
Knowledge-Based Systems 300 (2024) 112200

A
0

Contents lists available at ScienceDirect

Knowledge-Based Systems

journal homepage: www.elsevier.com/locate/knosys

Causality-based counterfactual explanation for classification models
Tri Dung Duong a, Qian Li b, Guandong Xu c,∗

a Faculty of Engineering and Information Technology, University of Technology Sydney, NSW, Australia
b School of Electrical Engineering, Computing and Mathematical Sciences, Curtin University, WA, Australia
c Centre for Learning, Teaching and Technology, Education University of Hong Kong, HK, Hong Kong

A R T I C L E I N F O

Keywords:
Counterfactual explanation
Interpretable machine learning
Structural causal model

A B S T R A C T

Counterfactual explanation is one branch of interpretable machine learning that produces a perturbation
sample to change the model’s original decision. The generated samples can act as a recommendation for
end-users to achieve their desired outputs. Most of the current counterfactual explanation approaches are the
gradient-based method, which can only optimize the differentiable loss functions with continuous variables.
Accordingly, the gradient-free methods are proposed to handle the categorical variables, which however
have several major limitations: (1) causal relationships among features are typically ignored when generating
the counterfactuals, possibly resulting in impractical guidelines for decision-makers; (2) the counterfactual
explanation algorithm requires a great deal of effort into parameter tuning for determining the optimal weight
for each loss functions which must be conducted repeatedly for different datasets and settings. In this work, to
address the above limitations, we propose a prototype-based counterfactual explanation framework (ProCE).
ProCE is capable of preserving the causal relationship underlying the features of the counterfactual data.
In addition, we design a novel gradient-free optimization based on the multi-objective genetic algorithm
that generates the counterfactual explanations for the mixed-type of continuous and categorical features.
Numerical experiments demonstrate that our method compares favorably with state-of-the-art methods and
therefore is applicable to existing prediction models. All the source codes and data are available at https:
//github.com/tridungduong16/multiobj-scm-cf.
1. Introduction

Machine learning (ML) is increasingly recognized as an effective
approach for large-scale automated decisions in several domains. How-
ever, when an ML model is deployed in critical decision-making sce-
narios such as criminal justice [1,2] or credit assessment [3], many
people are skeptical about its accountability and reliability. Hence,
interpretability is vital to make machine learning models transparent
and understandable by humans. Recent years witness an increasing
number of studies that have explored ML mechanisms under the causal
perspective [4–6]. Among these studies, counterfactual explanation
(CE) is the prominent example-based method that focuses on generating
counterfactual samples for interpreting model decisions. For example,
consider a customer A whose loan application has been rejected by
the ML model of a bank. Counterfactual explanations can generate a
‘‘what-if’’ scenario of this person, e.g., ‘‘your loan would have been
approved if your income was $51,000 more’’. Namely, the goal of
counterfactual explanation is to generate perturbations of an input
that leads to a different outcome from the ML model. By allowing
users to explore such ‘‘what-if’’ scenarios, counterfactual examples are
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interpretable and are easily understandable by humans. In compari-
son with other traditional interpretable machine learning approaches,
counterfactual explanations not only illuminate the decision-making
process of machine learning models but also serve as personalized
recommendations for users seeking to change their outcome in future
interactions. This distinct feature sets them apart from traditional
explainability approaches by providing two main merits: explanation
and guidance. By outlining specific, minimal changes needed to achieve
a different decision, counterfactuals offer a clear path for action. For
instance, in a loan approval scenario, if an application is denied due
to a low credit score and high debt-to-income ratio, a counterfactual
explanation would precisely recommend increasing the credit score
above a certain threshold and reducing the debt-to-income ratio to
specific values for a favorable outcome. This not only helps users
understand why their application was denied but also provides them
with actionable steps to improve their chances of approval in the future.
Such tailored recommendations foster a proactive approach, enabling
users to make informed decisions and adjustments based on the model’s
feedback. Hence, counterfactual explanations bridge the gap between
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complex data-driven decisions and practical, individual-level changes,
making them a powerful tool for enhancing user empowerment and
engagement with AI systems.

Despite recent interests in counterfactual explanations, existing
methods suffer three limitations. First, the counterfactual methods
neglect the causal relationship among features, leading to the in-
feasible counterfactual samples for decision makers [7,8]. In fact, a
counterfactual sample is considered as feasible if the changes satisfy
conditions restricted by the causal relations. For example, since edu-
cation causes the choice of the occupation, changing the occupation
without changing the education is infeasible for the loan applicant
in the real world. Namely, the generated counterfactuals need to
preserve the causal relations between features in order to be realistic
and actionable. Second, on the algorithm level, most counterfactual
methods use the gradient-free optimization algorithm to deal with
various data and model types [8–12]. These gradient-free optimizations
rely on the heuristic search, which however suffers from inefficiency
due to the large heuristic search space. In addition, optimizing the
trade-off among different loss terms in the objective function is difficult,
which often leads to sub-optimal counterfactual samples [11,13,14].

To address the above limitations, we propose a prototype-based
counterfactual explanation framework (ProCE) in this paper. ProCE is
a model-agnostic method and is capable of explaining the classification
in the mixed feature space. It should be emphasized that the proposed
method focuses on maintaining the causal relationships among the
features in dataset instead of the causal relationship between features
and target variable [15]. Overall, our contributions are summarized as
follows:

• By integrate causal discovery framework and causal loss function,
our proposed method can produce the counterfactual samples that
satisfy the causal constraints among features.

• We utilize the auto-encoder model and class prototype to guide
the search progress and speed up the searching speed of counter-
factual samples.

• We design a novel multi-objective optimization that can find
the optimal trade-off between the objectives while maintaining
diversity in counterfactual explanations’ feature space.

. Background

.1. Preliminary

Throughout the paper, lower-cased letters 𝑥 and 𝒙 denote the de-
terministic scalars and vectors, respectively. We consider a dataset
 = {𝒙𝑖, 𝑐𝑖}𝑛𝑖=1 consisting of 𝑛 instances, where 𝒙𝑖 ∈  is a sample,
𝑐𝑖 ∈  = {0, 1} is the class of individuals 𝒙𝑖, and 𝒙𝑗𝑖 is the 𝑗th feature
of 𝒙𝑖. Also, we consider a classifier  ∶  →  that has the input
of feature space  and the output as  = {0, 1}. We denote 𝑄𝜙(.)
as an encoder model parameterized by 𝜙. Finally, proto∗(𝒙) and (𝒙)
are the prototype and the set of 𝐾-nearest instances of an instance 𝒙,
respectively.

We first present the concept of counterfactual explanation, its exam-
ple and thereafter provide mathematical formulation for it. We state
that, within the framework of a given prediction, a counterfactual
explanation specifically outlines the minimal changes required in the
input variables. These modifications are aimed at transforming the
model’s current prediction into a predetermined desired outcome. This
process involves a analysis of the feature values to make the precise
and smallest changes necessary to achieve the specified target pre-
diction, thereby providing a pathway for understanding how different
inputs can lead to different outcomes within the predictive model.
For instance, consider an application scenario where an individual’s
loan request is denied based on a credit score of 600 and a debt-to-
income ratio of 45%. A counterfactual explanation for this decision
could be: ‘‘If the applicant’s credit score were increased to 650 and their
2
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debt-to-income ratio reduced to below 35%, the loan application would
have been approved’’. This example demonstrates how slight modifica-
tions to input features could lead to a different model outcome, offering
actionable insights to the applicant for future applications. Such ex-
planations not only enhance the transparency and interpretability of
machine learning models but also empower users by providing clear
guidance on how to alter their profiles for favorable outcomes. We then
formulate the counterfactual explanation as follows:

Definition 2.1 (Counterfactual Explanation). With the original sample
𝒙org ∈  , and original prediction 𝑦org ∈  , the counterfactual ex-
planation aims to find the nearest counterfactual sample 𝒙cf such that
the outcome of classifier for 𝒙cf changes to desired output class 𝑦cf. In
general, the counterfactual explanation 𝒙cf for the individual 𝒙org is the
solution of the following optimization problem:

𝒙∗cf = arg min
𝒙cf∈

𝑓 (𝒙cf) subject to (𝒙∗cf) = 𝑦cf (1)

where 𝑓 (𝒙cf) is the function measuring the distance between 𝒙org and
𝒙cf. Eq (1) demonstrates the optimization objective that minimizes the
similarity of the counterfactual and original samples, as well as ensures
the classifier to change its decision output. For such explanations to be
plausible, they should only suggest small changes in a few features.

