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with Its Applications in Pattern Classification
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Abstract—Information can be quantified and expressed by uncertainty, and improving the decision level of uncertain information is
vital in modeling and processing uncertain information. Dempster—Shafer evidence theory can model and process uncertain
information effectively. However, the Dempster combination rule may provide counter-intuitive results when dealing with highly
conflicting information, leading to a decline in decision level. Thus, measuring conflict is significant in the improvement of decision level.
Motivated by this issue, this paper proposes a novel method to measure the discrepancy between bodies of evidence. First, the model
of dynamic fractal probability transformation is proposed to effectively obtain more information about the non-specificity of basic belief
assignments (BBAs). Then, we propose the higher-order fractal belief Rényi divergence (HOFBReD). HOFBReD can effectively
measure the discrepancy between BBAs. Moreover, it is the first belief Rényi divergence that can measure the discrepancy between
BBAs with dynamic fractal probability transformation. HoFBReD has several properties in terms of probability transformation as well as
measurement. When the dynamic fractal probability transformation ends, HoFBReD is equivalent to measuring the Rényi divergence
between the pignistic probability transformations of BBAs. When the BBAs degenerate to the probability distributions, HoFBReD will
also degenerate to or be related to several well-known divergences. In addition, based on HoFBReD, a novel multisource information

fusion algorithm is proposed. A pattern classification experiment with real-world datasets is presented to compare the proposed
algorithm with other methods. The experiment results indicate that the proposed algorithm has a higher average pattern recognition
accuracy with all datasets than other methods. The proposed discrepancy measurement method and multisource information algorithm

contribute to the improvement of decision level.

Index Terms—Dempster—Shafer evidence theory, Rényi divergence, probability transformation, Multisource information fusion, Pattern

classification.

1 INTRODUCTION

NCERTAIN information is ubiquitous in the real world,
Uand how to deal with uncertain information and im-
prove the decision level is one of the hot issues in recent
years [1]-[3]. A variety of theories have been presented
to model and process uncertain information, including the
extended probability theory [4], [5], fuzzy theory [6], Z-
number [7], quantum evidence theory [8], [9], random per-
mutation set [10], [11] and entropy-based approach [12].
These methods have been widely applied in many fields
including COVID-19 waves superposition [13], graph clus-
tering [14], dynamic modeling of multi-agent learning [15],
[16], driving task recordings [17], decision making [18]-[20],
outranking relations [21], network analysis [22], engineer-
ing systems design [23], fault analysis [24], rapid source
localization [25]. In this paper, Dempster-Shafer evidence
theory is focused on improving the decision level. As the
extension of the probability theory [26], Dempster-Shafer
evidence theory is presented by Dempster [27] and extended
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by Shafer [28], which can model and process uncertain
information effectively.

However, highly conflicting information is often hard
to handle in Dempster-Shafer evidence theory, which has
declined the decision level of it [29]. Measuring the dis-
crepancy between bodies of evidence is essential to the
effectiveness of a combination of evidence [30], [31]. For
measuring the discrepancy between bodies of evidence,
scholars have proposed a number of methods [32]. Belief
divergence is a well-known theory that can measure the
discrepancy between basic belief assignments (BBAs) in
Dempster-Shafer evidence theory [33], [34]. Xiao proposed
the belief Jensen—Shannon divergence on the basis of Shan-
non entropy [35]. After BJS divergence is proposed, B di-
vergence and RB divergence that can take the correlation
between BBAs into account are proposed [36]. Although
these methods can measure the discrepancy between BBAs
in some cases, they may provide counter-intuitive and in-
valid results. For instance, consider a numerical example:
Example 1.1. Let a frame of discernment be Q =
{w1, w2, w3, w4 }. Define BBAs my, ma, ms and my in € as
follows:

m1 s ({r}) = 5ma(fws)) = 3;
ma : ma({wiwa}) = 1;

. p— 1 . p— 1 .
m3 : m3({wiwaws}) = §7m3({w2w3w4}) =5
mya : ma({wiwawswa}) = 1.

As shown in Table 1, classical discrepancy measurement
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TABLE 1
Different discrepancy measurement methods in Example 1.1.

BBAs K BJS RB Bx?2 dppa
m1 and mo 0 1 0.2688 0.5185 1 0.5000
mo and m3 0 1 -0.0118 0.1088 1 0.5401
ma and my 0 1 0.1957 0.4424 1 0

methods were invalid in Example 1.1. The whole conflicting
factor, the BJS divergence, cannot distinguish the discrep-
ancy between the four evidence well. The B divergence be-
tween my and mg3 is a negative number. The RB divergence
between m; and my is larger than that between my and ms.
This is not intuitive because mq only supports wiws, and it
is noticeable that m, supports w; and wy, and ms3 supports
wiwows and wawswy. From the perspective of intuitiveness,
the divergence between m; and my should be smaller
than that between my and ms. The belief X2 divergence
[37] is not able to significantly distinguish the discrepancy
between the four evidence either. Jousselme et al.’s evidence
distance [38] also showed the limited measurement of the
discrepancy between mg3 and my4. The major problem of low
discrepancy across different evidence is caused by discord
and non-specificity which are two essential properties of
BBA [26]. Especially for, non-specificity, it can differ between
BBAs and probability distributions, representing the distri-
bution’s uncertainty. For instance, we assume from m; to
my, the non-specificity gradually increases from an intuitive
point of view. However, the results in Table 1 demonstrated
the counterfactual outcomes, due to ineffective information
received from the non-specificity of BBAs where m1, mg, ms
and my, leading to the invalid discrepancy measurement.
To handle this problem, it is required to develop an ef-
fective method to obtain more valuable discrepancy knowl-
edge about the non-specificity of BBAs. Some previous
work discussed how to deal with the information about
the non-specificity of BBAs in several fields. For example,
probability transformation transforms BBAs into probability
distributions [39], which can eliminate the non-specificity of
BBAs. Deng'’s fractal-based belief entropy [40] analyzed the
process of probability transformation in entropy measure-
ment, showing that the process of probability transforma-
tion contains information about non-specificity. However,
the existing methods still cannot deal with the situation
in Example 1.1, and how to develop an effective method
to obtain more valuable discrepancy knowledge about the
non-specificity of BBAs is still an open issue. This motivates
this work to develop a novel belief divergence method.
This paper proposes a mathematical model called dy-
namic fractal probability transformation, which can effec-
tively obtain more information about the non-specificity of
BBAs with robust representation. A novel belief divergence
with dynamic fractal probability transformation, namely
higher order fractal belief Rényi divergence (HoFBReD), is
proposed. HoFBReD is the first belief Rényi divergence that
can measure the discrepancy between BBAs with dynamic
fractal probability transformation. HoFBReD has several
properties in terms of probability transformation as well
as measurement. As the dynamic fractal probability trans-
formation ends, HoFBReD is equivalent to measuring the

Rényi divergence between the pignistic probability trans-
formations of BBAs. When the BBAs degenerate to the
probability distributions, HoFBReD will also degenerate to
or be related to several well-known divergences, such as
Kullback-Leibler divergence as o changes. The advantages
of HoFBReD are illustrated by several numerical examples.
In addition, based on HoFBReD, a novel multisource in-
formation fusion algorithm is proposed. A pattern classifi-
cation experiment with real-world datasets is presented to
compare the proposed algorithm with other methods. The
results of the pattern classification experiment with real-
world datasets indicate that the proposed algorithm has
a higher pattern recognition accuracy compared to other
methods.

The main contributions of this article are as follows:

e We propose a higher order fractal belief Rényi diver-
gence with dynamic fractal probability transformation. It
is the first belief Rényi divergence that can measure the
discrepancy between BBAs with dynamic fractal probability
transformation and extends the order to a "higher” order. Be-
sides, the proposed belief divergence can effectively obtain
more information about the non-specificity of BBAs dur-
ing discrepancy measurement with robust representation,
which is superior to other methods.

e A novel multisource information fusion algorithm is
proposed. A pattern classification experiment with real-
world datasets is presented, and the results show that the
proposed method has a higher pattern recognition accuracy
than other methods. The novel algorithm contributes to the
improvement of the decision level.

This paper is organized as follows. Section 2 introduces
the preliminaries of Dempster-Shafer evidence theory, di-
vergence theory and probability transformation methods.
In section 3, the model of dynamic fractal probability
transformation is proposed, which is applied to a novel
belief divergence, and its properties are proven. Section 4
illustrates the advantages of the proposed belief divergence
by numerical examples. In section 5, a novel multisource
information fusion algorithm is proposed. Section 6 presents
a pattern recognition experiment with real-world datasets.
Section 7 concludes the study.

2 PRELIMINARIES

In this section, a brief introduction is given to the Dempster-
Shafer (D-S) evidence theory, several well-known diver-
gences and probability transformation methods.

2.1 Dempster—Shafer evidence theory

Dempster-Shafer evidence theory, also known as evidence
theory, is presented by Dempster and developed by Shafer
[27], [28]. D-S evidence theory is extended from probability
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theory and fuzzy set theory. It has versatile applications, in-
cluding software risk evaluation [41], multisource quantum
information fusion [42], rescuer assignments [43], evidential
reasoning [44]-[46], output control [47], clustering [48] and
heuristic representation learning [49].

Definition 1. Frame of discernment
A discernment framework is defined as [27], [28]
1)

which consists of N mutually exclusive and collectively
exhaustive status of a certain pattern.
The power set of (2 is defined as

29 :{@7{w1}7{w2}7"' 7{"‘}N}7{wluw2}7"' vQ}v )

where the empty set is denoted as () [50]. There are both
singleton sets and multielement sets in 2. The multiele-
ment sets (e.g., w1 U ws U w3) can express the uncertainty
and imprecision degree among classes wy, w2 and ws.

