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 Abstract—High-aperture-efficiency 2-dimensional (2-D) multi-

beam flat gradient-index (GRIN) lenses are developed in this 

work. New methods based on bifocal analysis are found to 

determine the refractive-index profile of the lens as well as feed 

positions along a circular feed locus to enable independent wide-

angle multi-beam radiations. Distinct formulas for the GRIN 

profile are provided for two different purposes: i) multi-beam with 

good average performance in all azimuthal planes or ii) radiation 

performance optimized in a specific azimuthal plane. The latter 

solution requires a GRIN variation in both azimuthal and radial 

variables. Subwavelength triple-metal-layer unit cells are designed 

to emulate the local refractive indices. A 2-D multi-beam GRIN 

lens, fed by 13-modules of 2x2 patch arrays displaced along xoz 

and yoz focus loci, has been successfully simulated, fabricated, and 

measured. Wide-angle multi-beam radiations have been obtained 

with a beam coverage of around ±45° in both xoz and yoz planes. 

The multi-beam radiation patterns are stable in a 22.2% 

bandwidth from 12 GHz to 15 GHz. The beam-scanning losses in 

this operating band are 1-2.6 dB and 2.1-3.9 dB in xoz and yoz 

planes, respectively. The measured peak realized gain is 22.3 dBi 

at 13.4 GHz, corresponding to an aperture efficiency of 66.4%.     

Index Terms— 2-D multi-beam, GRIN lens, high-efficiency, 

wide-angle beam scanning. 

I. INTRODUCTION 

IGH-GAIN multi-beam antennas are very promising 

candidates for long-distance communications for the 

current fifth generation (5G) and beyond wireless systems [1], 

as they can compensate for high path losses while facilitating 

multiple connections to distributed nodes located in a wide 

spatial range [2]-[4]. In this context, multi-beam antennas have 

been widely investigated, including lens antennas [5]-[6], 

transmitarray/reflectarray antennas [7]-[9], and microstrip 

arrays fed by beamforming networks [10]-[11], etc. Among 

them, lens antennas have attracted substantial interests due to 

their merits of wide band, high gain and high aperture 

efficiency. 

There are two fundamental categories of lenses, namely 

homogeneous and inhomogeneous lenses [12]. The traditional 

homogeneous lens is constituted by a single pure dielectric 

material designed with a specific shape based on geometrical 

optics, e.g., convex and concave lenses. Despite its advantages 

of very large bandwidth and high efficiency, the homogeneous 

 
 

lenses exhibit a bulky and typically heavy configuration, 

especially at low frequencies. On the other hand, the 

inhomogeneous lens engineered with a gradient refractive-

index profile can be developed using advanced 3-D printing and 

PCB manufacturing technologies, leading to a lighter and 

lower-profile structure at a reduced fabrication cost. 

Furthermore, inhomogeneous lenses provide the possibility of 

flat interface and more degrees of freedom to design the 

aperture efficiency. Some typical inhomogeneous lenses 

include Fresnel lenses [13]-[14], half Maxwell fish-eye lenses 

[15] and Luneburg lenses [16]-[18]. However, most of them 

have inherently 3-D configurations (e.g., sphere), thereby 

posing great challenges for them to be mounted onto the 

communications platforms. On the other hand, the flat version 

of them cannot be directly used as aperture antennas. To address 

this challenge, substantial efforts have been devoted to develop 

flat gradient-index (GRIN) lenses based on transformation 

optics [19]-[20], ray optics [21]-[25] and field transformations 

[26]. Many methods are developed to enhance its operating 

bandwidth and aperture efficiency with small refractive-index 

errors across the lens aperture. 

To date, there have been a few reported multi-beam/beam-

scanning flat GRIN lenses in open literature [27]-[33]. In [28], 

a dual-polarized flat Luneburg lens is reported at 10 GHz. By 

placing feed patch antennas along a straight trajectory, multiple 

beams can be achieved in an angular range of ±54° with 

scanning losses of 0.7 dB and 2.2 dB for two polarizations, 

respectively. The reported aperture efficiency is 21.2%. In [29], 

an all-dielectric flat Luneburg lens is developed at 10 GHz. A 

horn antenna can be moved along a straight trajectory to feed 

the lens, showing a beam-scanning range of ±34° and a 

scanning loss of 2 dB. The peak aperture efficiency is 67%. In 

[30], miniaturized frequency selective surfaces (FSS) elements 

are employed to constitute a flat GRIN lens fed by patch 

antennas at 9 GHz. The patch antenna can be moved along a 

straight trajectory for radiating multiple beams in an angular 

range of ±45° with a scanning loss of about 3 dB. The peak 

aperture efficiency is around 38%. In [31], a millimeter-wave 

flat GRIN lens is designed and fed by an open waveguide. By 

moving the feed along a straight trajectory, the radiating beam 

can be scanned to ±48° with a scanning loss of 4.6 dB at 60 

GHz. The measured aperture efficiency is indirectly calculated 

as 27.4%. Moreover, a double-layer planar metasurface lens is 

proposed in [32] at 28 GHz. Seven SIW-fed stacked patch 

antennas are placed along a straight trajectory to excite multiple 

beams. A beam coverage of ±27° with a scanning loss of 3.7 
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dB is realized. The aperture efficiency is 24.5%. In [33], feed 

corrective lenslets are investigated to squint the radiation beam 

of feed horn towards lens center to reduce spillover losses. 

