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Abstract—Clustering is a fundamental tool of scientific analysis, ubiquitous in disciplines from biology and chemistry to 

astronomy and pattern recognition. We propose a novel clustering algorithm based on the natural idea that a cluster and its 

nearest neighbor with higher mass should be merged into one cluster, unless they both have relatively large masses and the 

distance between them is also relatively large. The find of mass and distance peaks reveals the mergers that don’t conform to 

the rule and should be removed. The algorithm is parameter-free and harnesses this idea to recognize any cluster and find the 

proper number of clusters and noise autonomously. Experiments on numerous  synthetic and real-world data sets show the 

enormous versatility of the proposed algorithm that remarkably outperforms the best compared algorithm. Additionally, we also 

compare it with latest state-of-the-art deep clustering algorithms on several challenging image data sets. The proposed 

algorithm without any deep representation achieves better or close performance than deep clustering algorithms on image 

clustering. 

Index Terms—Clustering, parameter-free, data analysis, unsupervised learning 

——————————   ◆   —————————— 

1 INTRODUCTION AND RELATED WORK  

ROUPING similar objects to derive insights from clas-
ses of things is a fundamental tool in the search for 

knowledge. It is used in virtually all the natural and social 
sciences and plays a central role in biology, astronomy, 
psychology, medicine, and chemistry [1]. Like many disci-
plines, grouping objects in data science is called clustering, 
and, as one of the three broadest categories of machine 
learning algorithms, clustering in one form or another is 
the important method of learning from unlabeled data.  

Yet, despite the importance and ubiquity of clustering, 
and the plethora of existing algorithms, the current cluster-
ing methods suffer from a variety of drawbacks [1]. Much 
work has been done to overcome, circumvent, or minimize 
these problems. Many strategies are targeted, many are in-
genious, and several tackles more than one problem. Yet 
none dispense with enough issues to be considered a uni-
versal clustering choice, because optimal clustering is typ-
ically an NP-hard problem. Often this means, researchers 
and analysts must test and tune several alternatives to de-
termine which best suits their needs.  

To run through the list of issues and remedies [2]–[4], 
standard hierarchical clustering has a high computational 
cost and a typical time complexity of 𝑂(𝑛3); hence, these 
algorithms are not suitable for large-scale data sets. Fur-
ther, stopping the clustering process requires some manu-
ally-determined condition, such as “Stop at k number of 
clusters”. Some of the newer algorithms circumvent these 
shortcomings by either using a fast approximate nearest 
neighbor method to accelerate the clustering process [5]–
[8] or by pruning the cluster trees to estimate the correct 
number of clusters [9], [10]. 

Partition clustering, such as K-means [11], demands that 
the number of clusters must either be known or estimated 
in advance. Also, these algorithms cannot detect non-con-
vex clusters of varying size or density, and most of them 
are highly sensitive to noise, outliers, and getting the ini-
tialization phase “right”. Improvements over these algo-
rithms include the X-means algorithm [12], which is able 
to estimate the number of clusters automatically, and ker-
nel K-means and variants, which solve the non-convex 
problem [13], [14]. Still further methods address the initial-
ization problem [15], [16]. 

In the past, density clustering typically required a suite 
of thresholds to be set in advance – for example, the cutoff 
distance used to calculate the density of points, the number 
of points at which a cluster is deemed to be high density, 
and so on. Today’s density-based algorithms employ a va-
riety of tricks and techniques so as to depend less on these 
thresholds [17]–[25]. For example, Liang et al. [19] pro-
posed the 3DC clustering that can automatically determine 
the number of clusters. Du et al. [25] introduced k nearest 
neighbors (KNN) and principal component analysis (PCA) 
into density peak clustering to estimate the number of clus-
ters more accurately and achieve better results on high-di-
mensional data sets. 

Model-based clustering generally relies on prior 
knowledge of many parameter settings, such as the distri-
bution of each cluster, even though this information is of-
ten very difficult to acquire in practice. Hence, solutions to 
alleviate this disadvantage have also emerged [26]–[28]. 
For example, Scrucca, L. et al. [26] proposed an improved 
model-based clustering based on data transformations, 
which can lead to improved model fitting and more accu-
rate clustering results. O’Hagan, A. et al. [27] proposed the 
Bayesian initialization averaging method to generate high-
quality initial parameter settings for the expectation–max-
imization algorithm. 
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Lastly, classic grid clustering also depends on many 
user-provided parameters, such as interval values to di-
vide space and density thresholds, and the most algo-
rithms do not scale to high-dimensional data sets. Many 
variant algorithms were proposed to solve these problems 
[29]–[31]. For example, Chen, J. et al. [29] proposed a new 
grid based clustering algorithm for hybrid data stream, 
which can automatically determine the number, center, 
and radius of clusters. 

From this list, a good solution would therefore: be able 
to recognize all kinds of clusters regardless of shape, size 
or density; be parameter-free; not depend on a priori 
knowledge; have a relatively low computational overhead 
and a reasonable time complexity; be robust to noise and 
outliers; not require initialization; be able to automatically 
determine the number of clusters; and preclude the need 
for a manually-specified stopping condition. 

To achieve these goals, we propose a novel clustering 
algorithm, called Torque Clustering (TC), based on the 
idea that a cluster and its nearest neighbor with higher 
mass should be merged into one cluster, unless they both 
have relatively large masses and the distance between 
them is also relatively large. 

The merger process of this algorithm is inspired by the 
gravitational interactions when galaxies merge. In previ-
ous studies, the evolution of galaxies was described as a 
hierarchical process by astronomers using galaxy merger 
trees [32]–[35]. Galaxy mergers can occur when two or 
more galaxies come close enough to each together, and can 
be classified into two types due to their comparative size 
of the merging galaxies, including minor mergers and ma-
jor mergers. According to the predictions of merger rates 
of dark matter haloes, minor mergers are expected to be 
much more common than major mergers [36]. TC simu-
lates the process of galaxy minor mergers, so that clusters 
with larger masses continuously merge adjacent clusters 
with smaller masses. Similarly, the TC algorithm generates 
a hierarchical tree that reflects the natural structure of the 
data set.  

After generating the hierarchical tree, TC estimates the 
correct number of clusters by pruning the cluster tree. 
However, unlike the existing methods based on probabil-
ity density [9], [10], TC reveals the reasonable partition by 
the find of mass and distance peaks. In Newton’s law of 

universal gravitation 
𝐺𝑚1𝑚2

𝑟2 , set G as a constant aside for 

the moment and consider 𝑚1𝑚2 and 𝑟2. Regard 𝑚1 and 𝑚2 
as the number of samples in two data clusters, and 𝑟2 as 
the distance between them. TC exploits the two properties, 
𝑚1𝑚2 and 𝑟2, to describe the merger of each pair of clus-
ters. As a result, reasonable partitions can be obtained by 
removing the mergers with relatively larger 𝑚1𝑚2 and 𝑟2. 

We evaluated TC on 20 data sets across five different do-
mains: image recognition, biology, medicine, physics, and 
astronomy, and 19 state-of-the-art algorithms were in-
cluded in the experiment for performance comparison. In 
terms of accuracy, TC ranked No. 1 on 15 of the 19 data sets 
(except for one without ground-truth labels), outperform-
ing the best compared algorithm by a factor of 4 in average 
ranking. Additionally, TC returned the exact number of 

ground-truth clusters on 15 of the 20 data sets compared to 
the best prior automatic clustering algorithm with perfect 
accuracy on only 10. Moreover, we conducted an addi-
tional comprehensive evaluation on 56 data sets with 
noise, outliers, overlaps, imbalance, and high dimension-
ality.   TC still retained a great performance advantage on 
these data sets. Finally, we also compared TC with latest 
state-of-the-art deep clustering algorithms on several chal-
lenging image data sets. Interestingly, TC without any 
deep representation can achieve better or close perfor-
mance than deep clustering algorithms on image cluster-
ing. 

2 THE ALGORITHM 

Loosely based on conventional hierarchical clustering 
structures [37], the TC algorithm generates a hierarchical 
tree that reflects the natural structure of the data set. How-
ever, unlike most existing hierarchy-based algorithms, TC 
reaches higher accuracy with a significantly smaller num-
ber of merger steps and is robust to noise and outliers. In 
addition, no manual stopping condition is required; the fi-
nal number of clusters does not need to be defined in ad-
vance; the density of each data sample does not need to be 
estimated, nor does the distribution of each cluster; and the 
feature space does not need to be divided into distribu-
tions. The comparison in mass and distance governs the 
merger process of TC, while the find of mass and distance 
peaks reveals the mergers that should be removed to leave 
a reasonable cluster partition. The TC algorithm is de-
scribed in sections 2.1-2.7 below. 
 
