not particularly
high: e.g., recall that the boosting protocol of Fig. 3 can
obtain success probabilities of 0.625 and 0.75 with two
and four single photons, respectively [25]. For the protocol
presented here, however, the numerics seem to imply that
the success probability strictly increases with the number
of ancillary single photons. (Note this is different from the
statistics of Table IV.) If this trend holds, this may lead to
a useful method for high-probability Type-II fusion, since
it does not require entangled ancillas.

It is natural to attempt the same strategy in qudit dimen-
sion d > 2. For example, we may take the circuit of
Fig. 8 and, before measurement, apply a Fourier transform
involving the modes of one output port and r ancillary
single photons. However, this seems to make the success
probabilities strictly worse: see Table VI for numerics in
the d = 3 case.

V. CONCLUSIONS AND OUTLOOK

Type-Il fusion, and the corresponding notion of
teleportation, is a cornerstone concept with widespread
applications across many domains of physics. In this
work, we focus specifically on the role of Type-II fusion
in enabling high-dimensional quantum computing. While
several variants of high-dimensional linear-optical fusion
have been proposed [28—30], they remain largely under-
explored. We address this gap by analyzing, improving,

and extending existing fusion methods, giving what we
believe to be the first efficiently scaling Type-II fusion pro-
tocol for odd-dimensional qudits. In the five-dimensional
case, this method exhibits a 723-fold improvement over
previous work [30], and the gap only widens as the dimen-
sion d increases.

We first analyze the method of Refs. [28,29], which
achieves Type-II fusion with success probability 2/d? for
even dimensions d. In Sec. III B, Protocol 3, we adapt this
method to obtain an odd-dimensional Type-II fusion gate
with success probability 2/d(d + 1), which we believe to
be the most effective known protocol for Type-II fusion
in odd dimensions. Furthermore, we propose a physical
implementation pathway for the required ancillary state.
This state may be constructed from a spin qudit in silicon,
coupled to a microwave cavity using a time-bin multiplex-
ing scheme. This is an alternative version of the method in
Ref. [4].

The method we present in Protocol 3 works by
embedding qudits of odd dimension d into a larger even-
dimensional space. This is a natural technique in lin-
ear optics, where photons can naturally spread across
many modes, and is similar in spirit to other methods of
“boosted” fusion that use ancillary modes and photons.
This flexibility of qudit dimension in linear optics naturally
leads to the notion of extra-dimensional corrections pre-
sented in Sec. IV A, which can allow circuits that project
onto many nonmaximally entangled states to be nondeter-
ministically corrected into Bell measurements. This tech-
nique works by implementing a unitary on a larger space
involving a target qudit and newly added vacuum modes
and then measuring the new mode and postselecting for
the case in which no photons are detected there. This is a
concrete linear-optical special case of the work of [37] and
generalizes a technique already used to obtain a Type-II
fusion gate in Ref. [30].

We then consider various protocols utilizing extra-
dimensional corrections. We investigate and extend the
method of Ref. [30], improving its success probability.
Despite claims in the literature, we note in Sec. IVB
that both the original method of Ref. [30] and our exten-
sion have success probability significantly worse than 1/d?
for general d. The success probability is given analyt-
ically for the original protocol and shown numerically

TABLE V. Increasing the success probability for the qubit case (d = 2) using additional single photons as in Fig. 11. Only when
using extra-dimensional corrections (Sec. IV A) does the success probability continue to increase as more ancillary photons are used.
Number of extra photons Success probability without corrections Success probability with corrections Average s

1 (original case) 0.583 0.583 0

2 0.578 0.593 0.051

3 0.575 0.606 0.067

4 0.586 0.620 0.063

5 0.590 0.630 0.059
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TABLE VI. In the qutrit case d = 3, the analog of the boosting
protocol of Fig. 11 performs poorly. The use of ancillary sin-
gle photons numerically seems to always decrease the success
probability versus the baseline probability 1/9 obtained by Ref.
[30].

method is primarily of theoretical interest, as the improve-
ment over the protocols of Sec. IVB is very small and
requires a large number of ancillary photons. (Further, the
success probability is still worse than that of Protocols 2
and 3.)

