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Abstract
A key requirement for an effective quantum error correction (QEC) scheme is that the physical
qubits have error rates below a certain threshold. The value of this threshold depends on the details
of the specific QEC scheme, and its hardware-level implementation. This is especially important
with parity-check circuits, which are the fundamental building blocks of QEC codes. The standard
way of constructing the parity check circuit is using a universal set of gates, namely sequential
CNOT gates, single-qubit rotations and measurements. We exploit the insight that a QEC code
does not require universal logic gates, but can be simplified to perform the sole task of error
detection and correction. By building gates that are fundamental to QEC, we can boost the
threshold and ease the experimental demands on the physical hardware. We present a rigorous
formalism for constructing and verifying the error behavior of these gates, linking the physical
measurement of a process matrix to the abstract error models commonly used in QEC analysis.
This allows experimentalists to directly map the gates used in their systems to thresholds derived
for a broad-class of QEC codes. We give an example of these new constructions using the model
system of two nuclear spins, coupled to an electron spin, showing the potential benefits of
redesigning fundamental gate sets using QEC primitives, rather than traditional gate sets reliant on
simple single and two-qubit gates.

1. Introduction

Being able to scale quantum computers is a necessary condition for useful quantum algorithms [1].
Algorithms with proven speed up, such as Shor’s factorization algorithm [2], quantum simulation [3] or the
quantum algorithm for solving linear systems of equations [4] only become useful when implemented on
thousands of near-perfect qubits. As it is unlikely that physical error rates will be vanishingly small in the
near term, the addition of quantum error correction (QEC) and fault-tolerance is required. For practical
QEC, the critical metric is the fault-tolerance threshold. This is the physical error rate below which QEC
becomes effective and corrects more errors than it introduces (figure 1). Therefore the threshold value,
determined by the QEC scheme’s structure and subsequent fault-tolerant circuit and hardware
implementations [5], is the highest acceptable physical error per gate for each qubit.

The surface code, a well-performing and experimentally feasible code [6–9], exhibits a high threshold,
dependent on the assumed noise model. A noise model incorporates assumptions about error channels like
qubit loss and leakage, affecting the fault-tolerance threshold. Making assumptions about how error
syndromes are measured in the system, commonly referred to as code capacity noise model,
phenomenological noise model, and circuit-based noise model [10], can lead to significantly different
fault-tolerant threshold values. For the surface code, which involves extracting syndromes based on the
parity of four-body operators, different noise models consider different methods for measuring the parity of
these operators.
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Figure 1. Hierarchy for scalability: The threshold is a fundamental component in practical quantum error correction (QEC),
serving as a critical benchmark to gauge QEC scheme efficacy in rectifying quantum system errors. Attaining a sufficiently high
threshold is essential for feasible QEC implementation; without it, practicality is compromised or rendered impossible. Crossing
the threshold marks the point at which QEC becomes effective, enabling Fault Tolerant Quantum Computation (FTQC). The
FTQC implementation is vital for realizing accurate and reliable quantum applications. Thus, a high threshold ensures not only
QEC feasibility but also unlocks the potential for FTQC.

The code capacity and phenomenological noise models rely on natural four-body measurements, while
the circuit-based model constructs four-body parity check measurements using one-body Pauli
measurements and standard quantum gates. This approach yields the lowest code threshold due to physical
error accumulation on standard quantum gates throughout the circuit. The circuit-based noise model is the
most experimentally precise analysis of the surface code, as most experimental qubit systems lack direct
access to four-body measurements.

In this study, rather than enhancing thresholds with current sources specifically designed for universal
computation, we redesign the universal gates to be inherently suited for QEC implementation. Focusing on
gates fundamental to QEC, as opposed to universal computation, enhances the threshold and simplifies
experimental scalability challenges. This modification is deemed necessary as any large-scale quantum
computer inherently functions as a QEC machine.

For error-correcting quantum computing, occasional use of traditionally universal gates suffices as
primitives. However, QEC necessitates defining a new gate set, achieved by modifying the existing universal
gate set. Then the challenge lies in how an experimental system can validate implementability of the new gate
set in the lab, ensuring its effective use to raise the QEC threshold.

In this work, we present a rigorous formalism for constructing and verifying a native gate set, which we
denote as the single-step parity check (SSPC) gate set, designed specifically for QEC circuits. We apply this
technique to the two-body parity check circuits necessary for implementing the Honeycomb code [11]. We
present the SSPC gates in the context of nuclear spin qubits in silicon [12], since they offer a native, direct
two-body measurements via a bound electron spin [13]. However, this formalism applies more broadly and
could be used for hardware systems that can naturally implement high dimensional parity check gate
primitives.

The organization of this paper is as follows: section 2.1 briefly reviews the concept of multi-qubit
measurements and introduce notations that are used for the later part of the paper. In section 2.2, the
Honeycomb code is explained. In section 3 the drawback of the circuit-based noise model is shown
numerically by analyzing the experimental data [13]. In section 4, we introduce the SSPC gate set and in
section 4.1, we theoretically compare two-body parity check circuits constructed both using the universal
gate set and the SSPC gate set in the presence of noise. In section 4.2, we provide an example system of silicon
spin qubits to implement the SSPC gate set. In section 5, we summarise the paper.

2. Preliminaries

2.1. The concept of making multi qubit parity check measurement
Even in a single qubit, one can define the 1 state as odd parity, and the 0 state as even parity, i.e. a single qubit
measurement already constitutes a parity check. In this case, it will be labelledMpp1, where pp refers to Pauli
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Figure 2. XX and XXXX parity check measurements usingMpp1. (a) a two-body parity check circuit. The circuit outputs the parity
information of the two qubits in the X basis by sequentially applying CNOT gates between the ancilla and q1 and q2, followed by
measuring the ancilla -Mpp1-. (b) a four-body parity check circuit. The circuit outputs the parity information of the four qubits in
the X basis by sequentially applying CNOT gates between the ancilla and four qubits, followed by measuring the ancilla -Mpp1-.

Product andMpp1 refers to measuring in one Pauli basis, for example measuring in the Z basis. This can be
generalized beyond a single qubit and becomes particularly useful in QEC. The idea of parity checks in QEC
is to have just parity information of multiple data qubits over one (ancilla) qubit without revealing any other
information. In other words, we are constructingMppi, i = 2,3,4, . . . fromMpp1. To constructMppi from
Mpp1 for a valid quantum observable U, we apply the controlled-U gates between the ancilla qubit and the
data qubits sequentially. For example, for a parity check measurement in the X basis, the controlled-U gates
are simply CNOT gates.

While any unitary can be used for the parity check, we provide an example using well-known parity
check measurements in QEC. For instance, with an XX parity check measurement (XX= X⊗X), we use two
CNOT gates; for an XXXX parity check measurement (XXXX= X⊗X⊗X⊗X), we use four CNOT gates.
To measure the system over one (ancilla) qubit, we useMpp1

4. Let us look at figure 2(a) closer to understand
what a parity check does to a state.

In figure 2(a), we started with an initial state of the ancilla qubit which is |0〉. The initial combined state
of the system is |0〉⊗ |ψin〉 in which |ψin〉 is a general state over |q1〉 and |q2〉. Then, applying the Hadamard
gate transforms the initial combined state of the system, |0〉⊗ |ψin〉, as follows:

|0〉|ψin〉
Hadamard−−−−−→ 1√

2
(|0〉+ |1〉) |ψin〉. (1)

After the Hadamard gate, once we apply the CNOT gates sequentially, we have the transformation of (1)
to (2):

1√
2
(|0〉+ |1〉) |ψin〉

CNOT’s−−−−→ 1√
2
(|0〉|ψin〉+ |1〉XX|ψin〉) . (2)

We apply the last Hadamard gate and have the transformation of (2) as follows:

1√
2
(|0〉|ψin〉+ |1〉XX|ψin〉)

Hadamard−−−−−→ 1

2
|0〉(|ψin〉+XX|ψin〉)+

1

2
|1〉(|ψin〉−XX|ψin〉) . (3)

The final step of the circuit is to measure the ancilla qubit. After this step, if:

ancilla= |0〉 ⇒ |ψin〉+XX|ψin〉
2

∼= |ψout〉

ancilla= |1〉 ⇒ |ψin〉−XX|ψin〉
2

∼= |ψout〉
(4)

where∼=means up to a renormalization factor. The symmetries of |ψout〉 are
If:

measured|0〉 ⇒ XX|ψout〉= XX

(
|ψin〉+XX|ψin〉

2

)
=

XX|ψin〉+ |ψin〉
2

= |ψout〉

(5)

4 Any valid quantum observable can be used for the parity check, determined by the operator on the target side of the controlled gate.
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If:

measured|1〉 ⇒ XX|ψout〉= XX

(
|ψin〉−XX|ψin〉

2

)
=

XX|ψin〉− |ψin〉
2

=−
(
|ψin〉−XX|ψin〉

2

)
=−|ψout〉

. (6)

Hence, dependent on the measurement result, we have projected our state into eigenstates of the XX operator
with eigenvalues+1 or−1, with the ancilla measurement result dictating which eigenstate we have projected
into. If the input was already in an eigenstate with eigenvalues+1 or−1, we will simply obtain a
measurement result on the ancilla that indicates the parity of the input state, without changing the state
itself. We therefore have the parity information of the multi qubit system by using CNOT gates and a
one-body measurement, (CNOT’s+Mpp1).

Multi-body measurements are used in different aspects of quantum information/computation. In QEC,
stabilizer measurements are the important examples of multi-body measurements, that occur over the
operators that define the stabilizers of the QEC code. However, for example, instead of making direct XX
parity check measurement, calledMpp2, we perform this measurement by using CNOT’s+Mpp1 and single
qubit rotations. HereMpp2 refers to the fact that the operator we are measuring, XX, is a Pauli operator with
weight two. In semiconductor spin qubits, single-triplet readout is also a multi-body measurement over 2
qubits. However, we are not using it to measure the parity of a multi-qubit Pauli operator, so we do not
classify it asMpp2.