2.1 Define Clusters and Form Connections 

between Them 

Consider a data set denoted as 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛}, where 
𝑥𝑖 ∈ 𝑅𝐷. The first step is to determine the initial “mass” of 
the data set, which is simply the number of samples. Thus, 
initially, each data sample 𝑥𝑖  is considered to be its own 
cluster 𝜁𝑖 , which yields an initial cluster set of Γ =
{𝜁1, 𝜁2, … , 𝜁𝑛}. This forms the first layer of the hierarchical 
tree. A count of the set gives us the initial mass, denoted as 
Θ = {𝜃1, 𝜃2, … , 𝜃𝑛}. At this initial step, each 𝜃𝑖 = 1. The fol-
lowing rule is then applied to form connections between 
clusters: 

                 𝜁𝑖 → 𝜁𝑖
𝑁 ,    𝑖𝑓 𝜃𝑖 ≤ 𝜃𝑖

𝑁 ,                                        (1) 

where 𝜁𝑖
𝑁  denotes the 1-nearest cluster to 𝜁𝑖 , and 𝜃𝑖

𝑁  de-
notes the number of samples 𝜁𝑖

𝑁 contains. The symbol " →
" denotes the connection (i.e., merger) 𝐶𝑖  between 𝜁𝑖  and 
𝜁𝑖

𝑁 . Regarding each cluster as a vertex, then a connected 
graph G can be obtained.  

A new set of clusters Γ′ can be formed by 
Γ′ = Φ(𝐺),                                               (2) 

where Φ( ) identifies the samples contained in each con-
nected component as a new cluster.  

Then, applying Eq. (1) to Γ′ generates new connections 
𝐶𝑖 , which alters the connected graph G. Eq. (2) on G gener-
ates the next cluster set Γ′, and the cycle continues until 
there is only one all-encompassing cluster at the top of a 
hierarchical tree. Different from the classic agglomerative 
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hierarchical clustering, this constrained method of merg-
ing avoids yielding undesirable elongated clusters and can 
be performed in parallel as long as two neighboring clus-
ters satisfy the requirement of Eq. (1). Additionally, this ex-
ercise of treating each data sample as a cluster and taking 
the set through a series of mergers until all have fully 
merged does three things: 1) It builds a hierarchical map of 
partitioning clusters at different granularities; 2) it pro-
vides a map for the algorithm to choose the most appropri-
ate clustering scheme; and 3) it gives analysts the choice to 
manually override the automatic selections and choose a 
different granularity if desired. This leaves the question of 
what criteria the algorithm uses to determine the “most ap-
propriate” scheme. Based on the above idea, if a connec-
tion has both a relatively large mass and stretches over a 
long distance, it is “abnormal”; removing it should reveal 
a more reasonable partition structure. The following steps 
set out the mechanisms for detecting and removing abnor-
mal connections. 

2.2 Define Two Properties of Each Connection to 
Construct the Decision Graph 

Abnormal connections can be identified by observing two 
intuitive properties of the connection 𝐶𝑖 . One of the prop-
erties is the product of the mass value of the two clusters it 
connects 

                        𝑀𝑖 = 𝜃𝑖 × 𝜃𝑖
𝑁;                                             (3)  

the other is the square of the distance between the two 
clusters it connects 

                       𝐷𝑖 = 𝑑2(𝜁𝑖 , 𝜁𝑖
𝑁).                                           (4) 

Plotting all the connections on a two-dimensional graph 
of the two properties, called a decision graph, will reveal 
that the mass and distance of the abnormal connections are 
abnormally larger than, and further away from, those of 
the normal connections. Fig. 1 provides an example to il-
lustrate the core idea of the proposed TC algorithm.  

There are many studies on defining the distance be-
tween two clusters [38]. Here, we simply measure the near-
est distance from any member of one cluster to any mem-
ber of the other cluster as the distance between the two 
clusters, i.e., 𝑑(𝜁𝑖 , 𝜁𝑖

𝑁) = min
𝑥𝑎∈𝜁𝑖,𝑥𝑏∈𝜁𝑖

𝑁
𝑑(𝑥𝑎, 𝑥𝑏) . With large-

scale data, a fast approximate nearest neighbor method 
like k-d tree or locality-sensitive hashing may be a more 
appropriate choice to search nearest cluster since the dis-
tance computation approach used in these methods ne-
gates the need to actually know the distances between any 
two clusters [7], [8]. Further, the computation costs would 
be low and the complexity could be kept to O(nlog(n)) as 
compared to the complexity of standard hierarchical clus-
tering algorithms, which is 𝑂(𝑛3) . In this way, the pro-
posed TC algorithm is highly scalable. A detailed analysis 
of the time and space complexity of TC is presented in sec-
tion 2.6.  

The detail of how TC works is best explained through 
an example, which is set out step-by-step in Figure 2 and 
Table 1.  

 

 
Figure 1. The core idea of the proposed algorithm. The red dot-
ted lines delineate the clusters A-H in this two-dimensional data 
distribution, derived from Eq. (1) and Eq. (2). The black lines C1-
C5 indicate the connections from each cluster to its nearest cluster 
with a length of 𝐿𝑖, where 𝐿5 is the longest. Each cluster is at one 
end of a connection 𝐶𝑖, and contains several samples. For exam-
ple, the clusters A and E each have four samples, the clusters B, 
C, D, and F each have three samples, and the clusters G and H 
each have 10 samples. Our goal is to find abnormal connections, 
which are defined as those with both a relatively large dis-
tance  (i.e., 𝐷𝑖  Eq. (4)) and a relatively large number of samples 
(i.e., 𝑀𝑖 Eq. (3)). Obviously, connection 𝐶5, with 10 samples in each 
of the clusters it connects, is carrying the greatest mass and it is 
the longest 𝐿5. But what is key is the relativity. 𝐶5 is unique in that 
it is markedly longer than the other sets of connections. Removing 
𝐶5 and calculating the connected components according to Eq. (2) 
results in a final, more reasonable, set of clusters. This approach 
is consistent with human intuition as well as the natural laws of 
gravitational interactions. 

 
Figure 2. A step-by-step example of how TC works. Consider a 
data set where, initially, each sample has a mass of 1 and is treated 
as its own cluster. Applying Eq. (1) to each cluster establishes con-
nections between clusters, resulting in a connected graph. Apply-
ing Eq. (2) to the graph, new clusters begin to emerge (indicated in 
different-colored circles) with a mass equal to the number of sam-
ples within them (the value in the circles). 

A  
Applying Eq. (2) to the connected 
graph of the initial clusters reveals 
seven new larger clusters. 

B  
Connections C1-C4 can then be 
added according to the adjacency 
relationship given by Eq. (1). Now, 
the two properties 𝑀𝑖  and 𝐷𝑖  of C1-
C4 can be calculated according to 
Eqs. (3)- (4), as shown in Table 1a. 

C 
Again, applying Eq. (2) to the con-
nected graph of Fig. 2B reveals 
three new larger clusters. The mass 
of each new cluster is equal to the 
sum of the masses of the sub-clus-
ters it contains. 
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D 
Connections C5-C6 can then be 
added according to the adjacency re-
lationship given by Eq. (1). Now, the 
two properties 𝑀𝑖  and 𝐷𝑖  of C5-C6 

can be calculated Eqs. (3)- (4), as 
shown in Table 1b. 

E  
Again, applying Eq. (2) to the con-
nected graph of Fig. 2D, we now 
have one big cluster, and the merg-
ing process is complete. Steps A-E 
show that this process has estab-
lished a hierarchical tree of cluster-
ing partitions at different granulari-
ties, as illustrated in Fig. 2H. 

F 
Returning to Fig. 2D for a moment, it 
is easy to see from the decision 
graph in Fig. 2G that the relative 
maxima of the two properties that 
need to be removed are at 𝐶5, 𝐶6 . 
These connections are identified as 
abnormal, as indicated by the red 
dotted lines. 

 

G 
Plotting all six connections 
on a two-dimensional graph 
of the properties, i.e., the de-
cision graph, indeed shows 
that 𝐶5, 𝐶6  are abnormally 
further away and larger than 
𝐶1 − 𝐶4. 

H  
Hence, connections 𝐶5, 𝐶6 
are removed to arrive at the 
final partitioning scheme. 
This entire clustering pro-
cess can be represented as 
a hierarchical tree, as the 
dendrogram to the right 
shows. The solid black ar-
rows indicate the calcula-
tion of connected compo-
nents, i.e., Eq. (2). 

TABLE 1A. PROPERTIES OF THE CLUSTERS AND CONNEC-

TIONS IN FIGS. 2A AND 2B. 

