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A B S T R A C T   

Phase field models have gained growing popularity in fracture analysis. However, phase field modelling remains 
lacking for complex real-life applications such as structural crushing analyses to date. The novelty of this study is 
to propose an explicit phase field modelling framework considering complex loading history to predict the 
crushing behaviour of additively manufactured metallic structures. First, the explicit phase field model is 
formulated by considering stress state dependent fracture initiations with non-proportional loading. Then, five 
types of material specimens with a wide range of stress states are experimentally tested to calibrate material 
parameters for additively manufactured 316L steel and Ti-6Al-4V titanium. Last, the square tubes are 3D-printed 
and tested under three-point bending and axial compression to demonstrate the capacity of the proposed model. 
The modelling results unveil that the crushing behaviour of both materials could be properly reproduced in terms 
of force-displacement curves and crack paths. Finally, the fracture mechanism of crushing deformation is ana
lysed. For the three-point bending of Ti-6Al-4V tubes, cracks are mainly induced by the medium stress triaxiality 
tension and shear loading. For the axial compression of 316L tubes, the stress states of critical elements are 
relatively diverse yet slightly concentrated at the shear, compression-shear, and high stress triaxiality tension 
regions. Remarkably, non-proportional loading is significant in crushing deformation as a material point may 
experience a significant change in stress state with loading. By considering a non-proportional loading dependent 
threshold, the proposed phase field model can predict the crushing behaviour of structures even when the 
fracture initiations do not locate on the fracture locus. This study provides an effective explicit phase field 
framework featured with an insightful fracture mechanism for quasi-static crushing of additively manufactured 
metallic materials.   

1. Introduction 

The phase field fracture model has gained significant usage due to its 
superior capability for capturing intricate fracture phenomena, 
including crack nucleation, propagation, branching, and merging [1]. 
Phase field originated from variational principles by Francfort and 
Marigo [2] and was subsequently implemented numerically by Bourdin 
et al. [3]. Over the past two decades, the phase field method has been 
extensively explored in various fracture domains, encompassing brittle 
fracture [4,5], ductile fracture [6,7], dynamic fracture [8,9], 
non-deterministic fracture [10,11], and multi-field fracture [12,13]. 

Despite the above-mentioned application scenarios, to the authors’ 
best knowledge, the phase field model has not been used in the context 

of crushing, which commonly involve large deformation and rather 
complex mechanical behaviour [14,15]. The prediction of crushing 
behaviour is of primary importance in analysing and optimising the 
crashworthiness and energy absorption of materials and structures. 
However, fractures are often neglected in the analysis of crushing 
behaviour [16], which is partially due to the fact that conventional 
metallic materials such as mild steels and low-strength aluminium alloys 
exhibit fairly high ductility [17,18]. However, the ductility of emerging 
high-strength steels may be compromised by their high strength [19]. 
Liu et al. [19] applied an extended modified Bai-Wierzbicki fracture 
model to predict the crack formation of progressive folding of square 
tubes for dual-phase steel sheets. 

With the rapid advances in additive manufacturing technologies, 3D- 

* Corresponding author. 
E-mail address: Jianguang.Fang@uts.edu.au (J. Fang).  

Contents lists available at ScienceDirect 

International Journal of Mechanical Sciences 

journal homepage: www.elsevier.com/locate/ijmecsci 

https://doi.org/10.1016/j.ijmecsci.2024.108994 
Received 24 July 2023; Received in revised form 27 December 2023; Accepted 1 January 2024   

mailto:Jianguang.Fang@uts.edu.au
www.sciencedirect.com/science/journal/00207403
https://www.elsevier.com/locate/ijmecsci
https://doi.org/10.1016/j.ijmecsci.2024.108994
https://doi.org/10.1016/j.ijmecsci.2024.108994
https://doi.org/10.1016/j.ijmecsci.2024.108994
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2024.108994&domain=pdf
http://creativecommons.org/licenses/by/4.0/


International Journal of Mechanical Sciences 268 (2024) 108994

2

printed metals have been extensively studied and often tend to exhibit 
worse ductility [20]. For instance, the fracture strain of the 3D-printed 
Ti-6Al-4V was only around 1/10 of its mill-annealed counterpart 
under tensile and shearing loads [20]. For this reason, it would be 
indispensable to simulate fracture for analysing the crushing behaviour 
of these less ductile materials. In this regard, Li et al. [21] adopted the 
Hosford-Coulomb fracture model for analysing crushing behaviour of 
shell lattices made of Laser Powder Bed Fusion (LPBF) 316L steel. Qiu 
et al. [22] applied the Johnson-Cook damage model to simulate fracture 
behaviour of three-dimensional functionally graded structures. 

Nevertheless, local damage models [23,24] were used in these 
abovementioned studies, which may lead to strong mesh dependency 
[25] due to there being no unique solution for strain localisation [26]. In 
practice, consistent element sizes at the cracking region were employed 
for both material and structural samples to avoid the negative influence 
of mesh size [19]. Also, a characteristic length dependent on element 
size is introduced to alleviate the mesh dependency [27]. In this aspect, 
the phase field fracture model may achieve better mesh objectivity [7, 
28] due to its similarity to gradient damage models [29,30]. 

Furthermore, an implicit solver might not be suitable for crushing 
simulation due to frequently changing contact conditions, which re
quires more iterations per increment and may even lead to divergence 
[31,32]. Also, local instabilities pose significant challenges for conver
gence [31,32]. In contrast, an explicit solver would be an attractive 
alternative for crushing simulation due to its capability to overcome the 
above numerical issues [33,34]. In the community of phase field 
modelling, Ren et al. [35] proposed an explicit phase field model for 
dynamic brittle fracture. Chu et al. [9] applied an explicit phase field 
model to elucidate the fracture mechanism behind the transition from 
brittle to ductile failure modes in metallic materials. Ziaei-Rad and Shen 
[36] developed a parallelised phase field framework to reduce compu
tational cost for large-scale analysis. Mandal et al. [37] presented a 
length scale insensitive phase field model for brittle fracture in aniso
tropic hyperelastic solid. Zhang et al. [38] proposed an explicit phase 
field total Lagrangian material point method to simulate dynamic frac
ture of hyperelastic solids. Zhang and Tabiei [39] developed a staggered 
scheme for the explicit phase field method, where the phase field was 
solved every certain time step to lower computational cost. Wang et al. 
[40] proposed a thermo-elastic coupled phase field model applicable to 
quasi-static and dynamic crack scenarios. Recently, more explicit phase 
field models have been developed for quasi-static loading. For example, 
Hu et al. [41] compared the implicit and explicit phase field models for 
quasi-static problems. They suggested that when using an explicit solver, 
the kinetic and viscous energies should be sufficiently small compared to 
the external work for quasi-static loading [41]. Sahin et al. [42] pro
posed an explicit phase field model enriched by a nonlocal operator for 
crack propagation under quasi-static loading. 

Nevertheless, the aforementioned explicit phase field models have 
mainly focused on brittle fracture where damage initiates at an early 
stage of loading. In the context of ductile fracture, Wang et al. [43,44] 
studied adiabatic shear band via thermos-elastic-plastic phase field 
model, where both damage and thermal softening were considered. Hu 
et al. [45] coupled the phase field method with the material point 
method to simulate large deformation elastoplastic failure for fully 
saturated porous media. However, there should be a fracture threshold 
to reproduce experimental results [12,46]. Further, the fracture 
threshold should be stress state dependent for different fracture modes 
[47,48] and multi-axial loading [49,50]. Due to varying stress states in 
the loading process, it is necessary to consider non-proportional loading 
for the threshold [48,51]. In this regard, Papasidero et al. [52] discov
ered that pre-compression augmented the fracture strain for shear, 
whereas pre-tension diminished the fracture strain for shear. Zhuang 
et al. [53] revealed that for compression-torsion loading, 
pre-compression contributed a minimal contribution to damage accu
mulation due to the cut-off value for stress triaxiality, thereby delaying 
the initiation of fracture. Benzerga et al. [54] found that the fracture 

locus of non-proportional loading was remarkably different from pro
portional loading using micro-mechanical finite element analysis. 

