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with Its Applications in Pattern Classification
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Abstract—Information can be quantified and expressed by uncertainty, and improving the decision level of uncertain information is
vital in modeling and processing uncertain information. Dempster–Shafer evidence theory can model and process uncertain
information effectively. However, the Dempster combination rule may provide counter-intuitive results when dealing with highly
conflicting information, leading to a decline in decision level. Thus, measuring conflict is significant in the improvement of decision level.
Motivated by this issue, this paper proposes a novel method to measure the discrepancy between bodies of evidence. First, the model
of dynamic fractal probability transformation is proposed to effectively obtain more information about the non-specificity of basic belief
assignments (BBAs). Then, we propose the higher-order fractal belief Rényi divergence (HOFBReD). HOFBReD can effectively
measure the discrepancy between BBAs. Moreover, it is the first belief Rényi divergence that can measure the discrepancy between
BBAs with dynamic fractal probability transformation. HoFBReD has several properties in terms of probability transformation as well as
measurement. When the dynamic fractal probability transformation ends, HoFBReD is equivalent to measuring the Rényi divergence
between the pignistic probability transformations of BBAs. When the BBAs degenerate to the probability distributions, HoFBReD will
also degenerate to or be related to several well-known divergences. In addition, based on HoFBReD, a novel multisource information
fusion algorithm is proposed. A pattern classification experiment with real-world datasets is presented to compare the proposed
algorithm with other methods. The experiment results indicate that the proposed algorithm has a higher average pattern recognition
accuracy with all datasets than other methods. The proposed discrepancy measurement method and multisource information algorithm
contribute to the improvement of decision level.

Index Terms—Dempster–Shafer evidence theory, Rényi divergence, probability transformation, Multisource information fusion, Pattern
classification.
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1 INTRODUCTION

UNCERTAIN information is ubiquitous in the real world,
and how to deal with uncertain information and im-

prove the decision level is one of the hot issues in recent
years [1]–[3]. A variety of theories have been presented
to model and process uncertain information, including the
extended probability theory [4], [5], fuzzy theory [6], Z-
number [7], quantum evidence theory [8], [9], random per-
mutation set [10], [11] and entropy-based approach [12].
These methods have been widely applied in many fields
including COVID-19 waves superposition [13], graph clus-
tering [14], dynamic modeling of multi-agent learning [15],
[16], driving task recordings [17], decision making [18]–[20],
outranking relations [21], network analysis [22], engineer-
ing systems design [23], fault analysis [24], rapid source
localization [25]. In this paper, Dempster-Shafer evidence
theory is focused on improving the decision level. As the
extension of the probability theory [26], Dempster-Shafer
evidence theory is presented by Dempster [27] and extended
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by Shafer [28], which can model and process uncertain
information effectively.

However, highly conflicting information is often hard
to handle in Dempster-Shafer evidence theory, which has
declined the decision level of it [29]. Measuring the dis-
crepancy between bodies of evidence is essential to the
effectiveness of a combination of evidence [30], [31]. For
measuring the discrepancy between bodies of evidence,
scholars have proposed a number of methods [32]. Belief
divergence is a well-known theory that can measure the
discrepancy between basic belief assignments (BBAs) in
Dempster-Shafer evidence theory [33], [34]. Xiao proposed
the belief Jensen–Shannon divergence on the basis of Shan-
non entropy [35]. After BJS divergence is proposed, B di-
vergence and RB divergence that can take the correlation
between BBAs into account are proposed [36]. Although
these methods can measure the discrepancy between BBAs
in some cases, they may provide counter-intuitive and in-
valid results. For instance, consider a numerical example:
Example 1.1. Let a frame of discernment be Ω =
{ω1, ω2, ω3, ω4}. Define BBAs m1, m2, m3 and m4 in Ω as
follows:

m1 : m1({ω1}) =
1

2
;m1({ω2}) =

1

2
;

m2 : m2({ω1ω2}) = 1;

m3 : m3({ω1ω2ω3}) =
1

2
;m3({ω2ω3ω4}) =

1

2
;

m4 : m4({ω1ω2ω3ω4}) = 1.

As shown in Table 1, classical discrepancy measurement
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TABLE 1
Different discrepancy measurement methods in Example 1.1.

BBAs K BJS B RB Bχ2 dBBA

m1 and m2 0 1 0.2688 0.5185 1 0.5000
m2 and m3 0 1 -0.0118 0.1088 1 0.5401
m3 and m4 0 1 0.1957 0.4424 1 0

methods were invalid in Example 1.1. The whole conflicting
factor, the BJS divergence, cannot distinguish the discrep-
ancy between the four evidence well. The B divergence be-
tween m2 and m3 is a negative number. TheRB divergence
between m1 and m2 is larger than that between m2 and m3.
This is not intuitive because m2 only supports ω1ω2, and it
is noticeable that m1 supports ω1 and ω2, and m3 supports
ω1ω2ω3 and ω2ω3ω4. From the perspective of intuitiveness,
the divergence between m1 and m2 should be smaller
than that between m2 and m3. The belief X 2 divergence
[37] is not able to significantly distinguish the discrepancy
between the four evidence either. Jousselme et al.’s evidence
distance [38] also showed the limited measurement of the
discrepancy between m3 and m4. The major problem of low
discrepancy across different evidence is caused by discord
and non-specificity which are two essential properties of
BBA [26]. Especially for, non-specificity, it can differ between
BBAs and probability distributions, representing the distri-
bution’s uncertainty. For instance, we assume from m1 to
m4, the non-specificity gradually increases from an intuitive
point of view. However, the results in Table 1 demonstrated
the counterfactual outcomes, due to ineffective information
received from the non-specificity of BBAs wherem1,m2,m3

and m4, leading to the invalid discrepancy measurement.
To handle this problem, it is required to develop an ef-

fective method to obtain more valuable discrepancy knowl-
edge about the non-specificity of BBAs. Some previous
work discussed how to deal with the information about
the non-specificity of BBAs in several fields. For example,
probability transformation transforms BBAs into probability
distributions [39], which can eliminate the non-specificity of
BBAs. Deng’s fractal-based belief entropy [40] analyzed the
process of probability transformation in entropy measure-
ment, showing that the process of probability transforma-
tion contains information about non-specificity. However,
the existing methods still cannot deal with the situation
in Example 1.1, and how to develop an effective method
to obtain more valuable discrepancy knowledge about the
non-specificity of BBAs is still an open issue. This motivates
this work to develop a novel belief divergence method.

This paper proposes a mathematical model called dy-
namic fractal probability transformation, which can effec-
tively obtain more information about the non-specificity of
BBAs with robust representation. A novel belief divergence
with dynamic fractal probability transformation, namely
higher order fractal belief Rényi divergence (HoFBReD), is
proposed. HoFBReD is the first belief Rényi divergence that
can measure the discrepancy between BBAs with dynamic
fractal probability transformation. HoFBReD has several
properties in terms of probability transformation as well
as measurement. As the dynamic fractal probability trans-
formation ends, HoFBReD is equivalent to measuring the

Rényi divergence between the pignistic probability trans-
formations of BBAs. When the BBAs degenerate to the
probability distributions, HoFBReD will also degenerate to
or be related to several well-known divergences, such as
Kullback-Leibler divergence as α changes. The advantages
of HoFBReD are illustrated by several numerical examples.
In addition, based on HoFBReD, a novel multisource in-
formation fusion algorithm is proposed. A pattern classifi-
cation experiment with real-world datasets is presented to
compare the proposed algorithm with other methods. The
results of the pattern classification experiment with real-
world datasets indicate that the proposed algorithm has
a higher pattern recognition accuracy compared to other
methods.

The main contributions of this article are as follows:
• We propose a higher order fractal belief Rényi diver-

gence with dynamic fractal probability transformation. It
is the first belief Rényi divergence that can measure the
discrepancy between BBAs with dynamic fractal probability
transformation and extends the order to a ’higher’ order. Be-
sides, the proposed belief divergence can effectively obtain
more information about the non-specificity of BBAs dur-
ing discrepancy measurement with robust representation,
which is superior to other methods.
• A novel multisource information fusion algorithm is

proposed. A pattern classification experiment with real-
world datasets is presented, and the results show that the
proposed method has a higher pattern recognition accuracy
than other methods. The novel algorithm contributes to the
improvement of the decision level.

This paper is organized as follows. Section 2 introduces
the preliminaries of Dempster-Shafer evidence theory, di-
vergence theory and probability transformation methods.
In section 3, the model of dynamic fractal probability
transformation is proposed, which is applied to a novel
belief divergence, and its properties are proven. Section 4
illustrates the advantages of the proposed belief divergence
by numerical examples. In section 5, a novel multisource
information fusion algorithm is proposed. Section 6 presents
a pattern recognition experiment with real-world datasets.
Section 7 concludes the study.

2 PRELIMINARIES

In this section, a brief introduction is given to the Dempster-
Shafer (D-S) evidence theory, several well-known diver-
gences and probability transformation methods.

2.1 Dempster–Shafer evidence theory
Dempster–Shafer evidence theory, also known as evidence
theory, is presented by Dempster and developed by Shafer
[27], [28]. D-S evidence theory is extended from probability
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theory and fuzzy set theory. It has versatile applications, in-
cluding software risk evaluation [41], multisource quantum
information fusion [42], rescuer assignments [43], evidential
reasoning [44]–[46], output control [47], clustering [48] and
heuristic representation learning [49].

Definition 1. Frame of discernment

A discernment framework is defined as [27], [28]

Ω = {ω1, ω2, . . . ωN}, (1)

which consists of N mutually exclusive and collectively
exhaustive status of a certain pattern.

The power set of Ω is defined as

2Ω = {∅, {ω1} , {ω2} , · · · , {ωN} , {ω1 ∪ ω2} , · · · ,Ω}, (2)

where the empty set is denoted as ∅ [50]. There are both
singleton sets and multielement sets in 2Ω. The multiele-
ment sets (e.g., ω1 ∪ ω2 ∪ ω3) can express the uncertainty
and imprecision degree among classes ω1, ω2 and ω3.