Besides, they can translate the feed phase center from a flat 

surface to Petzval surface. This way, a wide beam range of ±53° 

is realized with a beam scanning loss of around 5.5 dB. The 

peak aperture efficiency is 74% at 18 GHz. It should be noted 

that all the reported flat GRIN lenses scan their beams in one-

dimensional (1-D) plane, although some of them have 

potentials to support two-dimensional (2-D) beam scanning, 

owing to their rotationally symmetrical lens profiles.  

Based on the above literature review, for most designs with 

larger than ±45° beam coverages within a 3-dB gain drop, the 

peak aperture efficiencies are lower than 40%. However, for the 

designs with greater than 60% aperture efficiencies, they have 

either a small beam coverage or a high scanning loss. Therefore, 

there is a technology gap to achieve flat GRIN lenses with both 

high aperture efficiencies and good 2-D multi-beam/ beam-

scanning capabilities.     

In this work, we use the bifocal analysis method to design a 

flat GRIN lens that can scan over a large aperture or generate 

multiple beams with a high efficiency and a low scanning loss. 

It should be noted that there have been some other reported 

multi-beam dielectric lenses based on bifocal analysis [34]-[36]. 

However, the shapes of inner and outer lens surfaces of these 

designs were utilized as design freedoms, leading to curved lens 

contours. Different from the conventional flat GRIN lens design 

methods, our design processes are described next:  

i) The GRIN profile for a flat lens configuration is found 

analytically by using a congruence of optical ray-paths for 

an approximately linear phase on the aperture; this phase 

can generate oblique beams at the extreme of the scanning 

angle range.  

ii) The corresponding feed locus is theoretically determined as 

an arc. The combination of the refractive-index profile and 

the circular feed locus enables significant improvement in 

the 2-D beam-scanning performance.  

iii) The method described in ii) is successively adapted to 

realize enhanced beam-scanning performance along one 

specific principal plane with the use of a refractive-index 

profile along both radial and azimuthal coordinates.  

Finally, a 2-D multi-beam GRIN lens prototype, with totally 

13 feed patch arrays arranged in two orthogonal planes, is 

fabricated and measured. To the authors’ best knowledge, this 

is the first time that a 2-D multi-beam flat GRIN lens is 

implemented by multilayer metasurfaces and validated 

experimentally. Besides, good radiation performance in terms 

of the scanning capability and the aperture efficiency have been 

achieved. Compared to the conventional 3-D spherical 

Luneburg lenses, the proposed design may have a similar 

overall minimal enveloping spherical surface. However, the 

weight of the present solution is significantly lower. It can be 

easily mounted on and aligned to planar platforms without 

protruding from the surface. Besides, its lens aperture can be 

easily implemented by low-cost Print Circuit Board (PCB) 

technology. It should be noted that some very early research 

findings of multi-beam GRIN lens with limited preliminary 

simulation results were reported in authors’ recent conference 

paper [37]. However, the current work presents comprehensive 

design solutions and validations with both simulation and 

measurement results.   

The presentation of the paper is organized as follows. Section 

Ⅱ presents the new design methodologies for multi-beam GRIN 

lenses. The radiation properties of designs using different 

methods are demonstrated and compared. Section Ⅲ presents a 

design of the GRIN lens profile emulated by subwavelength 

unit cells. The feeding structure constituted by patch array 

modules is also illustrated. The prototype fabrication and 

measurement are reported in Section Ⅳ, and the results are 

compared with those from a full-wave analysis. Section Ⅴ 

draws a conclusion.                           

II. 2-D MULTI-BEAM GRIN LENS DESIGN THEORY 

A typical lens with radially gradient refractive indices is 

depicted in Fig.1 (a). It is illuminated by a feed horn antenna 

located on the negative part of z-axis and radiates a boresight 

beam with enhanced realized gains. For multi-beam radiations, 

the conventional method is sketched in Fig.1 (b). The 

refractive-index profile on the GRIN lens is calculated for the 

boresight radiation (Beam a) with illuminations from Feed a. 

   
                                (a)                                                        (b)                                                                 

 
(c) 

Fig.1 Lens profile with radially gradient refractive indices (different colors on 

the lens aperture represent varied refractive indices). (a) 3-D configuration with 
one feed horn for boresight radiation. (b) Classical multi-beam configuration 

obtained by defocusing the feed of solution (a) in a φ plane, i.e., perpendicular 

to the lens surface. (c) Proposed multi-beam configuration in a φ plane, where 

the feed is on a spherical cup and the GRIN lens is designed by the maximum 

squinted beam. 

Subsequently, by simply sliding the feed horn along a straight 

trajectory, oblique radiation beams (e.g., Beam b and c) can be 

realized since the ray paths from the focal point produce an 
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approximate linear phase on the lens aperture. However, as the 

feed is moved further away from the theoretical focal point 

(Feed a), the phase deviation with respect to the linear one 

provides a degradation of the beam, especially for large angles, 

as in any single focus system.   