Note that for crushing behaviour, non-proportional loading is even 
more remarkable as a material point may vary from compression to 
shear, and even to tension [19]. For example, Hong et al. [55] investi
gated the crushing behaviour of aluminium honeycombs experimen
tally, indicating that non-proportionally combined loads had a 
significant influence on the folding patterns. However, in the context of 
phase field methods, non-proportional loading remains under-studied 
and the stress states presented in open literature did not involve sig
nificant variations [48,49]. 

This study aims to fill this knowledge gap by developing an explicit 
phase field fracture model specifically tailored for ductile fracture in a 
crushing scenario involving significant non-proportional loading. The 
remainder of this paper is structured as follows. Section 2 proposes an 
explicit phase field formulation for additively manufactured metallic 
materials. Section 3 introduces material specimen preparation, testing 
and material parameter calibration. Section 4 presents the experimental 
and numerical results of crushing behaviour under three-point bending 
and axial compression. The fracture mechanism will also be discussed in 
detail. Finally, Section 5 summarises the key findings of this work. 

2. Explicit phase field fracture model for additively 
manufactured metals 

An explicit phase field method is first formulated by deriving the 
governing equations for the displacement and phase fields. Then, the 
constitutive relations for additively manufactured metallic materials are 
incorporated into the explicit phase field framework. Finally, non- 
proportional loading history is highlighted for crushing simulations. 

2.1. Energy functional 

Let Ω ∈ Rdim here (dim stands for the spatial dimension) be an arbi
trary elastoplastic body with external boundary ∂Ω and internal 
discontinuity boundary Γ, as shown in Fig. 1. ∂Ω can be decomposed into 
Dirichlet boundary ∂Ωh and Neumann boundary ∂Ωs with the following 

relationship: ∂Ωh∩∂Ωs = ∅ and ∂Ω = ∂Ωh ∪ ∂Ωs. The state of the system 
is described by the set of variables X = {u, d, ε̄p}, where u denotes the 
displacement field, d represents the phase field, and ̄εpis an internal state 
variable. d ranges from 0 to 1 with d = 0 denoting the intact state and d 
= 1 representing the fully broken state. 

The elastic energy Eelas and plastic energy Eplas can be derived as: 

Eelas(u, εp, d) =
∫t

0

∫

Ω

(1 − d)2De : σ̃ dΩds, (1a)  

Eplas(u, εp, d) =
∫t

0

∫

Ω

(1 − d)2Dp : σ̃ dΩds, (1b)  

where s is loading time with 0 ≤ s ≤ t; and ̃σ is undamaged stress with “▪̃” 
denoting the quantities in an undamaged configuration. The damaged 
stress σ can be calculated as (1 − d)2σ̃ [56,57]. The rate of deformation 
D is given by ∂v/∂x with v and x being velocity field and spatial co
ordinates, respectively [58]. D may be additively decomposed into 
elastic part De and plastic part Dp as D = De + Dp under the 
hypoelastic-plasticity assumption [59]. 

The kinetic energy Ekin is given as: 

Ekin(u
⋅
) =

∫

Ω

ρu̇⋅u̇
2

dΩ, (2)  

where u̇˙ is velocity and ρ is the mass density. The fracture energy is 
approximated as [3,57]: 
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Efrac(d) ≅

∫

Ω

gf

2lc

(
l2
c∇d⋅∇d + d2) dΩ, (3)  

where gf is the critical energy release rate, lc denotes the length scale 
parameter to control the diffusive crack width. Together with the 
degradation function (1 − d)2 in Eq. (1), the AT2 model is used in this 
study [1]. The viscous energy Evis(ḋ˙) can be written as: 

Evis(ḋ) =
∫t

0

∫

Ω

ω
2

ḋ⋅ḋ dΩds, (4)  

where ω denotes the artificial viscous parameter and is introduced to be 
compatible with the explicit finite element framework [36]. The 
external work can be derived as: 

Wext(u) =
∫

Ω

(f⋅u)dΩ +

∫

∂Ωs

(t⋅u)d∂Ωs, (5)  

in which f and t are body force and boundary traction, respectively. 
Finally, the total energy functional can be expressed as, 

Π(u, d, εp) = Eelas + Eplas + Ekin + Efrac + Evis − Wext. (6)  

2.2. Governing equation 

Following the standard finite element formulation [58], the gov
erning equations for the displacement field in strong form are derived as: 

divσ + f = ρü in Ω × [0, t], (7a)  

n⋅σ = t on ∂Ωs × [0, t], (7b)  

u = u on ∂Ωh × [0, t], (7c)  

where ü is acceleration field, n denotes the outward normal to the 
boundary ∂Ωs, u represents the displacement field on the boundary ∂Ωh. 
The governing equation for the phase field in strong form is given as: 

ϖḋ =

{
2(1 − d)H (u, εp) −

(
d − l2

c∇d⋅∇d
)
, d < 1,

0, otherwise,
in Ω × [0, t],

(8)  

where ϖ = ωlc/gf is a modified viscous parameter to be consistent with 
our previous work [48,50], and H (u, εp) is the crack driving force, 
which can be derived as: 

H (u, εp) := max
0≤s≤t

(S (state(u, εp))), (9)  

which is the maximum value of a state function S (state(u, εp)) obtained 
in the full loading process s ∈ [0, t]: 

S(state(u, εp)) = lc

/

gf

∫s

0

(De + Dp) : σ̃ds. (10)  

2.3. Constitutive relations for additively manufactured metals 

Metallic materials additively manufactured by LPBF was considered 
in this study and their plastic deformation of metals was assumed to be 
transversely isotropic due to the scanning strategy [50]. Suppose that 
the xy plane is the printing plane and z-axis refers to the building di
rection; and the transversely isotropic Hill48 yield function [60,61] can 
be expressed as: 

f̃ (σ̃) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F
[(

σ̃yy − σ̃zz
)2

+ (σ̃zz − σ̃xx)
2
]
+ H

(
σ̃xx − σ̃yy

)2

+2L
[
σ̃2

yz + σ̃2
zx

]
+ 2Nσ̃2

xy

√
√
√
√
√ . (11) 

The given equation involves the stress tensor σ̃ and anisotropic pa
rameters, namely F, H, L, and N. The normal stresses along the x, y, and z 
axis are represented by ̃σxx, ̃σyy, and ̃σzz, respectively, and the shear stress 
components are σ̃xy, σ̃yz, and σ̃zx. 

As for fracture initiation, it is widely acknowledged that the fracture 
strain is strongly associated with stress states [23,51], which could be 
described by stress triaxiality η and Lode angle parameter θ̄. Typical 
stress states (η, θ̄), such as uniaxial tension (1/3, 1) and compression ( −
1/3, − 1), shear (0, 0), equibiaxial tension (2/3, − 1) and compression ( 
− 2/3, 1), are illustratively highlighted in Fig. 2. According to the value 
of stress triaxiality, high stress triaxiality (η > 2/3), medium stress 
triaxiality (1/3 < η < 2/3) tension, and tension-shear (0 < η < 1/3) are 
also frequently used in the literature [62–64]. Similarly, in the 

Fig. 1. Schematic illustration for the phase field model. (a) Sharp crack Γ is regularised by diffused crack (b) by introducing a phase field variable d. The crack width 
can be characterised by a length scale parameter lc. 

Fig. 2. Stress triaxiality and Lode angle parameter for typical stress states.  
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compressive region, high stress triaxiality (η < − 2/3), medium stress 
triaxiality ( − 2/3 < η < − 1/3) compression, and compression-shear ( −
1/3 < η < 0) can also be divided by η. Note that nevertheless, fracture is 
rarely initiated in experimental observations when η < ηthres, particularly 
for metallic materials. Hence, a cut-off value ηthres is commonly 
employed to regulate non-physical compressive damage [32,33]. 
Moreover, in the case of plane stress problems, the Lode angle parameter 
and triaxiality become dependent, and permissible stress states can be 
represented by the black line in Fig. 2 [51]. 