Definition 2. Basic belief assignments

A basic belief assignment (BBA), which is a mapping
m(·) from 2Ω to [0,1], is defined as [27], [28]

m : 2Ω → [0, 1] , (3)

and satisfies the following conditions:∑
X∈2Ω

m(X) = 1, (4)

m(∅) = 0, (5)

where m(X) represents the support degree of the pattern
associated with the element X . If m(X) > 0, X is called a
focal element. In D-S evidence theory, BBAs are also called
mass functions of belief. m(Ω) denotes the total ignorance
degree, which describes the vacuous belief source of evi-
dence.

Definition 3. Dempster’s rule of combination

In multisource information fusion processing, each clas-
sification result can be regarded as an evidence source
represented by a BBA. The well-known Dempster’s rule
is applied to combine the multiple BBAs. Let m1(·) and
m2(·) be two distinct BBAs in a frame of discernment 2Ω.
For BBAs m1(·) and m2(·), Dempster’s rule of combination,
represented in the form m = m1 ⊕m2, is defined as [27]

m(X) = (m1 ⊕m2)(X) =

∑
Y ∩Z=X

m1(Y )m2(Z)

1−K
, (6)

and
K =

∑
Y ∩Z=∅

m1(Y )m2(Z) < 1, (7)

where X,Y, Z ⊆ Ω and K is the whole conflicting factor.
Dempster’s rule of combination is commutative, con-

junctive and associative.

2.2 Divergence theory
Divergence theory is presented to measure the discrepancy
between two probability distributions or two BBAs [51],
[52]. Specifically, the divergences that can measure the dis-
crepancy between BBAs are called belief divergences.

Definition 4. Rényi divergence

For two probability distributions P = (p1, p2, · · · , pN )
and Q = (q1, q2, · · · , qN ), the Rényi divergence between P
and Q is defined as [53]

Dα(P ||Q) =
1

α− 1
ln

N∑
i=1

pαi q
1−α
i , (8)

where α ∈ (0, 1) ∪ (1,+∞). When α > 1, the rules that
0
0 = 0 and pαi

0 =∞ are adopted.

Definition 5. Belief Jensen–Shannon divergence

Recently, the Belief Jensen–Shannon (BJS) divergence
was presented by Xiao to measure the discrepancy between
BBAs in D-S evidence theory:

DBJS(m1||m2)

=
1

2

2N−1∑
i=1

m1(Ei) log2

[
2m1(Ei)

m1(Ei) +m2(Ei)

]

+
1

2

2N−1∑
i=1

m2(Ei) log2

[
2m2(Ei)

m1(Ei) +m2(Ei)

]
,

(9)

wherem1 andm2 are two BBAs in 2Ω, andEi is any element
in 2Ω except ∅.

After BJS divergence is proposed, scholars have pre-
sented several new belief divergences [37], [54], [55].

2.3 Probability transformation methods

Definition 6. Pignistic probability transformation

Let a frame of discernment be Ω = {ω1, ω2, · · · , ωN}
with a BBA m in Ω. Its pignistic probability transformation,
denoted by BetP (ωi) can be defined as [39]

BetP (ωi) =
∑

ωi∈E|E∈2Ω

m(E)

|E|
, (10)

where E is any element in 2Ω except ∅ here and |E| denotes
the cardinality of E.

Definition 7. Plausibility transformation method

Let a frame of discernment be Ω = {ω1, ω2, · · · , ωN}
with a BBA m in Ω. Its plausibility transformation method,
denoted by PnPl(ωi), is defined as [56]

PnPl(ωi) =
Pl(ωi)
N∑
j=1

Pl(ωj)

,
(11)

where Pl is defined as the plausibility function:

Pl(X) =
∑

Y ∩X 6=∅|X,Y⊆2Ω
m(Y ). (12)

The fractal theory can be useful in the expression of
the dimension of information [57]. And Deng’s information
volume of mass function applies the concept of fractal.

Definition 8. Deng’s information volume of mass function

Let a frame of discernment be Ω = {ω1, ω2, · · · , ωN}
with a BBA m in Ω. The Deng’s information volume of mass
function is defined as follows [58]:

Step 1: Input the BBA m.
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Fig. 1. Two times power splitting of A = {ω1, ω2, ω3}.

Step 2: According to the distribution of the maximum
Deng entropy, the mass functions of the multielement sets
are split.

Step 3: Obtain the Deng entropy of the new BBA. Execute
Step 4 if the result is less than ε. Otherwise, repeat Steps 2-3.
ε is the error coefficient.

Step 4: Output the information volume of the mass
function.

Deng’s information volume of mass function can obtain
information from the process of splitting the mass functions.

3 A NOVEL BELIEF DIVERGENCE WITH DYNAMIC
FRACTAL PROBABILITY TRANSFORMATION

In this section, dynamic fractal probability transformation is
presented. Then, a novel belief divergence, namely higher
order fractal belief Rényi divergence, is proposed. Its prop-
erties are then analyzed.

3.1 Dynamic fractal probability transformation

A mathematical model, namely dynamic fractal probabil-
ity transformation, is proposed to handle the problems
in Example 1.1 by effectively obtaining more information
about non-specificity. It is analyzed from the perspective of
generating function and power splitting. First, a hypothesis
about power splitting is presented.

Hypothesis 1. Let a frame of discernment be Ω =
{ω1, ω2, ..., ωN}. Let A be any element in 2Ω except ∅ and B
be any subset of A except ∅. If power splitting of A is conducted
for λ times, the number of all elements except is (λ+1)|A|−λ|A|,
and the number of B is λ|A|−|B|.

For example, let A be {ω1, ω2, ω3} and conduct power
splitting for 2 times to A as shown in Figure 1. The green
squares are the elements that are generated after splitting
two times. According to hypothesis 1, for green squares, the
number of {ω1}, {ω2} and {ω3} is 4; The number of {ω1ω2},
{ω1ω3} and {ω2ω3} is 2; The number of {ω1ω2ω3} is 1, and
the number of all elements is 19. The proof is presented as
follows.

Proof. Define a variable σi and denote ωi as σi. According
to the generating function theory, the generating function of
the element A is defined as f(A)

f(A) = (σ1 + 1)(σ2 + 1)...(σ|A| + 1)

= σ1σ2...σ|A| +
∑
cyc

σ2σ3...σ|A| + ...+
∑
cyc

σ1 + 1, (13)

where
∑
cyc is defined as the cyclic sum. Each term in the

polynomial f(A) represents a certain subset of A, and each
term’s coefficient represents the subset’s number. Suppose
the generating function after λ times of power splitting is:

f(A, λ) =

|A|∏
i=1

(σi + λ) = (σ1 + λ)(σ2 + λ)...(σ|A| + λ). (14)

As follows, mathematical induction is applied to prove
Eq. (17). When λ = 1, according to Eq. (13), Eq. (17) is
established. Suppose Eq. (13) is established when λ = s− 1:

f(A, s− 1) =

|A|∏
i=1

(σi + s− 1)

= (σ1 + s− 1)(σ2 + s− 1)...(σ|A| + s− 1)

= σ1σ2...σ|A| + (s− 1)
∑
cyc

σ2σ3...σ|A| + ...+

(s− 1)|A|−1
∑
cyc

σ1 + (s− 1)|A|.

(15)

Conduct one extra power splitting on f(A, s−1), that is,
let σi = σi + 1. Then Eq. (15) is changed into

(σ1 + 1)(σ2 + 1)...(σ|A| + 1) + (s− 1)
∑
cyc

(σ2 + 1)(σ3 + 1)...(σ|A| + 1)

+ ...+ (s− 1)|A|−1
∑
cyc

(σ1 + 1) + (s− 1)|A|.

(16)

By merging items of equal time in Eq. (16), we obtain

(σ1 + 1)(σ2 + 1)...(σ|A| + 1) + (s− 1)
∑
cyc

(σ2 + 1)(σ3 + 1)...(σ|A| + 1)

+ ...+ (s− 1)|A|−1
∑
cyc

(σ1 + 1) + (s− 1)|A|

= σ1σ2...σ|A| + s
∑
cyc

σ2σ3...σN + ...+ s|A|−1
∑
cyc

σ1 + s|A|

= (σ1 + s)(σ2 + s)...(σ|A| + s) = f(A, s).

Therefore, mathematical induction is established. When
power splitting is conducted λ times to A, the generating
function is

f(A, λ) =

|A|∏
i=1

(σi + λ) = (σ1 + λ)(σ2 + λ)...(σ|A| + λ)

= σ1σ2...σ|A| + λ
∑
cyc

σ2σ3...σ|A| + ...+ λ|A|−1
∑
cyc

σ1 + λ|A|.

Obviously, the sum of each coefficient in f(A, λ) is
(λ+ 1)|A|, meaning the number of all elements is (λ+ 1)|A|

after power splitting of A is conducted for λ times. Since the
number of constant term is λ|A|, meaning the number of ∅
is λ|A|. Hence, the number of all elements except ∅ is

(λ+ 1)|A| − λ|A|.

Besides, for any A’s subset B, the coefficient of B is

λ|A|−|B|.

Based on the analysis above, hypothesis 1 is proven.
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Fig. 2. flowchart of a dynamic fractal probability transformation in HoF-
BReD

Apparently, the power splitting reflects the concept of
self-similarity, which is the core of fractal theory [59]. Fur-
thermore, the times of power splitting can be determined
dynamically according to real cases. Consequently, a novel
probability transformation method called dynamic fractal
probability transformation is defined as follows.

Definition 9. Dynamic fractal probability transformation

Let a frame of discernment be Ω with a BBA m in Ω,
dynamic fractal probability transformation of BBA m is
defined as

mλf (Ei) =
∑

Ei⊆Ej

λ|Ei| − (λ− 1)|Ei|

(λ+ 1)|Ej | − λ|Ej |
mλ−1
f (Ej)

=
∑

Ei⊆Ej

λ|Ej |−|Ei|

(λ+ 1)|Ej | − λ|Ej |
m(Ej),

(17)

where Ei is the element in 2Ω except ∅; Ei is any subset of
Ej ; |Ei| and |Ej | denotes the cardinality of the element Ei
and Ej ; λ is the times of power splitting. For convenience,
we name the BBA mλ

f as the λth order of BBA m, and λ is
called the order coefficient. It is obvious that m0

f is m itself.
On the basis of hypothesis 1, it is easy to find that in Eq.