A. Radial-only GRIN Variation for Multi-beam Radiations 

To significantly improve the multi-beam radiation 

performance, we propose a new GRIN lens design process as 

shown in Fig.1 (c). The lens still has radially gradient refractive 

indices. However, instead of calculating the refractive-index 

profile for the boresight beam, we calculate the profile for ideal 

symmetrical oblique beam radiations (Beams b and c) at the 

maximum radiation angles. To this end, consider the lens as 

illuminated by Feed c and the outgoing wave directed to an 

angle of β; the following condition should be satisfied to 

maintain constant optical ray-path lengths for any ray 

𝑙0 + ∫ 𝑛(𝜌)
𝑃1

𝑂
𝑑𝑡0 + (𝑟𝑝3 − 𝑟𝑝1)𝑠𝑖𝑛𝛽 = 𝑙 + ∫ 𝑛(𝜌)

𝑃3

𝑃2
𝑑𝑡,                                                                                            

                                                                                             (1) 

where  

P1 is the exit point of the ray from lens center O,  

l0 is the focal length of O,  

t0 is the curvilinear abscise along the ray path from O to P1,  

P2 is an arbitrary incident point on the lens at a radius r,  

P3 is the exit point on the output aperture corresponding to P2,  

rP3 and rP1 are the radii at points P3 and P1, respectively,  

l is the focal distance of P2,  

t is the curvilinear abscise along the ray path from P2 to P3,  

n(ρ) is the refractive index related to a generic radius ρ. 

  

To simplify the solution of (1), we first assume the ray paths 

in the lens are straight lines and have the same slope of the 

outgoing rays. Second, the refractive index along the ray path 

is calculated with the value at the incident point. It should be 

noted that these two assumptions are valid for a lens with small 

thickness d. This way, (1) can be simplified as 

𝑙0 + 𝑛(0)
𝑑

𝑐𝑜𝑠𝛽
+ 𝑟𝑠𝑖𝑛𝛽 = 𝑙 + 𝑛(𝑟)

𝑑

𝑐𝑜𝑠𝛽
.                               (2) 

The focal distance l can be obtained from  

 𝑙 = √(𝑙0𝑐𝑜𝑠𝜃0)2 + (𝑟 + 𝑙0𝑠𝑖𝑛𝜃0)2,                                       (3)  

where θ0 represents the offset angle of Feed c with respect to z-

axis. By defining nΔ as the refractive index deviation with 

respect to the one in the origin, that is 

𝑛∆ = 𝑛(0) − 𝑛(𝑟),                                                                   (4) 

(2) can be rearranged as 

𝑙0 +
𝑑

𝑐𝑜𝑠𝛽
𝑛∆ + 𝑟𝑠𝑖𝑛𝛽 = √(𝑙0𝑐𝑜𝑠𝜃0)2 + (𝑟 + 𝑙0𝑠𝑖𝑛𝜃0)2.        (5)   

Applying square function to both sides of (5), leads to 

𝑑2

(𝑐𝑜𝑠𝛽)2
𝑛∆

2 +
2𝑙0𝑑

𝑐𝑜𝑠𝛽
𝑛∆ + 2𝑟𝑑 𝑡𝑎𝑛𝛽 𝑛∆ + 2𝑟𝑙0 𝑠𝑖𝑛𝛽 = 

𝑟2(𝑐𝑜𝑠𝛽)2 + 2𝑟𝑙0𝑠𝑖𝑛𝜃0.                                                       (6) 

The same derivations are now applied to Feed b and Beam b, 

which leads to swapping θ0 and β with -θ0 and -β in (6), that is 

𝑑2

(𝑐𝑜𝑠𝛽)2
𝑛∆

2 +
2𝑙0𝑑

𝑐𝑜𝑠𝛽
𝑛∆ − 2𝑟𝑑𝑡𝑎𝑛𝛽𝑛∆ − 2𝑟𝑙0𝑠𝑖𝑛𝛽 = 

𝑟2(𝑐𝑜𝑠𝛽)2 − 2𝑟𝑙0𝑠𝑖𝑛𝜃0.                                                        (7) 

Summation and subtraction of (6) and (7) leads to the 

equivalent couple of independent equations  

 
𝑑2

(𝑐𝑜𝑠𝛽)2 𝑛∆
2 +

2𝑙0𝑑

𝑐𝑜𝑠𝛽
𝑛∆ − 𝑟2(𝑐𝑜𝑠𝛽)2 = 0,                                (8) 

(𝑑/ 𝑙0)𝑡𝑎𝑛𝛽 𝑛∆ + 𝑠𝑖𝑛𝛽 = 𝑠𝑖𝑛𝜃0.                                           (9) 

The above equations should be simultaneously satisfied. 

However, it can be seen in (9) that the angle 𝜃0 will depend on 

r through nΔ; therefore, in the following procedure we will 

satisfy (9) in the average sense by integrating along r, while we 

will use (8) for finding nΔ. Since nΔ should be greater than 0, 

the solution of (8) in an arbitrary point on the lens can be 

obtained as  

𝑛∆ =
√𝑙0

2+𝑟2(𝑐𝑜𝑠𝛽)2−𝑙0

𝑑/𝑐𝑜𝑠𝛽
 ,                                                          (10) 

and therefore from (4) 

𝑛(𝑟) = 𝑛(0) −
√𝑙0

2+𝑟2(𝑐𝑜𝑠𝛽)2−𝑙0

𝑑/𝑐𝑜𝑠𝛽
 .                                          (11) 

Once the lens dimensions and the desired maximal beam angles 

of ±β are defined, the refractive index 𝑛(0) should be a constant 

value. It can be obtained by defining the edge refractive index 

as 1, i.e., 𝑛(𝑎) = 1, where a is the lens radius; thus yielding 

𝑛(0) = 1 +
√𝑙0

2+𝑎2(𝑐𝑜𝑠𝛽)2−𝑙0

𝑑/𝑐𝑜𝑠𝛽
 .                                               (12) 