This present study utilised the Modified Mohr-Coulomb (MMC) 
model to capture the onset of cracking for LPBF 316L steel due to its 
proven accuracy, as noted in our previous work [50]. The fracture strain 
ε̄f is defined as follows [65]:   

The equation requires calibration of two plastic parameters A and n, 
and three fracture parameters c1, c2, c3. 

As for the fracture initiation of Ti-6Al-4V titanium alloys, it is found 
that the Bao-Wierzbicki model [24] showed more acceptable accuracy, 
which revealed a three-branch empirical fracture locus of fracture strain 
with respect to stress triaxiality. In the high stress triaxiality region, an 
exponential function was used to describe the relationship between 
fracture strain and stress triaxiality due to void growth dominant frac
ture mechanism [66]. In the low stress triaxiality region, shear fracture 
was dominated, which can be described by a quadratic equation. In this 
case, the Bao-Wierzbicki model can be given as: 

ε̄f (η) =

⎧
⎪⎨

⎪⎩

+∞, η < ηthres,

B1η2 + B2η + B3, ηthres ≤ η ≤ 0.24,

B4 + B5eB6η, η > 0.24,

(13)  

in which B1, B2, B3, B4, B5, and B6 are the material parameters and ηthres 
is the cut-off value for stress triaxiality. 

2.4. Non-proportional loading history 

To prevent non-physical damage evolution under small deformation, 
Eq. (10) is re-formulated as [48]: 

S(state(u, εp) ) =
(
lc
/

gf
)
φ̃cr

〈∫s

0

(De +Dp) : σ̃ds

/

φ̃cr − 1

〉

, (14)  

in which φ̃cr is energy-based damage threshold, depending on the stress 
state [48,49], i.e., stress triaxiality η and Lode angle parameter θ̄ refer
ring to Appendix A1 in [48] for their definition. 

In practical applications, especially for crushing simulations [19,55], 
non-proportional loading conditions are quite common [25,67]. It 

means that the stress state of a material point varies, for example from 
compression to shear and tension, during such a loading history, leading 
to evolving fracture strains. Therefore, it is essential to incorporate a 
loading history-dependent damage indicator D [49,65]: 

D(ε̄p) =

∫̄εp

0

dε̄p

ε̄f (η, θ̄)
. (15) 

Once D = 1, phase field d starts evolving. Damage indicator D is used 
to determine the fracture initiation, while phase field d represents the 
state of damage. Although both varies from 0 to 1, they have different 
physical meanings. A conceptual diagram illustrating the proposed 
model can be referred to in Fig. 3a [50]. There are three stages in the 
whole loading process, i.e., elastic stage E, elastoplastic stage EP and 
elastoplastic-damage stage EPD. When the stress goes beyond the initial 
yield stress, the plasticity occurs and the damage indicator D begins to 
accumulate until reaching 1 when damage initiates. Subsequently, 
phase field d starts to evolve from 0 to 1, as evident in Fig. 3b. 

Fig. 4 illustrates the concepts of proportional and non-proportional 
loadings in damage threshold-based phase field models. In the previ
ous phase field framework [12,68,69], the damage threshold was 
treated as a constant, visually depicted by the pink horizontal line in 

Fig. 3. Conceptual illustration of the proposed phase field model for ductile fracture. (a) stress-strain response; (b) Evolution of damage indicator and phase field.  

ε̄f (η, θ̄) =

{
A
c2

[

c3 +

̅̅̅
3

√

2 −
̅̅̅
3

√ (1 − c3)

(

sec
(

θ̄π
6

)

− 1
)][ ̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + c2
1

3

√

cos
(

θ̄π
6

)

+ c1

(

η +
1
3

sin
(

θ̄π
6

))]}− 1
n

. (12)   
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Fig. 4a. As discussed in [48,49], the threshold should depend on the 
stress state, illustrated by the black curve in Fig. 4a and c. Under pro
portional loading, such as pure compression (ε̄p

1), shear (ε̄p
2), and tension 

(ε̄p
3) with a constant stress triaxiality throughout the loading process 

(refer to Fig. 4a), the damage indicators increase linearly until reaching 
1, but with different slopes due to different fracture strains, as displayed 
in Fig. 4b. It can be seen from Fig. 4a that the fracture initiations exactly 

locate on the fracture locus as D = 1 is equivalent to ε̄p = ε̄f (η, θ̄) for 
proportional loadings. 

For non-proportional loading, e.g., starting with compression (Δε̄p
1) 

and transitioning to shear (Δε̄p
2) and then tension (Δε̄p

3) (see Fig. 4c), the 
accumulation of the damage indicator can also be divided into three 
stages, as illustrated in Fig. 4d. The accumulations exhibit varying slopes 
due to different fracture strains under distinct loading conditions. 

Fig. 4. Schematic of proportional and non-proportional loadings and fracture initiations. (a) fracture locus and proportional loadings of compression (εp
1), shear (εp

2), 
and tension (εp

3), respectively; (b) damage indicator D versus equivalent plastic strain ε̄p under proportional loading; (c) fracture locus and non-proportional loading 
varying from compression (Δεp

1) to shear (Δεp
2) and then tension (Δεp

3); (d) damage indicator D versus equivalent plastic strain ̄εp under non-proportional loading; (e) 
Numerical example of one element. Blue line illustrates the loading process of compression, unloading, and tension in sequence; phase field evolution without and 
with considering non-proportional loading history are represented via red solid and dashed line, respectively. 
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Furthermore, as observed in Fig. 4c, the fracture initiation does not 
locate on the fracture locus as it becomes loading history dependent. 

Once damage initiates, the energy-based damage threshold φ̃cr can 
be written as: 

φ̃cr =

∫

[(De + Dp) : σ̃]dt |D=1. (16)  

With the above theoretical formulation at hand, a staggered algorithm 
was used in numerical implementation here for its proven robustness 
[70]. User-defined subroutines VUMAT and VUEL with ABAQUS/Ex
plicit solver were utilised to calculate displacement and phase fields, 
respectively [40]. To transfer the data between VUMAT and VUEL, a 
global module as well as user subroutines VUSDFLD and VUFIELD were 
adopted [40]. 

To further explain the necessity of considering non-proportional 
loading, a special case of numerical example is provided Fig. 4a. 
Consider an element subjected to a sequence of compressive loading 
(engineering strain of -0.3), elastic unloading and reverse loading 
(uniaxial tension) up to a strain of 0.2. The fracture strains are ε̄f

1 = 0.6 
under uniaxial compression and ε̄f

3 = 0.3 under uniaxial tension. If the 
history of non-proportional loading is not considered, fracture initiates 
under the condition of ε̄p ≥ ε̄f (η, θ̄) that is checked at every instant. At 
the compressive loading, fracture cannot initiate as the maximum 
equivalent plastic strain 0.36 is smaller than the compressive fracture 
strain 0.6. Once it is reverse loaded after elastic unloading, fracture 
initiation immediately occurs as the equivalent plastic strain accumu
lated in compressive loading is larger than the tensile fracture strain 0.2. 
This abrupt change to fracture initiation is non-physical as the tension 
loading has not led to any plastic or even elastic deformation yet. In 
contrast, when the history of non-proportional loading is considered, the 
damage indicator accumulates until D = Δε̄p

1/ε̄f
1 + Δε̄p

3 /ε̄f
3 = 1. Subse

quently, the evolution of phase field occurs later than the case without 
considering non-proportional loading history. 

3. Material testing and model calibration 

Material specimens of additively manufactured 316L steel and Ti- 
6Al-4V titanium were fabricated and tested. The explicit phase field 
model was calibrated for both materials using experimental tests in this 
section. 