 

TABLE 1B. PROPERTIES OF THE CLUSTERS AND CONNEC-

TIONS IN FIGS. 2C AND 2D. 

Different colors correspond to different clusters. “N” means that the 
cluster does not connect to its nearest cluster, and “C” means it 
does connect. 𝑀𝑖 and 𝐷𝑖 are the two properties of the connection 
𝐶𝑖. 

2.3 Define the Torque of Each Connection and Sort 
the Connections in Descending Order 

The decision graph produced by TC provides an efficient 
visualization tool to determine and remove abnormal con-
nections. However, because a manual inspection of the 2D 
plot would be both prone to error and time-consuming, we 
propose an automatic method to determine abnormal con-
nections based on a metric to indicate the gaps between 
connections. We call this metric the Torque Gap (TGap) be-
cause of its similarity in mathematical expression. The 
TGap is calculated by first calculating the torque 𝜏𝑖  of all 
connections, where  

𝜏𝑖 = 𝑀𝑖 × 𝐷𝑖.                                             (5) 
Obviously, if the two clusters connected by a connection 

have relatively large masses and the distance between 
them is relatively large, the 𝜏𝑖 of the connection must also 
be large. 

Then we sort all connections in descending order ac-
cording to their corresponding torque values, and call it 
the torque sorted connections list (TSCL). The connection 
in TSCL and its torque are denoted as  𝐶̀𝑖  and 𝜏𝑖̀, respec-
tively. 

According to our core idea above, abnormal connec-
tions must be the top several connections in the TSCL, be-
cause they have the largest torque values among all the 
connections. But how to specify the "several" ones? This re-
quires us to calculate TGap on TSCL. 

2.4 Define Torque Gap and Find the Largest Gap to 
Determine Abnormal Connections  

The 𝑇𝐺𝑎𝑝𝑖  between each connection along with its follow-
ing connection in the TSCL is calculated next. The formula 
for computing 𝑇𝐺𝑎𝑝𝑖  is 

𝑇𝐺𝑎𝑝𝑖 = 𝜔𝑖
𝜏̀𝑖

𝜏̀𝑖+1
, 𝜏𝑖̀+1 ≠ 0                                 (6) 
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where 𝜔𝑖  is a weighted value that indicates the proportion 
of connections among the top i connections of TSCL that 
have relatively large 𝑀𝑖 , 𝐷𝑖, and 𝜏𝑖 values.  

The process for defining 𝜔𝑖  is as follows: Eq. (1) will re-
veal many connections 𝐶𝑖  throughout the entire clustering 
process and, as we know, each 𝐶𝑖  has two properties, 𝑀𝑖  
and 𝐷𝑖 . Therefore, the set of connections that have rela-
tively large 𝑀𝑖 , 𝐷𝑖, and 𝜏𝑖 values among all the connections 
(denoted as 𝐿𝑎𝑟𝑔𝑒_𝐶) can be defined as: 

𝐿𝑎𝑟𝑔𝑒_𝐶 = {𝐶𝑗|(𝜏𝑗 ≥ 𝑚𝑒𝑎𝑛_𝜏) ∩ (𝑀𝑗 ≥ 𝑚𝑒𝑎𝑛_𝑀) ∩ (𝐷𝑗 ≥

𝑚𝑒𝑎𝑛_𝐷)}                                                                                  (7) 

where  𝑚𝑒𝑎𝑛_𝜏 is the mean value of all 𝜏𝑖 , 𝑚𝑒𝑎𝑛_𝑀  is the 
mean value of all 𝑀𝑖 , and 𝑚𝑒𝑎𝑛_𝐷 is the mean value of all 
𝐷𝑖. 

𝑇𝑜𝑝_𝐶𝑖  is the set of the top i connections of TSCL, and can 
be defined as  

𝑇𝑜𝑝_𝐶𝑖 = {𝐶̀1, 𝐶̀2, … , 𝐶̀𝑖}                             (8) 

Based on 𝐿𝑎𝑟𝑔𝑒_𝐶 and 𝑇𝑜𝑝_𝐶𝑖 , 𝜔𝑖  is defined as: 

𝜔𝑖 =
|𝐿𝑎𝑟𝑔𝑒_𝐶 ∩ 𝑇𝑜𝑝_𝐶𝑖|

|𝐿𝑎𝑟𝑔𝑒_𝐶|
                               (9) 

The largest 𝑇𝐺𝑎𝑝𝑖  is denoted as 𝑇𝐺𝑎𝑝𝐿 , and the L con-

nections at the top of the TSCL (i.e., {𝐶̀1, 𝐶̀2, … , 𝐶̀𝐿}) are re-

garded as abnormal connections to be removed.  
The TGap in Eq. (6) considers two important factors in 

determining the abnormal connections at the same time: 
𝜏̀𝑖

𝜏̀𝑖+1
 is the natural torque gap between adjacent connections 

in TSCL, and 𝜔𝑖  represents the natural clustering resolu-
tion. The larger the torque gap, the more suitable it is as a 

cutting point. The purpose of calculating 
𝜏̀𝑖

𝜏̀𝑖+1
 is to find a 

fracture between the connections with larger torque values 
and the connections with smaller torque values among the 
sorted connections. 𝜔𝑖  exists to defend against the uneven 
distribution or imbalance of clusters in data set. For exam-
ple, there is a data set containing three relatively balanced 
ground-truth clusters, {A}, {B}, and {C}. After performing 
TC on this data set, we get the connection between A and 
B, and the connection between B and C, denoted as 𝐶𝐴𝐵 and 
𝐶𝐵𝐶 , respectively. Suppose the distance between A and B is 
much larger than the distance between B and C, and the 

distance between B and C is much larger than the distances 

between sub-clusters in A, B, and C. If we only rely on 
𝜏̀𝑖

𝜏̀𝑖+1
 

to determine the abnormal connections, it is likely to just 
remove 𝐶𝐴𝐵 to get the partition: {A}, {B, C}. However, we 

can consider both 
𝜏̀𝑖

𝜏̀𝑖+1
 and  𝜔𝑖  at the same time. Since the  

𝑀𝑖 , 𝐷𝑖, and 𝜏𝑖 of  𝐶𝐵𝐶 , are also large relative to other connec-
tions except 𝐶𝐴𝐵  (i.e., 𝜏𝑖 ≥ 𝑚𝑒𝑎𝑛_𝜏, 𝑀𝑖 ≥ 𝑚𝑒𝑎𝑛_𝑀, 𝐷𝑖 ≥

𝑚𝑒𝑎𝑛_𝐷), then TC is more likely to remove both 𝐶𝐴𝐵 and 
𝐶𝐵𝐶  to get the correct partition, {A}, {B}, and {C}. 

 

2.5 Define Halo Connections to Determine the 
Noise 

In cluster analysis, noise detection is also an important 
step. In our algorithm, we define another type of connec-
tion to determine the noise, which is called “halo connec-
tions” (denoted as Halo_C). Halo connections are charac-
terized by a relatively large 𝐷𝑖  and a relatively small 𝑀𝑖 . 
The formula for computing halo connections is 

𝐻𝑎𝑙𝑜_𝐶 = {𝐶𝑘|(𝑀𝑘 ≤ 𝑚𝑒𝑎𝑛_𝑀) ∩ (𝐷𝑘 ≥ 𝑚𝑒𝑎𝑛_𝐷) ∩ (
𝐷𝑘

𝑀𝑘
≥

 𝑚𝑒𝑎𝑛_
𝐷

𝑀
)}                                                                                (10)   

where the 𝑚𝑒𝑎𝑛_
𝐷

𝑀
 is the mean value of all 

𝐷𝑖

𝑀𝑖
.  

In section 2.4, after removing the L abnormal connec-
tions, L+1 clusters can be obtained. In this step, the halo 
connections are further removed, and then some small 
sub-clusters in the L+1 clusters can be found, which are 
considered as part of the cluster halo (suitable to be con-
sidered as noise). Fig. 3 provides an example to illustrate 
the power of abnormal connections and halo connections. 
The pseudocode of TC is provided in Algorithm 1. 

A 
Original data distribution 

 

B                                               C 
Removed abnormal connections          Removed halo connections 

Figure 3. TC on the synthetic data set with 30% uniform 
noise. (A) is the original data distribution, including convex 
and non-convex clusters with 30% uniform noise; (B) illus-
trates the results of TC after removing the abnormal con-
nections; (C) illustrates the results of TC after removing 
the halo connections, which is also the final partition. 