To make it clear, we consider a simple scenario that a person
with a set of features {income: $50k, CreditScore: ‘‘good’’, education:
‘‘bachelor’’, age: 52} applies for a loan in a financial organization
and receives the reject decision from a predictive model. In this case,
the company can utilize the counterfactual explanation (CF) as an
advisor that provides constructive advice for this customer. To allow
this customer successfully get the loan, CF can give an advice that how
to change the customer’s profile such as increasing his/her income to
$51k, or enhancing the education degree to ‘‘Master’’. This toy example
illustrates that CF is capable of providing interpretable advice that
how to makes the least changes for the sample to achieve the desired
outcome.

2.2. Related work

Recently, there has been an increasing number of studies in this
field. The existing counterfactual explanation methods can be catego-
rized into gradient-based methods [14,16,17], auto-encoder model [13,
18], heuristic search based methods [8,9] and integer linear optimiza-
tion [19,20].

Gradient-based methods: Counterfactual explanation is first pro-
posed by the study [17] as the example-based method to interpret
machine learning models’ decision. In this study, the authors construct
the cross-entropy loss between the desired class and counterfactual
samples’ prediction with the purpose of changing the model output.
Thereafter, some gradient-descent optimization algorithms would be
used to minimize the constructed loss. This approach draws much
attention with a plethora of studies [11,14,18] that aim to customize
the loss function to enhance the properties of counterfactual generation.
For example, the study [21] extends the distance functions in Eq (1) by
using a weight vector (𝛩) to emphasize the importance of each feature.
Some algorithms such as 𝑘-nearest neighbors or global feature evalua-
tion can be deployed to find this vector (𝛩). Another framework called

iCE [14] proposes using the diversity score to produce the number of
enerated samples that allows users to have more options. They there-
fter use the weighted sum to combine different loss functions together
nd also adopt the gradient-descent algorithm to approximately find the
ptimal solution. The research [22] utilizes the class prototype to guide
he search progress to fall into the distribution of the expected class.
his method however does not consider the causal relationship among
eatures. The differentiable methods are the prominent approach in
ounterfactual explanation that allows to optimize easily and control
he loss functions, but are only restricted to the differentiable models,

nd finds it hard to deal with the non-continuous values in tabular data.
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Auto-encoder model: Other recent studies based on the variational
auto-encoder (VAE) model utilizes the properties of generative models
to generate new counterfactual samples. In the study [23], the au-
thors first construct an encoder–decoder architecture. Thereafter, they
generate the latent representation from the encoder, and make some
perturbation into the latent representation, and go through the decoder
until the prediction models achieve the desired class. Meanwhile, an-
other line of recent work [13] proposes the conditional auto-encoder
model by combining different loss functions including prediction loss
and proximity loss. They thereafter generate multiple counterfactual
samples for all input data points by conditioning on the target class.
These studies heavily rely on gradient-descent optimization which can
face difficulties when handling categorical features. In addition, VAE
models that maximize the lower bound of the log-likelihood rather than
measuring the exact log-likelihood can give unstable and inconsistent
results.

Heuristic search methods: There is an increasing number of coun-
erfactual explanation methods for non-differentiable models, which
akes the previous gradient-based approach not applicable. They uti-

izes heuristic search for the optimization problem such as Nelder–
ead [11], growing spheres [24], FISTA [10,22], or genetic algo-

ithms [9,12,25]. The main idea of these approaches adopts evolution-
ry algorithms to effectively finds the optimal counterfactual samples
ased on the defined cost functions. For example, CERTIFAI [9] cus-
omizes the genetic algorithm for the counterfactuals search progress.
ERTIFAI adopts the indicator functions (1 for different values, else
) and mean squared error for categorical and continuous features,
espectively. Apart from that, the study [8] introduces a method called
ACE that adopts Dijsstra’s algorithm to generate counterfactual sam-
les by finding the shortest path of the original input and the existing
ata points. The main advantage of FACE is that the produced path
rom Dijsstra’s algorithm provides an insight into the step-by-step and
easible actions that users can take to achieve their goals. The gen-
rated samples of this method are limited to the input space without
enerating new data.
Integer linear optimization The studies [7,19] propose to adopt

integer linear optimization (ILO) solver for linear models utilizing
linear costs to generate the actionable changes. Specifically, they for-
mulate the problem of finding counterfactual samples according to the
cost function as a mixed-integer linear optimization problem and then
utilize some existing solvers [26] to obtain the optimal solution. To
speed up the counterfactual samples search process, the study [27]
introduces convex constraints to bound the solutions in a region of data
space locally. Although these approaches seem promising when dealing
with non-continuous features and non-differentiable functions, they can
be applied to linear models only.

Our method extends the line of studies [13,22] by integrating both
structural causal model and class prototype. We also formulate the
problem as the multi-objective optimization problem and propose an
algorithm to find the counterfactual samples effectively.

3. Methodology

In this section, we firstly present different objective functions cor-
responding to different properties of counterfactual samples. The struc-
tural causal model and causal distance are also investigated to exploit
the underlying causal relationship among features. Then, we formulate
the counterfactual sample generation as a multi-objective optimization
problem and propose an algorithm based on the non-dominated sorting
genetic algorithm (NSGA-II) to obtain the optimal solutions. Fig. 1
generally describes the overall architecture of our proposed framework
containing four main different loss functions: (1) prediction loss that
ensures the valid counterfactual samples, (2) proximity loss encourages
that only small changes would be performed in the counterfactual
samples from the original one, (3) prototype-based loss that guides the
search progress, and finally (4) causality-preserving loss that maintains
the causal relationships. Moreover, there are three models in the frame-
work: provided prediction model (ℎ), auto-encoder model (𝑄𝜙), and
structural causal model ().
3

𝑓

3.1. Prototype-based causal model

Counterfactuals provide these explanations in the form of ‘‘how
to assign these features with different values, your credit application
would have been accepted’’. This indicates that counterfactual sam-
ples should be constrained under several particular conditions. We
first provide definitions of each constraint condition and further tie
them together as a multi-objective optimization problem to find an
optimal counterfactual explanation. For clarity, we first introduce each
constrain condition as loss function as follows.

3.1.1. Prediction loss
We firstly consider the prediction loss which is the prominent loss

function for counterfactual explanation. In order to achieve the desired
outcome, prediction loss aims to calculate the distance between the
counterfactual and expected/desired predictions. This loss function
encourages the predictive models to change their predictions of coun-
terfactual samples towards the desired outcomes. Particularly, for the
classification scenario, we use the cross-entropy loss to minimize the
counterfactual and expected outcome. The prediction loss is defined as
follows:

𝑓pred(𝒙cf) = −𝑦cf log((𝒙cf)) − (1 − 𝑦cf) log(1 −(𝒙cf)) (2)

ross-entropy loss [28] normally measures the performance of a clas-
ification model whose output is a probability value between 0 and
. Cross-entropy loss is considered in this case to increases as the
redicted probability of counterfactual samples (𝒙cf) diverges from
esired outcome 𝑦cf.

.1.2. Prototype-based loss
In practice, the search space of counterfactuals might be incred-

bly large which thus results in slow optimization. Inspired by the
ork [22], we utilize the class prototype to guide the search progress
ith the aim of improving the efficiency of finding the counterfactual

olutions. Class prototype is first defined as the mean encoding of the
nstances belonging to the same class [29]. Therefore, in our work,
e construct an auto-encoder model to obtain the latent space which
llows us to learn a better representation of these instances.

