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Abstract. We present QReach, the first reachability analysis tool for
quantum Markov chains based on decision diagrams CFLOBDD (pre-
sented at CAV 2023). QReach provides a novel framework for finding
reachable subspaces, as well as a series of model-checking subprocedures
like image computation. Experiments indicate its practicality in verifica-
tion of quantum circuits and algorithms. QReach is expected to play a
central role in future quantum model checkers.
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1 Introduction

A rapid growth of quantum computing hardware has been witnessed in the
last few years. As a recent breakthrough, IBM has introduced its new quan-
tum processor Condor, which breaks the 1000-qubit barrier. Many researchers
share the belief that quantum computation will be scalable and stable enough
for some meaningful quantum algorithms in the foreseeable future. In the era
of Fault-Tolerant Quantum Computing (FTQC), quantum systems may be too
complicated to be designed and verified manually. On the other hand, system-
atic ventures occurring in a quantum circuit or a communication protocol may
differ significantly from those in classical systems and may be counterintuitive.
The success of model checking techniques in classical computing and communi-
cation industry motivates us to extend it for analysis and verification of various
temporal properties of a quantum system. Indeed, several model checking algo-
rithms have been proposed for quantum automata and quantum Markov chains
[10,11,18]. Additionally, some basic communication protocols like BB84 have
passed the verification of the proposed quantum model checkers [2]. However,
these quantum model checkers cannot be applied to larger quantum systems.
As is well known, the scalability of classical model checkers heavily relies
on the data structures (in particular, various DDs (Decision Diagrams), e.g.
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ROBDD) employed in them for representing the system under checking. Several
quantum generalisations of DDs have been introduced for modelling, simulation,
and verification of (combinational) quantum circuits, like QMDD [12], TDD [9],
and LimDD [17], providing different degrees of compression for quantum states
and operators. Based on these diagram structures, some simulation or verification
tools were developed for experimental tasks like equivalence checking and bug
finding [5,6]. Decision diagrams have well-defined canonicity and regularization,
which motivates us to implement quantum model-checking algorithms by means
of DDs. Up to now, however, these quantum DDs have not been used in quantum
model checking.

In this paper, we incorporate quantum DDs into quantum model checking
for the first time. Quantum Markov chains (QMCs for short) have been adopted
as a fundamental model of many quantum information processing systems (e.g.
quantum communication protocols, semantics of quantum programs, etc). So, we
choose to use QMCs as our system model. As is well-known, reachability anal-
ysis is a core task in classical model checking algorithms. In the quantum case,
indeed, reachability analysis has been applied in quantum communication, quan-
tum control and termination analysis of quantum programs among many oth-
ers. Therefore, we focus on the issue of reachability analysis of quantum Markov
chains. In addition, we decide to use Context-Free-Language Ordered Binary
Decision Diagrams [15] (CFLOBDD for short), one of the most efficient quan-
tum DDs as the backend of our tool to provide support for functionalities. We
also refer to Quasimodo [14], a quantum circuit simulator based on CFLOBDD,
for some of the code’s implementation details. Supported by the efficiency of the
DD representation, our tool is well scalable and has the potential to be expanded
into large-scale quantum circuit model checkers in the future.

Contributions of the Paper: This paper introduces the first reachability anal-
ysis tool for QMCs, called QReach'. It can efficiently compute reachable sub-
spaces of QMCs with the following techniques:

— Subspaces of QMCs, which are usually defined by atomic propositions in
Birkhoff-von Neumman quantum logic, are represented as CFLOBDDs in
QReach.

— Partitioning and frontier set simplification are introduced in our algorithm to
reduce the size of data structures, in analogy to corresponding techniques in
classical symbolic model checking.