 

2.6 Complexity Analysis 

⚫ Time complexity 
According to the pseudocode of TC in Algorithm 1, if 

 

Fig. 2I. After calculating the torque of each connection generated from 
Figs.2A-E, all connections are sorted in the order of decreasing torque 
to obtain the torque sorted connection list (TSCL, i.e., 
𝐶5, 𝐶6, 𝐶2, 𝐶4, 𝐶1, 𝐶3). Furthermore, Eqs. (6)-(9) are applied to find the larg-
est torque gap between two adjacent connections in the TSCL (i.e., the 
torque gap between 𝐶6 and 𝐶2). As a result, 𝐶5 and  𝐶6 are regarded as 
the abnormal connections to be removed. 
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the input is a distance matrix, the time complexity of Step 
1 is 𝑂(𝑛2). Steps 3 and 4 each require 𝑂(𝑛). Steps 6, 8 and 9 
are in the loop. Suppose the loop needs to be executed m 
times, where 𝑚 ≪ 𝑛, the total time complexity of steps 6, 8 
and 9 is 𝑂(3𝑚𝑛), because each of them requires 𝑂(𝑛). Step 
7 also needs to be executed m times, and its time complex-
ity in each loop is 𝑂(𝑙2) due to computing distances be-
tween neighboring clusters. However, initially, we regard 
each sample as its own cluster, so the distances between 
neighboring data samples can be regarded as the distances 
between neighboring clusters in the first loop without ex-
tra computing. Therefore, the total complexity of step 7 is 

𝑂((𝑚 − 1)𝑙2). For step 10, since m loops generate a total of 

n-1 connections, its time complexity is 𝑂(𝑚𝑛 + 𝑛 − 1) =

𝑂((𝑚 + 1)𝑛 − 1). Steps 12, 14, 15 and 17 each require 𝑂(𝑛), 

and step 13 requires 𝑂(𝑛𝑙𝑜𝑔𝑛). The time complexity of step 
16 is 𝑂(𝑛 + 𝑛 − 1 − 𝐿), approximately equal to 𝑂(2𝑛). Sim-
ilarly, step 18 also requires 𝑂(2𝑛). Hence, with a distance 
matrix as the input, TC’s total time complexity approxi-

mately equal to 𝑂(𝑛2) + 𝑂(𝑛𝑙𝑜𝑔𝑛) + 𝑂((4𝑚 + 11)𝑛) +

𝑂((𝑚 − 1)𝑙2). 

However, when using a fast approximate nearest neigh-
bor method, we don't need to compute the distance matrix 
S, the time complexity of step 1 becomes 0 and 𝑂(𝑚𝑙 ∗ 𝑙𝑜𝑔𝑙) 
for step 7, giving a total time complexity of 𝑂(𝑛𝑙𝑜𝑔𝑛) +

𝑂((4𝑚 + 11)𝑛) + 𝑂(𝑚𝑙 ∗ 𝑙𝑜𝑔𝑙). 
 
Space complexity 

Over the entire algorithm, the following items need to 
be stored: the cluster set 𝛤 with a mass of 𝛩, the sparse ad-
jacency matrix for G, two properties of each connection 
𝑀𝑎𝑙𝑙  and 𝐷𝑎𝑙𝑙 , the torque 𝜏𝑖  of each connection, and the 
torque gap 𝑇𝐺𝑎𝑝𝑖  between each connection in TSCL. 
Therefore, base space requirement is about 𝑂(7𝑛). This re-
quirement does not change when using a fast approximate 
nearest neighbor method. However, if the input is a dis-
tance matrix, which needs to be stored additionally, the 
complexity increases to 𝑂(𝑛2) + 𝑂(7𝑛). 

2.7 Algorithm Analysis 

For better clarity, we visualized the step-by-step re-
sults of TC and the final results of several related methods 
on a synthetic data set, as shown in Fig. 4. TC follows the 
rule of Eq. (1) to gradually complete the merging of clus-
ters, and finally automatically determines the exact num-
ber of clusters. In addition, we can see that in step 1, the 
red cluster and the blue cluster have been formed, which 
matches the ground truth. In steps 2-5, due to the con-
straint in Eq. (1), the red and blue clusters do not further 
merge their 1-nearest clusters but are "waiting" for other 
sub-clusters to complete the merging, where this process 
prevents wrong merging in conventional agglomerative 
methods.  

On the other hand, according to Fig. 4, agglomerative 
clustering single-linkage (AC-S) is sensitive to outliers, 
leading to wrong results. Agglomerative clustering ward-
linkage (AC-W) cannot detect clusters with complex 
shapes. FINCH [8] is an agglomerative method based on 

nearest neighbor statistics completely without any con-
straints. Obviously, the result of FINCH contains some 
wrong mergers. Density peak clustering (DPC) [39] is not 
robust to the varied density data sets, also leading to 
wrong results. Besides, all other methods need to manually 
set the number of clusters (or granularity levels) except for 
TC. 

3 EXPERIMENTS AND RESULTS 

To evaluate the performance of TC, we measured its per-
formance on numerous synthetic and real-world data sets 
and compared its performance to other 19 well-known or 
latest algorithms. These algorithms include: K-means++ 
(K-M++) [15], GMM, Fuzzy clustering (Fuzzy) [40], Spec-
tral clustering (SC) [41], [42], Hierarchical agglomerative 
clustering single-linkage (AC-S), complete-linkage (AC-C), 
average-linkage (AC-A), ward-linkage (AC-W), centroid-
linkage (AC-CR) [37]; Density peak clustering (DPC) [39] 
and its three latest variants, Dynamic graph-based label 
propagation for density peak clustering (DPCLP) [22], 
Shared-nearest-neighbor-based density peak clustering 

Algorithm 1: Algorithm of the proposed TC 

1: Input: Distance matrix 𝑆 ∈ 𝑅𝑛×𝑛 or data set 𝑋 ∈ 𝑅𝑛×𝐷. 
2: Output: Cluster partition 𝜙 = {𝜁1, 𝜁2, … , 𝜁𝐿+1} and clus-
ter halo. 
3: Initializing connected graph G. 

4: Constructing cluster set 𝛤 = {𝜁𝑖}𝑖=1
𝑙  (Initially, regard 

each sample as a cluster, i.e., 𝑙 = 𝑛). 
5: while cluster set 𝛤 have more than two clusters do 
6 : Computing the mass 𝜃𝑖  of each cluster in 𝛤, where 

Θ = {𝜃𝑖}𝑖=1
𝑙  . 

7: Searching the nearest cluster of 𝜁𝑖  according to S or by 
using a fast approximate nearest neighbor method, e.g. 
kd-tree. 
8: Generating the connections 𝐶𝑖  and Updating G by Eq. 
(1). 
9: Computing the two properties 𝑀𝑖  and 𝐷𝑖 of 𝐶𝑖  by Eqs. 
(3)-(4), and save these to 𝑀𝑎𝑙𝑙 and 𝐷𝑎𝑙𝑙, respectively. 
10: Computing the connected components of G to update 
the cluster set 𝛤 by Eq. (2). 
11: end 
12: Computing the torque 𝜏𝑖 of each connection based on 
𝑀𝑎𝑙𝑙 and 𝐷𝑎𝑙𝑙 by Eq. (5). 
13: Sorting all connections in descending order according 
to their corresponding torque values to get TSCL. 
14: Computing 𝑇𝐺𝑎𝑝𝑖  between each consecutive connec-
tion in the TSCL by Eqs. (6)-(9). 
15: Finding the largest 𝑇𝐺𝑎𝑝𝑖  denoted as 𝑇𝐺𝑎𝑝𝐿 and treat 
the L connections at the top of the TSCL as abnormal. 
16: Updating G by removing the L abnormal connections, 
and then compute the connected components of G to ob-
tain the final cluster partition 𝜙 = {𝜁1, 𝜁2, … , 𝜁𝐿+1}. 
17: Finding the halo connections by Eq. (10). 
18: Updating G by removing the halo connections, and 
then compute the connected components of G to obtain 
the cluster halo. 
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(SNNDPC) [43], and Automatic density peak clustering 
(DPA) [44]; Efficient parameter-free clustering using first  
neighbor relations (FINCH) [8], DBSCAN (DB) [45], Mean-
shift (MS) [46], Affinity Propagation (AP) [47], Border-
Peeling clustering (BP), and Robust continuous clustering 
(RCC) [1]. Among them, DPA, FINCH, DB, MS, AP, BP, 
and RCC can automatically determine the number of clus-
ters. 

For each experiment, the free parameters of all the 
compared methods were set according to their best perfor-
mance over a large range of possible configurations or runs, 
which gives a huge advantage to the compared methods. 
Implementation details on each of these baselines are pro-
vided in the supplement. Contrarily, the reported perfor-
mance of TC is from just a single run.  