We resort to an encoder function denoted by 𝑄𝜙 ∶  → R𝐸 which
rojects the input feature  to the 𝐸-dimensional latent space. We
enote (𝒙org) = {𝒙𝑘, 𝑐𝑘}𝐾𝑘=1 as a set of 𝐾-nearest instances of 𝒙org
y estimating the latent distance ‖𝑄𝜙(𝒙𝑘) − 𝑄𝜙(𝒙org)‖22. Moreover, the
lasses of these 𝐾 instances, i.e., {𝑐𝑘}𝐾𝑘=1, are different from the original
rediction 𝑦org meaning that 𝑐𝑘 ≠ 𝑦org. Formally, (𝒙org) is defined as:

(𝒙org) = {𝒙𝑘, 𝑐𝑘}𝐾𝑘=1 ⊂  (3)

such that
{

𝑐𝑘 ≠ 𝑦org

‖𝑄𝜙(𝒙𝑟) −𝑄𝜙(𝒙org)‖22 ≥ ‖𝑄𝜙(𝒙𝑗 ) −𝑄𝜙(𝒙org)‖22 ∀𝒙𝑟 ∈ {∖(𝒙org)}

(4)

Therefore, a prototype of an original instance 𝒙org is computed by
he mean of its nearest neighbors in the latent space:

roto∗(𝒙org) =
1
𝐾

∑

𝒙𝑘∈(𝒙org)
𝑄𝜙(𝒙𝑘) (5)

The definition of proto∗ in Eq. (5) indicates that the prototype is
in fact the representatives of the samples belonging to counterfactual
class. We thus define the prototype loss function as 𝐿2-norm distance
between the representation of the counterfactual samples 𝒙cf in the
atent space and the obtained prototypes:

(𝒙 ) = ‖𝑄 (𝒙 ) − proto ‖

2 (6)
proto cf 𝜙 cf ∗ 2
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Fig. 1. The overall framework for the proposed ProCE. The counterfactual samples are first initialized randomly.
3.1.3. Features cost
One of the main obstacles of generating counterfactual samples is

to compute the feature cost which captures the effort required for
changing from original instance 𝒙org to counterfactual ones 𝒙cf. From
the fundamental principles of counterfactual explanation, the generated
samples should be as close as to the original one. The smallest changes
mean that the least efforts are made for decision-makers to take to
achieve their desired goals. However, even experts would find it hard
to put the precise cost to demonstrate how unactionable the feature is.
Moreover, when it comes to the mixed-type tabular data that contains
both the categorical and continuous features, it is challenging to define
the distance loss function [30–33]. The previous studies [9,14,25] nor-
mally apply the indicator function that returns 1 when two categorical
values match and returns 0 otherwise, and adopts 𝐿2-norm distance
for comparing continuous features. However, the indicator function
which only returns 0 and 1 fails to measure the degree of similarity
of two categories. In this study, we use the encoder model 𝑄𝜙 to map
the categorical features into the latent space before estimating their
distance. The main advantage of this approach is that the encoder
model has the capability to capture the underlying relationship and
pattern between each categorical value. This means that manual feature
engineering such as assigning weight for each category is not necessary,
thus saving a great deal of time and effort. Thus, we come up with the
distance between two samples is defined as below:

𝑓dist(𝒙cf,𝒙org)

=

⎧

⎪

⎨

⎪

⎩

‖

‖

‖

𝒙𝑗cf − 𝒙𝑗org
‖

‖

‖

2

2
, if 𝒙𝑗 is 𝑗th continuous feature

‖

‖

‖

𝑄𝜙(𝒙
𝑗
cf) −𝑄𝜙(𝒙

𝑗
org)

‖

‖

‖

2

2
, if 𝒙𝑗 is 𝑗th categorical feature

(7)

3.1.4. Causality-preserving loss
Although the distance function in Eq. (7) demonstrates the similar-

ity of two samples, it fails to capture the causal relationship between
each feature. To deal with this problem, we integrate the structural
causal model, and thus construct the causal loss function to ensure
the features’ causal relationships in generated samples. We provide
some fundamental definitions about causality and thereafter define the
corresponding causal loss. In general, a structural causal model  =
{𝐔,𝐕,𝐅} [34] consists of three main components defined as below:

• 𝐔 is the set of exogenous nodes which has no parents in the causal
graph.
4

• 𝐕 is the set of random variables which are endogenous nodes
whose causal mechanisms we are modeling. These variables have
parents in the causal graph.

• 𝐅 is the set of structural causal functions describing the causal re-
lationships among the unobserved and observed variables. Specif-
ically, for each node 𝑿 ∈ 𝑉 , a function 𝑓𝑋 ∈ 𝐹 such that
𝑋 = 𝑓𝑋 (Pa(𝑋),𝐔𝑋 ) where Pa(𝑋) is the parent nodes of 𝑋.

A causal graph indicates a probabilistic graphical model that rep-
resents the assumptions about data-generating mechanism. A causal
graph consists of a set of nodes and edges where each node represents a
random variable, and each edge illustrates the causal relationship. The
causal effect in causal model is facilitated by do-operator or interven-
tion [35] that assigns value 𝒙 to a random variable 𝑋 denoted by 𝑑𝑜(𝒙).
The symbol 𝑑𝑜(𝑥) is a model manipulation on a causal graph , which
is defined as substitution of causal equation 𝑋 = 𝑓𝑋 (Pa(𝑋),𝐔𝑋 ) with
𝑋 = 𝒙.

For each endogenous node 𝑣 ∈ 𝑉 , and its parent nodes (𝑣𝑝1 , 𝑣𝑝2 ,… ,
𝑣𝑝𝑘 ), we estimate each node 𝑣 as 𝑣 = 𝑔(𝑣𝑝1 , 𝑣𝑝2 ,… , 𝑣𝑝𝑘 ) to represent
their causal relationship with 𝑔(∗) is the structural causal equation
constructed by linear regression model. Since having the full causal
graph is often impractical in real-world setting, it is quite challenging
to estimate structural causal equation 𝑔(∗). In this work, we utilize
LiNGAM [36] which is a novel estimation technique based on the non-
Gaussianity of the data to determine the function 𝑔(∗). During the
counterfactuals generation progress, we firstly produce the predicted
value of endogenous node 𝒙𝑣 based on their parents before estimating
the distance, which is measured as:

𝑓causal(𝒙𝑣cf,𝒙
𝑣
org) =

‖

‖

‖

𝒙𝑣cf − 𝒙𝑣org
‖

‖

‖

2

2

= ‖

‖

‖

𝑔(𝒙
𝑣𝑝1
cf ,𝒙

𝑣𝑝2
cf ,… ,𝒙

𝑣𝑝𝑘
cf ) − 𝒙𝑣org

‖

‖

‖

2

2

(8)

With a set of observed variables containing the endogenous and
exogenous ones 𝑿 = {𝐔,𝐕}, we can re-write the general distance
between the original and counterfactual sample is the sum of distance
of both of them. For the exogenous nodes 𝐔 (nodes without any parents
in the causal network), we still utilize the Eq. (7) which computing the
distance between two instances, while the causal distance in Eq. (8) is
employed for exogenous variables 𝐕 (the remaining features).

𝑓final_dist(𝒙cf) =
𝐔
∑

𝑓dist(𝒙𝑢cf,𝒙
𝑢
org) +

𝐕
∑

𝑓causal(𝒙𝑣cf,𝒙
𝑣
org) (9)
𝑢 𝑣
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3.2. Multi-objective optimization

In this section, we aim to describe the proposed algorithm which
is used for optimization process. With the loss functions presented
in Section 3.1 including 𝑓pred, 𝑓proto, 𝑓final_dist, we come up with the
general objective functions Eq (10). These loss functions illustrates
different properties that counterfactual samples should adhere to. The
general loss functions containing three different losses is:

(𝒙cf) = {𝑓pred(𝒙cf), 𝑓proto(𝒙cf), 𝑓final_dist(𝒙cf)} (10)

Therefore, the optimal solutions can be re-written as follows:

𝒙∗cf = arg min
𝒙cf∈

(𝒙cf) (11)

In order to obtain the optimal solutions, the majority of existing
studies [11,13,14] uses the trade-off parameter sum assigning each
loss function a weight, and combines them together. This approach
seems to be reasonable; however, it is very challenging to balance the
weights for each loss, resulting in a great deal of efforts and time into
hyperparameter tuning. To address this issue, we propose to formulate
the counterfactual explanation search as the multi-objective problem
(MOP). In this study, we modify the elitist non-dominated sorting ge-
netic algorithm (NSGA-II) [37] to deal with this optimization problem.
Its main superiority is to optimize each loss function simultaneously as
well as provide the solutions presenting the trade-offs among objective
functions. To make it clear, we first present some related definitions.
Given a set of 𝑛 candidate solutions  = {𝒙𝑖}𝑛𝑖=1, we have the following
ones:

Definition 3.1 (Dominance in the Objective Space). In the multi-
objective optimization problem, the goodness of a solution is evaluated
by the dominance [38]. Given two solutions 𝒙 and 𝒙̂ along with a
number of 𝑝 objective functions 𝑓𝑖, we have:

1. 𝒙 weakly dominates 𝒙̂ (𝒙 ⪰ 𝒙̂) iff 𝑓𝑖(𝒙) ≥ 𝑓𝑖(𝒙̂) ∀𝑖 ∈ {1,… , 𝑝}.
2. 𝒙 dominates 𝒙̂ (𝒙 ≻ 𝒙̂) iff 𝒙 ⪰ 𝒙̂ and 𝒙 ≠ 𝒙̂.

efinition 3.2 (Pareto Front). Pareto front is a set of 𝑚 solutions
enoted by 𝐹∗ = {𝒙𝑗}𝑚𝑗=1 ⊂  such that 𝒙𝑗 dominates all remaining so-
utions 𝒙𝑟 ∈ {∖𝐹∗} with all objective functions. It means that 𝑓𝑖(𝒙𝑗 ) ≥
𝑓𝑖(𝒙𝑟) ∀𝑖 ∈ {1,… , 𝑝}. The main goal of non-dominated solutions is to
provide a reasonable compromise between all the objective functions
that enhance one function’s performance but not degrade others.