(17), when the order coefficient is λ, each of the mass func-
tion m(Ej) is split into (λ + 1)|Ej | − λ|Ej | parts uniformly.
Among these (λ+1)|Ej |−λ|Ej | parts, totally λ|Ej |−|Ei| parts
are distributed to mλ

f (Ei). In addition, when the order is
added 1, each of the mass functions mλ−1

f (Ej) is spilled
again and distributed to the powerset’s mass functions of it.
Among the (λ+1)|Ej |−λ|Ej | parts that are split fromm(Ej),
there are λ|Ei| − (λ− 1)|Ei| parts that should be distributed
to m(Ei) because there are λ|Ei| − (λ− 1)|Ei| elements that
contain Ei.

Here, a numerical example illustrates the so-called dy-
namic fractal probability transformation. For a 2-element
discernment framework Ω = {ω1, ω2}, a BBA in Ω is defined
as:

m : m({ω1}) =
1

6
, m({ω2}) =

1

6
, m({ω1ω2}) =

2

3
.

Figure 2 shows the flowchart of dynamic fractal prob-
ability transformation of m in Example 3.1. As shown in
Figure 2, the mass functions of multielement sets {ω1ω2}
are split, and distributed respectively to subsets of {ω1ω2}
except ∅, i.e., {ω1}, {ω2} and {ω1ω2}. Additionally, with
λ changing, the proportion of the mass function of {ω1},

…
Mass function of { ଵ}

Mass function of { ଵ ଶ}

Mass function of { ଶ}

The information about 
non-specificity that 
classical  methods can 
not obtain

Fig. 3. The proportion of the mass function of {ω1}, {ω2} and {ω1ω2}
in Example 3.1.

{ω2} and {ω1ω2} is shown in Figure 3. Figure 3 shows
that with dynamic fractal probability transformation, the
mass function of ω1ω2 is gradually split and distributed to
mass functions of ω1 and ω2. When λ → ∞, the dynamic
fractal probability transformation ends, and the BBA m is
completely transformed into a probability distribution. This
will be proved in the following content. Figure 3 also shows
that dynamic fractal probability transformation can obtain
more information about non-specificity because the classical
transformation methods, such as PPT, can only obtain one
result. However, dynamic fractal probability transformation
can obtain more than one result while splitting the mass
functions.

In this sub-section, dynamic fractal probability transfor-
mation is proposed. Based on dynamic fractal probability
transformation, a novel belief divergence will be presented
in the following sub-section.

3.2 A novel belief divergence and its properties

Definition 10. Higher order fractal belief Rényi divergence

Let m1 and m2 be two BBAs in 2Ω. Higher order fractal
belief Rényi divergence (HoFBReD) is defined as

D
(α,λ)
FB (m1||m2) =

1

α− 1
ln

2N−1∑
i=1

mλf1 (Ei)
αmλf2 (Ei)

1−α, (18)

and
mλfk (Ei) =

∑
Ei⊆Ej

λ|Ei| − (λ− 1)|Ei|

(λ+ 1)|Ej | − λ|Ej |
mλ−1
fk

(Ej)

=
∑

Ei⊆Ej

λ|Ej |−|Ei|

(λ+ 1)|Ej | − λ|Ej |
mk(Ej),

(19)

where k = 1, 2; Ei is the element in 2Ω except ∅; Ei is
any subset of Ej ; |Ei| and |Ej | denotes the cardinality of
the element Ei and Ej ; λ is the order coefficient here; It is
obvious that m0

fk
is mk itself. Since λ can certainly be larger

than 1, which indicates that HoFBReD extends the order to
a ’higher’ order.

HoFBReD has several properties in terms of probability
transformation (Property 1) as well as measurement (Prop-
erties 2-9), which are analyzed as follows.
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Property 1. When λ → ∞, HoFBReD is equivalent to mea-
suring the Rényi divergence between the pignistic probability
transformations of m1 and m2:

lim
λ→∞

D
(α,λ)
FB (m1||m2) =

1

α− 1
ln

N∑
i=1

BetP1(ωi)
αBetP2(ωi)

1−α.

Proof. Denote the pignistic probability transformations of
m1 and m2 by BetPk, k = 1, 2:

BetPk(ωi) =
∑

ωi∈E|E∈2Ω

mk(E)

|E|
.

When the cardinality of Ei in Eq. (19) is 1, Ei is equiva-
lent to ωi. Hence, when λ→∞ and |Ei|=1,

lim
λ→∞

mλfk (Ei) = lim
λ→∞

∑
Ei⊆Ej

λ|Ej |−|Ei|

(λ+ 1)|Ej | − λ|Ej |
mk(Ej)

= lim
λ→∞

∑
Ei⊆Ej

λ||Ej |−1|

(λ+ 1)|Ej | − λ|Ej |
mk(Ej),

where Ej are subsets of Ei. When |Ei|=1, obviously |Ej | ≥
1. Thus

lim
λ→∞

mλfk (Ei) = lim
λ→∞

∑
Ei⊆Ej

λ|Ej |−1

(λ+ 1)|Ej | − λ|Ej |
mk(Ej)

= lim
λ→∞

∑
Ei⊆Ej

1

λ( 1
λ

+ 1)|Ej | − λ
mk(Ej).

When λ → ∞, 1
λ → 0. Denote 1

λ by t, t → 0. According
to Taylor expansion:

(1 + t)|Ej | = 1 + |Ej |t+ o(t),

where o(t) is the equivalent infinitesimal of t. Then

lim
t→0

mλfk (Ei) = lim
t→0

∑
Ei⊆Ej

1
1
t
(t+ 1)|Ej | − 1

t

mk(Ej)

= lim
t→0

∑
Ei⊆Ej

1
1
t
(1 + |Ej |t+ o(t))− 1

t

mk(Ej)

= lim
t→0

∑
Ei⊆Ej

mk(Ej)

|Ej |

=
∑

Ei⊆Ej

mk(Ej)

|Ej |

= BetPk(Ei) = BetPk(ωi)

=
∑

ωi∈E|E∈2Ω

mk(E)

|E|
.

Therefore, when λ→∞,

lim
λ→∞

mλfk (Ei) =
∑

ωi∈E|E∈2Ω

mk(E)

|E|

= BetPk(ωi),

so

lim
λ→∞

D
(α,λ)
FB (m1||m2) =

1

α− 1
ln

N∑
i=1

BetP1(ωi)
αBetP2(ωi)

1−α.

Proof completed.

Property 2. For α ∈ [0,∞], when m1 and m2 degenerate
to probability distributions P = (p1, p2, · · · , pN ) and Q =

(q1, q2, · · · , qN ), HoFBReD degenerates to Rényi divergence:

D
(α,λ)
FB (m1||m2) = Dα(m1||m2).

Proof. Obviously, when m1 and m2 degenerate to probabil-
ity distributions P and Q:

∀Ei ∈ Ω,m1(Ei) = pi;m2(Ei) = qi, (20)

and
N∑
i=1

m1(Ei) =
N∑
i=1

m2(Ei) = 1.

It is obvious that

∀Ei ∈ Ω,mλfk (Ei) =
∑

Ei⊆Ej

λ|Ej |−|Ei|
mk(Ej)

(λ+ 1)|Ej | − λ|Ej |

= mk(Ei).

(21)

Therefore,

D
(α,λ)
FB (m1||m2) =

1

α− 1
ln

N∑
i=1

mλf1 (Ei)
αmλf2 (Ei)

1−α

=
1

α− 1
ln

N∑
i=1

mλ1 (Ei)
αmλ2 (Ei)

1−α

=
1

α− 1
ln

N∑
i=1

pαi q
1−α
i

= Dα(P ||Q).

Proof completed. Eq. (20) and Eq. (21) will be directly
applied in the following properties.

Property 3. When α = 0, and m1 and m2 degenerate to
probability distributions P and Q, HoFBReD satisfies:

D
(0,λ)
FB (m1||m2) = 0.

Proof. When α = 0, and m1 and m2 degenerate to probabil-
ity distributions P and Q, it can be calculated as:

D
(0,λ)
FB (m1||m2) = − ln

N∑
i=1

mλf2 (Ei)

= − ln

N∑
i=1

m2(Ei)

= − ln 1 = 0.

Proof completed.

Property 4. When α = 1
2 , and m1 and m2 degenerate to prob-

ability distributions P and Q, HoFBReD is related to Hellinger
distance.

Proof. When α = 1
2 , and m1 and m2 degenerate to probabil-
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ity distributions P and Q, HoFBReD can be written as

D
( 1

2
,λ)

FB (m1||m2)

= −2 ln

N∑
i=1

√
mλf1

(Ei)mλf2
(Ei)

= −2 ln

N∑
i=1

√
m1(Ei)m2(Ei)

= −2 ln

N∑
i=1

(m1(Ei) +m2(Ei))− (
√
m1(Ei)−

√
m2(Ei))

2

2

= −2 ln [1−
N∑
i=1

(
√
m1(Ei)−

√
m2(Ei))

2

2
]

= −2 ln [1−Hel2(m1,m2)],

where

Hel2(m1,m2) =

N∑
i=1

(
√
m1(Fi)−

√
m2(Fi))

2

2

=

N∑
i=1

(
√
pi −

√
qi)

2

2
.

Proof completed.

Property 5. When α = 1
2 , HoFBReD is symmetric:

D
( 1

2
,λ)

FB (m1||m2) = D
( 1

2
,λ)

FB (m2||m1).

Proof. When α = 1
2 :

D
( 1

2
,λ)

FB (m1||m2) = −2 ln

2N−1∑
i=1

mλf1 (Ei)
1
2mλf2 (Ei)

1
2 ,

D
( 1

2
,λ)

FB (m2||m1) = −2 ln

2N−1∑
i=1

mλf2 (Ei)
1
2mλf1 (Ei)

1
2 .

Thus,
D

( 1
2
,λ)

FB (m1||m2) = D
( 1

2
,λ)

FB (m2||m1).

Proof completed.

Property 6. When α = 1, and m1 and m2 degenerate to
probability distributions P and Q, HoFBReD degenerates to the
Kullback-Leibler divergence:

D
(1,λ)
FB (m1||m2) = D(P ||Q).