2 Quantum Reachability Analysis

For convenience of the reader, we briefly review the model of QMCs and their
reachable subspaces. Recall that a Markov chain (MC for short) is a pair (S, P),
where S is a finite set of states and P is a transition probability matrix P :
S x 8 — [0,1] satisfying a normalization condition ) g P(s,s’) = 1 for any
s € S. Similarly, a QMC is defined as a pair (H, &), where H is the state Hilbert
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space of the quantum system under consideration and £ is a quantum operation
describing the evolution of the system, i.e. a mapping from a quantum state p to
another £(p) (also called a quantum channel in quantum information literature).
Table 1 gives a detailed comparison between classical MCs and QMCs:

Table 1. Classical Markov chains vs quantum Markov chains.

(Discrete-time) Markov Quantum Markov Chain
Chain
State space |Finite or countable set Finite-dimensional or
separable Hilbert space
Initialization | Probability distribution: Density matrix:
tinit + S — [0, 1] p =2 pilti) (Wil
Zses Linit(s) =1 Zpi =1
Transition |Probability transition matrix: | Quantum operation:
P:SxS—10,1] E(p) =X, EipE]
S es Plo.s) =1 SEE 1
Logic Probabilistic temporal logic | Temporal extension of

Birkhoff-von Neumann quantum Logic

— A pure state of an n-dimensional quantum system is represented by a unit
complex vector |¢)) € C". In Table 1, the density operator p =Y. p;|¢;) (1]
is a mathematical representation of ensemble {(p;, [¢;)}, meaning the system
is in state [1;) with probability p;. Thus, p can be seen as a quantum analog
of the initial probability distribution in a classical MC.

— The quantum operation £ is a quantum generalization of the transition prob-
ability matrix in a classical MC. According to the principles of quantum
mechanics, it can be mathematically modelled as E(p) = ), EipE!, where
each E; is an n x n complex matrices (called Kraus matrices) satisfying the
condition ) E;r E; = I (the unit matrix), which is a counterpart of the nor-
malization condition in a classical MC. In particular, the evolution of a closed
quantum system is described by £(p) = UpUT, where U is a unitary matrix,
ie. UUT=UU = I.

Quantum Reachability Problem: Given a QMC C = (H,£) and any initial
state p in H, compute the reachable subspace:

Re(p) = span{|y) € H : |¢) is reachable from p in C} (1)

Intuitively, R¢(p) consists of not only the states reached in the execution path
p—E(p) — E*(p) — -+ — E™(p) — - -+ but also their linear combinations.

Ezample 1 (Quantum random walk). Consider a quantum random walk on a 4-
cycle [16] with the Hadamard operator as a coin ¢, shown in Fig. 1. The walking
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space is a 4-dimensional Hilbert space H, on the bottom two qubits p1, p2, sup-
ported by four position states {|0),,|1)p,|2)p,[3)p} in the computational basis.
After applying the coin H in each step, the evolution of the system is described
by a quantum conditional (shift operator):

S =10)c(0] & Z i 4+ Dp (il + [1)e(l] ® Z i = Dpi

where the neighbor-state |i + 1) and |i — 1) are computed modulo 4. It means
that the walker can simultaneously walk in different directions, which is the main
difference between classic and quantum random walks.

d — A
¢ ——>{HH ]

Fig. 1. Quantum random walk on a 4-cycle

This system can be modelled as a QMC with £ being defined by the unitary
operator S(H. ® I,). Let it start in pure state p = |000)(000|. Using the tool
QReach presented in this paper, one can compute that the reachable space of this
QMC is the 6-dimensional space with linear independent basis {]|000), |001) +
[111),|100) — |110),]101) + |001),|010), |011) + |101)}. It is surprising that not
the whole 8-dimensional state space H. ® H,, is reachable although any position
in H, may be hit in some time.

3 Architecture and Data Structures

In this section, we elaborate on the architecture of QReach and some reasoning
techniques for quantum circuits based on the CFLOBDD backend. Although
our target is specified on quantum reachability analysis, we believe that some
functionalities of QReach are also useful for other tasks.