Definition 3.3 (Non-dominated Sorting Procedure). Non-dominated sort-
ng step is mainly used to sort the solutions in population according
o the Pareto dominance principle, which plays a central role in the
election procedure. In fact, the set of candidate solutions  can be
ivided into a set of 𝐻 disjoint Pareto front as  = {𝐹1, 𝐹2,… , 𝐹𝐻}
here 𝐻 is the maximum number of fronts. Non-dominated sorting

s a procedure for finding them. Particularly, in the non-dominated
orting step, all the non-dominated solutions from Definition 3.2 are
elected from the population and are constructed as the Pareto front 𝐹1.
fter that, the non-dominated solutions are chosen from the remaining
opulation. The process is repeated until all the solutions are assigned
o a front 𝐹𝐻 .

efinition 3.4 (Crowding Distance). One of the vital characteristics of
population solution is diversity. In order to encourage the diversity of

andidate solutions, the simplest approach is to choose the individuals
aving a low density. Particularly, to measure this characteristic, the
rowding distance [39,40] is used to rank each candidate solution.
pecifically, the crowding distance of an instance 𝒙 is calculated as
ollows:

(𝒙) =

√

√

√

√

√

𝑝
∑

(

𝑓𝑖(𝒙𝑎) − 𝑓𝑖(𝒙𝑏)
𝑓min − 𝑓max

)2

(12)
5

𝑖=1 𝑖 𝑖
here 𝑝 is the number of objective functions, 𝒙𝑎 and 𝒙𝑏 are two
earest instances of 𝒙 by calculating the Euclidean distance, 𝑓𝑖 is the
th objective function, 𝑓min

𝑖 and 𝑓max
𝑖 are its minimum or maximum

alue, respectively. The fundamental concept behind crowding distance
s to compute the Euclidean distance between each candidate solution
𝒙𝑗}𝑚𝑗=1 in a front 𝐹∗ by using 𝑝 objective functions corresponding to
-dimensional hyper space.

The optimization process for objective function (10) is given by
lgorithm 1. The main idea behinds our approach is that for each
eneration, the algorithm chooses the Pareto Front for each objective
unction and evolves to the better ones. We firstly find the nearest class
rototype of the original sample 𝒙org, which is used to measure the
rototype loss function later. For the optimal counterfactual 𝒙∗cf finding
rogress, each candidate solution is represented by the 𝐷-dimensional
eature as the genes. A random candidate population is initialized with
he Gaussian distribution. Thereafter, the objective functions including
pred, 𝑓proto, 𝑓final_dist are calculated for each candidate. Non-dominated
orting procedure illustrated in Definition 3.3 is then performed to
btain a set of Pareto fronts  = {𝐹𝑖}𝐻ℎ=1.

The crowding distance function illustrated in Definition 3.4 and
q. (12) then is adopted as the score to assign to each individual in the
urrent population. The algorithm only keeps the candidate solutions
aving the greatest ranking score, which illustrates that these solutions
ave low density. The cross-over and mutation procedures [41] are
inally performed to generate the next population. Particularly, the
ross-over of two parents generates the new candidate solutions by
andomly swapping parts of genes. Meanwhile, the mutation procedure
andomly alters some genes in the candidate solutions to encourage
iversity and avoid local minimums. We repeat this process through
any generations to find the optimal counterfactual solution.

Algorithm 1 Multi-objective Optimization for Prototype-based Coun-
terfactual Explanation (ProCE)
Input: An original sample 𝒙org with its prediction 𝑦org, desired class 𝑦cf, a

provided machine learning classifier  and encoder model 𝑄𝜙.
1: Compute prototype proto∗ by Eq. (5).
2: Initialize a batch of initial population with 𝑛 candidate solutions  =

{𝜟𝑖}𝑛𝑖=1 with 𝜟𝑖 ∼  (𝝁, 𝝂).
3:  = ∅
4: for 𝑔 = 1 to 𝐺 generation do
5:  =  ∪
6: for each candidate solution 𝜟𝑖 in  do
7: Compute 𝑓pred(𝜟𝑖) based on Eq. (2).
8: Use proto∗ to compute 𝑓proto(𝜟𝑖) based on Eq. (6).
9: Compute 𝑓final_dist(𝜟𝑖) based on Eq. (9).

10: end for
11: Obtain  = {𝐹ℎ}𝐻ℎ=1 by using non-dominated sorting procedure in

Definition 3.3.
12:  = ∅
13: ℎ = 0
14: while || + |𝐹ℎ| < 𝑛 do
15:  =  ∪ 𝐹ℎ
16: ℎ = ℎ + 1
17: end while
18: Compute the crowding distance as the ranking score for each solution

in  based on Eq. (12).
19: Keep 𝑛 individuals in  based on ranking score.
20: Randomly pair ⌈𝑛∕2⌉ {𝜟1,𝜟2} ∈ 
21: for each pair {𝜟1,𝜟2} do
22: Perform crossover(𝜟1,𝜟2) → 𝜟′

1,𝜟
′
2

23: Perform mutation 𝜟′
1 → 𝜟̃1,𝜟′

2 → 𝜟̃2
24:  =  ∪ {𝜟̃1, 𝜟̃2}
5: end for
6: end for
7: 𝜟∗ ← [0]
utput: 𝒙cf = 𝜟∗
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Algorithm complexity: The overall complexity of the algorithm
rimarily relies on the computationally intensive steps of fitness com-
utation and non-dominated sorting, both of which are executed within
loop that runs for 𝐺 generations. The fitness computation which is

efined as a simple Euclidean distance function 𝑓 has a complexity
f 𝑂(𝐺 ∗ 𝑛𝑓 ) where 𝑛 is the population size and 𝑓 represents the
ost of computing the distance for each individual. The more dom-
nant factor, however, is the non-dominated sorting, which requires
(𝑛2) operations per generation to compare each pair of individuals

or dominance, culminating in an overall complexity of 𝑂(𝐺 ∗ 𝑛2)
hen extended over 𝐺 generations. Such complexity suggests potential

calability issues for very large datasets, underscoring the need for
ptimized or parallel computing approaches to maintain feasibility in
eal-world applications.

. Experiments

We conduct experiments on four datasets to demonstrate the supe-
ior performance of our method when compared with state-of-the-art
ethods. All implementations are conducted in Python 3.7.7 with 64-

it Red Hat, Intel(R) Xeon(R) Gold 6150 CPU @ 2.70 GHz. For our
ethod, we construct the multi-objective optimization algorithm with

he support of library Pymoo1 [42]. More details of implementation
ettings can be found in our code repository.