Q= {w,wa,...wn},

Definition 2. Basic belief assignments

A basic belief assignment (BBA), which is a mapping
m(-) from 2% to [0,1], is defined as [27], [28]

m: 2% - [0,1],

®)

and satisfies the following conditions:

> om(X) =1,

X 29

*)

©®)

where m(X) represents the support degree of the pattern
associated with the element X. If m(X) > 0, X is called a
focal element. In D-S evidence theory, BBAs are also called
mass functions of belief. m(£2) denotes the total ignorance
degree, which describes the vacuous belief source of evi-
dence.

Definition 3. Dempster’s rule of combination

In multisource information fusion processing, each clas-
sification result can be regarded as an evidence source
represented by a BBA. The well-known Dempster’s rule
is applied to combine the multiple BBAs. Let m;(-) and
ma(+) be two distinct BBAs in a frame of discernment 2.
For BBAs m (+) and mz(-), Dempster’s rule of combination,
represented in the form m = m; ® my, is defined as [27]

>

YNZ=X
1-K ’

m1(Y)ma(Z)

m(X) = (m1 & m2)(X) = ©®)

and
K= Z m1(Y)ma(Z) < 1,
YNZ=0
where X, Y, Z C 2 and K is the whole conflicting factor.
Dempster’s rule of combination is commutative, con-
junctive and associative.

@)

2.2 Divergence theory

Divergence theory is presented to measure the discrepancy
between two probability distributions or two BBAs [51],
[52]. Specifically, the divergences that can measure the dis-
crepancy between BBAs are called belief divergences.
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Definition 4. Rényi divergence

For two probability distributions P = (p1,p2, -+ ,PN)
and Q = (¢1,92, - ,qn), the Rényi divergence between P
and @ is defined as [53]

Do (Pl|Q) =

1 N
" pfel e, ®)
=1

a—1

where o € (0,1) U (1,400). When a > 1, the rules that
2 = 0and £- = oo are adopted.
Definition 5. Belief Jensen—Shannon divergence

Recently, the Belief Jensen-Shannon (BJS) divergence
was presented by Xiao to measure the discrepancy between
BBAs in D-S evidence theory:

Dpjs(millm2)

LS gy | 2D

m1(E;) +me(E;) )

) 2m2(Ei)
ty 2 el [mlcEn +mz<Ei>} ’
where m; and ms, are two BBAs in 29, and E; is any element
in 22 except (.
After BJS divergence is proposed, scholars have pre-
sented several new belief divergences [37], [54], [55].

2.3 Probability transformation methods
Definition 6. Pignistic probability transformation

Let a frame of discernment be Q@ = {w1,ws, -+ ,wn}
with a BBA m in €. Its pignistic probability transformation,
denoted by BetP(w;) can be defined as [39]

>

w;EE|Ec2%?

m(E)

BetP(w;) = ‘El s

(10)
where E is any element in 2% except () here and | E| denotes
the cardinality of F.

Definition 7. Plausibility transformation method

Let a frame of discernment be Q@ = {wi,ws, -+ ,wn}
with a BBA m in (). Its plausibility transformation method,
denoted by PnPl(w;), is defined as [56]

PnPl(w;) = Nplﬂ,
> Pilu) v
j=1
where Pl is defined as the plausibility function:
PIX) = ZYMX#V)\X Yy C29 m(Y)- (12)

The fractal theory can be useful in the expression of
the dimension of information [57]. And Deng’s information
volume of mass function applies the concept of fractal.

Definition 8. Deng’s information volume of mass function

Let a frame of discernment be Q@ = {wj,wa, - ,wN}
with a BBA m in 2. The Deng’s information volume of mass
function is defined as follows [58]:

Step 1: Input the BBA m.
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Fig. 1. Two times power splitting of A = {w1,w2,ws}.

Step 2: According to the distribution of the maximum
Deng entropy, the mass functions of the multielement sets
are split.

Step 3: Obtain the Deng entropy of the new BBA. Execute
Step 4 if the result is less than e. Otherwise, repeat Steps 2-3.
€ is the error coefficient.

Step 4: Output the information volume of the mass
function.

Deng’s information volume of mass function can obtain
information from the process of splitting the mass functions.

3 A NOVEL BELIEF DIVERGENCE WITH DYNAMIC
FRACTAL PROBABILITY TRANSFORMATION

In this section, dynamic fractal probability transformation is
presented. Then, a novel belief divergence, namely higher
order fractal belief Rényi divergence, is proposed. Its prop-
erties are then analyzed.

3.1 Dynamic fractal probability transformation

A mathematical model, namely dynamic fractal probabil-
ity transformation, is proposed to handle the problems
in Example 1.1 by effectively obtaining more information
about non-specificity. It is analyzed from the perspective of
generating function and power splitting. First, a hypothesis
about power splitting is presented.

Hypothesis 1. Let a frame of discernment be Q =
{wi,ws, ...,wn'}. Let A be any element in 22 except () and B
be any subset of A except . If power splitting of A is conducted
for X times, the number of all elements except is (A+1)I41 —\l4],
and the number of B is \AI~1Bl,

For example, let A be {w;y,ws,ws} and conduct power
splitting for 2 times to A as shown in Figure 1. The green
squares are the elements that are generated after splitting
two times. According to hypothesis 1, for green squares, the
number of {w; }, {w2} and {ws} is 4; The number of {wiw2},
{wiws} and {waws} is 2; The number of {wjwsws} is 1, and
the number of all elements is 19. The proof is presented as
follows.

Proof. Define a variable o; and denote w; as ¢;. According
to the generating function theory, the generating function of
the element A is defined as f(A)

F(A) = (01 + 1)(o2 + 1)on(04) + 1)
= 0102...0| 4] + ZO’QO’3...O’|A‘ + ...+ Zal +1,

cyc cyc

(13)

where > . is defined as the cyclic sum. Each term in the
polynomial f(A) represents a certain subset of A, and each
term’s coefficient represents the subset’s number. Suppose
the generating function after A times of power splitting is:

1|
FAN) =]](ei +2) = (01 + N (o2 + A)...(0)4) + V).

=1

(14)

As follows, mathematical induction is applied to prove
Eq. (17). When A = 1, according to Eq. (13), Eq. (17) is
established. Suppose Eq. (13) is established when A = s — 1:

|A]
fAs=1)=]](i+s-1)
i=1
=(o1+s—1)(o2 +s—1)...(0j4 +s5—1)
=0102..014 + (s — 1) 20203'“‘7|A\ + ..+

cyc

(s = DMAES "oy + (s — )AL

cyc

(15)

Conduct one extra power splitting on f(A, s —1), that is,
let o; = 0; + 1. Then Eq. (15) is changed into

(e1+ (o2 4+ 1D)oopa + D+ (s = 1) Y (02 +1)(03 +1)...(04] + 1)

cyc

ot (=D o+ 1)+ (s = AL
cyc

(16)
By merging items of equal time in Eq. (16), we obtain

(o1 +D)(o2+1).(oja) + D)+ (s — 1) Z(ag +1)(o3 4+ 1)...(014) + 1)

cyc
Fot (s = DAY (o1 + 1) + (s — 1)1
cyc
= 0102...0| 4 + 520203...01\7 + ...+ slA‘fl Zal + slA‘
cyc cyc

= (01 + 8)(02 + 8)(014 + 5) = f(A,5).

Therefore, mathematical induction is established. When
power splitting is conducted A times to A, the generating
function is

| Al
FAN =TT +X) = (01 +M(o2+2)...(014] + A)
i=1
= 0102...0| 4] + )\20'203...0'“4‘ + ...+ >\‘A|71 Zo’l + )\‘Al.

cyc cyc

Obviously, the sum of each coefficient in f(A,\) is
(A4 1)!41, meaning the number of all elements is (A + 1)!4!
after power splitting of A is conducted for A times. Since the
number of constant term is A4, meaning the number of ()
is A4, Hence, the number of all elements except { is

(A D)lAl— x4l
Besides, for any A’s subset B, the coefficient of B is

AAI-1BI

Based on the analysis above, hypothesis 1 is proven.
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Fig. 2. flowchart of a dynamic fractal probability transformation in HoF-
BReD

Apparently, the power splitting reflects the concept of
self-similarity, which is the core of fractal theory [59]. Fur-
thermore, the times of power splitting can be determined
dynamically according to real cases. Consequently, a novel
probability transformation method called dynamic fractal
probability transformation is defined as follows.

Definition 9. Dynamic fractal probability transformation

Let a frame of discernment be ) with a BBA m in (Q,
dynamic fractal probability transformation of BBA m is
defined as

AEil — (\ — 1)l El
A A—1
m3(E;) = ——————m75 (Ej
S I
NEAREN 17)
= 2 GroEio e E)

E;CE;

where E; is the element in 2% except ); E; is any subset of
E;; |E;| and |E}| denotes the cardinality of the element E;
and Ej; A is the times of power splitting. For convenience,
we name the BBA m? as the Ath order of BBA m, and \ is
called the order coefficient. It is obvious that m(} is m itself.