Measuring a qubit is, in fact, a one-body parity measurement, allowing the unique definition of states.
However, when measuring multiple qubits, our goal is to constrain the global space into subspaces where the
symmetry of the measured operator is enforced. Consider the example in figure 2(a), where the input state is
chosen as:

|ψin〉= α|00〉+β|01〉+ γ|10〉+ δ|11〉 (7)

where α,β,γ and δ are arbitrary complex amplitudes that define a unique state in this four dimensional
Hilbert space. If we restrict the space by enforcing a symmetry, i.e. by running the circuits in figure 2(a),
prior to measurement of the ancilla, the state of the three qubits before measurement, |ψbm〉, bm is:

|ψbm〉= |0〉
(
1

2
(I+XX) |ψin〉

)
+ |1〉

(
1

2
(I−XX) |ψin〉

)
. (8)

Here |0〉 and |1〉 are the states of the ancilla qubit. We know that by measuring the ancilla state will project
the state into an eigenstate of XX. If we assume that we measure the ancilla in |0〉 and project our state into
the+1 eigenstate of XX, we can write our output state |ψout〉 as

|ψout〉=
1

2
(α|00〉+β|01〉+ γ|10〉+ δ|11〉)+ 1

2
(α|11〉+β|10〉+ γ|01〉+ δ|00〉) . (9)

By grouping them

|ψout〉= (α+ δ)

(
|00〉+ |11〉

2

)
+(β+ γ)

(
|01〉+ |10〉

2

)
(10)

we can rewrite equation (10) as follows:

(α+ δ)√
2

= α ′ and
(|00〉+ |11〉)√

2
= ˆ|0〉

(β+ γ)√
2

= β ′ and
(|01〉+ |10〉)√

2
= ˆ|1〉

. (11)

As a result, we have:

|ψout〉= α ′ ˆ|0〉+β ′ ˆ|1〉 (12)

which is effectively a new qubit. Hence, by enforcing a symmetry on our original two-qubit system, we have

reduced it to an effective one qubit system, where our new basis states, { ˆ|0〉, ˆ|1〉}, are both+1 eigenstates of
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XX. Making multi-body parity measurements enforces the symmetry of the system and reduces the number
of degrees of freedom. A two-body parity measurement over a two qubit system reduces the result into
effective one-qubit. This can be generalised to an N qubit system: for every symmetry we enforce, by
performing a measurement of an arbitrary operator, we reduce the effective number of qubits in the system
by one [5, 14].

2.2. Honeycomb code
In 2020, the Honeycomb code [15], a variant of Floquet codes [16], was introduced as a novel QEC code5

The Honeycomb code stands as one of the more recent advancements in topological code constructions. It
involves qubits positioned on a 2D lattice, forming a fixed hexagonal configuration. The distinguishing
feature of the Honeycomb code, in contrast to the surface code, is its reliance on two-body parity checks,
specifically XX, YY, and ZZ measurements, instead of requiring XXXX and ZZZZ measurements. Figure 3(c)
provides the equivalent circuit for performing XX and ZZ parity check measurements in the Honeycomb
code.

It was also shown that this code exhibited comparable thresholds to the surface code [18], in contrast to
Gauge codes which can be realised using two-body parity checks, but whose stabilisers are generally much
higher weights [19]. Since the Honeycomb code requires only two-body parity measurements,Mpp2, which
may be achievable experimentally in some systems naturally.

In [11], Gidney and Fowler demonstrated that when considering a scenario where a naturalMpp2

measurement is available from the hardware, the error modeling mirrors a phenomenological noise model.
This involves applying a perfect multi-qubit measurement followed by error mapping according to the
equation:

{I,X,Y,Z}⊗2 ×{flip,no flip} (13)

with probability, p. This error map allows us to differentiate between two types of errors: quantum errors and
classical errors. The first set of brackets represents the quantum errors and it allows us to have one Pauli error
on one of the data qubits. The second set of brackets represents the classical error and it allows us to have one
classical bit flip error which is the bit flip error on the classical measurement result on the ancilla qubit. With
this map, the threshold of the Honeycomb code was found to be approximately 2%. This threshold is
commensurate with the phenomenological threshold for the surface code, but unlike the surface code, some
hardware systems may have the possibility of realisingMpp2 operations, while it is unlikely that a natural
Mpp4 measurement will be found in any current hardware systems.

Figure 3. Honeycomb code. (a) general structure of the Honeycomb code. Black dots represents physical qubits. Multiplying blue
and red edges yields the green face (6 body Y stabilizer). Multiplying blue and green edges yields the red face (6 body X stabilizer).
Multiplying red and green edges yields the blue face (6 body Z stabilizer). (b) Measurements for the Honeycomb Code.
Honeycomb code requires two body parity check: XX, YY and ZZ (c) Equivalent circuits for XX, YY, and ZZ parity measurement
using the traditional method: 1- and 2-qubit gates, plusMpp1.

5 This code was originally introduced by Kitaev in 2006 [17], but its use as a QEC code was demonstrated in [15].
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This means that if we can have a natural two-body measurement that satisfies the error model of Gidney
and Fowler, we will have a three times higher threshold for the Honeycomb code while maintaining a 2D
nearest-neighbour hardware architecture. Furthermore, the latest study by Gidney [20], shows that if the
surface code is run by using natural two-body measurements, the threshold of the surface code will be
similarly increased.

The next question is: how can we asses whether a physical system allows a natural implementation of
naturalMpp2 operations? For this purpose, we outline a workflow to map an experimental process matrix to
a QEC-specific error model for checking if a real system’s error behavior matches the assumptions of a
threshold analysis. We develop and validate a native gate set tailored for QEC, focusing on higher
dimensional unitaries required for syndrome extraction circuits, termed the SSPC gate set. Applying this
technique to two-qubit parity check circuits for the Honeycomb code implementation, we illustrate the SSPC
gates in the context of spin qubit systems [12, 13].

3. Analyzing the XX parity check circuit from experimental data in the context of QEC

Assessments of hardware systems have primarily focused on single- and two-qubit gate fidelities, assuming
fidelity reflects operational perfection. However, fidelity is a numerical representation lacking information
on error type, and it does not correspond to gate error rates. In QEC, we analyze errors using stochastic Pauli
channels, focusing on error types and values for 1- and 2-qubit gates instead of relying on gate fidelities.
Furthermore, relying solely on the error values for these gates is insufficient to determine the total circuit
error rate and, consequently, the overall circuit perfection rate due to error propagation in the circuit.

Here we numerically demonstrate (to the best of our knowledge, for the first time) the loss in the circuit
by calculating the perfection rate at each step when utilizing one-body measurement (Mpp1) with 1- and
2-qubit gates, based on experimental data. The detailed explanation of the perfection rate calculation A.1,
including a comprehensive tutorial A.4, is available in the appendices. Our algorithm A.3 allows
experimentalists to directly map the gates used in their systems to thresholds derived for a broad-class of
QEC codes.

In this section, we use data from [13] to show how the output perfection rate decreases for XX parity
check circuit which is the smallest parity check measurement that we can use to implement a topological
error correcting code. This study showcases the universal quantum logic operations performed on a silicon
nanoelectronic device utilizing a pair of ion-implanted 31P donor nuclei. This device, consisting of two
phosphorus nuclei and one electron spin system, is henceforth referred to as the ‘2P1e’ device. Researchers
precisely characterized the quantum operations by using gate set tomography (GST) [21, 22]. They achieved
one-qubit gates with average gate fidelities up to 99.95(2)%, two-qubit gates with an average gate fidelity of
99.37(11)% and two-qubit preparation/measurement fidelities of 98.95(4)%. These results indicate that
nuclear spins in silicon are close to the performance required by fault-tolerant quantum processors. Figure 4
shows the decrease of perfection rate for the XX parity check measurement which is constructed by the
circuit based model. Another important point is the identity gates. When we apply a single qubit gate on a
multi-qubit circuit, the qubits which have no applied gate should stay stable and this is represented by
identity gates. Identity gates are also as important as other single-qubit gates since they contribute to the
errors. As each step progresses in figure 4, errors accumulate. Initially, the system is in state ρi. Then, a
Hadamard gate is applied to the first qubit and an identity is applied to the other two, resulting in state ρ2
from ρi. The final density matrix for ρ2 is calculated, in terms it of having experienced certain errors in a
QEC block, resulting in a perfection rate of 0.96.

The next step, ρ3, includes errors from not only CNOT and identity operations, but also from ρ2. When
the process continues, the final perfection rate is found to be 0.82. The perfection rate between the
application of the first operation—in this case, the Hadamard gate on the ancilla qubit and the identities on
the |q1〉 and |q2〉—and the measurement operation decreased by 14%, from 0.96 to 0.82. This striking
observation highlights how, even in a state-of-the-art experiment with average gate fidelities above 99%,
constructing a two-body parity check circuit out of universal logic gates results in a drastic reduction of the
perfection rate at the end of circuit.

With the goal of optimizing the perfection rate for anMpp2 operation, we thus aim to design full unitaries
directly, instead of composing them from 1- and 2-qubit gates. We construct these new unitaries by
modifying the universal gate set. These unitaries are fundamental to QEC rather than universal computation.
By using these gates, we can increase the threshold and decrease the experimental challenge to the scalibility.
We call these gates as single step-parity check gate set. These gates are actually multi-body parity
measurement gates. This is described in section 4.

6
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Figure 4. Analysis of the XX parity check circuit in terms of QEC. The circuit depth is 6 (6 steps to calculate in the widget).
Commencing with ρi, each step the value of having no error in the channel (PI) decrease since the errors accumulate to the next
step of the circuit.