Number of Success probability To summarize the various Type-II fusion protocols
extra photons with corrections Average s considered here, we note the following (see also Tables
) 0.077 1.805 I.and VII). The work of Refs.. [28,29] ar}d our e;xten-
5 0.071 1.881 sion (Protocols 2 and 3, respectively) obtain the highest
3 0.076 1.803 known success probabilities in all dimensions and do not

for our extension. We also consider Type-II fusion gates
derived from the high-dimensional Bell-state-generation
circuits of Ref. [8] (see Sec. IV C and Appendix D). Uti-
lizing extra-dimensional corrections, these can outperform
our extension of Ref. [30] but still have worse success
probability than Refs. [28,29] (even dimensions) and our
Protocol 3 (odd dimensions).

We also consider an application of extra-dimensional
corrections to extend a boosted-fusion circuit of Ref. [22]
in the qubit case. We find a circuit that performs worse than
existing boosting protocols such as those of Refs. [24,25]
for small numbers of ancillary photons but numerically
seems to monotonically increase in success probability as
more single photons are added. This circuit may be use-
ful for practical implementations of Type-II fusion (for
qubits) with very high success probability, since it requires
no entangled ancillas.

In Appendix E, we also evaluate a boosted-fusion pro-
tocol directly generalizing the method of Ref. [25] and
relate it to the ZTL for the Fourier transform [51,52]. This

TABLE VIL

require extra-dimensional corrections, but do require a
highly entangled (d — 2)-qudit ancillary state (equivalent
to a d/2-dimensional GHZ state) as input. (Recall the
construction of these states discussed in Sec. III C.) The
other protocols that we consider generally require extra-
dimensional corrections, the implementation of which may
be quite complicated in practice (see Sec. IVA 1) and
have lower success probability, but also require only sin-
gle photons or bunched states as ancillas. Among this
family, our extensions of the work of Ref. [8] given in
Sec. IV C seem to have the highest success probability.
At present, this is only known numerically, but this pro-
tocol can likely be better understood via the theory of the
ZTL and related suppression laws for the discrete Fourier
transform [51,52].

We also recall that the protocols of Refs. [28-30] and
our generalizations in Secs. IIIB and IV B3 are simply
variants of the Fourier projection (see Sec. II E). This oper-
ation may be viewed as a projection onto a symmetric
entangled state involving d qudits of dimension d; this
state is not a stabilizer state for d > 2. The protocols
that we consider occupy d — 2 of the input qudits with

We summarize many of the Type-II fusion protocols considered in the present work for 3 < d < 5. For each protocol

and each dimension, we recall the type of ancillary state used, whether extra-dimensional corrections (EDC) are required, and the
success probability. In the first three rows, the probabilities are known exactly; in the final three rows, the probabilities are calculated
numerically. For the protocols of Sec. IV C, we choose only two variants extracted from Table IV. N/A, not applicable.

d=3 d=4 d=5
EDC  Success EDC  Success EDC  Success

Ancilla type used probability Ancilla type used probability Ancilla type used probability
Bharos et al.  N/A N/A N/A Entangled No 0.125 N/A N/A N/A
[28], two-photon
Bharos [29]
Section I[II B Entangled No 0.16 Entangled No 0.125  Entangled No 0.067

two-photon two-photon four-photon

Luo et al. [30] W state No 0.111 Two W states No 9.8 x 10~* Three W states No 92x1073
Section [IVB3 W state Yes 0.111  Two W states Yes 0.017  Three W states Yes 0.003
Section [IVC  One single Yes 0.111  Bunched Yes 0.020  Bunched Yes 0.004
(few-photon photon two-photon three-photon
version)
Section [IVC  Bunched Yes 0.140  Bunched Yes 0.056  Bunched Yes 0.018
(high- four-photon five-photon five-photon
probability
version)
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ancillas, turning the Fourier projection into a two-qudit
measurement. It is possible that one can exploit the Fourier
projection as a many-body entangling measurement in a
nontrivial manner, allowing for the creation of larger-scale
entanglement with fewer steps and higher success prob-
ability than obtainable by iterating fusions of the type
considered here. A variant of this is utilized in the boosted-
fusion circuit of Appendix E, which can be viewed as pro-
jecting onto a d-qudit GHZ state. We leave this direction
for future work.