On the basis of hypothesis 1, it is easy to find that in Eq.
(17), when the order coefficient is A, each of the mass func-
tion m(F;) is split into (X 4 1)1Zs1 — AIZ5l parts uniformly.
Among these (A+1)/Zil — A5l parts, totally Al =1F:l parts
are distributed to m? (E;). In addition, when the order is
added 1, each of the mass functions m?_l(Ej) is spilled
again and distributed to the powerset’s mass functions of it.
Among the (A 41)IF5l - \IFil parts that are split from m(E;),
there are A%l — (X — 1)/%! parts that should be distributed
to m(F;) because there are A\IFil — (A — 1)I7i] elements that
contain F;.

Here, a numerical example illustrates the so-called dy-
namic fractal probability transformation. For a 2-element
discernment framework Q = {w;,ws}, a BBA in Q is defined
as:

mem(o)) = 5 mfe)) = 5, mifeie)) = o

Figure 2 shows the flowchart of dynamic fractal prob-
ability transformation of m in Example 3.1. As shown in
Figure 2, the mass functions of multielement sets {wiws}
are split, and distributed respectively to subsets of {wiws}
except 0, i.e., {w1}, {w2} and {wiw2}. Additionally, with
A changing, the proportion of the mass function of {w},

1> o

The information about
non-specificity that
classical methods can
not obtain

,______\

@ Mass function of {w;}

Mass function of {w, w,}

@ Mass function of {w,}

Fig. 3. The proportion of the mass function of {w1}, {w2} and {wiwa}
in Example 3.1.

{w2} and {wjws} is shown in Figure 3. Figure 3 shows
that with dynamic fractal probability transformation, the
mass function of wyws is gradually split and distributed to
mass functions of w; and ws. When A — oo, the dynamic
fractal probability transformation ends, and the BBA m is
completely transformed into a probability distribution. This
will be proved in the following content. Figure 3 also shows
that dynamic fractal probability transformation can obtain
more information about non-specificity because the classical
transformation methods, such as PPT, can only obtain one
result. However, dynamic fractal probability transformation
can obtain more than one result while splitting the mass
functions.

In this sub-section, dynamic fractal probability transfor-
mation is proposed. Based on dynamic fractal probability
transformation, a novel belief divergence will be presented
in the following sub-section.

3.2 A novel belief divergence and its properties
Definition 10. Higher order fractal belief Rényi divergence

Let m; and ms be two BBAs in 2. Higher order fractal
belief Rényi divergence (HoFBReD) is defined as

oN_q
VA 1 . -
D;‘IB )(ml\lmz) = In Z m?l(Ei) m;‘Q(Ei)l s
i=1
and ABi — (n = 112l
il — (A =1)1"
; A—1
T = T TE T B (Ei)
4 E%:Ej (/\+ I)IE.7| _ )\\E_7| fi
Z AE;=1E;| =) (19)
) Ot )BT B, R
E;CE; A+ 1)|EJ| — B

where k = 1,2; E; is the element in 29 except (; E; is
any subset of E;; |E;| and |E;| denotes the cardinality of
the element F; and F;; A is the order coefficient here; It is
obvious that mok is my, itself. Since X can certainly be larger
than 1, which indicates that HoFBReD extends the order to
a "higher’ order.

HoFBReD has several properties in terms of probability
transformation (Property 1) as well as measurement (Prop-
erties 2-9), which are analyzed as follows.
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Property 1. When A — oo, HoFBReD is equivalent to mea-
suring the Rényi divergence between the pignistic probability
transformations of my and ma:

N
1 —
1 In E BetPl(wi)aBetPg(wi)l

hm D(

>(m1||m2) =

Proof. Denote the pignistic probability transformations of
my and mg by BetPy, k =1, 2:

>

w;EE|Ec2%

my(E)
|E]

BetPy(w;) =

When the cardinality of E; in Eq. (19) is 1, E; is equiva-
lent to w;. Hence, when A\ — oo and |E;|=1,

i (&) i A Ei1—1Ei] ;)
im m?) = lim —————mk(E;
Aoo Tk A— 00 EiCE, A+ 1)\EJ\ —A\Ejl
AlE; =11
= lim ———my(Ej),
A—o00 E% (A + 1)IEil — xlE5] J

where E; are subsets of E;. When |E;|=1, obviously |E;| >
1. Thus

i, (B) = tm 3 A ()
1m m?} E;) = 1m —— k()
Tk * EB;CE; A+ D)IFil - Al
1
= lim ————my(Ej).
1 E. J
A—00 BiCE, )\(X 4 1)\ Gl — 0\

When A — oo, % — 0. Denote % by t,t — 0. According
to Taylor expansion:

(1 +0)Fil =1+ B[t + o(t),

where o(t) is the equivalent infinitesimal of ¢. Then
-
T+ n!El— 4
1
LA +|Ejlt+o(t) — +
my (E5)
|E;]

lim m3, (E;) = lim my,(Ej)

E;CE;
lim
t—0

E;CE;

>

E,CE;
Z my (E;)
pice, |l
= BetPy(E;) = BetPy(w;)

_ Z my(E)

w; EB|E€29 |E]

my(Ej)

lim
t—0

Therefore, when A\ — oo,
my(E)

|E|

lim mf (By) =

A—o0

>

w;EE|Ec22
= Beth(wi),
SO

N
1
— In ; Bet Py (w;)¥ Bet Py (w;)1 ™.

. a,A
Jim DT (mal|mz) = ~
Proof completed.

Property 2. For a € [0,00], when my and mqy degenerate
to probability distributions P = (p1,p2,--- ,pn) and @ =
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,qnN ), HoFBReD degenerates to Rényi divergence:

DY (my||m2)

(q1, 42,
= Da(m1||m2).

Proof. Obviously, when m; and my degenerate to probabil-
ity distributions P and Q:

VE; € Q,mi(E;) = piyma(E;) = g, (20)
and
N N
Y oma(E) =) ma(E;) =
i=1 i=1
It is obvious that
s (E;)
VE; € Q,m} (B;) = ABj =B TR
T E;j A+ 1)‘EJ| — AlE;l (21)
= mi(E;).

Therefore,

DN (ma||ma) =

N
1
,gnzm;lw»amgw»l—a

m2E)1 «

anml
lnzpa 1-a

= Da(PllQ)~

Proof completed. Eq. (20) and Eq. (21) will be directly
applied in the following properties.

Property 3. When o = 0, and my and mo degenerate to
probability distributions P and (), HoFBReD satisfies:

DY) (my|jms) = 0.

Proof. When o = 0, and m, and my degenerate to probabil-
ity distributions P and @), it can be calculated as:

N
0,
DER (malfma) = —In Y~ m3, (B
=1
N
= —anmg(Ei)
=1
=—Inl1=0.

Proof completed.
Property 4. When o = 2, and my and mqy degenerate to prob-

ability distributions P and (), HoFBReD is related to Hellinger
distance.

Proof. When a = 1, and m; and m, degenerate to probabil-
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ity distributions P and (), HoFBReD can be written as

(3N
Dy (mle2)

= —QIHZ (El

- 72lnz m1(E;)ma(E;)

— 2In Z (ma (E,

=—-2In[l-— Z (ma (B
i=1

) +ma(E \/ml — /m2(Ey))?

— Vma(Ey))?
2

]

= —2In[1 — Hel?(m1,m2)],

where

N m1(F;) — /ma(F;))2
Z;(\/ 1( )2\/ 2(£3))
}
=y WREoVEP

=1

Hel2(m1,m2)

\/CE

Proof completed.

Property 5. When oo = %, HoFBReD is symmetric:

l,)\ l,)\
DY (mi|lm2) = D" (mafimy).
_ 1.
Proof. When a = 3:
( 2N 1 . .
F2B )(mi|jms2) = —21n > my (B)zm}, (B2,
=1

( » 2N _1
D2 (ma]lmy) = —21n Z m}, (

1

Thus,

A)

(3, _ AG
Dy’s (mleQ)—DFB (ma||ma).

Proof completed.

Property 6. When o = 1, and m; and mg degenerate to
probability distributions P and (), HoOFBReD degenerates to the
Kullback-Leibler divergence:

DO (ma|lmo) =

D(P||Q).

VOL. , NO. 7
Proof. L'hopital’s Rule is applied:

. 1,2
lim DY ([ |ma)

i il my, (B)*m3, (Bt
a—1 a—1

oy P ma (B ma(Bi)'
a—1 a—1

— im %[lnzylml(E')“mﬂEi)l_“]
a—1 Ba (a — 1)

~ im SN In [ma (B:)]ma (Bi)*ma (Bi)!
aml 3N ma (B ema(B)te

In [ma (E;)]ma (Bq)*ma (B:)'

— lim ~
iz ma(Ey)*ma (B!~

a—1

Y(Inmi(E;) — Inmeo(E;))

—Zml
:Zpi(lnpi
=1

=D(Pl|Q),
where the Kullback-Leibler divergence is defined as

—Ing;)

D(P|lQ) = Zpiln*

Proof completed.

Property 7. When o = 2, and my and mgy degenerate to
probability distributions P and (), HoFBReD is related to the
X2 divergence:

DY (my]lms) = n (X2(my[[ma) + 1).

Proof. When a = 2, and m; and mgy degenerate to prob-
ability distributions P and (), HoFBReD can be written as
follows

2,2
D&y >(m1|\m2)
N1 )2

=In
2 m}, (F )

=1
N

mi1 (F‘Z)2
m2 (Fq)

zlnz

i=1

N

=In Z[2m1(Fi) —ma(F;) +
=1

= In [X2%(m1||m2) + 1],

(mi1(Fi) — ma(Fy))?
ma(F;)

]

where N
2 _ N (ma(F) — mo(Fy))?
X<(m1|lme2) = ; i (F))
(ps — %‘)2.