.1. Datasets

This section provides information about the datasets, on which we
erform the comparison experiments. Our method is capable of gener-
ting counterfactual samples while maintaining the causal relationship.
o validate this claim, we consider some feature conditions that restrict
he generated counterfactual samples for each dataset. For simplicity,
e denote 𝑎 ∝ 𝑏 for the condition that (𝑎 increase ⇒ 𝑏 increase) AND (𝑎
ecrease ⇒ 𝑏 decrease). We use four datasets including Simple-BN,
angiovese, Adult and Law.
Simple-BN [13] is a synthetic dataset containing 10,000 records

ith three features (𝑎1, 𝑎2, 𝑎3) and a binary output (𝑦). The data is
enerated based on the followed causal mechanism:

𝑎1 ∼  (𝜇1, 𝜎1)

𝑎2 ∼  (𝜇2, 𝜎2)

𝑎3|𝑎1, 𝑎2 ∼  (𝑘3 ∗ (𝑎1 + 𝑎2)2 + 𝑏3, 𝜎3)

|𝑎1, 𝑎2, 𝑎3 ∼ Ber(𝜎(𝑘𝑦 ∗ (𝑎1 ∗ 𝑎2) + 𝑏𝑦 − 𝑎3))

(13)

s illustrated by structural causal equations in Eq (13), two ran-
om variables 𝑎1 and 𝑎2 follow the corresponding normal distribution
(𝜇1, 𝜎1) and  (𝜇2, 𝜎2), while 𝑎3 follows the normal distribution with
ean value determined by the function of 𝑎1 and 𝑎2. Additionally,

arget variable 𝑦 follows the Bernoulli distribution with the function
f 𝑎1, 𝑎2 and 𝑎3. Based on these generating mechanism, we consider
he following causal relationship between 𝑎1, 𝑎2 and 𝑎3:

(𝑎1, 𝑎2) ∝ 𝑎3 (14)

The condition in Eq (13) means that 𝑎3 monotonically increase and
decrease by a function of two random variables 𝑎1 and 𝑎2.

Sangiovese2 [43] dataset evaluates the impact of several agro-
nomic settings on the quality of the Tuscan grapes. This dataset pro-
vides information about 14 continuous features along with the binary
output. We consider the task of determining whether the grapes’ quality
is good or not. Based on the conditional linear Bayesian network
provided with the dataset, we consider a causal relationship between

1 https://pymoo.org/algorithms/nsga2.html.
2 https://www.bnlearn.com/bnrepository/clgaussian-small.html.
6

two features including mean number of sprouts (SproutN) and mean
number of bunches (BunchN) that is:

BunchN ∝ SproutN (15)

Adult3 [44] is the real-world dataset providing information of loan
applicants in the financial organization. It is a mixed-type dataset that
consists of instances having both continuous features and categorical
features. For this dataset, we consider the task of determining whether
the annual income of a person exceeds $50k dollars. Similar to the
study [13], with 𝒙age

∗ and 𝒙education
∗ referring to the feature age and

education of an individual, we consider two conditions as below:

𝒙age
cf ≥ 𝒙age

org (16)

𝒙education
cf ∝ 𝒙age

org (17)

Regarding the first condition (𝒙age
cf ≥ 𝒙age

org), counterfactual algo-
rithms should not suggest decreasing individuals’ ages since it violates
the natural constraint that human age increases over time. Meanwhile,
the second condition (𝒙education

cf ∝ 𝒙age
org) demonstrates the education-age

ausal relationship that obtaining a higher degree of education such
s from ‘‘Bachelor’’ to ‘‘PhD’’ requires years to complete, thus causing
ge to increase. As a result, any counterfactual sample increasing
ducation-level without increasing age is infeasible.
Law4 [45] dataset provides information of students with their fea-

ures: sex, race and their entrance exam scores (LSAT), grade-point
verage (GPA) and first year average grade (FYA). The main task is to
etermine which applicants will be accepted to the law program. We
onsider a causal relationship:

LSAT,GPA) ∝ FYA (18)

In order to evaluate the models’ effectiveness, we randomly split
ach dataset into 80% training and 20% test set. We conduct 100
epeated experiments, then evaluate performance on the test set and
inally report the average statistics.

.2. Evaluation metrics

In this section, we briefly describe six quantitative metrics that
re used to evaluate the performance of our proposed method and
aselines. We sample a number of 𝑛 factual samples and generate
he counterfactual samples for them. Meanwhile 𝑛𝑐𝑎𝑡 and 𝑛𝑐𝑜𝑛 are the

corresponding number of categorical and continuous features. 1(.) is
the indicator function that returns 1 when the conditions are satisfied,
otherwise returns 0.

Target-class validity (%Tcv) [8,13] is a crucial metric for assessing
the effectiveness of an algorithm in generating counterfactual explana-
tions. It specifically measures the algorithm’s ability to produce samples
that not only meet the criteria for counterfactual explanations but
also align accurately with the intended target class. The calculation of
target-class validity, denoted as %Tcv, involves comparing the number
of generated samples that successfully belong to the desired class
against the total number of original (factual) samples. In essence, this
ratio offers a quantitative evaluation of the algorithm’s precision in
crafting counterfactuals that achieve the specified change in prediction.
A higher target-class validity percentage is indicative of superior per-
formance, signifying that the algorithm is adept at creating a larger
volume of valid counterfactual samples that adhere to the desired out-
come. This not only underscores the algorithm’s efficiency in navigating
the feature space to identify the minimal necessary adjustments but also
its reliability in consistently producing outcomes that are aligned with

3 https://archive.ics.uci.edu/ml/datasets/adult.
4 http://www.seaphe.org/databases.php.

https://pymoo.org/algorithms/nsga2.html
https://www.bnlearn.com/bnrepository/clgaussian-small.html
https://archive.ics.uci.edu/ml/datasets/adult
http://www.seaphe.org/databases.php
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the target class. Such a capability is invaluable in practical applications,
where understanding the specific conditions under which a predictive
model’s decision can be reversed is crucial for interpretability and
actionability. Target-class validity serves as a benchmark for the al-
gorithm’s proficiency in generating counterfactual explanations that
are not just theoretically possible but are also practically relevant and
aligned with the desired class. This metric thus evaluate the practical
utility of counterfactual explanations in real-world scenarios, where the
goal is often to understand and potentially alter the model’s decision-
making process in a targeted manner. We formulated the metric as
follows:

%Tcv =
𝑛
∑

𝑖=0

1(ℎ(𝒙cf) = 𝑦cf)
𝑛

(19)

Causal-constraint validity, denoted as %Ccv, is a specialized met-
ic designed to quantify the effectiveness of an algorithm in generating
ounterfactual samples that adhere to predetermined causal conditions.
his metric is pivotal for ensuring that the counterfactuals produced
o not merely represent possible changes to input features but are also
lausible within the context of known causal relationships among those
eatures. By integrating causality into the evaluation, %Ccv provides

more nuanced assessment of the counterfactual generation process,
mphasizing the importance of maintaining logical consistency and
eal-world feasibility. The computation of causal-constraint validity
nvolves identifying the proportion of generated counterfactual samples
hat conform to the causal rules outlined in the dataset section (as
eferenced in Section 4.1). These rules or conditions are essential
or preserving the integrity of the causal structures within the data,
nsuring that the counterfactual explanations do not propose scenarios
hat are impossible or highly unlikely given the domain knowledge.

higher value of causal-constraint validity indicates that a significant
ajority of the counterfactual samples produced by the algorithm suc-

essfully meet these causal constraints. This achievement is indicative
f the algorithm’s sophistication and its capacity to navigate complex
ausal frameworks, thereby generating more realistic and actionable
ounterfactual explanations. Such explanations are invaluable for users
eeking to understand the causal mechanisms behind a model’s predic-
ions and for identifying feasible interventions that can lead to desired
utcomes. The causal-constraint validity metric serves as a critical
enchmark for evaluating the quality of counterfactual explanations
rom a causality perspective. It ensures that the counterfactuals not
nly suggest minimal and relevant modifications to achieve a different
rediction but also respect the underlying causal relationships among
eatures. This adherence to causality enhances the practical applica-
ility and credibility of counterfactual explanations, making them a
ore useful tool for decision-making and model interpretation. With

he causal conditions defined in Section 4.1, using 𝑛𝑠 as the number
amples satisfying causal conditions, the causal-constraint validity is
efined in Eq (20).

Ccv =
𝑛𝑠
𝑛

(20)

This approach highlights the practical utility of counterfactual ex-
planations, making them a critical tool for users seeking to understand
and possibly contest automated decisions. As defined by [14], the
goal of employing Categorical Proximity is to enable counterfactual
explanations that not only to succeed in changing the decision outcome
but also to remain as close as possible to the original data point. This
ensures that the explanations are both actionable for the end-users and
grounded in the reality of their circumstances, thereby enhancing the
overall interpretability and applicability of machine learning models.

