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A B S T R A C T

Phase field models have gained increasing popularity in analysing fracture behaviour of mate
rials. However, few studies have been explored to simulate dynamic ductile fracture to date. This 
study aims to develop a phase field framework that considers strain rate, stress state, and 
orientation dependent ductile fracture under dynamic loading. Firstly, the governing equations of 
displacement and phase fields are formulated within an explicit finite element framework. Sec
ondly, constitutive relations are established using a hypoelastic-plasticity framework, encom
passing the influence of material orientation and strain rate on both plasticity and fracture 
initiation. Stress state dependent fracture initiation is also considered. Thirdly, the finite element 
implementation and corotational formulation of constitutive equations are derived. Finally, to 
validate the proposed model, additively manufactured samples, including material-level and 
crack propagation specimens, are tested under dynamic loading conditions. Overall, the proposed 
phase field model can properly reproduce the experimental force-displacement curves and crack 
paths. Uniaxial tension tests reveal that a higher strain rate can lead to a higher hardening curve 
and reduced ductility. Other material specimens further demonstrate the model’s capability to 
predict stress state and orientation dependent dynamic fracture. To simulate dynamic crack paths 
accurately, it is necessary to consider anisotropic fracture initiation. Lastly, the phase field model 
was applied for the first time to predict the dynamic response of triply periodic minimal surface 
(TPMS) structures. Dynamic crack patterns were effectively captured, and the fracture mecha
nisms were thoroughly analysed. This study provides an explicit phase field framework for dy
namic ductile fracture, with applications to additively manufactured materials and structures.

1. Introduction

The phase field fracture model has become widely favoured for its ability to effectively capture complex fracture phenomena, such 
as the nucleation, growth, branching, and merging of cracks (Wu et al., 2020; Zhuang et al., 2022). Its development can be traced back 
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to the variational principle by Francfort and Marigo, 1998, and subsequent numerical implementation by Bourdin et al., 2000. Over the 
past two decades, extensive investigations have been conducted on the phase field approach in various fracture case scenarios, 
covering important topics such as brittle fracture (Ambati et al., 2014; Kumar et al., 2020; Lo et al., 2023; Wu and Nguyen, 2018), 
ductile fracture (Ambati et al., 2015; Huber and Asle Zaeem, 2023; Miehe et al., 2016), multi-field fracture (Dittmann et al., 2020; 
Hageman and Martínez-Pañeda, 2023; Miehe et al., 2015), erosion (Cui et al., 2021; Kristensen et al., 2020), multiaxial loading (Abrari 
Vajari et al., 2022; Wang et al., 2023), and dynamic fracture (Borden et al., 2012; Chu et al., 2019; Loew et al., 2019), demonstrating its 
compelling capability and extraordinary feature in fracture analysis (Zhuang et al., 2022).

Phase field models for dynamic fracture were developed from Ginzburg-Landau equation (Karma et al., 2001; Wu, 2017), and then 
derived by Bourdin-type formulation based on Griffith’s theory (Borden et al., 2012) for engineering applications. Ren et al. (2019)
proposed a simple, robust, and efficient explicit algorithm for the phase field model to address convergence issues encountered with 
implicit schemes. Weinberg and Wieners (2022) presented a wave induced dynamic fracture where the influence of wave superposition 
and reflections on fracture interfaces were also considered. Wang et al. (2019) incorporated the Mohr-Coulumb fracture criterion with 
an explicit phase field framework to capture shear damage of brittle materials. Shen et al. (2019) explored rate dependency for 
viscoelastic materials, indicating that the viscous energy had a significant influence on the damage growth rate at low strain rates but 
only a minor effect at high strain rates. Hofacker and Miehe (2013) developed a dynamic phase field model to capture impact velocity 
dependent crack patterns. To reduce computational cost, adaptive mesh refinement techniques (Gupta et al., 2022) and virtual 
modelling (Liu et al., 2023) have been explored for dynamic phase field fracture.

Nevertheless, the abovementioned phase field models mainly focused on dynamic brittle fracture. For dynamic ductile fracture, 
Hofacker and Miehe (2012b) developed a phase field approach for transition from ductile to brittle failure mode under dynamic 
loading. Molnár et al. (2020) reported that yield stress had a significant influence on fracture patterns. Chu et al. (2019) revealed that 
stress wave propagation was crucial in transition of brittle-ductile failure model. It should be pointed out that dynamic ductile fracture 
involves the effect of strain rate on plasticity and fracture initiation (Marandi et al., 2020; Xiao et al., 2019). The classical Johnson and 
Cook (1985) model and its extended forms (Pandya et al., 2020; Tang et al., 2021) have been extensively used to capture these in
fluences. However, these models exhibit strong mesh dependency due to their localness, and thus unique solutions could not be 
achieved when encountering strain localisation (Pijaudier-Cabot et al., 1988).

For ductile fracture there is considerable plastic deformation prior to fracture initiation (Li et al., 2011). Therefore, a constant 
threshold was frequently used in the phase field fracture model to control non-physical damage at low levels of deformation (Miehe 
et al., 2015; Molnár et al., 2020). Recent studies (Abrari Vajari et al., 2022; Li et al., 2022a) have revealed that the threshold should 
depend on stress state (Bai and Wierzbicki, 2008), which can be characterised by stress triaxiality and the Lode angle parameter (see 
Section 3.2 for their definition) rather than a constant such that different crack behaviour under multiaxial loading could be captured. 
In the context of dynamic ductile fracture, Chu et al. (2019) assumed that shear fracture required a larger plastic deformation than 
tensile failure by introducing stress triaxiality dependent critical energy release rate. Nevertheless, the Lode angle parameter, another 
key variable to characterise the stress state, also significantly influences ductile fracture (Komori, 2021) in the regime of negative and 
low stress triaxiality cases (Wang et al., 2020).

In most of the abovementioned studies, plastic behaviour and fracture initiation were assumed to be isotropic. However, in real-life 
practice, anisotropic mechanical behaviour cannot be neglected for many materials such as conventional metal sheets (Banabic, 2010) 
and additively manufactured materials (Somlo et al., 2022; Wilson-Heid et al., 2020). To address this issue, Marandi et al. (2021) and 
Li et al. (2023) adopted the Hill48 plasticity model to capture conventional aluminium alloy and 3D-printed 316L steel, respectively. 
Furthermore, the anisotropic fracture initiation remains relatively unexplored, even in the case of typical metallic materials made of 
conventional manufacturing processes, primarily owing to the challenges associated with measurement of fracture strain (Lou and 
Yoon, 2017). Li et al. (2023) illustrated that anisotropic fracture initiation should be considered in the phase field model for 
quasi-static cases to predict the correct crack paths. Nonetheless, orientation dependency has not been studied in the phase field 
framework for dynamic fracture.

To sum up, phase field models for dynamic ductile fracture remain understudied, especially in terms of complex constitutive re
lations involving strain rate, stress state, and orientation dependencies. This study aims to bridge this knowledge gap. The remainder of 
this paper is structured as follows: Section 2 proposes an explicit phase field formulation in the explicit dynamics framework. Section 3
presents the hypoelastic-plasticity and fracture criteria for additively manufactured metallic materials. Section 4 presents spatial and 
temporal discretisation as well as an incrementally objective return mapping algorithm. Section 5 presents the experimental design 
and model calibration. Section 6 illustrates the effectiveness of the proposed models for dynamic ductile fracture involving global 
response, crack initiations and propagations. Section 7 summarises the key findings of this work.

2. Phase field model in explicit dynamics framework

In this section, a phase field fracture model in explicit dynamics is formulated in both weak and strong forms.

2.1. Energy functional

2.1.1. Total power
Consider an arbitrary elastoplastic body Ω ∈ Rdim (where dim stands for the spatial dimension) with external boundary ∂Ω and 

internal discontinuity boundary Γ, as illustrated in Fig. 1a. Let ∂Ωh and ∂Ωs be the Dirichlet boundary and the Neumann boundary, 
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respectively, satisfying ∂Ωh ∩ ∂Ωs = ∅ and ∂Ω = ∂Ωh∪∂Ωs. In the phase field framework, the sharp interface Γ is approximated in a 
diffusive form in terms of a phase field variable d (0 ≤ d ≤ 1), as illustrated in Fig. 1b. Here, d = 0 represents that the material remains 
intact, while d = 1 indicates a completely broken crack.