Il
.MZ

qi

@
Il
—

Proof completed.

Property 8. For o € (0,1) U (1
satisfied:

, +00), the following equation is

el 1—a,X
—= DU (ma|m).

A
DY (malms) = =
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Proof. For a € (0,1) U (1, +00), there is

(mz|lm1)
11—«
o 1 2N _1
= 1_a*alﬂ D om, (B Tmy, (B)®
i=1
2N 1

ln Z mf1(E mJ)‘\z(E"‘)17

Dy *>(m1||m2)

Proof completed.
Property 9. When mi=my, the value of HoFBReD is 0:
D (m|mz) = 0.

Proof. When m=may:

2N 1
D<a )(m1||m2 ln Z mf1
2N 1
ln Z mfz
1
= Inl
a—1
=0.

Proof completed.

The properties above show that HoFBReD can be related
to pignistic probability transformations when A — oo and
have some critical properties in measurement. The following
section will further show the advantages of HoFBReD by
numerical examples.

4 NUMERICAL EXAMPLES

In this section, several specific numerical examples are pre-
sented to demonstrate the advantages of HoFBReD. When
a = 1, Rényi divergence will have degenerated into the
well-known Kullback-Leibler divergence. Moreover, in the
following examples, o = 1 will be applied to the HoFBReD
to show its advantages better.

Example 4.1. Let a frame of discernment be Q =
{wi,wa, -+ ,wn} with powerset 29, and let m; and my be
two BBAs:

my : mi({wiwz..wn_1}) = =, mi({waws..wn}) =

mo : ma({wiwa..wn_1}) = =, mo({waws..wn}) =

WINW|+—
w\»—'oo\w

Example 4.1 indicates the advantage of HoFBReD that it
can obtain more uncertain information than any other belief
divergences. When N varies form 2 to 7, Figure 4(a) shows
the performance of BJS, B and RB divergences between m;
and mo. In comparison, Figure 4(b) shows the performance
of HoFBReD with the order coefficient A varying from 0
to 7 when N varies from 2 to 7. Figure 4(c) shows the
performance of HoFBReD with A varying from 0 to 20 when
N varies from 2 to 7.

As shown in Figure 4(a), when the values of N change
from 2 to 7, the values of BJS divergence stay constant at
0.0817, and the values of B and RB divergences gradually
decrease from 0.2858 to 0.1167. In Figure 4(b), when A = 0,

HoFBReD stays constant at 0.2310, which has exactly the
same change trend as BJS divergence in Figure 4(a). Fur-
thermore, when ) varies from 1 to 7, the values of HoFBReD
gradually decrease with N varying from 2 to 7, which also
has the same change trend as B divergence and RB diver-
gence in Figure 4(a). Hence, when the values of A change,
the performance of HoFBReD is similar to the BJS, B and
‘RB divergences. Besides, apparently, there are more curves
of HoFBReD than other methods. From the analysis above,
it can be summarized that HoFBReD can effectively obtain
more information about the non-specificity of BBAs with
robust representation, which is superior to other methods.

According to Eq. (19), the values of A represent the times
of splitting in the dynamic fractal probability transforma-
tion. So it can be seen that there are multiple curves of
HoFBReD in Figure 4(b) and 4(c). In Figure 4(b), there are 8
curves of HoFBReD because A varies from 0 to 7. In Figure
4(c), when the value of N is fixed, the curves of HoFBReD
with A changing present the dynamic fractal probability
transformation as well.

From Example 4.1, it is illustrated that HoFBReD obtains
more information about non-specificity compared to the
other belief divergences due to its dynamic fractal proba-
bility transformation.

From both Figure 4(b) and 4(c), it is apparent that the
values of HoFBReD decrease as A increases. It shows that
the discrepancy between BBAs m; and my gets gradually
smaller as the dynamic fractal probability transformation
continues. This is intuitive because the non-specificity of
BBAs decreases as the dynamic fractal probability transfor-
mation continues.

Example 4.2. Let a frame of discernment be Q = {w;,ws}
and let m; and mq be two BBAs in €:

s mi({w2}) =
;o ma({w2}) =

As shown in Figure 5, the HoFBReD with different A
provides different performance. When the difference be-
tween the absolute values of x and y is small, the value of
HoFBReD is relatively small. On the other hand, when the
difference between the absolute values of x and y becomes
more prominent, the value of HoFBReD becomes relatively
large, which is intuitive. The maximum value of HoFBReD
becomes smaller as \ increases, which also illustrates the
conclusion in Example 4.1 that the discrepancy of BBAs m;
and my becomes gradually smaller as the dynamic fractal
probability transformation process goes on. It illustrates that
HoFBReD can effectively measure the discrepancy between
BBAs with robust representation.

Example 4.3. Considering the condition of Example 1.1:

, ml({wlwz}) =T

my :mi({wi}) =

ma :ma({wi}) = , ma({wiwa}) = y.

Simi({un)) = o

ma : mg({wlwg}) =1;

m1 :mi1({wi}) =

1
m3 : m3({wiwaws}) = —;m3({wawswa}) = >
myq : my({wiwawswa }) = 1.

In Example 1.1, the whole conflicting factor in D-S theory
(denoted by K), BJS divergence (denoted by BJS), B diver-
gence (denoted by B) and RB divergence (denoted by R13)
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Fig. 5. HOFBReD between m; and mg with A varying from 1 to 10 in Example 4.2.

TABLE 2
Different discrepancy measurement methods in Example 4.3.

BBAs K BJS B RB Bx? dgpa A=1 A=2 A=3
m1 and ma 0 1 0.2688 0.5185 1 0.5000 1.0986 0.9163 0.8473
mg and m3 0 1 -0.0118 0.1088 1 0.5401 0.8473 0.6419 0.5664
mg3 and my 0 1 0.1957 0.4424 1 0 0.7621 0.5368 0.4553

can not effectively measure the discrepancy between m;
and msy, mo and m3 and ms3 and my4. However, as shown
in Table 2, HoFBReD effectively measures the discrepancy
between m; and mgy, mg and ms and ms and m4. Example
4.3 shows that the performance of HoFBReD is superior to
other methods. The order coefficient \ are selected as 1, 2
and 3 (denoted by A = 1, A = 2 and A = 3). From Example
4.3, it can be concluded that HoFBReD can effectively obtain
more information about BBA’s non-specificity than other
methods with robust representation.

5 A NOVEL MULTISOURCE INFORMATION FUSION
ALGORITHM

This section proposes a novel multisource information
fusion method, namely higher order fractal belief Rényi
divergence-based weighted multisource information fusion
(HOFBReD-WMSIF). The HOFBReD-WMSIF can provide
good performance in pattern classification problems.
Considering a R-dimensional dataset X in class ) =
{wi,ws, - ,wy}. Bach dimension of attributes X" (r €
{1,2, ..., R}) independently trains a classifier C,. For a cer-
tain pattern x € A&, the classifier C, will provide a proba-
bility distribution or a BBA as the output. The classification
result given from an attribute is called a sub-classification
result. A discounted combination of the R sub-classification
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results improves the final classification accuracy. The dis-
counting indexes are determined by two factors: classifier
reliability and the attribute’s contribution. These two factors
are respectively referred to as the reliability and contribution
weights.

The HOFBReD-WMSIF is mainly comprised of three
parts: Calculation of classifier reliability, evaluation of at-
tributes’ contribution, and the final combination of classi-
fiers with decision-making. For convenience, the pseudo-
code of the HOFBReD-WMSIF algorithm is provided in
Algorithm 1. The flowchart of the HOFBReD-WMSIF algo-
rithm is given in Figure 6.

Algorithm 1 Higher order fractal belief Rényi divergence-
based weighted multisource information fusion

Input: Training set Xiraining = {21, z2, ...,
Xte.stzng = {.%‘1, T2, .. 7451\/1}}
Output: Class label £(z)
1: forr=1,r < Rdo
2: Train the rth basic classifiers C, based on the rth at-
tribute of the training set Xiraining-
3: end for
4: Obtain the optimal discounting vector as classifiers reliabil-
ity using Eq. (23), Eq. (24) and Eq. (25);
5 forr=1,r < Rdo
6: Calculate the Pearson correlation coefficient using Eq.
(26);
7: end for
:forr=1, < Rdo
9: Calculate the contributions of each attribute using Eq.
(27);
10: end for
11: Calculate the discounting factors ¢, using Eq. (28);
12: Normalize the discounting factors using Eq. (29) and Eq.
(30);
13: fori=1,7 < M do
14: Obtain the classification results of x; with the trained
classifiers;
15: Discount the various classification results using Eq. (31);
16: Combine the discounted BBAs using Eq. (32);
17: Determine the class label of x; using Eq. (35).
18: end for

zr} and testing set

(o]

5.1 Calculation of classifier reliability

In real pattern classification problems, the classifier obtained
by global optimization may be unsuitable for a specific
query pattern [60], [61]. Thus, the reliability of each classifier
is different from the others, which should be reviewed and
reset [62]. All patterns in the training set are applied in the
calculation of classifier reliability. The reliability is obtained
as follows:

Let the reliability of classifier C, be 3,, and all the relia-
bility values of R classifiers are expressed by a 1xR vector
B = [B1, B2, ..., Br], subject to " 8. =1, 8. € [0,1]. Let
the training set be X}, 4ining and the testing set be Xicting-
If the output of the classifier C, is a probability distribution,
denote the output on the rth attribute of query pattern x by

= [p*(1),...,pE(N)]. p=(7) is the possibility of the query
pattern z belonging to the class w;, and pZ (i) € [0, 1] with
SN pE(i) = 1. If the output of the classifier C, is a BBA,
denote the output on the rth attribute of query pattern by
me = [m¥(1),...,m*(Q)]. m=(7) is defined as the support

degree of the query pattern x belonging to the ith element

in 22 except 0, and m?(i) € [0,1] with Y2 ' m#(i) = 1.
For the classifier working with probability d1str1but10ns, the
ground truth of the query pattern’s class is denoted by
G® = [G*(1),...,G®(N)]. Let the label of query pattern x
be L(x), then e
o 1,2 T) = w;
@ = {07 otherwise. @)
For the classifier working with BBAs, the ground truth
vector of the query pattern’s class is denoted by G* =
[G*(1), ..., G*(N),0,...,0], where there are 2 — 1 — N of
0 added to the G* vector, which makes G* a1 x (2 — 1)
vector. For example, for a 2-class problem, if query pattern x
belongs to the first class, G* = [1, 0] if classifiers work with
probability distributions and G* = [1,0, 0] classifiers work
with BBAs.
Based on the above, for classifiers that work with prob-
ability distributions, an optimal discounting vector [ is
calculated by

L
8= argmin (ZD“* ”(Glnzﬁmr > :
=1

where [ € {1,2,...,L} denotes the index of the training
pattern and there are L patterns in the training set Xyrqining
in total.

