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Gaussian Process Preintegration for Inertial-Aided
State Estimation

Cedric Le Gentil, Teresa Vidal-Calleja, and Shoudong Huang

Abstract—In this paper, we present Gaussian Process Prein-
tegration, a preintegration theory based on continuous rep-
resentations of inertial measurements. A novel use of linear
operators on Gaussian Process kernels is employed to generate
the proposed Gaussian Preintegrated Measurements (GPMs).
This formulation allows the analytical integration of inertial
signals on any time interval. Consequently, GPMs are especially
suited for asynchronous inertial-aided estimation frameworks.
Unlike discrete preintegration approaches, the proposed method
does not rely on any explicit motion-model and does not suffer
from numerical integration noise. Additionally, we provide the
analytical derivation of the Jacobians involved in the first-
order expansion for postintegration bias and inter-sensor time-
shift correction. We benchmarked the proposed method against
existing preintegration methods on simulated data. Our experi-
ments show that GPMs produce the most accurate results and
their computation time allows close-to-real-time operations. We
validated the suitability of GPMs for inertial-aided estimation by
integrating them into a lidar-inertial localisation and mapping
framework.

Index Terms—Sensor Fusion, Au-

tonomous Vehicle Navigation

SLAM, Localization,

I. INTRODUCTION

ERCEPTION and ego-motion estimation are critical com-

ponents of every autonomous system. Despite tremendous
improvements in sensing technologies, a system cannot rely
only on one modality for robust and safe operations. Numerous
state estimation algorithms have been proposed to estimate a
system trajectory based on complementary multi-modal data.
Inertial Measurements Units (IMUs) became ubiquitous in the
field of multi-sensor state estimation as they are affordable,
light-weight and provide proprioceptive information. In 2012,
the authors of [1] introduced a concept called preintegration. It
consists of pre-processing discrete inertial measurements into
a smaller amount of pseudo-measurements. The preintegrated
measurements had become widely popular for inertial-aided
estimation as they allow a reduction of the overall trade-
off between accuracy and computation time. This popularity
gain has been accelerated by the integration of ready-to-
use preintegrated inertial factors in robotic state estimation
frameworks like GTSAM [2]. In this present work, we ex-
tended the concept of preintegration to pre-process inertial
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Fig. 1: Overview of the proposed method of Gaussian Process (GP)
Preintegration

data using Gaussian Processes as non-parametric continu-
ous representations of the measurements. Compared to the
original preintegrated measurements, the proposed Gaussian
Preintegrated Measurements (GPMs) yield more accurate pose
predictions within contained computation time.

The affordability of both monocular cameras and IMUs
makes visual-inertial algorithms quite popular in the litera-
ture. Initially limited by computational power, online state
estimation was mostly relying on filter-based methods such
as the one presented in [3]. Later frameworks like [4] and [5]
combined both local and global optimisations to estimate the
system trajectory in real-time as well as creating consistent
maps with loop-closure detections. Originally expensive and
bulky, lidars are now affordable sensors that provide reliable
geometric information about the surrounding environment. The
system presented in [6] combines both a 2D lidar with an IMU
on a spring mechanism to create 3D maps. Still considered as
a state-of-the-art method, LOAM [7] cleverly uses frame-to-
frame and frame-to-map scan registration loosely coupled with
IMU data to outperform any other lidar-inertial approaches on
the KITTI odometry benchmark [8]. All the methods above
leverage only two sensors at a time but fusion with more
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sensors is possible as demonstrated in [9] with a visual-
inertial-GPS system, or [10] with a lidar-visual-inertial odom-
etry pipeline.

Whether it is for visual-inertial [4], [5] or lidar-inertial [11],
[12] estimation, many methods rely on the concept of prein-
tegration originally presented in [1]. In the context of visual-
inertial localisation and mapping, [1] introduced preintegrated
measurements that combine IMU readings collected between
two visual keyframes. Unlike the classic integration of inertial
data, preintegration provides pseudo-measurements that are
independent of the linearisation point preventing repetitive
computations during the process of state estimation. As shown
in [13], the authors of [14] and [15] introduced a lightweight
and accurate Visual-Inertial Odometry (VIO) algorithm. The
high performance of this algorithm has been made possible
with the extension of the preintegration theory to rotation
manifold [14], [15], instead of the Euler angles representation
used in [1]. In [11], the inertial data are combined into closed-
form preintegrated measurements [16] relying on the assump-
tion of constant local acceleration. In our previous work
[17], we introduced the concept of Upsampled Preintegrated
Measurements (UPMs). These measurements are based on GP
regression and do not rely on any explicit assumption about
the system dynamics.