3.1. Sample preparation from additive manufacturing 

To investigate the crushing behaviour of 3D printed metallic mate
rials, two commonly utilised materials, namely 316L steel and Ti-6Al-4V 
titanium, were fabricated by LPBF using the commercial printer EOS 
M290 (EOS GmbH, Krailing, Germany). The chemical compositions of 
the two powders are listed in Table 1. Argon atmosphere was employed 
to safeguard the materials against oxidation. The scanning electron 
microscopy (SEM) images of the two powders are displayed in Fig. 5. 
The particles exhibit smooth, ball-shaped surfaces, indicating excellent 
mobility and meeting manufacturing requirements. 

The printing parameters for both materials were identical, with a 
laser power of 280 W and a scanning speed of 1200 mm/s. The hatching 
space and layer thickness were set at 0.14 mm and 30 μm, respectively. 
Post-heat treatments for both materials were conducted in a furnace. In 
the case of the printed 316L samples, the temperature was gradually 
increased from approximately 10 ◦C (room temperature) to 400 ◦C over 

a span of 60 min, with a heating rate of 6.5 ◦C/min. The specimens were 
then maintained at 400 ◦C for 4 h before being cooled to room tem
perature at an average rate of 1 ◦C/min. For LPBF Ti-6Al-4V, the tem
perature was raised from room temperature (around 10 ◦C) to 800 ◦C 
within 90 min with a heating rate of 8.8 ◦C/min. The specimens were 
subsequently held at 800 ◦C for 2 h in the furnace before being cooled to 
room temperature at an average cooling rate of 9.875 ◦C/min. 

3.2. Material specimens and calibration 

The material characterisation was conducted using five different 
groups of specimens [50], each with a unique stress state, i.e. uniaxial 
tension (UT), simple shear (SS), notched tension with a 5 mm radius 
(NTR5), notched tension with a 20 mm radius (NTR20), and tension 
specimen with a central hole (CH), as depicted in Fig. 6a–e. These 
specimens cover a wide range of stress states and have a uniform 
thickness of 1.68 mm for 316L and 1.77 mm for Ti-6Al-4V. All specimens 
were printed with their axial direction oriented at 90◦ with respect to the 
building direction. Additionally, UT specimens were printed along di
rections of 0◦ and 45◦ with respect to the building direction. 

Elastoplastic parameters were determined from UT specimens. In 
specific, 90◦ UT specimens were used to determine the elastic properties, 
i.e., Young’s modulus Ẽ and Poisson’s ratio ν. Additionally, 0◦ and 45◦

UT specimens were employed to calibrate anisotropic parameters F, 
H, L, and N of the transversely isotropic Hill48 yielding model [50]. 

The strain hardening curves for 316L steel and Ti-6Al-4V titanium are 
presented in Fig. A1. 

Fracture initiation parameters were calibrated via all five groups of 
samples. The MMC parameters of 316L steel can be referred to in our 
previous work [50]. For Ti-6Al-4V titanium, the same calibration pro
cedure was used to determine the Bao-Wierzbicki model. The fracture 
initiation parameters were determined via the least-square method such 
that the damage indicator D in the simulations was as close to 1 as 
possible at the instant of fracture initiation in the experiments for all N 
sets of tests (here N = 5) as follows: 

[B1, B2,B3,B4,B5,B6] =
argmin

B1, B2,B3,B4,B5,B6

(
1
N

∑N

i− 1
(D − 1)2

)

(17) 

The length scale parameter lc was selected to be 0.5 mm for both 
materials to reproduce the experimental data [50]. Regarding the crit
ical energy release rate gf, it was determined by matching the descending 
branch of force-displacement curves, referring to their bounds from [71, 
72]. Note that in their studies, gf varied with loading, meaning that the 
value of gf changed during crack propagation. Dittmann et al. [73] 
proposed a degradation function for gf with respect to plastic work 
density. Similarly, Yin and Kaliske [74] degraded gf by hardening as a 
function of the von Mises equivalent plastic strain. In our study here, 
however, gf was treated as a constant for simplicity, which was able to 
fairly reproduce experimental crack propagation for both materials. Yet, 
it would be an interesting topic to explore the influence of a varying gf on 
phase field models in the future. 

The calibrated material parameters are given in Table 2. 

3.3. Simulation results 

In this study, the 8-node linear brick elements with reduced inte
gration (C3D8R) were used for all finite element models and an element 
size of 0.15 mm were adopted in the localised region in Abaqus/Explicit. 

Table 1 
Chemical compositions of 316L and Ti-6Al-4V powder (wt%).  

316L Element Cr Ni Mo Mn Si C P S O 
Content 16-18 10-14 2-3 <2 <1 <0.03 <0.045 <0.03 <0.1 

Ti-6Al-4V Element Al V C Fe O N H   
Content 5.5-6.75 3.5-4.5 <0.08 <0.3 <0.15 <0.05 <0.015    
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All the material specimens were full fixed at the bottom and loaded at 
the top with a speed of 0.2 m/s. Note the when the explicit phase field 
model is used for the quasi-static analysis, the loading velocity may be 
larger than the experimental counterpart to improve computational ef
ficiency. The kinetic energy Ekin (see Eq. (2)) was found sufficiently 
small to minimise the dynamic effect [41]. 

3.3.1. Calibrated force-displacement curves 
The force-displacement responses of 316L steel specimens are 

plotted in Fig. 7. For all the 316L steel specimens, the global force 
increased linearly until the plastic yielding point. Apparently, the nu
merical and experimental data exhibited a high degree of agreement, 
indicating the accuracy of the elastic parameters. Subsequently, the 
plastic stage was reasonably predicted by the transversely isotropic 
Hill48 model and extrapolated hardening curve, especially for UT, SS, 
and NTR20. As for fracture initiation, it can be found that the modified 
Mohr-Coulomb model exhibited good predictability from the solid cir
cles and pentagrams, as shown in Fig. 7. The average error for all five 
specimens was around 3.24%. Nevertheless, predicting errors can still be 

observed. For example, the simulated fracture initiation of SS sample 
was slightly earlier than its experimental counterpart, which may be 
because the fracture strain under shear stress state in the model was 
compromised to take a small value in order to consider other stress 
states. On the contrary, for NTR20 specimen, the fracture strain in the 
simulation seemed to be calibrated with a large value. The descending 
branches were also well captured by the proposed phase field model 
using the calibrated parameters, suggesting the accuracy of the proposed 
model. 

As pointed out by Miehe et al. [70], the artificial viscous parameter ω 
could significantly influence the mechanical response. The viscous 
parameter ω was originally introduced by Miehe et al. [57,70] to facil
itate numerical implementation. The viscous regularisation is conve
nient for implementation of explicit algorithms [36,40] and can stabilise 
numerical solutions [70]. When the viscous parameter approaches 0, the 
model tends to predict a steep load drop, while the a slightly larger 
viscous parameter is able to smooth out the brutal crack evolution [70]. 

To determine the value for ω, a parametric analysis was conducted 
using UT specimens of 316 steel. The viscous parameter ω was set to 4 

Fig. 5. SEM micrographs. (a) 50 μm scale 316L powder; (b) 50 μm scale Ti-6Al-4V powder.  

Fig. 6. Specimens designed for material calibration for both 316L steel and Ti-6Al-4V titanium (unit: mm) [50]: (a) uniaxial tension, (b) simple shear, (c) notched 
tension with a 5 mm radius, (d) notched tension with a 20 mm radius, and (e) tension specimen with a central hole. The red dots indicate the measurement points of 
displacement. The UT specimens were printed in 0◦, 45◦, and 90◦ orientations to calibrate the transverse Hill48 plastic model. The UT specimen, together with the 
other specimens printed in 90◦ orientation, was utilised to calibrate the fracture initiation model. 
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× 10− 5, 2 × 10− 4, 1 × 10− 3, and 5 × 10− 3 kN ⋅ s/mm2. The 
corresponding force-displacement curves are presented in Fig. 7a. 
Before fracture initiation, the force-displacement curves coincided as 
expected owing to the identical elastoplastic parameters. After fracture 
initiation, a smaller viscous parameter ω resulted in a more rapid 
decrease in global force. When ω = 2 × 10− 4 kN ⋅ s/mm2, the dif
ference was negligible compared with the case when ω = 4 ×

10− 5 kN ⋅ s/mm2. 
Furthermore, Hu et al. [41] suggested that the determination of ω 

should satisfy that the ratio of the artificial viscous energy Evis to external 
work Wext is sufficiently small (e.g., <15%). In this study, the viscous 
parameter ω was determined based on parametric study and the ratio of 
Evis/Wext. The values for 316L steel and Ti-6Al-4V titanium were set to 
2 × 10− 4 and 3 × 10− 5 kN ⋅ s/mm2, respectively. 