Another avenue for future work relates to the possibility
for high-dimensional fault-tolerant quantum computing.
Recall the example of the [[5, 1, 3]]z, modular-qudit code
[15], which uses five physical (d-dimensional) qudits to
encode one d-dimensional logical qudit and can toler-
ate two erasures. Similarly, the qudit surface code [16]
is [[#%, 1,n]]z,, using n* physical (d-dimensional) qudits
to encode one d-dimensional logical qudit, with the abil-
ity to tolerate any d — 1 erasures. These examples imply
that qudits may be able to store more information with the
same robustness to error using the same number of parti-
cles. Thus linear-optical qudits may potentially be useful
for high-dimensional fault-tolerant quantum computation,
such as analogs of FBQC, which have not yet been devel-
oped in the qudit case. If developed, an important question
will be whether the fusion success probabilities that we
obtain here are sufficient for high-dimensional FBQC and
for which values of d. Although the d > 2 case has lower
success probability than the qubit case, it is possible that
more efficient error-correcting codes will make up for this
difference for small d, or perhaps more efficient “boosted”
fusions can be developed to make these cases feasible.

Linear-optical quantum computing is a promising and
potentially highly scalable platform. Through this work,
we aim to advance the understanding and practical imple-
mentation of high-dimensional fusion, an essential tool
in measurement-based approaches to high-dimensional
linear-optical quantum computation. While this is by no
means the final word, our results lay a strong foundation
for future research and open new pathways for further
improvements in success probability and resource effi-
ciency.
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APPENDIX A: CALCULATING FUSION SUCCESS
PROBABILITIES

We now consider a more general perspective of Type-II
fusion between a pair of d-dimensional qudits. A Type-II
fusion protocol involves the following:

(1) Two states, | xo) and | x1), each sending one d-mode
qudit as input to the fusion. For the fusion to be useful,
the | x;) are generally multiqudit entangled states, with the
other qudits not involved in the fusion.

(2) A (possibly vacuum) ancillary state |anc) on N
modes. Typically, the ancilla will be a state of d — 2 d-
dimensional qudits, but this is not required.

(3) A linear-optical unitary U (often a variant of the
Fourier transform), operating on the N + 2d active modes
(the two input qudits and the N-mode ancilla).

(4) Photon-number-resolving detection on the N + 2d
active modes, performed after the unitary.

(5) A list of good measurement patterns. If a mea-
surement pattern is not good, the fusion is considered a
failure.

(6) Correction POVMs, adaptively chosen based on the
obtained (good) measurement pattern. In the general pic-
ture, variants of the correction POVMs are performed
on the qudits of (say) |x;) that are not directly involved
in the fusion. Note that in many cases, such as Refs.
[21,28], the corrections are unitaries used simply to elim-
inate unwanted phase factors. In other cases, such as Ref.
[30] and Sec. IV, not all outcomes of the correction POVM
may lead to success. See the discussion in Sec. [V A.

The outcome of such a protocol is an effective Bell mea-
surement on the input qudits of the state |xo)|x1). The
input qudits are destroyed as part of the measurement but
entanglement is created between the other qudits of the two
states.

To calculate the success probability of a Type-II fusion
protocol, we take each good pattern |p) and calculate

VW |p') = (Qol (1] {anc| T' Ip),
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where (Qp| is the projector onto states with exactly one
photon in the first d modes, and similar for (Q;|. Then | p/)
is a normalized two-qudit state and w;, < 1 is the appropri-
ate weight (possibly 0, in which case ‘p’) is arbitrary and
we stop the computation). We express | p’) in the form of
Eq. (16) and let A, be the resulting correction factor from
Theorem 4, with (Pp| the projection onto the corrected
subspace. Then, by the theorem, we obtain

VWohp (PP| |p’> = VWphy Bo),

where |By) is the ideal Bell state. In other words, with
probability w,A,, the (corrected) fusion procedure with
measurement pattern |p) projects onto |By). Then the suc-
cess probability for arbitrary |xo) and |x;) is obtained by
summing the overlap over all good patterns |p):

(AT)