All experiments were evaluated in terms of the two 
commonly-used external indices: normalized mutual in-
formation (NMI) [48] and accuracy (ACC). Additionally, 
we also compared TC with other automatic clustering al-
gorithms for their ability to determine the optimal number 
of clusters. We counted the number of data sets each auto-
matic clustering algorithm returns the exact ground-truth 
number of clusters, denoted as NGC. 

 
3.1 Evaluation on Nine Synthetic Data Sets 
Fig. 5 presents the results of tests with nine different syn-
thetic data sets reflecting seven challenges commonly 
faced in clustering. These data sets have been widely used 
as benchmark comparisons for many clustering algorithms 
[49]. Table 2 provide the descriptive statistics of these data 
sets.  

As the tests in Figs. 5A-5I show, the TC algorithm con-
quered every trial. In addition, TC automatically found the 
exact number of clusters for all nine data sets, matching the 
ground-truth numbers perfectly. As a means of visual 
comparison, we also conducted these same tests with K-
means [11]. As shown in Fig S1 in the supplement, K-
means failed on eight of the nine data sets, the exception 
being the first. Additionally, see Table 3 for the full quan-
titative comparison with the 19 state-of-the-art clustering 
algorithms on these synthetic data sets. 

 

Figure 5. Results with seven different clustering challenges. 

As the results show, the proposed TC algorithm recognized all the 

clusters regardless of their shape, size, or density. 

A.[50] Highly overlapping: TC 

was easily able to recognize the 15 

clusters in this data set with sub-

stantial overlaps.  

B.[51] FLAME: TC was able to find 

the two clusters in this case de-

signed to test fuzzy clustering by 

local approximation of member-

ship (FLAME). 

C.[52] Spectral-path: This data set 

was used to illustrate the perfor-

mance of a path-based spectral 

clustering algorithm. TC was per-

fectly able to identify the three clus-

ters without the need to generate a 

connectivity graph. 

D.[53] Unbalanced: Severe imbal-

ances in the data did not present a 

problem to TC as the hugely dis-

proportionate clusters to the right 

show. 

E.[39] Noisy: This data was origi-

nally used to showcase how a den-

sity-based clustering algorithm (fast 

search and finding peaks in density) 

handles noise. TC was able to de-

tect the five clusters with lots of 

noise. 

 
 

 

 

 

 

                                                          

                             Step 1                      Step 2                        Step 3                        Step 4                      Step 5 
                                                                  

                                                                 

 

 

 

 

 

 

                              AC-S                       AC-W                      FINCH                        DPC                          TC 
             Figure 4. Visualization of the step-by-step results of TC (top) and the final results of related methods (bottom) on a synthetic data set. 
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F.[54] Heterogeneous geometric: 

TC intuitively found the three clus-

ters without the need to calculate 

point symmetry distances, as was 

required in. 

Multi-objective: Figs. 5G-5I show examples of multi-objective 

clustering. With these types of tasks, more than one type of clus-

tering algorithm is needed to reveal all the different types of cluster 

structures in the data [55]. The current standard is to use ensemble 

learning to optimize multiple objective functions. TC was able to 

identify the different structures naturally. 

                G. [56]                                                      H. [57] 

 

I. [58] 

3.2 Evaluation on 11 Real-World Data Sets 

In this section, we evaluated TC on a further 11 real-
world clustering tasks (data sets) across five different do-
mains: image recognition, biology, medicine, physics, and 
astronomy. Full descriptive statistics for the 11 data sets 
used are provided in Table 2. Here, we report the details of 
the tasks and TC’s individual performance with each of 
them. Furthermore, Table 3 gives the full quantitative com-
parison with the 19 state-of-the-art clustering algorithms 
on these real-world data sets. 

The image recognition experiments comprised hand-
written digit recognition, face recognition, object recogni-
tion, and Pose, Illumination, Expression (PIE) recognition 
as four independent tasks. We used the popular bench-
mark data set MNIST [59] for the digit recognition task. 
Each digit from 0 to 9 should be clustered together to form 
a total of 10 clusters. TC correctly classified the digits with 
an accuracy of 99.22%. 

The face recognition task was performed on the Olivetti 
Face Database (OFD) [60]. The results are shown in Fig. S2 
color-coded by cluster. For ease of reporting, we have only 
included the first 100 images, denoted as OFD-F100. Using 
the similarity measure outlined in Ref. [61], TC completed 
the task with 92% accuracy.  

The object recognition was conducted on the extremely 
high-dimensional data set COIL-100 (the Columbia Uni-
versity Image Library) [62] comprising 72 viewpoints on 
100 objects, making a total of 7,200 samples and 49,152 pix-
els. TC completed the task with an NMI of 97.2%.  

The PIE recognition was conducted on the CMU Pose, 

Illumination, and Expression (CMU-PIE) data set [63], 
which contains 13 different poses, under 43 different illu-
mination conditions, and with 4 different expressions. TC 
completed the task with a perfect accuracy of 100%.  

 

Figure 6.  Projection of the 

five clusters (tumors) of the 

RNA-seq data set found by 

TC in a three-dimensional 

subspace. 

The biology experiments comprised tasks in gene ex-
pression analysis, cell tracking analysis, and animal recog-
nition. The gene expression task [64] was conducted with 
the RNA-seq data set [65], which is a random extraction of 
gene expressions in patients with five different types of tu-
mors. TC correctly recognized all five with 99.88% accu-
racy. A more intuitive representation appears in Fig. 6 with 
a plot of the 20,531-dimensional feature space distilled to 
3D space using PCA [66]. 

For the cell tracking task, we used the cancer cell track-
ing (Cell-track) data set from GitHub [67]. The goal is to 
use cell movements to determine whether they are in the 
RGDS or FSL layer. TC correctly tracked the cells to each 
of the two layers with 87.5% accuracy.  

The last task, animal recognition, with the Zoo data set 
from the UCI Machine Learning Repository [68] was com-
pleted by TC with an accuracy of 92.08%. 

The three tasks in the medicine domain were soybean 
disease diagnosis, and diagnosis of survival time in breast 
cancer patients. 

The Soybean data set [69] contains observations of four 
diseases present in soybean plants. TC identified the dis-
eases with a perfect accuracy of 100%.  

Last in this domain was the survival time for breast can-
cer patients task using Haberman’s Survival (Haberman) 
data set [70]. Survival times in this data are categorized 
into two groups – less or more than 5 years – based on three 
surgical features: the age of the patient at the time of their 
operation, the year of the operation, and the number of 
positive axillary nodes detected. TC identified three clus-
ters with comparatively high accuracy, which is very close 
to the ground-truth of two clusters. Closer inspection of the 
additional cluster revealed samples with a reasonable sur-
vival time prediction in between the two bipartite clusters. 

In the physics domain, we performed one task with the 
Atom data set [71], which contains 3D data similar to an 
atom kernel and hull. The data set contains two clusters in 
𝑅3 with a completely overlapping convex hull and has 800 
samples in total [72]. This task is to discriminate between 
the kernel and hull of the atom. As shown in Fig. 7, this 
was another task TC performed with perfect accuracy. 

In the astronomy domain, we tested the NASA Shuttle 
data set, which contains 58,000 multivariate measurements  
caused by seven different conditions in the radiator sub-
system [1]. TC completed this task with an accuracy of 
90.63%. 
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3.3 Result Analysis 

3.3.1 Performance Advantage 
According to the full quantitative comparison (see Table 
3), TC indisputably outperformed all other state-of-the-art 
algorithms, given its best-in-show performance on 15 of 
the data sets.  

In terms of rank (see Table 3), the next-best algorithm, 
SNNDPC, was about four times lower than TC in its rank-
ing scores and, even then, needs to set the ground truth 
number of clusters in advance.  

Moreover, beyond simple ranking metrics, there are 
some important quality-of-life issues to note: 
⚫ Most algorithms that outperformed TC on several 

data sets are sensitive to initialization/parameters, so 
the reported accuracies are the highest of many runs 
with different initializations or with different param-
eters. TC, however, is parameter-free and does not 
need any initialization, so the accuracy levels re-
ported are from just a single run.  

⚫ Most algorithms require the analyst to specify the 
ground truth number of clusters before running the 
clustering procedure, whereas TC can automatically 
determine the number of clusters. 