Since explicit methods are conditionally stable, the critical stable 
time increment needs to be determined by considering both the 
displacement and phase field sub-problems [36,41,75]. In this study, the 
critical stable time increment for the displacement field sub-problem Δtu 
was always smaller than that for the phase field sub-problem Δtd, 
meaning that the critical stable time increment was controlled by 
displacement field. The critical stable time increment was calculated as 
4 × 10− 8s for 316L steel and 3.45 × 10− 8s for Ti-6Al-4V titanium, 
respectively. When the time increment was smaller than this critical 
value, the force-displacement curves were identical. 

The force-displacement curves of Ti-6Al-4V titanium specimens are 
presented in Fig. 8. Similarly, the elastic stages were perfectly predicted 
by the numerical model. Due to the brittleness of Ti-6Al-4V titanium, 
necking behaviour was negligible. Therefore, the predicted plastic stage 
was somewhat more accurate than that for 316L. The hardening curve 
was provided in Fig. A1. 

Further, the Bao-Wierzbicki model exhibited high accuracy for 
fracture initiation of Ti-6Al-4V titanium material samples with an 
average error of 5.16%. As for the damage evolution, unfortunately, the 
experimental data was missing due to the abrupt rupture. Unlike 316L 
steel, the critical energy release rate and viscous parameter cannot be 
determined from material specimens. Therefore, these two parameters 
will be determined via structural specimens in Section 4. 

3.3.2. Crack paths 
Fig. 9 compares the experimental and numerical cracks for both 316L 

steel and Ti-6Al-4V titanium. All the crack paths could be well predicted. 
For instance, SS specimens exhibited vertical crack paths due to shear 
loading, while NTR5, NTR20, and CH20 specimens presented horizontal 
crack paths caused by medium stress triaxiality tension. Interestingly, 
for the UT specimen, 316L steel exhibited a purely horizontal crack path 

while Ti-6Al-4V contained an inclined crack path, agreeing with 
experimental observations. The inclined crack path in Ti-6Al-4V tita
nium was found to be caused by shear stress state. For 316L steel, the 
crack was induced by pure uniaxial tension. Moreover, 316L steel 
exhibited higher ductility than Ti-6Al-4V titanium, experiencing large 
plastic deformation, more pronounced necking and less localised cracks 
for all material samples. 

4. Crushing simulation for 3D printed tubes 

This section aims to investigate the crushing behaviour of LPBF 
additively manufactured 316L steel and Ti-6Al-4V titanium tubes. For 
the 316L steel tube, global responses, crack formation and underlying 
failure mechanisms for both three-point bending and axial compression 
will be discussed. For the Ti-6Al-4V titanium tube, the three-point 
bending will be analysed. Last, the fracture mechanism for both mate
rials will be explored thoroughly. 

4.1. Experimental and modelling setup 

In this study, the three-point bending and axial compression of 316L 
steel tubes were studied. To compare different materials, three-point 
bending of Ti-6Al-4V titanium tubes was also performed with the 
same geometry and loading conditions as the 316L steel counterparts. 
The three-point bending and axial compression tests were conducted via 
an Instron 3369, as shown in Fig. 10, with a loading speed of 3 mm/min. 
Two cameras were positioned on the frontal and the left sides of the 
samples to capture the detailed deformation process; at the same time, 
the displacement and reaction force were recorded during compression 
tests. 

To simulate the abovementioned tubal structures, the geometries, 
loading and boundary conditions were modelled as shown in Fig. 10. In 
the three-point bending and axial compression specimens, central 
square holes and rectangular grooves were respectively cut by a wire 
electrical discharge machine in order to trigger damage. Note that the 
loading direction was normal to the 3D printing direction in three-point 
bending tests, but parallel to the printing direction for the axial 
compression tests. The specimens were discretised with a mesh size of 
0.2 mm in the crack propagation region. For enhancing computational 
efficiency, a one-quarter model for both tubal structures was used by 
taking advantage of symmetric geometry and loading conditions [19], 
which has been validated by our full-scale models. The material pa
rameters are given in Table 2 and Fig. A1. 

4.2. Crushing behaviour of 316L tube 

4.2.1. Three-point bending 
The numerical and experimental results regarding force- 

displacement curves of the top rigid indenter, energy ratios of kinetic 
energy and viscous energy to external work, and deformation contours 
of the 316L tube subject to three-point bending are shown in Fig. 11 and 
Fig. 12, respectively. From Fig. 11a, good agreement in terms of the 
force-displacement curves between the numerical results and experi
mental data can be observed. Fig. 11b indicates that kinetic and viscous 
energies were sufficiently small (less than 2% and 0.2%, respectively), 
guaranteeing quasi-static loading and acceptable artificial viscous 
energy. 

As illustrated in Fig. 11a, the whole loading process can be divided 
into six stages as per the turning points of the simulated force- 
displacement curve. In the initial stage, numerical results showed a 
dominance of elastic deformation. The global force exhibited a nearly 
linear increase at the beginning. Subsequently, the global force 
continued rising, albeit with a reduced slope, until reaching the first 
peak (point i) seen in both the modelling and experimental results. This 
behaviour was attributed to local indentation and plastic deformation of 
the top wall under the indenter, as illustrated at instant i in Fig. 11a. 

Table 2 
Material parameters for additively manufactured 316L steel [50] and Ti-6Al-4V 
titanium.   

316L 
Parameters 

Value [50] Ti-6Al-4V 
Parameters 

Value 

Elasticity Ẽ 145000.0 
MPa 

Ẽ 110000.0 
MPa 

ν 0.3 ν 0.3 
Transversely 

isotropic Hill48 
yielding function 

F 0.50 F 0.50 
H 0.39 H 0.45 
L 1.45 L 1.03 
N 1.50 N 1.50 

Damage initiation A 1338.9 
MPa 

B1 1.73 

n 0.7 B2 − 0.02473 
c1 0.01 B3 0.0928 
c2 465.7 MPa B4 0.0373 
c3 0.74 B5 0.0000463 
ηthres − 0.33 B6 − 5.624   

ηthres − 0.33 
Damage evolution lc 0.5 mm lc 0.5 mm 

gf 15 N/mm gf 1 N/mm  
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In Stage II, the global force exhibited a significant decline as a result 
of the further indentation on the top wall and the bending of the side 
walls. The predicted global response and deformation aligned well with 
the experimental data, as depicted in Fig. 11a, and seen at instant ii of 
Fig. 12. 

In stage III, the load gradually decreased as a result of changing from 
local bending on the side walls to global bending of the tube, as seen at 
moment iii of Fig. 12. The numerical model accurately predicted both 
force-displacement curves and overall deformation. Despite the pro
nounced localisation of plastic deformation, the numerical results 

showed no signs of damage initiation, owing to the implementation of a 
stress triaxiality cut-off value. 

In Stage IV, the global force is found to gradually increase. From the 
fourth row of Fig. 12a and b, the global bending further developed, 
which also triggered crack initiations around the top corners of the 
square holes, as seen in Fig. 12c. The cracks were caused by medium 
stress triaxiality tension based on the numerical simulation. Further
more, it is worth noting that the crack initiated on the inner surface and 
propagated to the outer surface. The reason was that the inner surface 
was subject to tensile loading, where damage was generated easily. In 

Fig. 7. Comparison of the experimental and numerical force-displacement responses of additively manufactured 316L material specimens. (a) UT specimen; (b) SS 
specimen; (c) NTR5 specimen; (d) NTR20 specimen; (e) CH specimen. Evidently, the experimental data could be properly reproduced by the proposed phase field 
model. Parametric study of viscous parameters for UT specimen was conducted in Fig. 7a. ω was set to 2 × 10− 4 kN ⋅ s/mm2 as per the difference could be negligible 
compared to simulated result with with the case when ω = 4 × 10− 5 kN ⋅ s/mm2. 
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this stage, although the force-displacement curve deviates to a certain 
extent as seen in Fig. 11a, the numerical simulation effectively repli
cated the experimental observations concerning both the cracks and the 
overall deformation. 