> wphp 1(Bol (1x0) i) (A2)
P

To express this as a success probability for random input
states, as is typical, we replace all | (Bol (Ixo) [x1)I?
with 1/d?, with d” being the dimension of the two-qudit
subspace. In other words, we replace |xo)|x1) with a
maximally mixed two-qudit state (1/d%)I, which satisfies
Tr((1/d*)I|By)(Bo|) = 1/d*. Then the success probability
for random input states is

1
- > Wy (A3)
p

This assumption, that the success probability is for random
input states, is rarely stated but important. For example,
the classic Type-II fusion circuit [21] (see Fig. 2) is gen-
erally stated to have success probability 1/2, but in fact it
will always succeed for certain Bell-pair input states and
always fail for others. (Compare with Ref. [25], where this
observation is explicitly used in designing boosted-fusion
circuits.)

APPENDIX B: HAMILTONIAN OF THE SYSTEM
FOR CONSTRUCTING THE ANCILLA

The details of the Hamiltonian of the system are the
same as in Ref. [4] and can also be found there. For
time-bin multiplexing, we use a single microwave cav-
ity fabricated on our silicon chip, which is coupled to
an antimony donor. This cavity is designed to operate
at the EDSR frequency, specifically between the states
[4)17/2) <> |1) |5/2). The total Hamiltonian of the system
is given by

Hiotat = Hsp + Hingeraction + Hield (Bl)
where Hgp i1s the Hamiltonian of the donor, which is

defined in Eq. (1). The Hingraction + Hrelg part represents
the Jaynes—Cummings Hamiltonian in which a photon is

emitted coherently with the use of a cavity. The total
Hamiltonian can be expressed as follows:

Htotal = BO(_ynfz + ye§z) + A(S . 7) + Ea,ﬂe{x,y,Z}Qaﬁiuiﬂ

Hgp

+ | gy ersma’a+g(17/2) 1) (5721t a") + g(15/2) 11) (7721 L) |

(B2)

Hfield

where the operators a' and a represent creation and anni-
hilation operators, respectively. g represents the coupling
strength between the spin and the cavity. When purely
magnetic coupling is employed via the ESR transitions, g
is in the range of 10 Hz—100 kHz [53]. However, when
utilizing an electric dipole for spin-cavity coupling, signif-
icantly higher coupling strengths—in the range of a few
megahertz [54,55]—and thus faster photon emission times
are possible. This is why we propose to operate the cavity
at the antimony donor EDSR transitions.

The first term in Hg, accounts for the Zeeman split-
ting, on both the electron and the nuclei. The second term

Hinteraction

(

describes the hyperfine interaction that arises from the
overlap of electron and nuclear wave functions. In the last
term, where o, 8 = x,y, z represent Cartesian axes, 1, and
jﬁ are the corresponding eight-dimensional nuclear spin
projection operators. The term Qg = eq,Vop/21 (21 —
1)/ represents the nuclear quadrupole interaction energy,
determined by the electric field gradient (EFG) tensor
Vap = 0°V(x,y,2)/dadp [56]. This quadrupole interaction
introduces an orientation-dependent energy shift to the
nuclear Zeeman levels, enabling the individual address-
ability of nuclear states. By represents the magnetic field in
which the nanoelectronic device containing the antimony
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donor is placed, with a value approximately equal to 1T.
This ensures that the eigenstates of Hgp are approximately
the tensor products of the nuclear states |m;) with the
eigenstates {||), 1)} of Sz because y.By > A > Oqp. The
latter condition implies Hgp ~ Bo(—ynlAz + yeSAz) +A(3’ .
D, ensuring that the nuclear spin operator approximately
commutes with the electron-nuclear interaction. This con-
dition allows for an approximate quantum nondemolition
(QND) readout of the nuclear spin via the electron spin
ancilla [57].

APPENDIX C: PROOF OF THEOREM 4

We recall the setting of Sec. IVA. We will prove
Theorem 4. First, we need the following lemma.

Lemma CI. Let M be a d x d matrix with maximum
singular value equal to 1; let s be the number of singular
values less than 1. Then M can be extended to a (d + s) x
d isometry M = [%’ ] Further, any isometry extending M
in this way must have at least d + s rows.