The feed offset angle θ0 can be determined from the solution 

of (9) as 

𝜃0(𝑟) = arcsin (𝑠𝑖𝑛𝛽 (1 +
𝑑𝑛∆

𝑙0𝑐𝑜𝑠𝛽
))  .                                  (13) 

As mentioned, θ0 is a function of r, rather than a fixed value, 

as desired. For example, let us consider a lens with a radius of 

a=2.5λ0 (λ0 is the wavelength in free space) and the desired 

maximal radiation angles of ±45°. The theoretical feed offset 

angle θ0 for different lens positions are calculated and plotted 

in Fig. 2. First, for a constant ratio of lens thickness to its radius, 

i.e., d/a=0.3, θ0 is calculated under different focal lengths, i.e., 

l0/a. As shown in Fig. 2 (a), as the focal length increases, the 
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variation range of θ0 becomes smaller. Besides, for a constant 

focal length of l0/a=1.2, the feed offset angles θ0 under different 

lens thickness are plotted in Fig. 2 (b). It is seen that the 

variation range of θ0 only changes slightly for different lens 

thickness. It is varied from 45° to 52° when d/a=0.3 and 

l0/a=1.2. Therefore, by carefully choosing the lens profile and 

the focal length, the theoretical offset angle can be 

approximated to a constant value. To determine the final offset 

angle of Feed c and b, a mean function is applied to obtain the 

average value for different lens positions; that is      

𝜃0 = 1

𝑎
∫ 𝜃0(𝑟)𝑑𝑟

𝑎

0
.                                                                 (14) 

 
(a) 

 
(b) 

Fig. 2 Theoretical feed offset angles versus lens positions. (a) Different l0/a with 

a constant d/a of 0.3. (b) Different d/a with a constant l0/a of 1.2. 

This means that (9) is not imposed rigorously, but in the 

average sense. The above analysis yields the refractive-index 

profile across the lens aperture. The corresponding feed 

positions for the maximum oblique radiations are determined 

with the focal length l0 and the feed offset angles ±θ0. The next 

step is to determine the position of Feed a for a boresight beam. 

As illustrated in Fig.1 (c), an optimal focal length g can be 

found by moving the feed source along the z-axis, so that the 

average phase error on the aperture is minimized. 

Finally, the locus of the feeds is determined by the circle 

passing from the 3 points corresponding to Feeds a, b and c. 

Multi-beam property will be realized by arranging multiple 

feeds on this locus. Since the lens refractive-index profile 

shows a rotational symmetry with respect to φ coordinate, as 

illustrated in Fig.1 (a), it can support beam-scanning/multi-

beam radiations in different φ planes. 

B. Radial-azimuthal GRIN Variation for Multi-beam 

Radiations 

The multi-beam design process developed in Section Ⅱ-A 

produces a lens with a radially gradient refractive-index profile 

as shown in Fig.1 (a), i.e., the refractive index remains the same 

along φ direction for a fixed radius. If multi-beam performance 

is required in one specific principal plane only, this solution can 

be improved by introducing an azimuthal GRIN variation. From 

(3), it is indeed noticed that the focal distance l for an arbitrary 

point on the lens was only considered to be dependent on the 

radius r, but this is true only if the observation point is in the 

feed-locus plane. As shown in Fig. 3, Feed c and Feed b are in 

xoz plane. The actual focal distance for points outside this 

plane, e.g., P2, is related to both the radius r and the azimuthal 

angle φ1.  

 

Fig. 3 Configuration of multi-beam lens with GRIN along both radial and φ 

directions for optimization of the multibeam performance in one plane.   

To obtain a more accurate refractive-index profile for oblique 

maximal radiation beams, a lens with gradient refractive indices 

along both radial and azimuthal coordinates should be 

considered, as sketched in Fig. 3. The (x, y, z) coordinate of a 

ray footprint P2 on the input lens interface is (rcosφ1, rsinφ1, 0). 

Two symmetric feeds are in xoz plane for two beams towards 

φ=0° and θ=±β, i.e., in directions 𝑢̂ = ±sin(𝛽)𝑥̂ + cos(𝛽)𝑧̂. 

Considering the equalization of optical ray-path lengths from 

Feed c (see Fig. 3), one can get 

𝑙0 + 𝑛(0, 0)
𝑑

𝑐𝑜𝑠𝛽
+ 𝑟𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝛽 = 𝑙 + 𝑛(𝑟, 𝜑1 )

𝑑

𝑐𝑜𝑠𝛽
.        (15) 

The focal distance of P2 can be calculated from 

𝑙 = √(𝑙0𝑠𝑖𝑛𝜃0 + 𝑟𝑐𝑜𝑠𝜑1)2 + (𝑟𝑠𝑖𝑛𝜑1)2 + (𝑙0𝑐𝑜𝑠𝜃0)2.    (16)  

The specular equation can be derived from the equalization of 

optical ray-path lengths with Feed b illuminations. By 

following the same derivation process discussed in Section Ⅱ-
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A, the refractive-index profile and the required feed offset angle 

can be obtained as  

𝑛(𝑟, 𝜑1) = 𝑛(0,0) −
√𝑙0

2+𝑟2(1−(𝑐𝑜𝑠𝜑1𝑠𝑖𝑛𝛽)2)−𝑙0

𝑑/𝑐𝑜𝑠𝛽
,                    (17)                                                                                       