Figure 5. Single-step parity check gate for XX. (a)Mpp2 with current resources. The gates inside the dashed rectangle represent the
1- and 2-qubit operations normally used to build the XX Mpp(2). (b) A naturalMpp(2). The noise model incorporates Pauli errors
from the set defined in equation (13). (c) NaturalMpp(2) as a widget: new unitary UXX and 1-qubit measurement operator.

Figure 6. Single-step parity check gate for ZZ. (a)Mpp2 with current resources. The gates inside the dashed rectangle represent the
2-qubit operations normally used to build the ZZ Mpp(2). (b) A naturalMpp(2). The noise model incorporates Pauli errors from
the set defined in equation (13). The error model for both XX and ZZ parity checks is the same. (c) NaturalMpp(2) as a widget:
new unitary UZZ and 1-qubit measurement operator.

4. Single-Step Parity Check gate set andMpp2

Single-step parity check (SSPC) gates are a version of pulse optimization where we optimize for the full
unitary needed for QEC. In this case, we reduce the number of steps and instead of having six different steps,
we have single step for the same circuit. From figures 5(a) and 6(a), the unitaries are found to be
equations (14) and (15) and they belong to the Clifford group. Apart from the new unitary, we have a new
device which can be called a naturalMpp2. It is a widget that includes one of those new unitaries, and a
measurement operator. It receives 3 qubits as input, using one of them as an ancilla, and returns the parity
information by measuring the ancilla qubit. In the next section, we compare the SSPC gate and the
decomposed parity check circuit theoretically in the presence of noise.

UXX =
1

2



1 0 0 1 1 0 0 −1
0 1 1 0 0 1 −1 0
0 1 1 0 0 −1 1 0
1 0 0 1 −1 0 0 1
1 0 0 −1 1 0 0 1
0 1 −1 0 0 1 1 0
0 −1 1 0 0 1 1 0
−1 0 0 1 1 0 0 1


(14)

7
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UZZ =



1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1


. (15)

Figure 7. The circuits are modeled using a standard Pauli-based noise model, where errors are randomly chosen from possible
combinations of Pauli operators for all gates, representing phase flip errors applied with probability p. In this case, the probability
of having, for example, Pauli Z errors includes combinations such as Z⊗ I⊗ I,I⊗ Z⊗ I, and I⊗ I⊗ Z with an error rate of p,
Z⊗ Z⊗ I, I⊗ Z⊗ Z, and Z⊗ I⊗ Z with an error rate of p2, and finally Z⊗ Z⊗ Z with an error rate of p3 for HII. (a) A
traditional, decomposed, XX parity check circuit. This circuit comprises four building blocks: HII,CNOTI,CNOT02, and again
HII, constructed from H, I, and CNOT gates. (b) Defines a direct XX parity check gate with the XX-SSPC gate. We create each of
building block with≈ 99% fidelity.

4.1. Comparison of decomposed XX parity check circuit and XX-SSPC circuit in the presence of noise
In this section, we will show how the perfection rate differs in the presence of noise between decomposed
parity check circuit and SSPC circuit. For this purpose, we take the circuits defined in figure 7. In figure 7(a),
the circuit has four building blocks constructed from Hadamard, Identity, and CNOT gates: HII=H⊗ I⊗ I,
CNOTI= CNOT⊗ I, CNOT02 (CNOT gate between the ancilla and the second data qubit), and
HII=H⊗ I⊗ I. In figure 7(b) the circuit contains only one building block, the UXX gate. Each noisy
operator can be modeled by perfect operator plus some errors to be mapped in the circuit. We simulated
process matrices such that each gate is modeled by a noisy channel with a 0.00 375 phase flip error rate. Then
we calculate the average gate fidelity from these noisy channels and we find that each building block in the
circuit will have≈ 99% fidelity. Note that if we change the error type, the amount of error required to
maintain the same fidelity will also change. The reason for selecting this error type is because phase flip
errors are the predominant sources of error for most solid-state hardware systems, especially in
semiconductor spin qubits such as the one described in [13]. Overall, we have on one side four building
block with 99% fidelity, and on the other we have one building block with 99% fidelity. We apply our
workflow A.1 to find the perfection rate of each circuit defined in figure 7.

As it is seen from the result, since the traditional, decomposed, parity check circuit requires four steps
(four building blocks), the errors in each step accumulate. However, with a SSPC gate, there is no more than
one building block so there is no place for errors to accumulate. For this reason, the perfection rate remains
high. As a further illustration, in figure 8 we show a simulation where each single qubit gate (Hadamard and
Identity gates) has 99.43% fidelity, and the CNOT gate experiences the single qubit errors as a tensor product
of the amount (I⊗X,I⊗Y . . .). We chose this fidelity value because it is the surface code fault-tolerance
threshold [6]. To achieve this fidelity, we used an error rate of p= 0.0085 for the phase flip error in each
single-qubit gate. As depicted in figure 8, the resulting perfection rate at the circuit’s end is 0.887. This
perfection rate is obtained by utilizing gates with the specified fault tolerance error value.

8



Quantum Sci. Technol. 9 (2024) 035037 G Üstün et al

Figure 8. This example demonstrates increasing the error threshold by reducing circuit gates. Unlike the example in figure 7
example, here we create two circuits with different error rates to achieve approximately the same perfection rate. (a) A traditional
XX parity check circuit with Hadamard and identity gates as single-qubit gates, and CNOT gates as two-qubit gates. The circuit is
modeled using a standard Pauli based noise model where errors are randomly chosen over X, Y and Z for single qubit gates
(including idling gates, initialisation and measurement) and over the 15 possible combination of two-qubit Pauli operators for all
two qubit gates, applied with a probability. Each single-qubit gate is created with p= 0.0085 (corresponding to 99.43% fidelity).
Errors calculated in stochastic Pauli channels yield a total perfection rate of PI = 0.887 at the circuit’s end. (b) Using a direct XX
parity check gate with an XX-SSPC gate, we can tolerate a much larger phase-flip error rate per qubit, p= 0.0239 to achieve a
similar perfection rate as in (a). Hence, the noise model takes Pauli errors from the set defined in equation (13).

To attain an equivalent perfection rate for the XX-SSPC gate, comparable to the decomposed parity
check circuit, we can increase the error rate to p= 0.0239 for the phase flip error per qubit. Implementing an
XX gate with this error rate yields a perfection rate PI = 0.886, as illustrated in figure 8(b). As a result once
the parity check circuit is created with SSPC gate at higher error rates than the 1- and 2-qubit gates, the same
perfection rate can be maintained. This simple example shows how SSPC gates can drastically boost the error
threshold value for QEC.

4.2. Practical implementation of SSPC Gates
The theoretical discussion in the preceding section illustrates the advantages afforded by implementing parity
checks using a single-stepMpp2 operation instead of breaking it down to a sequence of individual gates. We
now illustrate a practical example of how a SSPC gate could be implemented in a real physical system.

Let us consider a three-spin system consisting of an electron spin, acting as the ancilla, and two nuclear
spins, acting as the qubits. Their drift Hamiltonian in the laboratory frame takes the general form:

H⃗=−γeB0Ŝz − γnB0

(
Îz1 + Îz2

)
+A1S⃗ · I⃗1 +A2S⃗ · I⃗2, (16)

where S⃗= [Ŝx, Ŝy, Ŝz] are the electron spin operators with eigenvectors {| ↑〉, | ↓〉}, I⃗i = [Îx, Îy, Îz] are the
nuclear spin operators for nucleus i ∈ 1,2 with eigenvectors {| ⇑i〉, | ⇓i〉}, A1 and A2 are the electron-nuclear
hyperfine interactions, γe is the electron gyromagnetic ratio, γn is the nuclear gyromagnetic ratio, and B0 is a
static magnetic field oriented along the ẑ-axis. This Hamiltonian is commonly found in well-studied spin
qubit systems such as the nitrogen-vacancy (NV) center in diamond [23], spins in quantum dots [24] and
donors in silicon [12]. A Hamiltonian with this structure can be viewed as implementing the smallest
possible parity check circuit for the Honeycomb Code, as shown in figure 9.

We take the specific example of a recent experiment where two 31P nuclear spins were hyperfine-coupled
to a common electron (2P1e) and entangled using a geometric CZ gate obtained through a rotation of the
electron conditional on the state of the nuclei [13]. The gate fidelities extracted from GST were used in the
preceding section to illustrate how gate errors build through a circuit. The numerical parameters of the
Hamiltonian are γe =−27.97 GHz/T, γn = 17.23 MHz/T, B0 = 1.33 T, A1 = 95 MHz and A2 = 9 MHz. The
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Figure 9. (a) The left side of the image is an artist’s representation of the 2P1e device [13], while the right side corresponds to the
smallest honeycomb code cell. The two black dots in the honeycomb code represent the two phosphorus nuclear spins that are
physical qubits in the 2P1e device, shown in pink. The ancilla qubit is an electron spin (blue ‘cloud’) hyperfine-coupled to both
nuclei. With the 2P1e system, we are able to demonstrate the smallest parity check circuit, which is the smallest component of the
Honeycomb code cell. (b) NMR and ESR transitions in the eight-dimensional Hilbert space of the two-phosphorus system when
loaded with an electron. The pink and light blue lines represent the NMR frequencies, while the remaining lines represent the ESR
frequencies. Adapted from [13], with permission from Springer Nature.

large separation of energies in the system, whereby the electron Zeeman energy splitting γeB0 ≈ 37.2 GHz is
orders of magnitude larger than both the nuclear Zeeman energies γnB0 ≈ 22.8 MHz and the hyperfine
interactions, ensures that the eigenstates of the Hamiltonian are almost exactly the tensor products
{| ↑〉, | ↓〉}⊗ {| ⇑1〉, | ⇓1〉}⊗ {| ⇑2〉, | ⇓2〉}, as shown in figure 9(b).