One issue that arises with multi-sensor systems is the data
synchronisation. Even if the readings from each modality
are collected along with accurate real-time timestamps, the
sensor frequencies are generally different and out of phase.
Frameworks like [6] and [18] address this problem by using
continuous state-representations. While providing tools to han-
dle rolling-shutter-like sensors (spinning lidars, rolling-shutter
cameras, etc.), these methods rely on heuristics about the
system motion. In a similar way to the UPMs, the proposed
method is based on a nonparametric continuous representation
of the inertial measurements. It allows inference of inertial
information for any given timestamp without the need for
any explicit motion model. Consequently, GPMs can be used
with asynchronous inertial-aided platforms as well as with
rolling-shutter-like sensors. In addition, the accelerometer and
gyroscope measurements themselves could even be collected
at different frequencies.

The main contribution of this work is the theoretical
derivation of the GPMs leveraging GP models of the inertial
measurements and linear operators applied on GP kernels [19].
Moreover, this paper also provides the reader with the tools
to integrate the GPMs into any inertial-aided state estimation
algorithms with the derivation of postintegration IMU biases
and inter-sensor time-shift corrections.

The structure of this paper is as follows. Section II intro-
duces definitions and background about preintegration. Sec-
tion III presents the theory of GPMs. The derivation of
postintegration IMU biases and inter-sensor time-shift correc-
tions is detailed in Section IV. Section V is dedicated to the
experiments through the benchmark of GPMs against exist-
ing methods, and the validation in a multi-modal estimation
framework. Finally, Section VI presents the conclusion and
suggestions for future work.

II. DEFINITIONS AND BACKGROUND
A. System description

Let us consider a 6-DoF-IMU composed of a 3-axis ac-
celerometer and a 3-axis gyroscope. The inertial data acquired
consists of proper accelerations f (t;) and angular velocities
@(t;) at time t; (1 = 1,...,Q) measured in the inertial
frame §;. The IMU orientation (rotation matrix), position and
velocity at time ¢; are denoted R, pf/{, and vé{,, respectively.
The subscript 1y corresponds to the world fixed frame §yy .

The inertial measurements are modelled considering addi-
tive biases and noise terms as follows:

f(t) = Ry (1) T (£(t) — gw) + by(t) +15(t), (1)
@(t) = w(t) + by (t) + nw(t), 2)

with f being the true linear acceleration of the sensor in the
world frame §y, w the true instantaneous angular velocity
of the inertial frame relative to §y, gy the gravity vector in
Sw, by and by, slowly varying sensor biases, 77 and 7,, zero-
mean Gaussian noises for the linear accelerations and angular
velocities respectively.

By definition, the dynamics of the sensor is given by:

Riy (t) = Riy (Hw(t)", 3)
iy (t) = £(1), 4)
P (t) = viy (), (5)

where " is the differentiation operator, and " is the operator
that transforms a vector into a skew-symmetric matrix as

A
w1 0 —Ws w2
wA: W2 = w3 0 —Wwi| . (6)
w3 —Ww2 w1 0

B. IMU preintegration

Given known initial conditions at ¢ = t;, the sensor pose
and velocity at ¢ > ¢; can be computed by integrating (3),
(4) and (5):

[2)
d
Rﬁ/ = R%(Hexp (w(t)/\) t), @)
t
1 t2
v%,f, = vﬁ, +/ £(t)dt, ®)
t
! to t
pi2 = pll + viL At + / / f(s)dsdt ©))
t, Jty

with At = t5 —t;. In the absence of sensor noise, (7), (8) and
(9) can be expressed as a function of the IMU readings f and
w:

to
R’ :R%(Hexp (@(t) - bw(t))/\)dt), (10)
t1
t‘z ~
viz =vii +awAt+ [ Ry () (E(t) —bg(t)dt, (1)
ty
2
pi? =plh, + Vi At + gWQA !
to t ~
+/ / Riy (s) (E(s) — by(s))dsdt. (12)
t1 t1
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The preintegration originally presented in [1] reformulates (11)
and (12) using the fact that R, (t) = R, R (¢):

t2 ~
vz —vi f e At+RY [ REL(1)(F() —by(1))dt,

t1

(13)
At?
Pz =pli + viL At + ng
to pt R
+R';1V/ R; (s)(f(s) —by(s))dsdt.  (14)
t1 Jt
The preintegrated measurement are defined as
to
- d
AR; =] Jexp ((@(1) — bu (1)), (15)
t
lt2 ~
Avi = [ Ry (t)(£(t) —by(t))dt, (16)
ty
to ot ~
Apif :/ / R} (s) (f(s) — bf(s))dsdt. 17
t1 t1

In [1] and [14], (15), (16) and (17) are integrated numerically
directly considering the discrete raw IMU measurements.