The regularised description of the crack functional in a multi-dimensional setting reads (Miehe et al., 2010b): 

Θ(d) =
∫

Ω

1
2lc

(
l2c∇d ⋅ ∇d + d2)dΩ, (1) 

where 1
2lc

(
l2c∇d ⋅ ∇d+d2

)
defines the cracking surface density function per unit volume of the solid. Let gf denote the energy required 

to create a unit area of the fracture surface, and then the fracture energy can be obtained as (Bourdin et al., 2008; Miehe et al., 2015): 

Efrac(d) =
∫

Γ
gf dΓ ≅

∫

Ω

gf

2lc
(
l2c∇d ⋅ ∇d + d2)dΩ. (2) 

The elastic power Pelas and plastic power Pplas at a given phase field state d (Hofacker and Miehe, 2012a) can be derived as: 

Pelas(De; d) =
∫

Ω

(1 − d)2De : σ̃ dΩ, (3) 

Pplas(Dp; d) =
∫

Ω

(1 − d)2Dp : σ̃ dΩ =

∫

Ω

(1 − d)2
(D − De) : σ̃ dΩ. (4) 

Based on the plastic power equivalence (Simo and Hughes, 2006), the plastic power can also be expressed as: 

Pplas(ε̇
p
; d) =

∫

Ω

(1 − d)2 f̃(σ̃)ε̇p dΩ =

∫

Ω

f(σ, d)ε̇p dΩ. (5) 

In the above equations, De and Dp are elastic and plastic parts of deformation rate D; ε̇p represents the equivalent plastic strain rate. 
σ̃ is the undamaged stress with “■̃” denoting the quantities in an undamaged configuration. For instance, ̃f and f denote undamaged 
and damaged equivalent stress, respectively.

The kinetic power Pkin at a given acceleration v̇ is given as: 

Pkin(v; v̇) =
∫

ρv ⋅ v̇dΩ, (6) 

where “■̇” denotes a time rate, v and v̇ denote the velocity and acceleration fields, respectively, ρ is the mass density.
Using the divergence theorem and the integration-by-parts theorem, the fracture power at a given state d can be expressed as 

(Bourdin et al., 2008; Miehe et al., 2015): 

Pfrac(ḋ; d) =
dEfrac

dt
=

∫

∂Ω

(
gf lcn ⋅ ∇d ḋ

)
d∂Ω −

∫

Ω

gf

lc

(
l2c∇

2d ḋ − dḋ
)

dΩ, (7) 

To be compatible with an explicit finite element framework (Ziaei-Rad and Shen, 2016), the viscous power Pvis(ḋ) can be given as 
(Zhang et al., 2022): 

Pvis(ḋ) =
∫

Ω

ω
2

ḋ ⋅ ḋ dΩ, (8) 

where ω is the artificial viscosity parameter. The external power can be derived as: 

Fig. 1. Crack morphology of a solid with Dirichlet boundary ∂Ωh and Neumann boundary ∂Ωs over a time period [0, t]. (a) Sharp representation of 
interfacial discontinuity Γ; (b) Diffusive crack represented by a phase field variable d with a length scale parameter lc to represent the crack width.
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Pext(v) =
∫

Ω

(f ⋅ v)dΩ +

∫

∂Ωs

(t ⋅ v)d∂Ωs, (9) 

in which f and t are the body force and boundary traction, respectively. Finally, the total power functional can be expressed as: 

Π(v, ε̇p
, ḋ) = Pelas + Pplas + Pfrac + Pvis + Pkin − Pext . (10) 

2.1.2. Weak form
Following the formulation of explicit dynamics (Belytschko et al., 2014; Miehe et al., 2015), the governing equation in a weak form 

for the displacement field can be derived as: 
∫

(1 − d)2σ̃ : δD dΩ +

∫

ρv̇ ⋅ δvdΩ −

∫

f ⋅ δv dΩ −

∫

∂Ωs

t ⋅ δv d∂Ωs = 0. (11) 

where D = ∂v/∂x. Together with divergence theorem and integration by part, the above equation could be further transformed into 
∫

∂Ωs

(n ⋅ σ − t) ⋅ δv d∂Ωs −

∫

Ω

(div σ + f − ρv̇) ⋅ δv dΩ = 0. (12) 

The governing equation for the phase field is formulated as: 

−

∫

Ω

2(1 − d)
(∫

σ̃ : Ddt
)

δḋdΩ +

∫

∂Ω

(
gf lcn ⋅ ∇d δḋ

)
d∂Ω −

∫

Ω

gf

lc
(
l2c∇

2d δḋ − dδḋ
)
dΩ +

∫

Ω

ωḋ ⋅ δḋ dΩ = 0. (13) 

The above equation is equivalent to, 

−

∫

Ω

(1 − d)H (v, εp)δḋdΩ + l2c
∫

∂Ω

n ⋅ ∇dδḋd∂Ω 

+

∫

Ω

(
− l2c∇d ⋅ ∇d + d

)
δḋdΩ +

lc
gf

∫

Ω

ωḋ ⋅ δḋdΩ = 0. (14) 

where H (u, εp) stands for the crack driving force, which is non-decreasing during the loading process 0 ≤ s ≤ t to guarantee the 
irreversibility of damage, i.e., 

H (u, εp) := max
0≤s≤t

(S (state(u, εp))) (15) 

in which S (state(u, εp)) denotes the crack driving state function and reads as: 

S (state(u, εp)) =

〈

2lc

/

gf

∫s

0

(De + Dp) : σ̃ds

〉

. (16) 

where 〈 ⋅ 〉 := (⋅ + | ⋅ |)/2 is established by the Macaulay bracket.
The governing equation for plasticity can be derived as: 

∫

Ω

− (1 − d)2σ̃ : δDpdΩ +

∫

Ω

(1 − d)2σ̃yδε̇p dΩ = 0, (17) 

In line with Eq. (5), the above equation can be converted into: 
∫

Ω

(1 − d)2( f̃(u) − σ̃y
)
δε̇pdΩ = 0 (18) 

2.1.3. Strong form
Based on Eq. (12), the governing equation for displacement field can be expressed as: 

div σ + f = ρü in Ω × [0, t], (19a) 

n ⋅ σ = t on ∂Ωs × [0, t]. (19b) 

Along with the Dirichlet boundary condition 

u = ũ on ∂Ωh × [0, t]. (19c) 
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The governing equation for phase field is derived as, 

ϖḋ = (1 − d)H (u, εp) −
(
d − l2c∇d ⋅ ∇d

)
, in Ω × [0, t], (20) 

n ⋅ ∇d = 0, in ∂Ω × [0, t]. (21) 

where ϖ = ωlc/gf is a modified viscosity parameter which is consistent with our previous work (Li et al., 2023, Li et al., 2022a).
Concerning the plasticity, the plastic governing equation in a strong form can be expressed from Eq. (18) as, 

Fp(u, εp, ε̇p
,T) = f̃(σ̃) − σ̃y(εp, ε̇p

,T) = 0, (22) 

where σ̃y denotes undamaged flow stress, which is dependent on equivalent plastic strain, strain rate, and temperature.

According to Eq. (5) as well as the Euler’s identity, i.e., ̃f(u) = σ̃ :
∂̃f(u)

∂σ , the associated flow rule can be derived as: 

Dp

ε̇p =
df̃(σ̃)

dσ̃ =
∂f(σ, d)

∂σ = a ⇒ Dp = ε̇pa. (23) 

Note that Eq. (22) holds in the case of plastic loading and neutral loading. Specially, they meet the following conditions:
Plastic loading: Fp = 0 and ε̇p

> 0;
Neutral loading: Fp = 0 and ε̇p

= 0.
Together with elastic loading and unloading: Fp< 0 and ε̇p

= 0, the complete Karush-Kuhn-Tucker (KKT) complementarity con
ditions read as follows (Simo and Hughes, 2006): 

Fp ≤ 0, Fpε̇p
= 0, ε̇p

≥ 0. (24) 

2.2. Thermal evolution

In dynamic loading, temperature would change due to heat generation from mechanical work during the loading process (Luscher 
et al., 2018). In this study, the temperature is treated as an internal state variable that can be determined via (Roth and Mohr, 2014), 

dT = ς(ε̇p
)

χ
ρCp

σ̃ydεp, (25) 

in which Taylor–Quinney coefficient χ quantifies the fraction of plastic work converted to heat, ρ denotes the mass density, and Cp 

represents the heat capacity. The strain rate-dependent factor ς exhibits variation within a range of 0 to 1. The limiting values of ς = 0 
and ς = 1 correspond to isothermal and adiabatic conditions, respectively. Under a low strain rate, diffusion tends to occur signifi
cantly faster than the rate of heat generation, leading to isothermal conditions (ς = 0). Conversely, at a high strain rate, diffusion 
occurs much slower than the rate of heat generation, resulting in adiabatic conditions (ς = 1). The temperature increase for inter
mediate strain rates is approximated in an ad hoc manner through the parametric form (Roth and Mohr, 2014): 

ς
(
ε̇p
)
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0, ε̇p
< ε̇it,

(
ε̇p − ε̇it

)2( 3ε̇a − 2ε̇p − ε̇it
)

(ε̇a − ε̇it)
3 , ε̇it⩽ε̇p⩽ε̇a,

1, ε̇p
> ε̇a,

(26) 

where the parameters ε̇it and ε̇a define the critical strain rates for the isothermal and adiabatic conditions, respectively. For simplicity, 
the reference strain rate ε̇0 in the modified Johnson-Cook model (see Section 3.1.2) is treated as the isothermal limit, i.e. ε̇it = ε̇0 (Roth 
and Mohr, 2014).