In Stage V, the global force further increased with a large slope due to 
the further development of the global bending (see Fig. 12v) until the 
second peak at point V, which was 12981.3 N when u=22.69 mm and 
13662.6 N when u= 23.92 mm in the numerical simulation and exper
imental test, respectively. The prediction error was around 4.99% and 
5.15% for the load and displacement, respectively, indicating the suf
ficiently high accuracy of the proposed model. 

In the last stage, the global force started dropping again due to the 
deformed tube moving downward away from the supports. 

Overall, the numerical modelling provided a fairly good prediction 

for the three-point bending of the 316L tube in terms of force- 
displacement response and deformation. It is noted that the plastic 
deformation was dominant throughout its loading process on account of 
its excellent ductility. Nevertheless, damage initiation and evolution 
could still be observed. To better demonstrate the proposed explicit 
phase field model, we also studied the three-point bending of Ti-6Al-4V 
tube in Section 4.3, which is much more brittle than 316L in general. The 
mechanism of damage will be further discussed in Section 4.4. 

4.2.2. Axial compression 
Fig. 13a presents the force-displacement curves recorded from the 

top loading platen. Overall, the numerical results agreed with the 
experimental data. According to Fig. 13b, it can be also seen that the 
kinetic and viscous energies were small enough (less than 5%) in 

Fig. 8. Comparison of the experimental and numerical force-displacement responses of additively manufactured Ti-6Al-4V titanium material specimens. (a) UT 
specimen; (b) SS specimen; (c) NTR5 specimen; (d) NTR20 specimen; (e) CH specimen. Apparently, the experimental data could be properly reproduced by the 
proposed phase field model. 
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comparison with the external work such that quasi-static loading con
dition can be guaranteed and artificial energies be negligible. The local 
peak and valley forces were related to the fold and crease formation of 
the tube. For the sake of a detailed analysis of crushing behaviour, 
Fig. 14 displays the deformation patterns at the local extremum of force 
from the numerical simulation, together with the equivalent plastic 
strain contours in the undeformed configuration, and phase field dam
age contours in both undeformed and deformed configurations. 

Similarly, Fig. 13a can be divided into several distinctive crushing 
stages. Stage I was dominated by the elastic deformation, leading global 
force to increasing linearly until reaching the first peak load. Although 
the predicted displacement was slightly different from its experimental 
counterpart due to the fixture deformation of the testing machine, the 

predicted peak load showed fairly high accuracy with a 2.6% relative 
error, as shown in Fig. 13a. 

In Stage II, the force started dropping due to local bending around 
the pre-existing rectangular groove. It also led to generation of the first 
fold, i.e., the left wall deformed outward at A, which was in good 
agreement with the experimental results (see instant ii in Fig. 14). Then, 
the force increased again partially because the upper and bottom sur
faces of the groove contacted with each other, providing higher resis
tance in the loading direction. However, in the experimental results, 
there was no contact observed at this stage, which accounted for a lower 
load. Nevertheless, the force-displacement curves and deformations in 
the above stages were well predicted by the proposed phase field model, 
as shown in Fig. 13a. 

Fig. 9. Comparison of final cracks. The experimental and numerical cracks of (a) 316L steel and (b) Ti-6Al-4V titanium. Good agreements in terms of crack paths can 
be found. Compared with Ti-6Al-4V titanium, 316L steel had higher ductility, thus presenting more pronounced necking and less localised cracks. 

C. Li et al.                                                                                                                                                                                                                                        



International Journal of Mechanical Sciences 268 (2024) 108994

12

Fig. 10. Experimental and numerical setups for tubal structures. (a) three-point bending and its schematic of both 316L steel and Ti-6Al-4V titanium tubes. Central 
square holes were situated at the center of the plane with a side length of 6 mm. (b) axial compression and its schematic illustration of 316L tube. The pre-existing 
rectangular grooves had a dimension of 1.5 × 14 mm, and their upper edges were positioned 4 mm from the top surface of the tube. The wall thickness of the tubes 
was 1 mm. 

Fig. 11. Three-points bending loading of 316L tube. (a) force versus displacement curves; (b) ratios of kinetic and viscous energies to external work versus 
displacement curves. Force-displacement response of each stage was well predicted by the proposed phase field model. Kinetic and viscous energy were negligible 
compared to external work, indicating the simulation was reliable for quasi-static analysis. 
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In Stage III, the simulated global force decreased again, while the 
experimental counterpart decreased sharply in the beginning and then 
increased. The inconsistency might be due to the different deformation 
modes. From numerical observations from moment iii in Fig. 14, it is 
evident that sites A and B underwent bending deformation, resulting in a 
load drop in the simulated results. In the experimental results, on the 
other hand, severe localised deformation at C could be observed, which, 
unfortunately, was not predicted by the numerical model, as shown in 
the contours at instant iii of Fig. 14. However, further bending at A was 
captured by the proposed numerical model. Also, damage was found to 
be initiated at D1, as highlighted in Fig. 14a, which was triggered by the 
shear deformation and will be further discussed in Section 4.4. 

In Stage IV, the experimental force slightly decreased with increasing 
compression due to further bending of the folds, which was captured by 
the numerical model in the early stage, followed by a slight load increase 
due to compaction at E (the region situated above the grooves). Damage 
at D1 further developed, gradually forming an oblique downward shear 
band, as revealed at instant iv of Fig. 14. Interestingly, the internal 
surface presented both downward and upward crack initiations (see D2 
in Fig. 14a) around the pre-existing rectangular groove. The upward 
crack was caused by the high stress triaxiality tension due to bending. 
The downward crack was caused by shear, similar to crack at D1. In 
addition, the shear damage at D3 was initiated. Fracture mechanisms at 
D2 and D3 will be further analysed in Section 4.4. 

Fig. 12. Three-point bending analysis of 316L steel tube. (a) numerical contours of the equivalent plastic strain and phase field; (b) experimental results; (c) Final 
cracks in numerical and experimental results. The Roman lowercase numerals i-v denote the ends of the corresponding stages represented by the uppercase indices I- 
V in Fig. 11. Good agreement between numerical and experimental results in deformation mode and crack development could be observed. 
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In stage V, the simulated loading reduced while the experimental 
counterpart almost remained constant. This prediction error might be 
caused by the error in the last stage. The final displacement and force in 
this stage were in good consistency with the experimental data. Also, the 
predicted fold deformation agreed well with the experimental results, as 
shown at instant v of Fig. 14, then the damage was further developed at 
D1, D2, and D3. 

In stage VI, both experimental and simulated global force increased 
at a high rate due to the self-contact of the tube, as shown at instant vi of 
Fig. 14, until formation of the next fold. Cracks further propagated 
around damage sites D1, D2, and D3 at a higher rate than the last stage 
due to more severely localised deformation around the cracks. This stage 
was perfectly predicted by the proposed model in terms of the force- 
displacement response. The relative error for the both displacement 
and load was less than 3% throughout this stage. 

In Stage VII, a gradual load drop was observed in the numerical 
simulation due to the combination of bending and damage evolution, 
which bears good agreement with the experimental data. In numerical 
modelling, the dropping slope was almost the same as that in Stage VI 
due to formation of a similar bending fold. Further, damage initiated at 
D4 and D5 were subsequently attributed to the shear stress state. Note 
that a fold was formed at F in both the numerical and experimental 
results. Overall, the predicted global response agreed very well with the 
experimental data. 

Stages VIII and IX were very similar to Stages VI and VII, respec
tively. Because of the self-contact, as shown from instants viii to ix in 
Fig. 14, in both modelling and experiment, the global force increased 
first, and followed by a gradual drop due to further bending. Towards 
the end, both the simulated and experimental forces increased sharply 
owing to densification. 