ITII. GAUSSIAN PREINTEGRATED MEASUREMENTS

Our previous works [17] and [12] consider continuous repre-
sentations of the inertial data to independently upsample these
signals before numerically integrating (15), (16) and (17). We
named these interpolated measurements Upsampled Preinte-
grated Measurements (UPMs). Here, the proposed method also
leverages continuous models of inertial measurements. The
major difference is that in this case we leverage the use of
linear operators [19] to analytically compute the integral of
inertial readings. Fig. 1 shows the two step approach (rotation
first, then velocity and position) proposed for inference of
GPMs. In this section, we assume that the sensors biases are
known. In real-world scenarios, the value of the biases is not
accurately known a priori. A first-order expansion technique
is presented in Section IV to allow postintegration bias and
inter-sensor time-shift corrections.

A. Gaussian Process regression

In [17] and [12], Gaussian Process regression [20] is used
to perform non-parametric probabilistic interpolation. This
inference method does not assume any motion model. Given
a signal modelled with a GP as

h(z) ~ GP(0,Kp(z, ")),

yi = h(zi)+n, n~N(0,0), (18)
the interpolated mean and covariance are
X -1
y*(z) = Kn(z,x) [Kn(x,%) + 031] "y,
cov(y®) = Kp(z, x)
Ky (z,%) [Kh(x, x) + 051] 71Kh(m,x)—r, (19)

with y being the vector of training values at x, and K (., .)
the matrix of covariances evaluated with the kernel covariance
function between each pair of arguments.
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Fig. 2: Graphical examples of two linear operators used in this work
(center and right) applied to the signal h(t) (shown on the left). With

Loh(t) = 252 and L1A(t) = [} h(z)dz (with ¢ = 0).

B. GPM - Rotation

Equation (3) does not have a general solution [21]. Nonethe-
less, if the sensor rotation is constrained around one-axis, as in
many ground vehicle applications, the infinitesimal rotations
become commutative. Therefore, in that case, (3) can be solved
as:

to
AR = exp (ArgA), Arl? = / (@(t) — bu(1))dt,
t1
(20)

where the three components of the integral can be computed
independently. The integral is then rewritten with a linear
operator

. £ n (1) = b (1)
Btz = [ (@(0) = b0 = | £ (ea(t) — bur(1)|
2 £heslt) s (1)

2

where the superscript of £ indicates the variable it is op-
erating on. Note that in the case of linear operators, L*h(e)
does not correspond to the multiplication of a matrix or vector
L* with h(e). It represents the application of the operator £*
on h(e). For example, given L£* the differentiation operator,
L*h(e) corresponds to 6}5(:). Fig. 2 provides examples of the
application of £! and L', (presented later in (35) and (36)).
As per [19], by modelling (&(t) — by, (t)) with GPs,

(w; (1) = b, (1) ~ GP (0, Ko (£, 1)), (22)
the component of Arif are inferred as
Arytz* = LUK, (6,0 [Kr, (4 + 02 1) wj, 23)
7" = LK (1)L
LUK, (6O [Ky (L0 + 02 1)K, (L OTLE (24)

with w; the vector of training values (&(t) — by, (t));. Note
that the right product of the linear operator implies its applica-
tion to the second argument of the preceding kernel function.
This is emphasised by the superscript of the linear operator.

If the rotation spans over multiple axes between ¢; and %o,
the rotational preintegrated measurement ARE? is computed
numerically after upsampling the gyroscope data with the
classic GP inference (19) as in [17] and [12].