In addition to the proportion of plastic work converted into heat, the remaining proportion contributes to driving the phase-field 
cracking process. Thus, the crack driving state function should be modified as 

S (state(u, εp)) = 2lc

/

gf

∫s

0

[σ̃ : De + (1 − ςχ)σ̃ : Dp]ds. (27) 

3. Hypoelastic-plasticity and fracture criteria

The orientation, strain rate, and stress state dependent constitutive relations are derived for general metallic materials. The crack 
driving force for the phase field model is derived accordingly.
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3.1. Rate dependent anisotropic plasticity model

3.1.1. Hill48 plasticity model
Orientation dependent plastic behaviour presents commonly in conventional sheet metals (Banabic, 2010) and laser powder bed 

fusion (LPBF) printed metallic materials (Carroll et al., 2015). To describe this phenomenon, a classical Hill48 plasticity model (Hill, 
1948) is employed in this study. The equivalent stress ̃f(σ̃) is defined as: 

f̃(σ̃) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F
(
σ̃yy − σ̃zz

)2
+ G(σ̃zz − σ̃xx)

2
+ H

(
σ̃zz − σ̃yy

)2

+2Lσ̃2
yz + 2Mσ̃2

zx + 2Nσ̃2
xy

√
√
√
√ , (28) 

where F,G,H, L,M, and N denote the anisotropic parameters, σ̃xx, σ̃yy, and σ̃zz are the normal stresses, and σ̃xy, σ̃yz, σ̃zx represent the 
shear stress components. Note that Hill48 function can be extended to be pressure dependent for pressure sensitive metals (Caddell 
et al., 1973; Deshpande et al., 2001). In this study, the printing plane is assumed to be xz plane and y-axis refers to building direction. 
Correspondingly, the work conjugated equivalent plastic strain rate ε̇p reads as, 

ε̇p
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

F(ε̇p
xx)

2
+ G

(
ε̇p

yy
)2

+ H(ε̇p
zz)

2

FG + FH + GH
+

2
(
ε̇p

xy
)2

L
+

2(ε̇p
xz)

2

M
+

2
(
ε̇p

yz
)2

N

√

, (29) 

where ε̇p
xx, ε̇p

yy, ε̇
p
zz, ε̇

p
xy, ε̇

p
xz, and ε̇p

yz are components of plastic strain rate.

3.1.2. Modified Johnson-Cook model
To consider the influence of strain rate hardening and thermal softening, the flow stress is expressed as: 

σ̃y(εp, ε̇p
,T) = σ̃0(εp)

[

1+C0eC1εp
ln
(

ε̇p

ε̇0

)]

(1 − T̂
m
), (30) 

where ̃σ0(εp) can be described by combination of the Swift and Voce function (Pack et al., 2014) or piecewise linear functions (Li et al., 
2022a) to achieve satisfactory predicting accuracy in the quasi-static loading condition; ε̇0 denotes the reference strain rate; C0, C1, and 
ε̇0 are used to describe strain rate dependency. Compared with the classical Johnson-Cook model, it is noted that C0eC1εp 

is dependent 
on εp rather than a constant, which showed better predicting accuracy; and a similar approach can be found in (Li et al., 2022b; Tang 
et al., 2021). m is a material parameter and T̂ is a factor to consider thermal softening and defined as, 

T̂ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0, T < Troom ,

(T − Troom )

(Tmelt − Troom )
, Troom ≤ T ≤ Tmelt ,

1, T > Tmelt .

(31) 

where T, Troom and Tmelt are current, room and melting temperature, respectively.

3.2. Ductile fracture criteria

Ductile fracture is highly dependent on stress states, characterised by stress triaxiality η and Lode angle parameter θ (Bai and 
Wierzbicki, 2008; Lou et al., 2014). Ductile fracture is highly dependent on stress states, characterised by stress triaxiality η and Lode 
angle parameter θ (Bai and Wierzbicki, 2008; Lou et al., 2014). Firstly, the relationship between the principal stresses ̃σ1, ̃σ2 and ̃σ3, and 
the invariants p, r and q of the stress tensor are given as: 

p = −
1
3

trσ̃ = −
1
3
(σ̃1 + σ̃2 + σ̃3), (32) 

r =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
2
[(σ̃1 − σ̃2)

2
+ (σ̃2 − σ̃3)

2
+ (σ̃3 − σ̃1)

2
]

√

, (33) 

q =

[
27
2

(σ̃1 + p)(σ̃2 + p)(σ̃3 + p)
]1

3
. (34) 

Then, the stress triaxiality η and Lode angle parameter θ are defined as: 

η = −
p
r
, (35) 
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θ = 1 −
2
π arccos

(q
r

)3
. (36) 

According to the value of stress triaxiality, high stress triaxiality (η > 2/3), medium stress triaxiality (1/3 < η < 2/3) tension, 
tension-shear (1/10 < η < 1/3), shear ( − 1/10 < η < 1/10), and compression-shear ( − 1/3 < η < − 1/10) also frequently used in the 
literature (Jackiewicz, 2011; Kang et al., 2016; Peng et al., 2021). For metallic materials, a cut-off region (η < − 1/3) is commonly 
employed to control non-physical compressive damage (Bao and Wierzbicki, 2004; Lou et al., 2014).

The Modified Mohr-Coulomb (MMC) model is considered in this study to be combined with the presented phase field model as it 
demonstrates the ability to predict crack initiation and direction with good accuracy (Bai and Wierzbicki, 2009). It transforms the 
classical Mohr-Coulomb criterion from a shear stress and normal stress representation to a mixed strain-stress representation 

(
εf ,η,θ

)
. 

The fracture strain is defined as: 

εf (η, θ, ε̇p
) = b

{
A
c2

[

c3 +

̅̅̅
3

√

2 −
̅̅̅
3

√ (1 − c3)

(

sec
(

θπ
6

)

− 1
)][ ̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + c2
1

3

√

cos
(

θπ
6

)

+ c1

(

η +
1
3

sin
(

θπ
6

))]}−
1
n

, (37) 

where b is used to describe the strain rate effect on the fracture strain. Based on experimental data in our previous study (Liu et al., 
2024), b is defined as, 

b =

{
1, ε̇p

< ε̇0

max (b0, 1 − γIn(ε̇p
/ε̇0)), ε̇p

≥ ε̇0.
(38) 

In real-life practice, the loadings are commonly non-proportional, i.e., η and θ vary during the loading history. Thus, it would be 
indispensable to introduce a loading history dependent damage indicator D defined as (Bai and Wierzbicki, 2009): 

D(εp) =

∫εp

0

dεp

εf (η, θ)
. (39) 

Damage is assumed to initiate when D = 1.
Similar to plastic behaviour, laser powder bed fusion (LPBF) printed metallic materials also exhibit orientation-dependent fracture 

(Wilson-Heid et al., 2020). To capture such phenomena, an anisotropic fracture model is adopted in terms of a linear transformation of 
the plastic strain tensor (Luo et al., 2012) in this work. In a vector notation, the equivalent plastic strain can be modified to account 
anisotropy as: 

ε̇p, ani
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3
[β ⋅ (ε̇p

)]
T ⋅ [β ⋅ (ε̇p

)]

√

, (40) 

where ε̇p
=

[
ε̇p

xx, ε̇p
yy, ε̇

p
zz,

̅̅̅
2

√
ε̇p

xy,
̅̅̅
2

√
ε̇p

yz,
̅̅̅
2

√
ε̇p

zx
]T is the plastic strain rate. β characterises the linear transformation defined as: 

β =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

βxx 0 0 0 0 0
0 βyy 0 0 0 0
0 0 βzz 0 0 0
0 0 0 βxy 0 0
0 0 0 0 βyz 0
0 0 0 0 0 βzx

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(41) 

3.3. Stress-state, rate, and orientation dependent crack driving force

To better match the experimental observation that damage initiates after a certain level of deformation, Miehe et al. (2015)
proposed an energy-based and strain-based damage threshold. Following this concept, various damage thresholds have been used, e.g. 
energy-based threshold in (Dean et al., 2020; Dittmann et al., 2020) and strain-based threshold in (Alessi et al., 2018; Noii et al., 2021). 
Nevertheless, the abovementioned damage thresholds are taken as constants; and the threshold should be stress state, strain rate and 
orientation dependent (Abrari Vajari et al., 2022; Li et al., 2022a). An energy based threshold is defined as (Li et al., 2023, Li et al., 
2022a): 

φ̃cr =

∫s

0

(De + (1 − ςχ)Dp) : σ̃ds|D=1. (42) 

Accordingly, the crack driving state function is revisited as 

S (state(u, εp) ) = 2lc

/

gf φ̃cr

〈∫s

0

(De + (1 − ςχ)Dp) : σ̃ds

/

φ̃cr − 1

〉

. (43) 
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4. Finite element implementation

This section introduces spatial and temporal discretisation for the proposed model. The cutting-plane algorithm will also be 
introduced within hypoelastic-viscoplastic constitutive relations for plastic calculation. For convenience, matrix/vector notation is 
used in this section.

4.1. Spatial discretisation

The proposed model is numerically implemented in the finite element framework based upon the weak form defined in Eqs. (11)
and (14) together with the constitutive equations, Eqs. (28), (31) and (37). A mixed finite element formulation for displacement field u 
and phase field d is implemented here, whose spatial discretisation is considered as follows: 

ue =
∑Nn

I=1
Ne

uIu
e
I , de =

∑Nn

I=1
Ne

dId
e
I , (44) 

u̇e
=

∑Nn

I=1
Ne

uIu̇
e
I , ü

e
=

∑Nn

I=1
Ne

uIü
e
I , ḋ

e
=

∑Nn

I=1
Ne

dIḋ
e
I . (45) 

where Ne
uI and Ne

dI stand for the shape functions associated with node I, and ue
I and de

I are the nodal displacement-field and phase-field 
at node I of element e, respectively. Nn is the number of nodes in element e.