To implement the ZZ-SSPC gate we add the control Hamiltonian:

Hrf (t) =−γeB⃗1S⃗cos(ωt)− γnB⃗1

(
I⃗1 + I⃗2

)
cos(ωt) (17)

where B1 is an the oscillating magnetic field strength oriented along ŷ. A ZZ-SSPC gate is obtained trivially
by applying a bichromatic pulse of B1 at the frequencies ω⇑⇓ and ω⇓⇑ corresponding to the resonance
frequencies of the electron spin when the nuclei are in the odd-parity states | ⇑⇓〉, | ⇓⇑〉. This is depicted with
the yellow and green lines in figure 9(b). Calibrating the amplitude and duration of the pulse such that the
electron undergoes an exact π-rotation implements the CNOT gates depicted in figure 6(c)(a). The two
frequencies can be applied simultaneously because they both act on the same physical object (the electron).
The SSPC gate is then followed by electron readout [25].

The XX-SSPC gate, shown in figure 5(c)(a), involves operations on both the electron and the nuclei,
which require different time scales due to the vastly different gyromagnetic ratios. It is no longer immediately
obvious that the whole operation can be executed in a single step. In order to verify whether an XX-SSPC
gate exists, we adopt a widespread quantum control optimization algorithm known as gradient ascent pulse
engineering (GRAPE) [26], which can be found within QuTip [27]. One of the reasons we chose to use
GRAPE is because it enables us to account for real-life experimental limitations such as the maximum and
minimum control amplitudes. Another reason is that the GRAPE algorithm was originally designed for
NMR pulses [26, 28] and finds practical application in many experimental studies [29]. Notably, the results
of the first experiment in QEC in 1998 [30] were greatly improved through the utilization of the GRAPE
algorithm in 2011 [31]. The GRAPE algorithm in QuTip, is wrapped by the L-BFGS-B [32] optimization
algorithm which takes into account second order derivatives and chooses the step size which is the change of
position in the control landscape by itself. This helps the algorithm to use a smaller number of iterations. We
utilized this algorithm in two distinct ways, namely modulated GRAPE and non-modulated GRAPE. The
non-modulated GRAPE does not use the modulated control Hamiltonian, but it does use a control
Hamiltonian with proper frequencies for both the electron and nucleus and control fields applied in two
different directions (x and y). The modulated GRAPE, however, allows us to use a modulated control
Hamiltonian, and we refer to this version of the algorithm as modulated GRAPE.
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Figure 10. The first 100 ns of the optimised control pulses for the XX gate. The control amplitude represents the B1 magnetic field
applied to the spins.

For the modulated GRAPE method, we took into account the cos(ωt) term and we modulated the
control Hamiltonian with cos(ωt) for each time slot with a proper angular frequency. As a first step, we set
the maximum control amplitude (the B1 magnetic field in our case) in the range of millitesla and we ran the
algorithm for 1, 10, 100, 1000 µs evolution time for the XX gate. The number of time slots is one of the most
important parameters of the algorithm. We need to provide a fine enough resolution to observe the
oscillation of the pulse. Since we are in the laboratory frame, the time interval is determined by the highest
frequency in the system, which in this case is the electron Larmor frequency. In a 1.33 T magnetic field, the
electron precesses at 27.97 GHz, corresponding to a period of 35 ps. When the number of sampling per
oscillation is taken into account, for each evolution time, the minimum time resolution is maintained at 10
picoseconds by allocating the appropriate number of time slots. To execute the algorithm with such a small
time resolution, we utilized a high-performance computing cluster. As a result, we could have perfect gate
fidelity for an evolution time of order 10 µs.

We then attempted to find a shorter gate evolution time, by increasing the control amplitude (still within
experimentally feasible values). We set the evolution time to 4 µs for the XX gate. We set upper and lower
bounds to 40 mT for the control field and we used 400 000 time slots which correspond to every 10 ps for a
pulse. We run the algorithm for every frequency in the system and the algorithm was able to find XX parity
check gates with a single pulse with an accuracy of 0.99996 The first 100 ns of the control amplitudes are
shown in figure 10.

To verify that the pulse found by GRAPE was physically meaningful, we then calculated its fast Fourier
transform (FFT), shown in figure 10. Since the XX gate is an entangling gate formed through a combination
of operations on both nuclei and electrons, we expect the spectrum of the pulse to consists of control signals
at the natural resonance frequencies of the electron (ESR) and the nuclei (NMR). Indeed, the FFT in
figure 11 reveals all the expected frequencies: electron spin resonance (orange marker in figure 11,
corresponding to the orange line in figure 9(b), and nuclear magnetic resonances (blue for nucleus 1, pink
for nucleus 2). Interestingly, GRAPE also uses a stimulus at frequency A1 +A2 + γnB0 which does not
correspond to any natural resonance of the system (purple marker in figure 11)

We then tried to find a pulse for even shorter evolution times. The shortest evolution time that we could
find a pulse for is 2 µs with a 0.98 fidelity with a modulated control Hamiltonian in the x direction. Note
that, when we decreased the total evolution time from 4 µs to 2 µs, we also decreased the time resolution
from 400 000 points to 200 000 points so that the time resolution stayed the same. Overall, GRAPE was
consistently able to find one single pulse that can implement the gate without decomposing it into one- and
two-qubit gates, and which does not require exceedingly long gate times while taking into account the
experimental limitations on the maximum control amplitude.

To understand whether there are any advantages or disadvantages in terms of experimental feasibility of
using the XX gate over the decomposed parity check circuit, we took a further step and attempted to

6 This is the theoretical fidelity and this demonstrates the feasibility of implementing this gate under the given conditions.
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Figure 11. Fourier Transform of the GRAPE Pulse that implements the XX-SSPC gate. The peaks in the spectrum correspond to
the natural resonance frequencies of the electron and the nuclei. The colors of the stars represent the transitions, which are drawn
with the same color as in figure 9.

Figure 12. (a) Clock dynamics of the simplified Ising drift Hamiltonian in the laboratory frame. Every term in the time evolution
operator of the drift Hamiltonian can be associated with a gate with a specific ‘clock’. The colors of the clocks differentiate the
times for completion of each gates. Gate1 is a single qubit gate on the electron, with clock speed is γeB0. Gate2 and Gate3 are the
single qubit gates on the nuclei, with clock speed γnB0. The hyperfine interactions in the drift Hamiltonian, A1 and A2, are used to
generate the entangling operations Gate4 (between electron and nucleus (1) and Gate5 (between electron and nucleus (2). (b)
Circuit diagram of the gates depicted in panel (a). Note that these are just the gate arising from the drift Hamiltonian.

implement the decomposed parity check circuit, as defined in figure 5(a), by individually implementing each
one- and two-qubit gate using GRAPE. Surprisingly, while we were able to implement the Hadamard gates
within a proper gate evolution time of 0.5 µs, the implementation of CNOT gates with high fidelity required
a much longer time, around 100 µs. As a result, the total timing for the decomposed parity check circuit fell
in the∼ 100 microsecond range. This analysis shows that the system under study—two nuclear spins
hyperfine-coupled to an electron—is naturally suited to implement a SSPC gate, thanks to the fact that each
qubit has a separate resonance frequency, and that the ancilla (the electron) has resonances that each
constitute a natural rotation conditional on the state of the two nuclei.

In the next part of this work, we analytically study a modified drift Hamiltonian to gain an
understanding of the appropriate timescale for the SSPC gate and the decomposed parity check circuit. In
pursuit of this goal, we performed a thorough investigation of the clock dynamics associated with the drift
Hamiltonian in the laboratory frame (figure 12). To afford an analytical solution, we approximate the drift
Hamiltonian as an Ising type modification to equation (16). While the result of GRAPE explicitly examines
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the active pulsing required to realize the unitary for the SSPC gate without loss of generality, here we
analytically examine the passive drift Hamiltonian for the Ising Hamiltonian in equation (18) (figure 12(a)).

H=−γeB0Sz − γnB0Iz1 − γnB0Iz2 +A1SzIz1 +A2SzIz2. (18)

The time evolution operator, U= eiHt, can be expanded as

Each of the exponential terms in equation (19), which are the free evolution times of the drift Hamiltonian,
will generate a gate and every gate will have its own clock (figure 12(a)). These clocks correspond to the time
taken for the desired gates. Gate1, Gate2, Gate3, Gate4 and Gate5 are the natural gates which can be obtained
from the evolution of the drift Hamiltonian (figure 12(b)). However, if we want to create specific gates, such
as a CZ gate between an electron and the first nucleus using the hyperfine interaction denoted as A1, in other
words, if we want Gate4 to function as a CZ gate, then we need to have the control Hamiltonian and pulse the
system. In this part of the study, our focus is on understanding the approximate timescale for the SSPC gate
and the decomposed parity check circuit that were derived by using GRAPE. When considering the control
Hamiltonian, the time required for the SSPC gate and the decomposed parity check circuit will change.
However, the relative timescales between the SSPC gate and the decomposed parity check circuit will be
comparable for analytical analysis and the numerical analysis. Since we are not using the control
Hamiltonian, we do not refer to the gates as CZ gate or ZZ gate. Instead, we refer to them as CZ-like gate and
ZZ-like gate. If we want to implement a decomposed ZZ parity check circuit as shown in figure 6(a), we need
to implement CZ-like dynamics, since the ZZ parity check circuit can be implemented either by using the CZ
gate with Hadamard gates or directly with two CNOT gates. However, if we want to implement an entangling
gate between the electron and the first nucleus, we need to use the hyperfine coupling A1. But, the hyperfine
coupling A2 is also present and always on. Therefore, we need to find a time that allows us to perform an
entangling gate (Gate4) between the electron and the first nucleus and the identity (Gate5) between the
electron and the second nucleus, so that the second hyperfine interaction does not disturb the system. To
find such a time, we need to consider the clock dynamics of the drift Hamiltonian. The first entangling gate
will be between the electron and the first nucleus. A π rotation around the Bloch sphere will be a CZ rotation
since eiπ =−1. The time for Gate4 to function as a CZ-like gate will be π/95MHz≈ 33.06ns. For Gate5 to be
the identity operation, it should induce a 2π rotation, which takes 2π/9MHz≈ 698.13ns. However, there
will be some error associated with timing, denoted as terror, as achieving the exact duration is not always
possible. To find the appropriate time for both gates, we need to solve:

((a× tGate4)− (b× tGate5))
2
<= t2error,a> 0,b> 0,

where a is an odd integer and b is an integer
(20)

Here, the timing error, terror is chosen as 0.01, and consequently, probability of experiencing a Pauli error is
equal to the t2error is 0.0001. In this situation, the evolution of Gate4 should at least make a= 6981 π rotations
while the evolution of Gate5 should at least make b= 331 2π rotations so that we can have a perfect CZ-like
gate. The total time for a perfect CZ-like gate between the electron and the first nuclei is
33.1 ∗ 6981= 231.07 µs

Now, if we want to make a perfect CZ-like gate between the electron and the second nucleus, one π
rotation for Gate5 to function as a CZ-like is equal to π/9 MHz≈ 349.06ns and the time for one 2π rotation
for Gate4 to function as identity is equal to≈ 66.13 ns. If we solve:

((a× tGate5)− (b× tGate4))
2
<= t2error,a> 0,b> 0,

where a is an odd integer and b is an integer
(21)

the fastest possible time will occur when we take a single π rotation time for Gate5 as 349.06 ns and single 2π
rotation time for Gate4 as 66.13 ns. In this case, a= 887 is the number of π rotations for the evolution of
Gate5. Correspondingly, the total time for a clear CZ-like gate for the electron and the second nucleus is
equal to 349.06× 887= 309.06 µs. As a result, if we want to implement the circuit which is defined in
figure 6(a), the simplified Hamiltonian can naturally achieve that in a range of hundreds µs. In the second
part of this analytical calculation, we will analyze the drift Hamiltonian for the ZZ-like gate. For
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implementing such a gate, both the Gate4 and the Gate5 should function as CZ gates so they should make a π
rotation. For Gate4 to function as CZ-like, the time for one single π rotation is π/95 MHz= 33.06ns and for
Gate5, the time for one single π rotation is π/9 MHz= 349.06 ns. To see if our drift Hamiltonian can have a
suitable time for such a gate, we need to solve equation (22).

((a× tGate4)− (b× tGate5))
2
<= t2error,a> 0,b> 0,

where both a and b are an odd integer.
(22)

This yields a= 1805 and b= 171 and total time for the desired unitary of≈ 60 µs. As a result, implementing
two separated CZ-like dynamics requires≈ 540.13 µs in total whereas implementing a ZZ-like dynamics
requires≈ 60 µs which is 9 times faster than implementing a traditional parity check circuit. This
explanation clarifies why the GRAPE algorithm discovered the SSPC gate approximately 10 times faster than
the decomposed parity check circuit. This is because the SSPC gate does not suffer from imbalanced
hyperfine interaction, whereas the isolated entangling gate does. The codes concerning this section,
encompassing both the XX gate and the decomposed parity check gate, can be found in [33–35].

5. Conclusions

In this theory work, we developed a workflow which calculates the perfection rate of the whole parity check
with given experimental data. We numerically showed how errors are accumulating and causing a decrease of
the perfection rate of the parity check circuit with current sources (with single and two qubit gate andMpp1)
from the experimental GST matrices. Our findings indicate that relying solely on the fidelity of 1- and
2-qubit gate operations is inadequate in assessing the effectiveness of constructing the fundamental elements
of QEC, specifically the parity check circuits. Then, we introduced new SSPC unitaries which allow us to
make parity check measurements in one step. We modified the universal gate set such that the new unitaries
are the most natural gate set for QEC. We compared the traditional parity check gate (1- and 2-qubits gates)
and the SSPC gate for an XX parity check scenario in the presence of noise.

We provided an experimentally realizable example based on spin qubits in silicon, and used the GRAPE
algorithm to find a single pulse capable of implementing the SSPC gate within experimental limitations.
Furthermore, we implemented the decomposed parity check circuit using GRAPE. We found that the SSPC
gate is naturally suited for this system, and outperforms a decomposed gate.

Many have asked what the ‘killer-app’ is for a large-scale, error-corrected quantum computer, this is
error-correction. The vast majority of the computation occurring in a large-scale machine is dedicated to
correcting its own errors. As such, fundamental gate sets used at the physical level should be targeted at this
application. We have introduced a complete workflow that allows experimentalists to characterise more
complex gate sets and connect outputs of characterisation experiments to commonly used models used in
QEC analysis. This allows quantum hardware engineers to potentially redesign and test fundamental gate
libraries, increase performance, and accelerate the realisation of fault-tolerant, error-corrected quantum
computers
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Appendix. Workflow—understanding the current way of constructing parity check
circuit and its drawback in the context of QEC

The current standard method for constructing multi-body measurements involves applying controlled-gates,
like the CNOT (CX) gate for X parity measurement, between data qubits and ancilla qubits, followed by a
one-body measurement on the ancilla qubit. The ancilla is crucial in this process, as without it, the
measurement result will not provide us with the parity information. While this works in theory, it is
expensive in the lab since each layer of gates added results in a decrease in the total perfection of the quantum
circuit. Moreover, we may be able to do better as natural two qubits measurements are possible in some
systems. Here, we provide details on how to derive the total perfection rate of the circuit using stochastic
Pauli channels. This calculation assumes that we apply each of the operators just before making the
measurement and model every imperfect gate as perfect gates plus some error.

A.1. Preliminaries
(i) Superoperators represent a linear map between initial and final density matrices of the system. They are

the mathematical representations which bring one density matrix to another. The unitary evolution of
a density matrix is defined by equation (A.1) where U is the unitary matrix and its dimension is
2n × 2n, n is the number of qubits, ρi is the initial state of the system and ρf is the final state of the
system after this unitary is applied.

ρf = E (ρi) = UρiU
† (A.1)

where E describes a quantum channel.
Now, there exists a linear representation of E due to Choi–Jamakowski which brings |ρi〉〉 7→ |ρf〉〉 and
its representation based on the vectorization of the density matrix with respect to the column
basis: [36].

U⊗U†|ρi〉〉= |ρf〉〉. (A.2)

Dimensions of the Superoperators are equal to 22n × 22n where n is the number of qubits and |·〉〉
represents vectorization.

(ii) Equation (A.1) is the special case where we have applied the unitary U in the absence of environmental
noise. However, in the presence of imperfect gates or environmental noise, equation (A.1) will not be
enough to represent the imperfections. In this case, we will need a more general mapping to represent
our system. Kraus operators are the most general representation of our system in the presence of noise
and they represent both the systematic gate errors and the errors induced by environmental
decoherence [14]. Then, the density matrix can be written as

ρf = E (ρi) =
N∑

k=1

AkρiA
†
k , (A.3)

with

N∑
k=1

A†
kAk = 1, (A.4)

where N⩽ 22n and {Ak} are the set of Kraus operators which replace the unitary in equation (A.1). The
Kraus operators, {Ak}, are not necessarily unitary operators, hermitian operators or invertible. If
N = 1, this means that we have the ideal case and this brings us back to the equation (A.1) where Ak is
U. Equation (A.4) is called the completeness condition if the map is trace-positive, TP. Note that since
the quantum channels considered here map the system to itself, we only consider Kraus operators to be
square matrices.

(iii) χ—Process matrix
When we write Kraus operators in the Pauli basis, in other words, Ak is extended in terms of Pauli

operators, then we will have Ak =
∑d2

j=1 ajkPj where Pj ∈ P⊗n and P= {I,X,Y,Z}. If we write that in
equation (A.3), then we will have:

ρf = E (ρi) =
d2∑
j=1

χjkPjρiPk (A.5)
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where χjk =
∑

i aija
∗
ik. The χmatrix is a complex-valued matrix with dimension 22n × 22n and is a

complete map of ρf . The χmatrix is also the output of process tomography [21].
(iv) The Pauli transfer matrix (PTM), which is shown as R in literature [21, 36–38], is another useful

representation of a quantum channel and an outcome of GST [21, 22]. It is defined by the vectorization
of a quantum channel in the Pauli basis and it can be written as:

(Rε)ij =
1

d
Tr
{
Pi E

(
Pj
)}
. (A.6)

Here, Pj’s represents ordering in the strings of Pauli operators, i.e {I,X,Y,Z}. The PTM, R, is the special
case of Superoperators where the vectorization is made in the Pauli basis. One notable advantage of
using the PTM, R, is its exclusive utilization of real elements. Furthermore, R facilitates the
straightforward determination of whether a quantum operation is trace-preserving or unital. It is also
noteworthy that for any Clifford operation, each row and column of R with unit magnitude contains a
single non-zero element. The PTMmakes it easy to evaluate the result of multiple gates acting in
succession. The process matrix does not have this property. This is why the output matrices of GST are
PTM [22].

(v) The Density matrix in the context of QEC:
We shall commence the construction of the density matrix for a single qubit. For the density matrix of
multi-qubit systems, we refer the reader to the appendices A.5 and A.6). In this case, the dimensions of
Kraus operators will be 2× 2. Once we found the Kraus operators, they can be written in terms of Pauli
matrices as in equation (A.7), since every complex 2× 2 matrix can be written by Pauli Matrices7.