C. GPM - Velocity and position

In the case of noiseless measurements and perfect knowl-
edge of the gyroscope biases, Ry (o) = AR} (o). Con-
sequently, velocity and position preintegrated measurements
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are functions of both the gyroscope and accelerometer read-
ings. Unfortunately, the preintegrated measurements Avif and
Apif cannot be expressed analytically solely based on linear
operators and the independent GP models of raw inertial mea-
surements. To overcome this issue and allow the direct (non-
iterative) GP inference of velocity and position preintegrated
measurements, the proposed method models the accelerometer
data after their reprojection in S?, the inertial frame at ¢4,
according to the rotational preintegrated measurements. Thus,
modelling these new signals with GP models as

(ARf, ()(E(t) = bs(1)), ~ GP(0, K, (1,1)), (29
and rewriting (16) and (17) as

L3 (AR, ()(E(t) = bs (1)), ]

Avy? = | L} (AR} (t)(E(t) — by(t))),| and (26)
L, (AR, (8)(£(t) — by(t))) ;]
(L5 (AR, (8)(E(1) = bs())),]

Apy? = | LL(AR], ()(E(t) —bg(1))), | » 27)
LC, (AR, (1) (£(t) — by(1)))

each component of Avt and Api2 is inferred independently
using (23) and (24) replacing K, (., .) with Kf (.,.), wj with
f;, and L, with L, for AV?, and L, for Ap 2. The vector f;
consists of the set of training values (AR;( )(f'( t)—by(t )))
at t = ; for every t; present in the training data.

IV. POSTINTEGRATION BIAS AND INTER-SENSOR
TIME-SHIFT CORRECTIONS

By itself, the integration of inertial data is prone to large
drift. In addition to Gaussian noise and the actual physical
values of acceleration or angular velocity, the raw inertial
measurements contain a generally unknown bias component.
In the context of sensor fusion, and under some specific ob-
servability conditions [22], these biases can be estimated. For
that purpose, the authors of the pioneer paper on preintegration
[1] introduced a first-order expansion to correct biases after
integration under the assumption of constant biases during the
integration interval. In our previous work [17], we extended
that concept to integrate the estimation of inter-sensor time-
shift §;. The preintegrated measurements (15), (16) and (17)
can be rewritten as

AR (b, 6;) ~AR (b, 0¢)

o (3

- = = SAV,2 ~
szf (bf, b, 5,5) '&‘Avtz (bf7 b, 515) + b, -1 bf
6Avt aAvt
+ bt b+ 550

Ap}? ?(by, by, dt) NApt1<bf7bw7>+ aptlbf

OA OA (28)
+ at?tlb + agtl‘st’

with by = t_)f +E)f, b, = b, + bw, and 8, = &; + &;. Note
that e denotes the prior knowledge of the value at the time of
preintegration and e represents the correction.

The rest of this section describes how the different Jacobians
in (28) are computed according to the GPM formulation.

A. Rotation GPM Jacobians

Similarly to the GPMs calculation, the computation of the
Jacobians for the rotational preintegrated measurements is split
into two scenarios. If the motion contains 3D rotations, the
Jacobian of ARt with respect to the gyroscope biases b, is
computed iteratively as in [14]. The Jacobian of ARt2 with
respect to the inter-sensor time-shift §; can easily be computed
numerically by offsetting the integration limits of L!. The
following paragraphs detail the computation of these Jacobians
in the case of 1D rotations.

1) Gyroscope biases: In the inference of Artl , as per (23),
the biases only impact the training values w;. Consequently,

3Ar b2 _ W
TGRS COR R 127:
The Jacobian of w; with respect to b, is a column vector of
—1 (a simple additive bias).
2) Inter-sensor time-shift: The Jacobian of Arff with re-
spect to §; (the derivative of (21) with respect to ¢1) can be
written using another linear operator:

(29)

dArg 9 (A
- _%/tl @(t) - bu())dt  (30)
28, (nt) b (1)
|2 () — b (9)] a1
L1 @alt) = bio 1)

with At = t5 — t;. Therefore the Jacobian can be computed
with (23) replacing £} with L],

B. Velocity and position GPM Jacobians

The derivation of the Jacobians of (28) is similar for both,
the velocity and position cases.

1) Accelerometer and gyroscope biases: As for ARZ, the
inference of Avff and Ap’éf depends on the IMU biases solely
via their training values f;. Therefore,

aAVjif : 2 —1 8fj

o, = LK (t, ) [Ky, (4, 4) + 02 1] o, G2
aAij ¢ 2 —1 8f]

o = LUK, (1) [Ky, (4 1) + o2 1] b, (33)

with b, being either the accelerometer biases by or the
gyroscope biases b,,. Note that f; depends on b,, as AR (t)
depends on by,.