The velocity gradient and phase field gradient are given by: 

Le =
∑Nn

I=1
Be

uIu̇
e
I ,∇de =

∑Nn

I=1
Be

dI ḋ
e
I , (46) 

where Be
uI is the matrix with spatial derivatives of Ne

uI with respect to the current configuration and Be
dI is the matrix with spatial 

derivatives of Ne
dI with respect to the reference configuration.

The test functions and their derivatives are discretised as: 

δu̇e
=

∑Nn

I=1
Ne

uIδu̇e
I , δḋ

e
=

∑Nn

I=1
Ne

dIδḋ
e
I (47) 

δLe =
∑Nn

I=1
Be

uIδu̇e
I , δ∇ḋ

e
=

∑Nn

I=1
Be

dIδḋ
e
I . (48) 

After assembling the elements in the global system, the spatially discretised equation of the displacement problem is obtained as: 

Mü¨= Fext − Fint, (49) 

where u = {ue} represents the displacement vector containing all the nodal values of the solution domain. M, Fext, and Fint are the mass 
matrix, externally applied load vector and internal force vector, respectively, expressed as follows: 

M = ∧e=1
Ne

∫

Ω

ρNe
u

TNe
udΩ, (50) 

Fint = ∧e=1
Ne

∫

Ω

Be
u

TσdΩ, (51) 

Fext = ∧e=1
Ne

⎛

⎝
∫

Ω

Ne
u

TbdΩ +

∫

∂Ωs

Ne
u

Ttd∂Ωs

⎞

⎠, (52) 

where the operator ∧e=1
Ne 

represents the element to global assembly in the finite element formulation with Ne being the number of 
elements in the solution domain.

Similarly, the spatially discretised equation of the phase field problem reads: 

Cḋ = Y, (53) 

with 
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C = ∧e=1
Ne

∫

Ω

ϖNe
d

TNe
ddΩ, (54) 

Y = − ∧e=1
Ne

∫

Ω

{
[d − 2(1 − d)H ]Ne

d
T
+ l2c Be

d
T
∇d

}
dΩ, (55) 

where d = {de} stands for the phase field vector containing all the nodal values in the solution domain.

4.2. Temporal discretisation

The equations will be solved using the explicit time integration schemes for both the displacement field and phase field. We 
consider a finite time increment [tn, tn+1], and Δtn+1 = tn+1 − tn denotes the current increment size. The time integration of the 
displacement field is performed by the central difference method: 

ü¨n = M− 1( Fext − Fint), (56) 

u̇
n+1

2
= u̇

n− 1
2
+

Δtn + Δtn+1

2
ü¨n, (57) 

un+1 = un + Δtn+1 u̇
n+1

2
, (58) 

where the subscript n refers to the increment number and 
(

n − 1
2

)

and 
(

n+1
2

)

refers to the mid-increment values. Given that the 

variables ü¨n, u̇
n− 1

2 
and un have been known from the previous increment, un+1 can be computed using the explicit time integration 

method. Note that a special treatment is required for the initial conditions of velocity as: 

u̇
+

1
2
= u̇0 +

Δt1
2

ü0, (59) 

u̇
−

1
2
= u̇0 −

Δt1
2

ü0. (60) 

The time integration of the phase field is performed by the forward finite difference method: 

ḋn = C− 1Y, (61) 

dn+1 = dn + Δtn+1ḋn. (62) 

In order to improve computational efficiency for the explicit time integration schemes, the lumped or diagonal matrices M and C 
are used (Belytschko et al., 2014) and determined at the beginning of each increment. The commonly used row-sum technique is used 
in this study, the diagonal matrices are determined by (Belytschko et al., 2014): 

MD
II =

∑

J
MIJ, (63) 

CD
II =

∑

J
CIJ. (64) 

4.3. Incrementally objective integration of hypoelastic-plastic constitutive equations

The algorithmic implementation of the hypoelastic-based plasticity model requires to use an incrementally objective integration 
algorithm (Hughes and Winget, 1980) to maintain the frame-indifference of the formulation. The rate dependent constitutive equa
tions are transformed to a local configuration that is unaffected by superposed spatial rigid body motions. Then a time integration 
algorithm is performed in this local configuration, and finally, the discrete equations are transformed back to the spatial configuration.

4.3.1. Corotational formulation
The formulation herein employs a corotational local coordinate system for a rotational neutralised description of the constitutive 

equations of hypoelastic-plasticity (Simo and Hughes, 2006). The rate of deformation tensor D is assumed to be additively decomposed 
into an elastic component De and a plastic component Dp as: 

D = De + Dp. (65) 

Eq. (65) is sometimes considered to be an ad hoc finite strain extension of the additive decomposition of the strain tensor in the 
infinitesimal elastoplastic theory (Brepols et al., 2014). However, hypoelastic-plasticity does not deviate noticeably from the 
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hyperelastic-plasticity counterpart, especially in the application of metallic plasticity (Brepols et al., 2014). The hypoelastic response 

of the material is expressed in terms of a linear relationship between an objective rate of the Kirchhoff stress τ∇ and De as: 

τ∇ = EDe = E(D − Dp). (66) 

Note that for the material whose plastic flow is approximately isochoric (volume preserving) and elastic strains are small, the 

Kirchhoff stress τ∇ and Cauchy stress σ∇ are approximately the same (Brepols et al., 2014). This is the case in the presented Hill48 plastic 
theory, leading to τ ≈ σ. Combining with standard hypoelastic-plasticity formulation based on the Kirchhoff stress and the Jaumann 
rate (Simo and Hughes, 2006), the following equation can be derived: 

σ∇ ≈ τ∇ = σ̇ − Ωσ + σΩ, (67) 

in which Ω is a skew-symmetric second-order tensor or spin tensor which satisfies ΩT = − Ω (Kim, 2014).
An incrementally objective update formulation for hypoelastic constitutive relation in Eq. (66) is presented here. The coordinate 

system is attached at each point in the body and then rotates with the material during deformation. The following initial value problem 
shall be addressed for the proper orthogonal rotation tensor Λ: 

Λ̇ = ΩΛ with Λ|t=0 = I. (68) 

This implies that it is possible to transform the tensorial quantities from the spatial description to the corotational description by 
pre-multiplying and post-multiplying them with ΛT and Λ, respectively. The corotational Cauchy stress ̂̃σ , corotational rate of 
deformation D̂, and plastic part of the corotational rate of deformation D̂

p 
are given as follows: 

̂̃σ = ΛT σ̃Λ, D̂ = ΛTDΛ, D̂
p
= ΛTDpΛ. (69) 

Differentiating the first equation in Eq. (69) with respect to time leads to 

˙̂σ̃ = ΛT( ˙̃σ − Ωσ̃ + σ̃Ω)Λ = ΛTσ̃
∇

Λ. (70) 

Due to the isotropy of E (i.e., E= Ê), the hypoelastic relation in Eq. (66) may be transformed to a rotation-neutralised form as: 

˙̂σ̃ = E(D̂ − D̂
p
). (71) 

Using the approximations proposed in the Hughes-Winget algorithm (Hughes and Winget, 1980) and applying the generalised 
midpoint rule to Eq. (71), the following update formula can be derived for the corotational Cauchy stress: 

̂̃σn+1 = ̂̃σn + Δtn+1ΛT
n+1

˙̂σ̃Λn+1 = ̂̃σn + Δtn+1E
(
D̂n+α − D̂

p
n+α

)
, 0 ≤ α ≤ 1. (72) 

A specific value for α leads to a specific integration algorithm, e.g., α = 0 for explicit Euler, α = 1/2 for the mid-point rule, and α 
= 1 for implicit Euler. Then, the equation must be mapped back to the spatial description by pre- and post-multiplying them with Λ and 
ΛT, respectively, given as, 

σ̃n+1 = ΛΔ σ̃nΛT
Δ + Δtn+1EΛδ

(
Dn+α − Dp

n+α
)
ΛT

δ . (73) 

where ΛΔ is the incremental rotation tensor between tn and tn+1, and Λδ between tn and tn+α: 

ΛΔ := Λn+1ΛT
n , Λδ := Λn+1ΛT

n+α. (74) 

in which the rotation tensors Λn+1, Λn+α and Λn are obtained according to the particular choice of rotational stress rate (Simo and 
Hughes, 2006).

In this study, the Green-Naghdi rate-based plasticity model is used, i.e., the skew-symmetric tensor Ω = ṘRT in Eq. (68) with R 
being the rotation tensor resulting from the polar decomposition of the deformation gradient. Then, the exact solution to problem (68)
is give as, 

Λ = R. (75) 

As a result, ΛΔ and Λδ are redefined as, 

ΛΔ = RΔ = Rn+1RT
n , Λδ = Rδ = Rn+1RT

n+α. (76) 

in which the rotations Rn+1, Rn and Rn+α are obtained, respectively from the polar decomposition of the deformation gradients Fn+1, Fn 
and Fn+α.