3.1 Architecture of QReach

An overview of the architecture of QReach is presented in Fig. 3. For conve-
nience of presentation, we describe QReach’s procedure with Example 1. Let the
system starting in state p = |000)(000|. To illustrate the capability of QReach
for handling general quantum operations, we consider a faulty quantum random
walk in which a bit-flip error happens in front of the Hadamard gate with proba-
bility p. The behavior of the system is then modelled by E(p) = EopEg +E pEI,
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1 # Prepare the BitFlipError

2 e = QError(”Bitflip”, loc=[0,0], params=[], p=0.5)
3

4 # Prepare the quantum Markov chain

5 gqmc = QMarkov(cir_body="qrw.qasm”, channels=[e])
6

7 # Prepare model checker and its CFLOBDD backend
8 qChecker = fromMarkovModel (qmc)

9 qChecker = initWithStr (qChecker, str_list=[])

10

11 # FEzecution and output

12 reachable_dim = qChecker.reachability ()

13 qChecker.printProjector ()

Fig. 2. A Demo for reachability analysis of QMCs. channels is a list of quantum errors
and instructions like measurement and reset, containing their occurring positions.

where By = /T —p S(H.®1I,), and Ey = \/p S(H. ® I,)(X ® I,). Our purpose
is to compute the reachable subspace of £. An example Python program for this
process is shown in Fig. 2.

We implement our symbolic quantum reachability analysis algorithm with
CFLOBDD in a C++ core and provide Python interfaces for invoking. Some of
the key components are explained below:

Input and Output. QReach accepts a composite input specification to repre-
sent a QMC. A quantum program written in the QASM format [7] is parsed
as the main circuit body of the QMC. Some specified quantum errors, mea-
surements, and other non-unitary channels can be coded as a supplement in
the Qchannel type. Once results are obtained, some subspace characters (e.g.
dimensions and support vectors) can be output.

Simulation. A well-formed toolkit Quasimodo [14] based on CFLOBDD was
implemented for quantum algorithm simulation. Simulation for quantum cir-
cuits, or in other words, applying a sequence of quantum gates on a pure state,
is an essential process during the reachability analysis. Therefore, we referred
to some of the codes’ implementation details from Quasimodo. Specifically, we
adopted Quasimodo’s Pybind architecture, which links C++ APIs and Python.
However, a simulation framework like Quasimodo cannot handle situations in
reachability analysis like mixed states and super-operators. We fixed these issues,
added some new features, and stored gate sequences and intermediate projectors
to make the simulation execution process not just sequential.

These methods are covered in fromMarkovModel() and reachability(),
while still available to invoke independently for other purposes. For example,
gchecker.u3() conducts normal U3 gate simulation on the state vector in the
current workspace; setProjector() and applyProjector() methods provide
data manipulation in Projector and State vector as shown in Fig. 3. Detailed
techniques used in our CFLOBDD simulator different from that in previous
works [14,15] will be discussed in Sect. 3.2.
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Reachability Analysis. The efficient algorithm for quantum reachability anal-
ysis to be elaborated in Sect. 4 has been implemented in QReach. We also imple-
mented the interfaces for some of mathematical tricks in [19] (e.g. Choi matrix
transformation and maximally entangled state preparation) on CFLOBDDs,
which will be critical in a future extension of QReach for computing reacha-
bility probabilities (rather than subspaces) of QMCs.

{ Reachability analysis '\

Input

TS \ Model

! mc.qasm N (e

| 9 +q i Parser { Quantum !

| Build-in ! 1 in |

i uila-| i i Markov chain i Output

i Instructions | (SR — /

D Data organization Reachable
/" Backends { Projector subspace

Non-unitary operations State vector

Numerical algorithms

|
i Subprocedures
+
i

CFLOBDD Adaptor | ¢ Projection i
simulator i Image computation |

\
/
.. L

Fig. 3. Architecture of QReach.