2) Inter-sensor time-shift: The differentiation of Avff and
Apif with respect to §; cannot be directly inferred with the
help of a linear operator as in the case of Arfﬁf. The main
difference comes from the fact that f; depends on J; as
AR’ (t) depends on ;. Consequently the Jacobian of Avi?
is computed as

AAv ;2 _
T —rt K, (88 [Ke (4 8) + 02 178
8515 54 j j j
—1 af]
95,

+ LUK, (5 [K (6 8) + 0 T (34)
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with
0
Po= —Ef, = Etdf Efj.

35
e = B (35)

The computation of the Jacobian of Avﬁf with respect to
d¢ follows (34) replacing L,;, with

0
t t t1 pt
ps, = atlﬁp =L;L, (36)
Note that the Jacobians of f; with respect to J; can be

aAT! (1)

computed numerically or deduced from —;

the previous subsection.

computed in

V. EXPERIMENTS AND RESULTS

The proposed method has been evaluated quantitatively on
simulated data and validated for inertial-aided state estimation
with a lidar-inertial platform. Our implementation uses the
square exponential kernel.

A. GPM benchmarks

In this subsection we are benchmarking our proposed
method (GPM) against our previous work [17] (UPM), and
the original on-manifold preintegration method [14] (PM). The
evaluation in simulated data consists of generating random
trajectories from sinusoidal functions and computing the prein-
tegrated measurements using each of the three aforementioned
methods between randomly chosen timestamps (t; and ts).
The frequencies of the sinusoidal functions range between 0.05
and 0.4 Hz for the position, and between 0.15 and 0.7 Hz for
the rotation. The different metrics for evaluation are presented
below.

1) Accuracy: This set of experiments have been designed
to simulate the VIO scenarios where preintegration is per-
formed at low frequency to constrain the system pose between
consecutive keyframes (set-up one), and at higher frequency
for feature tracking (set-up two). Our first set-up computes
preintegrated measurements over durations ranging anywhere
between 1 and 5 seconds. As the trajectories have differ-
ent characteristics and the integration interval length is not
fixed across runs, the chosen metric is the relative error
with respect to the travelled (linear or angular) distance.
The second experiment has been designed around smaller
integration intervals. We compute the absolute pose error for
different fixed inference frequencies between 1 and 20 Hz.
Looking at the values reported in Table I and II, GPMs and
UPMs outperform PMs by around an order of magnitude. In
other words, the assumption of constant acceleration during
the IMU period introduces a non-negligible integration noise.
UPMs upsample the inertial measurements (here by a factor
10) before conducting numerical integration. It reduces the
integration noise significantly. The amount of integration noise
in UPMs directly depends on the upsampled frequency. This
creates a trade-off between accuracy and computation time.
GPMs do not suffer from the integration noise as per their
analytical approach to the integration. The factor that limits the
accuracy of the GPMs is the ability for the GPs to accurately
model the true underlying signal.

1D rotations (relative errors %)

Motion PM UPM GPM
Roter. | Poser. | Roter. | Poser. | Roter. | Pos er.
Slow 0.253 3.54 0.038 0.381 0.028 0.143
Fast 0.221 2.90 0.024 0.301 0.008 0.073

3D rotations (relative errors %)

Mofion PM UPM GPM
Roter. | Poser. | Roter. | Poser. | Roter. | Pos er.
Slow 0.316 4.79 0.035 0.493 0.035 0.311
Fast 0.308 4.35 0.031 0.433 0.031 0.396

TABLE I: Average relative error of preintegrated measurements with
respect to trajectory length in simulated environments (over 100 trials)
for different types of motion. The integration interval length is be-
tween 1s and 5s. Characteristics of the trajectories during integration
interval (1D rot. slow/1D rot. fast/3D rot. slow/3D rot. fast): avg.
distance = 9.7/15/8.8/23 m, avg. velocity = 1.8/3.9/1.9/4.7m/s ,
avg angular distance = 2.2/6.8/3.8/16 rad, avg angular velocity =
0.7/2.5/1.3/4.9rad/s. IMU frequency 100 Hz, accelerometer noise
sd 0.02m/s?, gyroscope noise sd 0.002rad/s, UPM upsampled
frequency 1kHz.