Cat_proximity = 1 −
𝑛
∑

𝑖=0

𝑛𝑐𝑎𝑡
∑

𝑗=0
1(𝒙𝑗cf ≠ 𝒙𝑗org) (21)

Continuous Proximity is determined by the negative of the 𝐿2-
7

norm (Euclidean distance) between the continuous features of the t
counterfactual instance, 𝒙cf, and the original data point, 𝒙org. A higher
alue of Continuous Proximity is indicative of a closer similarity,
uggesting that the counterfactual explanation involves minimal alter-
tions to the continuous features of the original instance. The essence
f prioritizing a higher Continuous Proximity lies in its implications
or the practicality and feasibility of the counterfactual recommenda-
ions. By minimizing the Euclidean distance between the continuous
ttributes of 𝒙org and 𝒙cf, the metric ensures that the modifications
uggested to reach the desired outcome are both subtle and achiev-
ble. This aspect is particularly critical in scenarios where changes to
ontinuous variables, such as income level or age, are either difficult to
mplement or have significant real-world consequences. For example, in
ealthcare applications, counterfactual explanations that maintain high
ontinuous Proximity could advise patients on slight adjustments in
ontinuous health indicators (e.g., blood pressure, cholesterol levels) to
chieve better prognostic predictions. Such tailored, minimal changes
re more likely to be within the patient’s capacity to achieve, thereby
nhancing the actionability of the advice provided. As highlighted
y [14], employing Continuous Proximity as a metric aims to create
ounterfactual explanations that not only effectively shift the model’s
ecision but also ensure that these shifts are achieved with the least
ossible deviation from the original continuous features. This approach
uarantees that counterfactual explanations remain both actionable and
losely aligned with the individual’s actual circumstances, thus signif-
cantly improving the interpretability and utility of machine learning
odels in practical applications.

on_proximity = −
𝑛
∑

𝑖=0

𝑛𝑐𝑜𝑛
∑

𝑗=0

‖

‖

‖

𝒙𝑗𝑐𝑓 − 𝒙𝑗0
‖

‖

‖

2

2
(22)

IM1 and IM2 are two interpretability metrics (IM) proposed in [22].
et 𝑄org

𝜙 , 𝑄cf
𝜙 and 𝑄full

𝜙 be the auto-encoder models trained specifically
n samples of class 𝑦org, samples of class 𝑦cf and the full dataset,

respectively, we first provide the general idea behind these two metrics.
On the one hand, IM1 measures the ratio of reconstruction errors
of counterfactual sample 𝒙cf using 𝑄cf

𝜙 and 𝑄org
𝜙 . A smaller value for

IM1 indicates that 𝒙cf can be reconstructed more accurately by the
autoencoder trained only on instances of the counterfactual class 𝑦cf
than by the autoencoder trained on the original class 𝑦org. This there-
fore demonstrate that the counterfactual sample 𝒙cf lies closer to the
ata manifold of counterfactual class 𝑦cf, which is considered to be
ore interpretable. On the other hand, IM2 evaluates the similarity

f counterfactual sample 𝒙cf produced by 𝑄cf
𝜙 and 𝑄𝜙. A low value

f IM2 means that the reconstructed instances of 𝒙cf are very similar
hen using either 𝑄cf

𝜙 or 𝑄full
𝜙 . Therefore, the data distribution of the

ounterfactual class 𝑦cf describes 𝑥cf as close as the distribution of all
lasses. The interplay between IM1 and IM2 provides a comprehensive
ramework for evaluating counterfactual explanations. IM1 focuses on
he counterfactual’s adherence to the target class, ensuring that gener-
ted explanations are meaningful and interpretable within the context
f the desired outcome. IM2, on the other hand, ensures that these
ounterfactual instances also maintain a semblance of generalizability
nd consistency across the broader dataset, affirming their validity
eyond the confines of a single class. Particularly, IM1 and IM2 are
efined as follows:

M1(𝑄cf
𝜙 , 𝑄

org
𝜙 ,𝒙cf) =

n
∑

𝑖=0

‖

‖

‖

𝒙cf −𝑄cf
𝜙 (𝒙cf)

‖

‖

‖

2

2

‖

‖

‖

𝒙cf −𝑄org
𝜙 (𝒙cf)

‖

‖

‖

2

2
+ 𝜖

(23)

M2(𝑄cf
𝜙 , 𝑄

full
𝜙 ,𝒙cf) =

n
∑

𝑖=0

‖

‖

‖

𝑄cf
𝜙 (𝒙cf) −𝑄full

𝜙 (𝒙cf)
‖

‖

‖

2

2

‖

‖

𝒙cf‖‖
2
2 + 𝜖

(24)

To better illustrate the application of these metrics, we present a
etailed example for enhanced clarity and understanding. In the con-
ext of a predictive model for loan approval, consider a counterfactual
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explanation generated for an application initially denied, suggesting
modifications to both continuous features (e.g., increasing credit
score from 600 to 650 and income from $30,000 to $45,000) and
categorical features (e.g., changing employment status from ‘unem-
ployed’ to ‘employed’, while maintaining the housing type as ‘owned’).
Evaluating this counterfactual through specific metrics, we observe a
target-class validity (%Tcv) of 90%, indicating that 90 out of 100 coun-
terfactuals successfully alter the loan decision from denied to approved.
The causal-constraint validity (%Ccv) of 80% reflects adherence to
lausible causal relationships in 80 of these cases. Categorical proxim-
ty is high, given that only one categorical feature changes, suggesting
inimal and actionable adjustments. Continuous proximity, assessed

hrough the minimal Euclidean distance between original and modi-
ied continuous features, underscores the practicality of the suggested
hanges. Together, these metrics offer a nuanced evaluation of the
ounterfactual’s effectiveness, feasibility, and actionability, illustrating
ts potential to provide meaningful guidance to applicants on how
o alter their profile for a favorable loan decision, within a research
aper’s concise and integrated narrative.

.3. Baseline methods

We compare our proposed method (ProCE) with several baselines
ncluding Wachter (AR), Growing Sphere (GS), CERTIFAI, CCHVAE and
ACE. All of them are the recent approaches in the counterfactual
xplanation with available source codes and framework. The brief
escription of these baselines are illustrated as follows:

1. Wachter (Wach) [17] which is a fundamental approach that
generates counterfactual explanations by minimizing 𝐿1-norm
by using gradient descent to find counterfactuals 𝑥cf as close as
to original instance 𝑥org.

2. Growing Sphere (GS) [46] is a random search algorithm, which
generates samples around the factual input point until a point
with a corresponding counterfactual class label was found.
Growing hyperspheres are utilized to create the random samples
around the original instance. This approach deals with im-
mutable features by excluding them from the search procedure.

3. CERTIFAI [47] CERTIFAI is an approach that utilizes genetic
algorithm to finds the counterfactual samples more effectively.
The source code for this method is not avaibale; therefore, we
implement the CERTIFAI with the support from Python library
PyGAD.5

4. DiCE [14]. DiCE is one of the most prominent counterfactual
explanation framework. This construct the weighted sum of
different loss functions including proximity, diversity and spar-
sity together, and optimize the combined loss via the gradient-
descent algorithm. For implementation, we utilize the source
code6 with default settings.

5. FACE [8] produces a feasible and actionable set of counterfac-
tual actions based on the shortest path lengths as determined by
density-weighted metrics. The generated counterfactuals by this
method that are plausible and coherent with the underlying data
distribution.

For all the experiments, we build two predictions model namely 1𝐬𝐭
lassifier and 2𝐧𝐝 classifier. The first classifier is a neural network
ith three hidden layers, while the second one has five hidden layers
ith the following architecture:
1𝐬𝐭 classifier

∙ hidden Layer 1(Number of features, 64), batch normalization
layer, dropout(0.1), activation function ReLU

5 https://github.com/ahmedfgad/GeneticAlgorithmPython.
6 https://github.com/divyat09/cf-feasibility.
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∙ hidden Layer 2(64, 32), batch normalization layer, Dropout(0.1),
activation function ReLU

∙ hidden Layer 3(32, 16), batch normalization layer, Dropout(0.1),
activation function ReLU

∙ last Layer (16, Data size), activation function sigmoid

2nd classifier

∙ hidden layer 1(Number of features, 256), batch normalization
layer, Dropout(0.1), activation function ReLU

∙ hidden layer 2(Number of features, 128), batch normalization
layer, Dropout(0.1), activation function ReLU

∙ hidden layer 3(Number of features, 64), batch normalization
layer, Dropout(0.1), activation function ReLU

∙ hidden layer 4(64, 32), batch normalization layer, Dropout(0.1),
activation function ReLU

∙ hidden layer 5(32, 16), batch normalization layer, Dropout(0.1),
activation function ReLU

∙ last hidden layer (16, Data size), activation function sigmoid

The continuous features in datasets are in different value ranges;
therefore, following the common practice in feature engineering [48–
50], we normalize the continuous feature to range (0,1). Moreover,
regarding the categorical features, we transform them into numeric
forms by using a label encoder.