Proof. For M to be an isometry, we must have

I=MM=MM+5's. (C1)
We will construct S with
Sts=1-MM. (C2)

We write the singular-value decomposition of M as
M = WDV, where D = diag(my,...,my) and we assume
that the m; are in increasing order. Let |v;) be
the singular vector corresponding to m;. Let D' =

,y/1 —m?), an s x s diagonal matrix,

and let 7 be the d x s matrix the columns of which are the
first s singular vectors of M. Then S = D'(V')" satisfies

diag(,/1 —m?, ...

sts = v ) 'Dw)t (C3)
= Vdiag(1 —m?,...,1 —m)(V)!  (C4)
= Z(l — miz) [v;) (vil (Cs5)
i=1
d
= Z(l —my) |v;) (vil (C6)
i=1
d
=] — thz |Ui> (U,‘| (C7)
i=1
=7 -MMm. (C8)

Then S suffices to extend M. Further, comparing the ranks
in Eq. (C2) shows that s is minimal. |

We now show how to construct the required extra-
dimensional correction matrices, extending the matrix 4
of Eq. (19). We restate Theorem 4 for convenience.

Theorem CI. Let B = ({y;]|:)); be the Gram matrix,
with smallest eigenvalue A. Let s < d — 1 be the number
of eigenvalues of B that are not equal to A. If we augment
the second qudit with s extra dimensions (modes), there
exists a unitary U extending the matrix /A4, with

s
Vil

Here, in each term of the “junk” state, the photon of the
second qudit is always in one of the newly added modes.
Performing PNRD on the s new modes, we postselect for
the case in which no photons are detected; this occurs with
probability A.

I®U)|¥) =

> Ikk) + [junk) . (C9)

Proof. We have

B=UH4a". (C10)
Let A be the minimum eigenvalue of B, necessarily positive
since 4 is invertible. By Eq. (C10), 4/ is the minimum
singular value of 4~! and therefore 1/+/A is the maximum
singular value of 4. Let M = /A4, which has maximum
singular value 1. By Lemma C1, M can be extended to
a (d 4+ s) x d isometry [’g’] This extends to a (d + s) X
(d 4+ s) unitary U using Gram-Schmidt. The unitary U
satisfies

Ulyi) = M |Yi) + S |¥)

= V& |k) + junk,

(C11)
(C12)

where the “junk” term has its photon in the newly added
dimensions. In particular,

A
kk junk. (C13
ﬁ? ) +junk. (C13)

Performing PNRD on the s extra dimensions of the second
qudit, the probability of measuring no photons (so that we
project onto a valid two-qudit state) is A. ]

I®U)— Zv« V) =

Note that Lemma C1 is constructive, using singular-
value decomposition. Then this proof gives a constructive
algorithm for the extra-dimensional unitary correction U.

APPENDIX D: MODIFICATION OF
STATE-GENERATION CIRCUITS INTO FUSION
CIRCUITS

In this appendix, we adapt the Bell-state-generation cir-
cuits considered in the Supplemental Material of Ref. [§]
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into Type-II fusion circuits. These circuits are presented
in Fig. 12. Circuits 1 and 2 involve the application of a

parametrized gate Uy, defined as
ix/1—R
vR )’

( VR

Ur=|.

i~/1—R

We have simulated the performance of these circuits, in
the case d = 3, for 100 different values of R, uniformly
spaced between 0 and 1 with an interval of 0.01. In all
cases, the highest fusion success probability has been
numerically obtained at R = 0.5, which differs from the
optimal value for the state-generation circuits, where the
best performance has been achieved at R = 2/3.

In circuit 1, the unitary operation H,, represents a vari-
ant of 2d-dimensional Fourier transform: we call the three
cases Uy, Up, and U, as depicted in the figure. While these
implementations have exhibited different performance lev-
els during state generation, they have numerically yielded
identical success probabilities in the corresponding Type-II
fusion operations.

We note that to leverage the structure of the state-
generation protocol, the ancillary state should be a super-
position of the postselection patterns used in the corre-
sponding state generation. In the d = 3 case, we have
numerically tested various evenly weighted superpositions
of these patterns, finding that the ancillary state

1
—= (]200020) + 1020200))

Dl
7 (D1)
leads to optimal results for circuit 1 and that
1
— (]000202) + 1002020)) (D2)

V2

leads to optimal results for circuit 2. (We note that many
choices of ancilla lead to the same success probability, and
which choices of ancilla are viable does sometimes depend
on the circuit and the choice of Hy;.) A summary of our
results for the d = 3 case, using those ancillary states, is
provided in Table VIII. The success probabilities have not
surpassed those of the ZTL protocol derived from the same
work [8] and discussed in Sec. IV C.