For classifiers that work with BBAs, an optimal discount-
ing vector 3 is calculated by

(23)

L
B =arg rnﬁin <Z D(a A)(GZH Z Brml. > ) (24)
=1
R
s.t. Z Br = 1. (25)
r=1

Based on the sequential quadratic programming (SQP)
method and the constraints linear constraint Eq. (25), the
solutions of classical constrained nonlinear least optimiza-
tion problem in Eq. (23) and Eq. (24) are calculated.

The optimization problem in Eq. (23) and Eq. (24) is
to obtain the reliability vector 3 that makes the loss of
the classifier’s error minimized. HOFBReD is applied to
measure the discrepancy between the ground truth of the /th
query pattern G and the weighted sum result Zle B,pl. or

R
Z’r‘:l ﬂ""m’lr‘

5.2 Evaluation of attributes’ contribution

In this work, the reliability vector 8 is obtained by the
optimal global process, which may not be suitable for some
specific patterns. Besides, if the class labels of the patterns
are sensitive to changes in attribute values, this attribute’s
contribution is more significant. On the other hand, the
attribute’s contribution is more negligible if the class labels
of the patterns are not sensitive to changes in attribute
values. Hence, evaluating the attributes’ contribution will
make the attributes that are influential to the class label play
more critical roles in the final decision-making. Since many
attribute values are continuous, Pearson coefficient [63] is
applied to express the attributes’ contribution. To be specific,
let the rth attribute be A and the label of each pattern be L.
The Pearson correlation coefficient p, is defined as
_ cov(Xy, L)

r = T A

26
oXrol 26)
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where cov(X,, L) denotes the covariance between X, and
L, o the standard deviation.
The contribution of the rth attribute is defined as

lor]

r = R ) (27)
2 pil
=1
where each attribute’s contribution is constrained between
Oand 1.

5.3 Final combination of classifiers with decision mak-
ing

After calculating classifier reliability and evaluating at-
tributes” contribution, the R sub-classification results of
the query pattern are globally combined for final decision-
making.

Various classifiers provide different prediction results of
the testing set Xicsting supporting different classes, which
may lead to high conflict if the BBAs are directly combined.
To avoid this trend, discounting techniques are employed
for weighing the impact of different sources of evidence
separately. In this work, weights of different sources of
evidence are not only relevant to the classifier reliability
8 but also the attributes’ contribution gamma, and the
discounting factor of the rth output is defined as

Or = BT'YT- (28)
The discounting factors are then normalized:
. 5
Or = ,
" max; 0 29)
where
max;d; = max {d1,02,...,0R} (30)

Shafer’s discounting method [28] is employed here for
the final combination of discounted BBAs. The discounted
BBA m,. with discounting factor §,. is denoted by m?- and
given by

m O (X) = §pme(X), VX S Q
5. (31)
m°7(Q) = 6rmyr(Q) + 1 — 0r,
where total ignorance m,.(2) plays a neutral role in the

fusion process, which can efficiently manage the conflict
among different classifiers.

It is worth noting that if the classifier provides probabil-
ity distributions as the prediction results of the testing set
Xiesting, it becomes a BBA after being discounted according
to Eq. (31). The reason is that a certain probability distribu-
tion p, can be regarded as a BBA m, whose total ignorance
m,(Q2) is always zero and 1| m,.(w;) = 1. After discount-
ing, the value of total ignorance is greater than 0 unless
0, = 0; thus, it becomes a BBA. Thus, in HOFBReD-WMSIF,
both classifiers working with probability distributions and
BBAs are applicable.

After Shafer’s discounting, the conflict is properly man-
aged, and the discounted BBAs can finally be combined
directly by Dempster’s rule of combination, according to
Eq. (6). For a certain query pattern z, the final combination
result m is obtained after applying the Dempster’s rule of
combination R — 1 times to fuse the R discounted BBAs:

m:mf1 @mSQ EB...EBm}S{R. (32)

After obtaining the final fusion result m, the label £(z)
of the query pattern x is then determined by BetP(m). The
class whose possibility is the highest will be determined as
the label L(x).

L(z) = arg errlleeus_cZ (BetP(m(w;))) . (33)

On account of the effective discrepancy measurement
of the HOFBReD, the HOFBReD-WMSIF algorithm can im-
prove the decision level, which will be illustrated in the next
section by a pattern classification experiment.

6 APPLICATIONS IN PATTERN CLASSIFICATION

Pattern recognition aims to classify objects of interest into
one of a number of categories or classes [64]-[66]. Multi-
source information fusion is an effective method that can be
applied in pattern classification [56], [67].

To validate that the HOFBReD-WMSIF algorithm is
effective, we apply it to a pattern classification experi-
ment. In the experiment, the HOFBReD-WMSIF algorithm
is compared with several machine learning methods and
conventional information fusion methods. Through cross-
validation, the performance of the HOFBReD-WMSIF algo-
rithm is verified to be effective in pattern classification prob-
lems using real-world data based on the common criteria of
pattern recognition accuracy (in %). According to the result,
HOFBReD-WMSIF provides the highest accuracy among all
methods in this experiment.

6.1 Compared methods

The performance of HOFBReD-WMSIF is evaluated com-
pared with several machine learning methods and con-
ventional information fusion methods including K nearest
neighbor algorithm (KNN), support vector machines (SVM),
discriminant analysis (DA), decision tree (DT), evidential
K nearest neighbor (EKNN), average fusion method (AF)
and the simple majority voting method (MV). In KNN,
the principle is that when a new pattern x is predicted,
the class label of = is determined according to the class
label of the nearest K patterns. In SVM, the basic idea
is to solve the separation hyperplane that can correctly
divide the training data set and has the most considerable
geometric interval. DA determines the patterns to which
the grouping and other multivariate variable information
belong for discriminant grouping, according to the known
information about one grouping variable and corresponding
other multivariate variables of a certain number of patterns.
The DT is a tree structure, in which each internal node rep-
resents a judgment on an attribute, each branch represents
the output of a judgment result, and finally, each leaf node
represents a classification result. AF calculates the average
results of the base classifiers. MV calculates the average
complex decision-making results of the base classifiers. For
more details about the AF and MV methods, please refer
to [68]. In comparison, HOFBReD-WMSIF applies the pro-
posed belief divergence to obtain the classifier reliability.
Based on the classifier reliability, the discounting factors
are generated, and the discounted BBAs are combined.
Belief A2 divergence [37] and Jousselme et al.’s evidence
distance [38] ablation experiments in the same algorithmic
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Fig. 6. The flowchart of the HOFBReD-WMSIF algorithm.
TABLE 3
The accuracy of different methods with A = 2 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 90.00+3.62% 69.31+11.19% 84.31+3.88% 89.31+4.58% 89.54+3.44% 84.774+3.90% 75.684+4.06% 92.514+2.91% 92.514+2.91% 89.77+3.68%
Cle 47.4947.15% 53.88+10.14% 46.48+12.98% 37.72+£10.58% 46.49+9.96% 53.88+10.14% 53.884+6.37% 53.154+6.67% 53.83+5.85% 53.214+-11.08%
HCV 50.10+2.30% 48.73+4.45% 47.7242.38% 49.7443.55% 50.10+2.30% 50.254+1.49% 50.104+1.49% 51.694+1.96% 49.894+2.46% 49.81+1.92%
Ir 95.33£2.98% 96.66+2.35% 98.001+2.98% 94.66+3.80% 95.33+£2.98% 96.00+2.78% 88.66+9.00% 93.33+2.35% 94.00+1.49% 95.331+1.82%
Trans 76.47+4.42% 73.53+4.88% 76.87+3.27% 72.1945.29% 76.47+4.42% 76.87+3.43% 76.204+3.06% 76.474+4.39% 75.54+4.76% 75.80%2.75%
VC  9548+2.10% 98.06+2.10% 91.93+3.42% 99.35+0.88% 94.51+2.44% 73.224+2.44% 87.09+1.61% 98.704+1.76% 98.704+1.76% 98.70+1.34%
Wh  88.8643.25% 66.81+13.78% 82.50+4.86% 88.864+1.48% 88.631+3.11% 84.314£5.41% 75.90+6.03% 79.314+10.82% 77.04+4.91% 89.77+2.12%
AVG  789743.22% 75.0845.61% 75.79+4.42% 77.4643.72% 78.66+3.65% 74.904+3.87% 73.27+5.39% 77.88+4.41% 77.36+3.45% 79.34+3.27%