𝜃0 = 1

2𝜋𝑎
∬ arcsin ((1 +

𝑑(𝑛(0,0)−𝑛(𝑟,𝜑1))

𝑙0𝑐𝑜𝑠𝛽
) 𝑠𝑖𝑛𝛽) 𝑑𝜑1𝑑𝑟.   (18) 

In (17), r and φ1 are two independent variables, and n(r, φ1) has 

a minimal solution when r=a and φ1=±π/2, i.e., on the edge of 

the lens. By defining the minimal refractive index as 1, i.e., n(a, 

±π/2)=1, the constant 𝑛(0,0) is calculated as                                                                                   

𝑛(0,0) = 1 +
√𝑙0

2+𝑎2−𝑙0

𝑑/𝑐𝑜𝑠𝛽
.                                                      (19) 

We emphasize that the refractive index profile is related to 

both the radius r and the azimuthal angle φ1, i.e., it does not 

have the rotational symmetry with respect to φ coordinate. 

Therefore, the radiation performance will change if the feed 

locus is rotated. However, the performance in the principal 

plane has been improved. It should be noted that the feed locus 

in xoz plane is determined from theoretical analysis to enhance 

the beam-scanning performance in this plane. There are phase 

errors on the lens aperture when rotating the xoz-plane feed 

locus to other azimuthal planes. The larger angle it is rotated 

by, the larger phase errors would appear. Due to the mirror 

symmetry of GRIN profile along x- and y-axes, the phase errors 

are maximal when the feed locus is rotated to yoz plane. 

To compare the performance by a conventional method and 

the ones adopted here (in the two versions described in Section 

Ⅱ-A and Ⅱ-B), three lenses have been designed at 13 GHz based 

on GRIN dielectric substrates. A full-wave analysis is carried 

out on the three antennas by using ANSYS HFSS software 

simulator. Lens Ⅰ is constructed referring to the traditional 

configuration in Fig.1 (b). Its refractive index profile is 

calculated from the ideal boresight radiation based on the closed 

form formula presented in [21]. Lens Ⅱ is designed with the 

method presented in Section Ⅱ-A, namely with radial-only 

GRIN variation calculated from ideal maximum oblique beams 

at ±β=±45°. Lens Ⅲ is designed with the method discussed in 

Section Ⅱ-B, which is with radial-azimuthal GRIN, with same 

maximum squinted beams at ±β=±45° in xoz plane. All the 

lenses have the same physical dimensions, i.e., a=2.5λ0, 

d=0.3a. The focal lengths of Lens Ⅱ and Ⅲ for ±45° radiations 

are both l0=a. Their focal lengths for 0° are set as g=1.47a for 

consistency. The focal length of Lens Ⅰ for 0° is also chosen as 

g=1.47a. A standard gain horn LB75-15 from A-INFO is 

applied as the feed antenna for all three lenses. This horn has a 

realized gain of approximately 17.5 dBi at 13 GHz. The 

radiation performance of the three antennas is summarized in 

Table Ⅰ. The three cases show similar gain at boresight. It should 

be considered however that Lens I is not designed for the 

maximum aperture efficiency as prescribed in [21] but 

assuming the same focal length, and thickness as those of 

Lenses II and III.  The maximum radiation beam of Lens Ⅰ from 

the traditional multi-beam design method can reach ±41°, 

showing a high sidelobe level of -2.7 dB and a high scanning 

loss of 4 dB in both xoz and yoz planes. The scanning loss in 

this work refers to the gain drop from the boresight beam to the 

largest oblique beams. By applying the new design method with 

radial-only GRIN profile, Lens Ⅱ can support maximal 

radiation beams at ±44°. The sidelobe levels are reduced to -7.3 

dB in both planes. The scanning loss also decreases to 2.2 dB 

in both planes. Finally, radial-azimuthal GRIN Lens Ⅲ shows 

better performance in the designed plane (xoz), with a low 

sidelobe level of -10 dB and a low scanning loss of 0.8 dB at 

±44°. However, the radiation performance in yoz plane 

deteriorates with a sidelobe level of -5 dB and a scanning loss 

of 2.5 dB at ±44°. Therefore, one can choose the design method 

of Lens Ⅱ if balanced multi-beam radiations in different φ 

planes are desired. Nevertheless, if one prefers to maintain the 

best performance in one plane, the design method of Lens Ⅲ 

can be chosen.    

 
TABLE I 

RADIATION PERFORMANCE OF GRIN LENSES FROM DIFFERENT METHODS  
 

Model 

Boresight 

Realized 

Gain 

(dBi) 

Maximal oblique Beams 

(xoz/ yoz planes) 
Scanning 

Losses (xoz/ 

yoz planes)  

(dB) 

Beam 

Angle 

Realized 

Gain 

(dBi) 

Sidelobe 

Level 

(dB) 