Proof. L’hopital’s Rule is applied:

lim
α→1

D
(1,λ)
FB (m1||m2)

= lim
α→1

ln
∑N
i=1m

λ
f1

(Ei)
αmλf2 (Ei)

1−α

α− 1

= lim
α→1

ln
∑N
i=1m1(Ei)

αm2(Ei)
1−α

α− 1

= lim
α→1

∂
∂α

[ln
∑N
i=1m1(Ei)

αm2(Ei)
1−α]

∂
∂α

(α− 1)

= lim
α→1

∑N
i=1 ln [m1(Ei)]m1(Ei)

αm2(Ei)
1−α∑N

i=1m1(Ei)αm2(Ei)1−α

− lim
α→1

ln [m2(Ei)]m1(Ei)
αm2(Ei)

1−α∑N
i=1m1(Ei)αm2(Ei)1−α

=

N∑
i=1

m1(Ei)(lnm1(Ei)− lnm2(Ei))

=

N∑
i=1

pi(ln pi − ln qi)

=D(P ||Q),

where the Kullback-Leibler divergence is defined as

D(P ||Q) =
N∑
i=1

pi ln
pi
qi
.

Proof completed.

Property 7. When α = 2, and m1 and m2 degenerate to
probability distributions P and Q, HoFBReD is related to the
X 2 divergence:

D
(2,λ)
FB (m1||m2) = ln (X 2(m1||m2) + 1).

Proof. When α = 2, and m1 and m2 degenerate to prob-
ability distributions P and Q, HoFBReD can be written as
follows

D
(2,λ)
FB (m1||m2)

= ln

2N−1∑
i=1

mλf1 (Fi)
2

mλf2
(Fi)

= ln

N∑
i=1

m1(Fi)
2

m2(Fi)

= ln

N∑
i=1

[2m1(Fi)−m2(Fi) +
(m1(Fi)−m2(Fi))

2

m2(Fi)
]

= ln [X 2(m1||m2) + 1],

where

X 2(m1||m2) =

N∑
i=1

(m1(Fi)−m2(Fi))
2

m2(Fi)

=

N∑
i=1

(pi − qi)2

qi
.

Proof completed.

Property 8. For α ∈ (0, 1)∪ (1,+∞), the following equation is
satisfied:

D
(α,λ)
FB (m1||m2) =

α

1− α
D

(1−α,λ)
FB (m2||m1).
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Proof. For α ∈ (0, 1) ∪ (1,+∞), there is
α

1− α
D

(1−α,λ)
FB (m2||m1)

=
α

1− α
1

−α
ln

2N−1∑
i=1

mλf2 (Ei)
1−αmλf1 (Ei)

α

=
1

α− 1
ln

2N−1∑
i=1

mλf1 (Ei)
αmλf2 (Ei)

1−α

= D
(α,λ)
FB (m1||m2).

Proof completed.

Property 9. When m1=m2, the value of HoFBReD is 0:

Dα
FB(m1||m2) = 0.

Proof. When m1=m2:

D
(α,λ)
FB (m1||m2) =

1

α− 1
ln

2N−1∑
i=1

mλf1 (Ei)

=
1

α− 1
ln

2N−1∑
i=1

mλf2 (Ei)

=
1

α− 1
ln 1

= 0.

Proof completed.
The properties above show that HoFBReD can be related

to pignistic probability transformations when λ → ∞ and
have some critical properties in measurement. The following
section will further show the advantages of HoFBReD by
numerical examples.

4 NUMERICAL EXAMPLES

In this section, several specific numerical examples are pre-
sented to demonstrate the advantages of HoFBReD. When
α = 1, Rényi divergence will have degenerated into the
well-known Kullback-Leibler divergence. Moreover, in the
following examples, α = 1 will be applied to the HoFBReD
to show its advantages better.
Example 4.1. Let a frame of discernment be Ω =
{ω1, ω2, · · · , ωN} with powerset 2Ω, and let m1 and m2 be
two BBAs:

m1 : m1({ω1ω2...ωN−1}) =
1

3
, m1({ω2ω3...ωN}) =

2

3
;

m2 : m2({ω1ω2...ωN−1}) =
2

3
, m2({ω2ω3...ωN}) =

1

3
.

Example 4.1 indicates the advantage of HoFBReD that it
can obtain more uncertain information than any other belief
divergences. When N varies form 2 to 7, Figure 4(a) shows
the performance of BJS, B and RB divergences between m1

and m2. In comparison, Figure 4(b) shows the performance
of HoFBReD with the order coefficient λ varying from 0
to 7 when N varies from 2 to 7. Figure 4(c) shows the
performance of HoFBReD with λ varying from 0 to 20 when
N varies from 2 to 7.

As shown in Figure 4(a), when the values of N change
from 2 to 7, the values of BJS divergence stay constant at
0.0817, and the values of B and RB divergences gradually
decrease from 0.2858 to 0.1167. In Figure 4(b), when λ = 0,

HoFBReD stays constant at 0.2310, which has exactly the
same change trend as BJS divergence in Figure 4(a). Fur-
thermore, when λ varies from 1 to 7, the values of HoFBReD
gradually decrease with N varying from 2 to 7, which also
has the same change trend as B divergence and RB diver-
gence in Figure 4(a). Hence, when the values of λ change,
the performance of HoFBReD is similar to the BJS, B and
RB divergences. Besides, apparently, there are more curves
of HoFBReD than other methods. From the analysis above,
it can be summarized that HoFBReD can effectively obtain
more information about the non-specificity of BBAs with
robust representation, which is superior to other methods.

According to Eq. (19), the values of λ represent the times
of splitting in the dynamic fractal probability transforma-
tion. So it can be seen that there are multiple curves of
HoFBReD in Figure 4(b) and 4(c). In Figure 4(b), there are 8
curves of HoFBReD because λ varies from 0 to 7. In Figure
4(c), when the value of N is fixed, the curves of HoFBReD
with λ changing present the dynamic fractal probability
transformation as well.

From Example 4.1, it is illustrated that HoFBReD obtains
more information about non-specificity compared to the
other belief divergences due to its dynamic fractal proba-
bility transformation.

From both Figure 4(b) and 4(c), it is apparent that the
values of HoFBReD decrease as λ increases. It shows that
the discrepancy between BBAs m1 and m2 gets gradually
smaller as the dynamic fractal probability transformation
continues. This is intuitive because the non-specificity of
BBAs decreases as the dynamic fractal probability transfor-
mation continues.
Example 4.2. Let a frame of discernment be Ω = {ω1, ω2}
and let m1 and m2 be two BBAs in Ω:

m1 : m1({ω1}) =
1

2
−
x

2
, m1({ω2}) =

1

2
−
x

2
, m1({ω1ω2}) = x;

m2 : m2({ω1}) =
1

2
−
y

2
, m2({ω2}) =

1

2
−
y

2
, m2({ω1ω2}) = y.

As shown in Figure 5, the HoFBReD with different λ
provides different performance. When the difference be-
tween the absolute values of x and y is small, the value of
HoFBReD is relatively small. On the other hand, when the
difference between the absolute values of x and y becomes
more prominent, the value of HoFBReD becomes relatively
large, which is intuitive. The maximum value of HoFBReD
becomes smaller as λ increases, which also illustrates the
conclusion in Example 4.1 that the discrepancy of BBAs m1

and m2 becomes gradually smaller as the dynamic fractal
probability transformation process goes on. It illustrates that
HoFBReD can effectively measure the discrepancy between
BBAs with robust representation.
Example 4.3. Considering the condition of Example 1.1:

m1 : m1({ω1}) =
1

2
;m1({ω2}) =

1

2
;

m2 : m2({ω1ω2}) = 1;

m3 : m3({ω1ω2ω3}) =
1

2
;m3({ω2ω3ω4}) =

1

2
;

m4 : m4({ω1ω2ω3ω4}) = 1.

In Example 1.1, the whole conflicting factor in D-S theory
(denoted by K), BJS divergence (denoted by BJS), B diver-
gence (denoted by B) and RB divergence (denoted by RB)
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Fig. 4. Comparison between HoFBReD and other belief divergences in Example 4.1.
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Fig. 5. HoFBReD between m1 and m2 with λ varying from 1 to 10 in Example 4.2.

TABLE 2
Different discrepancy measurement methods in Example 4.3.

BBAs K BJS B RB Bχ2 dBBA λ = 1 λ = 2 λ = 3

m1 and m2 0 1 0.2688 0.5185 1 0.5000 1.0986 0.9163 0.8473
m2 and m3 0 1 -0.0118 0.1088 1 0.5401 0.8473 0.6419 0.5664
m3 and m4 0 1 0.1957 0.4424 1 0 0.7621 0.5368 0.4553

can not effectively measure the discrepancy between m1

and m2, m2 and m3 and m3 and m4. However, as shown
in Table 2, HoFBReD effectively measures the discrepancy
between m1 and m2, m2 and m3 and m3 and m4. Example
4.3 shows that the performance of HoFBReD is superior to
other methods. The order coefficient λ are selected as 1, 2
and 3 (denoted by λ = 1, λ = 2 and λ = 3). From Example
4.3, it can be concluded that HoFBReD can effectively obtain
more information about BBA’s non-specificity than other
methods with robust representation.

5 A NOVEL MULTISOURCE INFORMATION FUSION
ALGORITHM

This section proposes a novel multisource information
fusion method, namely higher order fractal belief Rényi
divergence-based weighted multisource information fusion
(HOFBReD-WMSIF). The HOFBReD-WMSIF can provide
good performance in pattern classification problems.

Considering a R-dimensional dataset X in class Ω =
{ω1, ω2, · · · , ωN}. Each dimension of attributes X r (r ∈
{1, 2, ..., R}) independently trains a classifier Cr. For a cer-
tain pattern x ∈ X , the classifier Cr will provide a proba-
bility distribution or a BBA as the output. The classification
result given from an attribute is called a sub-classification
result. A discounted combination of the R sub-classification
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results improves the final classification accuracy. The dis-
counting indexes are determined by two factors: classifier
reliability and the attribute’s contribution. These two factors
are respectively referred to as the reliability and contribution
weights.