TABLE VIII. The fusion success probabilities with circuits
inspired by Ref. [8], using the theorem in Sec. IV A.

Success probability with corrections (d = 3)

Uy:0.0185  Up: 0.0185 Uc: 0.0185
0.0078

Circuit 1
Circuit 2

APPENDIX E: BOOSTED HIGH-DIMENSIONAL
TYPE-II FUSION

In this appendix, we present a boosted high-dimensional
Type-II fusion protocol combining the methods of Ref.
[25] and Sec. IV B. This protocol will require a great
number of ancillary photons for a very small increase in
success probability; however, we present it here due to
interesting theoretical features. It may be viewed as an
extension of the protocol of Sec. IV B: the projectors of
that case still occur with the same probabilities but we
convert some “failure” outcomes into successful entan-
gling measurements. In fact, these new outcomes may be
viewed as projecting onto the d-qudit GHZ state rather than
a two-body Bell state.

The circuit is depicted for d =3 in Fig. 13. We
start with the circuit of Fig. 8; then, on any num-
ber of output ports (for ease of illustration, only the
zeroth), we allow for additional interference. The circuit
of Fig. 3 [25] applies Hadamard transformations—two-
body Fourier transforms—between corresponding modes
of an output port and an ancillary state of two photons in
two modes, %(IZO) +102)). We straightforwardly extend
this, using an interferometer of the form F; ® I to allow
for interference between the chosen output port and d — 1
ancillary states of d photons in d modes, namely,

1
Jd

The key feature of this ancilla is that, for every term, the
number of photons in each mode is a multiple of d. This
ensures that the success probability will not be decreased:
extending the notion of the “time bin” to the modes of the
ancillary states as well, the total number of photons in each
of the d time bins (modulo d) remains unchanged. Then the
“success” patterns in the protocols of Sec. IV B remain dis-
tinguishable from one another (and from failure patterns)
in this setting. Our goal is to convert some failure patterns
into successes. As in Ref. [25], this will only be possible
for terms in which all 4 of the original photons exit through
the same port of the initial Fourier interferometer F; @ 1.
We specifically target “bunched” patterns in which all d
original photons are sent to the same mode of the zeroth
port. The protocol is given here.

(Id00 - - - 0) 4 [0d0 - - - 0) +...]000---d)). (El)

Protocol EI. Let d > 2 be an integer. We give a pro-
tocol for boosted Type-II fusion of d-dimensional qudits
as follows. We boost only the zeroth port but a similar
procedure may be applied to other ports.

(1) Begin with two arbitrary “input” qudits (those to be
fused) and d — 2 ancillary W-state qudits.

(2) Input these d qudits into a F,; ® I interferometer, as
in the Fourier projection (Protocol 1).
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Circuit 1

(a)

Qudit 1

ancilla
o \ppr
Qudit 2 U D

Unitary A

Unitary B

Unitary C

(b) Circuit 2 :
Qudit 1 : —.—D’
: } d
—o—D
ancilla oD/
oD
: } d
——D
Qudit 2 —o—

FIG. 12. We present several d-dimensional fusion protocols by reversing the high-dimensional Bell-state-generation circuits of
Paesani ef al. [8]. (a) This circuit requires a 2d-mode ancilla. The unitary operation H,,; can be implemented in three different ways:
(i) as a single 2d-dimensional discrete Fourier transform (DFT), (ii) as two d-dimensional DFTs followed by d two-dimensional
DFTs (equivalent to Hadamard operations), or (iii) as d two-dimensional DFTs (Hadamard operations) followed by two d-dimensional
DFTs. (b) Circuit 2 requires three distinct operations: Uy s = H (a 50:50 beam splitter), Ug, and two d-dimensional DFTs. Note that

the vacuum modes in circuit 2 are not drawn explicitly.

(3) For the first d modes, making up the zeroth port,
feed their output into a second Fourier interferometer F; ®
1, along with d — 1 ancillary states of the form given in Eq.
(E1).