3.2 CFLOBDD for Quantum Reachability Analysis

Now we introduce our CFLOBDD backend, which implements some support for
numerical algorithms and quantum instructions. In particular, we illustrate how
to expand simulation of a quantum system to its reachability analysis.

As a newly proposed DD-based structure, CFLOBDD attracts our attention
due to its distinctive features compared to other DDs for quantum systems.
CFLOBDD adopts a single-entry, multi-exit, non-recursive, hierarchical finite-
state machine architecture [15]. From a programming perspective, a certain form
of procedure call is invoked, leading to some exponential compression over BDDs.
Following the name “context-free language”, the incoming and outgoing edges
of groupings are matched according to certain principles. Figure 4 provides a
general insight into how the edges of CFLOBDDs are matched. The represent-
ing capability of the CFLOBDD is exploited in our tool QReach for symbolic
reachability analysis of QMCs.

Like any other type of DDs, the compression capability of CFLOBDDs only
stands out in specific instances. In these cases, canonical reduced forms reuse
parts in a DD and save storage from the raw data. However, in general cir-
cumstances, the number of nodes required to represent a large-scale matrix or
vector is still exponential. Reordering strategies for reduced ordered BDDs to
optimize storage usage are hard (NP-complete) [3]. This problem becomes even
more severe in algebraic DDs [1], where non-Boolean values make it harder to
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X0, Yo

Yo

1 1

V2 V2

Fig.4. CFLOBDD for Hadamard gate. Indices are represented in the Lo groupings

consisting of fork nodes and don’t care nodes. A path from the entry of the topmost

grouping to the terminal values denotes an assignment to all indices. For example, the

bold blue path corresponds with the {xo = 0,yo = 1} entry of the Hadamard matrix,
1

resulting a value —=. (Color figure online)

find similar structures in a diagram. Therefore, we cannot simply represent a
quantum operation or a projector as a single CFLOBDD without a partition
strategy. Unlike classical symbolic model checking, a quantum circuit is usu-
ally difficult to partition due to entanglements. We chose an alternative in the
QReach backend: using an augmented simulation method to calculate quantum
operations. Thus, only state vectors and single quantum gates need to be stored,
rather than the whole matrix.

In particular, circuits in QMCs are usually complicated, involving noises
and dynamic operations. To handle them, we strengthen CFLOBDD with the
following techniques:

Non-unitary Operators. Apart from normal quantum gates like Hadamard,
Pauli, and generic U3 rotation gates, we specifically support two-dimensional
matrices of any form, covering those non-unitary operators in quantum noises
and measurements; for instance, amplitude damping channels with operators:

o[04

[
O o yT=A|" 00

Another example of non-unitary operators is Z-basis measurements. The post

measurement states are obtained by applying Py = |0)(0| and P; = |1)(1| respec-
tively, followed by normalizations.

Basic Methods Extensions. Some operations are added to CFLOBDD as
a basis for top-level algorithms, incorporating the normalization and conjugate
transpose. In addition to these methods, an optimizing trick for complex number
representation is applied. We used a simplified version of the method proposed
in [20], constructing a Hash function and unique table for complex numbers.
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Numerical Algorithms. Numerical algorithms are critical in QReach. Based
on them, some operations that are particularly important in modelling quantum
systems (e.g. partial trace and Choi matrix) are now available in QReach (see
Example 2). A key methodology is to decompose operands of calculations into
base vectors, replacing complicated operations with matrix-vector multiplication
or inner products of vectors. In Sect. 4, the high-level description of reachability
analysis algorithm also embodies this idea.