The HOFBReD-WMSIF is mainly comprised of three
parts: Calculation of classifier reliability, evaluation of at-
tributes’ contribution, and the final combination of classi-
fiers with decision-making. For convenience, the pseudo-
code of the HOFBReD-WMSIF algorithm is provided in
Algorithm 1. The flowchart of the HOFBReD-WMSIF algo-
rithm is given in Figure 6.

Algorithm 1 Higher order fractal belief Rényi divergence-
based weighted multisource information fusion
Input: Training set Xtraining = {x1, x2, ..., xL} and testing set
Xtesting = {x1, x2, ..., xM};

Output: Class label L(x)
1: for r = 1, r ≤ R do
2: Train the rth basic classifiers Cr based on the rth at-

tribute of the training set Xtraining .
3: end for
4: Obtain the optimal discounting vector as classifiers reliabil-

ity using Eq. (23), Eq. (24) and Eq. (25);
5: for r = 1, r ≤ R do
6: Calculate the Pearson correlation coefficient using Eq.

(26);
7: end for
8: for r = 1, r ≤ R do
9: Calculate the contributions of each attribute using Eq.

(27);
10: end for
11: Calculate the discounting factors δr using Eq. (28);
12: Normalize the discounting factors using Eq. (29) and Eq.

(30);
13: for i = 1, i ≤M do
14: Obtain the classification results of xi with the trained

classifiers;
15: Discount the various classification results using Eq. (31);
16: Combine the discounted BBAs using Eq. (32);
17: Determine the class label of xi using Eq. (35).
18: end for

5.1 Calculation of classifier reliability
In real pattern classification problems, the classifier obtained
by global optimization may be unsuitable for a specific
query pattern [60], [61]. Thus, the reliability of each classifier
is different from the others, which should be reviewed and
reset [62]. All patterns in the training set are applied in the
calculation of classifier reliability. The reliability is obtained
as follows:

Let the reliability of classifier Cr be βr , and all the relia-
bility values of R classifiers are expressed by a 1×R vector
β = [β1, β2, ..., βR], subject to

∑R
r=1 βr = 1, βr ∈ [0, 1]. Let

the training set be Xtraining and the testing set be Xtesting .
If the output of the classifier Cr is a probability distribution,
denote the output on the rth attribute of query pattern x by
pxr = [pxr (1), ..., pxr (N)]. pxr (i) is the possibility of the query
pattern x belonging to the class ωi, and pxr (i) ∈ [0, 1] with∑N
i=1 p

x
r (i) = 1. If the output of the classifier Cr is a BBA,

denote the output on the rth attribute of query pattern x by
mx
r = [mx

r (1), ...,mx
r (Ω)]. mx

r (i) is defined as the support
degree of the query pattern x belonging to the ith element

in 2Ω except ∅, and mx
r (i) ∈ [0, 1] with

∑2N−1
i=1 mx

r (i) = 1.
For the classifier working with probability distributions, the
ground truth of the query pattern’s class is denoted by
Gx = [Gx(1), ..., Gx(N)]. Let the label of query pattern x
be L(x), then

Gx(i) =

{
1, ifL(x) = ωi

0, otherwise.
(22)

For the classifier working with BBAs, the ground truth
vector of the query pattern’s class is denoted by Gx =
[Gx(1), ..., Gx(N), 0, ..., 0], where there are 2N − 1 − N of
0 added to the Gx vector, which makes Gx a 1 × (2N − 1)
vector. For example, for a 2-class problem, if query pattern x
belongs to the first class, Gx = [1, 0] if classifiers work with
probability distributions and Gx = [1, 0, 0] classifiers work
with BBAs.

Based on the above, for classifiers that work with prob-
ability distributions, an optimal discounting vector β is
calculated by

β = argmin
β

(
L∑
l=1

D
(α,λ)
FB (Gl||

R∑
r=1

βrp
l
r)

)
, (23)

where l ∈ {1, 2, ..., L} denotes the index of the training
pattern and there are L patterns in the training set Xtraining
in total.

For classifiers that work with BBAs, an optimal discount-
ing vector β is calculated by

β = argmin
β

(
L∑
l=1

D
(α,λ)
FB (Gl||

R∑
r=1

βrm
l
r)

)
, (24)

s.t.

R∑
r=1

βr = 1. (25)

Based on the sequential quadratic programming (SQP)
method and the constraints linear constraint Eq. (25), the
solutions of classical constrained nonlinear least optimiza-
tion problem in Eq. (23) and Eq. (24) are calculated.

The optimization problem in Eq. (23) and Eq. (24) is
to obtain the reliability vector β that makes the loss of
the classifier’s error minimized. HOFBReD is applied to
measure the discrepancy between the ground truth of the lth
query pattern Gl and the weighted sum result

∑R
r=1 βrp

l
r or∑R

r=1 βrm
l
r .

5.2 Evaluation of attributes’ contribution
In this work, the reliability vector β is obtained by the
optimal global process, which may not be suitable for some
specific patterns. Besides, if the class labels of the patterns
are sensitive to changes in attribute values, this attribute’s
contribution is more significant. On the other hand, the
attribute’s contribution is more negligible if the class labels
of the patterns are not sensitive to changes in attribute
values. Hence, evaluating the attributes’ contribution will
make the attributes that are influential to the class label play
more critical roles in the final decision-making. Since many
attribute values are continuous, Pearson coefficient [63] is
applied to express the attributes’ contribution. To be specific,
let the rth attribute be Xr and the label of each pattern be L.
The Pearson correlation coefficient ρr is defined as

ρr =
cov(Xr,L)

σXrσL
, (26)
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where cov(Xr,L) denotes the covariance between Xr and
L, σ the standard deviation.

The contribution of the rth attribute is defined as

γr =
|ρr|
R∑
i=1
|ρi|

,
(27)

where each attribute’s contribution is constrained between
0 and 1.

5.3 Final combination of classifiers with decision mak-
ing
After calculating classifier reliability and evaluating at-
tributes’ contribution, the R sub-classification results of
the query pattern are globally combined for final decision-
making.

Various classifiers provide different prediction results of
the testing set Xtesting supporting different classes, which
may lead to high conflict if the BBAs are directly combined.
To avoid this trend, discounting techniques are employed
for weighing the impact of different sources of evidence
separately. In this work, weights of different sources of
evidence are not only relevant to the classifier reliability
β but also the attributes’ contribution gamma, and the
discounting factor of the rth output is defined as

δr = βrγr. (28)

The discounting factors are then normalized:

δ̂r =
δr

maxj δj
, (29)

where
maxjδj = max {δ1, δ2, ..., δR}. (30)

Shafer’s discounting method [28] is employed here for
the final combination of discounted BBAs. The discounted
BBA mr with discounting factor δr is denoted by mδr

r and
given by {

mr
δr (X) = δrmr(X), ∀X $ Ω

mr
δr (Ω) = δrmr(Ω) + 1− δr,

(31)

where total ignorance mr(Ω) plays a neutral role in the
fusion process, which can efficiently manage the conflict
among different classifiers.

It is worth noting that if the classifier provides probabil-
ity distributions as the prediction results of the testing set
Xtesting , it becomes a BBA after being discounted according
to Eq. (31). The reason is that a certain probability distribu-
tion pr can be regarded as a BBA mr whose total ignorance
mr(Ω) is always zero and

∑N
i=1mr(ωi) = 1. After discount-

ing, the value of total ignorance is greater than 0 unless
δr = 0; thus, it becomes a BBA. Thus, in HOFBReD-WMSIF,
both classifiers working with probability distributions and
BBAs are applicable.

After Shafer’s discounting, the conflict is properly man-
aged, and the discounted BBAs can finally be combined
directly by Dempster’s rule of combination, according to
Eq. (6). For a certain query pattern x, the final combination
result m is obtained after applying the Dempster’s rule of
combination R− 1 times to fuse the R discounted BBAs:

m = mδ11 ⊕m
δ2
2 ⊕ ...⊕m

δR
R . (32)

After obtaining the final fusion result m, the label L(x)
of the query pattern x is then determined by BetP (m). The
class whose possibility is the highest will be determined as
the label L(x).

L(x) = arg max
ωi∈Ω

(BetP (m(ωi))) . (33)

On account of the effective discrepancy measurement
of the HOFBReD, the HOFBReD-WMSIF algorithm can im-
prove the decision level, which will be illustrated in the next
section by a pattern classification experiment.

6 APPLICATIONS IN PATTERN CLASSIFICATION

Pattern recognition aims to classify objects of interest into
one of a number of categories or classes [64]–[66]. Multi-
source information fusion is an effective method that can be
applied in pattern classification [56], [67].

To validate that the HOFBReD-WMSIF algorithm is
effective, we apply it to a pattern classification experi-
ment. In the experiment, the HOFBReD-WMSIF algorithm
is compared with several machine learning methods and
conventional information fusion methods. Through cross-
validation, the performance of the HOFBReD-WMSIF algo-
rithm is verified to be effective in pattern classification prob-
lems using real-world data based on the common criteria of
pattern recognition accuracy (in %). According to the result,
HOFBReD-WMSIF provides the highest accuracy among all
methods in this experiment.

6.1 Compared methods
The performance of HOFBReD-WMSIF is evaluated com-
pared with several machine learning methods and con-
ventional information fusion methods including K nearest
neighbor algorithm (KNN), support vector machines (SVM),
discriminant analysis (DA), decision tree (DT), evidential
K nearest neighbor (EKNN), average fusion method (AF)
and the simple majority voting method (MV). In KNN,
the principle is that when a new pattern x is predicted,
the class label of x is determined according to the class
label of the nearest K patterns. In SVM, the basic idea
is to solve the separation hyperplane that can correctly
divide the training data set and has the most considerable
geometric interval. DA determines the patterns to which
the grouping and other multivariate variable information
belong for discriminant grouping, according to the known
information about one grouping variable and corresponding
other multivariate variables of a certain number of patterns.
The DT is a tree structure, in which each internal node rep-
resents a judgment on an attribute, each branch represents
the output of a judgment result, and finally, each leaf node
represents a classification result. AF calculates the average
results of the base classifiers. MV calculates the average
complex decision-making results of the base classifiers. For
more details about the AF and MV methods, please refer
to [68]. In comparison, HOFBReD-WMSIF applies the pro-
posed belief divergence to obtain the classifier reliability.
Based on the classifier reliability, the discounting factors
are generated, and the discounted BBAs are combined.
Belief X 2 divergence [37] and Jousselme et al.’s evidence
distance [38] ablation experiments in the same algorithmic
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Fig. 6. The flowchart of the HOFBReD-WMSIF algorithm.