1D rotations (absolute errors in mrad and mm)

Query PM UPM GPM
rate (Hz) | Roter. | Poser. | Roter. Pos Roter. | Poser.
20 241 5.61 0.28 0.60 0.10 0.02
10 491 12.1 1.61 1.32 1.40 0.16
2 21.3 61.3 3.09 7.19 0.20 0.61
1 24.9 125 2.51 12.6 0.28 1.80
3D rotations (absolute errors in rad and mm)
Query PM UPM GPM
rate (Hz) | Roter. | Poser. | Roter. Pos Rot er. | Pos er.
20 5.48 6.06 0.80 0.65 0.80 0.02
10 11.1 13.1 7.53 2.27 7.18 0.48
2 35.6 65.0 4.72 7.29 3.56 1.74
1 375 159 3.75 159 3.75 10.3

TABLE II: Average absolute error of preintegrated measurements
for fast trajectories in simulated environments (over 100 trials) for
different fixed query rates.

2) Robustness to noise: This set-up evaluates the three
methods for different variations of noise. Figure 3 plots the
corresponding relative errors. For motion containing only 1D
rotations, the absence of noise pushes the GPMs error towards
zero where UPMs and PMs cannot go below a certain error.
This observation supports the hypothesis that GPMs are not
subject to integration noise. The final error is mainly driven
by the kernel ability to model noisy signals. In the presence
of 3D rotations, UPMs and GPMs share the same numerical
approach to estimate the rotational part of the preintegrated
measurements. For that reason, the error difference between
the two methods is smaller but GPMs still outperform UPMs.

3) Computation time: While providing more accurate esti-
mates, UPMs and GPMs can be significantly slower than the
original preintegration. This experiment collects the average
run time (over 50 runs) of the benchmarked methods. The
code is executed on a laptop equipped with an Intel i5-6300U
CPU working at 2.40 GHz, and 24 GiB of RAM. Table III
presents the values obtained for different length of integration
interval (from 10Hz to 0.2 Hz). The total execution time of
both the UPMs and GPMs can be divided into two parts:
hyper-parameter training and inference. In the absence of prior
knowledge about the signals, the hyper-parameter training
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1D rotations (computation time ms)

Interval PM UPM GPM

length (s) Train. Infer. Train. Infer.
0.05 0.8 294 18.7 356 1.3
0.1 0.9 335 25.6 399 1.8
0.5 3.1 392 67.3 396 4.2

1 5.8 498 113 502 8.1

2 11.6 1088 279 1085 28.2

3 18.6 2349 534 2332 68.9

4 23.3 4159 824 4144 127

5 28.5 6939 1244 6832 212

3D rotations (computation time ms)
Interval PM UPM GPM

length (s) Train. Infer. Train. Infer.
0.05 0.6 269 16.9 277 10.2
0.1 0.9 291 22.0 298 11.1
0.5 3.1 362 60.2 367 24.8
1 5.8 530 121 529 51.9

2 11.8 1148 297 1110 138

3 17.5 2347 538 2281 270

4 24.1 4352 875 4243 482

5 28.5 7295 1392 7102 817

Accelerometer noise sd. (m.s~2)

Fig. 3: Average relative error of preintegrated measurements with
respect to trajectory length in simulated environments (over 50 trials)
for different levels of IMU noise. All the plots in one graph are
subject to the bottom and top axis (in other words, the gyroscope and
accelerometer noises are simultaneously changing along the x axis).
The position error (pos er.) plots relate to the left axis and the rotation
error (rot er.) relate to the right axis. The integration interval lengths
are between 1s and 2s. IMU frequency 100 Hz, UPM upsampled
frequency 1 kHz.

step is needed. Nonetheless, for signals that keep consistent
smoothness characteristics over time, the hyper-parameters can
be safely reused from one integration interval to another. In
such a case, the UPM and GPM computations comply with
real-time constraints as the inference time stays under the
integration interval length. The difference of computation time
between UPMs and GPMs is explained by the larger number
of inferences and the iterative numerical integration carried
out to generate UPMs. While PMs and UPMs execution times
are consistent for the different motion types (1D and 3D
rotations), the GPMs are significantly slower when computed
over movements that contains 3D rotations. As pointed out
before, this is due to the numerical approach needed to
estimate AR.