Lens Ⅰ 22.7 ±41°/±41° 18.7/18.7 -2.7/-2.7 4/4 

Lens Ⅱ 22.9 ±44°/±44° 20.7/20.7 -7.3/-7.3 2.2/2.2 

Lens Ⅲ 22.2 ±44°/±44° 21.4/19.7 -10/-5 0.8/2.5 

III. SIMULATION RESULTS OF 2-D MULTI-BEAM GRIN LENS 

To demonstrate the applicability of the developed method for 

multi-beam radiations, a GRIN lens is designed with a gradient 

refractive index along both radial and azimuthal coordinates 

referring to the analysis in Section II-B. The center operating 

frequency is 13 GHz. The lens has a radius of a=57 mm (around 

2.5λ0) and a thickness of d=12 mm. The desired maximal 

squinted beams are at ±β=±50°, and the corresponding focal 

lengths for them are l0=84 mm. To calculate the refractive index 

profile, the lens aperture is divided evenly in 6 rings along the 

radial coordinate and in 36 sectors along the azimuthal 

coordinate. Following (17), the obtained refractive index has a 

variation range from 1.2 to 1.9, corresponding to a permittivity 

range from 1.4 to 3.6, as mapped in Fig. 4. Two feed positions 

for the maximum oblique beams can be determined with their 

offset angles of ±θ0 = ±53° calculated from (18). Referring to 

Fig.1 (c), the feed for the boresight beam is located on negative 

z-axis with a focal length of g. Through full-wave simulations 

in HFSS, the optimal focal length is found as g=100 mm for a 

high realized gain. Subsequently, an arc of circle can be 

produced with three found feed positions. Multi-beam 

radiations can be achieved by placing multiple feeds along this 

arc and the feeds will face the lens center. 

For this radial-azimuthal GRIN lens, xoz plane (φ=0) is 

selected as the principal beam-scanning plane as an example. 

Certainly, another azimuthal plane (for example, φ=α) can be 

selected as the principal scanning plane. In this case, equations 

(17)-(19) are still valid. The permittivity distribution shown in 

Fig. 4 and the feed loci only need to be rotated by α. This way, 
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the beam scanning performance in the φ= α plane will be the 

same as that in the xoz plane of the current design.    

 
Fig. 4 Permittivity distribution of the designed 2-D multi-beam GRIN lens. 

A. Unit Cell 

As an alternative to a GRIN dielectric lens, we have used 

here multilayer metasurfaces with variable local impedances. 

To meet the effective medium assumption [38]-[39] and enable 

a wideband property, the periodicity of the unit cell on the 

surface is subwavelength. The proposed unit cell model is 

illustrated in Fig. 5. It consists of three circular metal patches 

printed on two identical substrates of Rogers RO4003 (εr=3.55, 

tan δ=0.0027) with equal thicknesses hs=0.203 mm. An air box 

with a height of h0=2 mm is added under the substrate to reduce 

the effective permittivity of the unit cell. The total thickness of 

the unit cell including the airbox is 2.406 mm. The effective 

permittivity is calculated by characterizing transmission 

coefficients from the top metal layer to the bottom of the air 

box. The periodicity of the unit cell is P=2 mm (less than λ0/10). 

The three round metal patches of one unit cell have the same 

radius rp, which is varied from 0.1 mm to 0.9 mm to tune the 

transmission properties and effective permittivity. 

 
                (a)                                                             (b) 

Fig. 5 Unit cell model. (a) 3-D view. (b) Top view. 

3-D EM simulations of the unit cell are carried out in ANSYS 

HFSS. Periodic boundaries are assigned along both x- and y- 

axes, and two Floquet ports are added on the positive and 

negative z-axis, respectively. Fig. 6 (a) shows the simulated 

transmission coefficients of the unit cell with different patch 

radii under normal incidences. It is noticed that the transmission 

losses are less than 3 dB from 8 GHz to 15 GHz for all unit 

cells. Referring to the retrieval process reported in [39], the 

corresponding effective permittivity values of unit cells with 

different parameters are calculated and compared in Fig. 6 (b).                  

 

 

 
(a) 

 

 
(b) 

 
(c) 

Fig. 6 Simulation results of unit cell. (a) Transmission coefficients under 

normal incidence. (b) Effective permittivity versus frequency under normal 

incidence. (c) Effective permittivity versus patch radius at 13 GHz under 

different incident angles. 

The effective permittivity of each unit cell is stable from 8 GHz 

to 15 GHz, and it is varied for different values of rp. Fig. 6 (c) 
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presents the effective permittivity versus rp at 13 GHz for 

different incident angles of the unit cells. Under normal 

incidence, the equivalent relative permittivity ranges from 1.4 

to 3.6. It is also seen that it is very stable with the angle tilt when 

the unit cells have less than 0.7 mm radii, namely λ0/33 at 13 

GHz. It should be noted that the required permittivity range on 

the lens aperture will be larger for a smaller lens thickness. For 

a given lens thickness, its permittivity range should fall within 

the achievable range of the unit cell. Considering the specific 

unit cell model in this work, the lens should be thicker than 12 

mm to meet the permittivity range of the unit cell (i.e., 1.4-3.6). 

In this work, we chose the lens thickness as 12 mm as an 

example. However, if a thinner lens is desired, the unit cell 

model should be changed accordingly for a larger permittivity 

variation range. The permittivity values of unit cell can be 

increased by multiple methods, such as reducing the air gap 

thickness or using a substrate with a higher dielectric constant. 

B. Feed Antenna 

  
            (a)                                 (b)                                        (c) 

Fig. 7 Basic module of the feed patch array antenna. (a) Exploded view. (b) 

Side view. (c) Top views of two substrates. (Green color represents substrate; 

yellow color is metal.) 

  
   (a)                                                            (b) 

Fig. 8 Simulated results of feed array antenna. (a) Reflection coefficient and 

realized gain versus frequency. (b) Normalized radiation patterns at 13 GHz. 