In summary, the phase field based numerical models exhibited high 
accuracy to predict the axial compression for the 316L steel tube in 
terms of global force-displacement response and crushing deformation. 
In the experiment, the tube was observed to present an asymmetric 
deformation mode, which was successfully captured by the numerical 
simulation, as shown in the deformed damage and undeformed equiv
alent plastic strain contours in Fig. 14. Moreover, the stress states at the 
instants of crack initiations were discussed and will be further analysed 
in Section 4.4. 

4.3. Crushing behaviour of Ti-6Al-4V titanium tube 

To compare the crushing behaviour of different materials, three- 
point bending for the Ti-6Al-4V titanium tube was also simulated. For 

facilitating comparison, the geometry of the specimen and loading 
conditions remained to be the same as the 316L steel tube, as shown in 
Fig. 7. Fig. 15 presents the force versus displacement curves for the Ti- 
6Al-4V titanium tube subject to three-point bending. Overall, it can be 
seen that the experimental responses were properly reproduced by the 
explicit phase field model. Compared with the external work, kinetic 
and viscous energies were negligible to ensure the quasi-static loading 
and physically reasonable modelling. 

In Stage I, the experimental load increased nearly linearly until the 
peak. The predicted peak load was 13% lower than its experimental 
counterpart, which might be caused by the lower hardening curve. 
However, referring to material specimens, there is no sound justification 
to adjust the hardening curve. From the experimental deformation, the 
local indentation was observed underneath the top indenter, which was 
successfully captured by the numerical model, as shown at instant i of 
Fig. 16. 

In Stage II, the experimental results indicated the presence of a shear- 
dominant crack around the holes, correctly captured by the proposed 
explicit phase field model (refer to instant ii of Fig. 16). Concurrently, 
the numerical results revealed that the inner surface of the indented wall 
experienced tensile loading, while the outer surface underwent 
compressive loading. The compressive damage was suppressed by the 
cut-off value in the Bao-Wierzbicki model, and the initiation of damage 
under tensile loading will be further analysed in Section 4.4. 

In Stage III, the shear crack further developed in both the experi
mental and numerical results. The predicted crack at the top right corner 
around the hole agreed well with the experimental data in terms of 
cracking direction. At the top left corner of the hole, the experimental 
results showed a severe shear-induced crack, which led to a sudden 
loading drop and was followed by a horizontal tension-dominated crack. 
Such a phenomenon can also be observed in the numerical results, as 
presented at instant iii of Fig. 16. Also, the simulated global force- 
displacement responses were well correlated with the experimental 
data at the end of this stage. 

In Stage IV, both the numerical and experimental results exhibited 
pronounced crack branching around the top left corner of the hole, as 
depicted at instant iv of Fig. 16. The presence of the vertical crack was 
induced by the shear loading, while the horizontal crack was indicative 
of tensile loading, which will be further analysed in Section 4.4. On the 
top right corner of the hole, however, only shear crack could be observed 
in the experiment. Nonetheless, the predicted global response exhibited 
fairly good agreement with the experimental data, as demonstrated in 
Fig. 16. 

In Stage V, the crack branching was further developed. Moreover, 

Fig. 13. Crushing responses of the axial compression specimen of 316L tubes: (a) force versus displacement curves; (b) ratio of kinetic and viscous energies to the 
external work versus the displacement curves. Global response in each stage was accurately predicted albeit with complicated fluctuations. Kinetic and viscous 
energy were negligible compared to external work, indicating the simulation was reliable for quasi-static analysis. 
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Fig. 14. Crushing deformation of the 316L steel tube under the axial compression. (a) numerical results of undeformed equivalent plastic strain, undeformed phase 
field and deformed phase field; (b) experimental results. The Roman lowercase numerals i-ix denote the ends of the corresponding stages represented by the up
percase indices I-IX in Fig. 13a. The deformation mode was properly captured by the numerical model. 

C. Li et al.                                                                                                                                                                                                                                        



International Journal of Mechanical Sciences 268 (2024) 108994

16

tension-induced cracking was observed on the top surface beneath the 
indenter. Overall, the explicit phase field model demonstrated its 
effectiveness to replicate the experimental results. Nevertheless, there 
are still some complex issues for future research. For example, the 

unsymmetrical nature of the experimental cracks may be attributed to 
marginal loading errors and material imperfections. Addressing un
certainties in numerical modelling [76–78] would be valuable, though it 
is beyond the scope of this study. 

Fig. 14. (continued). 
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4.4. Further discussion on the fracture mechanisms 

4.4.1. Three-point bending 
To elucidate the fracture mechanism of the Ti-6Al-4V titanium tube, 

Fig. 17 illustrates the stress triaxiality histogram, fracture locus, damage 

indicator and phase field contours. According to Fig. 17a, it is evident 
that the most fracture was initiated under medium stress triaxiality 
tension, followed by shear and compression-shear induced damage ini
tiations (see Section 2.3 for their definitions), which agrees well with the 
discussion on tension and shear-induced cracks in Section 4.3. 

Fig. 14. (continued). 
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Fig. 15. Crushing responses of the three-point bending of Ti-6Al-4V tube. (a) force and versus displacement curves; (b) ratios of kinetic and viscous energies to 
external work versus displacement curves. The overall trend of experimental force-displacement response was fairly captured by numerical model. Kinetic and 
viscous energy were negligible compared to external work, indicating the simulation was reliable for quasi-static analysis. 

Fig. 16. Numerical and experimental results for the three-points bending tubal specimens printed by Ti-6Al-4V titanium. (a) numerical undeformed equivalent 
plastic strain and deformed damage contours including isometric and front view; (b) experimental deformation. The Roman lowercase numerals i-v denote the ends 
of the corresponding stages represented by the uppercase indices I-V in Fig. 15. The numerical model reproduced the global deformations and crack propagations. 
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Fig. 17b illustrates the fracture locus of the calibrated Bao- 
Wierzbicki model, along with the loading histories of the representa
tive elements. These elements were subjected to compression-shear, 
shear, and medium and high stress triaxiality tension, respectively, at 
the instant of fracture initiation. The loading histories were considerably 
complicated and will be discussed later. Also, it is worth noting that the 
fracture initiation points #2, #3 and #4 did not precisely locate on the 
fracture locus due to non-proportional loading [52], as discussed in 
Section 2.4. 

At crack #1, which was located at the top left corner of the square 
hole (Fig. 17c), was initiated from compression-shear loading. It is noted 
that the stress state remained relatively stable without significant 
change in stress triaxiality involving the equivalent plastic strain. It 
could be regarded as a proportional loading (see Section 2.4), resulting 
in the fracture initiation point located on the fracture locus. The element 
underwent complete rupture as a result of extensive plastic deformation, 

as depicted in the first subplot of Fig. 17d. 
At cracks #2, #3, and #4, strong non-proportionality of loading 

could be observed. Crack #2 and crack #3 were observed to locate on 
the two branches of the branched cracks, respectively, as shown in the 
second and third subplots in Fig. 17c. Crack #2 started with compressive 
loading and then transitioned to the shear region, whereas crack #3 
initiated from shear and transitioned to tension loading. Therefore, their 
equivalent plastic strains at the instant of fracture initiation were much 
larger than the corresponding fracture strains due to non-proportional 
loading. Crack #4, situated on the inner surface of the tube, experi
enced a complex loading history, starting with compression, tran
sitioning to shear, followed by tension under intermediate stress 
triaxiality, and ending with tension under high stress triaxiality. Due to 
its rapid change in stress triaxiality, its equivalent plastic strains at the 
instant of fracture initiation were also larger than the corresponding 
fracture strain. 