Using the flow rule defined in Eq. (23), i.e., Dp = ε̇pa, Eq. (73) can be rewritten as: 

σ̃n+1 = σ̃trial
n+1 − ΔεpEΛδan+αΛT

δ , (77) 
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where Δεp = Δtn+1ε̇p; and σtrial
n+1 is the trial stress defined as, 

σ̃trial
n+1 = ΛΔ σ̃nΛT

Δ + Δtn+1EΛδDn+αΛT
δ . (78) 

Eq. (72) suggests a two-step elastic predictor/plastic corrector. If the mid-point rule is applied for the elastic predictor and the 
material response of the stress increment is neglected (Λδ ≅ I), then the trial stress can be written as: 

σ̃trial
n+1 = ΛΔ σ̃nΛT

Δ + Δtn+1ED
n+1

2
= ΛΔ σ̃nΛT

Δ + EΔD (79) 

in which the strain increment tensor ΔD can be computed as 

ΔD = Δtn+1D
n+1

2
=

1
2

⎡

⎢
⎢
⎢
⎣

⎛

⎜
⎜
⎜
⎝

∂Δu
∂x

n+1
2

⎞

⎟
⎟
⎟
⎠

+

⎛

⎜
⎜
⎜
⎝

∂Δu
∂x

n+1
2

⎞

⎟
⎟
⎟
⎠

T⎤

⎥
⎥
⎥
⎦

(80) 

Then the plastic corrector is derived using the implicit Euler algorithm; and Eq. (72) can be reformulated as, 

σ̃n+1 = σ̃trial
n+1 − ΔεpEan+1 (81) 

since Λδ = Rn+1RT
n+1 = Rn+1R− 1

n+1 = I.

4.3.2. Cutting-plane algorithm for stress integration
Integration of the stress tensor is performed based on Eq. (79) during the current time increment Δtn+1 = tn+1 − tn. The rotated 

Cauchy stress tensor ΛΔ σ̃nΛT
Δ from the previous increment and velocity increment tensor ΔD are given at the beginning of the time 

increment at tn. The stress integration aims to update the stress and internal variables at the end of the current time increment (tn+1).
Suppose the equivalent plastic strain is updated as: 

εp
n+1 = εp

n + Δεp
n+1, (82) 

The strain rate, temperature, and undamaged stress can be calculated accordingly as, 

ε̇p
n+1 = Δεp

n+1/Δtn+1, (83) 

Tn+1 = Tn +
ςχ

ρCp
σ̃yΔ εp, (84) 

σ̃n+1 = σ̃trial
n+1 − Δεp

n+1Ean+1, (85) 

where Δεp
n+1 is calculated by meeting the following requirement: 

Fp
n+1 = f̃(σ̃n+1) − σ̃y(εp

n+1, ε̇
p
n+1,Tn+1) = 0. (86) 

To determine Δεp
n+1, the convex cutting plane algorithm proposed by Ortiz and Simo (Simo and Hughes, 2006) is used in this study 

for stress update as it can bypass the need for the second-order derivative of the yield function for the associated flow rule.
The convex cutting plane algorithm belongs to the elastic-plastic operator split techniques that involve two consecutive steps. In the 

first step, the current state is assumed to be totally elastic, and the plastic part is frozen. If the trial stress state defined in Eq. (79) is 
located inside the yield surface (i.e., Fp( σtrial

n+1, εp
n, ε̇

p
n,Tn

)
≤ 0), then the elastic assumption is correct at the current increment n + 1. 

Thus, Δεp
n+1 = 0 and the stress is updated accordingly, ̃σn+1 = σ̃trial

n+1. If the stress state goes beyond the yield surface (i.e., Fp( σtrial
n+1, εp

n,ε̇
p
n,

Tn
)

> 0), the second plastic corrector step attempts to bring back the stress onto the yield surface.
Different from the fully implicit algorithms, the convex cutting plane algorithm is explicit in the sense that the flow rule and 

hardening law are based on the initial iteration. Assuming Δεp
n+1

(0)
= 0 and ̃σ(0)

n+1 = σ̃trial
n+1 as initial conditions, linearisation of the yield 

function defined in Eq. (86) at the k-th iteration of the (n + 1)-th increment to correct the plastic strain increment iteratively, 

Fp(k+1)
n+1 = Fp(k)

n+1 + a(k)
n+1 : δσn+1 −

∂σ̃(k)
y n+1

∂εp(k)
n+1

δεp(k+1)
n+1 −

∂σ̃(k)
y n+1

∂ε̇p (k)
n+1

δε̇p (k+1)
n+1 −

∂σ̃(k)
y n+1

∂T(k)
n+1

δT(k+1)
n+1 = 0 (87) 

where δ■n+1 = ■(k+1)
n+1 − ■(k)

n+1. Then, combining Eqs. (83-85), the above equation leads to 

(88)
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The iterative procedure is repeated, i.e., k = k+ 1, until the updated yield function reaches a satisfactory value TOL, Fp(k+1)
n+1 

/σ̃(k+1)
y n+1 ≤ TOL. Once the procedure becomes converged, the variables are obtained as: ■n+1 = ■(k+1)

n+1 . It is worth noting that Chen- 
Mangasarian or Fischer-Burmeister (FB) replacement functions (Chen and Pan, 2012; Jin et al., 2023) have been employed to 
smooth complementarity conditions and have been successfully validated in highly cross-linked polymers (Areias et al., 2016), 
quasi-static frictional and cohesive contact problems (Areias et al., 2013), and the modified Cam-clay model (Zhou et al., 2022). 
Exploring their applications to dynamic ductile fracture in future studies would be of great interest.

5. Application to additively manufactured metallic materials

This section introduces additively manufactured material samples for validation of crack propagation specimens. The experimental 
procedure will be then introduced. Lastly, the measurement procedure and calibrated material parameters will be given.

5.1. Material, specimen design and printing scheme

To validate the proposed model, 316L stainless steel was selected as a base material. Laser powder bed fusion (LPBF) was used to 
print all the following samples via commercial EOS M290 machine (EOS GmbH, Krailing, Germany). Four groups of material speci
mens, including uniaxial tension (UT), notched tension with a radius of 20 mm (NT), simple shear (SS), and tension specimen with a 
central hole (CH), as shown in Fig. 2, covering a wide spectrum of stress states, were employed for experimental tests.

Due to scanning direction rotated 67◦ for each layer, the mechanical properties can be assumed to be transversely isotropic (Li et al., 
2023), i.e., being isotropic on the printing plane while anisotropic with respect to the build direction. To characterise this behaviour, 
material specimens were printed in two orientations, namely, 0◦ (y − axis) and 90◦ relative to the build direction (x − axis) in Fig. 2. 
Moreover, three crack propagation specimens, including the single-notched tension specimen with three holes (SNTT) and the 
modified second Sandia fracture (MSSF) challenge specimen (see Fig. 3) were used to further demonstrate the capability of the 
proposed phase field model.

Fig. 2. Specimens for model validation (unit: mm): (a) uniaxial tension (UT), (b) notched tension with a radius of 20 mm (NT), (c) simple shear (SS), 
and (d) tension specimen with a central hole (CH). The red dots indicate the points to measure the displacement. Those samples were printed in both 
0◦ (y − axis) and 90◦ relative to the build direction (x − axis) to calibrate the orientation dependent plasticity and fracture models. The specimens 
involve both orientation and stress state dependencies. The thickness of all the specimens was 1.50 mm.
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5.2. Experimental testing of material samples and crack propagation specimens

The samples were tested using Instron VHS 160-20 high speed servo hydraulic testing machine, as shown in Fig. 4. The capacity and 
maximum speed of the crosshead are 100 kN and 20 m/s, respectively. Meanwhile, a high-speed camera FastCAM was mounted in 
front of tested samples to capture the whole loading process and measure the strain field using the Digital Image Correlation (DIC) 
technique. Additionally, experimental data from a Split Hopkinson Pressure Bar (SHPB) (Santiago et al., 2023) was utilised to predict 
the behaviour of complex triply periodic minimal surface (TPMS) structures under high strain rates in Section 6.3.

5.3. Model calibration

The proposed explicit phase field model contains three groups of material parameters, namely elastoplastic parameters, temper
ature evolution parameters, and fracture parameters. The parameters for Hill48 yielding function as well as hardening curve under 
quasi-static loading conditions are referred to our previous work (Li et al., 2023). Correspondingly, ε̇0 was set as 0.0028 s− 1, as per 
strain rate under quasi-static testing. As for the strain rate dependency, all the 90◦ UT specimens under different loading velocities were 
used to calibrate the modified Johnson-Cook model, i.e., C0 and C1. The room temperature Troom and melting temperature Tmelt were 
20.0 ◦C and 1398.0 ◦C (Li et al., 2020a), respectively. Concerning thermal softening parameter m, the inverse identification was used 
by minimising the numerical and experimental force-displacement response for all the material specimens (Li et al., 2020a). The 
elastoplastic parameters are given in Table 1.