TABLE 4
The accuracy of different methods with A = 3 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.93+0.49% 87.554+2.31% 86.94+1.99% 99.84+0.34% 98.934+0.49% 90.07+1.32% 78.39+£3.91% 92.364+3.01% 92.36+3.01% 92.51+2.74%
Cle 47.49+6.22% 53.57+5.95% 48.16+6.58% 38.054+4.09% 43.114+5.61% 53.91+6.04% 53.914+6.04% 53.20+5.33% 53.87+4.50% 53.234+5.95%
HCV  48.08+£2.77% 50.90+3.40% 49.16+1.03% 50.034+2.34% 48.084+2.77% 48.44+4.95% 48.5943.87% 48.95+1.79% 47.58+2.04% 46.85+1.54%
Ir 96.66+2.35% 97.33+1.49% 98.00+1.82% 95.334+2.98% 96.66+2.35% 95.33+3.80% 88.6646.05% 94.00+3.65% 94.00+£3.65% 96.004+1.49%
Trans 75.66+2.60% 74.85+5.20% 77.53+2.38% 74.86+2.59% 75.794+2.54% 76.59+3.29% 76.19+3.18% 76.33+1.82% 75.53+1.23% 75.52+3.89%
VC  94.834+3.10% 98.06+0.72% 91.294+4.91% 99.67+0.72% 94.834+2.65% 72.90+4.32% 87.74+2.44% 98.704+1.34% 98.70+1.34% 99.03+0.88%
Wh  89.774+4.75% 57.72+26.88% 84.77+7.07% 88.40+3.44% 89.314+5.18% 85.45+5.04% 75.68+5.54% 75.004+2.27% 75.00+1.39% 90.00+3.15%
AVG  78.644+2.75% 75.694+4.37% 76.254+4.12% 78.14+2.20% 78.04+2.58% 74.944+4.06% 73.11+4.13% 76.93+2.74% 76.724+2.45% 78.71+2.70%

TABLE 5
The accuracy of different methods with A = 4 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.70+0.57% 87.02+3.13% 86.56+2.34% 99.84+0.20% 98.70+0.57% 89.774+1.27% 80.0746.16% 92.29+1.24% 92.29+1.24% 92.214+1.58%
Cle 44.46+6.54% 53.884+8.22% 48.49+6.14% 40.404+8.61% 41.754+10.56% 53.884+-8.22% 53.88+8.22% 53.53+7.03% 53.86+6.75% 53.20+8.74%
HCV  48.30+2.64% 51.98+1.48% 47.504+2.08% 45.55+4.33% 48.30+2.64% 49.7442.03% 50.754+2.98% 49.45+3.61% 49.24+3.86% 49.094+1.59%
Ir 96.00£3.65% 98.00+£2.98% 98.00+2.98% 94.004+2.78% 96.00+3.65% 94.00+2.78% 92.00+7.67% 94.66+1.82% 94.66+1.82% 96.00+4.34%
Trans 74.4743.33% 75.26+2.70% 76.46+1.90% 75.53+1.48% 74.33+3.42% 76.60+1.81% 76.194+2.53% 76.33+4.54% 75.40+4.15% 75.2642.61%
VC  93.87+3.85% 98.38+1.61% 94.1943.71% 99.67+0.72% 93.22+3.85% 72.58+13.44% 86.7743.85% 98.38+1.14% 98.38+1.14% 98.064-2.10%
Wh  89.3143.55% 69.31+11.86% 83.864+0.95% 90.22+3.64% 88.861+3.96% 85.00+1.48% 74.77+5.41% 72.724+4.88% 75.00+3.21% 89.31+1.29%
AVG  77.874+3.45% 76.264+457% 76.4442.87% 77.89+3.11% 77.31+4.09% 74.51+£5.26% 73.49+4.60% 76.7743.47% 76.97+3.17% 79.02+3.18%
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TABLE 6
The accuracy of different methods with A = 5 with Bayesian classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.93+0.68% 87.25+1.19% 86.87+1.31% 99.92+0.17% 98.93+0.68% 90.00+1.91% 81.524+6.94% 92.364+2.00% 92.36+2.00% 92.36+1.34%
Cle 45.1448.72% 53.91+£6.50% 50.224+9.47% 40.79+10.40% 44.47+8.43% 53.914+6.50% 53.914+6.50% 53.884+8.69% 53.888.69% 52.89+5.80%
HCV  48.731+1.42% 49.02+3.43% 47.22+1.56% 49.67+3.57% 48.73+1.42% 50.54+0.67% 50.3240.54% 49.6043.75% 48.88+1.92% 48.23+3.26%
Ir 96.66+2.35% 98.001+1.82% 98.00+1.82% 96.66+2.35% 96.66+2.35% 95.33+3.80% 90.00+6.23% 92.00+1.82% 92.664+2.78% 95.33+1.82%
Trans 76.074+2.70% 75.80£2.52% 77.93+3.23% 73.931+3.18% 76.074+2.94% 76.73+2.78% 76.194+1.74% 76.2042.68% 75.40+2.75% 75.52+3.40%
vC 95.48+1.76% 98.384+1.14% 86.4548.65% 99.35+0.88% 94.19+3.14% 71.93+8.58% 87.41+3.67% 98.70+1.34% 98.704+1.34% 98.70+1.34%
Wh  90.00+3.62% 69.31+11.19% 84.314+3.88% 89.314+4.58% 89.54+3.44% 84.774+3.90% 75.68+4.06% 83.18+8.24% 82.50+10.30% 89.77+3.68%
AVG 78.48+3.47% 76.05+4.25% 76.68+3.50% 78.23+4.18% 78.23+3.38% 75.15+3.89% 72.51+4.79% 77.99+4.07% 77.77+4.25% 79.214+2.96%

TABLE 7
The accuracy of different methods with A\ = 2 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.774+0.95% 87.324+3.20% 86.644+2.99% 99.84+0.34% 98.774+0.95% 93.20+3.11% 87.784+9.42% 99.694+0.49% 99.69+0.49% 99.77+0.51%
Cle 45.7448.46% 53.79+12.34% 47.74410.99% 36.954+11.22% 43.0646.87% 53.79+12.34% 53.794+12.34% 53.214+4.86% 53.88-:4.13% 53.79+12.34%
HCV  48.5142.89% 51.2642.46% 47.654+2.79% 48.95+4.16% 48.514+2.89% 48.154+4.14% 50.324+3.35% 51.3342.59% 50.68+43.24% 53.93+3.33%
Ir 96.6643.33% 97.3342.78%  98.0042.98% 94.66+£2.98% 96.66+3.33% 92.004+2.98% 86.00+6.41% 95.3343.80% 94.66+4.47% 96.0042.78%
Trans 75.534+2.95% 76.46+£1.74% 77.004+1.43% 73.52+2.32% 75.674+2.87% 73.40%3.01% 71.931+3.06% 75.2642.90% 75.2642.90% 72.58+6.84%
VC  94.8342.88% 98.06+1.34% 93.874+2.88% 99.35+0.88% 93.87+3.49% 75.484+551% 80.96+2.88% 98.7041.34% 98.701.34% 98.7040.72%
Wh  89.09+1.72% 73.63+6.88% 84.31+3.80% 88.40+3.44% 88.86+1.86% 88.40+1.24% 85.45+2.46% 73.18+7.30% 81.13+3.37% 90.00+2.46%
AVG  81.7942.90% 79.53+4.04% 79.674+3.58% 80.514+3.02% 81.1842.77% 77.84+4.03% 76.174522% 70.7742.95% 71.9042.38% 83.48+3.66%

TABLE 8
The accuracy of different methods with A = 3 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.5440.31% 87.63+£1.28% 87.02+0.97% 99.69+0.31% 98.54+0.31% 93.43+1.55% 86.25+£7.69% 99.46+0.57% 99.46+0.57% 99.69+0.41%
Cle 47.46+5.04% 53.83+9.05% 49.46+6.98% 42.774+6.07% 45.114+4.11% 53.83+£9.05% 53.83+9.05% 53.5348.73% 53.8749.03% 53.83+9.05%
HCV  51.261+3.47% 49.964+4.14% 47.00£1.75% 50.75+3.24% 51.2643.47% 48.884+2.57% 49.6743.40% 49.964+1.85% 50.684+2.41% 48.73+2.77%
Ir 96.00+1.49% 96.66+4.08% 98.00+2.98% 94.0042.78% 96.0041.49% 94.00+£5.47% 87.33+4.34% 94.0043.65% 92.66+2.78% 93.33+3.33%
Trans 77.6745.53% 73.65+£5.03% 77.27+4.67% 75.40+4.82% 77.67+5.53% 73.40+3.18% 72.19+3.75% 75.79+4.54% 75.79+4.54% 73.52+7.58%
VC  94.1944.64% 98.384+2.28% 89.354+5.30% 99.354+0.88% 92.90+5.30% 77.0942.10% 81.2945.30% 99.35+0.88% 99.35+0.88% 99.03+1.44%
Wh  90.00+3.53% 63.184+18.63% 85.45+4.43% 89.77+2.89% 89.77+3.40% 86.13+4.97% 85.00+4.04% 74.54+4.06% 85.90+4.14% 88.8642.03%
AVG  79.30+3.43% 74.76+6.35% 76.22+3.87% 78.82+3.00% 78.75+3.37% 75.254+4.13% 73.65+5.37% 78.09+3.47% 79.67+3.48% 79.57+3.80%