TABLE 3
The accuracy of different methods with λ = 2 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 90.00±3.62% 69.31±11.19% 84.31±3.88% 89.31±4.58% 89.54±3.44% 84.77±3.90% 75.68±4.06% 92.51±2.91% 92.51±2.91% 89.77±3.68%
Cle 47.49±7.15% 53.88±10.14% 46.48±12.98% 37.72±10.58% 46.49±9.96% 53.88±10.14% 53.88±6.37% 53.15±6.67% 53.83±5.85% 53.21±11.08%

HCV 50.10±2.30% 48.73±4.45% 47.72±2.38% 49.74±3.55% 50.10±2.30% 50.25±1.49% 50.10±1.49% 51.69±1.96% 49.89±2.46% 49.81±1.92%
Ir 95.33±2.98% 96.66±2.35% 98.00±2.98% 94.66±3.80% 95.33±2.98% 96.00±2.78% 88.66±9.00% 93.33±2.35% 94.00±1.49% 95.33±1.82%

Trans 76.47±4.42% 73.53±4.88% 76.87±3.27% 72.19±5.29% 76.47±4.42% 76.87±3.43% 76.20±3.06% 76.47±4.39% 75.54±4.76% 75.80±2.75%
VC 95.48±2.10% 98.06±2.10% 91.93±3.42% 99.35±0.88% 94.51±2.44% 73.22±2.44% 87.09±1.61% 98.70±1.76% 98.70±1.76% 98.70±1.34%
Wh 88.86±3.25% 66.81±13.78% 82.50±4.86% 88.86±1.48% 88.63±3.11% 84.31±5.41% 75.90±6.03% 79.31±10.82% 77.04±4.91% 89.77±2.12%

AVG 78.97±3.22% 75.08±5.61% 75.79±4.42% 77.46±3.72% 78.66±3.65% 74.90±3.87% 73.27±5.39% 77.88±4.41% 77.36±3.45% 79.34±3.27%

TABLE 4
The accuracy of different methods with λ = 3 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.93±0.49% 87.55±2.31% 86.94±1.99% 99.84±0.34% 98.93±0.49% 90.07±1.32% 78.39±3.91% 92.36±3.01% 92.36±3.01% 92.51±2.74%
Cle 47.49±6.22% 53.57±5.95% 48.16±6.58% 38.05±4.09% 43.11±5.61% 53.91±6.04% 53.91±6.04% 53.20±5.33% 53.87±4.50% 53.23±5.95%

HCV 48.08±2.77% 50.90±3.40% 49.16±1.03% 50.03±2.34% 48.08±2.77% 48.44±4.95% 48.59±3.87% 48.95±1.79% 47.58±2.04% 46.85±1.54%
Ir 96.66±2.35% 97.33±1.49% 98.00±1.82% 95.33±2.98% 96.66±2.35% 95.33±3.80% 88.66±6.05% 94.00±3.65% 94.00±3.65% 96.00±1.49%

Trans 75.66±2.60% 74.85±5.20% 77.53±2.38% 74.86±2.59% 75.79±2.54% 76.59±3.29% 76.19±3.18% 76.33±1.82% 75.53±1.23% 75.52±3.89%
VC 94.83±3.10% 98.06±0.72% 91.29±4.91% 99.67±0.72% 94.83±2.65% 72.90±4.32% 87.74±2.44% 98.70±1.34% 98.70±1.34% 99.03±0.88%
Wh 89.77±4.75% 57.72±26.88% 84.77±7.07% 88.40±3.44% 89.31±5.18% 85.45±5.04% 75.68±5.54% 75.00±2.27% 75.00±1.39% 90.00±3.15%

AVG 78.64±2.75% 75.69±4.37% 76.25±4.12% 78.14±2.20% 78.04±2.58% 74.94±4.06% 73.11±4.13% 76.93±2.74% 76.72±2.45% 78.71±2.70%

TABLE 5
The accuracy of different methods with λ = 4 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.70±0.57% 87.02±3.13% 86.56±2.34% 99.84±0.20% 98.70±0.57% 89.77±1.27% 80.07±6.16% 92.29±1.24% 92.29±1.24% 92.21±1.58%
Cle 44.46±6.54% 53.88±8.22% 48.49±6.14% 40.40±8.61% 41.75±10.56% 53.88±8.22% 53.88±8.22% 53.53±7.03% 53.86±6.75% 53.20±8.74%

HCV 48.30±2.64% 51.98±1.48% 47.50±2.08% 45.55±4.33% 48.30±2.64% 49.74±2.03% 50.75±2.98% 49.45±3.61% 49.24±3.86% 49.09±1.59%
Ir 96.00±3.65% 98.00±2.98% 98.00±2.98% 94.00±2.78% 96.00±3.65% 94.00±2.78% 92.00±7.67% 94.66±1.82% 94.66±1.82% 96.00±4.34%

Trans 74.47±3.33% 75.26±2.70% 76.46±1.90% 75.53±1.48% 74.33±3.42% 76.60±1.81% 76.19±2.53% 76.33±4.54% 75.40±4.15% 75.26±2.61%
VC 93.87±3.85% 98.38±1.61% 94.19±3.71% 99.67±0.72% 93.22±3.85% 72.58±13.44% 86.77±3.85% 98.38±1.14% 98.38±1.14% 98.06±2.10%
Wh 89.31±3.55% 69.31±11.86% 83.86±0.95% 90.22±3.64% 88.86±3.96% 85.00±1.48% 74.77±5.41% 72.72±4.88% 75.00±3.21% 89.31±1.29%

AVG 77.87±3.45% 76.26±4.57% 76.44±2.87% 77.89±3.11% 77.31±4.09% 74.51±5.26% 73.49±4.60% 76.77±3.47% 76.97±3.17% 79.02±3.18%
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TABLE 6
The accuracy of different methods with λ = 5 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.93±0.68% 87.25±1.19% 86.87±1.31% 99.92±0.17% 98.93±0.68% 90.00±1.91% 81.52±6.94% 92.36±2.00% 92.36±2.00% 92.36±1.34%
Cle 45.14±8.72% 53.91±6.50% 50.22±9.47% 40.79±10.40% 44.47±8.43% 53.91±6.50% 53.91±6.50% 53.88±8.69% 53.88±8.69% 52.89±5.80%

HCV 48.73±1.42% 49.02±3.43% 47.22±1.56% 49.67±3.57% 48.73±1.42% 50.54±0.67% 50.32±0.54% 49.60±3.75% 48.88±1.92% 48.23±3.26%
Ir 96.66±2.35% 98.00±1.82% 98.00±1.82% 96.66±2.35% 96.66±2.35% 95.33±3.80% 90.00±6.23% 92.00±1.82% 92.66±2.78% 95.33±1.82%

Trans 76.07±2.70% 75.80±2.52% 77.93±3.23% 73.93±3.18% 76.07±2.94% 76.73±2.78% 76.19±1.74% 76.20±2.68% 75.40±2.75% 75.52±3.40%
VC 95.48±1.76% 98.38±1.14% 86.45±8.65% 99.35±0.88% 94.19±3.14% 71.93±8.58% 87.41±3.67% 98.70±1.34% 98.70±1.34% 98.70±1.34%
Wh 90.00±3.62% 69.31±11.19% 84.31±3.88% 89.31±4.58% 89.54±3.44% 84.77±3.90% 75.68±4.06% 83.18±8.24% 82.50±10.30% 89.77±3.68%

AVG 78.48±3.47% 76.05±4.25% 76.68±3.50% 78.23±4.18% 78.23±3.38% 75.15±3.89% 72.51±4.79% 77.99±4.07% 77.77±4.25% 79.21±2.96%

TABLE 7
The accuracy of different methods with λ = 2 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.77±0.95% 87.32±3.20% 86.64±2.99% 99.84±0.34% 98.77±0.95% 93.20±3.11% 87.78±9.42% 99.69±0.49% 99.69±0.49% 99.77±0.51%
Cle 45.74±8.46% 53.79±12.34% 47.74±10.99% 36.95±11.22% 43.06±6.87% 53.79±12.34% 53.79±12.34% 53.21±4.86% 53.88±4.13% 53.79±12.34%

HCV 48.51±2.89% 51.26±2.46% 47.65±2.79% 48.95±4.16% 48.51±2.89% 48.15±4.14% 50.32±3.35% 51.33±2.59% 50.68±3.24% 53.93±3.33%
Ir 96.66±3.33% 97.33±2.78% 98.00±2.98% 94.66±2.98% 96.66±3.33% 92.00±2.98% 86.00±6.41% 95.33±3.80% 94.66±4.47% 96.00±2.78%

Trans 75.53±2.95% 76.46±1.74% 77.00±1.43% 73.52±2.32% 75.67±2.87% 73.40±3.01% 71.93±3.06% 75.26±2.90% 75.26±2.90% 72.58±6.84%
VC 94.83±2.88% 98.06±1.34% 93.87±2.88% 99.35±0.88% 93.87±3.49% 75.48±5.51% 80.96±2.88% 98.70±1.34% 98.70±1.34% 98.70±0.72%
Wh 89.09±1.72% 73.63±6.88% 84.31±3.80% 88.40±3.44% 88.86±1.86% 88.40±1.24% 85.45±2.46% 73.18±7.30% 81.13±3.37% 90.00±2.46%

AVG 81.79±2.90% 79.53±4.04% 79.67±3.58% 80.51±3.02% 81.18±2.77% 77.84±4.03% 76.17±5.22% 70.77±2.95% 71.90±2.38% 83.48±3.66%

TABLE 8
The accuracy of different methods with λ = 3 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.54±0.31% 87.63±1.28% 87.02±0.97% 99.69±0.31% 98.54±0.31% 93.43±1.55% 86.25±7.69% 99.46±0.57% 99.46±0.57% 99.69±0.41%
Cle 47.46±5.04% 53.83±9.05% 49.46±6.98% 42.77±6.07% 45.11±4.11% 53.83±9.05% 53.83±9.05% 53.53±8.73% 53.87±9.03% 53.83±9.05%