In terms of temperature evolution, the thermal parameters, e.g. heat capacity, Taylor–Quinney coefficient, and adiabatic limit 
strain rate, were obtained from the literature (Li et al., 2020b). In this study, to better describe the LPBF printed 316L specimens, the 
material parameters were slightly modified via the inverse identification (Li et al., 2020a). As a result, the calibrated material pa
rameters are given in Table 2.

Due to transversely isotropic mechanical properties in LPBF printed metallic materials (Li et al., 2023), βxx and βzz are set to be 1 
because εp

xx and εp
zz contribute equally and serve as the reference for εp

yy. Similarly, βxz and βyz are also set to be 1 because εp
xz and εp

yz 

contribute equally and serve as the reference for εp
xy. When βyy = βxy = 1, εp, ani reduces to the equivalent plastic strain defined in Eq. 

(29). Basically, the anisotropy is introduced by distinguishing the contributions of each component of the plastic strain tensor. Suppose 
that βyy is a very large value, the MMC may be triggered even if the plastic strain in z direction is small. The material parameters for 
Modified Mohr-Coulomb (MMC) model were taken from Li et al. (2023). The parameters for linear transformation were calibrated 
using all material samples to minimise the deviation of the numerical and experimental fracture initiations. As for damage evolution, 
the length scale parameter was set as 0.2 mm to regularise the sharp crack and match the experimental data.

The critical energy release rate gf was determined by referring to Margerit et al. (2021). Note that gf can vary with stress state (Chu 

Fig. 3. Crack propagation specimens (unit: mm): (a) single-notched tension specimen with three holes (SNTT); (b) modified second Sandia fracture 
(MSSF). The red dots specify the points to measure the displacement. Those samples were printed in 90◦ relative to the build direction (x − axis) for 
validating the proposed model. The thickness of SNTT was 1.50 mm, while for MSSF was 3.12 mm to avoid out-of-plane bending deformation.
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et al., 2019) and strain rate (Borges et al., 2020). In this study, however, gf was considered as a constant for simplicity, yet it would be 
an intriguing topic to investigate the influence of gf on phase field models in the future studies. The fracture parameters are shown in 
Table 3.

6. Results and discussion

This section compares the experimental and numerical results to assess the performance of the proposed explicit phase field model. 
In particular, the strain rate, orientation, and stress state dependencies will be evaluated via the sample tests, i.e., uniaxial tension 
(UT), simple shear (SS), notched tension (NT), and tensile specimen with a central hole (CH). Furthermore, crack propagation 
specimens, involving complicated crack initiation and propagations, will be also used to demonstrate the capability of the proposed 
model in complex scenarios. Lastly, TPMS Dimond (D) structures under impact loading with different volume fractions are simulated, 
with fracture mechanisms analysed.

Fig. 4. Experimental setup. Instron VHS 160-20 high speed servo hydraulic machine were used to conduct high-speed test and record the global 
force. Meanwhile, the FastCAM camera was employed to capture the deformation process.

Table 1 
Orientation, strain rate, and temperature dependent elastoplastic parameters

Types Parameters Physical meaning Value

Elasticity (Li et al., 2023) Ẽ Elastic modulus 145.0 GPa
ν Poisson’s ratio 0.3

Hill48 model (Li et al., 2023) F Transversely isotropic yield function 0.5
G 0.39
H 0.5
L 1.5
M 1.5
N 1.45

Modified Johnson-Cook model C0 Strain rate hardening parameters 0.0312
C1 -3.412
ε̇0 0.0028 s− 1

m Thermal softening parameter 0.921

Table 2 
Parameters for temperature evolution

Type Parameters Physical meaning Value

Temperature evolution Cp Heat capacity 460 J/(kg⋅∘C)
χ Taylor–Quinney coefficient 0.7
ε̇a Adiabatic limit strain rate 1.5 s− 1
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6.1. Material-level samples

6.1.1. Strain rate dependency
To illustrate the strain rate dependency, the force-displacement curves of the 90◦ uniaxial tension sample under loading velocities 

of 0.3, 1, 4, 8, and 14 m/s are presented in Fig. 5. The corresponding nominal strain rates are 16.7, 55.6, 222.2, 444.4, and 777.8 s− 1, 
respectively. Evidently, the simulation can properly reproduce the experimental results in terms of initial elastic stages, plastic 
hardening, and fracture initiations and propagations of all the five loading scenarios.

Note that the flow stress increased with the strain rate. For example, when the nominal strain rate increased from 16.7 to 777.8 s− 1, 
the yield stress increased from 666.7 to 933.3 MPa (or equivalently the corresponding force increased from 10 to 14 kN). Furthermore, 
it is observed that the simulated flow stress agreed well with the experimental data, indicating the accuracy of the modified Johnson- 
Cook model in Eq. (30).

The effect of strain rate on crack initiation was relatively more complicated. According to the experimental data, when the strain 
rate increased from 16.7 to 55.6 s− 1, the displacement to fracture was reduced from 6.4 to 5.7 mm. The simulated results slightly 
overestimated the ductility of the samples when the strain rate was smaller than 55.6 s− 1. When the strain rate ranged from 55.6 to 
777.8 s− 1, the ductility became less insensitive to strain rate, which was properly captured by the numerical model, as shown in Fig. 6c-
e. The nonlinear relationship between the strain rate and fracture strain was reported by Li et al. (2019). Overall, the prediction of the 
influence of strain rate on fracture initiation was acceptable, with the average relative error being around 4.5%, showing a sufficient 
accuracy of the strain rate dependent MMC model in Eq. (37).

The contours of the equivalent plastic strain εp, ani at the instant of fracture initiations with loading speeds of 0.3, 1, and 14 m/s 
were also provided in Fig. 6, in which the strain localisation could be observed in the middle region. The maximum εp, ani significantly 
reduced from 0.51 to 0.44 when the nominal strain rate increased from 16.7 to 55.6 s− 1; but it slightly reduced from 0.44 to 0.40 when 
the nominal strain rate increased from 55.6 to 444.4 s− 1. It implies that the ductility was less sensitive to strain rate when strain rate 
ranged from 55.6 to 444.4 s− 1. Moreover, the temperature fields at the instant of fracture initiation are also provided in Fig. 6. With a 
higher loading speed, the maximum temperature tended to reduce due to smaller plastic deformation to initiate fracture.

Regarding the damage evolution, the simulated force-displacement curves showed similar decreasing rates with the experimental 
counterparts in Fig. 5, indicating the accuracy of the proposed phase field model. Moreover, the horizontal crack paths were well 
captured, as shown in Fig. 6.

To elucidate the strain rate dependency, Fig. 7 displays the evolution of equivalent plastic strain, flow stress, strain rate, tem
perature, damage indicator, and phase field of critical elements. According to the evolution of εp, ani in Fig. 7a, two stages of loading, 
namely homogeneous deformation and localised deformation, can be observed.

In the first stage, with the displacement between gauges sections being smaller than 2.8 mm, εp, ani presented good consistency even 
under varied loading velocities, suggesting their homogeneous response. The strain rates increased with loading velocities, whereas 
temperatures remained nearly same, as show in Fig. 7b. According to Eq. (25), thermal evolution was driven by equivalent plastic 
strain, while equivalent plastic strain did not differ significantly due to homogeneous response, resulting in that temperature was 
relatively insensitive to strain rate in this stage. Flow stresses also rose with loading velocities, primarily due to strain rate hardening, 
as deduced from Eq. (30).

However, when displacement between the gauges sections exceeded 2.8 mm, equivalent plastic strain, strain rate, and temperature 
started showing rising differences, signifying localised deformation. Plastic localisation and thermal softening were coupled as per Eq. 
(30), possibly leading to significant sensitivity to loading velocities. In contrast, flow stress showed less sensitivity to loading velocities, 
attributing to insensitivity to equivalent plastic strain and a compromise between strain rate hardening and thermal softening.

Interestingly, damage indicator exhibited remarkable differences even from the homogeneous stage. This can be attributed to the 

Table 3 
Parameters for fracture initiation and propagation

Types Parameters Physical meaning Value

Damage initiation (Li et al., 2023) A MMC fracture model 1338.87 MPa
n 0.7
c1 0.01
c2 465.69 MPa
c3 0.74
b0 Rate dependency 0.66
γ 0.025 s
ε̇0 0.00185 s− 1

βxx Orientation dependency 1.00
βyy 0.20
βzz 1.00
βxy 1.5
βyz 1.00
βzx 1.00

Damage evolution lc Length scale parameter 0.2 mm
gf Critical energy release rate 15 N/mm
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definition of damage indicator in Eq. (34). Firstly, due to fracture strain was rate dependent as in Eq. (32), the fracture strains were 
approximately 0.445, 0.435, and 0.398 for samples with loading velocities being 0.3 m/s, 1 m/s, and 14 m/s, respectively. Secondly, 
the equivalent plastic strain showed notable differences in the localised stage. After fracture initiations, phase field evolved from 0 to 1, 
representing material point transitioning from intact to broken state.

Fig. 5. Force-displacement curves of the 90◦ UT samples under different loading velocities. (a) 0.3 m/s; (b) 1 m/s; (c) 4 m/s; (d) 8 m/s; (e) 14 m/s. 
Displacements were measured in the gauge section, as highlighted in Fig. 2. The flow stress increased with strain rate.
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6.1.2. Stress state dependency
Fig. 8 presents the force-displacement response of the notched tension specimen (NT), the tensile specimen with a central hole 

(CH), and the simple shear (SS) with a loading velocity of 1 m/s. Apparently, the experimental global responses before fracture ini
tiations were properly simulated by the proposed method, indicating the accuracy of the elastoplastic model, with the average error for 
this group of specimens being only 4%.