TABLE 9
The accuracy of different methods with A = 4 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 89.5441.86% 64.09+12.87% 83.63+6.35% 88.184+2.35% 89.094+1.29% 86.134+2.94% 85.0043.15% 99.694+0.31% 99.69+£0.31% 90.00+2.32%
Cle 45.4446.79% 53.884+5.01% 49.52+7.58% 40.094+10.93% 40.73+5.06% 53.88+5.01% 53.884+5.01% 53.524+6.25% 53.85+6.50% 53.88+5.01%
HCV  50.1042.27% 49.67+2.37% 47.87+3.96% 49.67+1.52% 50.104+2.27% 48.014+3.40% 48.514+4.43% 51.334+2.92% 51.62£2.96% 50.68+1.00%
Ir 96.664+3.33% 96.66+3.33% 98.00+1.82% 94.00+£4.94% 96.66+3.33% 90.00+£5.27% 86.00+3.65% 92.00+1.82% 92.66+2.78% 94.00+2.78%
Trans 77.1342.88% 65.40421.07% 78.34+4.82% 73.794+3.00% 77.274+2.62% 74.064+2.14% 72.4642.68% 75.5244.34% 75.52+4.34% 72.84+7.36%
VC  93.87+1.76% 98.384+1.97% 94.51+3.71% 99.35+0.88% 93.2243.49% 77.41+£7.30% 82.90+5.17% 99.034+2.16% 99.03+2.16% 99.03+0.88%
Wh  89.31+4.44% 62.50+19.30% 84.7742.96% 89.09+3.27% 88.86+3.96% 86.81+3.81% 85.22+2.89% 71.36£4.91% 72.50£11.59% 90.224+5.05%
AVG 78.75%3.13% 73.43+7.89% 77.104+3.87% 77.9743.53% 77.93+3.02% 74.96+4.12% 73.64+4.48% 77.49+3.24% 77.84+4.38% 80.0513.20%

TABLE 10
The accuracy of different methods with A = 5 with KNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.93+0.49% 87.55+1.76% 86.6442.01% 99.84+0.20% 98.93+0.49% 92.674+2.50% 89.08+7.17% 99.61+£0.27% 99.61+0.27% 99.6940.17%
Cle 45.454559% 53.88+3.32% 47.46+5.38% 38.35+7.95% 43.754+5.53% 53.88+3.32% 53.88+3.32% 53.534+3.85% 53.87+3.71% 53.88+3.32%
HCV  49.7441.60% 50.9743.34% 50.7541.43% 49.3844.70% 49.74+1.60% 50.68+3.19% 51.9144.29% 50.1043.17% 51.694+4.18% 49.164+2.24%

Ir 94.66+4.47% 96.66+2.35% 98.00+1.82% 94.66+3.80% 94.66+4.47% 91.33+7.67% 84.66+6.91% 92.00+1.82% 92.66+2.78% 93.33+6.23%

Trans 77.6742.54% 65.39420.47% 77.404+1.89% 73.134+3.59% 77.80£2.26% 74.60+3.12% 72.734+3.06% 75.5342.23% 75.5342.23% 75.3942.30%
VC  94.1943.34% 97.7440.88% 92.25+1.34% 99.35+0.88% 92.904+4.50% 77.41+3.78% 81.29+3.53% 98.70+1.34% 98.70+1.34% 99.03+0.88%
Wh  89.54+1.86% 64.09412.87% 83.634+6.35% 88.1842.35% 89.09+1.29% 86.134+2.94% 85.0043.15% 68.18+7.83% 73.86+13.25% 90.0042.32%
AVG  78.60+2.84% 73.75+6.43% 76.59+2.89% 77.56+3.35% 78.1242.88% 75.244+3.79% 74.08+4.49% 76.80+2.93% 77.98+3.96% 80.07+2.49%




tion fusion (d-MSIF) and belief X2 divergence multisource
information fusion (BA2-MSIF) respectively. For the AF and
MV methods, if the base classifier works with probability
distributions, the final predicted class of x is determined by:

L(z) = arg Egé(p(wi))- (34)

And if the base classifier works with BBAs, the final
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TABLE 11
The accuracy of different methods with A = 2 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.2440.69% 87.254+2.13% 86.41+1.97% 99.694+0.49% 98.24+0.69% 93.58+1.95% 88.93+5.04% 99.69+0.17% 99.69+0.17% 99.69+0.49%
Cle 45.78+3.92% 53.85+3.65% 49.82+2.87% 44.79+7.13% 41.074+4.95% 53.85+3.65% 53.85+3.65% 52.81+5.91% 52.81+5.91% 53.85+3.65%
HCV  50.03+1.70% 50.544+3.39% 50.68+4.00% 51.984+2.64% 50.03£1.70% 50.83+2.27% 51.84+1.07% 49.67+1.93% 49.67+£1.93% 52.49+1.95%
Ir 96.66+2.35% 99.33+1.49% 98.00+1.82% 94.66+4.47% 96.664+2.35% 94.00+3.65% 86.66+9.71% 94.00+£3.65% 93.33+2.35% 94.66+1.82%
Trans 74.20+3.98% 58.47+23.76% 77.81+3.97% 72.46+5.02% 74.074+4.02% 70.58+3.62% 72.45+3.09% 75.13+2.66% 75.13+2.66% 75.41+4.18%
VC  95.16+1.97% 98.06+1.34% 91.93+1.97% 99.35+0.88% 94.19+1.83% 75.484+8.41% 81.61+5.65% 98.70+1.34% 98.70+1.34% 99.03+0.88%
Wh  89.544+2.71% 69.54+12.43% 85.2243.40% 88.18+1.29% 89.31+2.61% 84.544+3.27% 84.54+3.27% 74.77+10.76% 62.27+2.82% 90.45+2.06%
AVG  78.5242.47% 73.86+6.88% 77.12+2.86% 78.73+3.13% 77.65+2.59% 74.69+3.83% 74.27+4.50% 77.82+3.78% 75.94+2.47% 80.80+2.15%

TABLE 12
The accuracy of different methods with A = 3 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV By 2-MSIF d-MSIF Proposed
Bank 98.70+0.99% 87.48+1.58% 86.71+1.15% 99.84+0.20% 98.704+0.99% 93.35+1.54% 88.24+6.32% 99.694+0.31% 99.69+0.31% 99.69+0.41%
Cle 43.1045.88% 53.85+4.05% 50.84+1.33% 38.75+8.19% 42.74+7.25% 53.85+4.05% 53.85+4.05% 52.814+5.91% 52.814+5.91% 53.85+4.05%
HCV  50.25+3.60% 47.00+1.36% 50.10+2.57% 51.6943.26% 50.25+3.60% 51.33+5.02% 50.754+4.71% 49.67+1.93% 49.67+1.93% 52.274+4.75%

Ir 96.00+£5.47% 97.33+4.34% 98.00+3.65% 94.00+6.41% 96.00+5.47% 92.00+£2.98% 86.664+2.98% 94.00+1.49% 94.00£2.78% 94.664+4.47%
Trans 76.87+2.15% 75.261+2.34% 76.86+1.80% 76.47+2.71% 76.744+2.15% 70.19+4.58% 70.73+3.58% 75.274+2.45% 75.27+2.45% 75.93+2.70%
VC  94.831+2.10% 98.38+1.61% 90.64+4.75% 98.70+£2.10% 94.51+1.83% 73.54+6.09% 86.77+3.85% 98.704+1.34% 98.70+1.34% 98.70+1.34%
Wh  88.861+5.10% 58.40+17.24% 84.31+6.83% 89.09+3.46% 88.63+4.75% 84.54+6.89% 75.68+7.85% 71.59+7.66% 62.50+6.52% 89.54+4.78%
AVG 78.3743.61% 73.961+4.64% 76.784+2.89% 78.361+3.76% 78.22+3.72% 74.124+4.45% 72.95+4.76% 77.39£3.02% 76.094+3.05% 80.66+3.21%
TABLE 13
The accuracy of different methods with A = 4 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.7740.62% 87.25+2.29% 86.87+1.58% 99.84+0.20% 98.7740.62% 91.83+1.13% 84.58+6.94% 99.694+0.31% 99.69+0.31% 99.69+0.17%
Cle 46.45+5.60% 54.20+2.97% 47.46+3.08% 39.374+7.60% 45.44+7.15% 53.87+3.06% 53.874+3.06% 52.81+5.91% 52.81+5.91% 53.87+3.06%
HCV  49.45+1.94% 50.10+2.18% 49.24+1.76% 51.40+2.56% 49.454+1.94% 49.67+2.80% 50.32+2.56% 49.674+1.93% 49.67+1.93% 52.56+0.74%

Ir 95.33+1.82% 99.33+1.49% 98.00+2.98% 944+2.78%  95.33+£1.82% 90.00+£5.27% 88.66+5.05% 94.664+3.80% 94.00+4.34% 94.66+3.80%
Trans 76.61+3.25% 75.14+4.64% 77.67+3.42% 71.784+2.15% 76.204+2.84% 71.124+3.55% 73.00+£2.65% 75.264+2.54% 75.26+2.54% 73.01£9.29%
VC  94.1944.35% 98.06+1.76% 93.224+4.17% 99.35+0.88% 94.194+4.20% 76.45+8.73% 81.29+5.30% 99.03+1.44% 99.03+1.44% 98.70+1.34%
Wh  88.63+1.39% 63.41+14.27% 84.774+4.07% 87.95+3.73% 88.63+1.39% 85.68+3.27% 85.68+3.27% 82.72+7.29% 62.04+3.64% 89.54+1.48%
AVG  78.4942.71% 75.3544.23% 76.754+3.01% 77.67+2.84% 78.29+2.85% 74.094+3.97% 73.91+4.12% 79.12+3.33% 76.074+2.65% 80.29+2.84%
TABLE 14
The accuracy of different methods with A = 5 with EKNN classifier.