Ak = C0I+C1X+C2Y+C3Z. (A.7)

If the Kraus operators are in equation (A.3) are decomposed as in equation (A.7), then we have:

ρf =
∑
a∈M

∑
b∈M

aρi b
†

(A.8)

whereM= {C0I,C1X,C2Y,C3Z}.
Suppose the map described by equation (A.8) acts on a qubit that is part of a larger QEC-encoded
system. We will now explore the observable effect of this mapping when we run a QEC cycle. For this
purpose, let us consider an error model, such as the one given in equation (A.9):

ρf = piρ+ pxXρX+ pxyXρY. (A.9)

Here ρ represents a qubit, while X and Y represent the physical error on the qubits in the code block.
An ancilla block, represented by the density matrix ρE0 is coupled to the system and the QEC unitary
which is called UQEC is run:

UQEC

(
ρf ⊗ ρE0

)
U†

QEC = piρ⊗ |E〉〈E|+ pxXρX⊗ |Ex〉〈Ex|
+ pxyXρY⊗ |Ex〉〈Ey|

(A.10)

Here, |E〉, |Ex〉 and |Ey〉 represent the three orthogonal syndrome states of the ancilla qubit and they are
used the detect errors on the qubits. Now, when the ancilla qubit is measured, the system will be
collapsed to one of the two states in equation (A.11)

ρf ⇒
〈E|ρ|E〉|E〉〈E|
Tr(ρ|E〉〈E|)

and ρf ⇒
〈Ex|ρ|Ex〉|Ex〉〈Ex|
Tr(ρ|Ex〉〈Ex|)

(A.11)

The off-diagonal term, in this case the pxyXρY term in the error model, is never observed. After the
measurement of the ancilla, we have two possible states which are shown in equation (A.12)

ρ⊗ |E〉〈E| with probability pi
XρX⊗ |Ex〉〈Ex| with probability px

(A.12)

where pi + px = 1. The off-diagonal term is eliminated because we are about to make a measurement in
the E, Ex basis and the measurement result will collapse one of the diagonal terms. Although it was

7 Also every 2n × 2n matrix can be written as a linear combination of the tensor products of n Pauli matrices. The total number of
independent tensor products of Pauli matrices is 22n.
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written in [14], it is once more worth noting that not only the off-diagonal term is eliminated but the
final density matrix is collapsed to clean codeword states with bit-flip errors. Here, we do not use the
twirling method which is a way to convert the off-diagonal terms of the matrix into the diagonal terms
[39, 40]. In quantum computation, there are some protocols that use twirling, such as purification
protocols [41–43]. However, when we write errors in terms of stochastic Pauli channels, we let unitaries
evolve until the measurement is done. This is why, when we calculate the effective errors in the context
of QEC, we only care about diagonal elements and we ignore off-diagonal elements. Hence, we are
finding the diagonal elements of the χmatrix and we are writing the Kraus operators in terms of these
diagonal elements of the χmatrix. It is true that we are loosing the information by ignoring the
off-diagonal terms. In equation (A.8), once cancelling the off-diagonal elements, we have,

ρf = pi Iρi I+ pxXρiX+ pyYρiY+ pzZρiZ (A.13)

where pi = (|C0|)2, px = (|C1|)2, py = (|C2|)2, pz = (|C3|)2. This formula represents effective errors in
the context of QEC for 1 qubit. As an illustration, in the case of implementing the identity gate, the
coefficient pi serves as an indicator of the gate’s efficacy. A value of pi = 1 signifies the perfect
implementation of the identity gate. The equation (A.13), can be written for any state and in QEC, the
errors in the quantum channel are analyzed after the application of the desired unitary. Because of that,
to utilize the equation (A.13) in a more general way, the ρi is replaced with ρg where ρg = UρiU† and
the U is the desired unitary that we want to implement. Then, the equation (A.13), becomes
equation (A.14):

ρf = pi IρgI+ pxXρgX+ pyYρgY+ pzZρgZ (A.14)

In equation (A.14), the pi represents the probability of having no error. We define it as the perfection
rate. If pi = 1, we are in the ideal case with no error and we turn back to equation (A.1). For all the
other values of pi, we use the Kraus decomposition. The coefficients px, py and pz are, now, the
probability of having X errors, the probability of having Y errors and the probability of having Z errors,
respectively. We start with the experimental data, in our case the experimental data is the PTMmatrix,
and we end up with equation (A.14). This result is the important conclusion of the section. If we want
to determine error rates subsequent to the implementation of a unitary operation within the
framework of QEC, every operation performed in the laboratory will be denoted as equation (A.14).
This equation represents a whole process and the coefficient pi in the equation represents the perfection
of the operation that cannot be written simply as the fidelity. For example, if we have 99% fidelity for a
specific operation, this does not mean that the coefficient pi = 0.99. To find the coefficient pi, we need
to do the whole workflow: we first take the experimental process matrices of the system and find the
Kraus operators. Subsequently, we then write the Kraus operators in terms of stochastic Pauli channels
and determine the value of coefficient pi, which is the perfection rate and it is not equal to fidelity. It is
less than the fidelity. Neither the fidelity means the perfection rate, nor the infidelity means the error
rate. To finding the error rate, we need information beyond the fidelity [44] A.4. We give a complete
tutorial below A.4 regarding this process. If we take figure A1 as an example and calculate the
probability of experiencing certain errors when gates are applied to qubits, the equation which
represents the perfection of the operator will be equation (A.15). The detailed derivation of
equation (A.15) is shown in appendix A.2.

PI = pi2pi1 + px2px1 + py2py1 + pz2pz1. (A.15)

The value PI is the perfection rate for the whole circuit and it represents the final succession rate after
all of the accumulated errors in the widget. The important point is, that PI is not just the multiplication
of perfection rates pi. The cancellation terms also contribute to PI since X⊗X= I, Y⊗Y= I and
Z⊗Z= I. We will call PI as the perfection rate of the widget.
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Figure A1. A one qubit circuit example which will be used to calculate effective errors in the context of QEC. At the beginning, the
circuit will have ρi. After applying a U1 gate,the density matrix will become ρ2. The final density matrix will be ρ3, which can be
written as ρf, after applying U3.

A.2. Calculating the final density matrix in the context of QEC
We explicitly write the density matrices shown in figure A1. Let’us start with writing ρ2

ρ2 = pi1IU1ρiU
†
1I+ px1XU1ρiU

†
1X+ py1YU1ρiU

†
1Y+ pz1ZU1ρiU

†
1Z (A.16)

where pi1 is the perfection rate of U1 gate. px1, py1, and pz1 respectively represent the probabilities of having
X, Y, and Z errors in the channel after applying the unitary U1. The system now in ρ2. Then we apply U2

gates and the system becomes ρ3.

ρ3 = pi2IU2ρ2U
†
2I+ px2XU2ρ2U

†
2X+ py2YU2ρ2U

†
2Y+ pz2ZU2ρ2U

†
2Z (A.17)

where pi2 is the perfection of U2 gate which. px2,py2 and pz2 respectively represent the probabilities of having
X, Y, and Z errors in the channel after applying the unitary U2. If we put equation (A.16) in equation (A.17),
then we will have:

Now, the coefficients are inside the dashed lines gives us to total perfection of the circuit after applying
operations. As a result we get equation (A.19):

PI = pi2pi1 + px2px1 + py2py1 + pz2pz1 (A.19)

where PI is the perfection rate of the widget after applying all the unitaries in the quantum circuit. For the
accumulated errors, for instance the accumulated x errors, we will have the equation (A.20):

PX = pi2px1 + px2pi1 + py2pz1 + pz2py1 (A.20)

If we had only one step, we would have ρ2 exclusively. In that case, PI would be equal to pi1, and the X error
would be represented by px = px1. However, as the circuit depth increases, the occurrences of X, Y, and Z
errors also increase, leading to a decrease in the fidelity PI. In equation (A.19), it is important to note that
PI < pi1 since errors accumulate within the circuit. Below, we will explain our algorithms for finding the
perfection rate:
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A.3. The algorithm
The algorithm receives the experimental data as its input, and subsequently delivers the two key performance
indicators for the quantum circuit: the perfection rate and the total accumulated error rate. In the interest of
convenience, our algorithm has been decomposed into three distinct phases:

• Finding Kraus Operators from GST:
• Finding Errors in the Context of QEC
• Calculating the perfection rate of the whole quantum circuit

The initial stage of the algorithm involves specifying the type of the matrices. In case of GST, the suitable
format is the PTM (A.6) and from the GST experiment, π/2 and CNOT gate matrices are constructed and
analysed. The important thing here is to correctly classify the matrix type. This can be achieved through the
use of libraries such as Qiskit [45] and Qutip [46]. If we do not explicitly specify the matrix type in our code
and attempt to analyze the matrix, for example, to check its physicality (that is CPTP: completely positive
and trace preserving) using some libraries, directly from the array, we will receive a False output because we
did not specify the matrix type. In addition, if we misidentify the matrix type, for example, when the matrix
type is a PTM but we mistakenly identify it as a χmatrix in our code, even though the χmatrix is CPTP, we
may receive incorrect results when checking the physicality of the matrix due to the incorrect matrix type
specification.

In the first phase of the algorithm, we first check if the matrix is completely positive (CP). If it is not a CP
matrix, this means that the experimental method used gives a different result than the PTM. In this case, it is
recommended to check the output of the experimental method used in the lab, as it may yield different types
of output, such as χmatrix. After specifying the type of the matrix correctly, the second step in Phase 1 is to
find the Kraus operators. Then we check if we can find the Kraus operators correctly by using the
completeness condition equation (A.4) and see if this gives us the identity matrix. If the completeness
condition gives us the identity matrix, then we satisfy the trace-preserving condition for the quantum
channel. After finding the Kraus operators, the second step is to calculate errors in the context of QEC.

For finding errors, we write each Kraus operator in terms of Pauli matrices as shown in Phase 2 and then
the density matrix was written in terms of effective errors in the context of QEC as in equation (A.40).

In the third phase of the algorithm, since we have 3 qubits (2 data qubits and 1 ancilla qubit), all triplet
combinations of Pauli matrices should be considered as possible error probabilities and we take into account
all the diagonal terms. In this case, we have 64 different coefficients for the density matrix. The perfection
value is calculated in equation (A.41) in terms of accumulating errors. Here, each density matrix includes the
previous density matrix which has 64 coefficients. Since we have 6 steps in the XX parity check circuit, then
at 6th step, we will have 646 coefficients and from those 646, once we extracted the coefficient for the
dominated term, equation (A.41) was found. Last phase of the algorithm shows how to calculate the
perfection rate for XX parity check circuit.The complete code for replicating the results presented in figure 4,
as well as the software for analyzing errors within the context of QEC, can be found in [35, 47].