Ezample 2 (Partial trace). Consider a quantum system composed of qubits A
and B in state pap. Then the state of A can be described by the partial trace
operator:

pa=tre(pan) =Y (Ia® (il)pan(la @ [i)p)

3

For simplicity, suppose the system is in a pure state |1) = |0)|\) +|1)|u). Tracing
out qubit A, qubit B should be in the mixed state p = |A)(\|+]|u) (|- In QReach,
this procedure is conducted in the following steps to avoid redundant matrix
manipulations and adjustments to CFLOBDD’s internal structures: (1) Perform
a Z-basis measurement on A and get unnormalized post measurement states
[0}|A) and |1)|u); (2) Apply X gate to A conditionally on the measurement
result one; (3) Let the collection S = {|0)|A),|0)|x)}. Then S can be viewed
as p’s representation and participate in later calculations. In some cases, like
reachability analysis, the norm of a state vector is not essential and could be
omitted thereby. Note that after these operations qubit A remains in a tensored
zero state, because the number of qubits in a CFLOBDD is required to be an
exponential power of 2. We apply an X gate on the measure-one result to make
the effect looks like resetting a qubit.

4 Algorithm for Reachability Analysis

The existing algorithm for reachability analysis of QMCs is based on Choi matrix
representation of quantum operations introduced in [19]. In this section, we
propose a more efficient algorithm for the same purpose (see Algorithm 1).

Our algorithm is a natural extension of reachability analysis in classical model
checking using a BFS-based technique. The main difference is that we are dealing
with reachable subspaces of the Hilbert space H rather than subsets of a finite
set of states in the classical case. Therefore, Algorithm 1 traverses each possible
dimension of a finite-dimensional Hilbert space non-repetitively rather than each
reachable state as in the classical case. Note that the code segment from Line
7 to Line 12 is the process of extracting vectors orthogonal to those that have
been searched, which is similar to frontier set simplification in classical symbolic
model checking.

The nontrivial subprocedures in Algorithm 1 differing from that in classical
reachability analysis are the projection and image computation (Line 5 and Line
7). To reduce the representing and temporal cost in the algorithm, our basic idea
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Algorithm 1. Computing reachable space
Input: Super operator £ in Hilbert space ‘H with dimension d; set of initial states P
Output: A set of orthogonal basis P’ of reachable subspace of H

1: P' — Gram_Schmidt(P), cnt « size(P')

2: Initialize queue Q with P’

3: while @) not empty and cnt < d do

4 curr_state «— Q.pop()

5 expanded_states — Image(&, curr_state)
6: for s in expanded_states do
7.
8

s« s — Project(P’,s)
s < normalize(s)

9: if s is not zero vector then
10: Q.push(s)

11: P’.append(s)

12: cnt «— cent + 1

13: end if

14: end for

15: end while
16: return P’

is to take eigenvectors into calculation instead of the whole matrix. In practice,
most of the projections are low-rank, which ensures the efficiency of this idea.

Implementation in QReach. For image computation, we exploit the simula-
tion functionality of our backend data structure CFLOBDD. The runtime of the
backend’s simulation highly determines our algorithm’s efficiency. In this step,
non-unitary operations like noises, measurements, qubit resets, and deallocations
will be simulated by the augmented simulator introduced in the past section. All
the simulations of channels together make up the image computation of Kraus
representations £(p) =), EipEiT .

A projector onto a subspace of the Hilbert space can be represented by a set
of orthogonal support vectors of the subspace. This technique can be viewed as a
quantum version of partitioning, which usually appears as forms of disjunctions
and conjunctions in classical symbolic model checking [4]. Formally, let P be the
projector onto a subspace with an orthonormal basis {|i)}, that is, P = >_ i) (i,
then we set P to be the set of |i)’s, and

Project(P,|s)) = > (s|i)*i)

We conduct conjugate-transposing on |s) instead of |i) to invoke vector opera-
tions as few as possible. The computational complexity of subprocedure Image
and Project are both O(d?) given a constant number of Kraus matrices.

The following theorem shows the correctness and complexity of our algo-
rithm.