It is complicated and bulky to arrange multiple gain horns on 

the curved feed locus to illuminate the GRIN lens. We adopt 

therefore the light and simple solution constituted by a 

conformal microstrip patch array. Fig. 7 shows the basic 

module, consisting of a 2×2 array of rectangular patches with 

parasitic elements printed on a superstrate. The latter has the 

purpose to increase the bandwidth. Both the driving and the 

parasitic patches are printed over Rogers RT/duroid 5880 

(εr=2.2, tan δ=0.0009, thickness h1=0.787 mm) with a side 

length S=30 mm; they are separated by an air gap of thickness 

h2=1mm. The 2×2 driving patches are fed by four coaxial 

cables. Each patch has a dimension of L1×W1=7 mm×9.4 mm. 

The 2×2 parasitic patch dimensions are L2×W2=6.2 mm×8.6 

mm.  

The simulated reflection coefficient of a single port versus 

frequency is given in Fig. 8 (a). It is below -10 dB from 12 GHz 

to 15.3 GHz, showing therefore a bandwidth of 24.2%. Since 

all four ports are identical, only one port results are shown here. 

Besides, the realized gain of the patch array with the same phase 

and amplitude of the elements is also plotted in Fig. 8 (a). The 

peak realized gain value is 14.3 dBi at 14.7 GHz. The 3-dB gain 

bandwidth is 30.7% from 11.6 GHz to 15.8 GHz. The 

normalized radiation patterns along both E- and H- planes at 13 

GHz are shown in Fig. 8 (b). The 10-dB beamwidth of them are 

similar and around ±33°.      

C. Numerical Analysis of the Overall Structure 

 

(a) 

 

(b) 

Fig. 9 (a) Whole configuration of the 2-D multi-beam GRIN lens. (b) Schematic 

diagram of the lens upper surface.  

TABLE II 

FEED POSITIONS FOR MULTI-BEAM RADIATIONS 

Feed No. Feed offset angle Focal length/mm 

1 0° 100 

2 18° 98 

3 36° 92 

4 53° 84 

The configuration of the designed 2-D multi-beam GRIN lens 

is shown in Fig. 9. Different sized unit cells from Section III-A 

are arranged on different areas of the GRIN lens aperture to 

achieve the desired refractive-index profile. To achieve a 12-

mm-thick lens aperture, 5 layers of the 2.406-mm-thick unit cell 

are applied (see inset of Fig. 9). Simulation results find that the 

mutual couplings between each layer are negligible. Seven 

patch array modules as the one described in Section III-B are 

positioned on the focal loci in xoz and yoz planes, respectively. 

Considering the symmetry, the focal lengths and feed offset 

angles with respect to z-axis for the four feeds in half xoz/yoz 

plane are listed in Table Ⅱ. 

Multi-beam radiation patterns of the unit-cell implemented 

lens and the ideal pure-dielectric lens have been simulated at 13 

GHz using ANSYS HFSS, as plotted in Fig. 10 (a) and (b). For 
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the final implemented lens, the boresight beam has a peak gain 

of 21.8 dBi, corresponding to an aperture efficiency of 63%. 

The maximal oblique radiation beams in xoz and yoz planes are 

obtained at ±46° and ±45°, respectively. The beam-scanning 

losses in xoz and yoz planes are 2.1 dB and 3.6 dB, respectively. 

It is noticed that the multi-beam patterns from the two lenses 

agree well with each other, except that the directed beam angles 

of the unit-cell implemented lens are slightly smaller than the 

ones from the ideal lens. This is due to the refractive-index 

errors when applying periodic unit cells to mimic the material 

with ideal permittivity, especially under large oblique 

incidence. 

 
(a) 

 
(b) 

Fig. 10 Simulated multi-beam radiation patterns at 13 GHz. (a) xoz plane. (b) 

yoz plane.     

IV. FABRICATION AND MEASUREMENT 

A prototype of the 2-D multi-beam GRIN lens described  in 

Section III-C is fabricated and measured, as shown in Fig. 11. 

The lens aperture includes five printed circuit boards separated 

by four 2-mm-thick spacers. Each circuit board consists of two 

laminated substrates of Rogers RO4003. The feed antenna from 

Section Ⅲ-B is manufactured using Rogers RT/duroid 5880. 

Two substrates are separated by a 1-mm-thick spacer. Four 

SMAs are soldered to the bottom side of the lower substrate. 

Subsequently, 13 feed antennas are assembled and fixed onto 

two focal loci that are fabricated using 3-D printing technology. 

The fixture for mounting the lens to the measurement platform 

is made of Aluminum. The final multi-beam GRIN lens 

structure is shown in Fig. 11. 

          
                        (a)                                                                   (b) 

Fig. 11 (a) Fabricated prototype. (b) The prototype under test.      

For the measurement, a one-to-four commercial power 

divider is connected to four SMAs of one feed array antenna. 

The antenna array can also be fed by an integrated power 

divider, which is not shown here for brevity. The input 

reflection coefficients of a single feed patch element and GRIN 

lens for multiple beams are measured using a Keysight Vector 

Network Analyzer (VNA) N5225A. As given in Fig. 12, the 

experimental results of |S11| for different radiation beams are 

mostly below -10 dB from 12 GHz to 15 GHz, coinciding with 

the designed frequency bandwidth of the feed antenna from 

Section Ⅲ-B. Due to the symmetry of the whole structure, Fig. 

12 only shows the data of positive beams for  clarity. 