(4) Perform PNRD on all modes (of which there are
d*> + (d*> — d) = d(2d — 1)). Let n; be the number of pho-
tons in modes indexed by i mod d (in other words, #; is the
number of photons in “time bin” i).

(5) Interpret the measurement results:

(a) If all »; =1 mod d, this uniquely determines an
“unboosted” success pattern; we then proceed as in Pro-
tocol 1.

(b) Suppose that the final d(d — 1) modes are empty
(so that all photons are in the d*> “boosting” modes) and
all n; = d (so that each time bin receives the same num-
ber of photons). For 0 <j < d — 1, let m; be the number
of photons in boosting modes jd,jd + 1,...,jd +d — 1.
If we further have thl Jjm; =0 mod d, this leads to
a “boosted” success. The resulting projection is onto a
maximally entangled two-qudit state, with no need for
extra-dimensional corrections.

(c) If neither of the previous parts imply success, then
the protocol has failed.

We briefly discuss numerics for the d = 3 case before
giving intuition for the broader scheme. We may perform
this boosting operation on any subset of ports; for each
relevant port, we use six new ancillary photons (now in
nontrivial entangled states) to increase the overall suc-
cess probability by approximately 1.83 x 1073. Carrying
out this procedure on all three ports requires 18 ancillary
photons (in addition to the usual W-state ancilla) and pro-
vides a total success probability of 0.117, a small increase
over the “unboosted” success probability 1/9 =~ 0.111.
This is still significantly worse than the probability of
1/6 ~ 0.167 that we obtain by using Protocol 3, which
requires only two ancillary photons.

We now return to the general case, starting with the orig-
inal circuit marked “Fusion” in Fig. 13. Note that if we
apply F; ® I and postselect for terms with all photons in
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Boosting
-

" o )
ancilla { %
ancilla { F3 QI §

Qutrit 1 %
Qutrit 2 F3 QI %
oy —— :
Fusion
FIG. 13. Anextension of the 2D boosting protocol of Ref. [25]

to the qutrit (d = 3) case. The “fusion” part of the circuit fol-
lows Luo et al. [30] (see Sec. IVB 1) and uses a WW-state ancilla.
One output port is then fed into the “boosting” circuit, under-
going another Fourier transform along with new ancillary states
%(BOO) -+ (030) + |003)).

the zeroth port, we obtain

KK, ., k) > [dg) [0)544D (E2)
with probability
d!
c=1(d,0,...,0Fg|1,1,...,1) = 2 (E3)

where |dy) is the d-mode bunched state with d photons in
the kth mode. In particular, under the same operation, we
have

1 d—1 1 d—1
— ) K® (— |dk>> |0)®4@=D - (B4)
w3 Vil

with the same probability ¢. We can then obtain a pro-
jection onto the d-qudit GHZ state if we can design the
boosting circuit to project onto the uniform superposition
of the |dy). This is done by using the ancillary states given
in Eq. (E1), applying another Fourier transform F; ® I,
and postselecting according to the rules in Protocol E1. The
condition that all photons go to the zeroth port makes the
above calculation relevant. The condition that all n; = d
forces a projection onto some superposition of the |dj)
(and intuitively encourages uniform superpositions over
nonuniform ones). Finally, the condition Zj‘.l;é Jjm; =0
mod d is related to the ZTL [51] and uses the symmetries
of the ideal input state [52,58] to obtain the desired projec-
tion. We conjecture that the probability of the state given
in Eq. (E4) is precisely the scalar ¢? above. Putting this all

together, and accounting for a factor of 1/d“ for projecting
the GHZ state to a random two-qudit state with W-state
ancillas, the increase in the success probability given by
Protocol E1 is then conjectured to be

dv’)d>. (ES)

We have verified this numerically in the case d = 3 and
expect that the general case is similar. This requires O(d?)
additional photons to increase the success probability by an
amount that exponentially decays with d. Thus, we expect
that Protocol E1 is not practically applicable, especially in
the presence of errors such as photon loss. However, we
discuss it here since it is a natural generalization of the
works of Refs. [25,30] that others may have been inter-
ested in investigating. Further, the appearance of the ZTL
[51] in the success patterns is theoretically interesting and
may inspire more efficient Type-II fusion protocols in the
future.
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