HCV 51.26±3.47% 49.96±4.14% 47.00±1.75% 50.75±3.24% 51.26±3.47% 48.88±2.57% 49.67±3.40% 49.96±1.85% 50.68±2.41% 48.73±2.77%
Ir 96.00±1.49% 96.66±4.08% 98.00±2.98% 94.00±2.78% 96.00±1.49% 94.00±5.47% 87.33±4.34% 94.00±3.65% 92.66±2.78% 93.33±3.33%

Trans 77.67±5.53% 73.65±5.03% 77.27±4.67% 75.40±4.82% 77.67±5.53% 73.40±3.18% 72.19±3.75% 75.79±4.54% 75.79±4.54% 73.52±7.58%
VC 94.19±4.64% 98.38±2.28% 89.35±5.30% 99.35±0.88% 92.90±5.30% 77.09±2.10% 81.29±5.30% 99.35±0.88% 99.35±0.88% 99.03±1.44%
Wh 90.00±3.53% 63.18±18.63% 85.45±4.43% 89.77±2.89% 89.77±3.40% 86.13±4.97% 85.00±4.04% 74.54±4.06% 85.90±4.14% 88.86±2.03%

AVG 79.30±3.43% 74.76±6.35% 76.22±3.87% 78.82±3.00% 78.75±3.37% 75.25±4.13% 73.65±5.37% 78.09±3.47% 79.67±3.48% 79.57±3.80%

TABLE 9
The accuracy of different methods with λ = 4 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 89.54±1.86% 64.09±12.87% 83.63±6.35% 88.18±2.35% 89.09±1.29% 86.13±2.94% 85.00±3.15% 99.69±0.31% 99.69±0.31% 90.00±2.32%
Cle 45.44±6.79% 53.88±5.01% 49.52±7.58% 40.09±10.93% 40.73±5.06% 53.88±5.01% 53.88±5.01% 53.52±6.25% 53.85±6.50% 53.88±5.01%

HCV 50.10±2.27% 49.67±2.37% 47.87±3.96% 49.67±1.52% 50.10±2.27% 48.01±3.40% 48.51±4.43% 51.33±2.92% 51.62±2.96% 50.68±1.00%
Ir 96.66±3.33% 96.66±3.33% 98.00±1.82% 94.00±4.94% 96.66±3.33% 90.00±5.27% 86.00±3.65% 92.00±1.82% 92.66±2.78% 94.00±2.78%

Trans 77.13±2.88% 65.40±21.07% 78.34±4.82% 73.79±3.00% 77.27±2.62% 74.06±2.14% 72.46±2.68% 75.52±4.34% 75.52±4.34% 72.84±7.36%
VC 93.87±1.76% 98.38±1.97% 94.51±3.71% 99.35±0.88% 93.22±3.49% 77.41±7.30% 82.90±5.17% 99.03±2.16% 99.03±2.16% 99.03±0.88%
Wh 89.31±4.44% 62.50±19.30% 84.77±2.96% 89.09±3.27% 88.86±3.96% 86.81±3.81% 85.22±2.89% 71.36±4.91% 72.50±11.59% 90.22±5.05%

AVG 78.75±3.13% 73.43±7.89% 77.10±3.87% 77.97±3.53% 77.93±3.02% 74.96±4.12% 73.64±4.48% 77.49±3.24% 77.84±4.38% 80.05±3.20%

TABLE 10
The accuracy of different methods with λ = 5 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.93±0.49% 87.55±1.76% 86.64±2.01% 99.84±0.20% 98.93±0.49% 92.67±2.50% 89.08±7.17% 99.61±0.27% 99.61±0.27% 99.69±0.17%
Cle 45.45±5.59% 53.88±3.32% 47.46±5.38% 38.35±7.95% 43.75±5.53% 53.88±3.32% 53.88±3.32% 53.53±3.85% 53.87±3.71% 53.88±3.32%

HCV 49.74±1.60% 50.97±3.34% 50.75±1.43% 49.38±4.70% 49.74±1.60% 50.68±3.19% 51.91±4.29% 50.10±3.17% 51.69±4.18% 49.16±2.24%
Ir 94.66±4.47% 96.66±2.35% 98.00±1.82% 94.66±3.80% 94.66±4.47% 91.33±7.67% 84.66±6.91% 92.00±1.82% 92.66±2.78% 93.33±6.23%

Trans 77.67±2.54% 65.39±20.47% 77.40±1.89% 73.13±3.59% 77.80±2.26% 74.60±3.12% 72.73±3.06% 75.53±2.23% 75.53±2.23% 75.39±2.30%
VC 94.19±3.34% 97.74±0.88% 92.25±1.34% 99.35±0.88% 92.90±4.50% 77.41±3.78% 81.29±3.53% 98.70±1.34% 98.70±1.34% 99.03±0.88%
Wh 89.54±1.86% 64.09±12.87% 83.63±6.35% 88.18±2.35% 89.09±1.29% 86.13±2.94% 85.00±3.15% 68.18±7.83% 73.86±13.25% 90.00±2.32%

AVG 78.60±2.84% 73.75±6.43% 76.59±2.89% 77.56±3.35% 78.12±2.88% 75.24±3.79% 74.08±4.49% 76.80±2.93% 77.98±3.96% 80.07±2.49%
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TABLE 11
The accuracy of different methods with λ = 2 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.24±0.69% 87.25±2.13% 86.41±1.97% 99.69±0.49% 98.24±0.69% 93.58±1.95% 88.93±5.04% 99.69±0.17% 99.69±0.17% 99.69±0.49%
Cle 45.78±3.92% 53.85±3.65% 49.82±2.87% 44.79±7.13% 41.07±4.95% 53.85±3.65% 53.85±3.65% 52.81±5.91% 52.81±5.91% 53.85±3.65%

HCV 50.03±1.70% 50.54±3.39% 50.68±4.00% 51.98±2.64% 50.03±1.70% 50.83±2.27% 51.84±1.07% 49.67±1.93% 49.67±1.93% 52.49±1.95%
Ir 96.66±2.35% 99.33±1.49% 98.00±1.82% 94.66±4.47% 96.66±2.35% 94.00±3.65% 86.66±9.71% 94.00±3.65% 93.33±2.35% 94.66±1.82%

Trans 74.20±3.98% 58.47±23.76% 77.81±3.97% 72.46±5.02% 74.07±4.02% 70.58±3.62% 72.45±3.09% 75.13±2.66% 75.13±2.66% 75.41±4.18%
VC 95.16±1.97% 98.06±1.34% 91.93±1.97% 99.35±0.88% 94.19±1.83% 75.48±8.41% 81.61±5.65% 98.70±1.34% 98.70±1.34% 99.03±0.88%
Wh 89.54±2.71% 69.54±12.43% 85.22±3.40% 88.18±1.29% 89.31±2.61% 84.54±3.27% 84.54±3.27% 74.77±10.76% 62.27±2.82% 90.45±2.06%

AVG 78.52±2.47% 73.86±6.88% 77.12±2.86% 78.73±3.13% 77.65±2.59% 74.69±3.83% 74.27±4.50% 77.82±3.78% 75.94±2.47% 80.80±2.15%

TABLE 12
The accuracy of different methods with λ = 3 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.70±0.99% 87.48±1.58% 86.71±1.15% 99.84±0.20% 98.70±0.99% 93.35±1.54% 88.24±6.32% 99.69±0.31% 99.69±0.31% 99.69±0.41%
Cle 43.10±5.88% 53.85±4.05% 50.84±1.33% 38.75±8.19% 42.74±7.25% 53.85±4.05% 53.85±4.05% 52.81±5.91% 52.81±5.91% 53.85±4.05%

HCV 50.25±3.60% 47.00±1.36% 50.10±2.57% 51.69±3.26% 50.25±3.60% 51.33±5.02% 50.75±4.71% 49.67±1.93% 49.67±1.93% 52.27±4.75%
Ir 96.00±5.47% 97.33±4.34% 98.00±3.65% 94.00±6.41% 96.00±5.47% 92.00±2.98% 86.66±2.98% 94.00±1.49% 94.00±2.78% 94.66±4.47%

Trans 76.87±2.15% 75.26±2.34% 76.86±1.80% 76.47±2.71% 76.74±2.15% 70.19±4.58% 70.73±3.58% 75.27±2.45% 75.27±2.45% 75.93±2.70%
VC 94.83±2.10% 98.38±1.61% 90.64±4.75% 98.70±2.10% 94.51±1.83% 73.54±6.09% 86.77±3.85% 98.70±1.34% 98.70±1.34% 98.70±1.34%
Wh 88.86±5.10% 58.40±17.24% 84.31±6.83% 89.09±3.46% 88.63±4.75% 84.54±6.89% 75.68±7.85% 71.59±7.66% 62.50±6.52% 89.54±4.78%

AVG 78.37±3.61% 73.96±4.64% 76.78±2.89% 78.36±3.76% 78.22±3.72% 74.12±4.45% 72.95±4.76% 77.39±3.02% 76.09±3.05% 80.66±3.21%

TABLE 13
The accuracy of different methods with λ = 4 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.77±0.62% 87.25±2.29% 86.87±1.58% 99.84±0.20% 98.77±0.62% 91.83±1.13% 84.58±6.94% 99.69±0.31% 99.69±0.31% 99.69±0.17%
Cle 46.45±5.60% 54.20±2.97% 47.46±3.08% 39.37±7.60% 45.44±7.15% 53.87±3.06% 53.87±3.06% 52.81±5.91% 52.81±5.91% 53.87±3.06%

HCV 49.45±1.94% 50.10±2.18% 49.24±1.76% 51.40±2.56% 49.45±1.94% 49.67±2.80% 50.32±2.56% 49.67±1.93% 49.67±1.93% 52.56±0.74%
Ir 95.33±1.82% 99.33±1.49% 98.00±2.98% 94±2.78% 95.33±1.82% 90.00±5.27% 88.66±5.05% 94.66±3.80% 94.00±4.34% 94.66±3.80%