 

Fig. 12 Measured input reflection coefficients of different beams. 

As shown in Fig. 11 (b), far field radiation patterns of the 

prototype are measured in a Microwave Vision Group (MVG) 

compact range located at University of Technology Sydney, 

Australia. The measured radiation patterns at 13 GHz are 

normalized and compared with the simulated counterparts in 

Fig. 13. It is observed that the main radiation beams from 

simulation and measurement agree reasonably well. The 

measured highest sidelobe levels are -9 dB for the beams at 

±46° in xoz plane and -7 dB for the beams at ±45° in yoz plane, 

respectively. The measured cross-polarized radiation patterns at 

13 GHz are normalized with respect to the corresponding co-

polarized beams in both xoz and yoz planes, as given in Fig. 14. 

It can be noticed that all of them are lower than -20 dB. 
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(a) 

 
(b) 

Fig. 13 Simulated and measured normalized radiation patterns at 13 GHz. (a) 

xoz plane. (b) yoz plane. 

  

Fig. 14 Measured cross polarization levels of multiple beams in both xoz and 

yoz planes. 

The measured peak realized gains and aperture efficiencies 

versus frequency in terms of different beams in xoz and yoz 

planes are plotted in Fig. 15 (a) and (b), respectively. The 

maximal gain value of the boresight beam is 22.3 dBi at 13.4 

GHz, corresponding to an aperture efficiency of 66.4%. The 

aperture efficiency is defined as the ratio of the gain and the 

maximum directivity of the array aperture, and the latter is 

obtained as 4𝜋 times the physical aperture area on square 

wavelength. It is noticed that the aperture efficiencies for large 

angles are lower. This can be attributed to two main reasons. 

First, during the lens synthesis process with approximations, 

there are some phase errors on the aperture, especially for tilted 

beams in yoz plane. This will cause gain drops with a 

consequence of low aperture efficiencies. Second, the 

deviations of effective permittivity of unit cell under oblique 

incidences will lead to gain drops and low aperture efficiencies 

for beams titled to large angles. The scanning losses in xoz plane 

from 0° to ±46° are 1-2.6 dB aross the frequency band from 12 

GHz to 15 GHz. The scanning losses in yoz plane from 0° to 

±45° are 2.1-3.9 dB. For each beam, its realized gain variations 

in the operating frequency band from 12 GHz to 15 GHz are 

less than 3 dB. Besides, multi-beam radiation patterns at other 

frequency points in both xoz and yoz planes are normalized and 

plotted in Fig. 16 (a)-(c). Stable multi-beam radiation properties 

with beam coverages of around ±45° have been achieved in 

both xoz and yoz planes from 12 GHz to 15 GHz. 

 
(a) 

 
(b) 

Fig. 15 Measured peak realized gain and aperture efficiency versus frequency. 

(a) Multiple beams in xoz plane. (b) Multiple beams in yoz plane.    

  
(a) 
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(b) 

  
(c) 

Fig. 16 Normalized multi-beam radiation patterns in xoz and yoz planes. (a) 12 

GHz. (b) 14 GHz. (c) 15 GHz.   

Table Ⅲ compares the radiation performance of the 

developed multi-beam flat GRIN lens with other reported flat 

lenses. It is noticed that the lenses in [29] and [33] can provide 

a high aperture efficiency of greater than 60%. But they have 

either a small beam-scanning range or a high scanning loss. 

Besides, they require large effective permittivity ranges for lens 

apertures, leading to challenges of unit-cell designs and final 

lens implementations.  On the other hand, the designs from [28], 

[30]-[31] have comparable/ larger beam scanning ranges and 

low scanning losses. Nevertheless, their aperture efficiencies 

are lower than 40%. Moreover, all the reported designs were for 

1-D beam scanning. The developed lens in this work 

outperforms others as it can enable a high aperture efficiency, a 

wide 2-D scanning range and a low scanning loss.  

TABLE III 

PERFORMANCE COMPARISONS WITH OTHER REPORTED DESIGNS 

Ref. 
Freq. 

(GHz) 

εr 

range 

Beam 
range 

(°) 

Scanning 
Loss 

(dB) 

Aperture 
efficiency 

(%) 

Scanning 

Dimensions 

[28]  10 
1.01-

13.3 
±54° 0.7/2.2 21.2 1-D 

[29]  10 
2.1-

12.35 
±34° 2 67 1-D 

[30]  8.5 
1.1-

7.6 
±45° 3 38 1-D 

[31]  60 
2.25-

6.05 
±48° 4.6 27.4 1-D 

[32]  28 / ±27° 3.7 24.5 1-D 

[33] 18 
1.5-
7.1 

±53° 5.5 74% 1-D 

This 

work 
13.4 

1.4-

3.6 
±46° 2/3.4 66.4% 2-D 

V. CONCLUSION 

A 2-D wide-angle multi-beam flat GRIN lens is presented 

with a high aperture efficiency. New design methods are 

developed to calculate the refractive-index profile across the 

lens aperture and the feed positions. Multiple beams can be 

realized by placing multiple feed antennas on a circular locus. 

Moreover, a 2-D multi-beam flat GRIN lens is constructed, with 

13 feed sub-array modules arranged in xoz and yoz planes. 

Stable multi-beam radiations are realized from 12 GHz to 15 

GHz, covering an angular range of around ±45° with low 

scanning losses in both xoz and yoz planes. The measured peak 

aperture efficiency is 66.4%.  
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