Furthermore, the damage evolutions could be properly predicted, as shown in the descending branches in Fig. 8. The simulated 
crack paths were in good agreement with the experimental data, as shown in Fig. 9. At the instant of damage initiation, simple shear 

Fig. 6. Final crack paths and numerical contours of equivalent plastic strain and temperature. (a) experimental and numerical cracks at the end of 
loading; (b) εp, ani; and (c) temperature at the instant of damage initiation.
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specimen required remarkably higher equivalent plastic strain than that in the NT or CH specimens, as evidenced in Fig. 9, indicating 
that the influence of stress state on fracture strain should be considered. The distributions of temperature were almost identical to the 
equivalent plastic strain simply due to the way of heat conversion from plastic deformation (see Eq. (25)). At the instance of fracture 
initiation, although the NT sample did not exhibit the highest equivalent plastic strain, it had the highest strain rate that induced the 
highest flow stress, leading to its highest temperature. In addition, the critical elements to initiate the fracture in these specimens 
covered a wide range of stress states, as presented in Fig. 10 and discussed later.

The fracture envelope together with loading histories of critical material points are presented in Fig. 10. Although the strain rates 
were different for the material points at the instant of damage initiation, they did not differ significantly. Therefore, the fracture 
envelope was plotted based on their average strain rate, i.e., 420 s− 1. The stress states (η,θ) at the instant of damage initiation for UT, 
NT, SS, and CH were (0.36, 0.90), (0.45, 0.72), (0.06, 0.18), and (0.35, 0.98), respectively. Their corresponding equivalent plastic 
strain to fracture were 0.43, 0.44, 0.51, and 0.41. The fracture strain tended to be larger for shear loading, which was consistent with 
the result in quasi-static loading (Li et al., 2023). This means that it is still essential to consider the influence of stress states on fracture 
initiation under dynamic loading. It should be pointed out that the damage initiation points are found to be located almost on the 
fracture envelope due to proportional loading histories of the critical material points (Luo et al., 2012).

6.1.3. Orientation dependency
Fig. 11 displays the force-displacement curves of the 0◦ specimens including UT, NT, and CH with a loading velocity of 1 m/s. Prior 

to damage initiations, both the transversely isotropic and isotropic fracture models yielded the same results due to the same elasto
plastic constitutive relation and material parameters. In terms of damage initiations, however, the relative errors of the isotropic 
fracture model were 14.9%, 15.4%, 25.2%, respectively. The relative error was reduced to 1.9%, 8.1%, and 6.4%, respectively, after 
introducing the linear transformation in Eq. (35). The accumulation of damage indicator is adjusted such that the orientation 
dependent fracture initiation could be properly simulated. In conclusion, although the predicted crack paths were correct using the 
isotropic fracture initiation model, it remains necessary to use the transversely isotropic one to achieve accurate force-displacement 
responses. The influence of anisotropic fracture initiation on crack paths will be further demonstrated in the next section.

Fig. 7. Numerical results of critical element under loading velocities of 0.3 m/s, 1 m/s, and 14 m/s. Evolution of (a) equivalent plastic strain and 
flow stress; (b) strain rate and temperature; (c) damage indicator and phase field.
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6.2. Crack propagation specimens

6.2.1. Single-notched tension specimen with three holes
Fig. 12 compares the numerical and experimental force-displacement curves of the single-notched tension specimen with three 

holes under loading velocities of 0.3 and 4 m/s. Apparently, the simulation properly replicated the experimental results. Also, the 
strain rate hardening could be observed in the simulation. It is noted that the crack paths were insensitive to loading velocities. 
Therefore, samples loaded with a speed of 0.3 m/s were selected to provide a detail deformation process.

Based on the force-displacement curves, there were five characteristic stages in the whole loading process. In the first stage, the 
global force increased sharply until reaching the peak load due to elastoplastic deformation, as shown in Fig. 12. The simulated force 
was in good consistency with experimental data. There were no visible cracks in this stage from both the experimental and numerical 
results.

In Stage II, the global force gradually decreased. The simulation made a good prediction to the experimental results. Furthermore, 
the crack started propagating from A towards the left due to medium stress triaxiality tension in the simulations, as presented at instant 
ii in Fig. 13. However, there was a non-negligible crack propagating from hole D to E in the numerical result, which was ahead of the 
experimental observation. The discrepancy may be caused by heterogeneous mechanical properties induced by 3D-printing (Kok et al., 
2018). Nevertheless, due to the small section area between D and E, the discrepancy of crack formation did not lead to an unacceptable 
force-displacement diagram.

In Stage III, the simulated force was higher than its experimental counterpart. The discrepancy was mainly due to a crack between A 
and B. In the experiment, the crack propagation was much earlier than the simulation. Also, the experimental crack developed in the 
horizontal direction, whereas the simulated crack tended to develop in an inclined direction, noting the formation of crack on the right 
side of hole B. It is noted that the crack initiations at A and B were caused by high stress triaxiality tension and uniaxial tension, 
respectively.

In Stage IV, the simulated force was still higher than the experimental data due to the inconsistent crack path in the last stage. Due 
to crack initiations on A and B in the last stage, the simulated crack merged from both A and B to the middle region. Nevertheless, the 

Fig. 8. Force-displacement curves for (a) the notched tension specimen NTR20, (b) the tensile specimen with a central hole CH20, and (c) the 
simple shear SS. Displacements were measured in the gauge section, as highlighted in Fig. 2.
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crack between A and hole B experienced a complete rupture in both the experiment and simulation, resulting in good agreement of 
force at the end of this stage.

In Stage V, the global force remained stable albeit with slight fluctuation due to dynamic effect (Jones, 2011), as shown in Fig. 12. 
The numerical model presented a pretty high accuracy in this stage. Crack initiated between D and B due to the shear and tension-shear 
stress states. Then, the cracks propagated from holes D to B in both simulation and experiment.

During the loading process, there were compressive areas such as the bottom and top of hole B. They fall in the compressive cut-off 
region. As a result of introducing a cut-off value for stress triaxiality here, the compressive damage was suppressed. With the phase 
field methods, strain-based (Amor et al., 2009; Miehe et al., 2010a) or energy-based decompositions (Miehe et al., 2010b) techniques 
were frequently adopted to avoid compressive damage. In this study, with introduction of a cut-off value for stress triaxiality, 
complicated strain or energy decomposition can be avoided.

Fig. 9. Crack paths and numerical contours. Crack paths could be well captured. The critical equivalent plastic strains were different under different 
stress states, strengthening the necessity of considering stress states.
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6.2.2. Modified second Sandia fracture challenge specimen
The experimental and numerical force versus displacement data of the modified second Sandia fracture challenge sample are 

compared in Fig. 14. Overall, the phase field model with transversely isotropic fracture model exhibited good prediction for the 
experimental results under loading speeds of 0.3 and 8 m/s. While the crack paths were not sensitive to loading velocity, the influence 
of strain rate on global response can be observed. Given a higher loading velocity, the strength was increased due to the strain rate 
induced hardening effect, while ductility was reduced, which showed the same pattern as material samples. To provide a 

Fig. 10. Fracture envelope and loading histories of critical material points. The fracture strains were stress states dependent. Also, all the loading 
histories of the critical material points were nearly proportional.

Fig. 11. Force-displacements curves of the 0◦ specimens. (a) UT; (b) NT; (c) CH. Displacements were measured in the gauge section, as highlighted 
in Fig. 2. Here, the Isotropic fracture initiation model led to considerably larger errors than the transversely isotropic counterpart.
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comprehensive analysis of crack propagation, the global response of samples with a loading speed of 0.3 m/s was divided into six 
stages as illustrated in Fig. 14.

The numerical and experimental deformation are compared in Fig. 15. To facilitate the following description, two notches are 
labelled with A and D, three holes of different sizes with B, E and F, and the left edge with C, as presented in Fig. 15.

The global force increased linearly in the beginning and then levelled off somewhat until reaching the peak load in Stage I, which 
was typically associated with elastoplastic deformation. The simulated force-displacement responses agreed well with the experi
mental counterparts, revealing the accuracy of the proposed elastoplastic model.

Stage II experienced in a sudden load drop due to crack formation from A to B, as depicted in Fig. 15. The crack was triggered by 
medium and high stress triaxiality tension. Note that the simulated crack was slightly earlier than the experimental counterpart, 
probably due to increased thickness in 3D printing (Smith et al., 2021). Nonetheless, the relative error was acceptable in such dynamic 
loading scenarios.

Stage III was characterised by a plateau in both numerical and experimental curves, as presented in Fig. 14, which could be a 
compromise of plastic hardening, strain rate hardening, thermal softening, and damage degradation in this stage. The simulation 
properly reproduced the experimental data in terms of global deformation and force-displacement response despite complicated 
phenomena.