Trans 76.61±3.25% 75.14±4.64% 77.67±3.42% 71.78±2.15% 76.20±2.84% 71.12±3.55% 73.00±2.65% 75.26±2.54% 75.26±2.54% 73.01±9.29%
VC 94.19±4.35% 98.06±1.76% 93.22±4.17% 99.35±0.88% 94.19±4.20% 76.45±8.73% 81.29±5.30% 99.03±1.44% 99.03±1.44% 98.70±1.34%
Wh 88.63±1.39% 63.41±14.27% 84.77±4.07% 87.95±3.73% 88.63±1.39% 85.68±3.27% 85.68±3.27% 82.72±7.29% 62.04±3.64% 89.54±1.48%

AVG 78.49±2.71% 75.35±4.23% 76.75±3.01% 77.67±2.84% 78.29±2.85% 74.09±3.97% 73.91±4.12% 79.12±3.33% 76.07±2.65% 80.29±2.84%

TABLE 14
The accuracy of different methods with λ = 5 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bχ2-MSIF d-MSIF Proposed

Bank 98.62±0.34% 87.48±1.89% 86.48±1.58% 99.84±0.34% 98.62±0.34% 93.51±1.70% 82.59±9.12% 99.77±0.20% 99.77±0.20% 99.61±0.53%
Cle 46.49±7.42% 53.54±5.91% 49.15±4.36% 37.41±8.62% 41.09±5.14% 53.88±5.94% 53.88±5.94% 52.81±5.91% 52.81±5.91% 53.88±5.94%

HCV 49.38±0.93% 48.59±1.60% 48.66±1.43% 52.34±2.74% 49.38±0.93% 51.40±1.10% 51.62±0.44% 49.67±1.93% 49.67±1.93% 50.18±2.35%
Ir 96.66±3.33% 96.66±5.77% 97.33±2.78% 96.00±3.65% 96.66±3.33% 96.00±3.65% 88.00±3.80% 94.00±2.78% 93.33±4.08% 96.00±1.49%

Trans 76.19±2.58% 69.35±15.71% 77.67±2.37% 75.92±2.78% 76.19±2.58% 71.25±1.95% 73.51±3.74% 75.93±3.03% 75.93±3.03% 75.79±1.16%
VC 94.19±3.71% 99.35±1.44% 92.25±4.17% 99.03±2.16% 92.90±4.20% 74.83±6.41% 87.09±5.46% 98.70±0.72% 98.70±0.72% 98.70±2.10%
Wh 89.77±2.12% 71.81±12.45% 85.00±4.71% 90.22±2.73% 89.54±2.46% 84.77±1.90% 84.77±1.90% 79.77±5.23% 64.54±9.98% 88.63±2.78%

AVG 78.76±2.56% 75.25±5.60% 76.65±2.68% 78.68±2.88% 77.77±2.38% 75.09±2.83% 74.49±3.80% 78.66±2.84% 76.39±3.70% 80.40±2.05%

framework are also applied to prove the effectiveness of the
proposed divergence. These two methods are denoted as
Jousselme et al.’s evidence distance multisource informa-
tion fusion (d-MSIF) and belief X 2 divergence multisource
information fusion (BX 2-MSIF) respectively. For the AF and
MV methods, if the base classifier works with probability
distributions, the final predicted class of x is determined by:

L(x) = arg max
ωi∈Ω

(p(ωi)). (34)

And if the base classifier works with BBAs, the final

predicted class of x is determined by:

L(x) = arg max
ωi∈Ω

(m(ωi)). (35)

6.2 Base classifiers

EKNN is a very classical method of generating evidence
[69], and by using EKNN, the effectiveness in improving the
decision level of applying HoFBReD in HOFBReD-WMSIF
can be fairly evaluated and compared with other methods
including d-MSIF and BX 2-MSIF. So in this work, the
evidential K-nearest neighbor classifier (EKNN), the KNN
classifier and the naive Bayesian classifier are utilized as
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the base classifiers. KNN and naive Bayesian classifiers
provide probability distributions as the output, and EKNN
classifiers provide BBAs as the output. These classifiers can
be directly applied to HOFBReD-WMSIF because HOFBReD
can effectively measure the discrepancy between probability
distributions or BBAs.

6.3 Real world datasets
Real-world datasets are employed in this experiment from
the UCI repository (http://archive.ics.uci.edu/ml) and KEI-
dataset (http://sci2s.ugr.es/keel/datasets.php). In this ex-
periment, the datasets Bank (Bank) with 1310 instances, 4
attributes and binary classes, Cleveland (Cle) with 297 in-
stances, 13 attributes and 5 classes, hepatitis C virus (HCV)
with 1385 instances, 28 attributes and binary classes, Iris (Ir)
with 150 instances, 4 attributes and 3 classes, transfusion
(Trans) with 748 instances, 4 attributes and binary classes,
VC (VC) with 310 instances, 6 attributes and binary classes,
Wholesale (Wh) with 440 instances, 7 attributes and 3 classes
are utilized.

6.4 Evaluation of performance
A 5-fold cross-validation is applied to verify the proposed
algorithm’s effectiveness. Besides, the order coefficient λ
and the parameter α in HOFBReD are determined based on
the scenario applications’ commands. In HOFBReD-WMSIF,
the order coefficient λ is selected to be 2, 3, 4 and 5 here, and
the parameter α of HOFBReD is selected to be 1

2 . For each
base classifier and order coefficient λ, 5-fold cross-validation
of the 8 methods are conducted once on all datasets. After
the 5-fold cross-validation, for the various 4-order coefficient
λ and 3 base classifiers, the accuracies of the 8 methods
are shown from Table 3 to Table 14, where the average
accuracies among the datasets are also presented.

In this paper, the average performances of the proposed
algorithm are evaluated to prove the effectiveness of the
algorithm. From the results above, it is observed that the
HOFBReD-WMSIF generally provides generally better re-
sults in comparison to other methods. Specifically, from
Table 3 to Table 14, the average accuracies of HOFBReD-
WMSIF among all datasets are higher than other methods
in almost all cases.

For the Bayesian classifier with the order coefficient
λ = 2, the proposed algorithm has the highest average
accuracy (79.34%), while the highest accuracy among other
methods only reaches 78.97%. For the Bayesian classifier
with the order coefficient λ = 3, the proposed algorithm
has the highest average accuracy (78.71%), while the highest
accuracy among other methods only reaches 78.64%. For
the Bayesian classifier with the order coefficient λ = 4,
the proposed algorithm has the highest average accuracy
(79.02%), while the highest accuracy among other methods
only reaches 77.89%. For the Bayesian classifier with the
order coefficient λ = 5, the proposed algorithm has the
highest average accuracy ( 79.21%), while the highest ac-
curacy among other methods only reaches 78.48%.

For the KNN classifier with the order coefficient λ = 2,
the proposed algorithm has the highest average accuracy
(83.48%), while the highest accuracy among other methods
only reaches 81.79%. For the KNN classifier with the order

coefficient λ = 3, the proposed algorithm has the average
accuracy (79.57%), while the highest accuracy among other
methods reaches 79.67%. For the KNN classifier with the or-
der coefficient λ = 4, the proposed algorithm has the high-
est average accuracy (80.05%), while the highest accuracy
among other methods only reaches 78.75%. For the KNN
classifier with the order coefficient λ = 5, the proposed
algorithm has the highest average accuracy (80.07%), while
the highest accuracy among other methods only reaches
78.60%.

For the EKNN classifier with the order coefficient λ = 2,
the proposed algorithm has the highest average accuracy
(80.80%), while the highest accuracy among other methods
only reaches 78.73%. For the EKNN classifier with the order
coefficient λ = 3, the proposed algorithm has the high-
est average accuracy (80.66%), while the highest accuracy
among other methods only reaches 78.36%. For the EKNN
classifier with the order coefficient λ = 4, the proposed
algorithm has the highest average accuracy (80.29%), while
the highest accuracy among other methods only reaches
79.12%. For the EKNN classifier with the order coefficient
λ = 5, the proposed algorithm has the highest average
accuracy (80.40%), while the highest accuracy among other
methods only reaches 78.76%.

In this work, three traditional base classifiers are taken
into account, including EKNN, KNN and naive Bayesian
classifiers. In addition to these base classifiers, other base
classifiers can also be applied in different applications
accordingly. It is believed that HOFBReD-WMSIF can be
applied to the improved EKNN methods as base classifiers,
and gain the similar advantages of it. Therefore, HOFBReD-
WMSIF can be effectively deployed to pattern classification
problems, and provide high accuracy performance by recog-
nizing effective patterns, such as the significant discrepancy
between two probability distributions or BBAs. Based on
the measuring of HOFBReD, it can benefit the classifiers’
reliability and contribute to the good final fusion result
performance in decision level.

7 CONCLUSION

This paper proposes a novel belief divergence to measure
the discrepancy between BBAs in D-S evidence theory effec-
tively. Furthermore, its application in pattern classification
and multisource information fusion is demonstrated. The
study’s main contribution is that the proposed method
is the first belief Rényi divergence that can measure the
discrepancy between BBAs with dynamic fractal probability
transformation and extends the order to a ’higher’ order.
And the proposed belief divergence can effectively obtain
more information about the non-specificity of BBAs dur-
ing discrepancy measurement with robust representation,
which is superior to other methods. Additionally, a novel
multisource information fusion algorithm is proposed, and
a pattern classification experiment with real-world datasets
is presented. The results show that the proposed method
has a higher pattern recognition accuracy than other meth-
ods. To summarize, the proposed discrepancy measurement
method and multisource information fusion algorithm con-
tribute to improving the decision level.
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In addition, the proposed HOFBReD-WMSIF also has
a potential limitation. When the number of elements in
the frame of discernment increases extremely, the time
complexity of the HOFBReD-WMSIF spread exponentially,
which is difficult for practical applications. In the future, it
is worth considering quantum information processing tech-
nology [70] to deal with this limitation. And the HoFBReD
can be further applied to complexity analysis for biological
systems, EEG data analysis and deforestation focus detec-
tion in future work. For instance, we expect HoFBReD can
identify the challenging patterns of different stages across
a clinical cycle to prove the effectiveness of the HOFBReD-
WMSIF algorithm, including migraine [71] and depression
detections [72] based on EEG data.
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