 
3.3.2 Automatic Determination of Number of Clusters 
For a completely unsupervised clustering algorithm, it is 
important to be able to automatically determine the num-
ber of clusters. The TC algorithm, applied to the 20 data 
sets above, returned the exact or close to the exact number 
of clusters across the board without human intervention 
(15 exact, 5 close to). Table 4 highlights TC’s performance 
against the seven comparators that can also automatically 
determine the number of clusters. TC was 50% more accu-
rate than the next-best algorithm, DB, which only identi-
fied the correct number of clusters on 10 data sets even pa-
rameters tuning to get these results required many runs. 
The others ranged from 0 to 6 sets.  

It is worth pointing out, however, that in many fields, 
choosing the right number of clusters can be subjective, de-
pending more on the user’s requirements than a ground-
truth. This is why many clustering algorithms, including 
the well-known clustering method [39], DPC, all adopt 
similar kinds of decision graphs to visualize the cluster 
structure of the data set. Visualization helps users to esti-
mate the ideal number of clusters, and offering a choice 
helps users better meet their own needs. However, because 

there is no objective and agreed definition of a cluster, peo-
ple use different, subjective determinations of where the  
borders between clusters are [73]. Balcan et al. conducted 
valuable research on the problem of finding ground-truth 
clustering, which shows that using a list of partitions or a 
hierarchy instead of a single flat partition should be pre-
ferred [74]. Decision graphs do not identify a specific num-
ber of clusters, but they do provide a customized way for 
users to choose for themselves, which complies with the 
above views.  

The decision graphs of the first 100 images of the 
Olivetti Face Database (see Fig. S4A) and the nine data sets 
in Figs. 4A-I (see Fig. S3) clearly show the cluster structure 
of each data set as compared to the decision graph for the 
DPC algorithm (see Fig. S4B). Further, the ease of estimat-
ing the ideal number of clusters with TC is clear. But these 
decision graphs provide another benefit. On the Olivetti 
Face Database data set, the TC algorithm identified 11 ab-
normal connections and removed them to leave 12. Yet, 
when looking at the decision graph, the actual number of 
abnormal connections is obviously nine. Removing these 
leaves 10 clusters, which is exactly the ground-truth num-
ber. The final recognition accuracy therefore moves from 
92% with TC up to 95%. Thus, the decision graph is also 
helpful for manually correcting the TC algorithm in situa-
tions of excessive sensitivity. 

Further, in the cases where the ground-truth number of 
clusters K is known, then K-1 connections with the largest 
𝜏𝑖 in Eq. (5) can simply be regarded as abnormal connec-
tions. For example, with the COIL-100 data set, removing 
the 99 connections with the largest 𝜏𝑖 generates 100 clusters 
and 89.51% accuracy – higher than TC’s at 86.33%. What 
this demonstrates is that if the ground-truth number of 
clusters is known in advance, TC’s performance further 
improves. 

3.4 Runtime 

To more intuitively reflect the efficiency of TC, we com-
pared the execution time of TC with that of all 19 algo-
rithms. In general, three attributes of the data set, i.e., the 
number of samples, dimensions, and clusters, all affect the 
execution time. Therefore, we chose COIL-100 as the test 

Figure 7. The re-

sult for the Atom 

data set. TC cor-

rectly identified the 

two clusters: the 

atom’s kernel and 

hull. 

Table 2. Statistics of the 20 data sets. The Noisy data 

set has no ground truth labels. 

 

 

 

 

 

                                                          

              
                                                                  

                                                                 

 

 

 

 

 

Data sets Instances Dimensions  Clusters Imbalance

Highly overlapping 5000 2 15 ~1

FLAME 240 2 2 ~2

Spectral-path 312 2 3 ~1

Unbalanced 2000 2 3 8

Noisy 4000 2 5 -

Heterogeneous geometric 400 2 3 ~2

Multi-objective 1 1000 2 4 1

Multi-objective 2 1000 2 4 1

Multi-objective 3 1500 2 6 ~4

OFD-F100 100 10304 10 1

MNIST 10000 4096 10 ~1

COIL-100 7200 49152 100 1

Shuttle 58000 9 7 4558

RNA-seq 801 20531 5 ~4

Haberman 306 3 2 ~3

Zoo 101 16 7 ~10

Atom 800 3 2 1

Soybean 47 35 4 ~2

Cell-track 40 40 2 1

CMU-PIE 2856 1024 68 1
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data set because all three attributes are reflected in rela-
tively large numbers. All algorithms were implemented  
in Matlab or Python. All of the tests were run on a work-
station with two 14-core Intel Xeon 6132 CPUs running at 
2.6 GHz and 3.7 GHz, as well a s 96GB of RAM. The aver-
age execution time is reported for the clustering algorithms 
that need to be executed multiple times. The author-pro-
vided code for GMM breaks on the test data set. The results 
in Table 5 show the running time of TC is less than that of 

all other algorithms except K-means++. 
Additionally, Fig. 8 shows the running time of TC on 

randomly sampled subsets of the Shuttle data set. The pro-
posed TC can produce clustering results in roughly 12 sec-
onds for all subsets. 
 

3.5 Further Evaluation on 56 Data Sets with 
Peculiar Characteristics 

In this section, we conducted an additional comprehensive 
evaluation on 56 data sets in total that includes 27 data sets 
with noise, outliers, overlaps, or other peculiar distribu-
tions, nine synthetic data sets with unbalanced clusters, 

Table 3A. Performance comparison of all algorithms on all data sets, measured by NMI. The Noisy data set does not contain ground-truth labels, we 
removed it in the comparison. “NA” means not applicable. 

 

 

                                                          

              
                                                                  

                                                                 

 

 

 

 

 
 
 
 

Table 3B. Performance comparison of all algorithms on all data sets, measured by ACC. 

Data sets/Methods K-M++ GMM Fuzzy SC AC-A AC-W AC-S AC-C AC-CR DPC DPCLP SNNDPC DPA FINCH DB MS AP BP RCC TC

Highly overlapping .9652 .9713 .9537 .0128 .9596 .9354 .0346 .8867 .9455 .9747 .8497 .9572 .9705 .8665 .2830 .9474 .7542 .8460 .7887 .9568

FLAME .4843 .4477 .4422 .0479 .4832 .3297 .0479 .0770 .0479 .4132 .7937 .8288 .5805 .4896 .8374 .8673 .4408 .9083 .6492 1.0000

Spectral-path .0012 .0678 .0003 1.0000 .0031 .0068 1.0000 .0106 .0119 1.0000 .3037 1.0000 .3903 .5359 1.0000 .3999 .5546 .2056 .5940 1.0000

Unbalanced .4453 1.0000 .4429 1.0000 .6108 .6109 1.0000 .4406 .6351 1.0000 .6228 1.0000 .6526 .3720 1.0000 .6962 .3841 .5134 .3310 1.0000
Heterogeneous geometric .8089 1.0000 .8016 1.0000 1.0000 1.0000 1.0000 .4611 1.0000 .7445 1.0000 1.0000 1.0000 .5583 1.0000 .8143 .5855 .8017 .5648 1.0000

Multi-objective 1 .8357 .9696 .6008 1.0000 .6895 .5981 .8633 .7008 .6636 .8044 .9673 1.0000 .8766 .6995 .9977 .7071 .6180 .8750 1.0000 1.0000

Multi-objective 2 .6807 .9448 .6072 1.0000 .6894 .6130 1.0000 .6920 .6775 .6663 1.0000 1.0000 .8660 .6846 1.0000 .7968 .6517 .7999 .8781 1.0000

Multi-objective 3 .7065 .8272 .5319 .7881 .7020 .7229 .8341 .7052 .7204 .9950 .6868 .7304 .7030 .7947 .9709 .8253 .5988 .9092 .5956 .9925

OFD-F100 .9057 .8225 .4923 .8218 .7278 .7927 .5846 .6063 .6744 .8666 .5195 .9136 .8538 .8746 .5195 .8166 .8379 .0000 .0000 .9362

MNIST .9741 .8396 .3338 .9761 .9751 .9714 .0143 .9741 .9754 .9751 .0000 .9765 .8555 .9755 .9686 .8543 .7364 .7888 .7774 .9767

COIL-100 .8281 NA .2866 .8564 .7256 .8353 .6990 .7428 .6577 .8657 .0760 .6919 .8504 .7897 .7223 .0270 .8388 .5510 .9628 .9720

Shuttle .3247 .3888 .2415 .5860 .0277 .2671 .0385 .0516 .0285 .5769 NA NA .3700 .0368 .5113 .6060 NA .3273 .4858 .6389

RNA-seq .9808 .8400 .5711 .9948 .0464 .9860 .0318 .7252 .0320 .8348 .0000 .9895 .9745 .8785 .5712 .5716 .6633 .8960 .9287 .9948

Haberman .0785 .0706 .0000 .0057 .0006 .0204 .0387 .0006 .0083 .0114 .0118 .0000 .0344 .0295 .0448 .0736 .0653 .0249 .0438 .0847