Theorem 1. The output P’ and input P of Algorithm 1 satisfies: span(P’) =
Re(p) = \/f:_o1 supp(E4(p)), where p is the initial state, and supp(p) = span(P).
The time complexity of Algorithm 1 is O(d®)
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Proof. Following the theorem 1 in [19], for d = dim(H), and any density operator
pin H,

d—1
Re(p) = supp <Z 5i(p)> (2)
1=0

And all reachable states can be reached in at most d iterations. The correctness
is proved in three steps:

i) The main while loop terminates in at most d steps;
ii) When terminates, span(Image(&, P')) = span(P’);
iii) Re(P') =Re(p).

At last, combining the complexity of broad-first-search and subprocedures,
the Algorithm 1 has complexity O(d?), which is an improvement over O(d*7%%)
in [19]. 0

The dimension of a Hilbert space often grows exponentially larger in quantum
systems. Therefore, our algorithm will inevitably become inefficient on quantum
circuits with more than twelve qubits. Although limited on the scale of quantum
systems, Algorithm 1 is stable for the number of quantum operations and the
dimension of initial spaces. The BFS strategy and the frontier set simplification
ensure that only dimensions that are reached for the first time can be counted.

5 Use Cases and Experiments

Some cases are studied in this section, providing insight into practical applica-
tions of our tool QReach for quantum reachability analysis in the future. All
experiments were conducted on a personal computer with hardware configura-
tions: Intel 15-13600kf CPU with 14 cores; 32GB RAM. The experimental results
are presented in Table 2.

Grover Search. The Grover search algorithm provides a quadratic speedup
over a series of classical search algorithms [8]. The main idea of the Grover
search is to apply a quantum subroutine iteratively which leads to a rotation
from the initial state to the target state. QReach’s reachability analysis under
some float precision shows that during iterations, the state is always located in
the 2-dimensional subspace spanned by the initial state and the target state.

Quantum Random Walk. We tested quantum random walk circuits (QRW)
with different numbers of qubits which have a similar structure with Exam-
ple 1. To demonstrate more functionalities of QReach, mixed initial states and
amplitude dumping noises are introduced in front of the Hadamard gate. The
(dimension of) reachable space computed by QReach for these quantum circuits
are given in Table 2.
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Table 2. Experimental results. The noise in QRW is amplitude dumping. For RUS, the
circuits implement (I4+2i2)/v/5, (2X 4++2Y +Z)/\/7, and (3142iZ) //13 respectively.

#Qubits | Ope. type | Initial dim. | Time(s) | #Edges | Reachable dim.

0.0216 |74 2
0.0203 |60 1

Measure

Grover | 7 Unitary |1 0.0252 | 268 2
15 Unitary |1 0.0303 | 350 2
31 Unitary 1 0.0516 |432 2
63 Unitary 1 0.0885 |514 2
QRW |3 Unitary |1 0.0284 |435 6
5 Unitary |1 0.0561 |1337 10
7 Unitary |1 0.196 7512 34
9 Unitary |2 379.64 | 608097 |512
7 Noise 2 0.446 10211 64
9 Noise 2 110.70 | 447811 | 512
10 Noise 2 117.36 | 421038 | 1024
RUS 3 Measure |1 0.0262 | 130 2
1
1

Measure

Repeat- Until-Success Circuits. Repeat-until-success (RUS) circuits [13] are
a type of circuit that decides whether to repeat or terminate based on the mea-
surement results. It is usually used to design circuits with fewer non-Clifford
gates or ancilla qubits. In QReach, it can be modelled as a quantum Markov
chain with measurements and qubit resetting as parts of the channel. We tested
some of the examples in [13]. It is clear that the reachable dimensions should be
2 or 1, depending on whether the resulting quantum states differ by only one
global phase if the measurement succeeds or fails (Fig. 5).

=
;

+
B

) —o{s-o—{z}—

Fig. 5. A repeat-until-success circuit for gate Vz = (I + 2iZ)//5.

There is a consensus that every future tool released in quantum model check-
ing must face the problem of finding broader applications. Besides these cases,
we are improving the scope of QReach and exploring more possible applications
on sequential quantum circuits and protocols.
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