In Stage IV, the numerical and experimental forces reduced gradually due to crack formation between D and E (see the experi
mental and numerical results with transversely isotropic fracture model in Fig. 15), which were triggered by medium stress triaxiality 
tension and tension-shear. Meanwhile, the cracks between B and C could be observed in both the simulation and experimental data. 
The crack was mainly induced by a high stress triaxiality tension. Interestingly, a minor crack can be noted on the right side of D in the 
numerical model with a transversely isotropic fracture initiation model. The crack between D and E was dominant, and thus the 
horizontal crack propagation around D was suppressed. However, if the isotropic fracture model was used, the horizontal crack was 
dominant over the crack between the D and E, which can be explained by the contours of the equivalent plastic strain. The strain 
localised horizontally if neglecting the influence of printing orientation on fracture initiation, thereby leading to unacceptable errors in 
the force-displacement curve and crack paths, as shown in Fig. 14 and Fig. 15.

Stage V underwent gradual and abrupt load drop in a sequential manner, as shown in Fig. 14. The gradual drop was caused by crack 
propagation between E and F. After its full rupture, the global force reduced significantly due to dramatically reduced cross-sections 
that could bear the external load (see Fig. 15).

The global force remained nearly unchanged in Stage VI in both the experiment and simulation. The rest of uncracked regions, i.e., 
the right side of C and the upper area of F, still bore the external loads. The numerical results showed good consistency with the 
experimental data, indicating the capability and effectiveness of the proposed model.

6.3. TPMS structures

Lastly, TPMS D structures under impact loading were used to further validate the proposed model. The illustration of D structure 
and its unit cell are presented in Fig. 16a. Experimental data was taken from (Santiago et al., 2023), where a Split Hopkinson Pressure 
Bar (SHPB) was employed to perform dynamic compressive tests. The 316L steel samples were printed using an EOS M290 printer, 
identical to the one used in this study. Therefore, the material parameters in Tables 1, 2, and 3 remained suitable for simulation.

The TPMS D lattices with voxel elements were generated by a MATLAB code (Li et al., 2024). The total number of elements (Li et al., 
2024) in the displacement layer were approximately 329,000, 417,000, and 546,000 for the D structures with volume fractions of 27%, 
34%, and 45%, respectively, resulting in total degrees of freedom of 4.25 million, 4.82 million, and 5.68 million. In line with (AlMahri 
et al., 2021; Santiago et al., 2023), the dynamic compressive loading was simulated by a striker with a mass of 0.9 kg and an impact 
velocity of 33 m/s.

Fig. 12. Force-displacement curves for single-notched tension specimen with three holes. (a) 0.3 m/s; (b) 4 m/s.
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6.3.1. Force-displacement response
Fig. 16b compares simulated and experimental stress-strain curves for D structure with different volume fractions. As the volume 

fraction increased, the simulated nominal stress also increased, agreeing with the experimental results. The initial peak and plateau 
stress could also be properly predicted by the proposed phase field model, with initial peak stress increased from 105 MPa to 140 MPa 
and 185 MPa for the three volume fractions. The experimental deformation modes were well captured by the numerical model, as 
depicted in Fig. 16c-e. For example, densification was evident for the 27% volume fraction due to its lower load-bearing capacity, 
whereas the D structure with 45% volume fraction showed no densification, indicating it did not require densification to absorb the 

Fig. 13. Experimental and numerical comparison of the single-notched tension specimen with three holes. The overall crack path can be predicted 
properly, albeit with a slight discrepancy of cracks in between D and E and inclined crack between A and B. The definition of stress state can be 
found in Section 3.2.
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input energy.
More importantly, cracks could be well captured by the phase field model. Take D structure with 27% volume fraction as an 

example, as shown in Fig. 16f, crack initiated at the corners, followed by crack initiation and propagation in the central region. In the 
end, cracks further developed and merged, forming vertical strip-shaped cracks. Distributed rather than localised shear failure was 
observed owing to the excellent mechanical performance of TPMS structures. Detailed fracture mechanism analysis will be discussed 
for all three volume fractions in the next section.

6.3.2. Fracture mechanism
To compare the fracture mechanism of D structures with different volume fractions, the stress triaxiality and Lode angle parameter 

at the instant of damage initiation (D = 1) and fully rupture (d = 1) were extracted from numerical results. Fig. 17a depicts that the 
percentages of partially damaged and fully ruptured material points reduced with volume fractions, indicating enhanced fracture 
resistance with higher volume fractions. According to Fig. 17b, compression-shear and shear were the dominant stress states for the 
damage of all the D structures, followed by tension-shear loading, while the medium and high stress triaxiality tensions were minimal. 
Although localised global shear bands did not form (Fig. 16c-e), shear failure was distributed across the cracked regions.

Figs. 17c-e show the stress state heatmaps for all the elements at the instant of damage initiation for the three volume fractions. In 
addition to the primary shear-related damages common to all three D structures, the 27% volume fraction exhibited more tension- 
induced damage initiation. For example, more material points experienced stress states close to uniaxial and equibiaxial tensions. 
This can be attributed to the lower volume fraction, which facilitated local buckling and bending of the walls, thereby increasing 
tension-induced damage. Due to cut-off value introduced in Eq. 37, compressive damage was suppressed when stress triaxiality was 
smaller than -1/3, which proved to be an alternative to complex strain decomposition methods (Amor et al., 2009; Miehe et al., 2010b).

7. Conclusions

To simulate dynamic ductile fracture, this study proposed an explicit phase field modelling framework. The governing equations in 
both weak and strong forms were formulated using the variational principle. Strain rate and temperature dependent plastic behaviour 
was described by a modified Johnson-Cook model. Fracture initiation was described by the strain rate dependent Modified Mohr- 
Coulomb model (MMC) to capture both strain rate and stress state dependency. Furthermore, to predict orientation dependency, 
transversely isotropic Hill48 yielding function and MMC models were used.

To validate the proposed model, a series of material samples were tested for calibration purposes. The calibrated results revealed 
that a higher strain rate led to higher strength yet lower ductility, which was in good agreement with the experimental observation. In 
addition, the fracture strains varied under different stress states. Therefore, it is necessary to consider stress state dependency in 
fracture initiations. Last, due to the characteristics of 3D printing process, plastic behaviour and fracture initiation exhibited orien
tation dependency. 0◦ material specimens were used to demonstrate that orientation dependent fracture initiation should be 
considered to achieve acceptable prediction accuracy.

Crack propagation specimens were tested to further demonstrate the capability of the proposed explicit phase field model. 
Although complicated crack paths were involved, force-displacement curves and crack paths under different loading velocities can be 
simulated properly. Importantly, tests of the modified Second Sandia Fracture Challenge specimens revealed that it was indispensable 
to consider the transversely isotropic model for predicting fracture initiation. Otherwise, the crack paths could be incorrectly predicted 
with the isotropic fracture model, leading to unacceptable errors in force-displacement curves. Last, the proposed phase field model 
was employed to simulate TPMS D structures under impact loading. The global nominal stress-strain response, deformation mode, and 

Fig. 14. Force-displacement curves for the modified second Sandia fracture challenge specimen. (a) 0.3 m/s; (b) 8 m/s.
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cracks could be properly predicted. Fracture mechanism analysis found that compression shear and shear were the dominant stress 
states to trigger damage initiation. This study contributes to an explicit phase field model enriched by strain rate, stress state and 
orientation dependent constitutive relations, which has been validated by extensive experimental data.

Note that uncertainties significantly influence crack initiation and propagation in 3D-printed metals (Li et al., 2023) primarily due 
to geometric imperfections and residual stress. A stochastic finite element framework (Feng et al., 2023; Gerasimov et al., 2020) and 
recently developed deep energy method (Goswami et al., 2020; Samaniego et al., 2020) offer promising approach to effectively address 
these uncertainties, which will be explored in future work.
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Fig. 16. Simulation of D structures subject to impact loading. (a) The D structure was comprised of a 4 × 4 × 4 array of unit cells, with length of unit 
cell being 4 mm. The relative volume fractions were 27%, 34%, and 45%. (b) Nominal stress-strain curves for different volume fractions. Simulated 
fracture patterns of D structure with volume fractions of (c) 27%, (d) 34%, and (e) 45% and experimental data of X-ray CT images (Santiago et al., 
2023), suggesting that deformation modes and cracks were well predicted. (f) 3D crack evolution of D structure with volume fraction of 27% in the 
undeformed configuration, exhibiting distributed cracks over the whole structure.
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Gerasimov, T., Römer, U., Vondrejc, J., Matthies, H.G., De Lorenzis, L., 2020. Stochastic phase-field modeling of brittle fracture: Computing multiple crack patterns 

and their probabilities. Computer Methods in Applied Mechanics and Engineering 372.
Goswami, S., Anitescu, C., Chakraborty, S., Rabczuk, T., 2020. Transfer learning enhanced physics informed neural network for phase-field modeling of fracture. 

Theoretical and Applied Fracture Mechanics 106.
Gupta, A., Krishnan, U.M., Mandal, T.K., Chowdhury, R., Nguyen, V.P., 2022. An adaptive mesh refinement algorithm for phase-field fracture models: Application to 

brittle, cohesive, and dynamic fracture. Computer Methods in Applied Mechanics and Engineering 399.
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