Zoo NA .8587 NA .8438 .8728 .8640 .5025 .9023 .8916 .4937 .3530 .8082 .5257 .8725 .8605 NA .7928 .5643 .8518 .8988

Atom .3060 .9681 .3082 .0158 .2257 .2257 1.0000 .2107 .0620 .2735 1.0000 1.0000 .8236 .5560 1.0000 .6249 .4345 .6382 .4492 1.0000

Soybean NA .9441 NA 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .8025 .0000 .7928 1.0000 .7539 .8489 NA .7914 .6179 1.0000 1.0000

Cell-track .4835 .5617 .3793 .3351 .0620 .5466 .0620 .0620 .0620 .3464 .0631 .3988 .3744 .3986 .3793 .3474 .3817 .1281 .3857 .4592

CMU-PIE .5550 .4284 .1297 .8123 .5060 .5982 .9897 .4920 .3859 .9532 .3857 .3930 .9152 .7977 .7589 .0205 .8365 .2099 .3411 1.0000

Rank 10.5 7.9 16.2 7.3 11.7 10.3 9.5 12.9 12.4 8.7 12.7 6.7 7.7 10.5 7.1 11.1 12.9 12.1 10.4 1.6

Data sets/Methods K-M++ GMM Fuzzy SC AC-A AC-W AC-S AC-C AC-CR DPC DPCLP SNNDPC DPA FINCH DB MS AP BP RCC TC

Highly overlapping .9808 .9842 .9561 .0773 .9754 .9570 .0738 .8514 .9138 .9858 .8548 .9740 .9842 .7468 .1334 .9682 .3124 .7318 .4734 .9714

FLAME .8583 .8417 .8500 .6458 .8333 .7208 .6458 .5167 .6458 .7875 .9625 .9708 .5375 .2292 .9375 .9792 .1375 .9833 .6167 1.0000

Spectral-path .3526 .4295 .3401 1.0000 .3590 .3750 1.0000 .3878 .4038 1.0000 .5769 1.0000 .4744 .1571 1.0000 .3462 .1571 .5032 .2692 1.0000

Unbalanced .6150 1.0000 .4732 1.0000 .5435 .5440 1.0000 .5320 .6795 1.0000 .7215 1.0000 .5160 .1015 1.0000 .7445 .0670 .3510 .1150 1.0000

Heterogeneous geometric .9325 1.0000 .9325 1.0000 1.0000 1.0000 1.0000 .6075 1.0000 .8500 1.0000 1.0000 1.0000 .1350 1.0000 .8225 .1675 .7700 .1700 1.0000

Multi-objective 1 .8530 .9900 .6055 1.0000 .5890 .6580 .7490 .6180 .5760 .6560 .9890 1.0000 .7450 .4280 .9990 .5880 .1320 .8620 1.0000 1.0000

Multi-objective 2 .7910 .9820 .6860 1.0000 .8070 .7140 1.0000 .8090 .7830 .7320 1.0000 1.0000 .7500 .5490 1.0000 .7750 .2280 .7100 .8660 1.0000

Multi-objective 3 .7280 .7607 .5179 .5072 .7153 .7840 .7520 .7093 .7833 .9987 .6547 .7213 .5860 .6133 .9833 .6907 .1160 .9193 .1460 .9980

OFD-F100 .9100 .8200 .2990 .7593 .5900 .7600 .3300 .5200 .4400 .7800 .4100 .8200 .7700 .7700 .3700 .5900 .7000 .1000 .1000 .9200

MNIST .9915 .7842 .2086 .9921 .9917 .9903 .1141 .9912 .9919 .9916 .1135 .9922 .6925 .9918 .9838 .8918 .2662 .6625 .5497 .9922

COIL-100 .5992 NA .0233 .6368 .2794 .6053 .3504 .3521 .2175 .5482 .0187 .3089 .5385 .3922 .4313 .0107 .3529 .2532 .8307 .8633

Shuttle .5456 .5116 .3000 .7581 .7834 .7663 .7862 .6386 .7837 .8893 NA NA .2912 .5788 .8232 .8855 NA .0669 .6619 .9063

RNA-seq .9950 .8939 .5546 .9988 .3645 .9963 .3758 .7403 .3758 .7990 .3745 .9975 .9850 .8240 .6067 .6242 .2784 .9288 .9001 .9988

Haberman .7582 .6667 .5098 .5229 .7320 .7288 .7386 .7320 .7353 .5425 .7353 .6863 .6209 .4771 .7386 .7418 .1242 .7386 .3301 .7549

Zoo NA .8812 NA .7228 .8614 .8812 .5248 .9109 .8911 .4752 .4752 .8515 .4950 .8713 .8317 NA .6733 .5941 .8020 .9208

Atom .7212 .9962 .7362 .5025 .6575 .6575 1.0000 .6450 .5250 .6963 1.0000 1.0000 .8163 .5675 1.0000 .6300 .0975 .6250 .2863 1.0000

Soybean NA .9787 NA 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 .8085 .3617 .7021 1.0000 .5106 .7872 NA .5106 .5745 1.0000 1.0000

Cell-track .8750 .9000 .8250 .8000 .5250 .9000 .5250 .5250 .5250 .8250 .6250 .8500 .7750 .7750 .8250 .5250 .6750 .5750 .6000 .8750

CMU-PIE .2479 .2255 .0516 .6524 .1961 .2272 .9496 .1719 .1457 .7892 .1089 .1499 .7539 .3592 .6933 .0259 .3631 .0525 .0882 1.0000

Rank 8.9 7.7 14.8 7.4 10.2 8.0 8.5 11.5 10.4 7.8 11.3 6.1 9.7 13.6 6.6 12.6 16.6 12.6 13.1 1.5

Table 4. The performance comparison of eight automatic meth-
ods on predicting the ground-truth number of clusters. #C means 
the ground-truth number of clusters. NGC indicates the number of 
data sets each automatic clustering algorithm returns the exact 
ground-truth number of clusters. 

Data sets/Methods #C DPA FINCH DB MS AP BP RCC TC

Highly overlapping 15 15 56 2 15 116 29 10 15

FLAME 2 6 19 2 2 21 2 5 2

Spectral-path 3 5 56 3 6 35 3 33 3

Unbalanced 3 4 128 3 3 80 12 744 3

Noisy 5 4 29 5 5 144 54 176 5
Heterogeneous geometric 3 3 36 3 3 24 7 33 3

Multi-objective 1 4 6 26 4 2 40 6 4 4

Multi-objective 2 4 2 63 4 4 37 8 14 4

Multi-objective 3 6 10 7 7 5 75 6 104 6

OFD-F100 10 11 8 3 13 17 1 1 12

MNIST 10 42 10 10 15 80 20 149 10

COIL-100 100 129 44 64 11 568 32 90 129

Shuttle 7 336 16 8 56 - 204 144 4

RNA-seq 5 6 4 3 63 36 5 4 5

Haberman 2 5 3 2 5 19 1 6 3

Zoo 7 12 8 3 - 11 3 14 6

Atom 2 2 29 2 13 55 9 80 2

Soybean 4 4 12 3 - 9 2 4 4

Cell-track 2 3 4 1 10 9 1 11 2

CMU-PIE 68 61 271 67 4 231 3 6 68

          NGC - 4 1 10 6 0 4 2 15

Table 5. Runtime comparison of TC with the state-of-art clus-
tering algorithms on COIL-100 data set.  

K-M++ Fuzzy GMM SC AC-A AC-W AC-S AC-C AC-CR DPC

0:00:28    00:12:16 NA    00:03:41    00:02:02    00:02:27    00:01:53    00:01:57    00:02:07    00:02:11

DPCLP SNNDPC DPA FINCH DB MS AP BP RCC TC

   00:07:25    00:15:08    00:02:28    00:00:48    00:04:03    00:07:09    00:07:59    11:47:26    06:16:51    00:00:31

 
 

 

 

 

 

                                                          

              
                                                                  

                                                                 

 

 

 

 

Figure 8. Runtime of TC. Runtime is evaluated as a func-

tion of data set size, using randomly sampled subsets of 

different sizes from the Shuttle data set. 
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five synthetic data sets with uniform noise and 15 poorly-

Table. 6. Comparison to Deep Clustering algorithms, measured by NMI. 
 
separated, high-dimensional gene expression data sets, 
collected for the purpose of evaluating clustering algo-
rithms. The results are reported in Tables S5-S8 and Figs  
S5-S7. Overall, TC still retained a great performance ad-
vantage on these data sets. 