Error analysis in the context of QEC.

Phase 1: Preparation—Finding Kraus Operators from GST

1: Input : Ideal and experimental GST Matrices
2: Output : Kraus List
3:Mfull =MGST ∗MGSTerror

4:MPTM = PTM(Mfull)
5: if MPTM is Complete Positive matrix== True then
6: list(MKraus) = Kraus(MPTM)
7: if sum(i), for i inMKraus == I then
8: return list(MKraus)
9: end if
10: end if
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Algorithm. Error Analysis in the Context of QEC.

Phase 2: Finding Errors in the context of QEC

1: Input : Kraus List
2: Output : Errors
3: i=Pauli0,x=Pauli1,y=Pauli2,z=Pauli3,result=[],N=qubit number
4: procedure COEFFICIENTS(list(MKraus),N)
5: paulis= list(product([i,x,y,z]),repeat=N)
6: spaulis= list(product([“i”,“x”,“y”,“z”],repeat=N)
7: for kindex,kraus in enumerate(krauslist) do:
8: for index,pauli in enumerate(paulis) do:
9: error= 1

2N Trace((kraus∗ (TensorProduct(pauli[0],. . .,pauli[N])))
10: end for
11: end for
12: return result
13: end procedure
14: d= defaultdict(complex)
15: for value, name, order in result do:
16: d[name]+= abs(value) ∗ abs(value)
17: end for

Algorithm. Error analysis in the context of QEC.

Phase 3: Computing the Perfection Rate

1: Input :H= errors for H gate in dictionary format,
2: I= errors for I gate in dictionary format,
3: cnot= errors for CNOT gate in dictionary format
4: meas= errors for measurement in dictionary format
5: Output : Perfection Rate
6: # For the first part of 2 body parity check circuit which corresponds H⊗ I⊗ I
7: HII= defaultdict(complex)
8: for nameH, valueH in H.items() do:
9: for nameI, valueI in I.items() do:
10: for nameI, valueI in I.items() do:
11: name= (∗nameH ∗nameI ∗nameI)
12: HII[name]= valueH ∗valueI ∗valueI
13: end for
14: end for
15: end for
16: # For the second part of 2 body parity check circuit which corresponds

CNOT⊗ I⊗ I
17: CNOTI= defaultdict(complex)
18: for nameCNOT, valuecnot in cnot.items() do:
19: for nameI, valueI in I.items() do:
20: name= (∗nameCNOT ∗nameI)
21: CNOTI[name]= valuecnot ∗valueI
22: end for
23: end for
24: # For the third part of 2 body parity check circuit which corresponds non-adjacent CNOT
25: ICNOT= defaultdict(complex)
26: for nameI, valueI in I.items() do:
27: for nameCNOT, valuecnot in cnot.items() do:
28: name= ( ∗nameI ∗nameCNOT)
29: ICNOT[name]= valueI ∗ valuecnot
30: end for
31: end for
32: # For the last part of 2 body parity check circuit which corresponds measurement gate
33: measII= defaultdict(complex)
34: for nameMeas, valueMeas in meas.items() do:
35: for nameI, valueI in I.items() do:
36: for nameI, valueI in I.items() do:
37: name= (∗nameMeas ∗nameI ∗nameI)
38: measII[name]= valueMeas ∗valueI ∗valueI
39: end for
40: end for
41: end for
42: # Calculating Perfection rate at each step
43: perfection rate= sum(HII[k]∗CNOTI[k]∗ICNOT[k]∗

44: HII[k]∗measII[k] for k inHII)
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Figure A2. One qubit circuit example which will be used to calculate effective errors in the context of QEC. At the beginning, the
circuit will have the ρi, after applying

√
X gate, the density matrix will become ρ2 and the final density matrix will be ρ3 after

applying
√
Y.

A.4. Tutorial
Here, we will demonstrate the complete process for a single qubit. We take the circuit in figure A2 as an
example:

We take the data from [48]. The average fidelity of the single qubit operation is 98.4%. The experimental
GST matrix for

√
X gate is (A.21).

√
XGST−exp =


1 0 0 0

8.86× 10−4 0.9864 0.01961 0.04048
0.01433 0.01039 0.01856 −0.957
−0.02782 −0.03123 0.9487 0.008478

 . (A.21)

The ideal GST matrix for
√
X gate is (A.22).

√
XGST−ideal =


1 0 0 0
0 1 0 0
0 0 0 −1
0 0 1 0

 . (A.22)

Now the complete GST matrix for
√
X gate will be (A.23)

√
XGST =

√
XGST−ideal† ×

√
XGST−exp (A.23)

√
XGST =


1 0 0 0

8.86× 10−4 0.9864 0.01961 0.04048
−0.02782 −0.03123 0.9487 0.008478
−0.01433 −0.01039 −0.01856 0.9569

 . (A.24)

We then specify the matrix type in equation (A.24) as PTM [21, 36, 45] and then, we find the Kraus
Operators for

√
X gate:

Ak1 =

(
−0.9828− i1.522× 10−17 0.01241− i0.01432
−0.01333+ i5.944× 10−5 −0.9898+ i0.02618

)
(A.25)

Ak2 =

(
0.07268+ i2.130× 10−16 0.09659− i0.06736

0.1050− i0.1321 −0.07130+ i0.004211

)
(A.26)

Ak3 =

(
9.315× 10−3 + i4.151× 10−16 −2.728× 10−3 + i1.084× 10−2

−5.364× 10−3 − i1.597× 10−3 −9.358× 10−3 + i3.656× 10−4

)
(A.27)

Ak4 =

(
1.140× 10−3 + i1.923× 10−12 −4.041× 10−4 − i1.773× 10−3

−3.195× 10−6 + i1.833× 10−3 −1.112× 10−3 − i2.334× 10−5

)
. (A.28)

To verify whether we have identified the correct Kraus operators, we need to apply equation (A.4). After
applying equation (A.4), if we obtain the identity matrix, it indicates that the Kraus operators we have
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determined are correct. The subsequent step involves expanding each Kraus operator in terms of Pauli
matrices. Therefore, we will have the following expressions:

Ak1 = (−0.9863+ i0.01309) I+

(−0.00046− i0.00713)X+

(0.00719+ i0.01287)Y+

(0.0035− i0.01309)Z

(A.29)

Ak2 = (0.00069+ i0.00211) I+

(0.10081− i0.09971)X+

(−0.03236− i0.00422)Y+

(0.07199− i0.00211)Z

(A.30)

Ak3 =
(
−2× 10−5 + i0.00018

)
I+

(−0.00405+ i0.00462)X+

(−0.00622+ i0.00132)Y+

(0.00934− i0.00018)Z

(A.31)

Ak4 =
(
1× 10−5 − i1× 10−5

)
I+(

−0.0002+ i3× 10−5
)
X+

(0.0018− i0.0002)Y+(
0.00113+ i1× 10−5

)
Z

. (A.32)

To obtain the total final density matrix for the
√
X gate, we apply equation (A.8). We square the absolute

value of each coefficient and then sum the coefficients based on their respective groups. As a result, we obtain
equation (A.33).

ρ2 = ρ√X = (0.9730) I+

(0.02019)XρiX+

(0.001325)YρiY+

(0.005458)ZρiZ

. (A.33)

As seen from equation (A.33), the value of pi is 0.973, which is not equal to the average fidelity of the 1Q gate
operation, which is 98.4%. Next, we perform the same process for the

√
Y gate:

√
YGST−exp =


1 0 0 0

−0.00995 0.03178 0.03606 0.9617
−0.001533 0.04237 0.9806 −0.01486
−0.00903 −0.9692 0.008547 0.01403

 . (A.34)

The ideal GST matrix for
√
Y gate is (A.35).

√
YGST−ideal =


1 0 0 0
0 0 0 1
0 0 1 0
0 −1 0 0

 . (A.35)

The final density matrix for
√
Y gate is found as equation (A.36).

ρ3 = ρ√Y = (0.9779) I+

(0.006719)Xρ2X

(0.01241)Yρ2Y+

(0.002998)Zρ2Z

. (A.36)
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Figure A3. The figure shows how accumulated errors decrease the perfection rate of the circuit which is PI. Density matrix in
terms of having certain errors in QEC is calculated. After applying

√
X gate, the value of perfection was found as 0.973. After

applying
√
Y, the perfection value decreased 0.951.

As it seen from equation (A.36), ρ3 has ρ2. To calculate final coefficients of ρ3, we put the equation (A.33) in
equation (A.36) as it shown in (A1). Then we calculate the PI coefficient by the equation (A.19).

PI = (0.9779)× (0.973)+

(0.006719)× (0.02019)+

(0.01241)× (0.001325)+

(0.002998)× (0.005458)

(A.37)

PI = 0.9517. (A.38)

As a result figure A2 becomes figure A3:

A.5. Density matrix in terms of QEC for 2 qubit
For a two-qubit quantum circuit, as shown in figure A4, the final density matrix in terms of QEC is:

ρf = piiI⊗ IUρiU
† (I⊗ I)† + pxxX⊗XUρiU

† (X⊗X)†+

pyyY⊗YUρiU
† (Y⊗Y)† + pzzZ⊗ZUρiU

† (Z⊗Z)†+

pixI⊗XUρiU
† (I⊗X)† + piyI⊗YUρiU

† (I⊗Y)†+

pizZ⊗ZUρiU
† (I⊗Z)† + pxiX⊗ IUρiU

† (X⊗ I)†+

pxyX⊗YUρiU
† (X⊗Y)† + pxzX⊗ZUρiU

† (X⊗Z)†+

pyiY⊗ IUρiU
† (Y⊗ I)† + pyxY⊗XUρiU

† (Y⊗X)†+

pyzY⊗ZUρiU
† (Y⊗Z)† + pziZ⊗ IUρiU

† (Z⊗ I)†+

pzxZ⊗XUρiU
† (Z⊗X)† + pzyZ⊗YUρiU

† (Z⊗Y)†

(A.39)

Figure A4. Two Qubits Circuit example with two steps.
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Figure A5. Three Qubits Circuit example with 2 steps.