Dataset KNN SVM DA DT EKNN AF MV Bx2-MSIF d-MSIF Proposed
Bank 98.62+0.34% 87.48+1.89% 86.484+1.58% 99.8440.34% 98.62+0.34% 93.51+1.70% 82.5949.12% 99.7740.20% 99.77+0.20% 99.614+0.53%
Cle 46.49+7.42% 53.54+591% 49.15+4.36% 37.4148.62% 41.09+5.14% 53.88+5.94% 53.8845.94% 52.81+5.91% 52.81+5.91% 53.8845.94%
HCV  49.38+£0.93% 48.59+1.60% 48.66+1.43% 52.34+2.74% 49.384+0.93% 51.40+£1.10% 51.624+0.44% 49.67+£1.93% 49.67£1.93% 50.184+2.35%

Ir 96.66+3.33% 96.66+5.77% 97.33+2.78% 96.004+3.65% 96.66+3.33% 96.00+3.65% 88.0043.80% 94.00+2.78% 93.33+4.08% 96.004+-1.49%
Trans 76.194+2.58% 69.35£15.71% 77.67+2.37% 75.92+£2.78% 76.194£2.58% 71.25+1.95% 73.51+£3.74% 75.934+3.03% 75.93+3.03% 75.79£1.16%
VC  94.1943.71% 99.35+1.44% 92.254+4.17% 99.03+2.16% 92.904+4.20% 74.83+6.41% 87.09+5.46% 98.704+0.72% 98.70+0.72% 98.70+2.10%
Wh  89.77+£2.12% 71.81+£12.45% 85.00+4.71% 90.2242.73% 89.54+2.46% 84.77+1.90% 84.774+1.90% 79.77+5.23% 64.54+9.98% 88.631+2.78%
AVG  78.764+2.56% 75.2545.60% 76.6542.68% 78.681+2.88% 77.77+2.38% 75.0942.83% 74.49+3.80% 78.66+2.84% 76.394+3.70% 80.40+2.05%
framework are also applied to prove the effectiveness of the predicted class of x is determined by:

proposed divergence. These two methods are denoted as r(z) — _

, . . . . () = arg max (m(w;)). (35)

Jousselme et al.’s evidence distance multisource informa- wi€Q

6.2 Base classifiers

EKNN is a very classical method of generating evidence
[69], and by using EKNN, the effectiveness in improving the
decision level of applying HoFBReD in HOFBReD-WMSIF
can be fairly evaluated and compared with other methods
including d-MSIF and BX?2-MSIF. So in this work, the
evidential K-nearest neighbor classifier (EKNN), the KNN
classifier and the naive Bayesian classifier are utilized as
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the base classifiers. KNN and naive Bayesian classifiers
provide probability distributions as the output, and EKNN
classifiers provide BBAs as the output. These classifiers can
be directly applied to HOFBReD-WMSIF because HOFBReD
can effectively measure the discrepancy between probability
distributions or BBAs.

6.3 Real world datasets

Real-world datasets are employed in this experiment from
the UCI repository (http:/ /archive.ics.uci.edu/ml) and KEI-
dataset (http://sci2s.ugr.es/keel/datasets.php). In this ex-
periment, the datasets Bank (Bank) with 1310 instances, 4
attributes and binary classes, Cleveland (Cle) with 297 in-
stances, 13 attributes and 5 classes, hepatitis C virus (HCV)
with 1385 instances, 28 attributes and binary classes, Iris (Ir)
with 150 instances, 4 attributes and 3 classes, transfusion
(Trans) with 748 instances, 4 attributes and binary classes,
VC (VC) with 310 instances, 6 attributes and binary classes,
Wholesale (Wh) with 440 instances, 7 attributes and 3 classes
are utilized.

6.4 Evaluation of performance

A 5-fold cross-validation is applied to verify the proposed
algorithm’s effectiveness. Besides, the order coefficient A
and the parameter o in HOFBReD are determined based on
the scenario applications” commands. In HOFBReD-WMSIF,
the order coefficient ) is selected to be 2, 3, 4 and 5 here, and
the parameter a of HOFBReD is selected to be ;. For each
base classifier and order coefficient A, 5-fold cross-validation
of the 8 methods are conducted once on all datasets. After
the 5-fold cross-validation, for the various 4-order coefficient
A and 3 base classifiers, the accuracies of the 8 methods
are shown from Table 3 to Table 14, where the average
accuracies among the datasets are also presented.

In this paper, the average performances of the proposed
algorithm are evaluated to prove the effectiveness of the
algorithm. From the results above, it is observed that the
HOFBReD-WMSIF generally provides generally better re-
sults in comparison to other methods. Specifically, from
Table 3 to Table 14, the average accuracies of HOFBReD-
WMSIF among all datasets are higher than other methods
in almost all cases.

For the Bayesian classifier with the order coefficient
A = 2, the proposed algorithm has the highest average
accuracy (79.34%), while the highest accuracy among other
methods only reaches 78.97%. For the Bayesian classifier
with the order coefficient A = 3, the proposed algorithm
has the highest average accuracy (78.71%), while the highest
accuracy among other methods only reaches 78.64%. For
the Bayesian classifier with the order coefficient A\ = 4,
the proposed algorithm has the highest average accuracy
(79.02%), while the highest accuracy among other methods
only reaches 77.89%. For the Bayesian classifier with the
order coefficient A = 5, the proposed algorithm has the
highest average accuracy ( 79.21%), while the highest ac-
curacy among other methods only reaches 78.48%.

For the KNN classifier with the order coefficient A = 2,
the proposed algorithm has the highest average accuracy
(83.48%), while the highest accuracy among other methods
only reaches 81.79%. For the KNN classifier with the order

coefficient A\ = 3, the proposed algorithm has the average
accuracy (79.57%), while the highest accuracy among other
methods reaches 79.67%. For the KNN classifier with the or-
der coefficient A = 4, the proposed algorithm has the high-
est average accuracy (80.05%), while the highest accuracy
among other methods only reaches 78.75%. For the KNN
classifier with the order coefficient A = 5, the proposed
algorithm has the highest average accuracy (80.07%), while
the highest accuracy among other methods only reaches
78.60%.

For the EKNN classifier with the order coefficient A = 2,
the proposed algorithm has the highest average accuracy
(80.80%), while the highest accuracy among other methods
only reaches 78.73%. For the EKNN classifier with the order
coefficient A = 3, the proposed algorithm has the high-
est average accuracy (80.66%), while the highest accuracy
among other methods only reaches 78.36%. For the EKNN
classifier with the order coefficient A = 4, the proposed
algorithm has the highest average accuracy (80.29%), while
the highest accuracy among other methods only reaches
79.12%. For the EKNN classifier with the order coefficient
A = 5, the proposed algorithm has the highest average
accuracy (80.40%), while the highest accuracy among other
methods only reaches 78.76%.

In this work, three traditional base classifiers are taken
into account, including EKNN, KNN and naive Bayesian
classifiers. In addition to these base classifiers, other base
classifiers can also be applied in different applications
accordingly. It is believed that HOFBReD-WMSIF can be
applied to the improved EKNN methods as base classifiers,
and gain the similar advantages of it. Therefore, HOFBReD-
WMSIF can be effectively deployed to pattern classification
problems, and provide high accuracy performance by recog-
nizing effective patterns, such as the significant discrepancy
between two probability distributions or BBAs. Based on
the measuring of HOFBReD, it can benefit the classifiers’
reliability and contribute to the good final fusion result
performance in decision level.

7 CONCLUSION

This paper proposes a novel belief divergence to measure
the discrepancy between BBAs in D-S evidence theory effec-
tively. Furthermore, its application in pattern classification
and multisource information fusion is demonstrated. The
study’s main contribution is that the proposed method
is the first belief Rényi divergence that can measure the
discrepancy between BBAs with dynamic fractal probability
transformation and extends the order to a "higher” order.
And the proposed belief divergence can effectively obtain
more information about the non-specificity of BBAs dur-
ing discrepancy measurement with robust representation,
which is superior to other methods. Additionally, a novel
multisource information fusion algorithm is proposed, and
a pattern classification experiment with real-world datasets
is presented. The results show that the proposed method
has a higher pattern recognition accuracy than other meth-
ods. To summarize, the proposed discrepancy measurement
method and multisource information fusion algorithm con-
tribute to improving the decision level.
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In addition, the proposed HOFBReD-WMSIF also has
a potential limitation. When the number of elements in
the frame of discernment increases extremely, the time
complexity of the HOFBReD-WMSIF spread exponentially,
which is difficult for practical applications. In the future, it
is worth considering quantum information processing tech-
nology [70] to deal with this limitation. And the HoFBReD
can be further applied to complexity analysis for biological
systems, EEG data analysis and deforestation focus detec-
tion in future work: For instance, we expect HoFBReD can
identify the challenging patterns of different stages across
a clinical cycle to prove the effectiveness of the HOFBReD-
WMSIF algorithm, including migraine [71] and depression
detections [72] based on EEG data.
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