3.6 Comparison to Deep Clustering algorithms on 
Challenging Image Data Sets 

Image data sets usually have very high dimensions, and 
traditional clustering algorithms often cannot achieve 
good results on them. In recent years, a lot of works fo-
cused on using deep neural networks to learn a clustering-
friendly low dimensional representation, resulting in a sig-
nificant increase of clustering performance on image data 
sets [96]. Hence, in this section, we also compared TC with 
the latest state-of-the-art deep clustering algorithms on 
several challenging image data sets, including UMIST [97], 
FRGC-v2.0 [98], COIL-20 [99], COIL-40 [62], Pendigits 
[100], and the two mentioned above, COIL-100 [62] and 
CMU-PIE [63]. We run TC directly on the raw pixels (or 
features) of these image data sets without any other repre-
sentation. Further, we combine "papers with code", a web-
site that ranks the performance of open-source algorithms, 
and the latest papers on deep clustering algorithms, to list 
the results of the top six deep clustering algorithms that 
perform best on these seven image data sets (measured by 
NMI), as shown in Table 6. On CMU-PIE, COIL-40, and 
UMIST data sets, TC outperforms all state-of-the-art deep 
clustering algorithms. Besides, the results of TC are also 
competitive on other data sets.  

In summary, TC without any deep representation can 
achieve better or close performance on challenging image 
data sets, compared with state-of-the-art deep clustering 
algorithms. Deep clustering algorithms also face some 
challenges. For example, they have several hyper-parame-
ters that are non-trivial to set, lack interpretability, and 
have high computational complexity. 

 

 

4 DISCUSSION 

4.1 Differences between TC and Other Hierarchical 
Clustering Algorithms  

Although TC appears to be a hierarchy-based clustering al-
gorithm, it is different from the existing algorithms in sev-
eral major ways.  

First, most of the previous hierarchical clustering algo-
rithms are completely based on the nearest neighbors' sta-
tistics without constraints. However, we introduce a sim-
ple but very effective constraint (i.e., the requirement in Eq. 
(1)) in TC, which prevents wrong merging usefully (see 
Fig. 4). This idea is inspired by the gravitational interac-
tions of galaxy minor mergers. Second, in each step of TC, 
if any two neighboring clusters satisfy the requirement of 
Eq. (1), a connection can be formed, and thus mergers can 
be performed in parallel. That means a large cluster can 
form within very few steps (see Table S3), greatly improv-
ing clustering efficiency and reducing the algorithm’s exe-
cution time (Fig. 9). However, standard hierarchical clus-
tering algorithms need to perform merging at least n-K 
times to get K clusters. Third, TC algorithm automatically 
determines the number of clusters by removing abnormal 
connections based on a new TGap metric. Instead, most of 
the existing hierarchical algorithms still need to manually 
set the number of clusters (or granularity levels), even if 
dendrograms are provided. Finally, TC is robust to noise 
and outliers and can identify noise clusters. However, 
many of the classic agglomerative clustering algorithms 
are not robust to noise [101]. As the case study in Fig. 4 and 
the empirical results in Table 3, TC outperforms other hi-
erarchy-based clustering algorithms. 

 
4.2 Differences between TC and Density Peak Clus-
tering Techniques 
Even though the decision graph of TC is similar to that of 

Data sets CMU-PIE COIL-100 COIL-40 COIL-20 FRGC-v2.0 UMIST Pendigits 

Rank 1 1 

JULE [75] 

2016 

.985 

JULE [75] 

2016 

.967 

A-DSSC [76] 

2020 

1 

JULE [75] 

2016 

.651 

DNB [77] 

2021 

.917 
DSC-FEDL [78] 

2020 

.868 

EAEDC [79] 

2021 

Rank 2 1 
DDSNnet [80] 

2021 

.946 
A-DSSC [76] 

2020 

.963 
J-DSSC [76] 

2020 

.981 
DSC-FEDL [78] 

2020 

.610 
DEPICT [81] 

2017 

.893 
𝑆2DSCAG [82] 

2020 

.863 
N2D [83] 

2019 

Rank 3 .970 
DAutoED [84] 

2021 

.943 
J-DSSC [76] 

2020 

.951 
DSC-FEDL 

[78] 

2020 

.979 
SADSC [85] 

2021 

.580 
MI-ADM [86] 

2021 

.890 
DSC-DAG [82] 

2020 

.820 
DnC-SC[87] 

2021 

Rank 4 .965 
MI-ADM [86] 

2021 

.910 

DGMM [88] 

2021 

.928 

RGRL [89] 

2020 

.974 
𝑆2DSCAG 

[82] 

2020 

.574 

JULE [75] 

2016 

.881 

RGRL [89] 

2020 

.817 
DipDECK [90] 

2021 

Rank 5 .964 

DEPICT [81] 
2017 

.905 

DBC [91] 
2018 

.920 

DASC [92] 
2018 

.958 
DSC-DAG 

[82] 

2020 

.544 

DPSC [93] 
2021 

.877 

JULE [75] 
2016 

.814 

GCML [94] 
2022 

Rank 6 .925 

DPSC [93] 

2021 

.886 
DDSNnet[80] 

2021 

.916 
DSC-DAG [82] 

2020 

.910 

DGMM [88] 

2021 

.522 
DDSNnet [80] 

2021 

.851 

DNB [77] 

2021 

.801 

AESC[95] 

2020 

TC 1 .972 .989 .960 .586 .931 .849 
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DPC techniques, it is also different from the existing algo-
rithms in several major ways. 

First, decision objects are different. TC determines which 
connections between neighboring clusters are abnormal 
connections, and then prunes the clustering tree by remov-
ing them to get the results. The DPC is to decide which data 
samples are cluster centers, and then complete the label as-
signments of the remaining samples according to them. Ex-
cluding the distance between clusters (or between sam-
ples), as the basis for determining abnormal connections, 
TC only needs to count the number of samples (i.e., mass) 
contained in each cluster to obtain 𝑀𝑖  in Eq. (3), without 
any hyper-parameters. While DPC uses some density esti-
mators to estimate the density of each sample to determine 
the cluster centers, where these density estimators usually 
contain hyper-parameters such as cutoff distance. Second, 
label assignment strategies are different. TC leverages the 
constrained method of merging in Eq. (1) to assign labels 
to samples in clusters, which can effectively improve accu-
racy. DPC, on the other hand, assigns labels to samples 
based on selected cluster centers (i.e., density peaks). How-
ever, once the cluster centers are wrongly chosen, then 
there may be many more samples subsequently misas-
signed. For example, in the varied density data set of Fig. 
4, DPC erroneously selects two cluster centers (i.e., the blue 
and red ones) in a ground truth cluster, which eventually 
leads to wrong label assignment. Finally, robustness is dif-
ferent. DPC is not robust to the varied density data sets, 
since it assumes that density peaks must be cluster centers. 
While TC has parallelism in the merging process, that is, if 
any two neighboring clusters satisfy the requirement of Eq. 
(1), a connection can be formed, which can effectively re-
duce the sensitivity to varied density in conventional hier-
archical clustering (see Fig. 4). 
 
4.3 Potential limitations of TC 
On the one hand, the merging process of TC relies on near-
est-neighbor statistics and leverages a method like single-
linkage to measure the distance between clusters. There-
fore, the performance of TC on some high-dimensional and 
sparse data sets is not particularly satisfactory (see Table 
S8), even if still outperforming related methods. On the 
other hand, since TC relies on the global mean variable val-

ues (i.e., mean_M, mean_D, and mean_
𝐷

𝑀
) to detect noise 

clusters, it may not be able to accurately identify non-uni-
form noise. We will address these issues in future work. 

5 CONCLUSION 

Whether compared to the classic or very recent methods, TC 
demonstrates itself to be a highly accurate algorithm, superior 
in performance to all its counterparts and with an unprece-
dented level of universality. Overall, we have presented a 
clustering algorithm that is: parameter-free, can recognize all 
kinds of clusters regardless of their shape, size or density; 
does not depend on a priori knowledge; is robust to noise and 
outliers; does not need any initialization; automatically deter-
mines the number of clusters, and does not demand a manu-
ally-specified stopping condition. Moreover, the ability to use 
any desired method of 1-nearest-cluster computation means 

TC is scalable to large data sets with a relatively low compu-
tational overhead and a reasonable time complexity, espe-
cially when choosing fast approximate nearest neighbor 
methods, such as k-d tree or locality-sensitive hashing [7], [8]. 
In this article, we presented many test cases to showcase TC’s 
versatility. Even more experimental details and comparisons 
of clustering quality versus state-of-the-art methods are pro-
vided in Tables S1-S7 and Figs. S5-S9 in the supplementary 
materials.  
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