A.6. Density matrix in terms of QEC for 3 qubit
For a three-qubit quantum circuit, as shown in figure A5, the final density matrix in terms of QEC is:

ρf = piiiI⊗ I⊗ IUρU† (I⊗ I⊗ I)† + piixI⊗ I⊗XUρU† (I⊗ I⊗X)†+

piiyI⊗ I⊗YUρU† (I⊗ I⊗Y)† + piizI⊗ I⊗ZUρU† (I⊗ I⊗Z)†+

pixiI⊗X⊗ IUρU† (I⊗X⊗ I)† + pixxI⊗X⊗XUρU† (I⊗X⊗X)†

pixyI⊗X⊗YUρU† (I⊗X⊗Y)† + pixzI⊗X⊗ZUρU† (I⊗X⊗Z)†+

piyiI⊗Y⊗ IUρU† (I⊗Y⊗ I)† + piyxI⊗Y⊗XUρU† (I⊗Y⊗X)†+

piyyI⊗Y⊗YUρU† (I⊗Y⊗Y)† + piyzI⊗Y⊗ZUρU† (Y⊗Z)†+

piziI⊗Z⊗ IUρU† (I⊗Z⊗ I)† + pizxZ⊗XUρU† (Z⊗X)†+

pizyI⊗Z⊗YUρU† (I⊗Z⊗Y)† + pizzI⊗Z⊗ZUρU† (I⊗Z⊗Z)†+

pxiiX⊗ I⊗ IUρU† (X⊗ I⊗ I)† + pxixX⊗ I⊗XUρU† (X⊗ I⊗X)†+

pxiyX⊗ I⊗YUρU† (X⊗ I⊗Y)† + pxizX⊗ I⊗ZUρU† (X⊗ I⊗Z)†+

pxxiX⊗X⊗ IUρU† (X⊗X⊗ I)† + pxxxX⊗X⊗XUρU† (X⊗X⊗X)†+

pxxyX⊗X⊗YUρU† (X⊗X⊗Y)† + pxxzX⊗X⊗ZUρU† (X⊗X⊗Z)†+

pxyiX⊗Y⊗ IUρU†(X⊗Y⊗ I)† + pxyxX⊗Y⊗XUρU†(X⊗Y⊗X)†+

pxyyX⊗Y⊗Yρ(X⊗Y⊗Y)† + pxyzX⊗Y⊗ZUρU†(X⊗Y⊗Z)†+

pxziX⊗Z⊗ IUρU†(X⊗Z⊗ I)† + pxzxX⊗Z⊗XUρU†(X⊗Z⊗X)†+

pxzyX⊗Z⊗YUρU†(X⊗Z⊗Y)† + pxzzX⊗Z⊗ZUρU†(X⊗Z⊗Z)†+

pyiiY⊗ I⊗ IUρU†(Y⊗ I⊗ I)† + pyixY⊗ I⊗XUρU†(Y⊗ I⊗X)†+

pyiyY⊗ I⊗YUρU†(Y⊗ I⊗Y)† + pyizY⊗ I⊗ZUρU†(Y⊗ I⊗Z)†+

pyxiY⊗X⊗ IUρU†(Y⊗X⊗ I)† + pyxxY⊗X⊗XUρU†(Y⊗X⊗X)†+

pyxyY⊗X⊗YUρU†(Y⊗X⊗Y)† + pyxzY⊗X⊗ZUρU†(Y⊗X⊗Z)†+

pyyiY⊗Y⊗ IUρU†(Y⊗Y⊗ I)† + pyyxY⊗Y⊗XUρU†(Y⊗Y⊗X)†+

pyyyY⊗Y⊗YUρU†(Y⊗Y⊗Y)† + pyyzY⊗Y⊗ZUρU†(Y⊗Y⊗Z)†+

pyziY⊗Z⊗ IUρU†(Y⊗Z⊗ I)† + pyzxY⊗Z⊗XUρU†(Y⊗Z⊗X)†+

pyzyY⊗Z⊗YUρU†(Y⊗Z⊗Y)† + pyzzY⊗Z⊗ZUρU†(Y⊗Z⊗Z)†+

pziiZ⊗ I⊗ IUρU†(Z⊗ I⊗ I)† + pzixZ⊗ I⊗XUρU†(Z⊗ I⊗X)†+

pziyZ⊗ I⊗YUρU†(Z⊗ I⊗Y)† + pzizZ⊗ I⊗ZUρU†(Z⊗ I⊗Z)†+

pzxiZ⊗X⊗ IUρU†(Z⊗X⊗ I)† + pzxxZ⊗X⊗XUρU†(Z⊗X⊗X)†+

pzxyZ⊗X⊗YUρU†(Z⊗X⊗Y)† + pzxzY⊗X⊗ZUρU†(Z⊗X⊗Z)†+

pzyiZ⊗Y⊗ IUρU†(Z⊗Y⊗ I)† + pzyxZ⊗Y⊗XUρU†(Z⊗Y⊗X)†+

pzyyZ⊗Y⊗YUρU†(Z⊗Y⊗Y)† + pzyzZ⊗Y⊗ZUρU†(Z⊗Y⊗Z)†+

pzziZ⊗Z⊗ IUρU†(Z⊗Z⊗ I)† + pzzxZ⊗Z⊗XUρU†(Z⊗Z⊗X)†+

pzzyZ⊗Z⊗YUρU†(Z⊗Z⊗Y)† + pzzzZ⊗Z⊗ZUρU†(Z⊗Z⊗Z)†+

(A.40)
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Figure A6. Analysis of XX parity check in terms of QEC. The circuit has 6 steps. We first start with ρi. Each step that we apply the
gates, the value of having no error in the channel which is PI decrease since the errors accumulate to the next step of the circuit.

A.7. Coefficients for dominated term from 646

For the quantum circuit shown in figure A6, the total perfection rate of the circuit, PI , is calcultaed by
equation A.41

PI = p5iiip4iiip3iiip2iiip1iii + p5iixp4iixp3iixp2iixpiix+

p5iiyp4iiyp3iiyp2iiypiiy + p5iizp4iizp3iizp2iizpiiz+

p5ixip4ixip3ixip2ixipixi + p5ixxp4ixxp3ixxp2ixxpixx+

p5ixyp4ixyp3ixyp2ixypixy + p5ixzp4ixzp3ixzp2ixzpixz+

p5iyip4iyip3iyip2iyipiyi + p5iyxp4iyxp2iyxp2iyxpiyx+

p5iyyp4iyyp3iyyp2iyypiyy + p5iyzp4iyzp2iyzp2iyzpiyz+

p5iyzp4iyzp3iyzp2iyzpiyz + p5izip4izip3izip2izipizi+

p5izxp4izxp3izxp2izxpizx + p5izyp4izyp3izyp2izypizy+

p5izyp4izyp3izyp2izypizy + p5izzp4izzp3izzp2izzpizz+

p5xiip4xiip3xiip2xiipxii + p5xixp4xixp3xixp2xixpxix+

p5xiyp4xiyp3xiyp2xiypxiy + p5xizp4xizp3xizp2xizpxiz+

p5xxip4xxip3xxip2xxipxxi + p5xxxp4xxxp3xxxp2xxxpxxx+

p5xxyp4xxyp3xxyp2xxypxxy + p5xxzp4xxzp3xxzp2xxzpxxz+

p5xxzp4xxzp3xxzp2xxzpxxz + p5xyip4xyip3xyip2xyipxyi+

p5xyxp4xyxp3xyxp2xyxpxyx + p5xzip4xzip3xzip2xzipxzi+

p5xzxp4xzxp3xzxp2xzxpxzx + p5xzyp4xzyp3xzyp2xzypxzy+

p5xzzp4xzzp3xzzp2xzzpxzz + p5yiip4yiip3yiip2yiipyii+

p5yixp4yixp3yixp2yixpyix + p5yiyp4yiyp3yiyp2yiypyiy+

p5yizp4yizp3yizp2yizpyiz + p5yxip4yxip3yxip2yxipyxi+

p5yxxp4yxxp3yxxp2yxxpyxx + p5yxyp4yxyp3yxyp2yxypyxy+

p5yxzp4yxzp3yxzp2yxzpyxz + p5yyip4yyip3yyip2yyipyyi+

p5yyxp4yyxp3yyxp2yyxpyyx + p5yyyp4yyyp3yyyp2yyypyyy+

p5yyzp4yyzp3yyzp2yyzpyyz + p5yzip4yzip3yzip2yzipyzi+

p5yzxp4yzxp3yzxp2yzxpyzx + p5yzzp4yzzp3yzzp2yzzpyzz+

p5ziip4ziip3ziip2ziipzii + p5zixp4zixp3zixp2zixpzix+

p5ziyp4ziyp3ziyp2ziypziy + p5zizp4zizp3zizp2zizpziz+

p5zxip4zxip3zxip2zxipzxi + p5zxxp4zxxp3zxxp2zxxpzxx+

p5zxyp4zxyp3zxyp2zxypzxy + p5zxzp4zxzp3zxzp2zxzpzxz+

p5zyip4zyip3zyip2zyipzyi + p5zyxp4zyxp3zyxp2zyxpzyx+

p5zyyp4zyyp3zyyp2zyypzyy + p5zyzp4zyzp3zyzp2zyzpzyz+

p5zzip4zzip3zzip2zzipzzi + p5zzxp4zzxp3zzxp2zzxpzzx+

p5zzyp4zzyp3zzyp2zzypzzy + p5zzzp4zzzp3zzzp2zzzpzzz+

(A.41)
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