Fig. 17. Numerical results of simulated three-point bending of the Ti-6Al-4V tube. (a) histogram of the stress triaxiality at the instant of damage initiation, i.e., D = 1 
as defined in Eq. (15); (b) fracture locus and loading history of typical material points with their locations highlighted in (c). (c-e) numerical contours of damage 
indicator and phase field damage of representative material points selected in (b). ¼ model was used to provide detailed visualisation of internal structural 
deformation. Notably, due to the non-proportional loading history, the fracture initiation points #2 and #3 deviated significantly from the fracture locus. 
Furthermore, while cracks were induced by a broad range of stress states, they were primarily caused by tension with medium stress triaxiality and shear loading. 
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In the case of three-point bending of the Ti-6Al-4V tube, tension- 
induced damage appeared to be more pronounced, primarily attrib
uted to the lower fracture strain and larger tensile zone. However, the 
shear-induced crack seemed to cause more destructive damage to the 
tube structure. Only following the development of the vertical shear 
crack, did the side wall start bending outwards, resulting in the forma
tion of the horizontal tensile cracks, as presented in Fig. 16. Further
more, the global crushing force exhibited a continuous decrease 
following the initiation of shear cracks. In contrast, in the case of the 
316L steel tube, no shear crack was observed, contributing to a signifi
cantly delayed reduction in global crushing force. 

4.4.2. Axial compression 
Fig. 18a displays the stress state heatmap for all the elements in the 

axial compression model of the 316L steel tube at the instant of crack 
initiation. The heatmap reveals the stress states can include shear, me
dium and high stress triaxiality tension, as well as compression-shear. To 
further investigate the fracture mechanism under the axial compression, 
Fig. 18b shows five selected material points together with their loading 
histories and fracture envelope. Cracks #1, #2, and #3 were situated on 
the outer surface of the tube, while cracks #4 and #5 were positioned on 
the inner surface. 

Cracks labelled #1 and #2 were observed at the bottom corner of the 
rectangular groove and the edge of the square tube, respectively, as 

Fig. 18. Numerical modelling results of axial compression of the 316L tube. (a) Heatmap of the stress state at the instant of damage initiation, i.e., D = 1 as defined in 
Eq. (15). Numbers indicate the numbers of elements falling within the stress state ranges; (b) Fracture envelope and loading histories of representative material points 
highlighted in (d); (c) contours of damage indicator, and (d) contours of phase field damage in selected elements in (a). 
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highlighted in Fig. 18c and d. Based on their loading histories (see 
Fig. 18b), the stress states initially underwent compression but gradually 
transitioned towards shear. Non-proportional loadings were apparent 
initially but were diminished when ε̄p exceeded 0.1, unveiling that the 
fracture initiation points were positioned marginally above the fracture 
envelope. Further, it was found that crack #2 exhibited more rigid body 
rotation and less plastic deformation, whereas crack #1 showed the 
opposite behaviour, as depicted in Fig. 18d. This situation resulted in 
some distinct crack evolutions where crack #1 fully developed while the 
maximum phase field value for crack #2 could only reach 0.5 
approximately. 

Prior to the fracture initiation, the stress states of crack #3, despite 
its proximity to crack #2, were notably different. Initially, crack #3 
experienced compression, followed by shear, and eventually reached a 
state of uniaxial tension, as illustrated in Fig. 18b. It is noted that the 
stress states changed remarkably throughout the loading process, lead
ing to a much greater ε̄p than the corresponding fracture strain at the 
instant of fracture initiation. Nevertheless, the development of crack #3 
remained incomplete, resembling that of crack #2 due to its limited 
plastic deformation after fracture initiation. 

Crack #4, located at the top corner of the groove on the internal 
surface, as shown in Fig. 18c and e, initially experienced compression, 
resulting in substantial deformation confined to the cut-off region, 
which did not contribute to the accumulation of damage indicator D. 
Subsequently, the tearing deformation of its upper and lower folds led to 
shear and tension states with varying levels of stress triaxiality, ranging 
from low to medium and high. The highly non-proportional loading 
history explained the significantly higher fracture initiation point in 
Fig. 18b compared to the fracture envelope. 

Crack #5, situated at the bottom corner of the groove on the internal 
surface (Fig. 18c), started with compression-shear and then transitioned 
to shear. Although it fluctuated into the low stress triaxiality tension 
region, it soon returned to compression-shear loading due to the 
squeezing deformation. Note that tension accelerated the accumulation 
of damage indicators in the model, whereas shear and compression 
exhibited a contrasting trend due to the lower fracture strain under 
tension (see Fig. 4). Ultimately, both crack #4 and crack #5 fully 
developed due to significant plastic deformation. 

In summary, non-proportional loading played a significant role in the 
crushing behaviour of both materials and loading conditions. Unlike 
material samples under simple loading conditions, where the stress 
states remained relatively stable throughout the loading history [79,80], 
crushing a sophisticated structure could experience considerable varia
tions in stress states at material points, potentially resulting in fracture 
initiation points away from the fracture locus. If only proportional 
loadings were considered in such cases, non-physical fracture initiation 
could occur in numerical simulations. Hence, it is essential to consider 
non-proportional loading within the phase field framework to correctly 
predict crushing behaviour. 

5. Conclusions 

This study presents a novel explicit phase field model for predicting 
the crushing behaviour of additively manufactured metallic structures. 
The model was formulated in line with a variational principle and then 
enhanced by incorporating fracture criteria for ductile fracture with 
non-proportional loading histories. Plastic behaviour was captured 
using the transversely isotropic Hill48 model. Fracture initiation was 
predicted using the modified Mohr-Coulomb model for LPBF 316L and 
the Bao-Wierzbicki model for Ti-6Al-4V. During the crushing process of 
additively manufactured structures, the stress state of material points 
can vary significantly with the loading. Therefore, the history of non- 
proportional loading is incorporated into the phase field model in this 

work. The proposed phase field model was implemented numerically 
using the ABAQUS/Explicit solver via user-defined subroutines. 

Five material specimens with LPBF 316L steel and Ti-6Al-4V tita
nium were designed, fabricated and tested to calibrate the proposed 
model. From the force-displacement curves, it can be found that the 
calibrated model was acceptable in terms of elastoplastic responses and 
fracture behaviour. Then, the square tubes were printed and tested 
under three-point bending and axial compression, respectively. The 
modelling results revealed that the crushing behaviour of both addi
tively manufactured structures could be properly reproduced in terms of 
force-displacement curves and crack paths. 

More importantly, the fracture mechanism was analysed through 
experimental tests and numerical modelling. For the three-point 
bending of Ti-6Al-4V titanium tubes, cracks were mainly induced by 
the medium stress triaxiality tension and shear loading. For the axial 
compression of the 316L steel tubes, the stress states of critical elements 
were relatively diverse yet slightly concentrated in terms of the shear, 
compression-shear, and high stress triaxiality tension. Remarkably, non- 
proportional loading is significant in crushing deformation as a material 
point may experience varying stress states. Without considering non- 
proportional loading, it may lead to non-physical predictions. 

In summary, this work contributes an explicit phase field model for 
simulating crushing behaviour of additively manufactured metals, 
which has been validated by extensive experimental tests. Note that 
while the framework is proposed for 3D printed metals, it applies to 
general metallic materials. However, phase field approaches necessitate 
local refinement of elements within the damaged area to simulate 
localised cracks, which requires high computational cost. This might be 
addressed by adaptive meshing techniques [81,82] such that mesh can 
be refined and/or coarsened based on user defined criteria to improve 
the accuracy and efficiency. Furthermore, the impact of the 3D printing 
process [83] and heat treatment [84] on mechanical behaviour remains 
unexplored, highlighting the need for further investigations. 
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Appendix 

A1. Strain hardening curves 

The strain hardening curves of both 316L steel and Ti-6Al-4V titanium are presented in Fig. A1. Before necking, the hardening curves were 
determined from 90◦ UT specimen. After necking, the hardening curves were determined via inverse identification [85,86] to minimise the predicting 
error of the force-displacement curves for all material samples.

Fig. A1. Strain hardening curves of additively manufactured 316L steel [50] and Ti-6Al-4V titanium. Hardening curves were extrapolated for the post-necking stage 
to match experimental force-displacement curves for all material specimens. 
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