The results of this experiment show that for integration in-
tervals of few seconds, GPMs can be used in close to real-time
operations. Furthermore, one should note that these values,
for all of the three methods, are generated from single-thread
Matlab code that is not optimised for high performance. The
GPM computation can easily be parallelised on 3 CPU cores
as the hyper-parameter training and inferences are independent
on each axis.

The training data covariance matrix Kp(x,x), in (19),
solely depends on the kernel hyper-parameters, the number
of training samples used for the integration interval, and the
relative temporal position of these samples. In many practical

TABLE III: Average computation time of preintegrated measurements
(over 50 trials) for different integration interval lengths. For the UPMs
and GPMs, both the hyper-parameter training time and the inference
time are shown. IMU frequency 100 Hz, UPM upsampled frequency
1kHz.

scenarios the IMU readings are generated at a fixed frequency
and the integration interval stays the same all along the
estimation pipeline. When hyper-parameter training is not
required, these conditions can be leveraged to speed-up the
UPMs and GPMs inference time by pre-computing the matrix
[Kh(x, x) + 051] - Consequently, the inference complexity
is reduced from O(n?®) to O(n?) as matrix inversion is no
longer needed.

B. Validation for inertial-aided state estimation

To validate the suitability of GPMs for inertial-aided estima-
tion, we integrated them into IN2LAAMA [23], a lidar-inertial
framework for localisation and mapping. We quantitatively
compared IN2LAAMA with PMs and GPMs on simulated
data. The following results are computed over nine runs
with trajectories of 95.6m on average. Loop-closures has
been deactivated to evaluate only the odometry part. The PM
version showed an average final position error of 0.85 m with
three failure cases (error above 5 m). Note that the failure cases
are results of the accumulated drift of PMs that reach a level
greater than the lidar-feature association distance threshold.
This leads to unconstrained drifting of the estimate. On the
other hand, GPMs performed well by displaying an average
final error of 0.25m.

We conducted real-world experiments with both the PM and
GPM versions of IN2LAAMA. Figure 4 shows a trajectory
estimate and its associated map created with GPMs. The data
have been collected moving the system up-and-down while
walking in our lab environment at the University of Tech-
nology Sydney. The hand-held sensor suite used is composed
of a Velodyne VLP-16 3D lidar and an MTi3 Xsens IMU.
Despite the jerky motion, one can see the map crispness as
the walls are flat and edges are sharp. Average point-to-plane
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Fig. 4: Two viewpoints of a map created with IN2LAAMA and
GPMs. The red line represents the 6.2-meter-long trajectory estimate.
The maximum estimated velocity is 1.7 m.s~*. The black rectangles
mark the part of the map used for quantitative comparison between
PMs and GPMs.

distances have been computed for lidar points belonging to a
flat wall (black rectangles in Figure 4) for quantitative com-
parison between the two preintegration methods. We manually
segmented around 150k points in both maps and estimated
the plane equation with a principal component analysis. The
average point-to-plane distance is 9.0 mm when using PMs,
but it gets as low as 6.3mm with GPMs. Whether it is
with simulated or real-data, the GPMs integrated seamlessly
in IN2LAAMA improving accuracy compared to the original
preintegration method.

VI. CONCLUSION

This paper presents a novel theory for preintegration based
on continuous representations of inertial data. While GPs are
used to model the IMU measurements, linear operators are
applied to the covariance kernels to analytically infer integrals
of the continuous signals over any time interval. In combina-
tion with a first-order expansion for postintegration bias and
inter-sensor time-shift corrections, GPMs are especially suited
for inertial-aided estimation frameworks.

Our experiments show that GPMs outperform both UPMs
and PMs in terms of accuracy. The GPMs calculation suffers
from the cubic computational complexity of GPs but is still
suitable for close-to-real-time operations. We validate the use
of GPMs in IN2LAAMA, a lidar-inertial localisation and
mapping framework. On the theory side, future work includes
releasing the assumption of constant bias during preintegration
and developing an analytical approximation for the integration
of gyroscope measurements in the 3D-rotation case. In terms
of implementation for real-time operations, query rates above
approximately 2Hz (actual frequency subject to computer
performance and code optimisation) do not allow the hyper-
parameter training from scratch for each integration interval.
While one can use heuristics, pre-training or sporadic training
(every N integration intervals), a more appealing approach is
the use of filtering methods to update the hyper-parameters
online. Thus the computation cost per integration interval is
substantially reduced while the hyper-parameter are tracked
over time.
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