4.4. Results and discussions

The performance of different metrics on 1st and 2nd classifier are
illustrated in Tables 1 and 2, respectively. Regarding to the 1st classifier
from Table 1, all three methods achieve the competitive target-class
validity, except the Watch performance in all datasets with around
90% of samples belonging to the target class. Regarding the percent-
age of samples satisfying the causal constraints, by far the greatest
performance is achieved by ProCE with 85.91%, 91.84%, 95.64% and
90.43% for Simple-BN, Sangiovese, Adult and Law datasets,
respectively. FACE also produces a competitive performance across four
datasets in terms of this metric, standing at 81.49%, 88.65%, 92.49%
and 86.71% while the majority of generated samples from Watch
violate the causal constraints (63.61%, 58.1%, 70.40% and 76.71%).
The performance of %Ccv cannot be achieved to 100% for all the
methods which demonstrates that it is quite challenging to maintain the
causal constraints in counterfactual samples. Moreover, these results
indicate that by integrating the structural causal model, our proposed
method can effectively produce the counterfactual samples preserving
the features’ causal relationships. Regarding interpretability scores, our
proposed method achieved the best IM1 and IM2 on four datasets. DiCE
is ranked second recorded with competitive result in Adult dataset
(0.0809 for IM1 and 0.2679 for IM2) and Law dataset (0.0423 for IM1
and 0.0427 for IM2). The performance of all metrics on the 2nd clas-
sifier in Table 2 also demonstrates the competitive performance of our
proposed method across all metrics. We also notice that although the
2nd has a more complicated architecture than the 1st classifier, there
is a small variation on the performance of counterfactual explanation
algorithm. Finally, as expected, by using prototype as a guideline of
the counterfactual search process, ProCE produces more interpretable
counterfactual instances recorded with good performance in IM1 and
IM2. By contrast, it is challenging for other approaches to reconstruct
the counterfactual samples, leading to high interpretability scores (IM1
and IM2).

On the other hand, to better comprehend the effectiveness of our
proposed method in producing counterfactual samples compared with
other approaches, we also perform a statistical significance test (paired
𝑡-test) between our approach (ProCE) and other methods on each
dataset and each metric with the obtained results on 100 randomly
repeated experiments and report the result of 𝑝-value in Tables 1 and

2. We find that our model is statistically significant with 𝑝 < 0.05,

https://github.com/ahmedfgad/GeneticAlgorithmPython
https://github.com/divyat09/cf-feasibility
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Table 1
Performance of all methods on 1st classifier. We compute 𝑝-value by conducting a paired 𝑡-test between our approach (ProCE) and baselines
with 100 repeated experiments for each metric.
Method Dataset Performance 𝑝-value

%Tcv %Ccv IM1 IM2 (x10) %Tcv %Ccv IM1 IM2

Wach Simple-BN 91.00 63.61 0.0379 ± 0.0741 0.0769 ± 0.1385 0.0129 0.0289 0.0393 0.0446
GS Simple-BN 100.00 79.72 0.0453 ± 0.0835 0.0792 ± 0.0202 0.0340 0.0480 0.0223 0.0483
CERTIFAI Simple-BN 100.00 77.44 0.0489 ± 0.1353 0.0271 ± 0.0711 0.0098 0.0226 0.0365 0.0218
DiCE Simple-BN 100.00 73.61 0.0376 ± 0.1345 0.0815 ± 0.1762 0.0227 0.031 0.0135 0.0427
FACE Simple-BN 100.00 81.49 0.0365 ± 0.0583 0.0429 ± 0.1614 0.0256 0.0197 0.0444 0.0468
ProCE Simple-BN 100.00 85.91 0.0322 ± 0.1014 0.0211 ± 0.0845 – – – –

Wach Sangiovese 92.03 58.10 0.2513 ± 0.1452 0.0533 ± 0.0132 0.0260 0.0365 0.0447 0.0358
GS Sangiovese 100.00 89.60 0.2295 ± 0.0584 0.0425 ± 0.1502 0.0131 0.0469 0.014 0.0162
CERTIFAI Sangiovese 100.00 74.29 0.2915 ± 0.1920 0.0721 ± 0.1366 0.0410 0.0389 0.0215 0.0212
DiCE Sangiovese 100.00 78.10 0.2447 ± 0.0759 0.0374 ± 0.1657 0.0297 0.0306 0.0388 0.0102
FACE Sangiovese 100.00 88.65 0.2424 ± 0.0962 0.0873 ± 0.0495 0.0471 0.0148 0.0140 0.0119
ProCE Sangiovese 100.00 91.84 0.2152 ± 0.1686 0.0370 ± 0.0574 – – – –

Wach Adult 93.95 70.40 0.0709 ± 0.1582 0.3063 ± 0.1382 0.048 0.0285 0.0242 0.0407
GS Adult 100.00 70.13 0.2241 ± 0.0396 0.3343 ± 0.0564 0.0144 0.0274 0.0114 0.0468
CERTIFAI Adult 100.00 91.99 0.0939 ± 0.0834 0.3735 ± 0.1150 0.0320 0.0348 0.0310 0.0222
DiCE Adult 100.00 80.40 0.0809 ± 0.1538 0.2679 ± 0.1661 0.0318 0.0169 0.0275 0.0415
FACE Adult 100.00 92.49 0.1283 ± 0.0336 0.3245 ± 0.1881 0.0215 0.0346 0.019 0.0242
ProCE Adult 100.00 95.64 0.0675 ± 0.1908 0.2171 ± 0.0546 – – – –

Wach Law 92.45 76.71 0.0536 ± 0.1312 0.0470 ± 0.0800 0.0159 0.026 0.0115 0.0378
GS Law 100.00 86.23 0.0484 ± 0.1173 0.0487 ± 0.0858 0.0481 0.0392 0.0314 0.0315
CERTIFAI Law 100.00 82.72 0.0567 ± 0.1427 0.0461 ± 0.1797 0.0102 0.0425 0.0191 0.0340
DiCE Law 100.00 85.75 0.0423 ± 0.1902 0.0427 ± 0.0801 0.0138 0.0206 0.0122 0.0487
FACE Law 100.00 86.71 0.0418 ± 0.0125 0.0435 ± 0.1160 0.0125 0.0315 0.0333 0.0450
ProCE Law 100.00 90.43 0.0410 ± 0.1268 0.0421 ± 0.1907 – – – –
Table 2
Performance of all methods on 2nd classifier. We compute 𝑝-value by conducting a paired 𝑡-test between our approach (ProCE) and baselines
with 100 repeated experiments for each metric.
Method Dataset Performance 𝑝-value

%Tcv %Ccv IM1 IM2 (x10) %Tcv %Ccv IM1 IM2

Wach Simple-BN 93.33 70.96 0.0512 ± 0.0466 0.0262 ± 0.0507 0.0320 0.0096 0.0372 0.0487
GS Simple-BN 100.00 79.46 0.0401 ± 0.1888 0.0354 ± 0.0352 0.0242 0.038 0.0274 0.0308
CERTIFAI Simple-BN 100.00 83.68 0.0465 ± 0.0389 0.0824 ± 0.1345 0.0378 0.0138 0.031 0.0255
DiCE Simple-BN 100.00 82.93 0.0342 ± 0.0790 0.0448 ± 0.0260 0.0376 0.0324 0.0497 0.0277
FACE Simple-BN 100.00 82.03 0.0458 ± 0.1209 0.0435 ± 0.0123 0.0215 0.0086 0.0275 0.0437
ProCE Simple-BN 100.00 89.09 0.0318 ± 0.0104 0.0202 ± 0.0167 – – – –

Wach Sangiovese 93.92 74.49 0.2731 ± 0.1090 0.0445 ± 0.0919 0.0255 0.0291 0.0474 0.0363
GS Sangiovese 100.00 71.44 0.2654 ± 0.0394 0.0407 ± 0.0770 0.0319 0.0378 0.0294 0.0447
CERTIFAI Sangiovese 100.00 80.95 0.2583 ± 0.1369 0.0798 ± 0.1898 0.0281 0.0304 0.0389 0.0297
DiCE Sangiovese 100.00 92.25 0.2603 ± 0.1383 0.0880 ± 0.1144 0.0436 0.0323 0.0478 0.0381
FACE Sangiovese 100.00 77.95 0.2302 ± 0.0029 0.0522 ± 0.0169 0.0464 0.0152 0.0351 0.0184
ProCE Sangiovese 100.00 86.25 0.2127 ± 0.0973 0.0360 ± 0.0388 – – – –

Wach Adult 91.45 75.23 0.1731 ± 0.1270 0.3520 ± 0.1592 0.0127 0.0454 0.0407 0.0378
GS Adult 100.00 75.82 0.1719 ± 0.1673 0.1565 ± 0.1634 0.0308 0.0099 0.0224 0.0447
CERTIFAI Adult 100.00 80.56 0.1512 ± 0.0920 0.2326 ± 0.0686 0.0265 0.0351 0.0309 0.0341
DiCE Adult 100.00 76.43 0.2371 ± 0.1801 0.3823 ± 0.0016 0.0154 0.0396 0.0427 0.0343
FACE Adult 100.00 76.02 0.1649 ± 0.1448 0.3393 ± 0.0083 0.0254 0.0144 0.0105 0.0285
ProCE Adult 100.00 92.85 0.1467 ± 0.1096 0.1324 ± 0.1027 – – – –

Wach Law 90.55 73.36 0.0437 ± 0.0913 0.0594 ± 0.1896 0.0375 0.0474 0.0462 0.0349
GS Law 100.00 84.09 0.0532 ± 0.0988 0.0643 ± 0.0244 0.0269 0.0267 0.0402 0.0334
CERTIFAI Law 100.00 80.88 0.0382 ± 0.0915 0.0592 ± 0.0566 0.0495 0.0172 0.0428 0.0286
DiCE Law 100.00 87.54 0.0382 ± 0.0530 0.0461 ± 0.1928 0.0421 0.0489 0.0342 0.0373
FACE Law 100.00 75.51 0.0422 ± 0.1875 0.0383 ± 0.0029 0.0476 0.0374 0.015 0.0304
ProCE Law 100.00 79.48 0.0317 ± 0.1073 0.0313 ± 0.1648 – – – –
thus demonstrating the effectiveness of ProCE in counterfactual samples
generation task.

Fig. 2 provides information about the categorical proximity in
the Adult dataset and continuous proximity in four datasets. For the
categorical proximity on both 1st and 2nd classifier, ProCE consistently
achieves an average of 5 out of the total 6 categories in the dataset
meaning that the counterfactual sample generated from ProCE pre-
serves an average of 5 categorical features from the original instances.
CERTIFAI and FACE also yield competitive results for categorical
proximity, whereas the lowest result is recorded in the GS algorithm
(1.7 to 3.5 categories). These results illustrate that the gradient-free
based approach including ProCE, CERTIFAI and FACE can achieve
9

better performance in handling the non-continuous features in tabular
data. When it comes to the continuous proximity, ProCE produces
the counterfactual sample with the greatest similarity around over
−0.02, −0.078, −0.1875 and −0.17 corresponding to Simple-BN,
Sangiovese, Adult and Law dataset. Our proposed method pro-
duces the least fluctuation in continuous proximity for Sangiovese,
Simple-BN, Adult, while the biggest variation is witnessed in Law.

We also report the running time of different methods in Table 3.
Overall, the shortest time is recorded with Watch method on Simple-
BN, Sangiovese, and Law datasets. The possible reason is that
Watch is the naive approach which optimizes the basic proximity
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Fig. 2. Baseline results in terms of Continuous proximity and Categorical proximity. Higher continuous and categorical proximity are better.
Fig. 3. Sensitivity of hyperparameters.
oss functions using gradient descent. This therefore allows produc-
ng the counterfactual sample in a prominent time but demonstrates

poor performance in several metrics. Our approach (ProCE) also
emonstrates competitive time performance on these three datasets.
egarding Adult dataset which contains both categorical and contin-
ous features, our approach performs counterfactual sample generation
n the outstanding time and also surpasses other non-gradient descent
ethods such as FACE, CERTIFAI and GS.

Figs. 3(a) and 3(b) show the variation of our method’s perfor-
ance with the different numbers of 𝐾-nearest neighbors for class
rototype and 𝐸-dimensional embedding sizes of the auto-encoder
odel, respectively. It is clear from Fig. 3(a) that the performance

f continuous proximity for Simple-BN, Sangiovese and Adult
atasets is nearly stable with different embedding sizes, while Law
itnesses a quite significant variation, increasing from around −0.336

to −0.224 corresponding to embedding sizes of 32 to 256, followed
by a slight decrease to −0.33 (embedding size 512). A similar pat-
tern also is recorded for the remaining metrics including categorical
proximity, IM1, and IM2 with the good and stable performance at
an embedding size of 256. The slight small fluctuations possibly il-
lustrate that the impact of embedding size on the model performance
is not very significant. Moreover, 256 is the preferable embedding
size, while the sizes of 32 and 512 seem to be relatively small and
large to sufficiently capture latent information for embedding vectors.
Regarding categorical proximity, the performance declines slightly by
0.1 from 32 to 64, and thereafter varies slightly around 4.0–4.09 with
embedding sizes of 128, 256, and 512. On the other hand, as can
10
be seen from Fig. 3(b), IM1 and IM2 demonstrate a similar pattern
illustrated by the worst performance when the number of instances of
15, followed by a stagnant performance from 25 to 45 instances. It is
believed that the similar trend occurring in IM1 and IM2 is reasonable
due to their similar properties illustrated in Section 4.2. Meanwhile,
there is no significant variation in the performance of continuous and
categorical proximity across four datasets. These results suggest that
the performance of our proposed method witnesses a small variation in
all evaluation metrics regarding two hyperparameters (embedding sizes
and numbers of nearest neighbors), implying our model’s stability and
robustness.

5. Conclusion

This paper introduces a novel counterfactual explanation algorithm
by integrating the structural causal model and the class prototype. We
also proposed formulating the counterfactual generation as a multi-
objective problem and construct an optimization algorithm to find
the optimal counterfactual explanation in an effective manner. Our
experiments validate that our method outperforms the state-of-the-art
methods on many evaluation metrics. For future work, we plan to
extend our framework to the imperfect structural causal model that
is very commonplace in real-world scenarios. Meanwhile, other multi-
objective optimization algorithms such as reinforcement learning and
multi-task learning are also worthy of investigation.
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Table 3
We report running time of different methods on four datasets.

Method Dataset Running time (s)

1st classifier 2nd classifier

Wach Simple-BN 3.030 ± 0.105 5.111 ± 0.135
GS Simple-BN 7.126 ± 0.153 6.541 ± 0.053
CERTIFAI Simple-BN 6.213 ± 0.007 6.237 ± 0.088
DiCE Simple-BN 6.522 ± 0.088 6.455 ± 0.016
FACE Simple-BN 8.022 ± 0.014 6.599 ± 0.173
ProCE Simple-BN 4.085 ± 0.055 6.017 ± 0.160

Wach Sangiovese 5.125 ± 0.097 5.768 ± 0.113
GS Sangiovese 8.048 ± 0.176 12.549 ± 0.086
CERTIFAI Sangiovese 7.688 ± 0.131 8.906 ± 0.105
DiCE Sangiovese 13.426 ± 0.158 11.775 ± 0.086
FACE Sangiovese 7.810 ± 0.076 11.348 ± 0.200
ProCE Sangiovese 6.809 ± 0.162 7.304 ± 0.101

Wach Adult 7.046 ± 0.151 7.260 ± 0.058
GS Adult 6.472 ± 0.021 6.464 ± 0.145
CERTIFAI Adult 13.851 ± 0.001 9.457 ± 0.120
DiCE Adult 7.943 ± 0.046 10.326 ± 0.016
FACE Adult 10.821 ± 0.162 9.140 ± 0.149
ProCE Adult 4.837 ± 0.026 5.733 ± 0.019

Wach Law 4.821 ± 0.068 4.957 ± 0.131
GS Law 12.126 ± 0.093 13.480 ± 0.152
CERTIFAI Law 5.516 ± 0.009 6.337 ± 0.027
DiCE Law 6.150 ± 0.038 8.103 ± 0.0410
FACE Law 5.450 ± 0.184 6.661 ± 0.025
ProCE Law 4.830 ± 0.130 5.001 ± 0.152
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